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Abstract

The purpose of this article is a set-indexed extension of the well-known Ornstein-
Uhlenbeck process. The first part is devoted to a stationary definition of the random
field and ends up with the proof of a complete characterization by its L2-continuity,
stationarity and set-indexed Markov properties. This specific Markov transition sys-
tem allows to define a general set-indexed Ornstein-Uhlenbeck (SIOU) process with
any initial probability measure. Finally, in the multiparameter case, the SIOU process
is proved to admit a natural integral representation.
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1 Introduction

The study of multiparameter processes goes back to the 70’ and the theory devel-
oped for years covers multiple properties of random fields (we refer to the recent books
[22] and [2] for a modern review). For instance, Cairoli and Walsh [10, 34, 35] have
deeply investigated the extension of the martingale and stochastic integral theories to
the two-parameter framework. A vast literature also concerns the Markovian aspects of
random fields. Similarly to the case of martingales, different interesting Markov proper-
ties can be formalized for multiparameter processes. Among these, the most commonly
studied ones are sharp-Markov [27, 13], germ-Markov [29, 30, 25] and x-Markov [9, 24]
properties. We refer to [6] for a more complete description of these concepts. The study
multiparameter processes is still a very active area of research, particularly the analysis
of sample paths and geometric properties (see e.g. [4, 11, 23, 32, 38]).

Set-indexed processes constitute a natural generalization of multiparameter stochas-
tic processes and their local regularity have been considered in the Gaussian case since
the early work of Dudley [14] (see also [1, 3, 8]). Extending the literature on ran-
dom fields, several different subjects have been recently investigated, including set-
indexed martingales [21], set-indexed Markov [20, 5, 6] and Lévy processes [1, 7, 19],
and set-indexed fractional Brownian motion [17, 18]. Although the set-indexed formal-
ism appears to be more abstract, it usually offers a simpler and more condensed way
to express technical concepts of multiparameter processes. For instance, the present
work intensively uses the C-Markov property introduced and developed in [6]. In the
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latter, the Chapman-Kolmogorov equation related to transition probabilities turns out
to be more easily expressed using the set-indexed formalism than the two-parameter
framework.

In this paper, we follow the framework established by Ivanoff and Merzbach in the
context of set-indexed martingales [21]. An indexing collection A is constituted of com-
pact subsets of a locally compact metric space 7 equipped with a Radon measure on
the o-field generated by A. A(u) and C respectively denote the class of finite unions
of sets belonging to A and the collection of increments C' = A\ B, where A € A and
B € A(u). Finally, ( denotes the set Nac4A, which usually plays a role equivalent to
0 in R{X . In the present article, we suppose that the collection .4 and the measure m
satisfy the following assumptions:

(i) " is a nonempty set and A is closed under arbitrary intersections;

(ii) Shape hypothesis: for any A, A;,..., Ay € A with A C U¥_| A;, there exists i €
{1,...,k} such that A C A;;

(iii) m(®") = 0 and m is monotonically continuous on 4, i.e. for any increasing sequence
(An)nEN in A,
nh_)rrgo m(A,) = m(UkeNAk).
For sake of readability, we restrict properties of A to the strictly required ones in the
sequel. The particular case of A = {[0,t]; t € RY'} shows that the set-indexed formalism
extends the multiparameter setting. Another simple example satisfying Shape can be
constructed on the R3-unit sphere: A = {4 ;0 € [0,7) and ¢ € [0,27)} where 4y, =
{(1, 9, ?): fe [0,0] and ¢ € [0, ¢]}. We refer to [21] for a more complete definition of an
indexing collection used in the general theory of set-indexed martingales.

We investigate the existence and properties of a set-indexed extension of the Ornstein-
Uhlenbeck (OU) process, originaly introduced in [33] and then widely used in the liter-
ature to represent phenomena in physics, biology and finance (e.g. see [15, 26, 28]). A
well-known integral representation of the real-parameter OU process X = {X;; t € Ry}
is given by .

VteRy; X, =Xge M +/ o D aw,, (1.1)
0
where ) and o are positive parameters and the initial distribution v = £(Xj) is indepen-
dent of the Brownian motion W. Furthermore, X is a Markov process characterized by
the following transition densities, forallt € R, and z,y € R;
2

1 1 —xt)2 2_0 —2Xt
pe(w5y) = mexp —@(y—xe ) } where o7 = ﬁ(1 —e ). (1.2)

Two particular cases of initial distribution will be of specific interest in the sequel:
1. If v = §,, « € R, X is a Gaussian process with the following mean and covariance,

forall s,t € Ry,

2
E.[X:] = ze M and Cov, (X5, Xy) = g—)\(e*MFS‘ — eiA(HS)). (1.3)

2. If v ~ N(O, %), X is a stationary Ornstein-Uhlenbeck process, i.e. a zero-mean

Gaussian process such that

2
Vs,t € Ry; B [X,X,] = ;—Ae*A‘H‘. (1.4)
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Since a set-indexed extension of the OU process cannot be directly derived from the
integral representation (1.1), we first focus on the stationary process described in (1.4).
A natural way to extend this covariance to the set-indexed framework is to substitute
the absolute value |t —s| with d(U, V') where d is a distance defined on the elements of A.
Similarly to the case of the set-indexed fractional Brownian motion described in [17],
we consider the choice d(U, V) = m(UAV'), where A denotes the symmetric difference.

