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Hyperbolic scaling limit of non-equilibrium
fluctuations for a weakly anharmonic chain®

Lu Xu'

Abstract

We consider a chain of n coupled oscillators placed on a one-dimensional lattice with
periodic boundary conditions. The interaction between particles is determined by
a weakly anharmonic potential V;,, = r?/2 + 0,,U(r), where U has bounded second
derivative and o, vanishes as n — oo. The dynamics is perturbed by noises acting
only on the positions, such that the total momentum and length are the only conserved
quantities. With relative entropy technique, we prove for dynamics out of equilibrium
that, if o, decays sufficiently fast, the fluctuation field of the conserved quantities
converges in law to a linear p-system in the hyperbolic space-time scaling limit. The
transition speed is spatially homogeneous due to the vanishing anharmonicity. We
also present a quantitative bound for the speed of convergence to the corresponding
hydrodynamic limit.
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1 Introduction

One of the central topics in statistical physics is to derive macroscopic equations in
scaling limits of microscopic dynamics. For Hamiltonian lattice field, Euler equations
can be formally obtained in the limit, under a generic assumption of local equilibrium.
However, to prove this for deterministic dynamics is known as a difficult task. In
particular when nonlinear interaction exists, the appearance of shock waves in the Euler
equations complicates further the problem. In that case, the convergence to the entropy
solution is expected.

The situation is better understood when the microscopic dynamics is perturbed
stochastically. Proper noises can provide the dynamics with enough ergodicity, in
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Hyperbolic non-equilibrium fluctuations

the sense that the only conserved quantities are those evolving with the macroscopic
equations [13]. The deduction of partial differential equations from the limit of properly
rescaled conserved quantities in these dynamics is called hydrodynamic limit. For
Hamiltonian dynamics with noises conserving volume, momentum and energy, Euler
equations are obtained under the hyperbolic space-time scale [23, 4]. They are proved
by relative entropy technique and restricted to the smooth regime of Euler equations.

As hydrodynamic limit can be viewed as the law of large numbers in functional
spaces, we can go one step further towards the corresponding central limit theorem.
More precisely, we can investigate the macroscopic time evolution of the fluctuations
of the conserved quantities around its hydrodynamic centre. If the dynamics is in its
equilibrium, these fluctuations are Gaussian and evolve following linearized equations,
known as equilibrium fluctuation. To prove it requires to approximate the space-time
variance of the currents associated to the conserved quantities by their linear functions.
This step is usually called the Boltzmann-Gibbs principle [5, 18]. For gradient, reversible
systems, a general proof of the Boltzmann-Gibbs principle is established in [6] using
entropy method. In other cases, such as anharmonic Hamiltonian dynamics, the proof
usually relies on model-dependent arguments, such as the spectral gap [22, 24].

Our main interest is non-equilibrium fluctuation, namely the central limit theorem
associated to the corresponding hydrodynamic limit for dynamics out of equilibrium.
Compared to the equilibrium case, the non-equilibrium fluctuation field exhibits long-
range space-time correlations, which turns out to be the main difficulty. For some
dynamics such as symmetric exclusion process (SSEP) and reaction-diffusion model,
duality method can be used to control the correlations and obtain the non-equilibrium
version of the Boltzmann-Gibbs principle [21, 10, 3, 25]. For one-dimensional weakly
asymmetric exclusion process (WASEP), a microscopic Cole-Hopf transformation [14] can
be applied, instead of the Boltzmann-Gibbs principle, to linearize the currents [8, 26, 2].
While most works deal with the diffusive space-time scale, the totally asymmetric
exclusion process (TASEP) is the only model in which non-equilibrium fluctuation is
proved under the hyperbolic scale [27]. Note that all these works are restricted to
models with stochastic integrability and single conservation law.

In the absence of stochastic integrability, non-equilibrium fluctuations are understood
for only few models. In [7], an Ornstein-Uhlenbeck process is obtained from non-
equilibrium fluctuations for one-dimensional Ginzburg-Landau model using logarithmic
Sobolev inequality. A general derivation of non-equilibrium fluctuations for conservative
systems has been largely open for a long period of time since then. Recently in [16, 17], a
new approach is developed and applied to spatially inhomogeneous WASEP in dimensions
d < 4. Their main tool is relative entropy technique. Briefly speaking, Yau’s relative
entropy inequality [30] says that the derivative of the relative entropy with respect to a
given local Gibbs measure is bounded by a dissipative term and an entropy production
term. In [16, 17], the authors obtain an estimate allowing them to control the entropy
production term by the dissipative term, which they called the key lemma. An entropy
estimate then follows directly from this lemma. Using both the lemma and the entropy
estimate as input, Boltzmann-Gibbs principle can be proved by a generalized Feyman-
Kac inequality [16, Lemma 3.5].

In the present article we study non-equilibrium fluctuations for a Hamiltonian lattice
field under the hyperbolic scale. Observe that part of the ideas in [16, 17] is robust
enough to be applied to our model, cf. Section 5. Meanwhile, the proof of the key lemma
relies heavily on the particular basis of the local functions on the configuration space of
WASEP. In Section 3 we establish a similar estimate for Hamiltonian dynamics. The main
tools we used are the Poisson equation and the equivalence of ensembles, see Section 8
and 9 for details.
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The microscopic model we study is a noisy Hamiltonian system on one-dimensional
lattice space with vanishing anharmonicity and two conservation laws. Precisely speak-
ing, consider a chain of n coupled oscillators, each of them has mass 1. Fort =0,1,...,n,
denote by (p;,¢;) € R? the momentum and position of the particle i. The periodic
boundary condition (pg, go) = (pn, ¢») is applied to the chain.

Do D DPiy b; Pr Pn

Figure 1: Chain of oscillators with periodic boundary

Each pair of consecutive particles ¢ — 1 and ¢ is connected by a spring with potential
defined by V(¢; — ¢;—1), where V is a nice function on R. With r; = ¢; — ¢;—1 being the
relative position, the energy of the chain is given by the Hamiltonian
n_ 9
H,(p,r) = % +V ().
i=1

When V is quadratic, the corresponding Hamiltonian dynamics is harmonic, and the
macroscopic behaviour is known to be purely ballistic. We add an anharmonic perturba-
tion to the quadratic potential and define

2
Vo(r) = % +oU(r), VreR,

where U is a smooth function with good properties, and ¢ > 0 is a small parameter
which regulates the nonlinearity. When o > 0 is fixed we say the potential is anharmonic,
whereas ¢ — 0 is the weakly anharmonic case.

The deterministic Hamiltonian dynamics is perturbed by random, continuous ex-
change of volume stretch (r;,r;+1) for each i, such that r; + r;;; is conserved. The
corresponding micro canonical surface is a line, where we add a Wiener process. This
stochastic perturbation is generated by a symmetric second order differential operator
Sn,o defined later in (2.1). The noise does not conserve V(r;) + V(r;41), thus breaks
the conservation law of energy. Notice that the total momentum is naturally another
conserved quantity, which is untouched by the noise. Similar noise that destroys the
energy conservation is also adopted in [12]. Note that the noise in [12] includes also
the exchange of momentum between the nearest neighbour particles. In our case the
noise on momentum can be dropped, thanks to the linear construction of the momentum
fluctuation in the microscopic level. We choose the noise in such way that the momentum
and volume are the only conserved quantities, hence the equilibrium states are given by
canonical Gibbs measures at a fixed temperature ~! > 0.

For the anharmonic case, the hydrodynamic equation is

atp(tv JC) =0, To (t<tv JI)), att(t7 J)) = axp(t’ Jj)a

where T, is the equilibrium tension defined later in (2.4). It is proved in [23] in smooth
regime. Denote by (p,,t,) the solution of the equation above. Consider the fluctuation
field of the conserved quantities along the hydrodynamic equation, given by

S (e (a-).
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Formally, it is expected to converge to a solution of the linearized system
Opo(t, ) =71 (v5)0:T, (1, 1), OiFs(t,7) = 0ups(t, ).

Particularly for the equilibrium system, (p,,t,) degenerates to constants and the fluc-
tuation equation is proved in [24], even with the energy conservation and boundary
conditions. Non-equilibrium fluctuations for anharmonic dynamics remain an open
problem.

We work with the weakly anharmonic case that ¢ = ¢, depends on the scaling
parameter n in such way that o,, = o(1). Similar model with vanishing anharmonicity is
also considered in [1], where the authors take the FPU-type perturbation U = r* and
the flip-type noise conserving the total energy as well as the sum of the total volume
and momentum. Although the main interest of [1] lies in the anomalous diffusion of
energy fluctuation, they also prove that under the hyperbolic scale, the time evolution of
the fluctuation field of the equilibrium dynamics is governed by a p-system. Our main
result, Theorem 2.4, shows that non-equilibrium fluctuations evolve following a linear
p-system with spatially homogeneous sound speed, provided that U has bounded second
order derivative and o,, decays fast enough. This is the first rigorous result obtained
for non-equilibrium fluctuations for a Hamiltonian dynamics presenting some level of
nonlinearity. We also prove a quantitative version of the corresponding hydrodynamic
limit in Corollary 2.3.

We believe that the macroscopic fluctuation equation proved in this work should be
valid with noises acting only on momentum, but the answer is unclear even when the
dynamics is in equilibrium. Another interesting problem concerns the presentation of
boundary conditions in the fluctuation. Boundary driven non-equilibrium fluctuations
are studied for one-dimensional SSEP in [19, 11] and for WASEP in [15]. However for
Hamiltonian dynamics, it is only studied for equilibrium dynamics [24].

The article is organized as follows. In Section 2 we present the precise definition of
the microscopic dynamics and state our main results. In Section 3 we prove the tech-
nical lemma, relying on the equivalence of ensembles under inhomogeneous canonical
measures and a gradient estimate for the solution of the Poisson equation. In Section 4
we prove the relative entropy estimate Theorem 2.2, based on the technical lemma.
We also prove the quantitative hydrodynamics limit Corollary 2.3 as an application of
Theorem 2.2. In Section 5 we prove the Boltzmann-Gibbs principle out of equilibrium,
along the approach introduced in [16, 17]. In Section 6 and 7 we prove the two aspects
of the weak convergence of non-equilibrium fluctuations in Theorem 2.4, namely the
finite-dimensional convergence and the tightness. In Section 8 and 9 we establish the
equivalence of ensembles and the gradient estimate for the Poisson equation, respec-
tively. Both of them play an important role in the proof of the technical lemma. Finally,
some auxiliary estimates are collected in the appendix.

