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The infinite two-sided loop-erased random walk

Gregory F. Lawler*

Abstract

The loop-erased random walk (LERW) in Z% d > 2, is obtained by erasing loops
chronologically from simple random walk. In this paper we show the existence of the
two-sided LERW which can be considered as the distribution of the LERW as seen by
a point in the “middle” of the path.
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1 Introduction

In this paper we establish the existence of the infinite two-sided loop-erased random
walk (LERW). We start by explaining what this means. The (infinite, one-sided) LERW is
the measure on non self-intersecting paths obtained by erasing loops chronologically
from a simple random walk. This sentence can be taken literally for d > 3, but for d = 2
we need a little care. We will give a definition that is valid for d > 2 that is easily seen
to be equivalent to the usual definition for d > 3. A simple random walk conditioned to
never return to the origin is a simple random walk weighted by the Green’s function (for
d > 3) or the potential kernel (for d = 2).

* Loop erasure. Let S; denote a simple random walk starting at the origin in
7%, d > 2, conditioned to never return to the origin. Let oy = 0, and for n > 0, let
o, = max{j : S; = So,_,+1}. Then the (infinite, one-sided) loop-erased random
walk (LERW) S,, is defined by

Sn =86, =S, _1+1-

For d > 3, one gets the same measure by taking a simple random walk without condi-
tioning and defining oy = max{j : S; = 0}. This is the original definition as in [5], but
it is often useful to view this probability measure on infinite self-avoiding paths as a

*University of Chicago, United States of America.
E-mail: lawler@math.uchicago.edu
TResearch supported by NSF grant DMS-1513036.


http://www.imstat.org/ejp/
https://doi.org/10.1214/20-EJP476
mailto:lawler@math.uchicago.edu
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consistent collection of measures on finite paths. We say that n = [no,71,...,7,] is a
self-avoiding walk (SAW) if it is a nearest neighbor path with no self-intersections. We
will reserve the term SAW for finite paths. The following two facts can be readily derived
from the definition by considering the unique decomposition of a simple random walk
w path starting at the origin and never returning to the origin whose loop-erasure is

[7’]0,7]1, .. } as

w=[no,m] Sl &[n,neSla-, (1.1)
where [; is a loop rooted at 7; that does not visit {7, ...,7;-1}, and & denotes concate-
nation.

+ Laplacian random walk. Suppose 7 = [1g, . . ., 7,] is a SAW in Z¢ starting at the

origin. Then,

P{Sn+1zz\[§o,...,ﬁ}—n} Qd%;ibi()%)

where

Esn(nn) Agn 77n = 2d Z gn
IZ "7n| 1

and

-(d>3) g,,(z) is the probability that a random walk starting at z never visits 7,
that is, the unique function that is (discrete) harmonic on 7. \ 7; vanishes on

n; and has boundary value 1 at infinity.
- (d = 2) gy(z) is the unique function that is (discrete) harmonic on 72\ n;

vanishes on 7; and satisfies
2
Gn(2) ~ ;1og |z|, z— oo.
* Loop measure formulation. If n is a SAW starting at the origin, then
P{[So,...,S.] =n} = (2d) ™" Gy F, Es, (1), (1.2)

where Gp = 1ifd =2 and Gy = G74(0,0) < o0 if d > 3, and

n

H 5 (05, m5)-

Here A; = Z4\ {no,...,nj-1}, and G 4,(-,-) denotes the simple random walk Green’s
function in A;. That is, G 4,(z,y) is the expected number of visits to y of a random
walk starting at z killed upon leaving A;. An alternative expression for F, (see
Section 2.3 for definitions) is

F, = Fy(Z4\ {0}) = exp S omy,
£CZAN\{0},6nn#£0
where m denotes the random walk loop measure. If d > 3, we can write
Go F, = Fy(Z4) = exp > om0y,
LCZ2 LNn#D

but the right-hand side is infinite for d = 2.
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What makes this paper a little complicated is that we do both the d = 2 and d = 3 cases
simultaneously. The basic idea of the coupling argument is the same in both cases
but the details about the LERW and the loop measures differ. In three dimensions
the random walk is transient and this will give us some useful estimates. The random
walk in two dimensions is recurrent so these estimates will not be available. However,
planarity gives us another set of tools. Random walks can make loops about the origin
and disconnect the origin from infinity. Also, there is the “Beurling estimate” that
tells us that if we are close to any continuous path then there is a good chance that a
random walk will hit it before going too far.

