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Abstract

In this paper we deal with Mellin convolution of generalized Gamma densities which leads to
integrals of modified Bessel functions of the second kind. Such convolutions allow us to explicitly
write the solutions of the time-fractional diffusion equations involving the adjoint operators of a
square Bessel process and a Bessel process.

1 Introduction and main result

In the last years, the analysis of the compositions of processes and the corresponding governing
equations has received the attention of many researchers. Many of them are interested in compo-
sitions involving subordinators, in other words, subordinated processes Y (T (t)), t > 0 (according
to [9]) where T(t), t > 0 is a random time with non-negative, independent and homogeneous
increments (see [4]). If the random time is a (symmetric or totally skewed) stable process we have
results which are strictly related to the Bochner’s subordination and the p.d.e.’s connections have
been investigated, e.g., in [6; 7; 8; 22; 23]. If the random time is an inverse stable subordinator
we shall refer to the governing equation of Y (T (t)) as a fractional equation considering that a frac-
tional time-derivative must be taken into account. In the literature, several authors have studied
the solutions to space-time fractional equations. In the papers by Wyss [30], Schneider and Wyss
[29], the authors present solutions of the fractional diffusion equation 8}T = asz in terms of
Fox’s functions (see Section 2). In the works by Mainardi et al., see e.g. [17; 18] the authors have
shown that the solutions to space-time fractional equation ,Dju = CDf u can be represented by
means of Mellin-Barnes integral representations (or Fox’s functions) and M-Wright functions (see
e.g. Kilbas et al. [13]). The fractional Cauchy problem Dfu = Lu has been thoroughly studied by
yet other authors and several representations of the solutions have been carried out, but an explicit
form of the solutions has never been obtained. Nigmatullin [25] gave a physical derivation when
L is the generator of some continuous Markov process. Zaslavsky [31] introduced the space-time
fractional kinetic equation for Hamiltonian chaos. Kochubei [14, 15] first introduced a mathemat-
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ical approach while Baeumer and Meerschaert [[1]] established the connections between fractional
problem and subordination by means of inverse stable subordinator when L is an infinitely divis-
ible generator on a finite dimensional vector space. In particulay, if d,p = Lp is the governing
equation of X(t), then under certain conditions, 8!5 q=Lqg+ 86Xt P/T(1 - p) is the equation
governing the process X(V,) where V, is the inverse or hitting time process to the 3-stable subordi-
nator, 3 € (0,1). Orsingher and Beghin [26, [27] found explicit representations of the solutions to
9)u = 2?3?2u only in some particlular cases: v = (1/2)",1/n, n € Nand v = 1/3,2/3,4/3. Also,
they represented the solutions to the fractional telegraph equations in terms of stable densities,
see [13;[26]]. In general, the solutions to fractional equations represent the probability densities of
certain subordinated processes obtained by using a time clock (in the following we will refer to it
as L}) which is an inverse stable subordinator (see Section. For a short review on this field, see
also Nane [24]] and the references therein.

We will present the role of the Mellin convolution formula in finding solutions of fractional dif-
fusion equations. In particular, our result allows us to write the distribution of both stable sub-
ordinator and its inverse process whose governing equations are respectively space-fractional or
time-fractional equations. This result turns out to be useful for representing the solutions to the
following fractional diffusion equation

pyart =9,  art 1.1
where a/'* = dl"*(x, t), x >0, t > 0, D} is the Riemann-Liouville fractional derivative, v € (0,1]
and ¢, , is an operator to be defined below (see formula (3.4)). We present, for v = 1/(2n + 1),
n € NU {0}, the explicit solutions to in terms of integrals of modified Bessel functions of
the second kind (K, ) whereas, for v € (0,1], we obtain the solutions to (1.I) in terms of Fox’s
functions. After some preliminaries in Section 2] in Section [3] we recall the generalized Gamma
density QL starting from which we define the distribution g}l of the (generalized Gamma) process
G{* and the distribution e, of the process E{". The latter can be seen as the reciprocal Gamma
process, indeed E/'* = 1/G!"", or in a more striking interpretation, as the hitting time process
for which (E{* < x) = (GI'* > t). We shall refer to E[* as the reciprocal or equivalently the
inverse process of G{*". It must be noticed that ¢}, = g7 because G, " = 1/G{*. Furthermore,
we introduce the most important tool we deal with in this paper, the Mellin convolutions gg’*n (see
formula (3.14)) and e;" (see formula (3.13)) where e} stands for e;’*n. In Section we draw some
useful transforms of the distribution h,, of the stable subordinator 7} and the distribution [, of the
inverse process L;. Similar calculations can be found in the paper by Schneider and Wyss [129].
The inverse (or hitting time) process is defined once again from the fact that (L} < x) = (%} > t)
(see also [[1; [4]). In Section |5| we present our main contribution. We show that the following
representations hold true:

hv(x,t)zegn(x,gonﬂ(t)), x>0,t>0,v=1/(n+1),neN

and
LG, ) =gl ™, pa (1), x>0, t>0,v=1/(n+1), nEN.