In Section 2, we first define a stationary set-indexed Ornstein-Uhlenbeck process
(ssiOU) as a zero-mean Gaussian process X = {Xy; U € A} such that

2
YU,V € A, E[XyXy]= %e—WUAV), (1.5)

where A and o are positive parameters. Stationarity and Markov properties of this
set-indexed process are studied, and lead to the complete characterization proved in
Theorem 2.7. Then, using the Markov kernel obtained, we are able to introduce in Def-
inition 3.1 a general set-indexed Ornstein-Uhlenbeck process, whose law is consistent
with the covariance structure (1.3) in particular case of initial Dirac distributions.

Finally, in Section 4, we prove that in the multiparameter case, the set-indexed
Ornstein-Uhlenbeck has a natural integral representation which generalizes expression
(1.1).

2 A stationary set-indexed Ornstein-Uhlenbeck process
In this section, we define a set-indexed extension of the stationary Ornstein-Uhlenbeck

process, defined by the Gaussian covariance structure (1.4).

2.1 Definition and first properties
As a preliminary to the definition, we need to prove that the expected covariance
function of the process is positive definite in the same way as Lemma 2.9 of [17].

Lemma 2.1. If A is an indexing collection, m a Radon measure on the o-field generated
by A and )\, o positive constants, the functionT' : A x A — R defined by

2
YU,V eA T(UV)= %e**mw”),

is positive definite.

Proof. Let f1, fa,..., fr be in L?(m) and uy,us, . .., u; be in R. Let V be the vector space

12
V = span(fi,..., fx). Since fr—e 2 ez m) g positive definite, there exists a Gaussian
vector X on the finite-dimensional space V such that

VAS 0, Vf e Vs E[eVPXN] = oA iz

2
The non-negative definition of f — ¢ M2y can be written
ko k E ok k 2

Z Z uuze M 1illlz = Z Z uiuj]E[ei\/ﬁ<X7fi_fj>j| — Z stV > 0.

i=1j=1 i=1j=1 i=1 L2(Q)
For any Uy, ..., U € A, the previous result is applied to f; = 1y,, ..., fr = 1y, € L*(m).
As in the proof of Lemma 2.9 in [17], we remark that

. 2
V%] S {]., ceey k}, m(UZAU]) = m(|1Ul - 1U]. |) = Hfl - fjHLz(m)’
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and we deduce

i=1 j=1

which proves the result. O

According to Lemma 2.1, we can define

Definition 2.2. Given the indexing collection A and positive real numbers \ and o, any
Gaussian process {Xy; U € A} such that for allU,V € A,

2
E[Xy] =0 and E[XpXy]= %e—/\m(UAV)7

is called a stationary set-indexed Ornstein-Uhlenbeck (ssiOU) process.

The covariance structure of the Gaussian process coming from Definition 2.2 directly
implies the L2-continuity and stationarity properties.

Proposition 2.3. The stationary set-indexed Ornstein-Uhlenbeck process X of Defini-
tion 2.2 is L?-monotone inner- and outer-continuous, i.e. for any increasing sequence
(Un)nen in A, such that UyenUy, € A and for any decreasing sequence (V,,)nen in A,

lim B[|Xy, - Xg 7] =0 and  lim B[|Xy, — Xn, v, [*] =0.

Proof. Let (U,)nen be an increasing sequence in .4 such that UgenUi € A. Then using
equation (1.5), we have

2
: 21 _ @ “2Am(UrenUr\Un

VneN; E[|Xv, - Xgml’] = 5(2—26 m(OkenTi\Un))

According to Assumption (iii) on A and m, lim, o m(UgenUk \ Uy,,) = 0. Therefore, the
L?-monotone inner-continuity follows, and similarly, the outer-continuity of X. O

The stationarity increments property for set-indexed processes has been introduced
in [18] in the context of fractional Brownian motion, and it has constitued the key prop-
erty to derive deep understanding of the set-indexed Lévy processes in [19]. The sta-
tionarity property defined below is closely related to these two previous works.

Proposition 2.4. The stationary set-indexed Ornstein-Uhlenbeck process X of Defini-
tion 2.2 is m-stationary, i.e. for any k € N, V € A and increasing sequences (U;)1<i<k
and (A;)1<i<k in A such that m(U; \ V) = m(4;) for alli € {1,...,k}, X satisfies

—~
=

(Xvys-- s Xu,) = X4y, Xa,)-

Proof. Let V, (U;)1<i<k and (A;)1<i<k be as in the statement. Without any loss of gen-
erality, we suppose that V' C U;. Then, forall j > ¢, as U; C U; and A; C A;,

m(U;AU;) = m(U;) — m(Us) = m(U; \ V) = m(U; \ V) = m(4;) — m(A;) = m(4;AA;).
Therefore, we deduce the expected equality, since X is a centered Gaussian process and

2 2
foralli,j € {1,...,k}, E[Xy,Xy,] = %e*m(wwﬂ - %e**m%ﬁfh) =E[X4,X4,]. O
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We observe that the definition of stationarity is given in a strict sense, since it
concerns the invariance of finite-dimensional distributions under a form of measure-
invariant translation. In the classic theory of stationary random fields, a weaker prop-
erty relying on the correlation function is usually defined (see [39]): C(s,t) = E[X X;]
only depends on the difference ¢t — s. The weak definition of stationarity for one-
parameter processes can be naturally extended to the multiparameter case, but it ap-
pears that this straightforward extension is not the most relevant. Indeed, the stationar-
ity of increments defined using Lebesgue measure or their invariance under translation
appeared to be more interesting to study multiparameter processes (see e.g. Lévy and
fractional Brownian sheets), and this fact explains the form of the set-indexed extension
for the stationarity property.

