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On the maximal offspring in a subcritical branching
process
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Abstract
We consider a subcritical Galton-Watson tree T conditioned on having n vertices with
outdegree in a fixed set (). The offspring distribution is assumed to have a regularly
varying density such that it lies in the domain of attraction of an a-stable law for
1 < a < 2. Our main results consist of a local limit theorem for the maximal degree of
T, and various limits describing the global shape of T$. In particular, we describe the
joint behaviour of the fringe subtrees dangling from the vertex with maximal degree.
We provide applications of our main results to establish limits of graph parameters,
such as the height, the non-maximal vertex outdegrees, and fringe subtree statistics.
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1 Introduction and main results

1.1 The largest degree

Let T be a Galton-Watson tree whose offspring distribution ¢ satisfies P({ = 0) > 0
and P(£ < 1) < 1. We assume that E[¢] < 1 and that there is a slowly varying function f
and a constant o > 1 such that

P =n)= f(n)n~ '~ (1.1)

for all large enough integers n. For a fixed non-empty set 2 C INy of non-negative
integers with P(¢ € ) > 0 we may consider the tree T obtained by conditioning T on
the event that the number of vertices with outdegree in (2 is equal to n. We assume that
either ) or its complement Q¢ = Ny \ 2 is finite. See Remark 3.3 for further comments
on this restriction. Setting ¢ = min(«, 2) we let (X;);>o be the spectrally positive Lévy
process with Laplace exponent E[exp(—AX;)] = exp(tA?). Let h be the density of X;.

Note that h(z) = \/% exp (—%) in the case V[¢] < oo. Our first main result is a local

limit theorem for the maximal outdegree A(T$}) of the tree T$..
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Theorem 1.1. There is a slowly varying function g such that

ga(n)nt/?

PATE =)= ey (1

ga(n)

uniformly for all / € 7.

The slowly varying function gq appearing in Theorem 1.1 admits an explicit descrip-
tion. Setting K (z) = E[fleggm], define the function g for sufficiently large integers n > 1

to equal
Y V[E] < oo

g(n) = \/K (sup {x >0] % > %}), V[¢] =00 and 6 =2 (1.2)
n~ V(1 —-0)Yinf{z>0|P(E>2) <1}, V[{]=ooand1<f<2.

The function gg may be chosen to satisfy

E[g?)-1 | (1-E[¢)(1—E[¢]+2E[g.cen)) | /2
ga(n) = 7 (Bl + CHEDUREERessl ) L Vg < oo

P(gsie(ggl/ev VI¢] = oo.

(1.3)

The behaviour of the maximal degree in this setting contrasts the case of a critical
Galton-Watson tree, where the largest outdegree has order o,(n) [9, 10, 23], although
condensation may still occur on a smaller scale, as shown in [28], if the offspring
distribution lies in the domain of attraction of a Cauchy law. In the subcritical regime
the special case T,, := Tgo was studied by Janson [23, Thm. 19.34], who established
a central limit theorem for A(T,,) if ¢ follows asymptotically a power law. This was
extended to offspring laws with a regularly varying density by Kortchemski [27, Thm. 1]
using a different approach, which also inspired the present work. Hence Theorem 1.1
generalizes these results to different kinds of conditionings and sharpens the form
of convergence to a local limit theorem. We note that the maximal displacement of
subcritical branching random walks in the continuous regime also received attention in
previous literature, see [32, 37].

The case 6 = 3/2 is related to extremal component sizes in uniform random planar
structures. It was observed by Banderier, Flajolet, Schaeffer, and Soria [7, Thm. 7] that
the Airy distribution precisely quantifies the sizes of cores in various models of random
planar maps. This phenomenon was also observed in random graphs from planar-like
classes by Giménez, Noy, and Rué [19, Thm. 5.4]. The local limit theorems established
in these sources were obtained using analytic methods. For uniform size-constrained
planar maps and related models Addario-Berry [4] observed that the number of corners
in the 2-connected core is distributed like the largest outdegree in a simply generated
tree. In a similar spirit S. [35, Cor. 6.42, Thm. 6.20] related the largest 2-connected block
in random graphs from planar-like classes and general tree-like structures to a Gibbs
partition of the maximum outdegree in large Galton-Watson trees. These connections
have been used in [4, 35] to recover the central limit theorem of the largest block in
these models via a probabilistic approach. Theorem 1.1 enables us to strengthen these
alternative proofs to recover the stronger local limit theorem.

2 Visualization was done with Mathematica using a spring-electrical embedding algorithm. The simulation
of the random tree was carried out with the author’s open source software GRANT - Generate RANdom Trees
— available at: https://github.com/BenediktStufler/grant. The code implements a multithreaded version of
Devroy’s algorithm [14] for simulating size-constrained Galton-Watson trees.

EJP 25 (2020), paper 104. https://www.imstat.org/ejp
Page 2/62


https://github.com/BenediktStufler/grant
https://doi.org/10.1214/20-EJP506
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

On the maximal offspring in a subcritical branching process

Figure 1: Simulation of a random simply generated tree with 100k vertices in the com-
plete condensation phase.?The precise behaviour of the unique vertex with macroscopic
degree in the center of the image is described by Theorems 1.1 and 1.2. The offspring
distribution was chosen to be of the form (1.1) with a = 3/2, f(n) constant (except for
the first term f(0)), and E[¢] = 1/2.

1.2 The global shape

We say a plane tree is marked if one of its vertices is distinguished. The path
connecting the root to the marked vertex is called the spine. The fringe subtree of a
plane tree at a vertex is the subtree consisting of the vertex and all its descendants.
Any plane tree 7' may be fully described by the ordered list (Fi(T"))1<i<a(r) of fringe
subtrees dangling from the lexicographically first vertex v with maximum outdegree,
and the marked tree Fy(T') obtained from 7' by marking the vertex v and cutting away
all its descendants.

We consider the size-biased random variable £ with values in INU{co} and distribution
given by

]P(ézk):{k]P(g_k), k< oo 1.4
1-E[], k=o0.

Let T* be the random marked plane tree constructed as follows. We start with a root
vertex and sample an independent copy él of f . If it is equal to infinity, then we mark
the root vertex and stop the construction. Otherwise we add offspring according to é to
the root vertex. We select one of the offspring vertices uniformly at random and declare
it special. Each of the non-special offspring vertices gets identified with the root of an
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independent copy of the £-Galton-Watson tree T. We then iterate the construction with
the special offspring vertex. In particular, the marked vertex of T® is always a leaf. For
any finite plane tree 7' with a marked leaf v it holds that

P(T* = (T,0) = (1~ Elg) [[ PG =diw). (1.5)

uweT, u#v

Let (T%);>1 denote independent copies of the £-Galton-Watson tree T. The following
observation describes the asymptotic shape of the conditioned Galton-Watson tree TS.
It tells us that Fy(T,,) converges weakly to T*, and that all but a very small number of
the fringe subtrees dangling from the vertex with maximum outdegree in T,, behave
asymptotically like a list of independent copies of the unconditioned Galton-Watson tree
T that is stopped after accumulating sufficient mass:

Theorem 1.2. There is a constant C' > 0 such that for any sequence of integers (t,)n>1
with t,, — oo and t,, = o(n) it holds that

A(TS)
i=A(T) —tn

>

d . %
IFi(T¥)|>Ctn> ~ (T (T )1§iSA<n>*tn’0)

(FO(TS), (Fi(T))i<icama)—t, 1

for

i=1

d
A<n> 1= sup {d >1 ‘ Lo(T®) + ZLQ(Ti) < n} .

d
Here =~ denotes that the total variation distance of the two random vectors tends to

zero as n tends to infinity. We also let | - | denote the number of vertices, and Lq(-) the
number of vertices with outdegree in €.

Results similar to Theorem 1.2 are known to hold for the tree T,, = Tff“. Janson [23,
Thm. 20.2] established convergence of (Fy(T,,), Fi(T,))1<i<k) for k a constant, assuming
significantly weaker requirements on &. Specifically, assuming only that ¢ is heavy tailed
and E[¢] < 1 he showed that such a limit holds with respect to the lexicographically first
vertex having “large” outdegree instead of maximum outdegree. The condition ensuring
that “large” means maximum with high probability is A(T,,) = (1 — E[¢] + 0,(1))n, which
seems to be more general than assumption (1.1). Kortchemski [27, Cor. 2.7] proved
a limit for the fringe subtrees (Fi(T,))i<i<(1-E[¢)—e)n iD the setting (1.1) for ¢ > 0 an
arbitrarily small constant.

Abraham and Delmas [2] established a local weak limit for the vicinity of the root
vertex of T$! in the more general condensation regime. This implies that a vertex with
large outdegree emerges close to the root. In general this vertex does not have to
correspond with high probability to a vertex with maximum outdegree of T$.. But it
clearly does in the setting (1.1), yielding weak convergence of (Fy(T$}), F;(T$}))1<i<k) for
any fixed constant k. (At least in the case 2 = Ny, this is known to hold under the weaker
assumption A(T?) = n(1 —E[¢])P(§ € 2)~' 4+ 0,(n), see [23, Sec. 20]. In the setting (1.1)
this is ensured by Theorem 1.1.) For conditioned Galton-Watson trees that encode
certain types of Boltzmann planar maps a result concerning the asymptotic behaviour of
the forest of fringe subtrees dangling from a vertex with macroscopic degree was also
established by Janson and Stefansson [24].

The strategy for proving the main theorems is to treat the case (2 = IN; separately
in Section 2, and then transfer the results to the general case in Sections 3 and 4. The
transfer is performed using a blow-up procedure due to Ehrenborg and Méndez [16], Mi-
nami [30], and Rizzolo [33], where every vertex is expanded at random into a vertebrate.
The details are rather technical and use Gibbs partition results from S. [36] to describe
the asymptotic behaviour of the vertebrates corresponding to vertices with large degree.
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The approach for the case {2 = INj is inspired by the work of Kortchemski [27]. For this
case, the local limit result in Theorem 1.1 is proved using a connection between random
trees and random walks, combined with estimates of Denisov, Dieker and Shneer [13]
on the big-jump domain for random walks. The asymptotic description of the fringe
subtrees in Theorem 1.2 is proved by combining approximation results by Armendariz
and Loulakis [6] with a path decomposition.

Let us note a few implications of Theorem 1.2. First, if a sequence of positive
integers (r,),>1 satisfies 7,/(g(n)n'/?) — oo and r, = o(n), then P(A(T?) > P(¢ ¢
Q)11 -E[¢])n —r,) — 1 by the central limit theorem for A(T¢?) implied by Theorem 1.1.
Hence it follows by Theorem 1.2:

Corollary 1.3. If a sequence of positive integers (r,),>1 satisfies r,,/(g(n)n'/%) — oo
and r, = o(n), then

d . i
(Fo(T3), (Fi(Ti<i<pcea)-1(1—nieyn—r) = (T (T i<ic(-nie)pEca)-tn—r,) - (1.6)

We may view (A, ),>1 as a renewal process with inter-arrival times distributed like
Lqo(T). The number Lo(T) of vertices with outdegree in 2 has a probability density that
varies regularly with index —1 — «.. Specifically,

JPEED i,

P(La(T) =n) ~ (1 — E[¢])t+e n

(1.7)
See Equations (3.13) and (4.71) below.

In Appendix A we collect a few results on general renewal processes with inter-arrival
times having regularly varying probability densities. For example, Lemma A.6 implies
that the first o(n) fringe subtrees dangling from the vertex with maximal degree in T*
asymptotically become independent from each other and the maximal degree:

Corollary 1.4. Let A, denote an identically distributed copy ofA(Tg) that is indepen-
dent from T* and (T;);>1. If a sequence of positive integers (my,),>1 satisfies m,, = o(n),
then

(Fo(T3), (Fy(Ty))1<i<m,  A(TY)) S (T (Mhr<i<m,, Bm) - (1.8)

Note the contrast between Corollaries 1.3 and 1.4. Almost all fringe subtrees dangling
from the vertex with maximal degree in T{! become asymptotically independent from
each other, but only a small o(n) number additionally becomes independent from the
maximal degree itself. On an intermediary scale, it appears that the best we can achieve
is a a weaker contiguousness relation that follows from Lemma A.5:

Corollary 1.5. Let 0 < § < P(¢ € Q)~1(1 — E[¢]) be given. For any ¢ > 0 there are
constants 0 < ¢ < C and a number Ny > 0 such that for all n > Ny and all events £

cP ((T°, (Ti)léiSA[n]—én) €€&) —e <P ((F(T}), (Fi(Tg))lgiSA(Tﬁ)fzSn) €& (19
< CP ((T*, (T 1<i<a, o) €E) +e
That is, £ may be any collection of finite sequences of finite plane trees, with the first
tree additionally carrying a marked leaf.
Note that the family (Fo(T3), (Fi(T5)))1<i<a(To)—sn) determines A(T;}). Thus any

property that holds with high probability for (FO(TS)7 (F(TSH)1<i<aT@)—sn, A(TS)) also
holds with high probability for (T*, (T*)1<i<Aa,,;—én, Ajn]), and vice versa.

1.3 Limits of graph parameters

We postpone the complex proofs of Theorems 1.1 and 1.2 to Sections 2, 3 and 4. In
the present section we collect and prove applications concerning limits of the height,
fringe subtree statistics, and the non-maximal vertex degrees.
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1.3.1 The height

We let H(-) denote the height. The unconditioned ¢-Galton-Watson tree T is known [21,
Thm. 2] to satisfy

P(H(T) = n) ~ cuE[¢]" (1.10)
for some constant cg > 0. Theorems 1.1 and 1.2 tell us that
H(T?) £ H(T*) + max(H(TY), ..., H(TAm)). (1.11)
Note that the height H(T*®) follows a geometric geometric distribution
P(H(T®) = k) = B[§]*(1 - E[¢g]). (1.12)

Using extreme value statistics it follows that for any sequence k,, with k,, — oo it holds
uniformly for all integers k > k.,

P <1rgia<an(Ti) < k;> -
exp <—exp <1og (n) — klog (EL“J +log (ff_‘EE[%)) (1+ 0(1))) (1.13)

logn

and hence

max H(T?) =
1<i<n log (ﬁ)

Using Corollary 1.3 and a time-reversal argument, it follows that

+0,(1). (1.14)

. ) 1
max H(Tz)g max  H(T") = o8

, —— 1 0,(1). (1.15)
19580 T sl 10 (o)

Combining (1.11) and (1.15), we obtain:
Corollary 1.6. The height of the tree T¢! satisfies

H(T2) = log(n)/ log(1/E[€]) + O,(1). (1.16)

The result agrees with the case 2 = INy established by Kortchemski in [27, Thm. 4].
Convergence of moments may be verified as well:

Proposition 1.7. For any fixed constantp > 1

H(TQ) p
E || —2 — (log(1/E L 1.17
(a2} | - tosta/ei) 117
The proof is by similar arguments as for [27, Prop. 2.11], where the case 2 = Ny was
treated:
Proof of Proposition 1.7. It follows from (1.16) that

H(T)
logn

25 log(1/E[¢]). (1.18)

H(TS)
logn

Hence it suffices to show that is p-uniformly integrable. For this, it suffices to show

that }f(gz) is bounded in LY for some fixed ¢ > p. Let K > 0 be a constant. Then
H(T2)\?
E KM) } < K9+ E [H(T2)%, H(TY) > Klogn] . (1.19)
ogn
EJP 25 (2020), paper 104. https://www.imstat.org/ejp
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Using the trivial bound H(T¢) < |T%|, it follows that

E [H(T)?, H(Ty)) > Klogn] <
2n
P )

2n
P(H(T?) > K1 E [T T > ——|. (1.20
(B(T2) > Klogn) + B | IT210, 78] > 5 22 | .20
Letting (§;);>1 denote independent copies of &, it follows from the Chernoff bounds, the
Potter bounds, and Equation (1.7) that uniformly for all integers k > 2n/PP(£ € Q)

k
P3| =k) < P(La(T) =n)"'P (Zﬂ&;eﬂ =n> (1.21)
i=1
< O(n***) exp (_ |n — k]PQ(]f € Q)|2)

< exp(—O(k)).
This entails
2n

Furthermore, using (1.10), the Potter bounds, and Equation (1.7) it follows that

E ([T T3] >

P(H(T?) > K logn) < O (nz+a—mog<1/mm)> , (1.23)

Taking K sufficiently large, it follows from Inequalities (1.19), (1.20), (1.22), and (1.23)

H(TS) ! 3+a—Klog(1/E[€])
B (g ) | K7+ ep(-0(m) +0 (n ) — K74 o0(1). (1.24)
This verifies that (%&?)q is bounded in IL?, and completes the proof. O

1.3.2 Counting fringe subtrees

For any finite plane tree 7' we may consider the functional Ny (-) that takes a plane tree
as input and returns the number of occurrences of T' at a fringe. It is easy to see that
the unconditioned £-Galton-Watson tree T satisfies

E[N7(T)] = P(T = T)/(1 — E[¢]). (1.25)

By Corollary 1.3 and a time-reversal argument it follows that

Q
M&P(TT). (1.26)
This agrees with known results for the case 2 = INg, see [23, Thm. 7.12].