where G = (U1,...,U,), 4; = jv, j =1,2,...,n,v = 1/(n+1), n € N and the time-stetching
functions are given by ¢,,(s) = (s/m)™ and 1,,,(s) = ms/™, s € (0,00), m €N, ¢p = ¢~ L.
The discussion made so far allows us to introduce the result stated in Theorem[1} For v = 1/(n+1),
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n € NU {0}, the solutions to (1.1} can be written as follows
art(x, £) = f gl (x,s11) g/ D s, 4y, (6)) ds, x €(0,00), £>0
0
where, for n € 2N U {0}, we have

1 x \ar (% *©
1/vx(1/v—-1 v
gg/V /v )(x,t):m (W) L ...L 9%(36,81)...9%(3,1,1,1:)6151...dsn,l

and
21 (x,0) =Ko (2 (x/r.)l/V), x>0, t>0.

As a direct consequence of this result we obtain i u = gY for v = 1, where g”(x t) = Y(x t1/7)
and the governing equation writes

5 1/ 0
Fric i _(8XX2 Yﬁ‘(w—l)—xl y)”?”: x>0, t>0.

Furthermore, for y = 1,2 and v € (0, 1] we obtain

82
Dfﬁi’“ = (xa— (u— )—) 1“, x>0,t>0,u>0 (1.2)

and

voap_ 1 (9% 3 (@u-1)
Dtuv’z Fr il i @t x>0,t>0,u>0. (1.3)

Equation (1.3) represents a fractional diffusion around spherical objects and thus, the solutions
we deal with obey radial diffusion equations.

2 Preliminaries

The H functions were introduced by Fox [[10] in 1996 as a very general class of functions. For our
purpose, the Fox’s H functions will be introduced as the class of functions uniquely identified by
their Mellin transforms. A function f for which the following Mellin transform exists

[0 9]

d
ML O)m) = f X1f ()=, %{nt>0

0

can be written in terms of H functions by observing that
[o.0]
j X Hm n {
0

M) =

(aua )l 1,..p

(b]: ﬂ])] 1,...q9

dx
} — =), RMnted @)
X )

where

l_[}"ll"(b»+n/5,~)l_[? Tl —a; —nay)
?:m+1 ( —b; _nﬁ))l_[l n+1 r(ai+nai).

(2.2)
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The inverse Mellin transform is defined as

1 O+ico
flx)= %f A[f()](m)x™"dn
6

—ioo
at all points x where f is continuous and for some real 6. Thus, according to a standard notation,
the Fox H function is defined as follows
(au Qa; )1 1,..p

1
Hmn -
|: (b]’ﬁ])] 1,...9 :| 2mi P(2)

where P(2) is a suitable path in the complex plane C depending on the fundamental strip (2) such
that the integral (2.1I) converges. For an extensive discussion on this function see Fox [[10]]; Mathai
and Saxena [20]]. The Mellin convolution formula

A ()xdn

e d
firfo(x)= J fl(x/s)fz(s)?s, x>0 (2.3)
0

turns out to be very useful later on. Formula (2.3) is a convolution in the sense that

M fr* (D] ()= A ()] () x A [fo()] (0). 2.4)

Throughout the paper we will consider the integral

frofolx, t) = f f1(x,8)fa(s, t)ds (2.5)
0

(for some well-defined f;, f,) which is not, in general, a Mellin convolution. We recall the fol-
lowing connections between Mellin transform and both integer and fractional order derivatives.
In particular, we consider a rapidly decreasing function f : [0,00) — [0, c0), if there exists a € R
such that
: a—k—1 dk
xlir51+x Wf(x)—o, k=0,1,...,n—1, neN, xeR,

then we have

T'(n)
I'(n

[ 31O o0 = P ) (=) 26)

|

(see Kilbas et al. [13]]; Samko et al. [28] for details). The fractional derivative appearing in (2.7)
must be understood as follows

and, forO<a <1

]() (” A FO] (- a) @7

if(x) _— (x )““1df(s)ds n—-l<a<n (2.8)
dx? F( ds" ’
that is the Dzerbayshan-Caputo sense. We also deal with the Riemann-Liouville fractional deriva-
tive