2.2 Markov property and characterisation of the stationary set-indexed Ornstein-
Uhlenbeck process

To investigate the Markov property, we first need to recall a few notations used in
[6]. Let C' € C such that C = A\ B, with B € A(u) and B C A € A. Since the assumption
Shape holds on A, Definition 1.4.5 in [21] states that there exists a unique extremal
representation {A;};<j of B, i.e. such that B = U¥_, A; and for all i # j, A; € A;.

Then, let A, be the semilattice {A; N--- N Ag,..., A1 N Ay, Ay..., Ay} C Aand Ac
be defined as the following subset of Ay,

Ac={Ue€ Ay U By € (U, UZ},  wheren=#(Ac).  (2.1)
The notation X refers to the random vector X¢ = (X, Uty X vz ), and similarly x¢ is
used for a vector of variables. Thereby, according to [6], the extension AX of X on the
class C satisfies

k
def
AXc = Xa— {ZXAi — ZXAmAj o (DX 4 g,
i=1 i<j

=X, - [2(1)&){%], (2.2)

i=1

where (—1)% represents the sign of the term X v in the inclusion-exclusion formula. In
other words, (2.2) says that every term X in the previous inclusion-exclusion formula
such that U ¢ A is cancelled by another term in the sum.

Finally {F4; A € A} denotes the natural filtration generated by X, and for all B €
A(u) and C € C, Fp and G} respectively correspond to

Fp = \/ Fa and Gt = \/ FB. (2.3)
A€A,ACB BeA(u),BNC=0

We note that these filtrations are not necessarily outer-continuous.
In the following result, we prove that the ssiOU process satisfies the C-Markov prop-
erty introduced in [6].

Proposition 2.5. The stationary set-indexed Ornstein-Uhlenbeck process X of Defini-
tion 2.2 is a C-Markov process with respect to its natural filtration (Fa)aca, i.e. for all
C = A\ B with A€ A, B e A(u) and all Borel function f : R — R, X satisfies

EB[f(X4)|95] = B[f(Xa)|Xc] = Pof(Xc) Peas. (2.4)
Proof. Let C = A\ BbeinC, {A;}i<i be the extremal representation of B and U be in A
such that UNC = (). We first note that UNA = (UNC)U(UNB) = UNB € A. Thus, since
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A satisfies the Shape hypothesis, there exists [ € {1,...,k} such that U N B = U N A4;.
Consider the following quantity Iy,

k
Iy =E |:XU (XA - Z XAief)\m(A\Ai) + Z )(Aanjef)\m(A\AiﬁAj)+

i=1 1<i<j<k

N (_UkXAlnmnAkefAm(A\Alm...mAk))}
k

2
a” (efAm(AAU) _

—A(m(A; AU)+m(A\A;)) —A(m(AiNA;AU)+m(A\A;NA;))
3\ + Z e +

e
i=1 1<i<j<k

. (71)k67)\(m(A1ﬂ~»-ﬂAkAU)+m(A\A1ﬁ--ﬂAk)))

2 k
_ %\e—,\(m(A)er(U))(e—zxm(AmU) B Ze—2Am(A,-ﬂU) n Z e~ 2Am(AiNA;NU) 4
i=1 1<i<j<k

. (_1)k672>\m(Alﬂ---ﬂAkﬂU)>'

Let us introduce the set-indexed function h : A — e~ 2(ANU) " Gince the assumption

Shape holds, h admits an extension Ah on A(u) based on an inclusion-exclusion formula.
Thus, we have Iy = 3 A(A+m(U) (R(ANU) — AR(BNU)). But since ANU = BNU =
A;NU € A and h coincides with Ah on A, we obtain Iy = 0.

Therefore, I;; = 0 for all U € A such that U N C = () and as X is a Gaussian process,
we can claim that the random variable

k
=1

and G/ are independent. Since the previous random variable is expressed as an inclusion-
exclusion formula, equation (2.2) shows that it can also be expressed as

Xa—Zc with Zg=e A [Z(—l)aiXUg e |
=1

Notice that Z¢ is X¢-measurable (and then Gf-measurable) and X 4 —Z¢ is independent
of G/ (and then independent of X¢). Hence, using a classic property of the conditional
expectation, we have

E[f(Xa)[Gc] = Elf (Xa = Zc + Zc) | G¢] = E[f(Xa) | Zc].