The consistent family of measures on (finite) SAWs given by (1.2) represents the
probability that the LERW starts with . This can be called the one-sided measure
because the LERW continues on only one side of n. In this paper we will consider the two-
sided measure which can be viewed as the distribution of the “middle” of a LERW. There
are two versions of our result. One is in terms of LERW excursions as discussed in [9].
Suppose A is a simply connected subset of Z¢ containing the origin and z, y are distinct
points in JA. Consider simple random walks starting at = conditioned to enter A and
then leave A for the first time at y at which time they are stopped. Erase loops, restrict to
the event that the loop-erasure goes through the origin, and then normalize to make this
a probability measure which we denote by )\jw’y. It is supported on A(A4; z,y), the set of
SAWSs from z to y in A going through the origin. If n = [20, 21, .-, Zm], Y = [0 Y15 - - - » V&),
are SAWs we write < « if v includes n in the sense that there exists j such that
Yi+i = M4 = 0,1,...,m. We write A4, ,(n) for the corresponding sets of SAWs that
include 7. While our main theorem discusses this measure, we will first study a slightly
different measure.

Let

Cp={xecZ:|z| <e"},

with boundary 9C,, = {x € Z? : dist(x,C,,) = 1}. Let A,, be the union of A(C,,;x,y) over
all z,y € 9C,,. We write A, (n) for the corresponding set of SAWs that include . Note
that A, is A, (n) for the trivial SAW n = [0].

There is another way to describe the set A,,. Let WW,, denote the set of SAWSs starting
at the origin, ending at 9C,,, and otherwise staying in C,,. Then we can also define A,
to be the set of ordered pairs n = (n,n?) € W2 = W,, x W,, with n! Nn? = {0}. This
is essentially the same definition of A,, as above if we use the natural bijection given
by n + (n')f @ 7%, where R denotes path reversal. We define /., to be the probability
measure on W, induced by the infinite LERW by stopping the path at the first visit to
0C,,; we will also write p,, for u, x u,, the product measure on WEL We define a measure
An on A, by stating that its Radon-Nikodym derivative with respect to u,, is

{n € A} exp{—Ln(n)},

where L, (1) denotes the loop measure (see Section 2.3) of loops in C,, \ {0} that intersect
both ' and n?. For d = 2, we will restrict to loops that do not disconnect the origin from
infinity.

If k < nand n € A, we let A,(n) be the set of v € A, that include n (we write
1 < =y). Similarly, if A > C,,11, we let A4, ,[n] be the set of v € A, (A, z,y) that include
7. We can state our main theorem.
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Theorem 1.1. There exists o > 0 such that the following holds. For every positive
integer k and every n € Ay, the limit

1 /\n[-An(n)]
p(n) = lim MIAL
exists. In fact,
NalAu(m)] = pm) Ma[Au] [14+0(®)]. (1.3)

Moreover, if A is a simply connected set containing C,, 1 and x,y € 0A with A(4;z,y)
nonempty, then

N oy Ao ()] = p(m) [1+0(e )] (1.4)

The statement (1.3) uses a convention that we will use throughout this paper. Any
implicit constants arising from O(+) or < notations can depend on d but otherwise are
assumed to be uniformly bounded over all the parameters including vertices in Z¢, k. n,
and 1 € Ai. In other words, we can say that there exists ¢, « such that forall k <n —1

and all n € Ay,
An[An(n)] )‘ (k—n)
1 ——— || < e,
* <p<n> Ml )| =

We will only do the details of the proof for d = 2 and d = 3 for which the result is new.
For d = 4, it can be derived from the construction of the two-sided walk in [13], and for
d > 5, it is even easier. The proof we give for d = 3 can be adapted easily to d > 3; it
uses transience of the random walk. The d = 2 case is similar but there are difficulties
arising from recurrence of the random walk. These can be overcome by making use of
planarity, and, in particular, the Beurling estimate and the disconnection exponent for
two-dimensional random walks.

If we let p; be p restricted to A, then {p;} is a consistent family of probability
measures and induces a probability measure on pairs of infinite self-avoiding paths
starting at the origin that do not intersect (other than the initial point). We call this
process the two-sided infinite loop-erased random walk. The result in this paper is
different (and, frankly, easier) than questions about the scaling limit of loop-erased walk.
For the one-sided case in d = 2, the scaling limit is now well understood as the Schramm-
Loewner evolution with parameter « = 2; see [1, 2, 12, 14] for some of the main papers
here. The existence of a scaling limit in d > 3 was established in some sense by Kozma [4]
but there is still much work to do in understanding the limit and the rate of convergence
to the limit; see [17] for some work in this direction. Our methods are similar to those
in [8, 15] where convergence to the measure on mutually non-intersecting Brownian
motions is studied and in [16] where two-dimensional loop-erased walk is studied.