We close this section with some notations used through the article. Let T ~ [0, 1) be
the one-dimensional torus. For a bounded function f : T — R, define

e = sup | F@lwe, 171 = [ 1)
T T

Let {¢,,,m € Z} be the Fourier basis on T given by ¢,,(r) = ¢?*™*™  For a smooth
function f € C*°(T;RR?) and k € R, define

it = 3 e gy [ e
meZ

Define the Sobolev space Hj,(T) as the closure of C>°(T; R?) with respect to the norm ||-|.
By a standard dual argument, we can identify H_(T) with the space of linear functionals

EJP 25 (2020), paper 84. http://www.imstat.org/ejp/
Page 4/40


https://doi.org/10.1214/20-EJP488
http://www.imstat.org/ejp/

Hyperbolic non-equilibrium fluctuations

on C*°(T;R?) which is continuous with respect to || -||. For T' > 0, C([0, T]; H_;) denotes
the set of all continuous trajectories on [0, 7] taking values in H_j, equipped with the
uniform topology. Also let C*([0,T; H_x) be the subset of C([0,7]; H_k), consisting of
Holder continuous trajectories with order a > 0.

2 Microscopic model and main results

For n € IN;, denote by T,, = Z/nZ the one-dimensional discrete n-torus, and let
2, = (R?)T» be the configuration space. Elements in (2, are denoted by 77 = {n;;i € T,.},
where 7; = (p;,r;) € R2. Let U be a smooth function on R with bounded second order
derivative. To simplify the arguments, we assume that

U)=U'(0)=0, U"(r)e[-1,1], VreR.

For o € [0, 1), which is supposed to be small eventually, define

2
Vo(r) = 5 +0U(r), VrekR

Note that V, is a smooth function with quadratic growth:
infV/’>1-0>0, supV/ <1+0 < oo.

Define the Hamiltonian H,, , = > ;cp p?/2 + V,(r;). The corresponding Hamiltonian
system is generated by the following Liouville operator

=3 i - p 9 oy v 9

-An,o' - ieTn(pz pz—l)ari + (VU(T1+1) VU(TZ)) apl
S e s )o@ ) - ) 2
= iETn(pz pzfl)ari + (Tz+1 Tl)api + O'(U (Tz+1) U (7’2)> B

At each bond (4,7 + 1), the deterministic system is contact with a thermal bath at fixed
temperature. More precisely, fix some 5 > 0 and define

99
o 8ri+1 87’1-’

Vi

Vio = B(Va(rizr) = Vy(ri) — Vi

Notice that 3 is fixed through this article, thus we omit the dependence on it in most
cases. For v > 0, consider the operator £, -, given by

1 *
Ln,a,’y = n(-An,o + 'YSn,a)a Sn,o = _5 Z yi7o—y’i7 (2.1)

€T,

where v regulates the strength of the noise. With an infinite system of independent,
standard Brownian motions {B%;i > 1}, the Markov process generated by L, s~ can be
expressed by the solution of the following system of stochastic differential equations:

dpi(t) = n(Vy (rig1) — Vi(rs))dt,
dri(t) = n(pix1 — pi)dt + @(V;(W-&-l) + Vo (riea) — 2V (ry))dt

+/ny(dB{~! —dBj), Vi€ T,.

It can be treated as the dynamics of the chain of oscillators illustrated in Section 1,
rescaled hyperbolically and perturbed with the noise conserving the total momentum
> p; as well as the total length ;. The total energy H,, , is no longer conserved.
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For 7 € Rand 0 < o < 1, define the probability measure 7, , by

1

—B(Vo (r)—771) 2.2
7.0 e dr, (2.2)

Tro(dr) =

where Z,(7) is the normalization constant given by

Zy(7) = /]Refﬁ(vg(r)f-rr)dr - /]Rexp {6272 — BolU(r) + ﬁ’rr} dr.

The Gibbs potential G, and the free energy F, are then given for each 7 € R, r € R by
the following Legendre transform

Go(1) = %log Zo(1), Fn(r)2 Slelg {’7’7" — GU(T)}. (2.3)

Denote by 7, and 7, the corresponding convex conjugate variables

To(T) = Ex, [r] = G,(T), To(r)=F,(r). (2.4)

Tro

Observe that given any finite interval [r_,r,] € R,
|To(r) — 7| < Co, |7,(r) =1 < Co, |Ti(r)| < Co (2.5)

holds with a uniform constant C for all r € [r_,r;] and sufficiently small ¢ > 0. The
details of these asymptotic properties are discussed in Appendix A.

For n > 1, the (grand) Gibbs states of the generator £, , , are given by the family of
product measures {v, ,; (p,7) € R?} on €, defined as

)2
Vp 7o (di]) = H \/ % exp {—W} dp; @ 7.5 (dr;). (2.6)

€Ty,

It is easy to see that A, , is anti-symmetric, while S,, , is symmetric with respect to the
Gibbs states, and for all smooth functions f, g on €,

1
/ f(8n7ag) dyg,T,a = _5/ Z ylfylg dl/@,r,a'
Q2 Qn jeT,

In particular, Vg

)7—70.

is invariant with respect to £,, 5.

2.1 Weakly anharmonic oscillators

Pick two positive sequences {o,}, {7,} and consider the Markov process in 2,
associated to the infinitesimal generator

‘Cn = £n70'n7')’n7 vn Z L.

Basically, we demand that o,, — 0, 7,, > 1 and ~,, = o(n). These conditions correspond
to a weakly anharmonic interaction and assure that the noise would not appear in the
hyperbolic scaling limit. From here on, we denote

Vn = Vany Sn = Sn,ony Tp = 770'"7 Tn = To, (27)
for short. For any fixed T' > 0, denote by
{ii(t) = (ni(t);i € Ty,) € Quit € 0,77}

the Markov process generated by £,, and initial distribution v,, on €2,,. This is the main
subject treated in this article. Denote by P, It, the corresponding distribution and
expectation on the trajectory space C([0,T];2,) of 7j(-), respectively.
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2.2 Hydrodynamic limit

We start from the anharmonic case o, = o € (0,1). Let P,, , denote the law of the
Markov process generated by £,, ,1 and v,,. Assume some profile v € C?(T;RR?), such
that for any smooth function g on T,

g&%{EEjg@)m@—Aﬁwmwm

€Ty,

>€}=0, Ve > 0.

The hydrodynamic limit is then given by the following convergence

. 1 i Po
1 n,o — - i - 5 =Y .
n1—>H;o]P ) {‘n Z g (n) n;(t) /Tg(x) <t0> (t,x)dx| > e} 0 (2.8)
€T,
for all ¢ > 0. Here (p,, t,) solves the quasi-linear p-system:
8tpcr = a:Ta(ta)a 8tta = OzPo, (paata)(oa ) =0, (29)

where 7, = 7,(r) is the equilibrium tension given in (2.4). Note that the Lagrangian
material coordinate is considered as the space variable. It is well known that even with
smooth initial data, (2.9) generates shock wave in finite time 7,. With the arguments in
[4], (2.8) can be proved in its smooth regime, that is, for any ¢t < 7T5.

Now we return to the weakly anharmonic case. To simplify the notations, denote by
(pn, tn) the solution of (2.9) with 0 = o,,. The next proposition allows us to consider only
the smooth regime of (p,,t,) for any 7' > 0.

Proposition 2.1. lim, o T,, = +o0. In particular, for any fixed time T > 0, we can choose
ng sufficiently large, such that (p,,t,) is smooth on [0,T] for all n > ny.

Proposition 2.1 follows directly from (2.5) and Lemma B.1 in Appendix B. It is not
hard to observe that the hydrodynamic equation associated to the weakly anharmonic
chain turns out to be the linear p-system

Op = Oy, Ot = 0gp, (p,1)(0,-) = 0. (2.10)

We prove a quantitative convergence in Corollary 2.3 later.

2.3 Relative entropy

For a probability measure ;. on a measurable space (2, and a density function f with
respect to u, its relative entropy is defined by

H(f;u):/ﬂflogfdu. (2.11)

Given T > 0, let (p?, ") be the interpolation of (p,, v,,) in (2.9):

G0 = o) (01) . e 0T i€,

As discussed before, we assume without loss of generality that (p,,t,) is smooth for
t € [0,T]. Denote by p ,, the local Gibbs measure on (2, associated to the smooth profiles

pn(t, ) and 7, (v, (¢, -)):

Ntm(dﬁ) = H V;?,‘r?,a" (dnl>7 T;(L = T’ﬂ(t?)'
€Ty,
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Let f; », be the density of the dynamics 7(t) with respect to p ,,, and

H,(t) £ H(ftn; ban)-
Our first theorem is an estimate on H,(t), which improves the classical upper bound
H,(t) < C(H,(0)+n) forall t € [0,T].
Theorem 2.2. There exists a constant C = C , v, such that

where K, is the deterministic sequence given by

1

6 _1
K, = max{ai;'yn Sn%,fyn} .
From Theorem 2.2, if {0, }, {7, } satisfy that

lim 72" =0, lim 0%y, 'n? =0, (2.12)
n—oo n—oo
then K,, = o(y/n) as n — oc. As an application of this observation, we have the following
quantitative version of hydrodynamic limit.
Corollary 2.3. Assume (2.12) and a constant C, such that H,(0) < Cy+/n for all n. For
any 1 <p<2,tec[0,7] and smooth function h : T — R?,

e 32 () G =5)

€Ty,

p
n4

] C|h|P
S e n

holds with some constant C = C(5,0,T, Cy,p).

Theorem 2.2 and Corollary 2.3 are proved in Section 4.

2.4 Fluctuation field

By non-equilibrium fluctuation, we mean the fluctuation field of the conserved quanti-
ties around its hydrodynamic limit. Define the empirical distribution of these fluctuations

as -G GO e

fort € [0,7], n > 1 and smooth function h : T — R2. Notice that the conserved quantities
are centred with solutions of (2.9) instead of (2.10). Observe that as n — oo,

[P (t-) = p(& )+ [len(t, <) = e(t, )| = O(om).

Therefore, (p,,t,) and (p,t) are indistinguishable in (2.13) only if \/no,, = o(1). This is
not necessarily satisfied in our setting, see (2.12) and (2.14) later.

By duality, (2.13) defines a process {Y;" € H_x(T);t € [0,T]} for k > 1/2. The major
goal of this article is to derive the macroscopic equation of Y;*. Suppose that there is
a random variable Y; € H_j, such that Y;* converges weakly to Y, as n — oco. In the
following theorem, we prove that Y.” converges weakly to the solution of the a linear
p-system with homogeneous sound speed under some additional assumptions.

Theorem 2.4. Assume (2.12) and some ¢ > 0, such that

limsup o2 K2~ %*n"t < 0o, sup H,(0) < oo, (2.14)

n—oo
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where K,, is the sequence appeared in Theorem 2.2 before. For every T > 0, {(Y;")o<t<T;
n > 1} converges in law to the unique solution of

0 1

QY (t) = [1 .

} .Y (1), Y(0) =Yy, (2.15)

with respect to the topology of C([0,T]; H_x) for k > 9/2.

Remark 2.5. The additional assumptions in (2.14) are necessary only for the proof of
tightness, see Section 7. For the convergence of finite-dimensional laws of Y;” proved in
Section 6, it is sufficient to assume that H,(0) = o(y/n) and (2.12).