! f (x =)V f(s)ds, n—l<a<n 2.9)

Dif=————
of F'(n—a)dx" ),
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and the fact that
k—a

x
D.f dx“f dek O+F(k—a+1)’
x=l

n—1<a<n, (2.10)

see Gorenflo and Mainardi [[11]] and Kilbas et al. [[13]]. We refer to Kilbas et al. [[13]]; Samko et al.
(28] for a close examination of the fractional derivatives (2.8) and (2.9).

3 Mellin convolution of generalized Gamma densities

In this section we introduce and study the Mellin convolution of generalized gamma densities. In
the literature, it is well-known that generalized Gamma r.v. possess density law given by

,U,—l

T

Our discussion here concerns the function

Q};(Z): exp{—2"}, 2>0,y>0,u>0.

1 x Xt x7
T =i Zor(Z i
gu(x,t)—mgn(y)tQM(t) lY'tWF(u) { " }, x>0,t>0,y#0, u>0. (3.1)
Let us introduce the convolution
® 1 (% ds
8§l x 8 (x, )= f 8, (x,5)g,2(s, t)ds = sign(yl}fz)? Q (x/9)Q}: (s/t)? (3.2)
0 0

for which we have (see formula (2.4))
[ gl g2 0)| ()= [ (V)| ()t [ g2t ] () (3.3)

as a straightforward calculation shows. We now introduce the generalized Gamma process (GGP in
short). Roughly speaking, the function can be viewed as the distribution of a GGP {G*, t >
0} in the sense that V't the distribution of the r.v. G/ is the generalized Gamma distribution (3.1)).
Thus, we make some abuse of language by considering a process without its covariance structure.
In the literature there are several non-equivalent definitions of the distribution on R’} of Gamma
distributions, see e.g. Kotz et al. [16] for a comprehensive discussion. In Section [5 (Corollary [1)
we will show that the distribution satisfies the p.d.e.

5} d(t")
atg};— T ‘gwgz, x>0,t>0
where
f=—= ! (i Z_Yi—(y,u—l)ixl_y)f x>0,t>0 (3.4)
Grn dx dx dx ’ ’ '
and y # 0, f € D(%, ). For y = 1, equation becomes the distribution of a 2u-dimensional

(2w)
t/2
dimensional Bessel process {BESE?’Z”, t > 0}, both starting from zero. Some interesting distribu-
tions can be realized through Mellin convolution of distribution g};. Indeed, after some algebra we

arrive at

squared Bessel process {BESSQ t > 0} and, for y = 2 we obtain the distribution of a 2u-

y YL vy
B(uy, pp) (¢7 + x7 )it

8, <8, (x,t)= x>0,t>0,y>0 3.5)
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and
y xYh2= 1T

By, po) (£7 + x7)tz’

where B(+, -) is the Beta function (see e.g. Gradshteyn and Ryzhik [[12, formula 8.384]). Moreover,
in light of the Mellin convolution formula (2.4)), the following holds true

g;lr *glzz(x, t)= x>0,t>0,vy>0 (3.6)

(gl % g, (0| ()= [ g7 gl (0 | ().

A further distribution arising from convolution can be presented. In particular, for y # 0, we have

H1tpo
2yl e7/t7) 2 x7
gl %8l (6, 0)= "k,

T T () 7), x>0,t>0 3.7)

which proves to be very useful further on. The function K, appearing in (3.7)) is the modified Bessel
function of imaginary argument (see e.g [[12] formula 8.432]). For the sake of completeness we
have writen the following Mellin transforms:

(=)

T (1)

rfu—12
[ g)(x,)] (m) = %x“, x>0, Rin} >y, 7 #0. (3.8)

(g0 ] m = (71, >0, R0} > 11—y, 1 #£0,

and

Formula suggests that
[ gl gl (e, )| () = [ (2,0 () x ot [ g2 2, )] ().

For the one-dimensional GGP we are able to define the inverse generalized Gamma process {E!"",
t > 0} (IGGP in short) by means of the following relation

Pr{El* < x}=Pr{GI* > t}.