We now outline the paper. Most of the work is focused on (1.3); the final section
will show how to derive (1.4) from this. We start by giving the notations that we will
use and state the main theorem we will prove. There are two different ways to define
“loop-erased walk stopped when it leaves the ball of radius r”: one can either take a
simple random walk and stop it when it leaves the ball and then erase loops or erase
loops from the infinite random walk and then stop the loop-erased walk when it leaves
the disk. It turns out easier to analyze the latter case first and this is where we focus
our effort. We use the “loop measure” description of the LERW and we review relevant
facts about the loop measure in Section 2.3. Here there is a difference between two
and higher dimensions. In two dimensions, the measure of loops intersecting a finite
set is infinite. However, this can be handled by splitting the set of loops into those that
surround the origin and those that do not. Roughly speaking, the loops that surround
the origin give the divergence in the loop measure; however, all such loops intersect all
infinite self-avoiding paths starting at the origin, so this term cancels out.
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To use the approach in [8, 15], one needs two “obvious” lemmas about random walks.
Although proofs of these results appear several other places, we choose to give sketches
here as well. The first is in Section 2.4 where it is shown that a random walk starting
on the sphere of radius R about the origin, stopped when it reaches distance r from its
starting point, conditioned to avoid some set contained in the ball of radius R, has a
reasonable chance of ending up at a point distance R + (r/2) away from the origin. If
there is no conditioning, this follows from the central limit theorem, and the conditioning
should just increase the probability (this is why it is “obvious”). It is very useful to know
that one can find uniform bounds, uniform over R, r, the starting point of the walk, and
the avoidance set. The second “obvious” fact is called a separation lemma which roughly
states that loop-erased walks conditioned to avoid each other tend to stay far apart.
Again, the key is to find a version of this that is uniform. The proof uses the same basic
idea as the original proof in [6] as adapted for loop-erased walk [16, 14, 17]. Section 2.5
goes over facts about LERW including an important lemma that the LERW stopped about
reach radius R is “independent up to constants” with the walk starting at the last visit
to the disk of radius 2R. The next subsection considers pairs of walks and sets up for
Section 2.8 where the coupling is done. As has been done in several of the papers before,
one chooses a large integer N and considers the probability measure on pairs of SAWs
given by the LERWs weighted by a loop measure term. We then view this measure as
giving transition probabilities for LERW stopped when it reaches a smaller radius n and
this is the process that we couple.

2 The main theorem
2.1 Notation and main result
We list the notation that we will use.
« If A C 79, we write A = A\ {0}. In particular, Z¢ = Z%\ {0}. We write
0A={z€Z?: dist(z,A) =1}, 0, A=0(Z*\ A)={z € A:dist(z,Z*\ A) = 1}.

« If z € OA, we let Hy(x,z) denote the Poisson kernel, that is, the probability
that a simple random walk starting at x first visits Z? \ 4 at z. If z € 9A, then
Ha(z,z) = 6(x — z). If w, z are distinct points in 0A, we let Hya(w, z) denote the
boundary Poisson kernel defined by

1
HaA(w7z):2—d Z Ha(z, 2).
€A, lw—z|=1

A last-exit decomposition shows that if z € A, then
Hy(z,2) = Ga(z,x) Hya\(2}) (2, 2).
e If n > 0 (not necessarily an integer), let
Cpn={2€Z%: |z <e"},

be the discrete ball of radius ¢™. Note that Cy = {0} and C,=0C, \ Co.

 Lete, = (e",0,...,0) be the element of R? with first component ¢” and all other
components equal to zero.

e If S is a simple random walk, then we write S for its (chronological) loop-erasure.

o If n =[no,...,n;] is a SAW, we write || = j for the number of steps in . We call 7
and 7, the initial and terminal points or vertices of 7, respectively.
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* W, is the set of SAWs starting at the origin whose terminal point is in 0C,, and all
other vertices are in C,.