Remark 2.6. In the particular case that o, = n7™%, v, = nb with @ > 0, b > 0, the
conditions (2.12) and (2.14) are equivalent to

o> 1 ve (@ @)n [o3).

where fi(a) are respectively given by

_7—28a
-3

_2a+1

and fi(a) = 3

f~(a)

Hence, if 0,, decays strictly faster than n~'/5, then the result in Theorem 2.4 holds with
some properly chosen sequence ~,,.

The proof of Theorem 2.4 is divided into two parts. In Section 6 we show the
convergence of finite-dimensional distribution, based on the Boltzmann-Gibbs principle
proved in Section 5. In Section 7 we show the tightness of the laws of Y. The weak
convergence in Theorem 2.4 then follows from the uniqueness of the solution of (2.15).

3 The main lemma

Fix some C'-smooth function 7 = 7(-) on T. For each n > 1, define a product measure
i, (dependent on 7(-), o,) on R™ by

fin (dr) = H T g, (dri), T'=T (;) .
i€T,,

Note that p, is the (rq, ..., r,)-marginal distribution of a local Gibbs measure. To simplify
the notations, let { - ), , denote the integral with respect to 7, ,. Define

n d
; (ri) = VT:(Ti) - <V7/L>T,Z",<Tn - %<VY:>7'71(T);0'7L .

=Valri) =7 = 7, () (ri — 7)),

et (3.1)

where 7 = 7,(7") and 7,, T, are functions given by (2.4), (2.7). In this section, we
prove an estimate for the space variance associated to ®7'.

For a probability measure x on R™ and a density function f with respect to u, define
the Dirichlet form associated to S, , by

1 2
D(fin) =5 3 [ i
€T,
For g € C*(T), define the random local functional

Wale) = 3 atet. ot =a (L) 62)

€T,
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Lemma 3.1. For any 0 > 0 and density function f with respect to u,, there exists a
random functional W, s(g) (depending on 7(-) and f), such that

where W, (g) is defined through (3.1) and (3.2) above, and
1
/f!Wn,g(g)|d,un < C(1+4 M,) [H(f;un) + (1 + (5) nn} , (3.4)

where C' is a constant dependent on 3, |7|r and |7'|y, and

6 _1 4
My = ol + v, o = mae (o Pt o)

In particular, if the second limit in (2.12) is satisfied, then k,, = o(y/n).
To prove Lemma 3.1, we make use of the sub-Gaussian property of the local func-
tion ®7'. A real-valued random variable X is sub-Gaussian of order C' > 0, if

2
log E[e*X] < CTS Vs € R. (3.5)

Recall that V,, = r%/2 + 0,U with U” bounded. We have the following lemma.

Lemma 3.2. Foralln > 1,i € Ty, U'(r;) — (U')7» -, and r; — 1}’ are sub-Gaussian of a
uniform order dependent only on [ and |7|r.

The proof of the sub-Gaussian property is direct and is postponed to the end of
this section. Some general properties of sub-Gaussian variables used hereafter are
summarized in Appendix E. Now we state the proof of Lemma 3.1.

Proof of Lemma 3.1. Pick some ¢ = {(n) < n which grows with n. Let

1
Gu=07 =5 9y E,, Z o7,

—1
> risj
=0

For each ¢ € T, denote by };, the adjoint of }; with respect to the inhomogeneous
measure p,. It is easy to see that for smooth F,

VinF = B(Valriga) = Va(ri) — 74y +7") F = ViF. (3.6)
Let ¢}, = wﬁe(ri, ..., Ti+¢—1) solve the Poisson equation

-2

Z y;+j’nyi+jz/}7?£ = q’:’t(a i, Z - Z (I)z+j 'TLL,E (37)

§=0

By Proposition 9.1, 47, € CL(R"). Define the auxiliary functionals

Wi(9) = D gl®. WiH(9) = > g
€T, i€Ty,
200 - 1) 2
5 _
Wfse)(g) = T Z 2 Z yz+]¢z£ )
Yn ieT, =0

foreachn >1,¢and: e T,,.
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Our first step is to observe that for any § > 0,

/1 [vmg) W) = W) = 5Wo) | do

/Z g; Z lerjsz ler] d/‘n_*/fVVSL2 )diin,

€Ty,

S 571’}% /f Z Z yz-‘r]f dﬂn = 5”'7n (\f ﬂn) .

€Ty j=0

Hence, the strategy is to bound the integrals of the auxiliary functionals by relative
entropy together with terms of ¢ and n, and then optimize the order of 4.
For the first functional W( ) note that ®} = 0,,¢!', where

n,l’

1 A / d !
&7 (ry) =U'(r;) — (U >‘r;"’0n - %<U >‘rn(r 7):0n (7‘ - )

n __ pen ! ny _
:U/(Ti)*/ri T 77'”(7'1) 1(74177,;7,)

On On

In view of (2.5), there is a constant Cﬁ,\rlw such that

! n 71
Tn(zl)‘ < CB7|7'|’11" vn>1,1€T,.

As {¢7;i € T, } is an independent family, by the entropy inequality (D.5),

/f|WT(fe)|dun < ( (fpm) + ) log/ aonlgie®?l dy,, )

€Ty,

for any o > 0. By Lemma 3.2 and direct computation, ¢} is sub-Gaussian of a uniform
order ¢ = ¢g |,|,. Choosing o, ¢ = (20,|g}",|)~" and applying Lemma E.2,

[ W, < alz lH(f;un) + > (log3+7)

€Ty,

As |gy| < Clg'|rfn~" with some universal constant C, therefore,

[ w8 < AL 115 ) + Con)

<Clg |”JI‘( (f; k) + Caopl).

(3.8)

The second functional Wﬁ? is the variance of a canonical ensemble. Indeed, 7, =

an¢§f£, where (bﬁg is the conditional expectation on the box (r;,...,71¢—1):

Z% Z%

The definition of ¢ suggests that this term can be estimated by the theory of equivalence
of ensembles presented in Section 8. First notice that {¢},,i € T, } is an (-independent
class. With (D.5) we obtain that for any o > 0,

1 n n
/f!Wr(zzé)’dlin < 5 < (fs bn) Z log/ alonlg; ‘b”"du >
ZET

EJP 25 (2020), paper 84. http://www.imstat.org/ejp/
Page 11/40


https://doi.org/10.1214/20-EJP488
http://www.imstat.org/ejp/

Hyperbolic non-equilibrium fluctuations

Since ¢}, is sub-Gaussian of order ¢, in view of Lemma E.2,

[

Hence, Proposition 8.3 yields that if ¢ < O(n?/3),

c

< 1+S€75 <e, V|s| <A=Ac).
-5

/es\w?;eldﬂn <Oy, V|s| <A =Ae),

with some universal constant C;. Choosing «,, = A'(|g|ro,) 72,

7

[ W, < = (H(f o) + CE) < Colgl <H(f;un) ¥ Clj””) 69

For the third functional WTE 2 , recall the Poisson equation (3.6)-(3.7). Using the ct
estimate of the Poisson equation in Proposition 9.1,

-2

~

-2
(yH‘JwM) SCBZALS];[I) Z yH-J )
7=0

I\
=)

J

where the supremum is taken over all (r;,7;11,...,7i1¢—1) € RY. From the definition of
iy, with b = 7, (1) = 73, (7 (77")),

Vig; ¥ (Vi (rigj—1) = Vi (rig) = b1 + 074 5)

(UnUN(THj—l) — 0, U" (rigj) — biyj1+ b?-s-j)-

\
SR s -

In view of the condition |U”(r)| < 1 and (2.5),

Co, 1
|Vig; U7 < Z (1 + ) ,

n

with some constant C dependent on |7/|r. Therefore,

— 2 4

Tn €T, Tn

Combining (3.8)-(3.10), we obtain that if ¢ < O(n?/3),

1
Wil + W) + )|,

opn o2t
< CQU+ I +1912) (H(fi )+ ont + 227 4 )

holds with some constant C' = C(3, |7|r, |7’|r). The optimal choice of ¢ is

1
5

¢(n) = min {(J,;lfynn) 5, n%} .

Indeed, if o, 17, > n*/?, we take ¢ = \/n, and

2 p4
ol + 28 9t _ 2+n—0—" onV/n < opV/n.
¢ o o Tn
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On the other hand, if o, ', < n?/2, we take ¢ = (¢, '~,n)'/%, and

onn o2t 1 _2 2 1
Un£+ +7_O-n'7nd On° 'Yrbn °+1+5

¢ 0Yn

In consequence, (3.3), (3.4) are in force by defining
1
2
Woslg) = W,id(9) + W, (9) + W5 (a).

with ¢ = ¢(n) chosen above. O

Before proceeding to the proof of Lemma 3.2, we discuss the anharmonic case
briefly. If ,, = 0 and ~,, = o(n), similar argument yields the estimate with x,, replaced
by k!, = n3/5%. Apparently, it is insufficient for deriving the macroscopic fluctuation,
which demands at least ], = o(y/n). By computing explicitly under Gaussian canonical
measure, the upper bounds presented for the first and second auxiliary functionals in
the proof of Lemma 3.1 turn out to be sharp. Meanwhile, (3.10) should be improvable.
Indeed, by using (D.5), the left-hand side of (3.10) is bounded from above with

2 £—2
f ,Un Z log/exp{ Z y7+ﬂ/1 }dﬂm

ze’]l“ 7=0

Therefore, we guess that a nice upper bound of the exponential moment term above
could help us take the advantage of the entropy and improve (3.10).
Lemma 3.2 is a special case of the next result.

Lemma 3.3. Let V € C(R) satisfy c_r?> < 2V (r) < c,r? with two positive constants c..
Fort € R, let 7w, be a probability measure on R given by

T, = e VTG G(r) = log/ eV gy,
R
If F is a measurable function on R such that |F(r)| < c|r| with constant ¢, then F — E,._[F]

is sub-Gaussian of order C' = C(1, ¢, cy) under w,. Furthermore, C' is uniformly bounded
for all the coefficients in any compact intervals.

Proof. Notice that for all 7 € R,

2 /9 2
eG(T)z/eXp{—c+r +T7“}:7rexp{T}.
R 2 QC+ 2C+

For any ¢ such that 0 < ¢ < c_/(2¢?),

_ = 2tc*)r?
By, [exp(tF?)] < ¢ 60 / exp{_wﬂr} .
R
1
C+

d
2
Cy T 1
D - .
= e eXp{ 2 (c_2tc2 )}

Denote F,. = F — E,_[F]. By convexity, for all ¢t > 0,
Er, [exp(tF2)] < exp (2tEZ [F])Eyx, [exp(2tF?)] < E, [exp(4tF?)].

Therefore, we obtain that
2¢c 72 /2 1
2 2 +
En, [eXp(m 2 b )} En. [eXp (4 2t )} c_eXp{z <c_ - c+>}
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Using the ¢s-condition (see Lemma E.1), we can conclude that F, is a sub-Gaussian
random variable of the order given by

64ccy T2 (2 1
C(r, e c2) = (-2t
(1y¢,c4) =z exp{ 5 (c_ c+>}

The lemma then follows directly. O

4 Entropy estimate

In this section we prove Theorem 2.2 and Corollary 2.3. They are direct results of
Lemma 3.1 and the relative entropy inequality established in [30].