We similarly obtain the equality E[f(X4) | X¢] = E[f(X4)| Zc] which ends the proof.
O

Intuitively, the C-Markov property can be understood as following: For any incre-
ment C' = A\ B, the o-field G} represents the past, described as strong as it contains
all the information inside the regions B satisfying C' = A\ B. The vector X¢ itself
gathers the minimum information related to the "border" points of C, and finally, X4
represents the future value of the process. Then, Equation (2.4) simply states that
conditioning the future with respect the full history G/ or the vector X are equivalent.

According to Proposition 2.9 in [6], we can deduce that the set-indexed Ornstein-
Uhlenbeck process also satisfies set-indexed sharp-Markov and Markov properties whose
definitions can be found in [20]. In the multiparameter case, it implies that this pro-
cess is sharp-Markov and germ-Markov with respect to finite unions of rectangles (see
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[20, 6]). The question whether this implication remains true for more complex sets has
not been investigated yet (see [13, 12] for answers in the particular case of Brownian
and Lévy sheets).

As a consequence of the previous proposition, we can derive the C-transition system
‘P and the initial law that characterize entirely a ssiOU process.

Corollary 2.6. The C-transition system P = {Pc(x¢c;T'); C € C,T € B(R)} of the sta-
tionary set-indexed Ornstein Uhlenbeck process of Definition 2.2 is characterized by
the following transition densities, for all C = A\ B € C:

1 1 —Am(A) - €; Am(US) ?
. _ _ —1)% x4 c 2.5
pc(xciy) = oovon eXp[ 202 (y e E (1) zyse ; (2.5)

=1
where
2 n
2 _ 9 [ _ —2am(4) e 2Am(UE)
UC_Q)\(l € {Z( 1)%e CD

i=1
2

Furthermore, the initial law is given by Xg ~ N (0, g5).

Proof. Let C'= A\ B be in C and let Z¢ and Y¢ be the following Gaussian variables
Zo = e MUA) [Z(—mx% ekm(Uc’?] and Yo = X4 — Zc.
i=1
Since the process X is centered, E[Z¢] = E[Yc] = 0. We note o2 the variance of Y.

Using the independence of Y and G¢,, shown in the proof of Proposition 2.5, and the
fact that Z¢ is G/,-measurable, we have for any measurable function f : R =+ R4,

B[f(X)|62] =Elf(Zc + o) | G
1 u?
acmAf(“+ZC)eXp(%é>d“

Zml/%/Rf(v)exp<—(v2JZQCC)2>dv déf/Rf(U)pc(Xc;U)dU-

Equation (2.5) follows from this last equality. It remains to prove the expression of the
variance oZ. We first note that, as X v; is Go-measurable and Y¢ is independent of G,
E[Xy;Yc] =0 forany i € {1,...,n}. Therefore, we have

% = E[XaYe] = BIX3] - e [S2(-1)7 B[ XXy, ) )
=1

2 i i
-z <1 A4 {Z(l)a o Am(AAE) ex\m(Ué)])
>

i=1
_ 0’: <1 _ e2Am(4) {i(_l)siezxmw&)]>
2\ P '
O
The following result shows that properties exhibited in Propositions 2.3, 2.4 and 2.5

lead to a complete characterization of the stationary set-indexed Ornstein-Uhlenbeck
process.
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Theorem 2.7. A set-indexed mean-zero Gaussian process X = {Xy; U € A} is a sta-
tionary set-indexed Ornstein-Uhlenbeck process if and only if the three following prop-
erties hold:

(i) L?-monotone inner- and outer-continuity;
(ii) m-stationarity;
(iii) C-Markov property.

Proof. We already know that the stationary set-indexed Ornstein-Uhlenbeck process
of Definition 2.2 satisfies these three properties. Conversely, let X be a zero-mean
Gaussian set-indexed process which is L?-monotone inner- and outer-continuous, m-
stationary and C-Markov. Without any loss of generality, we suppose ]E[Xg,] =1.

We first consider an increasing and continuous function f : R, — A, i.e. an elemen-
tary flow in the terminology of [21, 18], such that f(0) = (/. Since m is monotonically
continuous on 4 (Condition (iii) of the indexing collection), the function 6 : ¢t — m[f(¢)]
is continuous, #(0) = 0 and the pseudo-inverse 0~ '(t) = inf{u : 6(u) > t} satisfies
6 o §~1(t) = t. Then, the projected one-parameter process X"/ = {Xfog—l(t); te Ry}
is a centered one-parameter Gaussian process which is L2-continuous, stationary (see
[18]) and Markov (see [6], Proposition 2.10). Therefore, X™f is a one-dimensional
Ornstein-Uhlenbeck process (see e.g. [31]). Since IE[(X({)Q] = 1, there exists Ay > 0
such that for all s, € Ry,

E[X;n’fXZn’f] _ e—)\f\t—s\ _ e—)\f\m[fo&‘)il(t)]—m[foefl(s)]\ — e—)\fm[fo6'71(s)Afonl(t)].