» W, is the set of infinite self-avoiding paths whose initial point is in C,, and all other
vertices are in Z“ \ C,,. In particular, W, is the set of infinite self-avoiding paths
starting at the origin.

e If n < m, then W,L,m is the set of SAWs satisfying: the initial point is in C,,, the
terminal point is in dC,,, and all other vertices are in C, \ C,.

* We write n < 7 if n is contained in 7. If n, 7 both start at 0, then this means that 7 is
an initial segment of 7.

If n € Wy and n > 0, there is a unique decomposition
N="n0 SN ®fnt1, (2.1)

where n,, € W,,, 41 € Wnﬂ. Similarly, if n < m — 1 and n € W,,, there is a unique
decomposition

=1 ®N" D Nnt1,m, (2.2)
where 1, € Wy, nt1,m € Wn+1,m. In these decompositions n* is a SAW starting at 9C),
with terminal vertex in 0;C,, 1. In (2.2) we also need n* C C,,.

We will also be considering pairs of paths. We will use bold-face notation for pairs of
SAWs.

« A, is the set of ordered pairs n = (n',7%) € W2 := W,, x W, such that n' Nnyn? = {0}.

The notation gets a little cumbersome, but it useful to remember that bold-face v, n
will always refer to ordered pairs of SAWSs.

Recall in the introduction that we wrote A,, for the set of SAWs 7 whose initial and
terminal vertices are in C,,; all other vertices are in C,,; and that include the origin as a
vertex. Indeed, there is a simple bijection to show that these are essentially the same
set:

(', %) «—n =" en,
where R denotes the reversal of the walk.
e If1 <n<m-—1, A,,, is the set of ordered pairs n = (n',7?) € Wy.;m X Wy, with
1 2 _
ntNn? = 0.
« We write (nt,7?) < (7',7%) if n! < 7' and 7% < 7%

e Let u,, denote the probability measure on W,,, obtained by taking an infinite loop-
erased random walk and truncating the path at the first visit to 0C,,. As a slight
abuse of notation, we also write ,, for the product measure fi,, X pi,, on W2,.

o Ifv = (v},9?) € Wy, x W, we define
Qm(y) =exp{-Lmn(v",7*)} = v € An} exp {~Ln(v",7*)},
where:
- Ln(7',7%) = 00 if v & An,

and if v € A,
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- (d > 3) L,u(y',~7?) denotes the loop measure (see Section 2.3) of the set of
loops in C,, that intersect both 4! and ~2.

- (d = 2) L,(7*,~?) denotes the loop measure of the set of loops in C,, that
intersect both 4! and 42 and do not disconnect 0 from 9C,,.

For d = 2, we will be ignoring loops in C,, that disconnect 0 from 8C,,. The reason is
that all such loops intersect all v € W,, and hence these loops have no effect on the
probability distribution obtained by tilting by e~ (1°°P t'™)  Restricting to loops in two
dimensions that do not disconnect will give us estimates analogous to estimates in
three dimensions obtained from transience of the random walk.

e Let
Am = Ey,, Qi (7)] = Z e (Y) @ (),

YEW?2,

and if n < m — 1 and n € W2, we let

A= Y p(¥) Q)

YEWZ,, =<~

Note that A,,,(n) is nonzero only if n € A,, and that

A= > Am(m).

neA,

To prove (1.3), it suffices to prove that for allm € A, and m > n + 1,

Am41(M) _ Amir a(n—m)
= [1+0(e )}, (2.3)

since this implies that

>\m 1(77) /\Tn(n) a(n—m
)\;H = ™ [14—0(6 ( ))}

We concentrate on (2.3) and use a coupling argument to establish this. Let A7, A7 (n)
denote the probability measures on .4,, whose Radon-Nikodym derivative with respect
to u, are

Qm(n')  Qmn){n=<n'}
Am Am (1) ’

respectively. We show that we can couple 4,,-valued random variables with distributions
A7 and M\*(n) on the same probability space so that, except for an event of small
probability, the paths agree except for an initial part of the path. (It would be impossible
to couple them so that the total paths agree since A7 (n) is supported on pairs of walks
that start with n.)
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2.2 Some results about two-dimensional walks

We will assume that the reader is acquainted with basic facts about simple random
walk; we will use [9] as a reference. For d > 3, we will be using transience of the random
walk; in particular, we will use the estimate that if z € 74, then the probability that
a random walk starting at z gets within distance r of the origin is bounded above by
c(r/|z|)?=2. For d = 2, some of the important results are perhaps less known, so we will
review them here. This subsection can be skipped at first reading and referred to as
necessary.