Proof of Theorem 2.2. Recall that (p?,t?") = (pn,tn)(t,3/n) and 77 = 7, (7). We start
from Yau’s entropy inequality stated in Appendix C:

H,(6) < <2070 D (\/Fomi ) + B / Fondl e n + Cy, (4.1)
where C' = Cj3,, 7. The remainder J{* can be expressed by
JI=Wy(hn) + Ef, by = 0pen(t, ), (4.2)
where the functional W,, is defined through (3.2), and

n __ n plfp? no__ _ Pn 1 T?JrliT?
Bi=2 e (Vé(n) —T?)’ o =0 <tn> (tn) +”(p? —p?_1>' 3

i€T,
For the integral of Ef*, (D.5) yields that
. _pn
/ft,nEtnth,n <Hu(t)+ ) 10g/eXp {6? : (V,zz;) E”Tn) } djti,n-
i€T,, n\'t 7

Notice that under p; ., p; —p? is a Gaussian variable, while due to Lemma 3.2, V,, (r;) — 77
is sub-Gaussian of order C' = Cg 7, so that

C/
[ e < Hatt)+€ Y JP < Hot) + <22 (4.9)
i€Ty "
For W, (hy), denote by u;, the marginal distribution of y;, on positions (rq,...,7,),

and by f/,, the density of (ry,...,7,)(t) with respect to y; . Applying Lemma 3.1 with
0 = 2/B, and using the relation H(f;,,; ;) < H(ft.n; pt,n) (see (D.2)),

2ny, Y
/ft,an(hn)d,ut,n < n/lf;/ D (\/E’ ,U't,n) T C(H(ft”’ 'ut’") + K")
- M%D ( i m’n) + C(Ha(t) + k).

Hence, we obtain from (4.1) that for all ¢ € [0, 7],
H:L(t) S CB,U,T (Hn(t) + HlaX{I{n,’)/n}) = CB,U,T(Hn(t) + Kn)~
Theorem 2.2 then follows from the Gronwall’s inequality. O

Corollary 2.3 is a special case of the following result.
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Corollary 4.1. Let F € C(R) satisfy that |F(r)| < c|r|. For all p € [1,2), there is a
constant C = C(8,v,T, ¢, p), such that for all h € C(T), t € [0,T],

‘; S (;) (F(ri) — By, [F(r:))

€Ty,

P

C(L+ H (1) % |[h]|P

nz2

Ey, <

In particular; if (2.12) holds and H,,(0) < Cy+/n, then

‘i Sk <;) (F(r;) — By, [F(r:)])

€T,

"L Clnlr
<

En,

7

)
n4

with some constant C = C(3,v,T,c,p,Cy). Similar result holds for F(p;).

Proof. Denote by F; = F(r;) — E,, ,[F(r;)] for short. By (D.3),

1
IPn{ - > hrE

i€T,
In view of Lemma 3.3, {F},i € T, } is an independent family of sub-Gaussian variables of
a uniform order under y; ,. Then, with a constant C' = C3 y 1.,

2
exp{th?Fl} Sexp{cs Z(h?)Q}, Vs € R.

€T, €Ty,

—log pen{|>; RIF;| > An}’

>A} . H,(t) +log 2

Eltt,,n

2 and

Therefore, ), h}'F; is sub-Gaussian of order Cn||h

I Zh"F >Anp <2e p{ 7)\271 }
t,n i L = X - .
= 2CTRIP
From this and the estimate above, we obtain that for any A > 0,
1 C(1+ H,(t))||h]?
an{Zh?Fi>A}§ (L+ Ha(8) |11
n

. A2n
€T,
By the moment estimate in Lemma D.4, for all p € [1,2),

‘i > hpE

€T,

Pl CA+ Ha()2 R

E, <

mnz2

The second inequality in Corollary 4.1 follows directly from Theorem 2.2. The parallel
result for F(p;) can be proved in the same way. O

5 Boltzmann-Gibbs principle

In this section, we prove the proposition which is known in the literature as the
Boltzmann-Gibbs principle, firstly established for the equilibrium dynamics of zero range
jump process in [5]. It aims at determining the space-time variance of a local observation
of conserved field by its linear approximation.

Proposition 5.1. Suppose (2.12) and in additional

lim Hn(0)

RN =0. (5.1)
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Let g, = gn(t,x) be a sequence of functions on [0,T] x T, such that |g,|r and |0,g,|T are
uniformly bounded fort € [0,T] andn > 1. Forany0 <t <t <T,

3 1 tl n &
nl;rr;oPn{‘\/ﬁ/t Z g; ®i'ds

€Ty,

> A} =0, YA>D0, (5.2)

where gI' = g, (t,i/n) and @7 is given by (3.1).
We prove it along the approach in [17, Theorem 5.1].

Proof. As we can consider —g, instead of g,, it suffices to prove that

tl
nlgr;OIPn{/ Zgitﬁids>)\\/ﬁ} =0.

teT,

Recall the auxiliary functional W,, s defined in Lemma 3.1, and the expressions L},
Wy (hy) in (4.2). Define for any o > 0 and n > 1
Un.a(gn) =W, 1 ( )+£[E"+W1(h)} (5.3)
n,o gn n,5e gn 204 t n,% n)|- .
Note that the parameter « is not needed here, but would be used in Section 7. Let
P;, and P}, be the law of the dynamics generated by L, respectively with initial
distributions p; , and f; ,dpu. . By the Markov property,

dPy
H ’ ;IPt,n = Hn(ft,n;,ut,n) = Hn(t)
dIPt,n

Therefore, we can apply (D.3) to the trajectory space to get

P, {/tt (Wlg) — Un.a(9)]ds > )\\/ﬁ}

< H(t) + log 2

T —logPyn{fy ' [Walg) = Unal(g)lds > Ay/n}
Applying [16, Lemma 3.5] (see also [17, Lemma A.2]) to the reference measures
{tetsn;s € 0,8 — 1]},

log Py, {/O ) (Wi (gn) = Un,algn)]ds > A\/ﬁ}

t'—t
< —a\v/n+ / sup { —ny,D (\/?, Mt+s,n> +
0 f

/f |:a<Wn<gn) - Un,a(gn)) + ﬁJQtTBrS] thJrs,n}dSa

where the supremum runs over all the density functions f with respect to j;ys . Since
Jir = E! + W,(h,), (3.3) in Lemma 3.1 yields that

Jn
/f [a(Wn(gn) - Un,a(gn)) + b 2t+5:| dﬂt+s,n < ny, D (\/}7 Mt+s,n) .

Hence, we can conclude that for all A > 0,

log]Pt,n {/0 ) [Wn(gn) - Un,a(.gn)] ds > )‘\/ﬁ} < _a)\\/ﬁ-
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As the conditions and Theorem 2.2 assure that H,(t) = o(y/n),
Hy(t) +1og2

———F =0. 5.4

] |

E, [|Un,a(gn)|] < C<O‘ + a_l) (1 + |gn(t)|% + ‘acgn(t)h‘) (Hn(t) + Kn)'

lim P, {/t (Wal(9n) — Un.al(gn)]ds > )\\/ﬁ} < lim

For the integral of U,, o, notice that by Chebyshev’s inequality,

t/
1
]Pn / Un,a In ds > )\\/ﬁ S 7En
{ ¢ (9n) } An

By (3.4) in Lemma 3.1 and (4.4), with a constant C' = Cj3 4 1,

t/
’ / Un,a(gn)ds
t

From the conditions on g,, and Theorem 2.2,

t/
lim P, {/ Un,o(gn)ds > )\\/ﬁ}

(5.5)
T —tl(1 1 H K
< QWA () 1)y DO LK
A o« ) n—oo \/ﬁ
where Cy = sup,,>1 4¢(0,77119n ()7 + [02gn(t)|7}. By summing up (5.4) and (5.5) together
we prove the result. O

6 Convergence of finite-dimensional laws

In this section we prove that every possible weak limit point of Y¥;" in (2.13) satis-
fies (2.15). Let H : [0,7] x T — R? be a smooth function, and write H = (H;, Hz). By
It6’s formula, there is a square integrable martingale M[*(H), such that

d

V) - g0 = [ (4400 ) veenas + b,

and the quadratic variation of M*(H) is given by

(M} (H)) = n%/o L, [Y/ (H(s))]ds, Tnf=38ulf? —2fSuf. (6.1)

Recall that u,, = (p»,t,) denotes the solution to (2.9) with o = o, (pP,t?") = u,(s,9/n)
and 77 = 7,(¢1"). We also write b} = 7/ (x"). Through direct computation,

d
gysn(H) = % Z (0H — LY H) - (s — uf)

€Ty,

1 n n n
- > HP - (0} — AY)

i€T,
1 V?_1H1> (7';7 + b2 (r; — t;’))
+— : :
‘/ﬁz';r: ( Vi'Hy i

o=t (5it) ().

€T,

SulYI(H) =2""n"% Y ATHLV(ry).
ieT,
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Here V! and A? are discrete derivatives given by

vir=nlr(S0) -1 (2)]. arr=n(err-viag),

while the operator L} = L7 (s) and approximate field A} = A?(s) are

ngr | 0 Vit Hy n_ Tip1 — T4
v =g o] (S )+ a0 =n (),

With the notations above, Y;"(H(t)) is split into

Y (H() =Yg (H(0)) + 2 (H) + 2" (H) + " (H) + 7" (H) + M;*(H), (6.2)

where %}, o7, ./ and #," are given respectively by

RN (H \F/ > [aH(s ) LI'H(s )} (i — ul)ds,

€Ty,
LR L) e
S (H) = ZA”Hz (ri)ds
il
w" f/ ;P:v "V Hi(s)[ = Vi (ry) + 77 + b0 (r; — )] ds.

The finite-dimensional convergence is stated below.

Proposition 6.1. Assume (2.12) and (5.1). Define h,, = h,(t,x) be the solution to the
following adjoint equation on (t,z) € [0,T] x T:

0
Othn = Lmn)

with some fixed initial condition H € C*°(T). For any A > 0,

(ﬂ Ophn =0, hn(0,") = H, (6.3)

n—00 t€[0,T

lim IPn{ sup Y (hn(t)) — Yg'(H)| > )\} =0, VYA>0.

