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Large deviation principles for words
drawn from correlated letter sequences
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Abstract

When an i.i.d. sequence of letters is cut into words according to i.i.d. renewal times,
an i.i.d. sequence of words is obtained. In the annealed LDP (large deviation prin-
ciple) for the empirical process of words, the rate function is the specific relative
entropy of the observed law of words w.r.t. the reference law of words. In Birkner,
Greven and den Hollander [3] the quenched LDP (= conditional on a typical letter
sequence) was derived for the case where the renewal times have an algebraic tail.
The rate function turned out to be a sum of two terms, one being the annealed rate
function, the other being proportional to the specific relative entropy of the observed
law of letters w.r.t. the reference law of letters, obtained by concatenating the words
and randomising the location of the origin. The proportionality constant equals the
tail exponent of the renewal process.

The purpose of the present paper is to extend both LDP’s to letter sequences that
are not i.i.d. It is shown that both LDP’s carry over when the letter sequence satisfies
a mixing condition called summable variation. The rate functions are again given by
specific relative entropies w.r.t. the reference law of words, respectively, letters. But
since neither of these reference laws is i.i.d., several approximation arguments are
needed to obtain the extension.
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1 Introduction and main results

1.1 Notation

Let E be a finite set of letters and E = UeE]NEE the set of finite words drawn from E.
Both E and E are Polish spaces under the discrete topology. Write EZ and EZ for the
sets of two-sided sequences of letters and words, endowed with the product topology,
and let # and 6 denote the left-shifts acting on these sets, respectively. The set of
probability laws on EZ and EZ that are shift-invariant, respectively, shift-invariant and
ergodic w.r.t. f and 6 are denoted by P™(EZ) and P'»¥(EZ), respectively, P»V-cr8( EZ)
and Pi“"’erg(ﬁz), and are endowed with the topology of weak convergence.

Let X = (Xk)rez be a two-sided random sequence of letters sampled according to
a shift-invariant probability distribution v on EZ. Let 7 = (7;);cz be a two-sided i.i.d.
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sequence of renewal times drawn from a common probability law ¢ on IN, independent
of X. The latter form a renewal process T = (T});cz given by

To =0, Ti,=Ti1+m, 1€Z. (1.1)

Let Y = (Y;);cz be the two-sided random sequence of words cut out from X according
tor,ie.,
Yi=Xe,_ )= X1 415, X10)s 1€ 7. (1.2)
The joint law of X and 7 is denoted by P. Write |Y;| to denote the length of word 7.
The reverse of cutting is glueing. The concatenation operator x: E% — E% glues

a word sequence into a letter sequence. In particular, x(Y) = X. Given Q € PinV(EZ)
with mg = Eg(|Y1]) < oo, let U € PV(EZ) be defined by

[Y1]—1
1
\IJQ(A):WTQEQ > Lprnpryeay |, ACE% (1.3)
k=0

i.e., the law of x(Y") when Y is drawn from @, turned into a stationary law by randomiz-
ing the location of the origin.

For n € N, let (Y( )P € EZ denote the n-periodized version of Y. We are inter-
ested in the empirical distribution of words

n—1
1
o= 25 b e L
i=0
both under P (= annealed law) and under P(- | X) for v-a.a. X (= quenched law).

1.2 Large deviation principles

If v is ii.d., then P is i.i.d. and the annealed LDP is standard, with the rate func-
tion given by the specific relative entropy of the observed law of words w.r.t. P. The
quenched LDP, however, is not standard. The quenched LDP was obtained in Birkner [2]
for the case where ¢ has an exponentially bounded tail, and in Birkner, Greven and den
Hollander [3] for the case where p has a polynomially decaying tail:

log o(m)

_— L = —a, o € [1,00) (1'5)

m—» o0
o logm

(No condition on the support of p is needed other than that it is infinite.) In the latter
case, the quenched rate function turns out to be a sum of two terms, one being the an-
nealed rate function, the other being proportional to the specific relative entropy of the
observed law of letters w.r.t. v, obtained by concatenating the words and randomising
the location of the origin. The proportionality constant equals o — 1 times the average
word length.

The goal of the present paper is to extend both LDP’s to the situation where v is
no longer i.i.d., but satisfies a mixing condition called summable variation, which will
be defined in Section 3. In what follows, H(- | -) denotes specific relative entropy (see
Dembo and Zeitouni [4], Section 6.5 for the definition and key properties).

Theorem 1.1 (Annealed LDP). If v has summable variqlvtion, then the family of prob-
ability laws P(R,, € -), n € I, satisfies the LDP on P (E”) with rate n and with rate
function I*": P™(EZ) — [0, 00] given by the specific relative entropy

I"(Q) = H(Q[P). (1.6)

1*™ is lower semi-continuous, has compact level sets, is affine, and has a unique zero
atQ =P.
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Theorem 1.2 (Quenched LDP). Ifv has summable variation, then forv-a.a. X the fam-
ily of conditional probability laws P(R,, € - | X), n € IN, satisfies the LDP on P (E%)
with rate n and with rate function I%: P™(E%) — [0, oc] given by the sum of specific
relative entropies

I(Q) = H(Q | P) + (a = 1)mqH(¥q | v). (1.7)
19"¢ js lower semi-continuous, has compact level sets, is affine, and has a unique zero
atQ =P.