We may also derive exponential concentration inequalities: Let F'(-) denote a function
that takes a list of at least |T'| integers as input, extends it cyclically, and returns the
number of occurrences of the depth-first-search ordered list of outdegrees of T" as a
substring of the cyclically extended input. Note that such substrings cannot overlap.
Hence changing a single coordinate of the input changes the value of F' by at most 1.

Recalling that di, . .., d|te| denotes the outdegree list corresponding to TS!, we may
write

Np(T3)) = F(dy,. .., diTe). (1.27)

EJP 25 (2020), paper 104. https://www.imstat.org/ejp
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Letting (£);>1 denote independent copies of &, it follows by McDiarmid’s inequality that
forallz > 0and ¢ > |T|

P(|F(&,...,&) = P(T =T)¢| > z) < 2exp(—227/1). (1.28)

Here we have used that E[F'(&,...,&)] = ¢P(T = T), since F cyclically extends the input
list. The number Lo (T) of vertices of the unconditioned ¢-Galton-Watson tree T with
outdegree in (2 is known to equal the total of number of vertices in a Galton-Watson tree
with a different offspring distribution [33] (that is critical/subcritical heavy-tailed/light-
tailed if and only if £ is). See Sections 3 and 4. Hence it follows by a general result of
Janson [23] that

P(Lo(T) =n) = exp(o(n)). (1.29)
We may write
P(T ¢ (L£e)n/P(E € Q) <

P(La(T) = )P (La(T) ¢ 1 [TIP(E € 9. La(T) =n).

As plane trees correspond to cyclic shifts of balls-in-boxes configurations (see Equa-
tion (2.1)), the Chernoff bounds and Equation (1.29) imply that this bound simplifies to
exp(—0O(n)). Using Equations (1.27) this implies

P (Nr(T3) & (1 P(T =T)n/P(§ € Q) <

exp(—=0(n)) + exp(o(n)) > P (F(Eh &) ¢ (1Ee)

Le(1+e)n/P(EEQ)

P(T = T)P(¢ € Q)) |

By Equation (1.28) this bound simplifies to exp(—O(n)). We obtain:
Lemma 1.8. For any ¢ > 0 it holds that

Ny (TS
F ( nIHf(Eﬂil —P(T=T7) 2 €> < exp(—O(n)), (1.30)
P ([T} —nP(¢ € Q)7'| > €) < exp(—O(n)). (1.31)

This agrees with the known case 2 = INy, see for example [35, Thm. 6.5].

Remark 1.9. The proof of Lemma 1.8 does not use any of the assumptions on £. Hence
Inequality (1.30) holds for any offspring distributions ¢ (with P(¢ = 0) > 0, P(£ > 2) > 0,
and P(£ € ) > 0), that is either critical, or subcritical and heavy-tailed. Furthermore, it
is well-known that if ¢ subcritical and light-tailed, then the study of T! may be reduced
to one of these two cases by tilting the offspring distribution.

Lemma 1.8 implies by the Borel-Cantelli Lemma that

N7 (TD) s
|T_I_(Q|”);>IP(T:T) (1.32)

This may be expressed equivalently in terms of random probability measures. Take the
random tree TS, and let u,, denote the (random) law of the fringe subtree at a uniformly
selected vertex of T!. Then

i —25 L(T), (1.33)

with £(T) denoting the law of the unconditioned Galton-Watson tree T.

EJP 25 (2020), paper 104. https://www.imstat.org/ejp
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1.3.3 Sizes of subtrees dangling from the vertex with maximal degree
It follows from [13, Cor. 2.1] (see Equation (2.2) below for details) that

f(n)
(n(1—E[¢])) '+

Similar as for the height in (1.11), we obtain by extreme value statistics the following
limit for the maximal size of the fringe subtrees F;(T$}), 1 < i < A(T%) dangling from
the vertex with maximum degree.

P(|T| =n) ~P( = [(n—1)(1 -E[g])]) ~ (1.34)

Corollary 1.10. There is a slowly varying function fo(n) with

—1/a F (T -4 Fréchet(a). 1.35
fo(n)n 1§i122)((T¥)‘ (T réchet(a) (1.35)

The slowly varying function f; may chosen to satisfy

1a- P Q)
_ 1/«
fo(n)=n inf {mz 1| P(T|>m) < (1—E[£])n}' (1.36)
By Karamata’s theorem it holds that
ORI

P(|T[ > n) ~ (1.37)

o1 —Eg))i+e

Thus, if for example f(n) ~ ¢ for some constant ¢ > 0, then we may set

c 1/ 1

Or, if f(n) is any slowly varying function and 1 < a < 2, Equation (1.2) entails that we
may set

B 1 1/« g(n)
0= (sieemmn ) ToEE (1:39

We let D([0, 1], R) denote the space of all cadlag functions [0, 1] — R, endowed with
the Skorokhod J;-topology. Equation (1.34) implies that the random walk (Z;);>1 with
step-size distribution |T| satisfies

<Z\_ntj —nt/(1 - E[£])
fi(n)nt/o

in the space D([0, 1], R) for some slowly varying function f;(n). By [27, Lem. 2.10], we
may set

0<t< 1> L (Xi)o<i< (1.40)

fi(n) = (l_]gfg))m/e (1.41)

for the function g defined in Equation (1.2). Using [26, Lem. 5.7], we obtain:
Corollary 1.11. It holds that

ST B (1)) - A(T2)/(1 - Blg)

d
: 0<t<1| <Xt> (1.42)

in the space D([0, 1], R).

This was established by Kortchemski [27, Thm. 3] for the case 2 = INy. The proof of
Corollary 1.11 is by similar arguments.

EJP 25 (2020), paper 104. https://www.imstat.org/ejp
Page 9/62


https://doi.org/10.1214/20-EJP506
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

On the maximal offspring in a subcritical branching process

1.3.4 The remaining vertex outdegrees

We order the outdegrees of the tree TS in descending order A;(T$) > Ay(T$) > ...
It was shown in [20, Prop. 3.2] that the maximal outdegree of the unconditioned
Galton-Watson tree T satisfies

P(A(T) = n) ~ P(¢ = n)/(1 - E[¢]). (1.43)

Similar as for the height in (1.11), it follows that the second largest degree AQ(TS)
satisfies

Ao(T) & max(A(TY),..., A(TA®)). (1.44)
By extreme value statistics we obtain analogously as for (1.6):

Corollary 1.12. There is a slowly varying function f(n) with
Ao(TL) /(fo(n)n/*) -2 Fréchet(a). (1.45)

This generalizes the case () = Ny established by Janson [23, Thm. 19.34]) and
Kortchemski [27, Thm. 1]. The slowly varying function f; may be set to

n) =n"Y%nf{m
fa(n) f{ = (1-E[)n

P(A(T) > m) < W} . (1.46)

By Karamata’s theorem it holds that
fn) ., PE>n)

So, we may just as well set
fQ(n)—nl/o‘inf{m21 P(¢>m) < IP(gneQ)} (1.48)

It is not clear how to evaluate this in general. However, for some special cases it is
fairly easy: For example, if f(n) ~ ¢ for some constant ¢ > 0, then we may set

f2(n) = (M)l/a. (1.49)

Or, if f(n) is any slowly varying function and 1 < a < 2, Equation (1.2) entails that we
may set

1 1/«
fa(n) = <IP(§ carQ _a)) g(n). (1.50)

More generally, we may also treat the ith largest outdegree for : > 2:
Theorem 1.13. For any: > 2 and any fixed x > 0 it holds that

A(TY) ) izl —as
P (” <) = exp(-27%) ) . (1.51)
1/a0 — |
fa(n)nt/ — s
That is,
A(T)
EJP 25 (2020), paper 104. https://www.imstat.org/ejp
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for a random variable W; having density

aexp(—az~*) (z=*)'
z(i—1)!

(1.53)

for x > 0.
Proof. Let us fix a constant § > 0 with 1/ < § < 1, and set

-l s

Up = mn —n
From Equation (1.43), Theorem 1.1, Corollary 1.3 and a time-reversal argument it follows
that the largest outdegree in the forest consisting of F,(T$}) and (Fi(Tg))ungiSA(Tg) has
order O, (n%/*+°(). Hence it suffices to show that the (i — 1)th largest outdegree in the
forest (F;(T$))1<i<u, admits W; as distributional limit after rescaling by fo(n)n'/®.
Corollary 1.3 tells us that
Q d i
(Fi(To)h<icun, # (T)1<i<un

with T!, T2, ... denoting independent copies of T. Let {1, &, denote independent copies
of ¢ and set for all integers £ < 0

Tkinf{dzl

d
de-1)= k} :
i=1
The lexicographically ordered list of outdegrees in (Ti)lgigun is distributed like

(517 ce 7£T_un)~
Note that (1.34) entails

Tou, = un/(1 = E[¢]) + Op(n1/0+0(1))-

In particular, 7_,, > n/P(¢ € Q) — n® with a probability that tends to 1 as n — oco. It
follows that the (i —1)th largest entry M,, of the list (&;,...,&;_, ) is with high probability
among the first n/P(¢ € Q) — n? coordinates. That is, asymptotically distributed like the
(i — 1)th largest outdegree in |n/P(¢ € Q) — n°| independent copies of (. By extreme
value statistics, see [29, Thm. 2.2.2], and Equation (1.48) it follows that

M, /(fa(n)n'/*) L W,
This completes the proof. O

Remark 1.14. We proved Theorem 1.13 as a consequence of the main theorems. At
least in the case 0 € (), there is also a nice and short alternative approach: In Section 3
we describe for the case 0 € 2 how T may be sampled by taking a simply generated
tree T,L with n vertices (with offspring distribution described in Equation (3.7)) and
blowing up each vertex into an ancestry line by a process illustrated in Figure 7. This
construction goes back to Ehrenborg and Méndez [16], and was fruitfully applied in the
probabilistic literature [30, 33, 2, 1]. Applying results from [6] and [27, Cor. 2.7] to the
tree 'T'n (compare with Equation (2.3) below) yields that the depth-first-search ordered
list Jl, e cZn satisfies the following: If 50 denotes the smallest index with CZ;O = A(Tn),
then

~ o~ d ~ ~ ~ ~
(d'— ...,dn,d17...,d5071)%(n7 1 751 — ... *En—17£17---7£n—1)~ (154)

Jo”
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Here (5})121 denote independent copies of the branching mechanism §~ with probability
generating function ¢(z) stated in Equation (3.7). The blow-up procedure transforms &
into a depth-first-search order respecting segment

D= (&",....&.¢%) (1.55)
of independent outdegrees. Here (£°);>; denotes independent copies of (¢ | £ € Q°),
¢l (&) € €9Q), and L an independent geometrically distributed integer with distribution

P(L =k)=P( Q) /(1 -P(& € Q). (1.56)

(In case 2 = IN; this means that L = 0 is almost surely constant.) The description of
the blowup of the first coordinate Z?;ll(l — EZ) is more delicate, and carried out in
Lemma 3.1. Let (D;);>1 be independent copies of D, and let (L;);>1 denote independent
copies of L. We let —~ denote a binary operator that concatenates any two given lists.
We obtain:

a) If |Q¢] < oo, then

d c c
(dj0+1, e ’leﬁl’dl’ . 7dj0_1) %Dl o T Dn—l ~ (5? sy % ) (157)
In particular,
d n
T2~ Y (1 + Li) S0+ NB(n, P(€ € Q). (1.58)
i=1
b) If || < oo, then
d : c
(dngrlv"~,d|T¥|»dla~'~7djofl)zD1 T Dn ~ (51 ,...,fL ) (159)
In particular,
d n+1
T~ Y 1+ L) En+1+NB(n+1,P(¢ € Q). (1.60)

i=1

From this we may directly deduce Theorem 1.13 using extreme value statistics.

1.4 Comparison with critical Galton-Watson trees

Figures 2-5 illustrate typical behaviour of large n-vertex Galton-Watson trees whose
offspring distribution £ has a regularly varying density with index —(« + 1). Each
figure shows a drawing of a simulation of the tree in the top left corner, and the
associated looptree (obtained by blowing up any vertex with outdegree d into a cycle
of circumference d + 1, see [12]) in the top right corner. The bottom left corner shows
the Lukasiewicz path associated to the tree, and the bottom right corner the height
process. The colour gradient corresponds to the height of a vertex in the tree, and is
used consistently in all four corners.

The tree in Figure 2 exhibits a unique vertex whose degree has order (1 — E[¢])n,
which is typical for the regime [25, 23, 27, 1] of Theorem 1.1. A similar condensation
phenomenon has recently been shown to occur when ¢ is critical and lies in the domain
of attraction of a Cauchy law [28], see Figure 3 for an illustration. There the order of the
maximum degree is o(n), but varies regularly with index 1, and is much larger than the
second largest degree.

In the so called stable regime illustrated in Figure 4, ¢ is critical and lies in the
domain of attraction of an a-stable law for 1 < « < 2. There for each fixed i > 1 the
order of the ith largest degree varies regularly with index 1/« [23, 15, 12]. Finally, the
regime where ¢ is critical and lies in the domain of attraction of the normal law [23, Sec.
19] is illustrated in Figure 5.
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15F
20000 - -
15000 e

10000

5000 — I

20000 40000 60000 80000 100000 20000 40000 60000 80000 100000

Figure 2: A subcritical Galton-Watson tree with 100k vertices. The offspring distribution
& was chosen to be of the form (1.1) with o = 3/2, f(n) constant (except for f(0)), and
E[¢] = 3/4.

60000
50000
40000
30000

20000

10000

100000 200000 300000 400000 500000 ! 100000 200000 300000 400000 500000

Figure 3: A critical Galton-Watson tree with 500k vertices. The offspring distribution
was chosen to lie in the domain of attraction of the Cauchy law.

2 Conditioning on the number of vertices

We start by establishing the limit theorems for the special case {2 = INy using results
by Denisov, Dieker, and Shneer [13] and Armenddriz and Loulakis [6] on the big-jump
domain for random walks.
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Figure 4: A critical Galton-Watson tree with 500k vertices. The offspring distribution
was chosen to lie in the domain of attraction of the Airy law.
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Figure 5: A critical Galton-Watson tree with 500k vertices. The offspring distribution
was chosen to lie in the domain of attraction of the normal law.

2.1 Plane trees correspond to cyclic shifts of balls-in-boxes configurations

A (planted) plane tree T is a rooted unlabelled tree where each offspring set is
endowed with a linear order. The outdegree of a vertex v € T, denoted by df(v), is its
number of children. We let A(T') denote the maximal outdegree of 7. The total number
of vertices of T' is denoted by |T'|. Setting n = |T|, the tree T is fully determined by the

vector

(xla s 7xn) = (d;(vl) - ]-7 v 7d;(vn) - 1)7
with vq,...,v, denoting the depth-first-search ordered list of vertices of T'. The vector
(z;)1<i<n satisfies > ., x; = —1 and Zle x; > 0 for all k£ < n. The following result is
classical:

Lemma 2.1 ([38]). For any r > 1 and any vectory = (y;)1<i<n Of integers y; > —1
with Y| y; = —r there exist precisely r indices i, with the property that the cyclically
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shifted vector
(glv e 7gn) = (yioayio+17 ey Yns Y1, - 7yi071)
satisfies Y, §; > —r for all k < n.

Hence for » = 1 such a vector y corresponds to a unique tree T'(y). The index iy is
obtained by letting ky denote the smallest integer between 1 and n for which

and setting ig = 1 if kg = n, and g = ko + 1 otherwise.

2.2 Non-generic simply generated trees and the big-jump domain

If (&;)i>1 denote independent copies of &, then

T LT (& = Dicicn | &1+ + & =n—1). 2.1)

Suppose that E[§] < 1 and (1.1) holds. By results for the big-jump domain in random
walk [13, Cor. 2.1] it follows that

_ = f(n)
P(|T|=n)=n"'P i=n—1|~P¢=|(n-1)1-E ~ .
(1T =) (Zf ) (€ = (=D~ Bleh)) ~ ey
(2.2)
Let vy,...,v, denote the depth-first-search ordered list of vertices of T,,, and set

d; = dJT’n (v;)—1. (The depth-first-search order is often also referred to as the lexicographic
order due to the usual embedding of plane trees as subtrees of the Ulam-Harris tree.)
Let 1 < jo < n denote the smallest index such that the maximum outdegree of T,, is
attained at the corresponding vertex. It was observed in [27, Cor. 2.7] using results from
[6] (compare with [23, Thm. 19.34, (iii)]) that

lim  sup |P((dj,,...,dn,d1,...,djo—1) € A) = P(v,, € A)| =0 (2.3)

for the vector

V= (n— & == €t Erye b)) — (L 1)

Note that v,, does not have to correspond to a tree, since the first coordinate may be
smaller than —1. In this case, we set T'(v,,) = ¢ for some symbol ¢ that is not contained
in any other set under consideration in this paper. The probability for this event tends to
zero as n becomes large. Equation (2.3) implies that

lim sup |P(T,€A) —P(T(vy,) € A)|=0 (2.4)

n— oo ACﬂLU{O}

with 7, denoting the finite set of all plane trees with n vertices.