Let us prove the constant A; does not depend on the function f. Let f; and f> be two
different elementary flows which satisfy the previous conditions. Then, as m(§’) = 0,
for any ¢t > 0, we know that m(f; o 67(t) \ @) = m(fs 0 65'(t)) = t, and therefore,

according to the m-stationarity of X, (Xt’”’fl,Xg”’fl) 4 (x4 x™#), which implies
et = BIXN XN = BIXT X = e At e A, = Ay, A
For all U,V € A such that U C V, there exists f which goes through U and V. We
obtain
EXyXy] = e~ Am(V)—mU)| — ,—Am(UAV)
Finally let U,V € A. From the previous equation, we observe that

]E[(XV . ef)\m(V\U)XUmV)XUmV] _ ef)\m(VA(UﬂV)) o ef)\m(V\U) =0.
Therefore, since X is a Gaussian process, E[ Xy | Xpny| = e »(V\U) X1, and using
the C-Markov property applied to C' = U \ V with the fact Xy\v = Xynv, we obtain the

expected covariance,

E[XyXv] = E[ Xy E[Xv |Ghv]] = B[ Xv E[Xv | Xuav]]
= e D B[ Xy Xynv |

— o= Am(V\U) | ,=Am(U\V) _ ,—Am(UAV)

O

3 Definition of a general set-indexed Ornstein-Uhlenbeck pro-
cess
Using the C-Markov property obtained in Proposition 2.5 and the C-transition system

‘P from Corollary 2.6, we can finally define a general set-indexed Ornstein-Uhlenbeck
process.
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Definition 3.1. A process X is called a set-indexed Ornstein-Uhlenbeck process if
(i) Xy ~ v, where v is a given initial probability distribution;
(ii) X is C-Markov with a C-transition system given by (2.5).

Theorem 2.2 in [6] proves the existence of such processes in the canonical probabil-
ity space (R#,P,) for any initial probability distribution v. Then, PP, is the probability
measure on R under which the canonical process defined by Xy (w) = w(U) for all
w € R4 is a set-indexed Ornstein-Uhlenbeck process. In the particular case of Dirac
initial distribution, the complete determination of the laws of X is given by the following
result.

Proposition 3.2. For any ¢ € R, under the probability IP,, the canonical set-indexed
Ornstein-Uhlenbeck process X is the Gaussian process defined by the covariance struc-
ture

VU € A; E.[Xy] =z e ™) (3.1)

2
o e—Am(UAV) _ e—>\(7”(U)+m(V))). (32)

VU,V € A; Cov,(Xy,Xv) = 2)\(

Proof. We first check that X is a Gaussian process under the probability IP,..

Let Ay,..., A € Aand Ay, ..., \; € R. Without any loss of generality, we can suppose
that A, = {4g = 0, Ay, ..., A.} is a semilattice and we denote C; = A; \ (u;ﬂ;})Aj) for all
i € {1,...,k}. Then, using notations from Corollary 2.6, we have

E, [exp( ix XA ﬂ - [exp( Z/\ X, ) [exp(i/\kXAk) ‘gng

k—1
=E, {exp (z > AjXAJ) exp (i Zcy, ) By [exp(i)\chk)]]

j=1
Ao, RS
= exp(—Q"') I, [exp (z Z )\jXAJ.)} ,
j=1
since Z¢, is weighted sum of Xy, V € {A,..., Ax_1}. Therefore, by induction on k, we

get the characteristic function of a Gaussian variable.

In order to obtain the mean and the covariance functions, we consider the case
k = 3, with the semi-lattice {{)/, A; = A3 N A3, A, A3}. We compute

E, [exp (i()\gXA2 n A3XA3))] - exp(—%)\gaég) E, [exp (z’(AQXAQ + Agzcs))}
= exp(—%)@aég_) E, {exp (z’()\QXA2 + Age_’\m(Aa\Al)XAl))] .

Using the C-Markov property applied to Cy = As \ A;, we get

. 1
E, [exp (z()\QXA2 + )‘BXA:;))] = exp<—§A§U203 )\3 Cz)
% Em |:6Xp (Z ()\26—)\’7”(142\141) + )\Se—ATrL(Ag\Al))XAl)] )
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Then, the C-Markov property applied to C; = A; \ ' leads to
E, [exp (i Xa, + s Xa,)) |
—exp(~ 10302, - 2202, - L e mntanan gy e amiananyey )
x B, [exp (z ()\26_/\7"(‘42\’41) + )\36_’\’”(’43\’41))e_’\m(Al)ngﬂ
X exp (z ()\ge*/\m(AZ) + AgefAm(AS))x).

The mean of X comes from the last line. The covariance is obtained from the cross term
in front of Ao A3:

]

0_%1e_Am(AQ\Al)e—)\m(Ag\Al) _ %\(1 _ 6—2)\m(A1))e—>\m(A2AA3)
2
_ i(e—km(AQAA3) _ e—)\(WL(AZ)"'WL(A3)))7
2\
since A; = Ay N Az and 03, = % (1 —e2Amt), -

4 Multiparameter Ornstein-Uhlenbeck process

In the particular case of the indexing collection A = {[0,¢];t € R;} endowed with
the Lebesgue measure m, the set-indexed Ornstein-Uhlenbeck processes studied in Sec-
tions 2 and 3 reduce to the classical one-dimensional Ornstein-Uhlenbeck process.