Theorem 1.3. Both LDPs remain valid when F is a Polish space.

Remark: If mg = oo, then the second term in (1.7) is defined to be o — 1 times the
truncation limit limg, 0o mq),, H (\II[Q]tr v), where tr is the operator that truncates all

the words to length < tr. Moreover, for all Q € P™-fn(EZ) = {PV(EZ). mg < oo},

lim H(Qlw |P)=H(Q|P),  lim mig), H(¥q, | ») =moH(¥g|v).  (1.8)

tr—oo
For details, see Birkner, Greven and den Hollander [3] and the end of Section 4.4 below.

Remark: Both rate functions are the same as for the i.i.d. case, even though the refer-
ence laws P and v are no longer i.i.d. This lack of independence will require us to go
through several approximation arguments. Both LDP’s can be applied to the problem
of pinning of a polymer chain at an interface carrying correlated disorder. This applica-
tion, which is our main motivation for extending the LDP’s, will be discussed in a future

paper.

1.3 Outline

In Section 2 we collect some basic facts, introduce the relevant mixing coefficients,
and define summable variation. We give examples where this mixing condition holds,
respectively, fails. In Section 3 we prove the annealed LDP by applying a result from
Orey and Pelikan [14]. In Section 4 we prove the quenched LDP by going over the proof
in Birkner, Greven and den Hollander [3] for i.i.d. letter sequences and checking which
parts have to be adapted. In Section 5 we extend the LDP’s from finite £ to Polish F by
using the Dawson-Gartner projective limit LDP.

2 Basic facts, mixing coefficients and summable variation
2.1 Basic facts
Throughout the paper we abbreviate
Xmn] = (Xong 1, Xn), Y] = Ymg1,--., Ya), -0 <m<n<oo. (2.1)
The associated sigma-algebra’s are written as
Fimm) = 0(Xmm):  Gimm) = 0(Y(mn))- 2.2)

Write Ng = INU {0}. For z € EZ and y € EZ we use the short-hand notation =~ = z_y,
and y~ = y_w,. Let (v,-(-);2~ € ENo) be a regular version of v(- | X(_ ) (see
Parthasarathy [15, Theorem 8.1]), i.e.,

V(A) = / v (A)dv(a™), A€ Fiom). 2.3)
rz—eE—No

Since X is no longeri.i.d., the distribution of a word in Y depends on the outcome of all
the previous words. However, since the word lengths are still i.i.d., when we condition
on the past of the word sequence only the past of the letter sequence is relevant. This
allows us to obtain a regular version of the conditional probabilities of P as follows.
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Lemma 2.1. The collection (P,-(-),y~ € E*]NO) of probability laws on E™ defined by
P, (A) = /EZP(A | Fo)dvay-y YA E G0, (2.4)

constitute a regular version of the conditional probability P(- | G(_uc 0))-

Proof. For every y~ € E~No, P,-(-) defined in (2.4) is a probability measure. We must
show that

| P PG = PO 2.5)
By the monotone class theorem, it is enough to prove the claim for finite cylinder sets.
Fixr € N, (yi)1<i<r € E" and pick A = (., {Yi = ¥i}. Then

T

/EZ P(A| Fz) dvey-) = /EZ Wiy Lixenyy [ (i) = vy (X € 5(A)) T elluil),

i=1 =1

(2.6)
where x(A) is the concatenation of A. Since
Lo P = [ dvla v (=,
E—No E—No
we have
L) [P Fe) vy = v(X € na) [Tolluh = PC4), @)
E-No E =1
which proves the claim. O
2.2 Mixing coefficients
We need the following mixing coefficients for letters and words:
Definition 2.2. (a) For Ay € —INg and Ay C NN, let
o(A1,A2) = sup sup |logv,-(A) —logvg-(A)|. (2.8)
e—,2—ep No  AEFA,:
(87 ay =)y Yy (A)>0
(b) For A C N, let
PY(A) = sup sup  |logP,-(A) —logP;-(4)]. (2.9)
y=gmeE Mo ﬁe(i/;>0

The restrictions v, - (A) > 0 and P;- (A) > 0 are put in to avoid co—oo. Nonetheless, (2.8)
and (2.9) may be infinite. Note that if A; = ), then the supremum in Definition 2.2(a) is
taken over all z=,2~ € E~No without any restriction ((z~), denotes the restriction of
x~ to A). We will use the following abbreviations:

@(kﬂ ) = @((71{770]3 ')a k€ NN, 90(07 ) = @(Qa ')a 90('36) = 90('3 (078])7 e NN.