2.3 Limits for the extremal degree of T,

Recall that (X);>( denotes the spectrally positive Lévy process with Laplace exponent
Elexp(—AX;)] = exp(tA?) for § := min(2, a). It is known that the density & of X is positive,
uniformly continuous, and bounded on R (see [17, Sec. XVII.6] and [8]). The classical
local limit theorem [22, Thm. 4.2.1] states that if £ lies in the domain of attraction of a

EJP 25 (2020), paper 104. https://www.imstat.org/ejp
Page 15/62


https://doi.org/10.1214/20-EJP506
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

On the maximal offspring in a subcritical branching process

f-stable law, then there is a slowly varying function g such that the sums S,, = & +...+&,
satisfy
. ¢ — nE[¢]
nhﬂrr;@ igg gn)n' "P(S, =4) —h (g(n)nl/(’ 0. (2.5)
It was shown in [26, Thm. 1.10] that the function g may be chosen to satisfy Equa-
tion (1.2). If assumption (1.1) is satisfied, then Equation (2.4) implies

A(T)Sn =& == G 2.6)

This may be used (see [27, Thm. 1]) to deduce a central limit theorem

B,

Compare also with [23, Thm. 19.34]. We may strengthen (2.7) to a local limit theorem.
This does not follow directly from (2.6), as we would require knowledge on the speed
with which the total variation distance tends to zero.

Lemma 2.2. It holds that

P(A(T,) =0) = g(n)lnl/" (h <(1 ;(%2279_ Z) + 0(1)>

uniformly for all integers /.

Proof. By Equation (2.1) we know that A(T,,) is distributed like the maximum jump of
the random walk S,, conditioned to arrive at n — 1. Hence

P(max(&1,...,&n) =4, S, =n—1)

P(A(T,) =€) = B(S, —n 1) (2.8)
By [13, Cor. 2.1] it holds that
P(S, =n—1) ~nP(¢ = [n(1 - E[¢])]) ~ f(n)n~*(1 - E[¢])*"! (2.9)

It follows from Equations (2.8), (2.9) and the exponential bounds [13, Lem. 2.1] (applied
to the centred random walk S,, — nlE[¢]) that there is a constant C' > 0 such that

—n(1 - E[{])

P(A(T,) < eg(n)n/?) < Cexp ( cg(n)nl/o

)no‘/f(n) (2.10)

for all ¢ > 1. Hence there is a constant ¢; > 0 such that it suffices to verify that
Lemma 2.2 holds uniformly for all £ > ¢;n/logn.

Throughout the following we only consider values ¢ with ¢;n/logn < ¢ < n. By
Equations (2.8) and (2.9) it follows that g(n)n'/’P(A(T,) = ¢) equals

g(n)n'/?
(1 -=E[¢])~1f(n)n—2

Z (Z)]P(g = 0)FP ( max & <8y =n—1- /<;£> . (2.11)

1<i<n—
k>1

(1+0(1))

Our next step is to discard all summands except for the first. Note that S,,_; > 0 implies
that all summands with k& > n /¢ are equal to zero. Hence

g(n)n'/® n N _ —h_1_
Ffln)n—« D p ) PE=0"P (Jmax & <4 Su-p=n—1-kt
k>2
ION A o y
< 2| = _ 1 ' ‘
= Fn) \n > (nP(E=0)"T"P(Spk =n—1—kb)g(n)n (2.12)
2<k<n/l
EJP 25 (2020), paper 104. https://www.imstat.org/ejp
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Note that n/¢ < 61—1 logn and hence n ~ n — k uniformly for all summands. Since h is

bounded, it follows from the local limit theorem (2.5) that P(S,_x =n — 1 — kf)g(n)n'/?

remains bounded uniformly for all 2 < k <n/¢ and ¢ > e;n/logn. Hence the expression
in (2.12) admits an upper bound of the form

/

0?!®

ogn)*tt n = ()L .
LS ogn)t S (uP(e =) 213

2<k<n/t

Moreover, nPP(¢ = £) = O(f(£)n~*(logn)! ™) holds uniformly as well. Hence, using the
Potter bounds, the expression in (2.12) may be further bounded by

M(log n)*TLO(f(O)n~*(logn) ™) = o(1). (2.14)

fn)
This verifies that g(n)n'/?P(A(T,) = ¢) equals

g(n)n'/?

RO

nIP(f—@)IP( max & <€,Sn1—n—1—£>

1<i<n—1

(2.15)

uniformly for all ¢ with e;n/logn < ¢ <n.
Let 0 < e < 1 — E[¢] be some constant. By [13, Cor. 2.1] (applied to the centred sum
Sy, — nIE[¢]) it holds uniformly for all integers ¢ with e;n/logn < ¢ < en that

P(Sp—1=n—-1-4)~nPE=(mn—-1)1-E}])—¥ (2.16)
=0(n""f(n)).
Since « > 1 implies that 1/6 < «, it follows that the expression in (2.15) tends to zero
uniformly for all ¢ in the restricted range. Thus it suffices to verify that Lemma 2.2 holds
uniformly for all ¢ with en < ¢ < n.
Let ¢ € [en,n] be given. Our next step will be to get rid of the event maxi<;<,—1§ < ¢

in the expression (2.15). To this end, note that sup,., P(§{ = k) = O(P({ = n)) implies
that

IP( max 1@- >4, Sh_1 :n—l—ﬁ) SnZIP({“:i)IP(Sn,l =n—-1-(¢—14) (2.17)

lsisn— i>0
<O(m)P(E=1).

Also,

- . n 14+«
nP(¢ = 0) ((1 E[¢]) > (2.18)

(1 —E[)-1f(nn—= "~ ¢

remains bounded for ¢ > en. Using again 1/ < «, this implies that the result of
substituting max;<;<p—1& < £ by max;<,<,—1 & > £ in expression (2.15) tends to zero.
This shows that

g P(A(T,) = €) = o(1) + ((1 —E[¢))n

o 1/6
(1+0(1))€) P(Sh-1=n-1-0)g(n)n"’" (2.19)

holds uniformly:.
The local limit theorem (2.5) tells us that

¢ —n(1 - E[¢])

P(S, 1=n—1-0)gn)n’’=n < SJnilo > + o(1). (2.20)
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Using that the function h and the expression in (2.18) are bounded, it follows from (2.19)
that

14+«
g(mnPP(A(T,) = £) = o(1) + (“ - E[g])”) h (5 - EKD) L @2

1 g(n)nt/?
Let €3 > 0 be small enough such that 1/6 + e; < 1. It holds that
0 —n(l-FE
sup h <n(1/9[§])) — 0. (2.22)
0¢n(1-E[¢])£nt/0+e2 ¢/ >en g(n)n

Consequently, it remains to verify that Lemma 2.2 holds uniformly for £ € n(1 — E[¢]) +
n'/?+e2 For ¢ ranging in this interval, Equation (2.21) yields

g P(A(T,) =€) = o(1) + h (W) . (2.23)

This completes the proof. O

For future use we remark on some deviation bounds:

Proposition 2.3. 1. For any s > 0 we may select ¢ > 0 small enough such that

P(A(T,) <
<( )*elogn

) =0(n"?%). (2.24)
2. We may select ¢ > 0 small enough so that there exists a § > 0 with
g(n)n'’P (A(T,) < en) = O(n=°) (2.25)

asn — oo.

Proof of Proposition 2.3. Inequality (2.24) follows directly from (2.10). In order to

check (2.25), it suffices to shows such a bound for IP (q 1o§n <A(T,) < en) for some

€1 > 0 chosen sufficiently small according so that (2.24) holds for s = a — 1/6.
The expression of g(n)n'/?P(A(T,) = £) in (2.11) for ¢; - < ¢ < en entails that

logn
gn)n*’P(A(T,) =) <A+ B (2.26)
with A denoting the bound of (2.14)
A= O(n=oto)y, (2.27)
and B denoting the bound from (2.15)
B = O(n!/0+etitoyp(e = )P <1<m<ax i <LSpi=n—1- e) (2.28)

- 1/6+0(1) , —n_1_
O(n i (1<rzn<a;<1£Z <l,Sp_1=n-1 €> .
It follows from the Inequality [23, (19.129)] (generalized to admit regularly varying
densities instead of asymptotic power laws) that for ¢ < g—j&( 1-E[¢])

IP( max ¢&; <€7S’n1:n—1—€>
1<i<n—1

=exp | —(« _ logn _
- p( o ) mE)

< nf(a+1)(176+o(1)).

(n—1—(—nE[] +o(n))> (2.29)
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Note that « > 1 implies that 1/0 < «. Taking € > 0 sufficiently small and summing over

all integers ¢ with ¢; @ < ¢ < en it follows that

n
< < < —a+o(1) 1/6—(a+1)(1—€)4o0(1)
P <61 o < AT < en> <n (O(n )+ O(n )) (2.30)
=0(n™%)
for some ¢ > 0. O

2.4 The asymptotic shape of the random tree T,

Lemma 2.4. 1. Let (¢,),>1 denote a sequence of integers with t,, — oo and t,, = o(n).
The asymptotic equivalence

k
P (FO(T(VTL)) =T° (F(T(vn))i<i<k = (Ti)1§¢§k) ~P(T*=T°) HIP(T =T

(2.31)

holds uniformly for all k > 1, all marked plane treesT® € T* and all ordered forests
(T")1<i<k of plane trees with a total number of vertices

k
T+ |7 < n—ty. (2.32)

i=1

2. For any sequence of integers (t,,),>1 with t,, — co and t,, = o(n)

(Fo(To), (F5(To))1<i<a(Tn)—t,) S (T*, (Ti)1gi§A<n> 1) (2.33)

with

d
Ay = sup{d> 1 ’ |T°|—|—Z|Ti\ <n} < n. (2.34)
i=1

The remaining t,, fringe subtrees satisfy with high probability

A(Tx) 9
EFi(T, — . 2.
i—A(TZL)_tw | L( L)‘ ) 1= E[f] ( 35)

Proof of Lemma 2.4. We start by verifying the equivalence (2.31). Recall that in Sec-
tion 2.1 we discussed how a plane tree with m > 1 vertices corresponds to a sequence
(zi)1<i<m with }" |, z; = —1 and Zle x; > 0 for all £ < m. An ordered forest of plane
trees corresponds to concatenations of such sequences. There is a unique way to cut
(61 —1,...,&u—1 — 1) into initial segments Xy, ...,X,, each corresponding to a tree, and
a single tail segment y = (y;)1<;<q with >7_, y; > 0 forall 1 < j < d. (For example, x;
corresponds to the tree F(T(v,,)).) The segment y corresponds to the initial segment
of the depth-first-search ordered list of vertex outdegrees of Fy(7'(v,)) obtained by
stopping right before visiting the lexicographically first vertex with maximum outdegree.
Hence it encodes the outdegrees of the spine vertices (except for the marked vertex),
and all vertices that lie to the left of the spine. It also encodes the precise location of
the marked vertex. The sum R := Zle y; tells us the quantity of direct offspring of
spine vertices (except for the marked vertex) of Fy(7'(v,,)) that lie to the right of the
spine. Hence x1,...,X,_g correspond to the fringe-subtrees dangling from the marked
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T -1
Q, o o
X1
t
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X5
X7 /Y} y
X, 10
Figure 6: Decomposition of (§; — 1,...,&,—1 — 1).
vertex in T'(v,,), and X,_gr41,...,X, correspond to the fringe subtrees dangling from

spine vertices (except for the marked vertex) to the right of the spine. Compare with the
example in Figure 6.

So in order for the tail segment x,_g1,...,X,,y to encode the tree 7" it must hold
that the concatenation of y, —1,x,,%x,_1,...,X,_gr+1 is equal to the depth-first-search
ordered list of outdegrees of T°. In order for xi,...,X; to encode (Ti)lgigk it must
hold that x; encodes T for all 1 < i < k. The only requirement for the middle segment
(gHZL T - - ;&n—|7+|) is that it must correspond to a forest. Note that the middle

segment has s, :=n — |T*| — Zle |T| list entries and s, > t, by assumption. Using
Equation (1.5) it follows that the probability

P (Fo(T(vn)) =T* F(T(vy)) =T for 1 < i < k)

k
=(1-E[E)'P(T* =T1°) (H P(T = Ti))

i=1

P((& —1,...,&, — 1) corresponds to a forest). (2.36)

For any integer s > 1 the probability P((§; — 1,...,&s — 1) corresponds to a forest) is
equal to the probability that s is an arrival time for i.i.d. interarrival times distributed
like |T|. As E[|T|] = (1 — E[¢])}, it follows by the renewal theorem? that

lim P((& —1,...,& — 1) corresponds to a forest) = 1 — E[¢]. (2.37)

Ede el

This completes the verification of (2.31).

Our next step is to verify (2.33). Recall that by Equation (2.4) the random tree T,, has
a total variational distance from the tree T'(v,,) that tends to zero as n becomes large.
This allows us to work with 7'(v,,) instead of T,,.

It follows from (2.2) and the classical local limit theorem that there is a slowly varying
function g7 such that

lim sup
n—oo (€7

gr(n)n'/?P (i T = €> —h (E—nISl[i])‘ =0. (2.38)

P gr(n)

As shown by Kortchemski [27, Lem. 2.10], the function gt may be chosen to satisfy for
alln>1

g(n)

gr(n) = (1— E[{])H'l/e' (2.39)

3The author thanks an anonymous referee for pointing out this elegant application of the renewal theorem
to obtain Equation (2.37).
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Suppose that (r,),>1 is a sequence of positive integers satisfying n/g(n)n/? = 0o
and 7, = o(n). As A(T,,) = (1 — E[¢])n + O,(g(n)n'/?), it follows that there is a sequence
of integers (t],),>1 satisfying t/, — oo and t,, = o(n) such that k,, := [(1 — E[¢{])n — 7]

satisfies
k

T+ > [T <n-—t,
i=1
with probability tending to 1 as n — oco. Using Equation (2.31) (for (t;)nzl), it follows
that

d . 7
(Fo(Tn), (Fi(Tu))1<i<-gighn—r,) = (T*, (T1<icq-Ee)n—r,) - (2.40)

Given € > 0, it follows from Equation (2.40) and a time-reversal argument that we
may choose a constant M > 0 large enough so that

A(T(vn))
P > IR (va)l -
i:A(T(Vn))_tn

t
— 2 < Mgt )t >1—¢ (2.41)
g | < Mo
for all large enough n.

Now, let T* € 7° and let (Ti)lglgk be a sequence of plane trees such that s, =

n—|T*| — ¢ | |T satisfies

Sy — 1—15711@[5]‘ < Mg(t,)tL/e. (2.42)

Then

P (Fo(T(vn)) = T*, (F(T(vi))r<ica@wa))—t, = (T)1<i<k)
=P (Fo(T(vn)) = T*, (F(T(va))1<ick = (T )1<ich, AT (V) = k +t,) . (2.43)

Arguing analogously as for Equation (2.36), we obtain that the probability in (2.43) is
given by
k
(1-E[E)'P(T*=1°) (H P(T = T’))
i=1
P((& —1,...,&, — 1) corresponds to a forest with ¢,, trees). (2.44)
Using Lemma 2.1, Assumption (2.42), and the local limit theorem (2.5), we obtain

P((& —1,...,&, — 1) corresponds to a forest with ¢,, trees)

=P > (G-1)=—ts, > (&—1)>—t,forallj<s,

1<i<sy 1<i<y
tn
o~ DT
Sn -
1<i<sy

_ 1B h(tn—snu—m[a)))
FERRIL ( A STy

The o(1) term in this expression is uniform in (7°, (7%);<;<x). Assumption (2.42) also
entails that the value of the function h in this expression is bounded away from zero.
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Summing up, we obtain

P (Fo(T(vn)) = T*, (F(T(vi))i<i<a@wa))—t, = (T)1<i<k)

k
= IP(T‘ = T') (H IE)(T — TZ)) #1/9 (0(1) +h (tn — Sn(l 1/?[5]))) . (2.45)
i1 9(sn)sn 9(sn)sn

On the other hand,

P (T (T)i<ica i, —t,) = (T* (T )1<i<k))

_ (H]pT i) ) (tz |T%|<Sn<ti1Tl>. (2.46)

=1 i=1

Using (2.38), (2.39), (2.42) and the fact that the function A is uniformly continuous and
bounded, we obtain

tn+1 log ty
(ZW < s, < Z TZ> ( wr 1/0) + Z P <Z|Tl|_sn—€> P(|T| > ¢)

_ 1 o n/(1 = E[{]) — s,
_(1—1E[§])9T(t)1/9<(1)+ ( gr(ta)ts’’ ))

1 tn — Sn(l — E[f])
=———|o(l)+h .
g(sn)&ll/g < W+ ( g(sn)si,/ ))

Assumption (2.42) ensures that the A-term in this expression is bounded away from zero,
uniformly in (T, (T%)1<;<k). Summing up, it follows that

P (Fo(T(vn)) = T*, (F{(T(va))
=(1+o0(1

with a uniform o(1) term. Since the constant ¢ in (2.41) (implicit in Assumption (2.42))
may be chosen to be arbitrarily small, this verifies (2.33).