Proof. We investigate each term in (6.2) respectively. The martingale term M is the
easiest. From (6.1), for all ¢ € [0, 7],

E, (1M (A / Z )2ds < 2% sup [9phn(s)[2. (6.4)

i€T, N selo,t]

From Doob’s inequality,

Cmn
B, | sup (M7 (hn)[?| < 4B, [[M}(ha)]?] < =22,
t€[0,T n
which vanishes as n — oco. For the integral Z#;, by (6.3),
) C|82h,,
d.hy, (s,z) _ L?hn(s)‘ < Clozhn(s)lr
n n
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Using this estimate and Corollary 2.3, for all p € [1,2),

s 5 o o2) s )

€T,

En, (6.5)

np(1+%7%)

1<%@M@%

Taking p = 1 and with Cauchy-Schwarz inequality,

sup ’%{L(hnﬂ] < lim CTn % =0.
]

te0,T n—00

lim IE,

n—oo

For the integral /", since we assume that the quasi-linear system (2.9) has smooth
solution at least up to time 7', therefore

C
S B7U7T.
n

sup
s€[0,T]

i n
gty (s, n) —A(s)

This gives us the uniform estimate that

1 i i .
(o) o o8)

Hence, || vanishes uniformly on ¢ € [0,7] as n — co. For the integral .}, observe
that the integrand can be bounded from above by

Clhn(s)|r
Vo

< (6.6)

Z Al ha(s) (Vi (ri) — 77)

€T,

+ n’@ihng(s)"'n(tn”ﬂr'

Again, by Corollary 2.3, forall p € [1,2),

1 , P
En ||~ > Alhna(s)Vi(rs)

ieTn

< C,|02hn ()2 (n*% + 1) . (6.7)

Taking p = 1 and using Cauchy-Schwarz inequality,

lim E,,

n—oo

0.

Cyn
sup [ (hy)|| < lim =
tE[OPT] ’ ( )ﬂ n—0o0 2\/7;

Finally, we apply Proposition 5.1 to %, to get that
lim P, { sup [#"(hy)|>Ap =0, VA>0.
n—oo t€[0,T
The proof is then completed. O

7 Tightness

In this section, we prove that the laws of {Y;*;¢ € [0,T]} forms a tight sequence
in proper trajectory space. We start with two lemmas. Suppose that for n > 1 and
f e CYM), {X = X(f);t €[0,T]} is a random field on 2,,. Define

%mﬁ=AXMﬁm v € [0,7).
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By Kolmogorov-Prokhorov’s tightness criterion, to show the tightness of Z." on the
a-Holder continuous path space C“([0,T]; H_x), one need to estimate

n n 1 n n
|2 = 2|7, = mzm! 2 (om) = 2 (om)[,

with the Fourier basis ¢,, defined in Section 1. Since Corollary 2.3 and 4.1 only hold
with powers p < 2, the next result is helpful here.

Lemma 7.1. Assume some p > 1 and a > 0, such that
En[|Xt"(<pm)|p] < Clm|*?, VYmeZ, tel0,T].

Then there exists a constant C,, such that fork > a + 3/2,
n " Cplt —t|P
P, {| 2 - 2, H_k>A}§T, Vo<t<t <T.

In particular, 2" is tight in C*([0,T); H_) forao <1 —1/p.

The proof of Lemma 7.1 is direct and we postpone it to the end of this section. In
order to use Lemma 7.1, we need the following priori moment estimate.

Lemma 7.2. Assume (2.12) and (2.14) with some ¢ € R. Foralll < p < p. = (4 —
2¢)/(3 —2¢) V2 and f € C*(T),
En[[Y ()] < C(L+ [ f15+ £ + 1),

where 6 = . = (3—2¢)/(2—€) ANl and C = Cg o 1,c,p-
Note that if we apply Corollary 2.3 to the left-hand side above, the upper bound could
diverse. The additional condition (2.14) helps to avoid this.

Proof of Lemma 7.2. Fix some t € [0,7], and define f,, = f.(s,x) to be the solution of
the following backward equation on (s, z) € [0,¢] x T:

0 1

I
Apply (6.2) with H = f,, and estimate each term in the right-hand side.
For Y*(f»(0)), use (D.3) to get that for all A > 0,

H,(0) + log 2
—log po,n{|Y5 (f2(0))] > A}

By Lemma 3.3 and the independence, with some C' = Cjg_y,

P, {7 (fn(0))] > A} <

2
p0,n{ Y5 (£2(0))] > A} < 2exp {_20|;;(0)||2} :

As H,(0) is assumed to be bounded,

ClnOIP(Ha(0) +1) _ C'llf2(0)]
A2 - a7

P, {[Y5' (f2(0))] > A} <
Using Lemma D.4, for all p € [1,2),
En (Y5 (fa(0)P] < Coll fu (O] < Gyl f [3-
For M}, apply an interpolation of (6.4) with p € [1,2]:

ya
EHUMtn(fn)‘p} < (Vntnil) 2 Sl[lp] ‘axfn(s)‘% < CT7p|f/|ZJ)P'
sef0,t
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For #}, it is easy to obtain from (6.5) that, for p € [1,2),

t
E, (|7 (5] <070 [ e 102 pu(o) feds < O
0

For <7, the upper bound of p-moment follows directly from the uniform estimate in (6.6).
For .7/*, the estimate can be obtained from (6.7) similarly to %;".
The only term needs extra effort is #,". Rewrite this term as

n On ¢ T? — t? n
v (f) = ﬁ/o Z (‘U/(Tz‘) + J> i1 fds
ieT, n
b? -1 ‘ n n
+ N /0 Z (r; —e)VI_ | fds.

€T,

By (2.5),

b2 — 1| = O(oy,), so we obtain from Theorem 2.2 and Corollary 4.1 that
E, [[#7()]"] < Ca)t'oh(Ha(0) + Ko + 1)* |11,
for all ¢ € [1,2) with some C(q) = Cs,o,7(q). Thus, for all A > 0,

Ctiod(H,(0) + K + 12| f/|4
Y '

P, {|7"(f)| > A} <
In view of Lemma D.4, if 02 K,, is bounded, or equivalently € > 1,

E, [|th(f)|p} < Cpo1pt?|f |5

for all p € [1,2) and we obtain the desired estimate. On the other hand, using (5.4)
and (5.5) with o = t~1/2, we get the same probability bounded by

CVA(HA(0) + Ky +1)
Wi

Note that the expression above vanishes for large n. Therefore, in case that 0 < e < 1,
we can apply the following interpolation for 6 € (0, 1) that

P, {7 ()] > A} < L+ 1T+ 1" (s)lr)-

n Cq,gM q’g 1-0
P {0 ()] > A} < SOOIV ozt

ab _ _
09 (H,(0) + K, +1) % 0%

n 2,

where C(q,0) = Cgv,1(g,0) and

/ 1-0 _
Mp(0,0) = [F1P (1412 + 1 f10) " < (@) 1+ 122D 417 ]e).

To assure that the second line above is bounded in n, choose

1

0 =0(c,q) = TT0-o7

The estimate above becomes

P {|[#7(£)] > A} < Cle, )N (L + 115 + 1" |w) o, (7.1)
where
/= (2—¢)q "= (3 —2¢)q _ (3—¢€)q
I+(1—eqg 7 1+(0-9¢ ™ 24+2(1—¢q’
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The dependence on ¢ is not important here. Notice that 1 < ¢’ <2 forq € [1,2) and € < 1,
thus we get from Lemma D.4 that for all p € [1,¢’),

B, (|77 ()] < Coor(p )1+ |F12 + £/,

where 6 = ¢./q¢' = (3 —2¢)/(2 — ¢) is independent of ¢. Since ¢ can be taken arbitrarily
close to 2, the inequality above holds for all 1 < p < p.. Finally, the lemma is proved by
collecting all the moment estimate together. O

With these lemmas, we can prove the tightness of Y. stated below.

Proposition 7.3. Assume (2.12) and (2.14) with some e > 0. The laws of {Y;";t € [0,T]}
is tight with respect to the topology of C([0,T]; H_x) fork > 9/2.

Proof. We need to investigate the tightness for each term in (6.2). Similar with (6.4), it
is easy to observe that M} is tight on C([0, T]; H_x) for k > 3/2:

. %It d |01, 17
B, (107 — M%) < D Ty 0
mGZ

The computations for Z", &/" and .#" are also direct. For Z;', note that

t
A ow) = = [ V2 (LT
From Lemma 7.2, for 1 < p < p,,
E[lY (L} em)|P] < Clm|*P.

By Lemma 7.1, %" is tight on C*([0,T]; H_y) for k > 9/2, o < ae = 1 — 1/pe. For &7,
observe that from (6.6), for k > 1/2,

D) 2
H tﬁ_ﬂ{thQ—k < C‘t | Z ( “thr Y

n 14+ m?2)k
meZ + )

Therefore, it is tight in C*([0, T]; H_x(T)) for k > 1/2. For .#}*, notice that ¢!, = Cm?p,,.
Substituting this into (6.7), we obtain that

P
< Clm|*, VpelL,2).

1
=3 AR V(g
‘n i em V(i)

€Ty,

By Lemma 7.1, it is tight on C*([0,T]; H_x(T)) for k > 7/2, a < 1/2.
We are left with #,". In order to prove its tightness, we need to track the power of ¢
in (7.1). Repeat the computation, we obtain that for 1 < p < p,,

B, [[#2(F) = 7 (DP] < C(L+ |FLP + | )¢ — to=r/Pe.

As e >0, g > 1 when 2/(1 4 €) < g < 2. Therefore, there exists some p > 1, smaller
than but close to p., such that

E, [|[#0(f) = #7(H|F] < CA+IF1F + 1)t — 7,

where p’ > 1. Applying the estimate to f = ¢,, and noticing that § < 3/2, by Lemma 7.1
we know that #;" is tight in C*([0,T], H_j) for « <1 —1/p and k > 9/2. In conclusion,
the laws of Y" is tight with respect to the topology of C ([0, T|; H_) with k& > 9/2. O
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Proof of Lemma 7.1. Foranyt, t' € [0,T],
En (| 23 (om) — 27" (om)|"] < CIt' = t[P|m|"".
For any ¢ > 0, with C(e) = 32, ., (1 +m?)~2 7,

P {12 — 2|, > 2}

n A L(k—1—¢
< ZIPn |‘%ft?(@m)_£ft (‘Pm)’ > (1+m2)2(k 27
meZ C(G)
C(p,e€ _P(p_1_, a
34g220+w>ﬂw Ol — )P |m| .

meZ

Hence, for any k > a + 3/2, the probability is bounded from above by

C'(p,e)t' —tP Z 1
AP (14 m2)s0-9"

meZ

By fixing some € such that p(1 — €) > 1, we obtain the desired estimate. For the tightness,
only note that by Lemma D.4,

By (23— 27°,] < Coalt’ — 17, Vo (1,p),

and invoke Kolmogorov-Prokhorov’s tightness criterion. O

8 Equivalence of ensembles

In this section we prove the equivalence of ensembles for inhomogeneous canonical
measure, which is used in Section 3. Our main result, Proposition 8.3, is valid not only
for the weakly anharmonic case, but also for the general anharmonic case.