(2.10)
Lemma 2.3. Let 0 < m < n, Y(m,n € En—™ and A = {Yin,n] = Ymmn)}- Forally™,§~ ¢
E~No,
P,-(A) <E lexp {cp((), (Tm,Tm + Y |yk|])}PQ(A | T) | - (2.11)
k=m+1
ECP 19 (2014), paper 12. ecp.ejpecp.org
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Proof. Using Definition 2.2(a), we have

n

Py<A>=Elun<y>(X<TM+EZ=MM|] = rlyma) ] g<|yk|>]

k=m+1

exp {@ <0, (Tm,Tm + Y yle } V(i) (X(Tvavn'i'ZZ:mH W /@(y(mm]))

k=m+1

<E

:E[exp{(p <o, (T T + 3 yk|]>}Pg—(A|Tm)

k=m-+1
(2.12)
O
Lemma 2.4. Forall k € Ny, ¢ € N,
0—1
ok, 0) < ok +m), (2.13)
m=0
where (k) = ¢(k,1), k € INy.
Proof. We show that, for all m € Ny and &,¢ € N,
plm, k+£) < p(m, k) + o(m + k, ), (2.14)

which yields the claim via iteration. To prove (2.14), pick x (o x4¢ € EFttand z—,3~ €
E~No with (27)(—m,0] = (£)[—m,0], and consider the events

Awk+g = AX0 .+ = Tok+a0} Ak = X0k =Tk Akt = Xk kre] = Tkt )
(2.15)
Estimate
V- (A(O,k+l]) = V- (A(o,k]) V=20, (A(k,k+é])

< Py (A ) X vy (A k) (2.16)
= ef(mk)Felmtkl) ), (Aq0,k+0)s

where T~z (g is the concatenation of = and w(g ;). Insert this estimate into (2.2) and
take the supremum over x (g r1¢ and z~, 2~ to get (2.14). O

Note that k — ¢(k) is non-increasing on INy.

2.3 Summable variation

The key mixing condition in our LDP’s is summable variation:

(SV) > en) < . (2.17)

nelNg

The term summable variation is borrowed from the theory of Gibbs measures, where
logarithms of probabilities play the role of interaction potentials, and coefficients sim-
ilar to our ¢(n)’s are used to measure the absolute summability of these interaction
potentials.

(I) Random processes (with finite alphabet) that satisfy (SV) include i.i.d. processes
(p(n) = 0 for all n € INy), Markov chains of order m (¢(0) < oo and ¢(n) = 0 for
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all n > m), and chains with complete connections whose one-letter forward condi-
tional probabilities have summable variation. Ledrappier [12, Example 2, Proposition 4]
shows that such chains have a unique invariant measure and are Weak Bernoulli under
(SV). Berbee [1, Theorem 1.1] shows that they have a unique invariant measure and are
Bernoulli when Y exp[—> " _; ¢(m)] = oo, a condition slightly weaker than (SV).
(Uniqueness of the invariant measure has been proved more recently by Johansson and
(")berg [10] and by Johansson, Oberg and Pollicott [11] under the even weaker condition
Y onelN ©(n)? < c0.) Yet other examples satisfying (SV) include Ising spins labeled by Z
with a ferromagnetic pair potential that has a sufficiently thin tail (see Berbee [1]).

(IIa) A class of random processes that fail to satisfy (SV) is the following. Let £ = {0, 1},
and let p be any probability law on IN such that p(¢) ~ C¢~7 for some v > 2. Since
> ren tp(f) < oo, there exists a stationary renewal process (A)rcz on Ny with the
following transition probabilities:

14 1
P(Alzn—l—l\AO:n):M P(Al:0|Ao=n):M n € INy.

Z€>n p(f) ’ Z€>n p(‘e) ’
(2.18)

The process (Xi)rez defined by Xy = 144, ¢y fails to satisfy (SV). Indeed, pick n € IN
and z,z[n] € E~No be such that z; = 1 for i € —INy, z[n]; = 0 fori € (—n,0] and z[n]; = 1
for i € (—oo0, —n]. Then

o o B p(n+1)
@(1) > log vy (X1 = 1) —log vy, (X1 = 1) = logp(1) — log (an p(f)) . (2.19)

Since this lower bound holds for all n € IN, we conclude by letting n — oo that (1) = oco.

(ITb) Another class of random processes that fail to satisfy (SV) is random walk in ran-
dom scenery. Let S = (S,)ncz be a simple random walk on Z%, d > 1, i.e., Sy = 0
and S, — S,—1 = X,, with (X,,)nez i.i.d. random variables uniformly distributed on
{e € Z%: |le| = 1}. Let & = (£(w)),eze be i.i.d. random variables taking the values 0 and
1 with probability % each, and define Z,, = (X,,,&(Sy,)). Then Z = (Z,)nez is stationary
and ergodic, but not i.i.d. In den Hollander and Steif [9, Theorems 2.4 and 2.5] it is
shown that Z is Weak Bernoulli if and only if d > 5. Since (SV) implies Weak Bernoulli
(Ledrappier [12, Proposition 4]), Z does not satisfy (SV) when 1 < d < 4.

3 Annealed LDP

The annealed LDP in Theorem 1.1 is a process-level LDP. Such LDP’s were proven
by Donsker and Varadhan [6, 7] for reference processes that are Markov or Gaussian.
Orey [13] and Orey and Pelikan [14] gave a proof for ratio-mixing processes (see below),
using the observation that any random process can be viewed as a Markov process by
keeping track of its past.