In the multiparameter setting, a natural extension of the stationary Ornstein-Uhlenbeck
process can be defined by

t

vt € RY; Yt:/ oeluhdw,. (4.1)

— 0o

where o > 0, a = (ay,...,ay) € RN with a; > 0 and W is the Brownian sheet. The
covariance of this process is given by

N SiNt; 0_2 N
E[Ygiff] = H/ 0'26041'(%751'7&) du; = HNi exp{ Zai(si +t;—s; A b)}
=177 i=1

i=1 %

Hence, Y is a stationary set-indexed Ornstein-Uhlenbeck process on the space Rf en-
dowed with the indexing collection A = {[0,¢] ;¢ € RY'} and the measure m,, defined on
the Borel o-field by

N
VA€ BRN); ma(4) =) aihi(Ane), (4.2)
i=1
where )\; is the Lebesgue measure on R and e;,...,ex are the axes of RY: e; = R x
{O}N_l, ea = {0} x R x {O}N‘2,

The following proposition extends this result to the general set-indexed Ornstein-
Uhlenbeck process defined in Section 3, proving that it also has a natural integral rep-
resentation in the particular multiparameter case.

Proposition 4.1. LetY = {Y;; t € Rf} be the multiparameter process defined by

Vie RY: Y, =e (&0 [YO + a/ el dw, |, (4.3)
(700,t]\(700,0]
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where ¢ > 0, a = (ay,...,ay) € RN with o; > 0 for each i € {1,...,N}, W is the
Brownian sheet and Y is a random variable independent of W.

Then, Y is a set-indexed Ornstein-Uhlenbeck process of Definition 3.1 on the space
(T, A,mg), with A = {[0,t]; t € RY} and m,, defined in (4.2).

Proof. First we observe that the measure m,, satisfies, for all s,t € Rﬂ\: ,
mq([0,5]N0,1]) = Z%’(Si At;))={a,s A t) where s At:= (s At1,...,sN AtN).

Let t1,...,t; be in Rf and Aq,...,\; in R. For any fixed zg € R, Y denotes the
Gaussian process defined by

vt e RY; Y7o =e (@) [sr:o + o—/ e<(”“>qu}
Ay

where A; = (—o0,t] \ (—00,0].
Let Y be the Rf -indexed process defined by (4.3) and denote by v the law of Yj.
Since Yy and W are independent, we have

E{eizﬁ'zl /\J’Y%} :/ [lz =1 to} v(dzo),
R

Let us determine the mean and covariance of the process Y*, for any zo € R:
vVt € Rf; IE[YtIO] = zge Ot = g e ma (0]

and for all s,t € RY,

s

COV(}/SE[),Y?D) _ O,2e<o¢,s+t>E|:/ e(a,u>qu (a u>dW:| — O' e (oz,ert)/ 62<a,u>du
A Ay Asat

2

(2
— —(a,s+t) [, 2{a,sAt) _
= e e 1
mn HJ 10 ( )
2
=0 emmall0s)=ma((0t) (2ma(an(0t]) _ 1)
2n H =19
~2
g —mq ([0,s] A0, —(mq([0,s])+ma ([0, _
:7(6 (10.51A[0,8]) _ = (ma((0.s)+mal] tm) = Covay (X0 X0.1),

where X is the canonical set-indexed Ornstein-Uhlenbeck process with parameters
(o, A = 1) with notations of Proposition 3.2. Therefore, the process Y?° has the same
law as X[ o) starting from z, and

E {ei PRAN Ath:'_O} - E,, {ei i AjX[(),t,j]i| _

Consequently
e i ] = / By, [e! =2 0] p(dag) = B, [o B M Xe],
R
which states that ¥ and Xy ,) have the same law and concludes the proof. O

Remark 4.2. We have exhibited an unusual measure m, on RY, which only charges the
axes (e,;),;g ~. This measure is also interesting when the set-indexed Brownian motion
(siBM) is considered on the space (T, A, m,) with a = (1,...,1), as it corresponds to
a classic multiparameter process called the additive Brownian motion (see e.qg. [22]).
Conversely, since we know that the Brownian sheet is a siBM on the space (T, A, ),
where )\ is the Lebesgue measure, we could also define a different multiparameter
Ornstein-Uhlenbeck process using the Lebesgue measure instead of m,,.

ECP 17 (2012), paper 39. ecp.ejpecp.org
Page 11/14


http://dx.doi.org/10.1214/ECP.v17-1903
http://ecp.ejpecp.org/

A set-indexed Ornstein-Uhlenbeck process

Remark 4.3. A different multiparameter extension of the Ornstein-Uhlenbeck process
has already been introduced in the literature (e.g. see [36, 37] and [16]). It admits an
integral representation given by,

t
vt e RY; YV, =e (o0 [Yo + a/ e<0"“>qu} (4.4)
0

If we consider a Markov point of view, the definition given in Proposition 4.1 seems
more natural. Indeed, as described in [6], the transition probabilities of the process de-
scribed in Equation (4.4) do not strictly correspond to those of the set-indexed Ornstein-
Uhlenbeck, and can not be extended to the set-indexed formalism. Furthermore, we
observe that the model (4.4) does not embrace the natural stationary case described in
equation (4.1).