The density law ez = ez(x, t) of the IGGP can be carried out by observing that

e 9}

7
el (x,t) = Pr{EI"* edx}/dx = f agﬁ(s,x)ds, x>0,t>0 (3.9
t

and, making use of the Mellin transform, we obtain
[t (,0] )= | Zgie | mas, mm<
u b t ax IJ‘ b b

=[by R8)] =—(n— 1)J. M [gﬁ(Su)] (n—1)ds

(o)

=[by @8] =-(n- thoo %3“ )
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The derivative under the integral sign in (3.9) is allowed from the fact that Z;(s) = a%gﬁ(s, x) €
L'(R,) as a function of s. From (2.2)) and the fact that

(a;, @)=,
H™ pAi=lop | = ¢ gmn o 3.10
[(mmﬂq pa | %] (byrcB (3-10)
for all ¢ > 0 (see Mathai and Saxena [20]), we have that
Y 10 tY (nu‘ﬁ O)
eY(x t)—x 11 |:F (w1) |’ x>0,t>0,y>0. (3.11)

By observing that .4 [e}i(-, t)} (1) = 1, we immediately verify that (3.11) integrates to unity. The
density law g}: can be expressed in terms of H functions as well, therefore we have

(u,0)
(u,1)

In view of (3.11) and (3.12)) we can argue that

XY
g (x, t)— 10{? } x>0,t>0,7>0. (3.12)

EMH 'Y GIrE 2GR 50,y >0,u> 0
and eY(x, t)= g_Y(x, t),y>0,x>0,t>0.

1,1/2

Remark 1. We notice that the inverse process {E,’”'“, t > 0} can be written as

11/2 = inf{s; B(s) = v2t}

where B is a standard Brownian motion. Thus, E/? can be interpreted as the first-passage time
of a standard Brownian motion through the level v/2t.

In what follows we will consider the Mellin convolution eE”(x, t) =ey, *...xe, (x,t) (see formulae

(2.4) and (3.2)) where 4 = (Uy,...,U,), 4; > 0, j = 1,2,...,n and, for the sake of simplicity,
e, (x,t)= el(x, t). For the density law ef”(x, t), x >0, t > 0 we have

[ e t)] (n)= l_[‘/ﬂ [e , tl/n):l () =t"" 1 l_[ (‘LL] +1- n) (3.13)
1 T ()

with ®{n} < 1. Furthermore, for the Mellin convolution gp’ "(x,t) = gzl*, .. .,*gz (x,t) we have

n T (124,
ﬁ[”ﬁﬂ@—ﬂ%@%ﬂ@hﬁwﬂﬂ—h;—l (3.14)
i T ()
with ®{n} > 1 — min;{u;}.
Lemma 1. The functions gY and e” are commutative under x-convolution.

Proof. Con51der the Mellin convolution (3.13). Let e, be the distribution of the process X7, then
formula ( means that

EXT (X (..o (8).. )} = E{X (e/mx o2 (/) - xon (e}

for all possible permutations of {c;}, j = 1,2,...,n. The same result can be shown for eY Suppose
now that the process X/ possesses dlstrlbutlon gY from (3 we obtain the clalmed result. O
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4 Stable subordinators

The v-stable subordinators {T(V), t > 0}, v € (0,1), are defined as non-decreasing, (totally)

positively skewed, Lévy processes with Laplace transform

Eexp{-At"} =exp{-tA"}, t>0, A>0 4.1
and characteristic function
Eexp{ift!"} =exp{—t¥,(£)}, E€R 4.2)
where
w,(8) = (1 gy Y
¢ r(1 V) ur

(see Bertoin [4]]; Zolotarev [32]]). After some algebra we get

v (&) =0|E]Y (1—isgn(€)tan(%)) |€|V€XP{_1 5 |§|}

For the density law of the v-stable subordinator {T(V) t >0}, say h, =h,(x,t), x >0, t >0 we
have the t-Mellin transforms

A [R ()] (n)=|€|‘"”eXP{i ) |5|} (n) 4.3)

and )
M [hy(2,)] (M) = 27T (n) (4.4)

where h,(E,t) = F [h,(-,t)] (&) is the Fourier transform appearlng in and h LA t) =
< [h,(, t)] (1) is the Laplace transform (4.1). By inverting ( we obtam the Mellin trans-
form with respect to t of the density h,, which reads