Recall that for 7 € R, o € [0, 1), we have the probability measure

2
Tr0(dr) = exp {ﬁ; — paU(r) + Brr — BGU(T)} dr.

For simplicity, we fix § = 1 in this section, but the arguments apply to any fixed g
naturally. For 7 = (1,...,7,), define uz, as the product measure ®’_; 7., ,(dr;) on R".
For bounded continuous function F on R", define

n

1
(Flu)zo = By, [F|T(n) - u}, Fn) = n er'
j=1
The conditioned probability distribution ( - |u)z , is called the micro canonical ensemble,
while ur , is called the canonical ensemble.
First of all, we present a basic property of the micro canonical ensemble, which
would be frequently used hereafter in this section. Note that as U is smooth, we can

define the regular conditional expectation (F|u)z , point-wisely for all u € R.
Proposition 8.1. Forallue R, 7€ R" and 7 € R,

<F|u>‘?,0 = <F|u>‘?7'r,az (8.1)
where 7 — 7 2 (11 — 7,...,T, — T). Moreover, there is V = i/(u; 7, o), such that
B rml=u (- |u)se = (- |u)z0- (8.2)

In particular whenn = 1, v(u; 7,0) = T, (u).
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Proof. By direct computation, for F' = F(ry,...,r;) and n > k,

n 1 nu — kr
<F|’U,>7-:70. = ( )f?*,a' ( n_ k(k)) 7"1, A H Tn,j dT] (8.3)

n—=Fk Jge fro(u

where [z, denotes the density of r(,) under pz, and 7 = (7x41,...,7,). Observe that
for bounded continuous function 2 on R and 7 € R,

E,., [h ) r(n) / Z rj | exp ZTJT'] —oU(r;) — Go(15) p dr

=expq > Go(rj—7) = Go(1)) ¢ Bur, [ horg,).

Since h is arbitrary,
fro(w) =exp{ nru+ Y Golrj = 7) = Go(r)) ¢ frro(u). (8.4)
Jj=1

The relation (8.1) then follows from (8.3) and (8.4). In order to define 7 that fulfils (8.2),
observe that as G, is strictly convex, there is a unique 7 € R such that

1 n
Bus—rolrom] = Z =u.

It suffices to define V(u;7,0) =7 — 7. O

Recall the functions F,, 7, and 7, defined in (2.3)-(2.4). For each pair of (7,7) € R?,
the rate function I, (7, ) is defined as

I,(t,7) = Go(T) + Fo(r) — r7

, (8.5)
= GU(T) - GU(TG(T)) - GG’(TU(T))(T - TU(T))'
Taking advantage of (8.2) and (8.4), we can rewrite the density as
fro(u) =exp ZI Tj, To VJ fro(w), Yu€eR, (8.6)

where v = (11, ...,v,) = P(u; T, 0) is defined through (8.2).

The classical equivalence of ensembles (cf. [18, Appendix 2]) can be extended to the
case that canonical measure is inhomogeneous. In order to cover the weakly anharmonic
setting in Section 2, for each n > 1, pick 0, € [0,1), T = (Th,1,--.,Tnn) € R™ and fix
them. For sake of readability, in the following we write

Tng = Try jons Hn = U7, 0,5 E, =E,,, (- luyn = (- |u>'?'n,0n~

Also denote that

Up = EVL[T(n)]a Un,2 = \/ETL [(T(n) - un)Q] .
We have the following result (cf. [18, Corollary A2.1.4, pp. 353]).
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Proposition 8.2. Assume some ¢ > 0 and K > 0, such that
sup{o,;n > 1} <1—¢, sup{|m  l;n>1,1<j<n}<K. (8.7)

For any F = F(r1,...,r;) such that E,[F?] < co, we have

[(Flun)e — B[] < <5\ /B[(F — B[F]P),

with some constant C' = C¢ i for eachn > k.

Proof. In view of (8.3), the key point is to understand the asymptotic behaviour of the
density of r(,,). To this end, we first check the conditions of the local central limit theorem
in Appendix F. Similarly to Appendix A, for 0 < ¢ < 4, the /-derivative of GG, satisfies that

|G((f)(7') - G(()é)(T)| < Cyo, Voe|0,1—c¢), 7€[-K,K],
with a uniform constant C; = Ci (¢, K). Let ., be the characteristic function

Brol6) = [ xp{iE(r = Bn,, 1)} ldr).
R
By the integration by parts formula,
i€Pr0(§) = /RQXP {i€(r — Ex, ,[r]) }(r + oU'(r) = 7)mr0 (dr).

It is not hard to obtain with some Cy = Cs (e, K) that

‘¢T7U(§)| S(72(1—’_|§|)_1> VUE [071_6)7 TE [_KaK]

Moreover, using the inequality |e* — 1| < el®l|z|, for 0 < ¢ < 4,

[0 (6) — @) (€)| < Cso, Vo e[0,1—¢), 7€ [-K, K],

T,0

with some C3 = C5(¢, K). By the arguments above, the conditions (i), (ii), (iii) in
Appendix F are fulfilled by 7y, uniformly for 0 < 1 — €. Hence, (8.7) assures that
Lemma F.1 is applicable to p,, even when the reference measure 7 ,, is changing
with n.

Fix some k£ > 1 and a function F' = F(ry,...,7;). Denote by f, the density of r(,
under ,,. According to Lemma F.1, with a bounded sequence C,, o,

1 1 Cho 1
Jatn = o (1+52) 40 (3).

*

Similarly, denote by f; the density of r(,_;) under pz o, T = (Tnk+1,---Tnn), then
there are bounded sequences C}, ;, Cy, |, such that

1 e <nun — k‘r(k))
vn—k"" n—k

2 *
1 Yk Crot+Cn1ym 1
_ —_— ]_ Ak o S o Sl Sh —_
. 27Texp{ 2(n—k:)}< + e +o o)

—k k
15 rj — Ep[r;)
* _ 1" _ J nitJ
un,2 - - § Gan (Tn,j-i-k)y y(l@) - E : * .
n < : Uy, o
j=1 j=1 n,

where
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Therefore, the density in (8.3) satisfies the estimate

n 1 - nun—kr(k)
n*kfn(un) " n—k
e [ )] o ()
< ———— |1+ —(1+ + +ol|— |,
< ui;g\/m{ n( Y(k) y(k)) n

where C' = C g is a uniform constant. Furthermore,

Uy 24/ G (T, o+ G (Th k 1
u;,gj% =y GU(T(Mi)++ 5 .++ GU( (T:,i) =1t %n o (n> ‘
Therefore, with some constant C’ = é K
_ '
- = - fn(zn)f; <nu2 _kkr(k)> - 1‘ < %(k: Y +yky) T o (i) .
Proposition 8.2 then follows from (8.3) and Schwarz inequality. O
Proposition 8.2 is valid only for cylinder functions F' = F(rq,...,7). In Section 3, it

is required to control the exponential moment of the micro canonical expectation of a
particular extensive observation. Next, we give the corresponding result.
Recall that 7,,(7) = 7o, (1), T (r) = 7o, (r). Given F': R — R, let

d

Fug(r) = F(r) = Ex [F] = 2 e, [F)

(7' - 'Fn(’rn,j))a

=7 (Tn,j)

forj=1,...,n, and define F = >"_, F, ;(r)).
Proposition 8.3. Assume (8.7), and a constant M such that

70— Tnji1l < Mn~2, ¥n>1,1<j<n. (8.8)

Suppose that for each n, T — f Fdn, ., is twice continuously differentiable, and there is
some constant A > 0, such that for all (n, j),

En[exp(5|]:n,j|)] <e, v|5| <A
Then, we can find A; < oo and Ay > 0, such that for alln > 1,
En[exp(s|(}'| . >n|)] < Ay, V|s| < As.

Remark 8.4. Proposition 8.3 is stated for function F' on R, but the parallel result for F'
on R” for each k > 1 can be proved without additional efforts. Furthermore, the Euler’s
constant e in the condition is not sensible.

Proof of Proposition 8.3. Fix an F fulfilling the conditions. Recall that u,, = E,[r(,)], and
let A, 5 = {r € R";r¢,) € (un — d,u, +0)} for 6 > 0. Note that

E, [€S|<}'Iu>nq =E, [65‘<f‘“>"|1A;15] + E, [eCHf\u)nllAM]_

We estimate the two terms respectively.
For the integral on Af% s, recall the rate function I, in (8.5). As G, is strictly convex
and 7, ;, 0, are bounded, for ¢ sufficiently small we have that

I (Tnjyr) > C8% Y|r — Fn(7n )| > 0, (8.9)
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with some C' = C(¢). By (8.6), (8.9) and Lemma F.1, for § small but fixed,

logn
2

Hence, by Holder’s inequality, for p, ¢ > 1 such that 1/p+1/¢ =1,
1
En [€S|<}—|u>"‘1A; (J S (,un{|7"(n) - un| 2 6});7 (En [65q|<]:|u>"|:|)

2,
Sexp{—]wcS 1Ogn}l_[E Sq‘f’”
Jj=1

fn(u) <exp {—M52TL—|— } , Vu—u,| > 0.

Q=

b

Choose some p < M2 + 1, we have that for any |s| < ¢~ A that

2
Mé*n +logn}_)0'

n
P q 2p
To deal with the integral on A,, 5, divide (F,, ;(r;)|u), into two parts:
Knj = (F(rj)lu)n — Ex, . [F]
d

%Eﬂ-rn(r),an [ ]

n,jon

((rlu)n = 7n(vnj));

T=Tn (Tn,j)

K;LJ =Er, . |Fl—E. . [F]

n,3’ Tn,j»

d
%Eﬂ}n("‘)r”n [ ]

(F”(V”’j) —Tn (Tn,j)> ,

where (V. 1,...Vnn) = Up, = P(u; T, 0y, is the vector defined through (8.2). The definition
of 1, together with Proposition 8.2 yields that

Gl =B (7140 (%)l = ralg) +0 (1)),

uniformly in A, 5. Therefore, >, |K, ;| is uniformly bounded. Meanwahile,

r=7pn(Tn,j)

1 2 _ ~ 2
<= 5, Sup (Tn(Vn,j) - Tn(Tn’j)) :
[u—uy|<d

5, e Ereen [P

T=7n(Tn,j)

Hence, it suffices to prove that

n
2
n €Xp 4§ $ § Tn Vn,7 (Tn 7)) < Ala V|5| < A27
j=1

with some A; < oo and A, > 0. To this end, note that

(Fn(yn,j) - fn(Tn,j))Q < 3(7"(n) - Un)2 + 3(un — Fn(Tn,j))Q + 3(77n(1/n7j) - T(n))2-

We estimate the three terms in the right-hand side respectively. For the first term, it is
easy to see from central limit theorem that, for |s| < u,2/2,

lim E,[exp {cn(rqm) — En[r(n)])Q}] = 2“" 2dr < 00

n—00 ’ung\/ﬁ/

For the second term, taking advantage of (8.8), we obtain that

n n n
2
2 (un = ()" =D Z n(Tnj0) = w(Tn,5)
j=1 = -
_ 2
< 72 Tn Tan TTL(Tn,j)) < 0(1)
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For the third term, observe that by the definition of 7/,,,

1 _
ﬁ g 7“n(Vn,j) =Tm)y, Vngj’ —Vngj=Tng" — Tnys
Jj=1
so, it can be estimated similarly to the second term. O

9 Gradient estimate for the Poisson equation

In this section, we present a gradient-type estimate for the solution to the Poisson
equation (3.7), which is used in the proof of Lemma 3.1.