In this subsection we let S; denote a simple random walk, and

prn =min{j : S; &€ Cy}.

We let a(z) be the potential kernel in Z?; it can be described as the unique function
that is harmonic on Z? \ {0}; vanishes at the origin; and is asymptotic to (2/7) log |z|. It
is known [9, Theorem 4.4] that a(z) = 1 for |z| = 1 and

2
a(z) = - log |z| + ko + O(|:c|72), |z| — oo, (2.4)

for a known constant kg, (whose value is not important to us). In particular,

2
a(z) = =y ko+O0(e™™), x € 0C,.

v
More generally, if 7 is a SAW (or any finite set), we define a,(x) to be the unique function
that is harmonic on on Z? \ n; vanishes on 7; and is asymptotic to (2/7) log |z| as |z| — oc.

It is related to escape probabilities by

an(@) = lim 22 P*{S[0, pa] N1y = 01,

n—oo T

see [9, Proposition 6.4.7]. If n contains 0, we can write
ay(x) = a(z) — E*[a(S;)], (2.5)

where 7 = 7, = min{j > 0: S; € n}. If z € 1, we write

Es,(z) = lim n P*{S[1, p,] N =0} = Aa,(x),

n—o00 T

where A denotes the discrete Laplacian. The capacity of 7), cap(n), is defined by
2
ay(z) = — logla| —cap(n) +o(1),  |a| = co.

Random walk in Z? conditioned to avoid 7 is the h-process obtained from the function
ay(z). In other words, if z is in the unbounded component of Z? \ 7, then the transition
probabilities are given by
Gy (y)

4 an(x)

This process can also be started on the boundary of the unbounded component (that is,
on points of 7 that are connected to infinity in Z? \ 7)), by the same formula, replacing
an(z) with Es, (). It is immediate that this is a transient process that never returns to n
after time 0. The case n = [0], a,, = a corresponds to random walk conditioned to never
return to the origin.

p(z,y)

Lemma 2.1. There exists ¢ > 0 such that the following holds. Let 0 < k < n and let n, be
a SAW intersecting both C}, and 0C,,. Let S be a simple random walk starting at x € Cy.
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e (Beurling)
PZ{S[0, pu] N =0} < ceth—m/2,

e (Disconnection probability)

P?{0 is connected to C,, in Z>\ S[0, pa]} < ceF/4, (2.6)

We have stated these estimates for random walk starting in Cy ending at 0C,,. By
reversing paths we get analogous statements for random walks starting in 0C,, stopped
upon reaching Cj.

Proof. The discrete Beurling estimate was first proved by Kesten in [3]; see also, [9,
Theorem 6.8.1]. The fact that the disconnection probability satisfies a power law up to
constants (with no logarithmic correction) with the Brownian disconnection exponent
was proved in [10]. The value of the exponent was determined rigorously in [11]. O

The exponents 1/2 and 1/4 are known but they take some effort to prove, especially
the latter one. For our main theorem, it would suffice that there is some exponent that
satisfies these conditions and proving that is significantly easier; however, in order to
avoid having extra arbitrary exponents, we will use the actual values.

The following is an easy corollary of (2.4), (2.5), and the Beurling estimate.
Lemma 2.2. There exists 0 < ¢ < oo such that the following is true. Suppose n € W,,.

e For|z| > e,
2
T

ay(z) = = flog || - n] + O(c ™).

e Forall z € C,,
an(z) < ce™m/? [dist(z,n)}l/z.

In particular, if z € Cy, with k < n,

an(z) < celk=m/2,

Another simple idea that we will use is the following.

Lemma 2.3. There exists ¢ < oo, such that the following hold ifd = 2 and n,m > 1.

» Let V be a connected subset of C,, of diameter at least ¢"/100. If 2 € C, 1, then
the probability that a random walk starting at z reaches 9C,, ., without hitting V'
is less than ¢/m.

e LetV be a connected subset of C, {11 \ Cpim Of diameter at least e /100. If
2z € Z?\ Cyym_1, then the probability that a random walk starting at z reaches 9C,,
without hitting V' is less than c/m.

Proof. We will do the first; the proof of the second is similar. The key fact is that there
exist universal 0 < ¢; < ¢y < oo such that

* the probability that random walk starting at z € C,, 1 hits V before reaching 0C), 2
is greater than c; (this can be shown, say, by the invariance principle and a simple
topological argument using planarity);
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* the probability that a random walk starting at w € 9C,, 42 reaches 9C,, 1, before
hitting C), 41 is less than co/m.