M [hy(x,)] (n)=%J e [R(E,)] (n)dé (4.5)
R
r@ra-m) { o }

27 (ix)=m - (—ix)l

=M {exp {—ig + ircnv} +exp {lf - m:m/}}

27 x1-m
r(m)r(i- r
:Msinrmv— (n) ——=x""1, x>0,v€(0,1)
X~ ( )

where R{nv} € (0,1). Formula (4.5) can be also obtained by inverting - We are also able to
evaluate the Mellin transform with respect to x of the density law h,,. From and the fact that

Jox"l—@fd (1(537’ where (iié)v=|€|VeXp{i17%} ve(©1)  (4.6)

we obtain

0] ) =3 [ ferrenn -G - oo @) ae
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_F(T’) {e—i’Z’J i_”e_@”’(g)di-i-ei?f i_ne_tq’"(_i)di}
0

Y 0
ZF(TI)r (1 - T)) t"%l el (1-n) 4 efirc(lfn)}
27V v
=1
_p(lzn)y ¢ R{n} €(0,1), t >0 4.7)
= ma Borcpueny n ,1), . .

The inversion of Fourier and Laplace transforms by making use of Mellin transform has been also
treated by Schneider and Wyss [129]].

We investigate the relationship between stable subordinators and their inverse processes. For a

v-stable subordinator {%EV), t > 0} and an inverse process {LEV), t > 0} (ISP in short) such that

PriL <x}=Pr{z®) > t}

we have the following relationship between density laws

o0
o
1,(x,6) =Pr{Ll™ e dx}/dx = f Soh(sx)ds,  x>0,t>0. (4.8)
x
t
We observe that aa—xhv(s,x) exists and there exists {(s) € L'(R,) such that Z,(s) = ;—xhv(s,x) =
const - DYh,(s,x) < {(s). The function h, is the distribution of a totally skewed stable process,
thus h, (x), x € R’} belongs to the space of functions in D((—=A)"/?), see Samko et al. [28]. Thus,

the integral in (4.8) converges. The density law (4.8) can be written in terms of Fox functions by
observing that

OO 5}
A1, 0)] (n)=J M |:_hv(5:'):| (n)ds

Jx
=[by @8] =—(n— 1)f M [hy(s,)] (n—1)ds

T
[y @] = | o e

e T (T]V - V)
r
=L)W-D, Ri{n} <1/v, t>0. (4.9)
I'(nv—-v+1)
Thus, by direct inspection of (2.2)), we recognize that
1 0| X| Q=v,v)
I(x,t)= t_VHl’l L—V 0.1) , x>0,t>0,v(0,1). (4.10)

Density ([4.10) integrates to unity, indeed . [[,(-,t)] (1) = 1. The t-Laplace transform
£1,(x,)](A) = A" "texp{—xA'}, 2>0,ve(0,1) (4.11)

comes directly from the fact that

f e Mo [1,(,0)] (mdt = ;;(_”)H = J x"7 e [1,(x,)] (M) dx.
0 0
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From (@.11) we retrieve the well-known fact that £ [L,(-, t) ] (A) = E, (—At") (see also Bondesson
et al. [I5]) where Eg is the Mittag-Leffler function which can be also written as

E,(—At") = %f exp {—ll/v tx}
0

x""Lsinmv

14 2xY cos v + x2¥

dx, t>0,A1>0. (4.12)

The distribution [, satisfies the fractional equation zi I, = —:—XZV, x > 0, t > 0 subject to
[, (x,0) = 6(x) where the fractional derivative must be understood in the Dzerbayshan-Caputo
sense (formula (2.8)). The governing equation of [, can be also presented by considering the
Riemann-Liouville derivative and the relation (see e.g. Baeumer and Meerschaert
[1]]; Meerschaert and Scheffler [21]]; Baeumer et al. [2]]). It is well-known that the ratio involv-
ing two independent stable subordinator {1%5”, t > 0} and {Z%EV), t > 0} has a distribution, Vt,
given by
1 w" Lsin v

r(w)=Pr{ 1T(V)/2 e dw}/dw = 142w cos v + w2

, w>0,t>0. (4.13)

Here we study the ratio of two independent inverse stable processes { 4 L(V) t > 0} and {ZL(V)
0} by evaluating its Mellin transform as follows

W), "t lsmvn nvT
B/} = [LCO] XA [LG0] o= o= @)
with {n} € (0, 1). By inverting (4.14) we obtain
: O+ico .
sinvw 1 sinvw—nvm _
k(x )—— =— —————xdng (4.15)
v l42xcosvm+x?  2mi [, . sinnm
for some real 6 € (0,1). From (4.13) and (4.15) we can argue that
G ~<v)/2~<”) L8/, LY Yeso. (4.16)