Proposition 3.1. (Orey and Pelikan [14, Theorem 2.1]) Suppose that P has the follow-
ing ratio-mixing and continuous-dependence properties:

(RM)  There exists a non-decreasing function n — m(n) such that
0<m(n)<n, lim m(n)/n=0, lim ¥((m(n),n])/n=0~0.
n—oo n—oo

(CD) For all bounded continuous functions f: EZ R, 3.1
Yy = _ f(yz)dP,-(yz) is continuous.
yz€EZ )
ECP 19 (2014), paper 12. ecp.ejpecp.org
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Then the family of probability laws P(R,, € -), n € I, satisfies the LDP on P'™ (E%) with
rate n and with rate function given by the specific relative entropy

_ dQy-|1

enr@in= [  own) [ o baes(Frw). 62
y*EE*]NO yeE Y- |1

where Q- |, and P,-|, are the one-word marginals of Q,- and P,- (i.e., of Q and P

conditional on y~ ).

The specific relative entropy H(Q | P) is defined to be infinite when Q,-|; < P,-[1
fails on a set of y~’s with a strictly positive -measure. An alternative form of (3.2) is

HQIP)= [ QU )h(@y (Vi) | Py (¥i€ ), (3.3)
y—eE~No

where h(-|-) denotes relative entropy. The latter can be viewed as the specific relative
entropy of the laws of two Markov processes, namely, the laws of the past processes
Y* = (Y(”)’*)nE]N with Y ()* = (Y("_m))me]N, n € IN, when Y is distributed according
to Q, respectively, P. The regular conditional probability laws (P,- (Y1 € -),y~ € E*]NO)
play the role of transition probabilities for Y*, and regularity translates into the Feller
property.

We are now ready to prove Theorem 1.1.

Proof. Theorem 1.1 follows by an application of Proposition 3.1, which is a rewriting
of Theorem 2.1 in Orey and Pelikan [14]. The state space in Orey and Pelikan [14] is
assumed to be compact, which is not the case for E under the discrete topology. The
non-compact case is treated by Orey [13, Theorem 5.11]. Conditions 5.8 and Eq. (3.3)
in Orey [13] correspond respectively to Conditions (RM) and (CD) in this paper. The
condition in Eq. (3.2) of Orey [13] is implied by Orey [13, Theorem 3.4], which holds by
choosing the sequence of truncated state spaces E(e") = Uj<k< . E*, where ¢, is any
strictly increasing sequence of integers satisfying P(77 > ¢,) < 27". First we check
that P satisfies (RM). From Lemma 2.3 and the fact that ¢ — ¢(0, ¢) is non-decreasing,
we get P, (A4) < e‘P(O*OO)ng(A). Hence Definition 2.2(b) gives ¢((m,n]) < ¢(0,c0) for
all 0 < m < n. From Lemma 2.4 we get

0(0,00) < > (n). (3.4)
nelNg
Hence, if (SV) holds, then (RM) holds for m(n) = 0. Next we check that P satisfies (CD).
Note that it is enough to consider bounded and continuous f: E™ — R, because

Py— (YZ S dgz) = 1{17—:y—}Py— (Y]N € dﬂ]N) (3.5)

Choose y~ and ¢~ such that y(i]C 0= g)(ik 0l for some k£ € IN. From Lemmas 2.3-2.4 we
obtain

/ _ flyn)Py- (Yv € dyw) < 6252“1@([)/ f(yw)Py- (Vv € dyn). (3.6)
yn€EN

leGEIN

The same holds with ¥~ and ¢~ interchanged. Under (SV), limg_.o Z€2k+1 pl) =0,
which proves (CD). O

4 Quenched LDP

In Sections 4.1-4.3 we prove several lemmas that are needed in Section 4.4 to give
the proof of Theorem 1.2. This proof is an extension of the proof in [3] for i.i.d. v. We
focus on those ingredients where the lack of independence of v requires modifications.
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4.1 Decoupling inequalities

Abbreviate

C(p) = exp [Z (p(n)] < 0. (4.1)

n€lNg
Lemma 4.1. Forallz—, &~ € E™No, A€ Fg o) andn € N,

Clp) v-(A) < v
Clp)v-(A) < v

(Al X(no = x(_—n,O]) < C(p)vz-(A4). (4.3)

Proof. To prove (4.2), pick k € IN and A € Fg ). If v;- (A) = 0 then v, (4) = 0 as well
because ¢(0, k) < oo and there is nothing to prove, so we can assume v;- (A) > 0. Then,
by the definition of ¢(0, k) and Lemma 2.4,

(4
1 g meok) < Yoo () oM < o), '
Clp) <e SV <C(p) (4.4)

To prove (4.3), write

V{X(—no =7, 0t NA)
V(X(—n0] = (L 0))
Ji- cr-vo W@ ) vz ({ X = 30(7_,%0]} ne—"A)
fi* cE—No dy(.%_) V- (X(07”] = ‘r(_—n,O])
ff‘ cE—No d]/(ff) Vz- (X(077L] = x(_fn,O])VE*z(f_nm
fz—eEleo dV(Ei) Vg- (X(O,n] = ‘r(i,n,()])
< Jo-erno (@) ve- (Xom) = L)) eC@ y, (A)
B Jo-en—mo W (@) V3= (X (o) = T,y 07)
= eC(W) Vg— (A)a

V(A X(—n0) =T ) =

(4)  (@.5)

where %‘x(_n 0] is the concatenation of =~ and x(_n o)’ and the inequality uses (4.2).