If ¢ denotes the maximum over z € C, ;1 of the probability of reaching 0C,, ,, before
hitting V, we get the inequality

C
q§£+(1—c1)q. D

We will also use the following estimate of the transience of two-dimensional random
walk conditioned to never return to the origin.

Lemma 2.4. Suppose d = 2 and Sj is a simple random walk conditioned to never return
to the origin. For0 < r < 2, if z € 0Cy+,, then as n — oo,

P*{5[0,00) N C,, = 0} = % +0 (%) .

Moreover, there exists ¢ < oo such that ifn € W,
P={3[0,00) Ny = 0} < <.
n

Proof. From the definition of an h-process, and the fact that the unconditioned walk
reaches C,, with probability one, we see that

min{a(z) : x € 9;,Cy}
a(z)

Using (2.4) we see that if x € 0,C,,,

max{a(z) : x € §;Cp}

o(2) (2.7)

< P*{5[0,00) N C,, # 0} <

2
alw) = = + ko +O(e ™),
and
2
a(z) = w +ko+0O(e™ ™).

Therefore, both the left and right hand sides of (2.7) equal

r+0(e™) r r
Cn+r+ (tko/2) =1 E—’—O(ﬁ)

This gives the first inequality and the second is done similarly to the previous lemma. O

2.3 Loop measures

Here we review some facts about the random walk loop measure and its relation
to LERW; for more details see, [9, Chapter 9]. We will consider the loop measures in
7 .= 7%\ {0}. (If we were considering only the transient case d > 3, it would be a little
easier to consider the loop measure in Z¢; however, for d = 2, we need to restrict to 72
and this also works for d > 3, so we will use this approach.) A rooted loop is a nearest
neighbor path

l: [l07l1’...,l2n]

in Z? with n > 0 and lo = la,. The rooted loop measure m is the measure on rooted
loops that assigns measure [2n(2d)?"]~! to each loop of 2n steps. An unrooted loop / is
an equivalence class of loops under the relation

[lO7l17-"712n] ~ [lla"'712n7ll] ~ [l27l37'-'512’n;ll7l2] [
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The (unrooted) loop measure m is the measure induced on unrooted loops by the rooted

loop measure
m(t) =>_ ().
lee

If BC ACZ% we set

Fp(A) =exp Z m(f) p = exp Z m(l)

LCALNB#D ICA,INB#D

In other words, log F5(A) is the (loop) measure of loops in A that intersect B. An
equivalent definition (see, e.g., [9, Propositions 9.3.1, 9.3.2]) can be given by setting
B={y1, -y Ym},Ar = A\ {y1,...,Yr—1}, in which case

Fp(A) =[] Gac e w),

k=1

where G4, denotes the usual random walk Green’s function on A;. If B ¢ A, we set
Fg(A) = Fpna(A).

A loop soup is a Poissonian realization from the loop measure. In particular, if £
is a set of loops, then the probability that the loop soup contains no loop from L is
exp{—m(L)}. When giving measures of sets L of loops, one can either give m(L) or one
can give the probability of at least one loop, 1 — e~™(¥), and for small m(L) these are
equal up to an error of order O(m(£)?) (Loops soups with various intensities are studied
in relation to other models. In this paper we consider only the soup with intensity one
which corresponds to the loop-erased walk.)

The next lemma gives a useful way to compute loop measures of certain sets of loops
(see [9, Section 9.5]). If x € V' and we wish to obtain a realization of the loop soup (with
intensity 1) restricted to loops in V' that intersect x we can do the following:

e Start a random walk S at = and stop it at the first time T that it exits V' (for d > 3,
this can be infinity).

* Let o be be the last time before T that the walk is at z. This gives a loop S[0, o].
We can decompose this as a finite union of loops that return to = only once.

The next lemma follows from this observation.

Lemma 2.5. Suppose A, B are disjoint subsets of VA Suppose A is finite and the points
in A are ordered A = {x1,%2,...,2,}. Let Aj = A\ {x1,...,2;_1}. Foreachj, let S be a
simple random walk starting at x; and let

T9 = max{k : S = z;,5[0,k] N {0, 21,...,2;_1} = 0}.

Then the probability that a loop soup contains a loop in A; that intersects both x; and B
is
P {S[0,T]N B # 0}.