We notice that the equivalence in law (4.16) is independent of t as the formulae (4.13)) and (4.15)

entail. The distribution h, o [, (x, t) of the process {T(V(V)), t > 0} has Mellin transform (by making

use of the formulae (4.7) and (4.9)) given by

1
M [hy o L] () =t [, (D] () x 4 [1,(, )] (—“)

1 sinnn
-t >0
v smrt—"

with ®{n} € (0, 1). Thus, we can infer that

) 1 ) =
Ti?) x589/, >0

and h, o[, (x,t) = t~'r(x/t) where r(w) is that in (4.13). For the process {L(m, t > 0} with
distribution 1, o h, (x, t) we obtain (from (4.9) and (&.7))
1sinmv — nnv
ML, oh, ()] () = [1,(,1)] () x A [h,(, )] (v —v +1) = — Wt -

with ®{n} € (0,1) and thus

W1
L~m

We have that [, o h, (x,t) = t "'k(x/t) where k(x) is that in (@.15)).

L x LM/,LM, e>o0.
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5 Main results

In this section we consider compositions of processes whose governing equations are (generalized)
fractional diffusion equations. When we consider compositions involving Markov processes and
stable subordinators we still have Markov processes. Here we study Markov processes with random
time which is the inverse of a stable subordinator. Such a process does not belong to the family
of stable subordinators (see (@.12)) and the resultant composition is not, in general, a Markov
process. This somehow explains the effect of the fractional derivative appearing in the governing
equation, see Mainardi et al. [[19]. Hereafter, we exploit the Mellin convolution of generalized
Gamma densities in order to write explicitly the solutions to fractional diffusion equations. We
first present a new representation of the density law h,, by means of the convolution e;” introduced
in Section [3] To do this we also introduce the time-stretching function ¢,,(s) = (s/m)™, m > 1,
s€(0,00).

Lemma 2. The Mellin convolution el*l"(x, ¢n41(t)) where u; = jv, for j =1,2,...,n is the density

law of a v-stable subordinator {%(tv), t >0} withv =1/(n+ 1), n € N. Thus, we have

h,(x,t) = e;"(x, Ypr1(t)), x>0,t>0,v=1/(n+1), neN.

Proof. From (3.13)) we have that

Mo r(1-n+uy)
l_[;:1 r (‘“J‘)

From Gradshteyn and Ryzhik [[12] formula 8.335.3] we deduce that

ﬁr k) _ em €N (5.2)
(n+1)_\/n T " '

k=1

(Pnsr(0))"T (5.1)

A [, pnea(6D)] () =

and formula (5.1)) reduces to

[T r(1-n+u)

*n(, _ n-1
A [ pun(O)]| () = == () (5.3)
Furthermore, by making use of the (product theorem) relation
T k
I(nx)=(2n)z n™"12 ]_[ r (x + —) (5.4)
k=0 n

(see Gradshteyn and Ryzhik [[12] formula 3.335]) formula (5.3) becomes

r(=2) @m)2(n+ 1)

r(54) o
r'(1—n)@2r)V? ‘

vl (1-n)

(with ®t{n} € (0, 1)) which coincides with (4.7). The claimed result is obtained. O

[ Cpn(eD)] () = (Pun(6))" =
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In light of the last result we are able to write explicitly the density law of a stable subordinator.
For v = 1/2, Lemma 2]says that

_1/2_16_‘%
_ ,*1 _ 2y —
hl/Z(xat)_e’a (X,QDz(t))—el/z(X,(t/Z) )_ t_lﬁr(%): X >O’ t>0 (55)

which is the well-known density law of the 1/2-stable subordinator or the first-passage time of a
standard Brownian motion trough the level t /2. For v = 1/3, from (3.7)), we obtain

, s 1 t3/2 2 t3/2
hyjs(x,t) = € (x, p3(£)) = eyy3 x eg3(x, (£/3)°) = — (mﬁ

37_[@% ), x>0,t>0.
For v =1/4, by (3.7) (and the commutativity under x, see Lemma , we have

hyja(x,t) = eif(x, ©4(t)) = eq/4 % €94 % e3/4(x, (t/9HH = e1a* (€174 % e34)(x, (t/9)hH
where K /5(2) = y/ 7/2z exp{—2z} (see [[12, formula 8.469]). We notice that