We work under the following case with general anharmonic potential function. Let V'
be a given C2-smooth, uniformly convex function:

V' (z) >e¢>0, VreR.

With a given vector a = (a4, ...,a,), define U : R* — R by

U(x):zn:V(xj)—aq(, vx € R™.

j=1
Then, D;U = V'(zj41) — V'(x;) — aj4+1 + a;j, where the operator D; is

0 0
D = -, VYj=1,...,n—1.
8:cj+1 ax]-

Forz e R, let ¥, = {x € R";21 + ...+ x, = 2} be the (n — 1)-dimensional hyperplane.
Suppose a differentiable function ¥ to satisfy the following conditions:

n—1
sup Z |D;¥| < oo, / e U®w(x) =0,
R" “ o

J=1 1

for all z € X,. Consider the following partial differential equation:

n—1
—e"> " Dj(eVDjy) = 0.

Jj=1

Note that the Poisson equation (3.7) discussed in the proof of Lemma 3.1 can be obtained
by taking n = ¢, V = gV,, and a = B(7i,...,Tiye—1). A sharp gradient-type estimate for
the solution ¢ is obtained in [29, Theorem 1.1]. By investigating the constant in their
estimate, we get the following result.

Proposition 9.1. There is a constant C' dependent on ¢ = inf V", such that

|D¢(x)|2 <Cn* S]II{IE) |D\I'|27 Vx € R",

where D = (Dy,...,Dy_1).

Proof. Rewrite the equation with the new coordinates:

J n
yj:foi, Vi=1,...,n—1, y*:—ij.
i=1 j=1
Notice that for 1 < j <n —1, D; = 9,,. The new equation is
va(Y§y*) : vy"/} - Ayw = ‘I’(Y; y*),
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where y, is viewed as a parameter, y = (y1,...,¥Yn—1), and

Yy ) = 9(x), Y(y;y) = ¥(x),

n—2 n—1
U=V(-y)+ Z V(y; = yj+1) + V(yn—1 —y) + Z(aj —aj41)y;j.
Jj=1 j=1

Denote by A\, = Amin(H,,) the smallest eigenvalue of

b1 + bo —bo 0 - 0
—bo by + b3 —bs e 0
H,, = hessy ﬁ(,y*) = 0 —bs bs+bs ... 0 , (9.1)
0 0 0 e bp_1+0b,

where we write b; = V”(:cj) for1 < j < n. As each b; > 0, it is easy to observe that
An > 0. Applying [29, Theorem 1.1] for each fixed y.,,

’Vyi(y; Ys)

< A, tsup ’Vy\fl(y;y*)
Yy

. Y(y,y) €R™
In Lemma 9.2, we show that \,, > Cn~2 with some constant C = C(c). By returning to

the original variables x, we get the desired estimate. O

The proof of Proposition 9.1 is completed by the following lower bound of \,,.
Lemma 9.2. In (9.1), suppose that b; > ¢ > 0 for all j, then

6c

Proof. Let I,, be the n x n identity matrix, and define Q;(\) = —b; !,
Tl
Qn(N) = (—=1)"det (M,—1 — Hy,) [ | o Yn>2. (9.3)
g=1"

Notice that Q2(0) = —(b;* + b5 '), and

Qn(o) - Qn—l(()) _ bn—l
Qn—l(o) - Qn—Q(O) bn ’

By a simple inductive argument, we obtain that

Vn > 3.

Similarly, we have Q) (0) = 0, Q5(0) = (b1b2)~!, and

bn (Q(0) = Q7 -1(0)) = bu—1(@1,-1(0) — @}, _5(0)) = —Qn—1(0) > 0, ¥n >3.

By using this relation recurrently, we have the expression

n 1 j' =1 n—1 3’ 1 n 1
QO == > Q0)=> S
j=2"7 j=1 =1 \y=1 7 ) \j=i'+1"7
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Observing that foreach 1 < j' <n -1,

v

J n

.7L ln 1
TN | PO o R

J=1 j=j'+1 7

Therefore, with the condition b; > ¢ > 0 for each j, we get

7’ 1 n 1 .
2|\ 25|

j=3'+1 7 j=3'+1 7 =171

IN
—
<
\_>

[\
()=
| =

+
—

3
3|
Nl
\_>
n
]~
u@"—‘

Summing up the estimate above for j' =1ton —1,

0<Q( Z] Zb "H Zbl (9.4)

Note that all the roots of @),, are real and positive, so Ay, is the first root to the right of
the origin. With this observation, (9.3) and (9.4) assure that

Qn(0) bc
Amin (Hp) > _Q%(O) z (n—1D(n+1)

The lower bound for \,,;, then follows. O

A Equilibrium tension

Recall the probability measure 7, , defined in (2.2), and the normalization constant
Z(7) appeared in it. Note that for § > 0 and 0 =0,

Zo(T) = \/?GXP{B;Q}, vr € R.

Denote by ( - ), the integral with respect to 7, ,. For any ¢ > 0 and ¢ € [0,1 — €], with
the elementary inequality |e® — 1 — z| < e/*l22/2 we can get that

|ZU(T) — ZO(T)(l — 0’5<U>7—7())‘ < Co?,

|B_1ZQ(T) — Zo(T) (7’ — 06(7‘U>T70)’ < Co?,

871 2(7) = Zo(7)(B7* +1 = 08*(r*U)70) | < Co?,

|[3*QZ(’,”(T) — Zo(7) (BT + 37 — 0B (rU), 0)| < Co?,
with some constant C = Cj ;.. Furthermore, the constant C' can be taken uniformly for
7 in any compact intervals in R.

Recall the functions 7, and 7, defined through (2.3)-(2.4). From the definition and
the estimate above, we obtain that as ¢ — 07,

Fo(T)=T7— 06<(r — T)U>T,O +o0g,-(0),
Pr) = 1= 0B {[(r — 7 — 57U) + 05.-(0),
mi(r) = —0,83<[(r —7)3 =387 r - T)]U>T’0 +0s,+(0),
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uniformly for 7 in any compact interval. As the macroscopic tension function 7, is the
inverse of 7,, we can conclude the following asymptotic behaviours

To(r) =7+ Co(B,7)0 + 05,+(0),
T,(r) =1+ Ci(B,7)0 + 0p.,(0),
Tg(”l‘) = CQ(ﬁa T)O— + Oﬁ,r(g)v

holds uniformly for r in any compact intervals in R. Moreover, the constants Cy, C; and
(5 are continuously dependent on 3 and r.
B Quasi-linear p-system

In this appendix we present a lower bound for the life span of the classical solution
of a quasi-linear p-system with smooth initial data. The result is necessary for the proof
of Proposition 2.1.

Suppose that f is a positive function in C*(R). Consider the following partial differ-
ential equations fort > 0 and x € T:

Op(t,x) = f(r)Oer(t, ), Opr(t,x) = Oup(t, x), (B.1)
with some given smooth initial data
p(0,-) = po € CH(T), 7(0,-) =1y € CHT).

Note that by taking f = 7/, (B.1) coincides the hydrodynamic equation (2.9) for anhar-
monic potential. It is well-known that if f # const, (B.1) would produce shocks in finite
time. Recall that | - |7 represents the uniform norm on T, and define

K = |po|t + |ro|T Sup{\/f(r); Ir| < \7‘0|T}-

The next lemma is a special case of the classical result in [20].

Lemma B.1. Smooth solution of (B.1) exists ont € [0,T] for any
. -1
T < T, = 4|phv/Fro) + 1 (ro)|_ (ﬂ“p ‘f‘z(r)f’(r)D .
r|<K

Remark B.2. For the readers not familiar to the hyperbolic systems, it is worth mention-
ing that the bound we obtained above is not as sharp as the case of scalar equation, for
instance the inviscid Burger’s equation.

Proof. We briefly state the proof. Define an antiderivative of /f:

F(s) = / v f(r)dr, VseR.
0
The equation can be rewritten in Riemann invariants as
Ou = AMu,v)0,u, v = —Au,v)0;v, (u,v)(0,-) = (ug,vo),

where u =p+ F(r), v=p— F(r) and A(u,v) = /f(r).
Consider the characteristic lines (¢, 24 ¢), given by the ODEs
det

= A (u(t, z¢),v(t, 20)), zo=xz€T.
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Within the life span of the smooth solution, « is constant along (¢,z ), thus

sup |u(t, )| < sup |ug(z)| < K. (B.2)
zeT zeT

Similarly, we have a priori bound for v(¢, z).
Suppose that the smooth solution of (B.1) exists on time interval [0, T] for some T > 0.
Taking spatial derivative on the equation of w,

Otath — Appth = Oy N(0pu)? 4+ Oy NOpudyv, t € [0,T].

In order to investigating the continuity, let z(¢,x) = y/A(u,v)d,u. From the equation
above, for t € [0, 7], z solves the Riemann problem given by

{@z —A0pz = A2%, A =20,V
2(0,-) = v/ A(ug, vo)ug.

By (B.2), before the generation of shocks,

A is bounded from above by

K' 2 2sup {6u\/m; |ul, [v] SK}'

Via a comparison argument, one obtains that |z(¢, z)| < oo for

1
) X T,
K’ sup,er |2(0, $)|>

which guarantees that |0,u| < oo, so shock cannot form. Since

(t,z) € [0

_ar\/X_ -1 _%7’ /’f'
2,/% = s =47 O ),

the estimate in Lemma B.1 then follows. O

C Yau’s entropy method

In this appendix, we apply Yau’s relative entropy method to obtain the formulas (4.1)-
(4.3) in the proof of Theorem 2.2.

Fix n > 1 and 0 € (0,1). Take a smooth function (p,r) = (p,r)(t,z) on [0,T] x T,
and define p!' = p(t,i/n), r* = r(t,i/n), 7" = 7,(r}) for each i € T,,, where 7, is given
by (2.4). Recall the Gibbs states defined in (2.6) and choose v = V&O’U as the reference
measure on {2,,. Consider the local Gibbs measure du; = exp(8¢;)dv, where

n\2
o) = 3 (it i) + 3 [“” L G.0) - Gmf)} |

. , 2
i€Ty, €Ty,

Let 77(¢) be the Markov process generated by Ly o~ in (2.1) with some fixed v > 0, and
denote by f; the density of 7j(¢) with respect to p;.
From the definition of the relative entropy in (2.11),

d d
aH(ftQNt) = —4nyD ( fuut) +/ </3n,a,»yft - 5ftdt<ﬁt> dpg,

where the Dirichlet form D(f, 1) is defined as

D) = [ Tutdu, Tuf =5 3 O3

€T,
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for probability measure p and density function f on 2,,. Since
[ v i = - / Filno [ Y = =B [ fon e
/Sn,aftdut =3 Z /yz,ft ﬁ%ﬂf]

ze']F
< - Z / (Vife) d,ut-i- — Z /ft (Vi) 2duy,
76’]1“ f €T,

we obtain that with Jj* = —(nA, , + d/dt)ey,

d
aH(fﬁ,ut) < —2nyD ( ft;ut) +/8/ft']t (Crpe)dpe. (C.1)

Using the explicit formula of ¢,

Tagr =5 3 (a0 = (0" < - [ oer(rtt.a)) P

€T,

so that I';,¢; < Cr/n. Also, by the formula of ¢,

n ocPt = ZT —DPi-1 +pz (VO/'(TZ+1 (rl)>
R ()
T, 2 V(i) — )"
So= Y B+ Y o)
€Ty, €Ty,
B4 ()
2w \r) e

Therefore, we obtain the explicit form of J;* as

0 d (p} T =T pi — P}
= .Z { dt <T-"> o <p? L Vo(ri) — 7'

4 (C.2)
T / n / n n
+ Z d; Vo) =t = () (i = )]

In particular, the formulas (4.1)-(4.3) follow from (C.1), (C.2) by taking ¢ = 0, v = V»
and (p, ) to be the solution (p,,, t,) of the hydrodynamic equation (2.9) for o = o,,.