Finally, Equation (2.35) follows readily by Equation (2.40), a time-reversal argument,
and Markov’s inequality. O

i< AT (va))—tn = (T 1<i<k)

P (T (T s 0.) = (T* (T)1cver))  (2:47)

3 The case 0 € ()

We reduce the case of a general €2 containing 0 to the special case {2 = N via a combi-
natorial transformation. This construction goes back to Ehrenborg and Méndez [16] and
is also known in the probabilistic literature, see Abraham and Delmas [2, 1], Minami [30],
and Rizzolo [33]. Further studies of related conditionings of Galton-Watson trees may
be found in [26, 3, 11].

Throughout this chapter we assume that () is a proper subset of INy such that 0 € Q2
and either  or its complement Q¢ := Ny \ Q is finite. To each finite (planted) plane
tree T' we may assign its weight w(T") = P(T = T'). We let Lo (T') denote the number of
vertices in T whose outdegree lies in ). The generating function

A(z) = w(T)z"e ™) (3.1)

T

with the index T ranging over all finite plane trees represents the combinatorial class
A of plane trees weighted by w and indexed according to the number of vertices with
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outdegree in Q.* We set w;, = P(¢ = k) and for any subset M C IN; we set

du(z) = Y wp (3.2)

keM

Decomposing with respect to the outdegree of the root vertex readily yields

A(2) = 260(A(2)) + dor (A(2)). (3.3)

Since 0 lies in 2 we may write

Pae(2) = 2600 (2) (3.4)
for some power series ¢§,.(z). Hence Equation (3.3) becomes
A(2) = 200(A(2)) + A(2) 9. (A(2)). (3.5)

We may interpret this equation as follows. If the root vertex has outdegree in (2, then we
have to account for it by a factor z and attach the roots of a weighted forest ¢ (A(z)).
This accounts for the first summand. The second corresponds to the case where the
outdegree of the root does not lie in 2. Here we take a root-vertex, attach to it as left-
most offspring the root of a tree (counted by A(z)) and then add the root of a weighted
forest ¢&.(A(2)) as siblings to the right. If we are in the second case, then we may
recurse this case-distinction at the left-most offspring of the root. In this way, we descend
along the left-most offspring until we encounter for the first time a vertex with outdegree
in Q. In this way we form an ordered list of ¢¢,. (A(z))-forests, yielding

1

A) = 200l A TGy

(3.6)
In other words,

- . - pa(z)
A(z) = 2¢0(A(z)) with  ¢(z2) =66 (5)° (3.7)
In combinatorial language, decomposition (3.7) identifies the class A as the class of
J)-enriched plane trees. We refer the reader to [35] and references given therein for
details on the enriched trees viewpoint on random discrete structures.
We let §~ denote a random non-negative integer with distribution given by the probabil-
ity generating series ¢. We let T denote a £-Galton-Watson tree and let T,, = (T | |T| = n)
denote the result of conditioning it to have n vertices. For each k£ > 0 let 5, denote the
set of all vectors (y,z1,...,z¢) With£ >0,y € Q, z1,...,2, € Q°—1, and y+Zf:1 x; = k.
We let the weight of such a vector be given by

~

([2Y]pa(2) [ [1="" 106 (= (3.8)

i=1
For each vertex v € T,, we independently select a vector 3,,(v) € B ;+ (1) @t random with
T’VL

probability proportional to its weight. The pair ('T'n, Bn)isa é-enriched plane tree with n
vertices that by the decomposition (3.7) corresponds to a plane tree that has precisely
n vertices with outdegree in the set (2. The correspondence goes by blowing up each
vertex v € T, into an ancestry line according to Br(v) as illustrated in Figure 7.

4A (weighted) combinatorial class consists of a countable set S and a weight function v : S — R>g. The
class may be indexed by a size function s : S — INg and the corresponding generating series may be formed

by 3,50 (Emerl({n}) 'y(m)> z"™ if all its coefficients are finite.
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Figure 7: Blowing up a vertex v (red) into an ancestry line segment for the case
Brn(v) = (y,z1,z2) with y = 2 (yellow), z; = 1 (blue), and z2 = 3 (green).

The blow-up of the random enriched plane tree (Tn, Br) is distributed like the random
tree TS!. This may be verified directly as by Rizzolo [33] or deduced from a general
sampling principle [35, Lem. 6.1]. Note that E[¢] < 1 implies that

5 _ ¢a() +(¢6.)'(1) _ ¢'(1) = ¢a-(1)

E[{] = ¢'(1) = o)~ 1 dpm <! (3.9)
and
1—E[¢] =]§(§f[§)- (3.10)

We assumed that either Q or ¢ is finite. Using Equation (1.1) together with ¢¢,. (1) =
¢ae(1) < 1and [18, Thm. 4.8, 4.9, 4.30] it follows that
~ 1
" ~ 2" . 3.11

"18() ~ pre e gy 100) (3.11)
That is, the random variable §~ has a regular varying density. Moreover, £~ has a finite
variance if and only if ¢ has finite variance. In this case, we may use Equation (3.7) and
a computer algebra system to compute

VI§ = E¢?] -1  (1-EE)Q1-E[¢+2E[E € Q)
P(¢ € Q) P(¢ € Q)?
We will require this expression for the variance later on when computing the slowly

varying function go(n) that appears in Theorem 1.1. Note that Equations (2.2), (3.11),
and (3.10) entail

. (3.12)

P(La(T) =n) =P(|T| =n) (3.13)
f(n) 1
P(§ € Q) (n(1 - E[¢]))

_JPEER” .,
(C-EE)* "

~

Lemma 3.1. Let (Y*, X},..., X} ) be drawn from B, with probability proportional to
the weights defined in (3.8). We form the sequence

(YR XF, ok XE )

by replacing the largest coefficient in the sequence (Y*, X¥,..., X} ) with a x-place-
holder. Let L, X, and Y be random independent integers with distributions given

by

1—o§(1 e
Bt = 1@ S g gy - 220
1 —2¢5.(1) D6 (1) pa(1)
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Let (X;);>1 and (X]);>1 be independent copies of X, and let L' be an independent copy
of L.

a) IfQ° is finite, then
YR XE, o XE ) -S (, X, L, X ) (3.14)
as k tends to infinity.
b) IfQ) is finite, then
(YR, XE o XE D) =S (VX X, Xy, X ) (3.15)
as k tends to infinity.

c) There are constants l}, C,c > 0 such that for all k > k and z > 0 it holds that

Liyz

(£ = k) exp(—F)(Ipe=r)=0 + P({ = 7))
P(=k+zx) ’

P(max(YFHe xkte L1 Xkre L) —k) <
T

P
C (3.16)

Proof. Claim a) is a probabilistic version of the enumerative result (3.11) and follows
by standard arguments. Claim b) is the probabilistic version of the enumerative for-
mula (3.11) and may be justified using a general result for the asymptotic behaviour of
random Gibbs partitions that exhibit a giant component [36, Thm. 3.1].

Claim c): Suppose that || < co. In this case it holds by [18, Thm. 4.30] that

P(X,+...X, = k) ~E[LP(X = k)

as k becomes large. It follows that there are constants Cs, kg > 0, such that for all k& > kg
andz >0

IP(maX(Xl,,XL):k;\Xl—I—+XL:I<;+33)
_ P(X = k)

Y P(L=0OP(Xy + ...+ Xp1 = z,max(Xy,...,Xp1) < k)
0>1

P(X =k)
< e e——— = _1 =
<O =t K;QZIP(L OP(Xy+ ...+ Xp1 =)

Applying the bound [18, Thm. 4.11] yields that for any ¢ > 0 there are constants
c(€), £y > 0 such that for all £ > ¢y

P(X;+...+ X1 =) < c(e)(1 4 €)'P(X = ).
Using that L has finite exponential moments it follows that there are constants ¢;,C5 > 0
such that

P(X =k)P(X =z)exp(—c1 %)

]P(HlaX(Xl,,XL):k|X1++XL:k+I’)§Cg IP(X:k_i_m) k

Since we are in the case || < oo the random variable Y has a deterministic upper bound,
and it follows that there are positive constants Cy, k1 > 0 with
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1Q2¢] < o0

blow_up(T*)

4, _
1-E[¢]
A = unspecified
A = independent copy of T
Figure 8: Illustration of the blow up of the tree T,, in the two cases.
P& =k)P(& =x)exp(—c1 ¥
IP(maX(YkJ'_x,Xerw +1,... 7X§:fo +1)=k) <Oy (€ )P (€ ) exp(—c1 k) (3.17)

P =k+x)

forall k > ky and z > 0.
In the case |Q2°| < oo the X; are deterministically bounded and the sum L+X;+...+ X,
has finite exponential moments. Hence, as k — oo

PY+X1+...+ X, =k) ~P(Y =k).
This implies that there are constants ks, Cs > 0 such that for all £ > ks and x > 0

P(max(YFHe Xkte L1 Xkre L) =)

Lk+z
<CPY =k+2) 'Pmax(Y, X1 +1,..., X, + 1) =k Y + X, +...+ Xy =k+a)
P(Y = k)
<Cs—— L P(X) +...+ X =
—05]P(Y:k—|—x) (X1 +...+Xp=12)

Using that X;+...4+ X, has finite exponential moments it follows that there are constants
Cg, ca > 0 such that

(& = k) exp(—caz)

P=Fk+x) (3.18)

P
P(max(YFHe XFre L1 XFYT 1) = k) < G

Lk+z

forall k > kg and z > 0.
Combining the bounds (3.17) and (3.18) yields Claim c). O

Proof of Theorem 1.2 fog the case 0 € ). By Equations (3.11) and (3.9) we may apply
Lemma 2.4 to the tree T,,. Hence for any sequence of integers (t,),>1 with ¢,, — oo it
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holds that

T T d (~e 7
(FO(Tn)v (Fz‘(Tn))lgigA(Tn)_tnaEZA(TM |Fs (Tn)|> 2o ) ~ (T 7(T )195&(")4”70) )

i=ATn)—tn = 1-E(]
(3.19)

with ('T'i)izl denoting a family of independent g-Galton—Watson trees, T* the analog of
T* that is constructed with £ instead of &, and

d

Ay = sup {dZ 1 ‘ T+ 1T < n}

i=1

We start with the case [Q2°] < co. By Lemma 3.1 it follows that the largest outdegree
of T$! is with high probability equal to the giant component Y2(™) in the blow-up of the
decoration

~xy _ (AT vAT.) A(Ty) )
Bu(5) = (VAT x P x T
with v* the (lexicographically first) vertex with maximum outdegree in T,. The small
components admit the limit

(VAT xAT e xATy G X

) ) )

Given A(T,,) the family of fringe subtrees (FZ('T'n))1 <i<A(F,) is conditionally exchange-
able. Hence reordering the fringe subtrees in a suitable way and applying (3.19) yields
that simultaneously the fringe subtrees dangling from the vertices belonging to small
components in 3, (0*) and the first YA(Tn) —¢, fringe subtrees corresponding to the large
component behave like ('T'i)1S PRy~ Compare with the right-hand side of Figure 8.

The limit (3.19) also tells us that the total number of vertices of the remaining ¢,
fringe subtrees in T,, is with high probability smaller than 2¢,, /(11— E[g]) When blowing
up a tree we add additional vertices, but the size of any fringe subtree may at most
double. This shows that the size of the blow ups of the remaining ¢,, fringe subtrees is
with high probability smaller than 4t,, /(1 — E[¢]).

The limit of Fyy(T$?) is determined by T® together with the small components of 3,,(7*)
and their fringe subtrees. Let us make this precise. Note that the blow-up of T with
canonically chosen random local decorations is by construction distributed like the
¢-Galton-Watson tree T, and the vertices of T correspond bijectively to the vertices
of T with outdegree in the set (). Let S® denote the random marked tree constructed
as follows. We start with the blow-up of the tree T* with canonically chosen random
decorations. If . = 0 we stop. Otherwise we add X, + 1 offspring vertices to the marked
leaf. All except the first of these offspring vertices become the roots of independent
copies of T. If L = 1 we declare the first offspring vertex to be the new marked leaf and
stop the construction. Otherwise the first offspring vertex becomes father of X;_; +1
children. All but the first become roots of independent copies of T, and we proceed in
the same manner until we are finished after L steps in total.

Using again that the number of vertices with outdegree in 2 in the blow-up correspond
bijectively to the total number of original vertices, we may sum up what we have shown
so far by

Q=

(S'7 (Thr<icar 1, 0)

Q
A(TD) Ty

(TR 4tn
Zi=A<T§}>—tn (T 1—ﬁ£1>

<F0(T§f), (Fi(T))i<icame)—e, 1
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with
d .
A/<n> = sup {d >1 ’ La(S®) + ZLQ(T’L) < n} .
i=1

The distribution of the random marked plane tree S® agrees with the distribution of T*.
This follows by a slightly tedious but inoffensive calculation from standard properties of
size-biased geometric distributions.

It remains to treat the case |{2| < oo. This is analogous to the case |[2¢| < oo, with the
only difference being that we additionally have to take into account the small decorations
X1,...,X1,. Thatis, we have to check that the circled fringe subtree on the left hand
side of Figure 8 follows the distribution of the Galton-Watson tree T. But this is clear,
since it is distributed like the blow up of T and hence like T. O

Proof of Theorem 1.1 fo~r the case 0 € Q). Equations (3.11) and (3.9) allow us to apply
Lemma 2.2 to the tree T,,, yielding that there is a slowly varying function g with

P(A(T,) =z) = g(n)lnl/e <h <(1 _gi[)i)&_ x) + 0(1)> (3.20)

uniformly in z € Z. We are going to show that

sup Gn)n PA(TYH =0) —h (W) ‘ -0 (3.21)

as n tends to infinity. As h(t) — 0 as |t| — oo, t € R this already implies that (3.21) also
holds uniformly for ¢ € Z.

Our first step in the verification (3.21) is a lower bound on the maximum degree
A(T$). By Equation (2.10) it follows that

G(n)nYP(A(T,) < n/log?n) = o(1). (3.22)

If we let Z,, denote the size of the largest outdegree produced by blowing up the lexico-
graphically first vertex v with maximal outdegree in T,,, then it follows by (3.22), (3.20)
and the fact that & is bounded that
G(n)n"*P(Z, < n/log* n)
=o()+g(nn? 3" P(A(T.) =r,Z, <n/log’n)
n/log? n<r<n

<o(1)+0(1) Y. P(Zn<n/log'n|A(T,) =r)

n/log? n<r<n

=o(l)+0(1) > P(max(Y",X]+1,...,X; +1) <n/log"n).
n/log? n<r<n

It follows easily by Equation (3.16) that this bound tends to zero. This shows that
G(n)n’P(A(TS) < n/log'n) = o(1). (3.23)

Thus, it suffices to verify that (3.21) holds with ¢ ranging over the set I,, of integers
in the interval from n/log® n to n instead. To this end, let ¢,, be a sequence that tends to
infinity and let ¢ € I,, be an integer. Then

G)n' P P(A(TS) =€) = Ruy + Sy (3.24)
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with an error term R,, ; and

Sne = Z g(n)n 1/‘L’)IP(A( n) =L+ xz)P (maX(Y“x,Xl@“” +1,..., X0 4 +1)=1¢)

Lz+
0<z<t,

the product of g(n)nl/ ¢ with the probability for the event that the largest outdegree in
the blow-up of the lexicographically first vertex ¢ with maximal outdegree in T, is equal
to £ and that A(T,,) — ¢ < t,,. If this event fails but A(T$}) = ¢, then at least one of the

following events must take place.

1) The maximal outdegree in the blow-up of the vertex © equals ¢ but A(T,,) — £ > t,.
We let R, ((1) denote the product of §(n)n'/? with the probability for this event.

2) At least two vertices of 'T'n have outdegree at least ¢ and the blow-up of one of
them produces a vertex with outdegree equal to ¢. The product of g(n)nl/ 9 with
the probability for this event is denoted by R,, ¢(2).

Hence
Rn,[ < Rn,é(l) + Rn,@(2)- (325)

We are going to verify that this bound tends to zero uniformly for all ¢/ € [,,. Using
Inequality (3.16) and Equality (3.20) it follows that

Rue(1) < > gn)n!"P(A(T,) = £+ 2)P(max(Y X[ 41, X[H +1) =10)

Loys
(1-En—t—z P(¢ = OP(¢ = ) z
< C’tnggn (h < G(n)ni/e > + 0(l)> PE=(+2) exp (—2)
_ f(f) T\ 1+ €T
: Om; PE =gy (7)) oe(-7)
<OM)P(E = tn)
and thus
Bn,e(1) = 0 (3.26)

uniformly for all ¢ € I,,. Here we have used that % is bounded, that the o(1) term tends to
zero uniformly, and that the Potter bounds for slowly varying functions imply that for
any € > 0 there is a positive constant C(e) with

f(0)

Feir ) = Co (1+ %)

forall 4,z > 1.