References

[1] R.]J. Adler and P. D. Feigin. On the cadlaguity of random measures. Ann. Probab.,
12(2):615-630, 1984. MR-0735857

[2] R. ]J. Adler and ]J. E. Taylor. Random fields and geometry. Springer Monographs in
Mathematics. Springer, New York, 2007. MR-2319516

[3] K. S. Alexander. Sample moduli for set-indexed Gaussian processes. Ann. Probab.,
14(2):598-611, 1986. MR-0832026

[4] A. Ayache, N.-R. Shieh, and Y. Xiao. Multiparameter multifractional brownian mo-
tion: local nondeterminism and joint continuity of the local times. Ann. Inst. H.
Poincaré Probab. Statist, 2011. MR-2884223

[5] R. M. Balan and G. Ivanoff. A Markov property for set-indexed processes. J. Theo-
ret. Probab., 15(3):553-588, 2002. MR-1922438

[6] P. Balanca. A increment type set-indexed Markov property. Preprint, 2012.
arXiv:1207.6568.

[7] R. F. Bass and R. Pyke. The existence of set-indexed Lévy processes. Z. Wahrsch.
Verw. Gebiete, 66(2):157-172, 1984. MR-0749219

[8] R. E. Bass and R. Pyke. The space D(A) and weak convergence for set-indexed
processes. Ann. Probab., 13(3):860-884, 1985. MR-0799425

[9] R. Cairoli. Une classe de processus de Markov. C. R. Acad. Sci. Paris Sér. A-B,
273:A1071-A1074, 1971. MR-0290454

[10] R. Cairoli and ]J. B. Walsh. Stochastic integrals in the plane. Acta Math., 134:111-
183, 1975. MR-0420845

[11] R. C. Dalang, E. Nualart, D. Wu, and Y. Xiao. Critical brownian sheet does not have
double points. Ann. Probab., 2011.

[12] R. C. Dalang and ]J. B. Walsh. The sharp Markov property of Lévy sheets. Ann.
Probab., 20(2):591-626, 1992. MR-1159561

[13] R. C. Dalang and ]J. B. Walsh. The sharp Markov property of the Brownian sheet
and related processes. Acta Math., 168(3-4):153-218, 1992. MR-1161265

[14] R. M. Dudley. Sample functions of the Gaussian process. Ann. Probability, 1(1):66-
103, 1973. MR-0346884

ECP 17 (2012), paper 39. ecp.ejpecp.org
Page 12/14


http://www.ams.org/mathscinet-getitem?mr=0735857
http://www.ams.org/mathscinet-getitem?mr=2319516
http://www.ams.org/mathscinet-getitem?mr=0832026
http://www.ams.org/mathscinet-getitem?mr=2884223
http://www.ams.org/mathscinet-getitem?mr=1922438
http://arxiv.org/abs/1207.6568
http://www.ams.org/mathscinet-getitem?mr=0749219
http://www.ams.org/mathscinet-getitem?mr=0799425
http://www.ams.org/mathscinet-getitem?mr=0290454
http://www.ams.org/mathscinet-getitem?mr=0420845
http://www.ams.org/mathscinet-getitem?mr=1159561
http://www.ams.org/mathscinet-getitem?mr=1161265
http://www.ams.org/mathscinet-getitem?mr=0346884
http://dx.doi.org/10.1214/ECP.v17-1903
http://ecp.ejpecp.org/

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

A set-indexed Ornstein-Uhlenbeck process

T. Frank, A. Daffertshofer, and P. Beek. Multivariate Ornstein-Uhlenbeck processes
with mean-field dependent coefficients: Application to postural sway. Physical
Review E, 63(1, Part 1), 2001.

S.-E. Graversen and ]J. Pedersen. Representations of Urbanik’s classes and multipa-
rameter Ornstein-Uhlenbeck processes. Electron. Commun. Probab., 16:200-212,
2011. MR-2788892

E. Herbin and E. Merzbach. A set-indexed fractional Brownian motion. J. Theoret.
Probab., 19(2):337-364, 2006. MR-2283380

E. Herbin and E. Merzbach. Stationarity and self-similarity characterization of
the set-indexed fractional Brownian motion. J. Theoret. Probab., 22(4):1010-1029,
2009. MR-2558663

E. Herbin and E. Merzbach. The set-indexed Lévy process: Stationarity, Markov
and sample paths properties. Preprint, 2012. arXiv:1108.0873.

G. Ivanoff and E. Merzbach. Set-indexed Markov processes. In Stochastic models
(Ottawa, ON, 1998), volume 26 of CMS Conf. Proc., pages 217-232. Amer. Math.
Soc., Providence, RI, 2000.