D Entropy and moment inequalities

Recall the relative entropy H(f;p) in (2.11) for probability measure p and density
function f on some measurable space 2. In this appendix we give some classical
inequalities related to H(f; ). We begin from a variational formula of H(f; u):

H(f;p) = sup { fgdu—log/egdu}, (D.1)
Q Q

gEBL(2)

where B, () stands for the class of all bounded measurable functions on 2. The proof
of (D.1) can be found in [28, Theorem 4.1]. From (D.1) we immediately get the first
lemma.
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Lemma D.1. Let (21, %1, 1), (2, %2, u2) be two probability spaces. Suppose f to be a
density function on 2 = )y x Q9 with respect to 1 = p1 ® po, then

H(fi;m1) < H(f;p), (D.2)

where f; is the density of the marginal distribution of fdu on €.
Next we give two inequalities frequently used in this article.

Lemma D.2. For any measurable subset A C (),

H(f;p)+log2
/fd  —logu(A) (B-3)

If X : Q — R is integrable under fdyu, then for any a > 0,
1
/ fXdy < — [H(f;,u) +log/ eaxdu} . (D.4)

Q o Q

Proof. Taking g = —log(u(A))14 in (D.1), we obtain that
H(f: 1) > —log (i / fdu —10g (2 - pu(A)).

and (D.3) follows. For (D.4), if X is bounded, take g = aX to get

H(f; ) Za/ fXdu—log/ e*Xdp.

Q Q

We can obtain (D.4) via a standard approximating argument. O

A family of random variables {X;;i = 1,...,m} is said to be ¢-independent for some
1 < ¢ < m, if for any subset I C {1,...,m} such that |¢ — j| > ¢ foreach i # j € T, the
sub family {X;;i € T'} is independent. From (D.4) we easily get the next lemma.

Lemma D.3. If { X1, Xo,..., X, } is ¢-independent, then for any o > 0,

m 1 m arx,
‘/fzz:;Xidu < - [H Zmax{log/e d,u}] .

Proof. Fork =0,1,...,0—1,letTy = {k+il;1 <i < (m—k)/l}. Since {X;,i € T'y} is
independent, (D.4) yields that

/fZXdu<[ (f; 1) +Zlog/ afxdul

el i€l

Taking summation over k € {0,1,...,¢ — 1}, we get that

/fZXdy<[ (fip) + %Z /eo‘gXidu]. (D.5)

The proof is completed by repeating the argument with —X; instead of Xj;. O

Taking A = {|X| > A} in (D.3) gives us tail estimates of X. The following result makes
it possible to get moment bounds of X from tail estimates. It has been used in the proof
of Corollary 4.1 and the tightness of the fluctuation field.
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Lemma D.4. Suppose a constant C > 0, some q > 1 such that
P(X| >N <CX 9 VA>0.
Then, for any q € [1,p), there exists a constant K, , > 1, such that
E[|XP] < K, ,CF.

Proof. Using the integration-by-parts formula, forall 1 < p < ¢,
*d
B[|IX[P] < / 5 () P(IX] = A)dA
0

= / PN TN+ C parlmagy < 4 of,
<A<Ca >\>Cq q—p

Thus, the lemma holds with K, ; = ¢/(¢ — p) > 1. O

E Sub-Gaussian random variable

Recall that a real random variable X, is called sub-Gaussian of order ¢2, if

282

logE[eSX] < 02 , VseR.

There is an elementary but useful condition for sub-Gaussian property.
Lemma E.1 (¢» condition). If F[X]| =0, and

E[eX] <, (E.1)
for some ¢ > 0 and C > 1, then X is sub-Gaussian of order 2Cc¢™!

Proof. Since E[X] = 0, we have for any s € R that
. B[(sX)* |s|"E| IX\"“”]
sX1
el —1e 3 B <y SLELI
k=2
The summation in the right-hand side is bounded by
2 2 2 2
ST mix2 X <« 5 1 | x2 cX” s
2E[Xe ]ZE{X exp{ 5 +26

for any ¢ > 0. With the elementary inequality ye? < 2,

cX? §? 52 52 2
—E |:X26Xp{2+ 20}] < cexp{zc}E[eCX ]

Hence, by the condition (E.1),

2 2 2
BleX] <14+ CSGXP{S} < eXp{CS}_
c 2c c

As s is arbitrary, the proof is completed. O

Recall that in Lemma 3.1 we need to bound the exponential integral of the absolute
value of a sub-Gaussian variable. The general estimate is as follows.

Lemma E.2. If X is sub-Gaussian of order o2, then

0'23
Bl < THe p{ 2"} Vs € (~1,1).
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Proof. By Chernoff’s method, for any A > 0,

iy <8 fon O] o (2N f 21

Since similar estimate holds for P(X < —)),

)\2
P(IX|>)N <2 —— .
(%12 %) < 20 { -5 }
For 0 <t < 1/(20?), the integration-by-parts formula yields that

> d

2 2 2
E[¢X] < 1+/ (@) P(X] > Ndr < L+ 2to
0

1—2teg?’

Hence, for any s € [0,1),

X2 o2 1+s o2s
ElX < E AT .
[ < Elexpq gz + 5 | S TP 3

The case s € (—1,0) holds similarly. O

F Local central limit theorem

In this appendix, we state a local central limit theorem with expansions for the sum
of independent, non-identically distributed random variables. It is used in the proof of
equivalence of ensembles in Section 8.

We work under the following setting. Suppose that 7 is some Borel measure on R,
and f : R — R is an integrable function. Assume for all 7 € R that

G(r) = log/ e M (dr) < co.
R

Denote by 7 the tilted probability measure on R, given by
- (dr) = exp{7f — G(7)}r(dr).

Let @, (&) = [ exp{i&(f— [ fdm;)}m.(dr) be the characteristic function of f. Forall K > 0,
we assume the following conditions with a constant Mg:

(i) G is four times differentiable on R, and
G"(r) > My', |GO(7)| < Mk, ¥r € [-K,K], £=0,1,2,3,4.

(i) |®,(¢)| < Mg(1+[¢])" forallé € Rand T € [-K, K];
(iii) @, is four times differentiable on R for all 7 € R, and

Ve >0, 36 = 0(e, K) > 0, s.t. |2 (&) — 2(0)| < e,
forall (| < 4§, 7€ [-K,K]and ¢ =0, 1, 2, 3, 4.

Given 7 = (71, ..., 7,), define the inhomogeneous product measure

tn (dr) = pn (75 dr) = H?T.,—j(dri), r=(ry,...,rn) € R"™
j=1
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Define uy = uy(7) > 0 for £ = 1, 2, 3, 4 via the formula

n

1
e_ = @ (.
el n Z G ().
j=1
Observe that uy = E, [] and u3 = E,, [(7 — u1)?], where r = n=1 > r;.
The local central limit theorem is stated as follows. Let ¢ be the standard Gaussian
density, and {H;;j > 0} be the group of Hermite polynomials:

1 .2 ;=2 d o2
me 7, Hj(zx)=(-1)e= e [e } .
In particular, Hs = 23 — 3z, Hy = 2* — 622 + 3 and Hg = 2% — 152* + 4522 — 15.

Lemma F.1. Assume that 7; € [-K,K] for all1 < j < n. Let g,(7;-) be the density
function with respect of y,, of the random variable

p(z) =

n

v 2 )

For any € > 0, there exists N = N(e, K, M) sufficiently large, such that if n > N, then
the following estimate holds uniformly for x € R:

gn (T 2) — $(2) {1 + %Qm(m) + ;Qn,2(w):| ’ < % <6+ \/1;)

where C' = C(Mf) is a constant and @, 1, Qn 2 are given by

1 us 3 1 Uy 4 1 us 6
p1==(—) Hs, Quo=—(—) Hi+——(—| He.
@1 =3 <u2> T (uQ) ETEIE (u2) o

Lemma F.1 can be proved following [9, Theorem XVI.2.2, pp. 535]. Here we briefly
sketch the proof to emphasize the dependence of (V,C) on ¢, K and Mk.

Proof. By the definition of characteristic function @,

n

1 .
gn(Ts2) = Py /]Re_”5 H d, (ui/ﬁ) dg.
j

-

Let us define A,, = A, (7;€) for each £ € R by

s =10 (5) e {5} [+ P+ 3R]

Jj=1

where P, = P,(7;-) is the polynomial given by

1 uz\? 1 g\
poo L () e, 1 (w) .
3l/n (uz> v +4!n (uz .

From the definition of Hermite polynomials, it suffices to prove that

/}RfAn(?;f)ldf < % (e+ %) .

For any € > 0, Taylor’s theorem yields that there is § = §(¢, K) > 0, such that

log @ (&) + <e,

G/;(T) g2 _ ;) %G(Z) (T)(’Lg)z
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for all || < ¢ and 7 € [ K, K]. Therefore, when [¢]| < Jua+/n,

n §2 6§4

Without loss of generality we can choose § < 1, so that

s\ 6P Cule?
Pt < (g + g ) 5 < EE

with some Cy = C;(Mf). Using the elementary inequality

/\2
e —1— 1'/ _ (562)‘ < emax{h:\v\w \}('x _ l‘/‘ + |!E/|3), Vx,ac’ c R,

we obtain that when [£| < dus/n,

- €t Culgf 211 (et | CTEP
‘An(7—7§)|<exp{u§n+ \/ﬁ _2}n<uz21+ \/,ﬁ )

By furthermore choosing 6 = d(¢, K, M) sufficiently small, we get

9] < Zem {5} (€ + 1),

with some Cy = Cy(Mg) on the set {|§| < duzy/n}. From the estimate above, we have
some constant C = C'(My), such that foralln > 1,

C 1
A7 O)de < 2 —).
/§<6u2\/ﬁ| (7.€)]d¢ n <6+ \/ﬁ)

On the remaining set {|¢| > duqgy/n}, by (ii) we have that

_ Mg ¢ 1 2}
T+ )" +exp{ 2}{1+Pn+2Pn .

Hence, we can choose N = N(§, M), such that for alln > N,

|AL(7,€)| <

1
|AL(F,€)]dE < —
/s|>6u2\/ﬁ 9 < 2572

The proof is then completed. O
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