The reverse inequality is obtained in a similar manner. O

Lemma 4.2. Letm € N, and let (i1,...,im), (j1,--.,Jm) be two collections of integers
satisfying i1 < j1 < i < Jo < .ot < 1 < Jme1 < m < Jm. Forl < k < m, let
Ay € F,.j,) and pr = v(Ay). Suppose that v satisfies condition (SV). Then

v (M<k<mAr) < C(p)™ ™t H D- (4.6)

1<k<m

Proof. We give the proof for m = 2. The general case can be handled by induction. Let
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i1 < j1 <9 < jao, Ay C E717% and Ay, C E727%2 Forallz~ € E~No,
V(X iy 1) € A, X(iy 5] € A2)

= Z I/(X(ihjl] = x(ihjl]’X(i%Jé] = x(imjz])

T(ig,5]1€A1
T(ig,jo] EA2

= Z V(X(ilfjl,o] = m(il,jle(iz*jlajZ*jl] = x(iz,jz])

Z(i1,41] S
T(ig,jz) EA2

= > (X500 = 23i0) V(X ain] = TGai) | Xy o) = ) A7)
T(iy,5]1 €A1
T(ig,jp] €A2
< C(y) Z U(X(il—jlvo] = x(ilvjl]) Vo (X(i2—j1,j2—j1] = x(i27j2])
T(iy,51€A1
I(izdz]eA?
=C(p)m Z Vg~ (X(i2*j17j27j1] = x(izdz])’
T(in,jp] EA2
where the inequality uses (4.3) in Lemma 4.1. Averaging x~ w.r.t. v, we get
V(X 1) € AL, X(iy 5a) € A2) < C(p)p1pa. (4.8)
O

4.2 Successive occurrences of patterns

Lemma 4.3. Fix m € IN and let A € F ) be such that v(A) > 0. Let (0n)necz be
defined by
oo =inf{k >0: 6*X € A} +m,

VneN, o,=inf{k>0, 1: 0*X € A} +m, (4.9)
Vn e —N, on = sup{k < 0,41 — 2m: "X e A} +m.
If v satisfies condition (SV), then v-a.s.,

1
lim sup — Z log[oy — 0¢—1] < log E,[o1] + log C(ip). (4.10)
n—oo T 1<0<n

Proof. The strategy of proof consists in writing the sum in (4.10) as an additive func-
tional of an ergodic process and to use Birkhoff’s ergodic theorem. First note that the
sequence of times (0,),cz cuts a sequence of blocks B = (B)ncz out of the letter
sequence X given by

By =X, 100 €E. (4.11)

Each of these blocks belongs to the following subset of words:
EA = {y S E: |y| >m; VO<k< |y\ — M Y(k,k+m) §é A; Y(lyl-m,lyl] € A} (4.12)

Define the process B* = (B),cz in E~™ by putting B} = X(~o0,0,,]- This process is
Markovian and its transition kernel is given by

Ph(dle) =P(Bhyy =2 | By =2)= Y lg—apaXoy) =), &€ E N, (4.13)
yEEA

where zy is the concatenation of x and y. For the collection (P%(-|z),z € E~N0) to be a
proper transition kernel, o; must be v,-a.s. finite for all + € E~No. Since v(A4) > 0, we
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know from the Recurrence Theorem in Halmos [8] that ¢, is v-a.s. finite. But since v and
(Vz)yep-no are equivalent under condition (SV) (note that C(¢)~'v(-) < v,(-) < C(p)v(")
as a consequence of (4.2) in Lemma 4.1), o, indeed is v -a.s. finite for all x € E—No,
Since (with a slight abuse of notation) the B}’s are also in ENox F A, We can write

> logloy — o] = Y log|m(B)l, (4.14)

1<t<n 1<t<n

where 7 is defined by 7: (u,v) € E~No x E4 + v. We next apply Birkhoff’s ergodic
theorem to the sum in the right-hand side, i.e., to the process B*. This process has
a stationary distribution, which we denote by P?%. It is easy to check that P’ is the
law of X (_., 5, conditional on the event Nye_,{0o¢ > —oo}, which has probability one
according to the Recurrence Theorem. Again using (4.2) in Lemma 4.1, we see that for
all sets A and B that are measurable w.r.t. 0(B(_o,0)) and (B g,)), respectively,

C(p) 'PA(A)PA(B) < PA(ANB) < C()Pa(A)PA(B), (4.15)

where P4 is the law of B induced by P?%. Therefore P, is Weak Bernoulli (Ledrap-
pier [12]), and hence is ergodic. Thus, we have

sl _ _ < _
nh_)rrolonlgg log[oy — 0¢—1] = Ep ,(log[or — a0]) <log Ep , (o1 — 09). (4.16)

Moreover, for all = € E~To
Ep, (01— 00) / (01 —00)dPa(z™) < C(p)Ey, (01 — 00), (4.17)
which gives Ep , (01 — 0¢) < C(¢)E, (01 — 0p) and completes the proof. O