In order to Verify that the bound in (3.25) tends to zero it remains to show that R,, ¢(2 )
tends to zero. Let (&)pl be a family of independent copies of the offspring distribution g
and set Sj, = 51 +...+ §k for all k. Using Lemma 2.1 and Equation (2.1) it follows that

~ nl/o ~
Rni(2) < 9(— Y PE=L+a)P(Spor=n—1—C—3,& >0
(S x>0
P(max(YH, X{H 41, X7H 1) =),
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By Inequality (3.16), the asymptotic expansion (3.11), and using [13, Cor. 2.1] in a
similar way as in (2.2) it follows that we may bound R, ¢(2) by

O(1)g(n)n/*H1P(¢ = 1) S mn—1-—l—3& >0 =z
PE= - D01 E@)) o T 2 et RE=)

By the expansion (3.11) there are constants z’, C’ > 0 such that for all z > 2’
Ipr)—o + P(E =2) =P =2) < C'P({ = ).

Using the local limit theorem (2.5) (for S'n instead of 5,,) and the fact that the density h
is bounded it follows that

Rn,f(Q)
< O(1)g(n)n*/*+! (P(Sn =n—1-0>0)+PS,_1en—1-0—-10,2,& > E))
0(1)
<O0(1 nt/0+1 P =1)
S PE= 0

<O()nP(€ > ¢)

and thus

R,.(2)—=0 (3.27)

uniformly for all £ € I,,. Combining Inequality (3.25) and the limits (3.26) and (3.27) we
obtain

R0 — 0. (3.28)

We now turn our attention to S, ¢. By the limits (3.14) and (3.15) it follows that there
is a probability density (p,).>0 such that for each constant integer = > 0 it holds that

Jim P(max(Y*T® XFre 41, XFM 4 1) =k) =

Liys

Consequently, if we choose our sequence ¢, such that it tends to infinity sufficiently
slowly, then

D Pmax(YH, X 41, X 1) =0 =1+ 0(1) (3.29)
=0

holds uniformly for all £ € I,,. We may additionally assume that ¢,, = o(§(n)n'/?). As h is
uniformly continuous this implies that

(1-E)n—t-= (1—E[§)n—¢
h =h|—>t—— 1
( ST FOTCEN RS
holds uniformly for all £ € I,, and 0 < z < t,,. Using the local limit theorem (3.20) and

Equation (3.29) it follows that
Swe=_ Gn" P(A(T,) = €+ 2)P(max(YH, X[ + 1, X0 1) =)

Loys

0<z<tn
(1—E[d)n ¢ y e )
= Z (h (W =+ 0(1) IP(maX(YZJr ,Xf+ + 1, X£t+ 1) = g)
0<z<t,,
(1-E[)n—¢
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with uniform o(1) terms. By Equation (3.24) and (3.28) it follows that

Gn (AT = 0) = h (W) +o(1)

holds uniformly for ¢ € I,,. This completes the proof. O

We may compute the slowly varying function gq(n), hence verifying (1.3) for the case
0eQ:

Proposition 3.2. In the case 0 € (), we may set

Vi
= LV Vi<

L ViE=

o0 (3.30)
P(EeQ)l/Qa 00.

The variance V[g] was expressed in (3.12):

VIE = B¢ -1, (1 -E[)( - B[]+ 2B, € Q)
 PEe) P(¢ e Q)?

Proof. In the previous proof we verified Theorem 1.1 for go(n) = g(n). The function
g(n) stems from the local limit theorem 2.5 and Equation (1.2), but for ¢ instead of &.

Using (1.2) the slowly varying function §(n) may be chosen to satisfy g(n) = 1/ %5] if
VI[€] < oo, which is equivalent to V[¢] < co. Suppose that V[¢] = co. Using P(£ = n) ~

preey P(§ = n) from (3.11), it follows thatif 1 < ¢ < 2
1nf{x>0|IP S%} 1
: (3.31)
1nf{x>0|IP SE} P(¢ e Q)/e°

Hence we set g(n) = Wg(n) in the this case. The remaining case V[¢{] = co and
0 = 2 follows by similar arguments. O

Remark 3.3. Throughout we assumed that either 2 or Q¢ is finite. Accordingly, the max-
imal outdegree of T¢! either belongs with high probability to Q¢ or with high probability
to . In our proofs we constructed the tree T%! via a bijection from the decorated tree
('T'n, Brn). The difference between the two cases is reflected by the asymptotic behaviour
of the decoration 3, (9*) of the lexicographically first vertex o* of T,, with maximal
outdegree. As ensured by Lemma 3.1, according to whether 2 or Q¢ is finite we will
either see a giant “Q2-component” in 3, (0*) or a giant “Q2°-component”. However, as we
saw in the proofs of Theorems 1.1 and 1.2, the implications for the tree Tg are the same
in both cases.

If Q and Q° are both infinite, then we expect a mixture of these two behaviours to
occur, with the end result for the tree Tf} being the same. However, when making this
formal, rather unpleasant periodicity issues have to be taken into account. Studying the
asymptotic behaviour of the coefficients [2*]¢(z) of the probability generating function
b(2) = da(2)/(1 — pae(2)/z) for £ requires us to partition the support of £ into multiple
infinite subsets. In order to extend the proofs we would have to show versions of
Equation (3.11) and Lemma 3.1 for restrictions to theses subsets. We would also have
to make sure that our main tools still apply to {;: so that the proof of the case 2 = IN,
may be extended to this setting: The large deviation results of [13] already apply to
O-regularly varying probability densities. The results of [6] assume A-subexponentiality,
so we would have to verify that they also apply to this setting.
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4 The case 0 ¢ )

Throughout this section we assume that 2 is a proper subset of INj satisfying 0 ¢ €.
We are going to use the same strategy as in the case 0 € 2: we generate the random tree
T via a blow-up construction of some random decorated tree. Using Gibbs partition
methods we will then show that the decoration of the largest degree in this second tree
is likely to produce the vertex with largest degree in T$..

4.1 Decomposition

We recap the lifeline-tree decomposition by Rizzolo [33] that in the special case of
plane trees extends the Ehrenborg-Méndez bijection.

We consider the generating series A(z) of the class of weighted plane trees indexed
by their number of vertices with outdegree in 2. We denote the restrictions ¢,/(z) =
> renr P(§ = k)z* of the generating series ¢(z) = E[2¢] to subsets M C INy. We set

p:=P(La(T) = 0). (4.1)

Our assumption P(¢ € 2) > 0 ensures that p < 1. As we are in the case 0 ¢ €, it follows
that p > 0. Hence

0<p<l. (4.2)

Let us consider the subclass A* of A of finite plane trees with at least one vertex having
outdegree in Q. Its complement A**(z) consists of finite plane trees whose outdegrees
are required to belong to 2¢. Clearly

A™(z)=p (4.3)
and
A(z) = A*(z) + p. (4.4)

Given a tree from A*, we may consider the path from the root to the lexicographically
first vertex with outdegree in €2 and call it the spine of the tree. It consists of a sequence
of vertices with outdegree in ()¢ and a single vertex with outdegree 2. Any of these
spine vertices with outdegree in )¢ have the property, that their offspring to the left of
the spine have only descendants with outdegree in 2¢. That is, they are roots of fringe
subtrees belonging to A**. Those to the right of the spine may have descendants of
arbitrary kind and are hence roots of trees from A. Moreover, the offspring of the unique
spine vertex with outdegree in {2 may also have arbitrary descendants. Hence

sy PalA(2))
A*(z) = ZW (4.5)
with
k—1
b5 (2) == Z P(¢ = k) Zpizk—i—l. (4.6)
keQe =0

The sum index ¢ corresponds to the number of vertices that lie to the left of the spine. As
A(1) =1 it follows from (4.4) that A*(1) = 1 — p. Using (4.4) it follows that

A%(2)/(1 = p) = 2p(A%(2)/(1 = p)) 4.7)
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with

pa(p + 2(1 —p))
1= g5 (p+2(1-p))

In combinatorial language, decomposition (4.7) identifies the class A* as the class of
p-enriched plane trees. That is, any tree from A* with n vertices having outdegree in {2
corresponds in a bijective and weight-preserving manner to a plane tree with n vertices
where each vertex is endowed with a ¢-decoration whose size matches the outdegree of
the vertex. We refer the reader to [35] and references given therein for details on the
enriched trees viewpoint on random discrete structures.

p(z) =(1—p)~* (4.8)

4.2 Sampling procedure

Note that (4.7) entails that ¢(1) = 1. Hence it is the probability generating function
of some random non-negative integer (. We let A,, denote a (-Galton-Watson tree
conditioned on having n vertices. Rizzolo [33] calls this tree the lifeline tree. The random
tree TS} may be constructed from A,, by a randomized blow-up procedure which we are
going to describe in this section.

Figure 9: Blowing up a vertex v (red) with ¢ = 2, 1 = (2,3), xz2 = (1,2), y = 3,
m = {1,3,4,6,8} into a vertebrate. The grey triangles represent independent copies of
T*, a £-Galton-Watson tree conditioned on producing no vertex with outdegree in (2.

We let L denote a geometric random variable with distribution given by

Ly 1= ¢5(1)
E[z"] = T2 (4.9)

Furthermore, we let X = (X (1), X(2)) denote a random pair of non-negative integers
with probability generating function

k—1
1 .
Elz M) = ST PE=k)Y piadT 4.1
[21 25 ] PG P (€=k) 7V:OP 2129 (4.10)

We let Y denote a random non-negative integer with distribution determined by

E[Y] = Zzgi (4.11)

We assume the three random variables L, X, and Y to be independent. We let X; =
(X;(1), X;(2)) for i > 1 denote independent copies of X . Equation (4.8) entails that

L
¢<Bin <Y+2Xi(2),1—p>. (4.12)

i=1
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Let M denote a subset of {1,...,Y + Zle X,(2)} drawn according to a binomial distribu-
tion with parameter 1 — p. Equation (4.7) entails that we may generate a £-Galton-Watson
tree A* conditioned on producing at least one vertex with outdegree belonging to 2 by
“blowing up” a (-Galton-Watson tree A. The sampling procedure draws for each vertex v
of A an independent copy (y, ()i1<i<¢, m) of (Y, (X)1<i<r, M) conditioned on

dj (v) = |M].

The vertex v is then blown up as illustrated in Figure 9 into a vertebrate whose spine
has length ¢ + 1. With «; = (z;(1), z;(2)) for each 1 < i < ¢ the ith spine vertex receives
x;(1) offspring vertices to the left of the spine, and x;(2) offspring vertices to the right
of the spine. Each offspring to the left becomes the root of an independent copy of T*,
a ¢-Galton-Watson tree conditioned on producing no vertex with outdegree in 2. Each
offspring to the right is coloured grey. The tip of the spine receives y grey offspring
vertices. The set m maybe interpreted as a subset of the y + Zle x;(2) grey vertices
in a canonical way. Its elements may be identified with the original offspring of v in a
canonical way. All remaining grey vertices become roots of independent copies of T*.

We refer to the additionally sampled data for each vertex v as its decoration. Of
course, this blow-up operation may also be applied to any plane tree having at least one
vertex with outdegree in ). In particular, if A,, denotes the result of conditioning the
(-Galton-Watson tree A on producing n vertices, then the blow-up of A,, is distributed
like TS2.

4.3 Asymptotics of the blow-ups

Our aim is to apply the case 2 = IN; to the tree A,,, yielding that A,, exhibits a vertex
with degree fluctuating around a constant multiple of n. As

L
¢<Bin <Y +3X(2).1 —p>
i=1
follows a binomial distribution with a random number of slots, we need some estimates
on the asymptotic behaviour of such compound random variables when we condition

them to be large. Proposition 4.1 below ensures that when Bin (Y + Zle Xi(2),1— p) is

large, thensois Y + Zle X;(2), and we have a local limit theorem available to determine
the fluctuation. The question now is what happens when the sum Y+Zf=1 Xi(2) becomes
large. As we shall see further down below, there will be a single macroscopic summand
accounting for the entire mass minus a stochastically bounded remainder.

We start with a description of the behaviour of a random non-negative integer Z
conditioned on the event Bin(Z, ¢) = n that Z i.i.d. coin flips yield head precisely n times,
assuming that each individual flip shows head with a fixed probability 0 < ¢ < 1.

Proposition 4.1. Let Z be a random non-negative integer such that P(Z = n) varies
regularly. Let 0 < q < 1 be given. It holds uniformly for all k € Z that

P(Z =k |Bin(Z,q) =n) = % (0(1)+\/§jmexl’ <; <\/5];_13/1qfq) >>

(4.13)
There are constants C,c > 0 such that foralln > 1 ande > 0
P(|Z —n/q| > ey/n | Bin(Z, q) = n) < C(exp(—cn) + nexp(—ce?)). (4.14)
Moreover,
P(Bin(Z,q) =n) ~ éIP(Z = |n/q]). (4.15)
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Proof. Note that the event Bin(Z,¢) = n entails Z > n. Using the Azuma-Hoeffding
inequality, it follows that for any fixed 0 < § < 1 there are constants C, ¢ > 0 such that
for all integers n > 1

P(Z ¢ (1+£9)n/q,Bin(Z,q) =n) < Cexp(—cn). (4.16)
Using again the Azuma-Hoeffding inequality, it follows that for any € > 0

P(|Z —n/q| > ev/n,Bin(Z,q) = n) <

Cexp(—en) + Y. P(Z=k)2ex U TS
P ] p o . .
ke(1+0)%
[n—gk|>eq/n
From this we obtain the crude bound
243
P(|Z —n/q| > ev/n,Bin(Z,q) = n) < Cexp(—cn) + 2exp (M) . (4.18)

Using the strengthened local limit theorem from [34, p. 79, P10] and setting o =

vq(1—¢q)and z = \/ki’ it follows that

P(Bin(Z,q) =n) =

1

1 1
O(1)n~©Ueen) 4 IPsz(( >+ —22>.
( )n kEn/qg\:/ﬁlogn ( )\/E ? max(l,xQ) V2no eXp( ! / )
(4.19)

For k € n/q + \/nlogn, it holds that k ~ n/q and, since we assumed that the density of Z
varies regularly,

P(Z=k)~P(Z=|n/q]). (4.20)
Using dominated convergence, it follows that
P(Bin(Z, q) = n)
1 1 1/ k—n/q\’
q ( n/a]) | o(h) + Z \/27rn0/q3/2 eXp( 2 <\/ﬁa/q3/2) >

ken/qt\/nlogn
1

— ~P(Z = [n/q))(1 +o(1)).

q
This verifies (4.15). Combining this with Inequality (4.17) we may verify the bound (4.14)
too.
In order to verify (4.13), note that for if k ¢ n/q + \/nlogn it follows from (4.14) that

P(Z =k | Bin(Z,q) = n) = O(n~©len)), (4.21)

Hence it suffices to verify (4.13) for k € n/q+ +/nlogn. Arguing analogously as for (4.19)
it follows that uniformly for all k£ in that interval

P(Z = k| Bin(Z,q) = n)
= sz g = vi () + v o0 )
- e (o (i) + Lo, < E=50)

1
2
(o) e (3 (22) ).
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This verifies (4.13). O

Proposition 4.2. Suppose that () is finite. Then

1

PE@ =n~ 0 emm

P(¢ = n). (4.23)

as n tends to infinity. Moreover,
(X(1) | X(2) = n) -5 Geom(p) (4.24)

for a geometrically distributed random variable Geom(p) that assumes an integeri > 0
with probability p’/(1 — p). Even more, if t, denotes a sequence of positive integers
satisfying t,, = o(n), then

P(X(1) =i | X(2) =n) ~ p'/(1—p) (4.25)

holds uniformly for all 0 < i < t,. Finally, there is a constant C' > 0 such that for all
sufficiently large n and allz > 0

P(X(1) >z, X(2) =n) < Cp°P(£ =n). (4.26)

Proof. Let i > 0 be an integer. From (4.10) it follows that

P(X(1) =i, X(2) =n) = ¢*p(1)11>(§ = n+i+ 1) Lypis1eqe. (4.27)

Qe
Since we assumed that () is finite, it holds that n + i + 1 € Q¢ for all sufficiently large
n, not depending of the value of i. Let (¢,),>1 be a sequence of positive integers with

t, = o(n) and t,, — co. As & has a regularly varying density it follows that

P(¢=n+a)

-1 0. 4.28
e | TPe=m N7 (4.28)
Hence
I 1
P(X(1)=14X(2) = P =n). 4.29
; (X(W) =6 X2 =n)~ TP =n) (4.29)
Moreover, the Potter bounds imply that
P(§=n+x)
3 —— | =0(1 4.30
3 s = (439
as n — oo. Thus
1
— P(X(1)=1i,X(2) =n)=0("). 4.31
PE=w 2 X =XC)=m =06") (4.31)
It follows that
P(X(2)=n)~ L P& =n). (4.32)

(1 -p)og.(1)
This verifies Equation (4.23). Combining (4.27), (4.28) and (4.23) implies that
P(X(1)=i| X(2)=n) ~p'/(1-p) (4.33)
holds uniformly for all 0 < ¢ < t,,. This verifies (4.24) and (4.25). Finally, (4.26) follows
from (4.27) and (4.30), analogously as in the verification of (4.31). O
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Propositions 4.1 and 4.2 enable us to determine the asymptotic behaviour of (:

Lemma 4.3. Asn — oo,

- P(¢ =n)
PlY + Xi(2) = n> ~ (4.34)
> Pec)
Consequently,
_ (1—p)* o

Proof. Suppose that Q¢ is finite. Then X(2) is bounded. As L is light-tailed, it follows
that Zle X;(2) is light-tailed. On the other hand, Y is heavy-tailed. Using [18, Lem.
4.9], it follows that

L
P <Y+in(2) :n> ~P(Y =n) (4.36)
=1 )
- ¢Q(1)IP(£ =n

Suppose that €2 is finite. As L is light-tailed, Proposition 4.2 allows us to apply [18, Thm.
4.30], yielding

L
P (Z X;(2) = n> ~ E[L]P(X(2) = n) (4.37)
=1
o BI pe_,
- pon@ &=
~ L P& =n).