[, 04(0) | (0) = ot [Byjp 0 1o, 0] ()

which is in line with the well-known fact that
Eexp {_A 1%({1()«:2)} = Eexp {‘Avl 2%£V2)} = exp{—tA""2},
2T

0<wv;<1,i=1,2. For v = 1/5, by exploiting twice (3.7) (and the commutativity under ), we
can write

hays(x,£) = et (x, (€/5)%) =(eq 5 eay5) * (ey5 % eqy5)(x, (¢/5)°) (5.6)
t7/2 o s 2 572
— —-2/5-1
= s Ki|24/— |Ki| ——z—= | ds
53nzx3/1o+1f0 3 X 5 55/2 /s

or equivalently

hys(x,t) = €E4(X: (t/5)°) =(eq/s * e3/5) * (eqy5 * €4y5)(x, (t/5)°) (5.7

t3 o s s 2 92
:55/27'62x2/5+1J; $ K: 2 X K: 552 5 ds.

For v =1/(2n+ 1), n € N, by using repeatedly (3.7) we arrive at
XV/Z tl/v73/2

hy(x, t) = V217V 1/2v—1]2

)" (x,(vt)l/v), x>0,t>0

where o -
J{fv""(x,t):J J Ao (x,81) .. Ay (sp_q1,t)dsy ... ds,_q
0 0

is the integral (2.5) (as the symbol "on" denote) where n functions are involved and %, (x,t) =
x~»TIK, (2\/ t/x), x > 0, t > 0. We state a similar result for the density law [, and the
convolution g™ (see Section . Let us consider the time-stretching function ),,(s) = ms*/™,

s€(0,00), m €N, (3 = ¢! where ¢ has been introduced in the previous Lemma).
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Lemma 3. The Mellin convolution gl(lnﬂ)’*n(x,l/)nﬂ(t)) where p; = jv, j =1,2,...,nand v =

1/(n+1), n €N, is the density law of a v-inverse process {LEV), t > 0}. Thus, we have

L(x, £) =g (e, 4,0 (1)), x>0, t>0,v=1/(n+1), nEN.

Proof. The proof can be carried out as the proof of Lemma O

XZ
We obtain that [, (x, t) = gf/z(x,Ztl/z) =e = /ymt, x >0, t > 0. Moreover, by making use of
(3.7) and (5.2]), we have that

x 2 x3/2

1
3y _ = X L
) tK% (33/2 Vi

ll/S(Xa t)zgg/g*gf/g(x’?’t ), X>O, t>0

and ;4 (x, ) = g;‘/4 * g;‘/4 * gf/4(x, 4tY/4) follows (thank to the commutativity under «) from

3/2 00 2
4 4 4 — g 4 4 — 4
8374 * 874 * 81740, 1) =815 * (85, * 87/ ) (X, 1) = — ?JO exp{_(sx) _(St)z}ds

where g§/4*gf/4(x, t) is given by (3.7) and K /5(2) = \/ m/2z exp{—=z} (see [12} formula 8.469]).
In a more general setting, by making use of (3.7) we can write down

1-v

* - 1 X v o
g/ 0 = (W) 20,00, v=1/@n+1neN  58)

where the symbol "on ” stands for the integral (2.5) where n functions £1-v are involved and
2

210(x,t) =Kis (2 (x/z:)l/V) . x>0,t>0. (5.9)

Now, we present the main result of this paper concerning the explicit solutions to (generalized)
fractional diffusion equations. We study a generalized problem which leads to fractional diffusion
equations involving the adjoint operators of both Bessel and squared Bessel processes. Let us
introduce the distribution &i/* = g}; ol, where gl’;(x, t)= gg(x, t1/7) and the Mellin transform of
ul’* which reads

r("—‘l +u) r(”—‘1+1) .
A [T 0] ()= —— — tr", l-—yu<@®{n}<l+y/v—y. (5.10)
T(u)T (T’TV + 1)

We state the following result.
Theorem 1. Let the previous setting prevail. For v =1/(2n+ 1), n € NU {0}, the solutions to
pyut =9, ,art, x>0,t>0 (5.11)

can be represented in terms of generalized Gamma convolution as

1-3v

x20=1y % o0
Y — T aM,—XT s
art(x,t) =y —— s 2 Fe v,(s,t)ds, x>0,t>0 (5.12)

(nzt?w) 147,,1"
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where ¢, ,, is the operator appearing in (3.4),

[09) [09)
vv(s,t):f f Q%(s,sl)...QkTv(sn_l,tv/v)dsl...dsn_l
0 0

and 21-v is that in (5.9). Moreover, for v € (0,1], we have
2

(5.13)

xtv/y 2,2

~ Y 20 | X7
1ol — I g0
L x, 0 H Lv L1 (1)

1L,v); (1,0) }

in terms of H Fox functions.