4.3 Decomposition of relative entropy
Write H(Q) to denote the specific entropy of Q. Let

Pinv,ﬁn(EZ) — {’PinV(EZ): mg < OO},

. ~ N (4.18)
P‘“V’erg’ﬁ“(EZ) = {”P“W(EZ): Q is ergodic, mg < oo}.
Lemma 4.4. Suppose that ©(0) < co. Then, for all ) € P™v-fin(EZ),
H(Q | P) = 7H(Q) - EQ[]Og Q(Tl)] - mQE‘I/Q [log VX (_oo0) (Xl)]a (4.19)
H(Vq |v) = —H(Vq) — By, logvx . ,(X1)].
Proof. To get the first relation, write H(Q | P) = —H(Q) — Eg[log Py,__ , (Y1)],
Eqllog Py ,(Y1)] = Egllog o(m1)] + Eqlogvx 4 (X(0,7)] (4.20)
and (recall (1.3))
Tlfl
Eqllogvx,_ . o(Xo,m))] = Eq | Y logvx_ _, (Xki1)| = mqEy,logvx,_ ) (X1)],
k=0
(4.21)
where we use the abbreviation v,- (zs) = v,- (XA = za), A C IN. The second relation
follows in a similar manner. O

All terms in the right-hand side of (4.19) are finite: (i) |E| < co and 0 < H(Q) <
mglog |E| — Eg(log Q(11 = n)) < oo for all Q € PV-in(EZ); (ii) —Eg[log o(71)] < oo for
all Q € Pvfin( EZ) because p satisfies (1.5); (iii) ¢(0) < oc.
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Lemma 4.5. Ifv satisfies condition (SV), then for all ) € Pi“"*erg’ﬁn(E]N),

.1
lim —logv(X(o,1,)) = meEugllogvx _ . ,(X1)] Q—a.s. (4.22)

n—o0o M

Proof. First observe that (4.3) in Lemma 4.1 gives

Clo) wx g Xo11) < v(Xo,1,1) < ClOvx oo (X0,1.])- (4.23)
Next write
T,—1 n—1Tiy1—1
logvx_o(Xom) = Y logux__, (Xep1) =D Y logux__ (Xes1). (4.24)
k=0 =0 k=T;

Use (4.24) and the ergodicity of ) to obtain, for Q-a.s. Y,

T1—1

. 1
lim —logvx, __ (X0,1.) = Eq Z logvx . 4 (Xp41)| = mgEy,,[log VX(_ o) (X1)]-

n—oo N,
k=0
(4.25)
Combine (4.23-4.25) to get the claim. O

4.4 Proof of quenched LDP

We are now ready to give the proof of Theorem 1.2.

Proof. The proof is an extension of the proof in [3] for i.i.d. v. Since the latter is rather
long, it is not possible to repeat all the ingredients here. Below we restrict ourselves to
indicating the necessary modifications, which are based on the results in Sections 4.1-
4.3. We leave it to the reader to go over the full proof in [3] and check that, indeed,
these are the only modifications needed.

Decomposition of relative entropies. Replace [3, Egs.(1.25-1.26)] by the relations in
Lemma 4.4. These relations allow us to decompose /9"¢ as a sum of three terms that
appear in the proofs of the lower bound and the upper bound of the LDP as given in [3,
Section 1.3].

Upper bound. The upper bound in [3, Proposition 3.1] is proved by first restricting to
Q € pwerefin(BZ) The event in [3, Eq. (3.4)] is used to define a suitable neighbour-
hood of Q. In that equation only the fourth line has to be replaced by

1
{M log V(X(O,TM}) < mQE\I/Q [log VX(—oo,o] (Xl)] + [—81, El]} . (426)
By Lemma 4.5, the intersection event in [3, Eq. (3.4)] still has probability at least 14, /4
for M large enough. Also [3, Sections 3.2-3.3] are unchanged. The next (harmless)
modification is in [3, Eq.(3.39)], which has to be replaced by

P (Ni<k<n{Ar = ar}) < [C(g)p]=rsrsn %, (4.27)

where Ay, is the indicator defined in [3, Egs.(3.36-3.37)], and a;, € {0, 1} labels whether
or not at some specific location of the letter sequence X there is a string of letters
arising from the concatenation of ()-typical words (see [3, Eq (3.5-3.6)]). The inequality
in (4.27) is proved via Lemma 4.2 and allows us to use [3, Lemma 2.1], which controls
the occurrence of certain patterns in X. We are then able to complete the argument in
[3, Section 3.4].

A further step consists in removing the ergodicity assumption on (), as was done in
[3, Section 3.5]. The arguments in [3, Sections 3.5.1-3.5.4] carry over verbatim, since
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they do not require that the reference measure is product. However, the proof of [3, Eq.
(3.140)] (see [3, Section 3.5.5 B]) uses the i.i.d. structure of the reference measure, but
the proof can be adapted as follows: (i) construct the (A;,)ien,1<r<r as in [3, Section
3.5.5 B]; (ii) use Lemma 4.2 to derive an extended version of (4.27), namely,

P(Aihﬁ =1,... >Ain7Tn = 1) < C((p)n_l Hprj7 (4.28)
j=1

where the p,’s are analogous to [3, Eq. (3.144)]. We may then use [3, Lemma 3.3] to
complete the argument. Note that the finite pre-factor C(¢p) is harmless in the limit.