(1 =p)(1 = ¢5(1))

Since Y is now bounded, we may apply [18, Lem. 4.9] to obtain

P (Y—s-zL:Xi(Q) :n> ~P (ixi(z) :n) (4.38)

1
SRR Y el i)

As p(1) =1, it follows from (4.8) that

(1=p)(1 = ¢5e(1)) = da(1). (4.39)
Hence (4.38) simplifies to

L
1
P <Y + ;Xi@) = n> ~ mmg =n).

This completes the verification of (4.34). Using Proposition 4.1, it follows that

L
1
C=m~i ( + 2 X(2) = I mo (4.40)
4 1
~ ¢a(l) 1HP(§ =[n/(1 =p)])
(1-p)*
Pa(l) ( )
This completes the proof. O
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Lemma 4.4. For integers k > 1 we consider the list of integers
L
Yk XF,.. X[ = ((Y,Xl, X)) ‘ Bin <Y +)Xi(2),1 —p> = k) .
i=1
with XF = (XF(1),XF(2)) forall 1 <i < Ly. We form the sequence
PR o= (VP XF(1), XF(2),...,%,..., X[, (1), X],(2)

by replacing the largest coefficient of the original list with a x-placeholder. Let L' denote
an independent copy of L and let X[ = (X/(1), X/(2)), ¢ > 1, denote independent copies
of X.

a) IfQ)¢ is finite, then
P* % (4, X0 (1), X1(2), .., X1(1), X1,(2)) (4.41)
as k tends to infinity.

b) If() is finite, then

PP (v, X, (1), X1(2), ..., X1(1), X1.(2), Geom(p), *,
as k tends to infinity.

c) There are constants xo,IE,C,c > 0 such that for all k > k and © € Z with
P({ =k +x) > 0 it holds that

L
Y4+Y Xi(2) = l<:+a:>

i=1

P& =k) cx
S Cm (ﬂngo exp(—c|$|) + 1:v>w0 exp (—?) IP(& = J))) (443)
Proof. Let us first consider the vectors (Y <F> X<k> ,Xff;) and P<F> that are

defined analogously, but by conditioning on Y + Zle X;(2) = k instead. Thus P* is a
mixture of (P<">);>o.
Claim a): If Q¢ is finite, then it follows analogously as for (4.36) that

P> L X0 (1), X1(2), ., X2 (1), X1(2)). (4.44)
Using Proposition 4.1 it follows that
PF =5 (5, X1 (1), X1(2), -, X2(1), X2(2)).
Claim b) Suppose that € is finite. Consider the list

(Y X7 (2), kL XEE (2))

0 Lok

obtained from
(Y=, X(2),..., X5 (2))

Lk
by deleting the largest entry by a #-placeholder. Using a general result concerning the
asymptotic behaviour of random Gibbs partitions that exhibit a giant component [36,
Thm. 3.1] it follows that

(V<> XER>(2), L X (2) =S (Y X(2), ., XL (2), 5, XL(2), ., X (2)).
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Using Proposition 4.2 it follows that

P<k> i> (K X1(1)5X1(2)7 cee 7XL(1)3 XL(Q)a Geom(p)a *aX{(1)7X{(2)a s aXi’(l)aXlL’(Q))
(4.45)

Using Proposition 4.1 we may deduce
pk 4 (Y, X1(1), X1(2), ..., X(1), X1(2), Geom(p), *, X1 (1), X1(2),..., X7, (1), X}.(2))

as k tends to infinity.

Claim c) To simplify notation, we set Z := Y + X;(2) + ... + X (2). We start with
the case |2¢| < co. Choose k > sup(Q°) such that P(¢ = k) > 0 for all k > k. Using
X (1) + X(2) + 1 € Q¢, it follows that for k > k

P(max(Y,1+ X3(1) + X1(2),.. ., 1+ X () + X(2) =k, Z=k+2)=0
if x < 0. For x > 0 it holds that

P(max(Y, 1+ X1(1) + X1(2),..., 1+ X, () + X, (2) =k | Z =k + )
=P(Y=k|Z=k+2x)
P(Y = k)P (Lh, Xi(2) = o)

P(Z =k +x) '

Using Lemma 4.3 and the fact that Zle X(2) has finite exponential moments, it follows
that there are constants C1,c; > 0 with

P(Y = k)P (Zle X;(2) = x) - o P& = W exp(—cuz)
P(Z =k+z) = PE=kto)

It remains to treat the case [2| < co. Chose k > sup(Q) such that P(¢ = k) > 0 for all
k > k. Using Y € Q, it follows that there is a constant Cy > 0 such that for £ > k

IP(maX(Y,l +X1(1) +X1(2),...,1+XL(1) +XL(2)) =k | Z = k’+l‘)
= P(max(X;(1) + X1(2), ..., X, () + X,(2) =k —1|Z =k + 1)
_PX()+X@2)+1=k)

- P(Z=k+x)
-1
;m(L =P (Z} X;2)=z+1+X(1)-Y, 112%(&(1) +X;(2) < k- 1)
P =k)
=P =Fta)

£—1
> UP(L = 0P (Z X;(2)=z+1+X(1)—Y, max (X;(1) + Xi(2)) < k — 1) :

1<i<t
>1 <i<

Choose some constant zy > 0 such that P({ = s) > 0 for all integers s > zy — sup(2). For
x < xo (including explicitly negative values of z), the fact that Y is bounded and X (1)
has finite exponential moments entails that the expression in the last line admits a bound
of the form C5 exp(—cz|z|) for some constants Cs, c2 > 0 that do not depend on z or k.
For x > x, note that all summands with (¢ —1)(k — 1) < z + 1 — sup(f2) equal zero.
Hence it suffices to sum over integers ¢ with ¢ > z/k — 1. Applying the bound [18, Thm.
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4.11] and using the fact that 1 + X (1) — Y has finite exponential moments it follows that
for any € > 0 there are constants Cj, c3, fp > 0 such that for all ¢ > ¢,
£-1
P (ZX”(Q) =r+1+X(1) - Y) <es(1+e)'P(X1(2) =2+ 14+X(1)-Y)
i=1
< C3(1+¢)'P(€ =2).

Using that L has finite exponential moments and taking € > 0 small enough it follows
that

0—1
ZZIP(L =P (Z X2)=z+14+X(1)-Y, fg?i(z(Xi(l) +Xi(2) <k- 1)
£>1 =1

Cyexp(—caz/k)P(§ = x).
Combining the two bounds for the cases z < zg and = > x¢, Inequality (4.43) follows.

This concludes the proof. O

4.4 Subcriticality
Rizzolo [33, Lem. 6] calculated moments of { using the representation

L N(§)
VY (14361 | N© <) (4.46)
=1 =1
with
N@E) =inf{k>1]&, Q) (4.47)
and

1) inf{k > 1

k
d -1 = 1}. (4.48)

i=1
Specifically, [33, Lem. 6] shows that if E[(] = 1 then E[(] = 1. The arguments may be
copied almost verbatim to calculate E[(] if £ is subcritical:

Proposition 4.5. It holds that

El¢ -1
Proof. First, (4.12) and Wald’s first equation entails
N ()
Bl = (1= )E |1+ 3 (6 1) | MO < 7-1(6
i=1

N(§)
=1-p+E | (&—1),NE <71(9)]. (4.50)

i=1

Again by Wald’s first equation, it holds that

N(§) N - L E¢] - 1
E|Y (&—-1)| =ENQIE]E -1) = Pl (4.51)
=1
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Using the strong Markov property of (§;);>1 at the stopping time 7_; () it follows that

N(¢) N()
E|Y (&G—1),N¢>71()| =P(NE) >74(8) | -1+E| ) (&—1)
=1 =1
A S
—p( 1+P(£€Q)). (4.52)
Hence
N(¢) N(¢) N(§)

_ E[§ -1
=p+(1— )IP(£EQ)' (4.53)
Hence
E[¢] =1+ (1 - p)]f([g]e_gl). (4.54)
As E[¢] < 1, it follows that E[¢] < 1. O

In [33, Lem. 6] it was also shown that if E[{] = 1 and V[{] < oo, then the variance
of ¢ equals (1 — p)2V[¢]/P(¢ € Q). Arguing similarly we may also compute V[(] if ¢ is
subcritical instead:

Proposition 4.6. The offspring distribution £ has finite variance if and only if ( has
finite variance. If this is the case, then

(1-p*E[E*] - 1) — (1 —p)p(1 - E[])
Pl e)
G p)*(1 - E[])(1 — E[¢] - 2E[¢,€ € Q])
P(¢ € Q)?

VI¢] =

. (4.55)

We will require Proposition 4.6 later in order to compute the slowly varying function
ga(n) of Theorem 1.1. Note that if we formally set p = 0, then expression for V[(]
in (4.55) simplifies to the expression of the variance in (3.12). The latter was obtained
directly from the generating functions using a computer algebra system. Moreover, if
we formally set E[¢] = 1, then (4.55) simplifies to the expression (1 — p)2V[¢]/P(£ € Q)
obtained in [33, Lem. 6] in this case.

Proof of Proposition 4.6. We know from (4.35) that the variance of ( is finite if and only
if the variance of ¢ is finite

Suppose that V[{] < co. For now, set Z :=Y + Zle Xi(2). Equations (4.12), (4.50),
xand (4.46) entail that

V[¢] = E[¢?] - E[¢]*
=E[Z]p(1 - p) + E[Z*](1 - p)* — E[¢]?
= E[Clp + E[Z%)(1 - p)* — E[¢]*. (4.56)
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From (4.46) and (4.50) it follows that

N(E) N(©)
E[Z?] =1+2E [Z(& -1) ‘ N(¢) < 7_1(5)] +E {(Z(& - 1)) ‘ N(¢) < 71(5)]

=1 i=1
(4.57)
N ?
?%11+E{(Z]an) JW©<TAO]
i=1
Combining this with (4.56), it follows that
N(E) ?
V(= @2=pE[] - (1=p —EPP+1=-pE | [ Y (&—-1)| ,NE <71
i=1
(4.58)
(4.54) With S,, = Z?:l &; and Equation (4.54), this simplifies to
_ 1 — E[¢] (1-E[¢)?
V(] =1 -p) (p+p]P(£ cq) (1 —p)w>
+(1=p)°E [(Sne) — N(€))*, N(&) < m1(9)] (4.59)

Our next step is to calculate the unconditioned expectation IE [(Sy) — N(£))?].
Wald’s second equation yields

E [(SN@) - E[f]N(f))Q} = VIEJE[N(§)] = . (4.60)

Moreover,

B[ (Sne — N©)’] - B[ (Snie ~ BEINE)’]
= 2(E[¢g] - DE[N(§)Sn(e)] + (1 — EE]*E[N(£)*]  (4.61)
An elementary calculation shows that

_1+PE¢9)

EING]= prcap

(4.62)

Moreover, using the definition of N(¢),

E[N(§)Sn )]
= E[N(§)Sn(e), & € QA+ E[N(E)Sne), & ¢
B[, € Q)+ P(¢ ¢ Q) (E[N(E)Sne)] + E[Sne)]) + EE € ¢ Q (1 +E[N(E)]) (4.63)

Using Wald’s first equation, it follows that

P(€ € QEIN()Sie)] = Ble] + BINEIELE.€ ¢ 9 + ENQEEPE ¢ Q) (4.64)
EE,§¢ Q]  E[EPE ¢ Q)
“Ft BEca) T REen)
_E¢+E[E ¢
P Q)
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Applying (4.62) and (4.64) to (4.61) yields

E [(Svie) — N(©)*] - B[ (8w — BEING)’]

_ E[¢] + E[§, £ ¢ Q) 01+ P(E¢Q)
=2(E[¢] - 1) (e € Q)2 + (1 -E[¢] )W (4.65)
Using (4.60), it follows that
B (S - N(e)] = FE1=1, 2B - 1220 BBl eeal o

- PEeQ) P(¢ € Q)2
Using the strong Markov property of (§;);>1 at the stopping time 7_; (§) it follows that

N(E) ? N(E) ?
I [(Z(& - 1)) N (&) > 71(5)] =P(N(§) > m1())E {(1 + Z(fi - 1)) ]

Hence

E [(Sxie) ~ MOV N < 71(6] = (1 DE [(Sx0 - MO -» (1- 2 )

Using Equation (4.66) it follows that

E [(Snee — N(€)*, N(§) < m1(9)]

(1 —p) (B[] — 1) — 2p(1 — E[¢])
P(¢ € Q)

2(B[¢] —1)* — 2(1 — BEDB[E, £ € O
P(¢ € 2)?

=-p+ +(1-p)

(4.69)
Having established Equation (4.69) we may now evaluate Equation (4.59), yielding
1-— E[ﬂ _ ( _p)(l — E[&])2>

P ) PeQ)? )

(1—p)(BE?] - 1) —2p(1 — E[é]))

V(] =(1-p) (p+p

+-p) (ot

P e Q)
2(E[¢] - 1)* - 2(1 — EE])E[¢, € € 9]
+(1—-p)? Pl )2
_(1-p*EE]-1) - (1 -pp(l - E[)
B P(¢ € Q)
(1 —p)?(1 - EE)(1 - E[¢]] - 2E[¢, £ € )
+ P € Q) (4.70)
O
Note that using (2.2), Proposition 4.5 and Equation (4.35) it follows that
P(La(T) =n) =P(La(T) > 0)P(JA[ = n)
C@=ptt f(n)
P(§ € Q) (n(1-E[(])'+
_ PEe) 1
= T Egyed .70
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4.5 Proof of the main theorems for the case 0 ¢ 2

Throughout this section we assume that the random tree T%! is constructed from the
tree A,, by the blow-up procedure described in Section 4.2.

Proof of Theorem 1.2 for the case 0 ¢ Q). The offspring distribution ¢ has a regularly
varying density by Lemma 4.3 and satisfies E[(] < 1 by Proposition 4.5. As we already
proved Theorem 1.2 for the case 2 = NN, it follows that for any sequence (¢,),>1 of
positive integers satisfying ¢,, = o(n) and ¢,, — oo

d ° [
(F0<An)7 (Fi(An))ISiSA(A")ft”7]lziﬁ:(gr(zin)itn |F3 (An) > 13%7[,(]) ~ <A y (A )1§1’§A‘<‘n>—tnvo> )
(4.72)

with (A;);>1 denoting a family of independent (-Galton-Watson trees, A® the analogue of
T* that is constructed with ( instead of ¢, and

d
Al = sup{d> 1 ‘ A+ AT < n} (4.73)
i=1

Let v denote the lexicographically first vertex with maximum outdegree in A,,. The result
of replacing the largest component from the decoration of v by a x-placeholder is dis-

tributed like PA(A»), with (P*);>, assumed to be independent from A,,. As A(A,) 4, 0,
it follows from Equations (4.41) and (4.42) that

pAG.) 4, (%, X1 (1), X1(2), ..., X2(1), X1(2)) (4.74)

if Q¢ is finite, and

PAAY) (v X (1), X1(2), ..., X1(1), X1.(2), Geom(p), *,
X{(l),X{(Q)7 .. ,X’L,(l), X’L,(Q)) (4.75)

if Q is finite.
Having (4.72), (4.74), and (4.75) at hand, the proof may now be completed in an
entirely analogous fashion as in the case 0 € €. O

We are going to need the some preliminary observations before proceeding to prove
Theorem 1.1. The offspring distribution ( has a regularly varying density satisfies
E[¢] < 1, see Lemma 4.3 and Proposition 4.5. We already proved Theorem 1.2 for the
case () = Ny, hence there is a slowly varying function g4 with

uniformly for all N € Z. Using the asymptotic expression of P(¢ = n) from Lemma 4.3 it
follows analogously as in Proposition 3.2 that

VL v

ga(n) =
(1—p)g(n) v
Ip(gepgg)l/97 [5

o,

<0 4.77)

Lemma 4.7. Assume that (Y, X1,...,X) is independent from A(A,) and set Z :=
Y+ Y5, X,(2). Set