In particular, the probability that the loop soup contains a loop that intersects both A
and B is bounded above by

> PU{S[0,79) N B # 0} (2.8)

j=1

Note that P%i{S[0,77] N B # 0} is the probability that a simple random walk starting

at z; reaches B and then returns to z; without visiting {0, z1,...,z;_1}. The bound (2.8)

holds regardless of which ordering of the vertices of A is used. The proofs of the
following two lemmas are similar to that in [9, Lemma 11.3.3]. We sketch the proofs.
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Lemma 2.6. There exists ¢ = ¢(d) < oo such that for all r,n > 0, the probability that the

loop soup contains a loop that intersects both C,, and Z® \ C,, ., is bounded above by
r(2—d)
ce .

Proof. We assume r > 2 and d > 3 for the other cases are trivial. Let B = Z¢ \ Cppr. We
write C,, = {0, z1, ..., zn} where the vertices are ordered so that |z;| is nondecreasing.
Let A; = Z4\ {xy,...,x;_1}. If we start at z = z; € C,, then the probability that it
reaches distance 2|z| from the origin without leaving A; is O(|z|™!); the probability that
after it leaves C,, .. it returns to within distance 2|z| of the origin is O(|z|?~2 e(?+7)(2=4)),
and given that, the probability of hitting = before any point in 4; is O(|z|'~¢). Hence,

P {8’ [O,Tj] NB#0} < C“Tj|72 e~ (ntr)(d—2)
Summing over 0 < |z| < e", we get

Z P%{S7[0,T7] N B # 0} < ce™d72) tn@=d) < cer2=d), O

Lemma 2.7. If d = 2, there exist ¢ < oo such that for all r,n > 0, the probability that the
loop soup contains a loop that intersects both C,, and Z \ C,,, and does not disconnect
C,, from 0C,,, is bounded above by ce /2,

Proof. This is done similarly using (2.6). We will say just disconnecting for “disconnecting
C,, from 9C,,,,”. Let B = Z?\ C,,4,, and write C,, = {0, 71, ...,z y} where the vertices
are ordered so that |z;| is nondecreasing. Let A; = Z%\ {z¢,...,2;_1}. If we start at
z = x; € C,, then the probability that it reaches distance 2|z| from the origin without
leaving A; is O(|z|~1); given that, the probability that it reaches 9C,, without leaving
Ajis O((n + 1 —log|z|)~'); given this, the probability that it reaches 9C,, without
disconnecting is O(e*T/ 4); given this, the probability that after it leaves C,, . it returns
to C,, without disconnecting is O(e~"/%); given this, the probability to get within 2|z|
without disconnecting is O((n + 1 — log |z|)~!); and given that, the probability of hitting
z before any point in A; is O(|z|~'). Hence,

P {S7[0,77] N B # (), no disconnection} < ¢|z;|~2 [n 41— log |z|] "2 e™"/2.
Summing over 0 < |z] < e, we get

Z P*1{S7[0,77] N B # 0, no disconnection} < ce™"/2. O
IjEC-,L

Lemma 2.8. Ifd > 3, let L,,(0) denote the set of loops that intersect C,, 15 \ C,,—2 and
have diameter at least § ™. For every ¢ > 0, there exists ¢ > 0, such that for every n, the
probability that the loop soup contains no loop in £, () is at least €.

Proof. This follows from Lemma 2.6 and a simple covering argument. O

Lemma 2.9. There exists ¢ < co such that the following holds. Suppose d = 2, n,m are
positive integers, and V is a simply connected subset of Z.? with

Cner C V» Cn+m+1 ¢ V

Let K = K,, v denotes the measure of the set of loops that lie in 72\ C,_, and intersect

both C,, and OV'. Then,

3
K‘ me "+ 1
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Proof. We first consider the case V = C,,1,,. We order the elements of Z? = {z, =
0,21, x2,...} so that |zo| < |z1] < |x2] < ---. Welet Ay = {0,21,...,2,} and define k,
by C,, = Ay, (so that k,, ~ we®"). Let 0, = wcap(Ax)/2, and g, = maa, /2 which is the
unique function that is 0 on A, discrete harmonic on 72 \ Ag, and satisfies

gi(2) =log|z| — Ok +0(1), [2] — cc.
If S; denotes a simple random walk and
pn = min{t : [S¢| > e},

then
gk(2) = 7}LHOlOrPZ{,S'[O,pT] NAg =0}

Using well-known estimates (see [9, Proposition 6.4.1]), we see that for z € Cp,1pme1 \
Cn+ml knfl S k S kn'

lim »P?*{S[0,p,] N Ap—1 = 0} = m + O(1).