Lower Bound. The lower bound in [3, Proposition 4.1] is proved by bounding from be-
low the probability that R, lies in a neighbourhood of some @ € Pi“"’ﬁ“(EZ). When Q
is ergodic we can use the same strategy as in [3] (namely, by jumping to Q-typical sub-
strings of letters), but a modification is needed to go from [3, Eq.(4.7)] to [3, Eq.(4.8)],
since the increments of the O'EJVI), { € IN, defined in [3, Eq.(4.6)] are no longer i.i.d. This
can again be handled with the help of Lemma 4.3. Note that the extra constant log C(¢p)
is killed when letting M — oo in [3, Eq. (4.8)]. Using ergodic decomposition, we get rid
of the ergodicity assumption on @, exactly as in [3, Eqgs. (4.9-4.11)]. O

Truncation limits. The argument in [3, Section 3] also uses [3, Lemma A.1], which in
our case is (1.8). The proof in [3, Appendix A] carries over almost verbatim: in [3, Egs.
(A.3-A.4) and (A.13-A.14)], now use

tr—o0
Ew[Q]tr [log VX (—oo.0] (Xl)] =3 Ew[Q] [IOg VX (—o.0] (Xl)]v (4.29)
for which it is enough to prove
T1Atr T1Atr

Eq <D (). (4.30)

{>tr

> logvx,__, (X,) ] ~Egl,

Z log VX (Zoo.iy (Xl)
=1 =1

Note that the last sum tends to zero as tr — oo because of (SV). Equation (4.30) can be
proven via a coupling argument. More precisely, we may rewrite

T1AtT T1Atr
E[Q]tr Z 10g1/X<7OQ,i) (Xz)] = EQ [Z log Z/X((t:io ) (Xftr))] , (431)
i=1 i=1 '

where X (*) is defined as the concatenation of the sequence of truncated words. Thus,
(4.30) comes from the fact that X(_, () = X((i)r _E

5 Extension to Polish spaces

In this section we prove Theorem 1.3, i.e., we extend the LDP’s in Theorems 1.1-
1.2 from a finite letter space to a Polish letter space. We first prove the LDP’s for a
sequence of coarse-grained finite letter spaces associated with a sequence of nested
finite partitions of the Polish letter space. After that we apply the Dawson-Géartner
projective limit LDP (see Dembo and Zeitouni [4], Lemma 4.6.1). A somewhat delicate
point is that (SV) for the full process does not necessarily imply (SV) for the coarse-
grained process. Indeed, the first supremum in (2.8) decreases under coarse-graining
while the second supremum increases. The way out is to use (SV) for the full process to
prove the decoupling inequalities in Section 4.1 for the coarse-grained process.
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5.1 Preparatory lemmas

Let X = (Xk)rez be a stationary process on a Polish space (E,d), with (v,-(),
x~ € E~N) a regular version of the conditional probability v(- | X(—,0) satisfying
condition (SV), i.e.,

C(p) =exp [ Z gp(n)] < 00, (5.1)
nc€lNg
where
p(n) = sup sup |logv,-(A) —logrz-(A)] (5.2)
z=, 8" eENo. A€Fy:
d(z= 8- )<2~" Va— (A)>0
with
dz=,27) =Y 27" [1ad(2Z,,27,)] (5.3)
keNg

We assume that, for any —,2~ € E~No, the measures v, |; = v, (X; € -) and v3-|; =
vz— (X1 € -) are equivalent, so that the Radon-Nikodym derivative dv,- |, /dv;- |1 exists
and

dv,-
sup  [logv,-(A) —logv;- (A)} = supess [log v ‘1}, (5.4)
A€EF:: dvg-|1
v,—(A)>0
leading to the alternative definition
dv..—
o(n) = sup supess [log Va |1] (5.5)
2=,z eE Mo dv;- |1

d(z~,a7)<2™"

Similarly as in Section 2.3, we note that (SV) holds fori.i.d. processes, for Markov chains
of finite order with ¢(0) < oo, and a subclass of chains with complete connections whose
letter space is countable (Berbee [1]). Other examples are rotators that are labelled by
Z, take values in the unit circle, and interact with each other according to a Hamiltonian
with long-range potentials that have a sufficiently thin tail, as can be easily checked by
hand.

The following lemma generalizes (4.2) in Lemma 4.1.
Lemma 5.1. Forallz—,2~ € E-No and A € Fg ),
C(p) s (A) S vp-(A) < Clp)ra-(A). (5.6)
Proof, Forall 2,2~ € E~No and n € NN,

dl/m— |n dy.r*ml

o dyﬂv*|1 dl/a:_w1|1(

(1) > o il (zn)  (5.7)

Ig) Xeoo X —m ————
dyf?*’dfl'“wn—l ‘1

(X1, ,Zn)

dvz-|n S dyp- | Vi-o 1

< explp(0) + (1) + -+ p(n —1)] < Clyp),
where v, - |, denotes the n-letter marginal conditional on z~. This proves the claim. O
Let & = {F1,...,E.}, c € N, be a finite partition of E. Identify £Z with {1,...,c}%.
Let X(©) = (X,gc))kez on £Z be the coarse-graining of X on EZ defined by

X =>"ilix, e, (5.8)
=1

The following lemma is another consequence of (SV). Let (P(®),Q(?)) and (V(C),\I’g))
denote the coarse-grained versions of (P, Q) and (v, ).
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Lemma 5.2. Under condition (SV),

H(Q ‘ P) = sup l{h(Q(Y*(O,n] S ) | P(}/EO,TL] € )) - log 0(90)}7 (5.9)
nelN 1

and the supremum is also a limit. The same result holds when (P, Q) is replaced by
(P, Q) or (v, ¥q) or (V9 ¥(y)).