Proof. By exploiting the property of the Mellin transform and the fact that

J X" xOf(x)dx = A ()] (n+6),
0
for the operator we have that

M [% WP 0] ()

0 1
=- —2(77 — DM | =G0 | (= + D+ 5 Gu— D — Dt [, 0] (n—7)
Y 9x Y

1 1
=51 =100 =) [G7C,0] (= 1)+ S =D = Dt [G46,0] (=)
1
== =D —1+yp—7)A [T*C0] (n—7) (5.14)
Y
where ./ [ﬁf;“(', t)] (n) is that in (5.10)). We obtain

1 1
) r (52 41) e,
T

r(u)r(" i 1v+1)

reE ) () e

1
Y ! r(uwr (%v—v—l—l)

(e () .

tr =D [T, ) | ()
r(u)r( v—v+1) [@ Jan

and @/ *(x, t) solves (5.11) for v € (0,1). In view of Lemma [3| we can write

1
A [ G, ] () =55 (= D =1+ yu=7)

az’“(x,r)=f &10x,5) g/ (5,41, (6)) ds
0

and by means of (5.8) result (5.12) appears. Formula (5.13) follows directly from (2.2) by con-
sidering formula (3.10) and the fact that
(a; +ca;, a;)iz1, p

(al’a )1 1,. 1
Hmn »P —_ Hmt’l
|: (bJJﬁ])] 1,..q x© (b +Cﬁ];ﬁ])] 1,..q
for all c € R (see Mathai and Saxena [20]]). O

(5.15)
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We specialize the previous result by keeping in mind formula (2.10) and the operator (3.4).

Corollary 1. For v =1, Theorem[I]says that

d 1 ) 0 d
Eﬂ’l”“ = pe (axzya —(yu— l)axly) it x>0,t>0,7#0

where @) = gl is the distribution of the GGP

This is because Lt1 = t. Indeed, forv =1, L} is the elementary subordinator (see [4]).

Proof. If v =1, then the equation (5.10) takes the form

n—1

Y

-1
W, () = ALEC O =T (”— " u) LI (5.16)
Y I'(u)

where gz(x, t)= gz(x, /7). For y > 0, we perform the time derivative of (5.16) and obtain

0 n—1 n—1 noy-1
LIRS EERE
Y Y

ot
-1 —y—1+ —y—1
_n (n Y m)r(n Y +u)r_”5
Y Y Y

=%(n -Dn—ry—-1+yw¥.(n—7)

which coincides with (5.14) and ﬂ’{’“ (x,t)= gN!Z(x, t), v > 0. Similar calculation must be done for
y < 0 and the proof is completed. O

Corollary 2. Let us write iit(x,t) = ﬁi’“(x, t). The distribution @"(x,t), x >0, t >0 u > 0,
v € (0, 1], solves the following fractional equation

av u 22 u
5tVuV: x?—(u—Z)—x ul. (5.17)

In particular, for v = 1/2, we have

u xb1 *© x s?
i, (x,t)= ———— sMexp{————1*ds, x>0,t>0,u>0
1206, 1) =) ), P\"5 " w

Lu
[B(2t)]?

Brownian motion run at twice its usual speed and G/** is a GGP We notice that the process G, * is
a squared Bessel process starting from zero.

which can be seen as the distribution of the process {G t > 0} where B is a standard

Corollary 3. The distribution ﬁﬁ’“ = ﬁf’“(x, t), x>0,t>0, u>0,v e (0,1] solves the following

fractional equation
2
0" oy 1 ( 2> 9 (2u-— 1)) -

v

ox%2 9x «x
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In particular, for v = 1/3, we have

.2,
ul/‘;(x, t)=

2 x21 *© e_% 2 32
K:
3

r (Wt J, sh—1/2 @7) ds, x>0,t>0,u>0

and for u = 1/2 we obtain

o0 3/2
ﬂ2’1/2(x t) = 2 e*%Kl ii ds, x>0,t>0
ys YN an r . s\ 332/t ’ ’

which is the distribution of |B(L1/ )| where |B(t)| is a folded Brownian motion with variance t /2.
t
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