- - B 1/2
L(E[fs] e E[s])<1lp(1§§§3E[&f€9D) , Vg <oo

ga(n) = V2 A BEED (4.78)
Pleeq)i/o> VI¢] = oo.
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Then
. 1 ];(%}é[é])n —/
P(Z=¢|Bin(Z,1—p) = A(A,)) = ga ()il h g0 (n)ni7? +o(1) (4.79)
uniformly for all integers { > 0.
Proof. Clearly it holds that
P(Z =/|Bin(Z,1—p) = A(A,)) = " P(A(A,) = N)P(Z =/ | Bin(Z,1 —p) = N).
- (4.80)
By Proposition 2.3 it follows that there are constants ¢, > 0 such that
n’P(A(A,) < en) = O(n™°). (4.81)
Hence
P(Z =(|Bin(Z,1 —p) =A(A,)) = O(n°"1/?) (4.82)

+ zn: P(A(A,) = N)P(Z = £ | Bin(Z,1 — p) = N).
N=|en|

Moreover, P(Z = ¢ | Bin(Z,1 — p) = N) = 0 whenever ¢ < N. It follows that
P(Z =¢|Bin(Z,1—p) = A(A,)) = O(nftsfl/@)

uniformly for all ¢ < en. Hence it suffices to verify (4.79) for £ > en. Set

T = N_f([z_p) (4.83)
and
L ={NeN|en<N<n,|l—N/(1-p)| <VNlogN}. (4.84)
For en < N < n, it follows from (4.21) and (4.22) that
P(Z =/ |Bin(Z,1 —p) = N) = O(N~—®leN)) = O(p~OUoen) (4.85)

if N ¢ I, and

P(Z=/¢|Bin(Z,1—p)=N) =

1 1 1-p [ (1-p? (L=N/1-p))*
m<0<max<1,x2>)+m“p< (TR ))) (489

for N € I,. Using (4.82), it follows that

P(Z=/(|Bin(Z,1—p)=A(A,))=A+B (4.87)
with
1 1
A=0(no"° P(A(A,) =N)—o | ————— 4.88
(704 D PR = N) o | sy ) (4.88)
Nel,
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and
= oy Llop (L (0=pe-NY
B_NZGUJP(A(ATL)—N)\/N\/% p( 2p< NI )) (4.89)

Note that N € I, entails that ¢ < n(1 + o(1))/(1 — p). Hence (4.79) holds uniformly for
£>2n/(1 —p) as n tends to infinity, and throughout the rest of the proof we may assume
that

en < €< 2n/(1—p). (4.90)

Using (4.76), it follows that

1

As for B, the asymptotic N ~ (1 — p)¢ entails that uniformly for all integers ¢ satisfy-
ing (4.90)

2
B=(1+0(1) Y P(AA,) = V) H?exp< 1 <(1_p)g_N) )

Nel, Vi \/2rp(1 — p) 2p(1—p) Ve
(4.92)
By (4.76) it holds that
o 1 (1-E[)n—N
Pt =N = s (1 () Fem)- 499

For the remaining part of the proof, we have to argue differently according to whether
l1<f<2o0rf=2.
Let us start with the case 8 < 2. Then,

Vvnlogn = o(ga(n)nt/?). (4.94)

Hence it holds uniformly for all ¢ satisfying (4.90) and N € I,

1B,
h<(1—E[<D”—N):h<( —p ! ) (4.95)

gA<n)n1/9 l_p)—lgA(n)nl/Q

Applying this to (4.92) yields

1-p =t
B= (1 + 0(1))9,4(71)711/0 <h <(1 — p)_plgA(n)n1/0> + 0(1)>
1 1 o [ 1 (1—p)—N\>
NXE;Z Vimp—p) P ( 2p(1 —p) < Ve ) ) - 99

Using dominated convergence and the fact that A is bounded, this simplifies to

1-E[¢], ¢
B=—1"P (4 p " +o(1) (4.97)
ga(n)nt/? (1—p)~tga(n)nt/? ' '
Equation (4.79) now follows using the expression of g4(n) from Equation (4.77) and the
expression of E[¢] from Proposition 4.5.
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It remains to treat the case 6 = 2, where
h(z) = exp(—2%/4)/V4x. (4.98)
Using again dominated convergence and the fact that & is bounded, it follows that

__1l-r {, /
B_gA(n)\/ﬁ< (1)+B>. (4.99)

o B (5]

1 1 (1-p)—N
v <2p1—)( Vi ))'(‘“0‘”

Using dominated convergence, it follows that for any ¢; > 0 we may select a constant
M, > 0 sufficiently large such that the sum of all summands in this expression of B’ for
which N ¢ (1 — p)¢ £ M;+/n is smaller than €. If V[¢] = oo (or equivalently V[¢] = o0),
the slowly varying function g4 (n) satisfies g4(n) — oo as n becomes large. Thus, using
dominated convergence analogously as in the case 6 < 2, it follows that uniformly for all
integers /¢ satisfying (4.90)

for

2

B’:Lexp 1 ! + R (4.101)
Vir 4\ (1 -p)~tga(n)vn '

for an error term Réli satisfying |R§12L| < €1 for all large enough n. As €; > 0 was arbitrary,
Equation (4.79) now follows using the expression of g4(n) from Equation (4.77) and the
expression of E[¢] from Proposition 4.5.

It remains to treat the case V[§] = oo, where g4(n) = 1/ V|[(]/2 may be chosen to be
constant. Using dominated convergence it follows that we may select a constant M; > 0
sufficiently large such that the sum of all summands in the expression (4.100) of B’ for
which N ¢ (1 — E[{])n £ May/n or N ¢ (1 — p)¢ £ M;+/n is smaller than 2¢; (for large
enough n). This entails also that for large enough n it holds that there is a constant
My := (M; + M3)/(1 — p) such that B’ < 2¢; uniformly for all £ with ¢ ¢ 11%151[)(]” + M3+/n.

Now, suppose that ¢ € %Ex[f]n + Mj3+/n. This allows us to write

1-E
(= 1_][?dn+ylgA(n)\/ﬁ(1—p)1 (4.102)
with |y,| bounded by some constant multiple of Ms. Furthermore, set
N —(1—-p)¢
z = M (4.103)
Vn
and
hi(2) ! ( ! 2) (4.104)
12) = —/—/—/—/——=exp | ——————=2° | . .
2mp(1 — B[(]) 2p(1 — E[C])
Thus, choosing the constants M; to be large enough, it follows that
1
B'=(1+0(1) Y ﬁh(Z/gA(n) +ye)ha(2)
Nel,
:/ h(z/ga(n) + yo)hn (2) dz + B, (4.105)
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for an error term Rﬁ)l satisfying |R(({27)L| < 3¢; for large enough n. Now,

Y / h(2/ga(n) + yo)h (=) dz

is the density of

A= B/ga(n)
with A, B variables with distributions

AL N(0,2)
and .

B=N(0,p(1 - E[(])).
As
A= B/ga(n) SN (0,0%)

for

ot =2+ p(1—E[(])/gi(n), (4.106)

it follows that for all y € R

oo B 1 _i
/m (z/9(n) + y)in(z) dz = = exp ( ag>
_ V2, (ﬂ;,) . (4.107)

oc oc

As e¢; > 0 was arbitrary, it follows that

P(Z=¢|Bin(Z,1—p) =A(A,)) =

\/5(1_}7) 11E1[9C] -1
ocga(n)nt/f h (1 —p)~12-126cg4(n)nt/? +o() . (4.108)

The expression of E[(] from Proposition 4.5 implies that

1-E[]] _ 1-E[]

—p  PlEcq) (4.109)

By Equation (4.77) we may set g4(n) = V[C]

V[¢] from Proposition 4.6, it follows that

UCQA \/71_ 1—
m_ e

for all n. Hence, using the expression of

(1 )
xf (1- -p)P(E€Q)
_ -1 (171E[£])(1fE[€]+2E[£,£€QD i
~ ( PEe®) e ) - w0
Equation (4.79) now follows. O
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Let v* denote the lexicographically first vertex of A,, with maximal degree. There are
two steps for proving Theorem 1.1. The first is to locate a vertex within the blow-up of
v* whose outdegree satisfies a local limit theorem as in (4.79). The second step is to
discard all possibilities for a larger outdegree to appear anywhere in the blow-up of the
entire tree A,,.

Recall from Figure 9 that the blow-up creates a vertebrate. Hence we may distinguish
the vertices on the spine and the vertices created from attaching independent copies
of T*. We let D,, denote the largest outdegree of a spine vertex created from the blow-up
of the lexicographically first vertex of A,, with outdegree A(A,,).

Lemma 4.8. Uniformly for all integers ¢ > 0

1 7];&E[(§])n —/
P(D, = /() = h = 1. 4.111
(Dn ) go(n)ni/? ga(n)nl/e +o(1) ( )
Proof. We continue to assume that (Y, X;,..., X) is independent from A(A,). Let us
set
D =max(Y, X1(1) + X1(2) +1,..., X.(1) + X0(2) + 1) (4.112)
Then
D, < (D|Bin(Z,1-p) = AA,)). (4.113)

Using Lemma 4.7, it follows that

gQ(n,)nl/HIP(Dn =)
=ga(m)n'? Y P(Z=(+2|Bin(Z,1-p) =AA,))P(D="(|Z=1(+2)

>/
LB,y g
=3 |n % to(l) | P(D=¢|Z=1(+2). (4.114)

>4

This expression tends to zero for any constant /. Hence there is some sequence ¢,, — oo
so that go(n)n'/P(D,, = £) — 0 uniformly for £ < £,.

Throughout the following, we assume ¢ > /,,. We observed in the limits of Equa-
tions (4.44) and (4.45) the emergence of giant components with a stochastically bounded
remainder that admits a distributional limit. Hence there is a random non-negative
integer R such that for any constant integer x

P(D=(|Z=(+1)—P(R=ax). (4.115)

Using that h is uniformly continuous and bounded, it follows that there is a sequence of
integers x, with x,, — 0o so that

1—T[¢]

n—~¢—x
h | e to(l) |PD=¢|Z=1+2)=
Ownye
jo|<en g
1-E[§] ¢
P
h| ———— 1). (4.116
ga(n)nt/? o). )
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Moreover, using Inequality (4.43), it follows that there are constants z’, ¢ > 0 with

LB, g
3 h % Yo() | P(D=¢|Z=1(4+2)
|z|>2pn,22>—L galnn
=0(1) Y PD=(|Z=(+2)
|z|>x0,2>—1L
P =10 clz|
<0() Z PE—(+2) <1m§z’ exp(—cfz|) + Lo>or exp <€ P(¢ =)
|z|>xp,x>—1L
= o(1). (4.117)
Combining (4.114), (4.116), and (4.117), it follows that
1-E[¢] n—2/
ga(n)n°P(D, =) = h % +o(1). (4.118)
ga(n)n

O

This concludes the first step. Now we prepare to eliminate the possibility for a vertex
with larger degree than D,, to appear in T.. First, we need some rough deviation bounds.

Lemma 4.9. There are constants C,§ > 0 such that
P(D, <n/log*n or D, >Cn)=0(n"%9%),
Proof. By (4.81) there are constant ¢, > 0 such that
n*'P(A(A,) < en) = O(n™°). (4.119)
As A(A,) < n, it follows by (4.14) that for some constants ¢;,C; > 0
P(Z <cin or Z>Cin|Bin(Z,1—p)=A(A,) =0((n?). (4.120)
With D as in (4.112), it follows that that uniformly for all d € [¢1n, Cin],
P(D <d/log’n or D>2C,|Z=d)<n ®Uen), (4.121)
Thus
P(D < n/log’n or D >2Cin|Bin(Z,1—p)=A(A,)) =0(n"1/=2). (4.122)
O

During the blow-up procedure that constructs T¢! from A, we attach a random

number V,, of independent copies of T* 4 (T | La(T) = 0). We need to ensure that it’s

sufficiently unlikely that any of these attached copies contains a vertex with outdegree
A(TS}). The first step is to control V;,:

Lemma 4.10. For anye > 0

P (vn ¢n (1 fp + ]E[L]]E[X(l)}) (1+ e)> < exp(—0(n)). (4.123)
Proof. Recall the expression of ¢ in (4.12). For each k > 1 let (Y[’“],X{k], ... ,X[Lk[],c])
denote an independent copy of (Y, X1,..., X)), and set
L
Go=Bin [ Y+ 3 " xM@)1-p]. (4.124)
i=1
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Thus, (¢x)r>1 is a family of independent copies of (. The conditioned ¢(-Galton-Watson

tree A,, corresponds naturally to ({1, ...,(,) conditioned on the event
En = {min {mz 1> (G -1 1} n} (4.125)
k=1

Recall from Figure 9 that we construct the tree T¢ from A, by a blow-up procedure,
where each vertex is expanded into a vertebrate. All vertices to the left of the spine
become roots of independent copies of T*. Among the vertices to the right of the spine
and the vertices dangling from the tip of the spine a random binomial subset with
parameter p becomes is selected, an each vertex from that subset becomes the root of
an independent copy of T*. Specifically, for the kth vertex v, (with outdegree (i) of A,,,
the number of vertices to the left of the spine in the blow-up is given by

[k]
S xMa
=1

The remaining number of vertices of the vertebrate in the blow-up of the kth vertex that
become independent copies of T* may be expresssed by

En

LIF]
YW+ xM @) -

i=1

&n

Let us write
Vi = Vo(1) + V,o(2) (4.126)

with V,,(1) the total number of vertices appearing to the left of the spine in all the
blow-ups. Hence

n LK

Vo) = 3 xMay

k=11i=1

Enl. (4.127)

Note that P(&,) = P(|A| = n) varies regularly with index —1 — a by (4.71). Moreover,
Zle X;(1) has finite exponential moments and E [Zle Xi(l)] = E[L]E[X(1)]. It follows
from large deviation inequalities for sums of i.i.d. light-tailed random variables that for
any constant € > 0

n LI
P(V,(1) ¢ nEILIB[X (1)] £ en) < P(IA| =) 7P | > x1M(1) ¢ nB[LIE[X (1)] + en
k=1 i=1
(4.128)
— exp(—O(n)).
Using Y7 dj (v;) = n — 1 we may write
n LIF]
Va@) = [ [YE Y x| 1) | & ). (4.129)
k=1 i=1
The event &,, entails that
n LIF
Bin Y[k]+ZXi[k](2) J1—p]=n—-1
k=1 i=1
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Using Proposition 4.1, it follows that for any ¢ > 0

n ()
P ; vyl 4 j_ZlX}k](Q) ¢ % ten | & | <exp(—O(n)). (4.130)

Hence
P (Vn(2) ¢ lf n:l:en) < exp(—0(n)). (4.131)
Inequality (4.123) now follows by combining (4.126), (4.128), and (4.131). O

Lemma 4.11. Let D} denote the largest degree of any vertex of TS} that belongs to one
of the V,, attached copies of T*. Then it holds uniformly for all integers ¢ > n/ log? n that

1

Proof. The statement is trivial if Q¢ is finite. Hence it suffices to treat the case where ()
is finite. Using [20, Prop. 3.2], it follows that the maximal degree of A(T*) satisfies

= P(A(T) =n)
HAT = = BT =0)
14+ 0(1)

= - EE)PLa(m =0 &=

(4.133)

Letting (T});>1 denote independent copies of T*, it holds that

4

D max A(T)). (4.134)

*
1K<y,

By Lemma 4.10 there are constants 0 < ¢ < C such that
P(V,, ¢ [en,Cn]) < exp(—O(n)).
Moreover, using Inequality (4.133) it follows that uniformly for all & € [cn,Cn] and

¢>n/log’n

P (112?<><kA(T;‘) - z) < kP(A(T) = ¢) (4.135)
1+o0(1)
=TT BEP(La(T) = 0)

P(¢ = 0).

Note that o > 1 implies « > 1/6. Hence, using the Potter bounds it follows that

ga(n)n'/’P <1Iga<xkA(Tj) = z) = O0(D)ga(n)n* kf(0)e =% = o(1). (4.136)
By (4.134) this verifies (4.132). O

We are now ready to complete the proof of Theorem 1.1:

Proof of Theorem 1.1 for the case 0 ¢ 2. By Lemma 4.9 and the Potter bounds it follows
that

1
P(A(TS) < n/log’n) =o <g9(n)n1/9> . (4.137)
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Hence it suffices to prove

P(A(TY) = () = — (h (1?(5 €)' (1 - Ffgl)n - g) + 0(1)) (4.138)

gQ(n)nl/O gQ(n)nl/G

uniformly for all integers ¢ > n/ log® n.
It is elementary that

PA(TSH) =0) =P(D, =) —P(D, = £, A(T}) > 0) + P(A(TY) = ¢,D,, < {). (4.139)

Using Lemma 4.8 and it follows that in order to verify (4.138) it is sufficient to show

1
P(D, =4, A(T}) > ) =0 (gﬂ(n)n1/9> : (4.140)
and
1
PA(T))=¢6,D, <l)=0 (gg(nw> ‘ (4.141)

Similarly as for D,,, we let D; denote the largest outdegree of a spine vertex created
from the blow-up of a vertex of A,, except the lexicographically first vertex with outdegree
A(A,,). Hence

A(T$) = max(D,, D, D2). (4.142)

Our next intermediate step is to reduce to reduce (4.140) and (4.141) to properties
of D¢ and D,, only. Using ¢ > n/ log? n, it follows from Lemma 4.11 that

PA(TH =¢,D, <) <P(DS =¢(,D, <{)+o LI (4.143)
ga(n)nt/?