Proof. We prove the result for (P, Q). The other cases are similar. For n € IN, let B(E™)
be the set of bounded measurable functions on E”. From the variational characteriza-
tion of relative entropy (see Dembo and Zeitouni [4, Lemma 6.2.13]), we get that for all
n,m € NN,

h(Q(}/(O,n-&-m] € ) | P(}/(O,n-&-m] € )) (5.10)
= sup {EQ [f(Yo,n4m))] — log Ep [Bf(y(o’"*m])] }
feB(entm)
= sup {EQ L1 (Yo,n) + fo(Ynntm))] — log Ep {efl(Y<°v"])ef2(y<"v"+ml)} }
F1EB(E™)
f2€B(E"”)

Using the decoupling inequality of Lemma 5.1 and the stationarity of P and (), we may
bound the right-hand side from below by

sup | Bqlf (Vo)) — log B [/ o]} (5.11)
feB(E™)
+ sup {Bolf (Vo)) —log Bp [/ @0} —log C(y)
feB(E™)

=h(QY0,n €°) | P(Y(0,n) €)) +h(QY(0,m) € ) | P(Y(0,m] € ) —log C(e).

The claim now follows from the superadditivity of the sequence {h(Q(Y( o, € ) |
P(Yr(O,n] € )) - logc(w)}neﬂ\l- O

5.2 Proof
Proof. We need to prove both the annealed LDP and the quenched LDP.

Annealed LDP. Lemma 5.1 shows that under condition (SV)Lemmas 2.3-2.4 carry over
from finite letters to Polish letters. Condition (CD) in Proposition 3.1 is also implied by
condition (SV), by an argument similar to the case of finite letters. Therefore the ratio-
mixing and continuous dependence properties of Orey and Pelikan [14] again yields the
annealed LDP.

Quenched LDP. The proof comes in 4 steps.

1. We first show that Lemmas 4.2-4.5 carry over to the coarse-grained process X (¢)
defined in (5.8) for every ¢ € IN. However, for Q € P"™:fi"(£%) we cannot directly
replace X by X(© or v by (9 in the expectation

Eu, 1ogu§§(2® ](X{C)) , (5.12)
— 00,0

which is present in both Lemma 4.4 and Lemma 4.5. The reason is that the proba-
bility distribution under the logarithm is only a version of the conditional probability

VO |X ((i)oo,O])’ and if ¥ # v(%, then this conditional probability can take any value
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on a set of Uy-probability 1. One way out is to consider a modified version of these
lemmas, where the expectation in (5.12) is replaced by

o1 x(© . (©)) y(©)
Jim B, [og (X)) (= Jim_Bug logr(x(71X(,,0)]) - (5.13)

Note that the limit exists, since

g [10g (X)) =~ (X € ) — 2h (VX (e € Xy € ),
(5.14)
and both terms in the right-hand side converge (by standard arguments for the first
term and by Lemma 5.2 for the second term). The limit equals —H (¥q) — H(¥g|v(),
which is precisely what we stated as the modified version of Lemma 4.4 (second line).

2. To prove the modified version of Lemma 4.5 and of the first line in Lemma 4.4, we

show that, Q-a.s. and in L'(Q), * log V(X((O)T ]) converges to

1 x©
mQA}an ME\IJQ[IOgV( (OM])]

Note that the limit exists because of condition (SV) and super-additivity. Choose n = kM
with k, M € IN. Using Lemma 5.1 k£ times, we may write

1 © X ) log C ()
’nlogV(X(OT ] kMZlogz/ 1)M7Ti]vl]) < 7 (5.15)
Letting £ — oo and using Birkhoff’s ergodic theorem, we obtain
o1 © 1 © log C(p)
nh_}n(lo Elog Z/(X(OT ]) MEQ[log 1/(X(0 TM])] < —u (5.16)

It remains to use the law of large numbers for Ty /M under Q € PV-erefin( £Z) (recall

(1.1)), and the fact that  Eg(log u(X((O n])) has the same limit has 1 Ey, (log V(X((o)n]))

3. By the same argument as in Section 4.4, we now know that the quenched LDP holds
for X(©) for all ¢ € IN (see Step 4 below for comments). Picking for &, = {FE1,...,E.},
c € N, a nested sequence of finite partitions of E as in [3, Section 8], we conclude from
the Dawson-Gartner projective limit LDP that the quenched LDP also holds for X, with
rate function

19°(Q) = sup I3 (Q9), Q e P™(E%), (5.17)

celN

where Q¢ is the coarse-graining of Q, and I Ju¢is the coarse-grained rate function. The
argument in [3, Section 8] can be adapted to show, with the help of Lemma 5.2, that
the supremum equals the rate function given in (1.7), i.e., the coarse-grained relative
entropies converge to the full relative entropies as ¢ — oo. (Deuschel and Stroock [5,
Lemma 4.4.15] implies that the coarse-grained relative entropies are monotone inc.) O
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