G. Ivanoff and E. Merzbach. Set-indexed martingales, volume 85 of Monographs
on Statistics and Applied Probability. Chapman & Hall/CRC, Boca Raton, FL, 2000.
MR-1733295

D. Khoshnevisan. Multiparameter processes: An Introduction to Random Fields.
Springer Monographs in Mathematics. Springer-Verlag, New York, 2002. MR-
1914748

D. Khoshnevisan and Y. Xiao. Lévy processes: capacity and Hausdorff dimension.
Ann. Probab., 33(3):841-878, 2005. MR-2135306

H. Korezlioglu, P. Lefort, and G. Mazziotto. Une propriété markovienne et dif-
fusions associées. In Two-index random processes (Paris, 1980), volume 863 of
Lecture Notes in Math., pages 245-274. Springer, Berlin, 1981. MR-0630317

H. Kiinsch. Gaussian Markov random fields. J. Fac. Sci. Univ. Tokyo Sect. IA Math.,
26(1):53-73, 1979. MR-0539773

P. Lansky and J. P. Rospars. Ornstein-Uhlenbeck Model Neuron Revisited. Biologi-
cal Cybernetics, 72(5):397-406, 1995.

P. Lévy. Sur le mouvement brownien dépendant de plusieurs parameétres. C. R.
Acad. Sci. Paris, 220:420-422, 1945. MR-0013265

H. Masuda. On multidimensional Ornstein-Uhlenbeck processes driven by a gen-
eral Lévy process. Bernoulli, 10(1):97-120, 2004. MR-2044595

H. P. McKean. Brownian motion with a several-dimensional time. Teor. Verojatnost.
i Primenen., 8:357-378, 1963. MR-0157407

L. D. Pitt. A Markov property for Gaussian processes with a multidimensional
parameter. Arch. Rational Mech. Anal., 43:367-391, 1971. MR-0336798

G. Samorodnitsky and M. S. Tagqu. Stable non-Gaussian random processes.
Stochastic Modeling. Chapman & Hall, New York, 1994. Stochastic models with
infinite variance. MR-1280932

ECP 17 (2012), paper 39. ecp.ejpecp.org

Page 13/14


http://www.ams.org/mathscinet-getitem?mr=2788892
http://www.ams.org/mathscinet-getitem?mr=2283380
http://www.ams.org/mathscinet-getitem?mr=2558663
http://arxiv.org/abs/1108.0873
http://www.ams.org/mathscinet-getitem?mr=1733295
http://www.ams.org/mathscinet-getitem?mr=1914748
http://www.ams.org/mathscinet-getitem?mr=1914748
http://www.ams.org/mathscinet-getitem?mr=2135306
http://www.ams.org/mathscinet-getitem?mr=0630317
http://www.ams.org/mathscinet-getitem?mr=0539773
http://www.ams.org/mathscinet-getitem?mr=0013265
http://www.ams.org/mathscinet-getitem?mr=2044595
http://www.ams.org/mathscinet-getitem?mr=0157407
http://www.ams.org/mathscinet-getitem?mr=0336798
http://www.ams.org/mathscinet-getitem?mr=1280932
http://dx.doi.org/10.1214/ECP.v17-1903
http://ecp.ejpecp.org/

A set-indexed Ornstein-Uhlenbeck process

[32] C. A. Tudor and Y. Xiao. Sample path properties of bifractional Brownian motion.
Bernoulli, 13(4):1023-1052, 2007. MR-2364225

[33] G. Uhlenbeck and L. Ornstein. On the theory of the brownian motion. Physical
Review, 36(5):823-841, 1930.

[34] J. B. Walsh. Convergence and regularity of multiparameter strong martingales. Z.
Wahrsch. Verw. Gebiete, 46(2):177-192, 1978. MR-0516739

[35] J. B. Walsh. Martingales with a multidimensional parameter and stochastic inte-
grals in the plane. In Lectures in probability and statistics (Santiago de Chile,
1986), volume 1215 of Lecture Notes in Math., pages 329-491. Springer, Berlin,
1986. MR-0875628

[36] Z. Wang. Transition probabilities and prediction for two-parameter Ornstein-
Uhlenbeck processes. Kexue Tongbao (English Ed.), 33(1):5-9, 1988. MR-0951807

[37] Z. Wang. Multi-parameter Ornstein-Uhlenbeck process. In Dirichlet forms and
stochastic processes (Beijing, 1993), pages 375-382. de Gruyter, Berlin, 1995.
MR-1366452

[38] Y. Xiao. Sample path properties of anisotropic Gaussian random fields. In A mini-
course on stochastic partial differential equations, volume 1962 of Lecture Notes
in Math., pages 145-212. Springer, Berlin, 2009. MR-2508776

[39] A. M. Yaglom. Correlation theory of stationary and related random functions. Vol.
I. Springer Series in Statistics. Springer-Verlag, New York, 1987. Basic results.
MR-0893393

ECP 17 (2012), paper 39. ecp.ejpecp.org
Page 14/14


http://www.ams.org/mathscinet-getitem?mr=2364225
http://www.ams.org/mathscinet-getitem?mr=0516739
http://www.ams.org/mathscinet-getitem?mr=0875628
http://www.ams.org/mathscinet-getitem?mr=0951807
http://www.ams.org/mathscinet-getitem?mr=1366452
http://www.ams.org/mathscinet-getitem?mr=2508776
http://www.ams.org/mathscinet-getitem?mr=0893393
http://dx.doi.org/10.1214/ECP.v17-1903
http://ecp.ejpecp.org/

	Introduction
	A stationary set-indexed Ornstein-Uhlenbeck process
	Definition and first properties
	Markov property and characterisation of the stationary set-indexed Ornstein-Uhlenbeck process

	Definition of a general set-indexed Ornstein-Uhlenbeck process
	Multiparameter Ornstein-Uhlenbeck process