This reduces (4.141) to showing

1
P(DS =4¢,D, <{) = _— . 4.144
i =400 <0 =0 (i) e
As for (4.140), it is elementary that
P(D,, = {,A(T}) > () <P(D, =¢,DS > () +P(D, ={,D} > () (4.145)

Using Lemma 4.8 it follows that for any ¢ > 0 we may select a constant M > 0 large
enough so that

ga(n)n'/’P(D,, = £,D} > () <e (4.146)

uniformly for all ¢ ¢ P(¢ € Q)~1(1 — E[¢])n + Mgq(n)n'/?. Forall £ € P(¢ € Q)1 (1 —
E[¢])n+ Mgq(n)n'/? it follows from Lemma 4.10 and Lemma 4.8 that there are constants
0 < ¢ < C with

P(D; > ¢, D, ={)
P(D, =¥
:O(l)IP(D:L >0,D, =4 cn<V,<C,) +o(l)
P(D,, ={,en <V, < Cn)(1+o0(1))
= O()P(D: > | Dy, ={,en <V, < Cn)+ o(1)

ga(n)n'/’P(D,, = £,D} > ) = O(1) (4.147)
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Now, conditionally on V,,, it holds that D; is distributed like the maximum of V,, in-
dependent copies of A(T*). Using (4.133) it follows that uniformly for ¢ € P(¢ €
O) (1 - E[¢])n £ Mga(n)n'/?

ga(n)n*°’P(D,, = ¢, D > 1) = o(1). (4.148)

As € > 0 was arbitrary, it follows that

P(D, =(,D:>0) =0 ( (4.149)

uniformly for all £ > n/ log2 n. Hence in order to verify (4.140) it suffices to show that

o 1

Summing up, we have reduced the task of proving Theorem 1.1 to verifying that (4.144)
and (4.150) hold uniformly for all £ > n/ log2 n, that is,

max(P(D2 = €, Dy < £),P(Dy = £,0° > ) =0 [ ——_ . (4.151)
ga(n)nt/?

Let 1 < d <n —1Dbe an integer with P(¢ = d) > 0. For ease of notation, set

tn, =n/log®n. (4.152)
Consider the event &£ that
max(Y, X1 (1) + X1(2) +1,..., Xp(1) + X1 (2) + 1) > t,, (4.153)
and the event & that
L
Bin <Y+ZXi(2),1—p> =d. (4.154)
i=1

The sum Zle X;(1) has finite exponential moments. Hence
L L
P (51, Y +) Xi(2) < tn/2> <P (1 +)Xi(1) > tn/2> <exp(—O(t,)).  (4.155)
i=1 i=1
Consequently,
P (&,E,d < (1 —p)tn/4) < exp(—O(t,)). (4.156)

As1<d<n-1andP(¢ =d) > 0, the probability P(&) = P(¢ = d) is bounded from
below by some fixed polynomial in n~! that does not depend on d. For ease of notation,
we set

Sn = [(1 = p)t,/4]. (4.157)
It follows that
P(& | &) < exp(—O(tn)) (4.158)

uniformly for all 1 <d < s, with P(¢ =d) > 0.
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It follows that there is an upper bound of the form exp(—0(¢,)) for the probability
of the event that A,, contains a vertex v with outdegree less than s,, so that the largest
degree in the spine of the blow-up of b is larger than ¢,,. In particular, there exists a
bound of the form exp(—©(t,)) for the probability that D!, got produced in the spine of
the blow-up of some vertex of A,, with outdegree less than s,,. Using (4.81), it follows
that

max(P(DS = {,D,, < £),P(D, =£,D% > €)) < Ry s+o0 < (4.159)

for the probability R, , that at least two vertices of A,, have outdegree at least s,, and
the blow-up of one of them produces a spine vertex with outdegree /.

This reduces the verification of (4.151) and hence also the completion of the proof of
Theorem 1.1 to proving

1

uniformly for all integers ¢ > t,,.

Let (¢;)i>1 be a family of independent copies of the offspring distribution ¢ and set
Sk =( + ...+ ( for all k. Using Lemma 2.1 and Equations (2.1), (2.2), and (4.35) it
follows that

1 ~
Ry < ~—)n2 S O PE=yP(Sn1=n—1-y,( > sn)pey (4.161)

with p, , denoting the conditional probability

L
Bin (Y—FZXZ-(Q),l —p) = y)

i=1

Applying the local limit theorem for sums of independent copies of (, it follows that
uniformly in ¢ and y

P(Sp1=n-1-y,G>s,)=> PC=iP(S, 2=n—1-y—i) (4.162)
i>5n
o(1)
=" P>
ga(n)nt/é (€2 5n)

AsP(¢ > s,) = O(P(§ > s,)), it follows from (4.161) that

O( ) f > Sn -
R < o iToB e ; Y)Pey- (4.163)

Asy > s, = ©(n/logn) and y < n, we may apply Inequality (4.14) and the local limit
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theorem in (4.13), yielding
ey =O(exp(—6(log” n))) (4.164)
L L
+ Z ]P<Y+ZXi(2):r Bin (Y—f—ZXi(Q),l_p) :y> Q.
r€ly/(1-p)]£v/nlogn i=1 i=1

=0(exp(~O/(log” n))) + O(1/v/n) > Qe

re€y/(l—p)*v/nlogn

with

Q=P <max(Y,1+X1(1) +X1(2),..., 1+ X, (1) +X(2)=¢

L
Y+ZX1(2) 7’) .

(4.165)
It follows from Inequality (4.43) that there are constants ¢y, ry > 0 with
PE=/
Qor < O(I)Q (Lr—r<ro exp(—co|r —£]) + Lr—psr P =1 — 0)) (4.166)
P(¢§=vy)
Thus,
On)P(§ > s,)P(§ =)
R <O —O(log? B 4.167
75 — (eXp( ( Og n))) + gA(n)nl/G]P(f _ n)\/ﬁ 4 ( )
for
Bi= Y 3 (Ly—t<ry exp(—colr — £) + Lr—gsr P(E =7 — £))  (4.168)

Y=snrely/(1-p)]E£v/nlogn

< Y D (exp(=eolly/(L=p)] +s =)+ P(E=|ly/(1 —p)] +5—¢])
|s|<y/nlogn Y=sn
= O(y/nlogn)

uniformly for all ¢ > t,,. Using o > 1, £ > t,, and the Potter bounds it follows that

OM)P(€ > )P =0) , _ O)P(E > s,)P(§ = £)logn
ga(n)n/OP(¢ = n)y/n By = ga(m)n/oP(E = n) (4.169)

= ()

This verifies (4.160) and completes the proof. O

A Renewal theory

Let (Y;);>1 and (Y;);>1 denote independent copies of a non-negative random integer
Y that lies in the domain of attraction of a #-stable law for 1 < 8 < 2. Let Y, denote an
arbitrary non-negative integer and let Y; denote an independent copy of Y;. We define
the renewal process

Tn:sup{k>0

k
RE <n} € {—oo} UIN,. (A.1)

=0

Here we use that the convention that the supremum of the empty set equals —oco. Thus

P(r, = —o0) =P(Yp > n). (A.2)
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The present section is dedicated to the question, how much the sequence (Y;)o<i<~,
deviates from (Y;)o<i<-,. Clearly there are some differences, as ) " Y; fluctuates
o Y;. However, subfamilies

i=
around n at a larger order of magnitude than the sum "
may asymptotically become independent from each other and from 7,,.

=

A.1 Local limit theorems for first passage times

Local limit theorems for first passage times have received attention in the literature,
see for example [31, 5] and references given therein. We collect some preparatory
results.

Let (X¢):>0 denote the spectrally positive Lévy process with Laplace exponent
Elexp(—AX;)] = exp(tA?). X, has a density h that is positive, uniformly continuous,
and bounded on R (see [17, Sec. XVII.6] and [8]). Let us check that the local limit
theorem for ), V; still holds if the sum includes the additional term Y; that follows a
different distribution than the rest.

Proposition A.1. There is a slowly varying function gy such that

gy (n)n/?P (ZY = e) —h <ME[Y]>‘ = 0. (A.3)

lim sup
1/6
— gy (n)nt/

n—oo >0

Proof. The classical local limit theorem [22, Thm. 4.2.1] implies that there is a slowly
varying function gy such that

gy (n)n'/*P (ZY - f) —h (ME[Y])‘ o

lim sup
1/6
P gy (n)n/

n—o0 p>0

It follows that, with an o(1) term that is uniform in ¢ € Z,

‘ —k—n
kZZOIP(YO =k) (h (ME[Y]> + 0(1))

gy (m)n*/7P (ZY - z)
=0

gY(n)nl/G
B : o (t—k—nE[Y]
=o(1) + ];JIP(YO =k)h (gym)nw ) .

For any ¢ > 0 we may select a constant integer K > 0 such that P(Y, > K) < . Using
that h admits an upper bound H > 0 and is uniformly continuous, it follows that

- { —nE[Y]
1/6 - _ L—nkr|
gy (n)n*/’P (;_0 Y, = €> h (gy(n)n1/9> < o(l) + 2¢H.
As this holds for arbitrary (but fixed) ¢ > 0, Equation (A.3) follows. O

The stopping time 7,, satisfies a similar local limit theorem for the remaining possible
values.

Proposition A.2. Let (¢,,),,>1 denote a sequence of positive integers that satisfies {,, —
oo as n becomes large. Then

_ — (E]Y]
sup |E[Y] gy ()P (r,, = ¢ h(")‘ = 0. (A.4)
222 [ ] gY( ) ( ) gy(é)gl/g
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Proof. Using Proposition A.1, it follows that, for a uniform o(1) term,
gy (0P (7, = 0) Zgy 0P (ZY- =n— ) P(Y > k)
k EE[ ]

+Zh (%) P(Y > k).

As E[Y] < oo, for any € > 0 we may select a constant K > 0 with ), P(Y > k) < e
Using that the density A has an upper bound H > 0 and is uniformly continuous, it
follows that uniformly for ¢ > ¢,

gy (0P (7, = 0) — EB[Y]h (W) ’ < o(1) + 2¢H.

As this holds for any fixed ¢ > 0, Equation (A.4) follows. O

Corollary A.3. Let § > 0 be given. Then

e O R ) | L

lim sup
n—oo éZén

and

n/E[Y] -1,
oy (I B[]

4 x,. (A.6)

Proof. The central limit theorem in (A.6) is a direct consequence of the local limit
theorem (A.5), so it suffices to verify the latter.

Let M > 0 be a constant, and define the interval Iy, := n/E[Y] + Mgy (n)n'/?. Then
gy (0)0Y0 ~ gy (n)n*/?E[Y]~/ uniformly for all integers ¢ € ZN 1y, as n tends to infinity.
By Proposition A.2, it follows that (A.5) holds uniformly for ¢ € I ,. As this holds for
any fixed M > 0, it follows that there exists a sequence (M,,),>1 with M,, — oo such
that (A.5) holds uniformly for ¢ € I, ;.

It holds uniformly for ¢ € Z \ I, ,, that

n/E[Y]—¢

gy ()N PE[Y]1-1/0 — 0

and hence

n/E[Y]—¢ -
" (QY(TL)nl/GE[Y]lyg) = o(1).

Moreover it follows from Proposition A.2 that uniformly for ¢ € Z N ([én, oo[\ In, n)

R 14 (L _gv(mn'”?_
gy (nn R (= £) = gy (0)0/0 ( (1)+h(0(1)9y(€)51/9>)
= o(1).

Here we have used that the density h is bounded, and that / > dn ensures that % =

O(1). (In detail: if the argument of the h-function in this expressions has an absolute

value that becomes large, then the entire expression tends to zero since % =0(1).
The only way for this case not to happen is when % tends to zero, but in this case

the fact that A is bounded ensures that the entire expression tends to zero.) O
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A.2 Decoupling

Recall that the family (Y;);>o is defined to be independent from (Y;);>o and hence 7,.
The following proposition ensures that the majority of coordinates of (Y;)o<i<-, become
asymptotically independent from each other.

Proposition A.4. Let (u,),>1 denote a sequence of positive integers such that

—n/ElY
Un —n/ElY] (A7)
gy (n)nt/?
Then
d = —
(Yo, .y Yiin(rn,un)) = (Yo, oo, Y, ). (A.8)

Proof. The central limit theorem for 7,, in (A.6) implies that the probability for u,, < 7,
tends to 1 as n tends to infinity. This readily verifies (A.8). O

Care has to be taken that although most coordinates of (Y;)o<i<-, become asymptoti-
cally independent from each other, the dependence on 7, perseveres. For this reason,
only a weaker contiguousness relation holds:

Lemma A.5. Let e > 0 and 0 < § < 1/E[Y] be given, and set ¢, = |dn]. There are
constants 0 < ¢ < C' such that for all collections £ of finite sequences of integers

P((Yo,-... Vro1,) €E) = < P((Yo,....Yr y,) €E) (4.9)
< OP((Yo,..., Y, 1,) €E) +e
Note that the vector (Yp,...,Y;, _; ) determines 7, since ¢, is deterministic.

Proof of Lemma A.5. For all M;, My > 0 we consider the collection &, s, ar, Of finite
sequences y = (yo,-..,Y%), k > 1, of non-negative integers satisfying the following
properties:

1. P(Yo =yo) > 0and P(Y = y;) > 0 for all integers 1 < i < k.
2. Y8 i € kE[Y] £ Mgy (k)k'/°.
3. k+t, € n/E[Y]+ Magy (n)n'/?.

For any such sequence set { = Zf:o y;. Then

P((Yor 1Yot =9) _ Plrace—ta)
P((Yo,...,Y, v )=vy) Pl =k+t,)

(A.10)

Our assumptions ensure that ¢, /gy (n)n'/? — co and hence n — ¢ — oco. This allows us
apply Proposition A.2 and Corollary A.3, yielding

n—_{—t, E[Y]
Prac=t) _ gyl (D) +o) (a11)
= o 1/0 ot t . .
P =kttn) B gyt b (Gt ) + o)

If we write k + t, = n/E[Y] 4 ygy (n)n'/? with |y| < M, and ¢ = kE[Y] + zgy (k)k'/? with
|x| < My, then

n — (k + tn)E[Y _ —yE[Y}1+1/0

]
/6

gy (n)n'/?E[Y]-1
and
n—L—tEY] _ —ygy(n)n'/’E[Y] — zgy (k)k'/*
1/6 - 1/6 :
gy (ta)ta! gy (ta)ta!
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Using ¢, = [dn], it follows that uniformly for all y € &, s a1, 11,

1+o(1) infics-1/0anmiy)eanmy)-i-svo) Mz) _ P(Yo,... Ve t,) = y) (A12)
E[Y]1/051/0 sup,ep h(z) T P((Yo,... . Yr—t,) =) '
140(1)  sup.eph(:)

- E[Y]1/951/9 ianZ‘SMQE[Y]1+1/6 h(Z) '

Corollary A.3 and Proposition A.4 ensure that for any € > 0 we may select M; and
M, sufficiently large so that (Yp,...,Y,, —,) and (Yo,...,Y,, ) lie in &, 5 n,, M, With
probability at least 1 — € for all sufficiently large n. This concludes the proof. O

A small portion of the coordinates becomes fully independent of each other and of 7,:

Lemma A.6. Let (k,),>1 denote a sequence of positive integers satsifying k,, = o(n).
Then

d _
(Tn7YO7 s 7Ymin(7’n,kn)) ~ (Tna Yba .. aYk ) (A13)

n

Proof. For any numbers My, My > 0 and any integer £ > 0 we may consider the collection
Eny M, 1k Of vectors (¢, yo, . .., yx) of positive integers satisfying the following properties:

1. P(Yo =yo) > 0and P(Y = y;) > 0 for all integers 1 <4 < k.
2. Y8 i € kE[Y] £ Mgy (k)k'/°.
3. t € n/E[Y] £ Mgy (n)n'/?.

Setting ¢ = Z?:o s, it holds that

P((1,Yo,.. ., Yx) =y) _ Plrp_e=1t—k)
P((1n,Yo,...,Ys) =) P(r, =1)

(A.14)

For k = k,, our assumptions entail n — ¢/ — oo and t — k,, — oco. This allows us to apply
Proposition A.2 and Corollary A.3, yielding

n—f—(t—ky)E[Y]
P(ryg=t—kn) _ gy (n)n’/? (Gt ke ) + o) (A.15)
_ - 1/6 _ _ L )1/6 n—tE[Y ' ’
P(r, =1) E[Y]0gy (t — kn)(t — kn) h (W) +o(1)
Since k,, = o(n), it follows that ¢ — k,, ~ n/IE[Y] and ¢ = o(n), yielding
P((7,Yo,...,Y%) =
((T Yo 7k) y) _ 1+0(1) (A.16)
P((rn, Yo,..., Yx) = y)
uniformly for all (¢,yo,...,Yk) € Eny,Ma k., -
For any € > 0 we may select M, Ms > 0 large enough so that the vector
(Tna %7 ) Ykn)
lies in the set £, ar,,k, With probability at least 1 — €. This completes the proof. O
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