T—00

If we write P, E for P+, E**, we have

ge—1(zk)
= h%m rP{S[0,p,] N Ak_1 = @}

= lim 7 P{S[0, prsm] N Ap_r = 0} P{S[0, p,] N A1 = 0| S[0, prsm] O Ap_1 = 0}

T—00

= P{S[0, ppym| N Ar_1 = 0} [m + O(1)],

and hence (1)
1\
P{S[0, psm] N Ap_y = 0} = g’“T‘“ [1+0(m™Y)].
Note that
96(2) — gr—1(2) = —hma, (2, 2x) gr—1(Tk),

where hm denotes harmonic measure, that is, the hitting distribution of A starting at z.
We will use the estimate (this follows from [9, Proposition 6.4.5]),

hmy, (z,z5) = hmag, (oo, zx) [1 +0 (mefm)] ;2 € Cnrmt1 \ Cnm.

(We believe the error is actually O(e~™) but it would take a little more effort to prove
and we do not need the stronger result.) Therefore,

Op =01 = lim [gr—1(2) = gr(2)]
= hmy, (00, z) gr—1(zk)
= hma, (2, zk) gr—1(xk) [1 +0 (mefm)] .

Using Lemma 2.5 we see that the probability that the loop soup contains a loop
including zy, lying in Z? \ Aj_1, and also intersecting 9C,, |, is equal to

E"* [hmAk (SP7L+'rn7 x/c); S[O, pn-‘rm] N Ak—l = m
P{S[0, prym] N Ag—1 = @} E** [hmAk (Spn+m7l'k) | S0, prgm] N Ap—1 = (D]
Gr—1(xk) Ok — Op—1 .
= 1+0(m
m gr 1 (wn) [ (m™)]

_ b —mgkq [ +O0(m™).
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It follows that the measure of the set of loops that lie in Z?2 \ Ak_1, contain zj, and
intersect 0C,, 1, is

@igtiu+OMny

The capacities of C,,_; and C,, are well known up to a small error (see [9, Proposition
6.6.5]); indeed,

0, = 9]%71 + 1+ O(e_"),

n

and hence

Mo 14+ 0(e |
Z E* [hmAk (Spn+7n7xk); S[O, pn-i-m] NAg—1 = 0] = # + 0 (m2> .
j=kn-1+1

For more general V, we use the fact that V is simply connected and 0V N Ci, i1 # 0
to see that the probability that a random walk starting in dC,, ., reaches 9C,, 1 without
hitting 0V is O(m~1!) (see Lemma 2.3). Arguing as above, we can see that the measure
of the set of loops that lie in Z? \ A;_1, contain xy, intersect OC,, 1, but do not intersect
aV is O(m™2). O

Lemma 2.10. Suppose d = 2. There exists ¢ < co such that the following holds.

 Let A be a simply connected subset of 7> with e"*! < dist(0,04) < e"*! + 1, and
let L = L4 denote the measure of loops in 7? that intersect both C,, and OA. Then,

|L —logn| <c.

e For every § > 0, there exists cs < oo such that the measure of loops in C,, ;1 that
intersect C,, 11 \ Cy,; are of diameter at least 6 ¢"; and do not disconnect 0 from
0C+1 is bounded above by cs.

Proof.

e This follows from the previous lemma by summing.

» The measure of the set of loops in Z? \C,—; that intersect both C,,_;;1 and 72\Cp i1
and do not disconnect 0 from dC,, is O(e~7/4). O

2.4 A lemma about simple random walk

Here we discuss a lemma about simple random walk that plays a crucial role in our
analysis. It is very believable, but the important fact is that a constant can be chosen
uniformly. We first state the result and gives some important corollaries. The d = 2 case
was done in [16, Propositon 3.5] and the d = 3 case was proved in [17]. For completeness,
we discuss the proof in the appendix. Here S; denotes a simple random walk and P*, E*
denote probabilities and expectations assuming that Sy = .

Lemma 2.11. There exists ¢ > 0 such that the following is true.

1. Suppose A’ C Cy,z € 0C,,,A = A" U{z}. LetT =74 =min{j > 1: 5, € A} and
o, =min{j : |S; — So| > r}. Then,

Pz{|SﬂT|26"+g\Jr<T}Zc. (2.9)
2. Supposer < e"/2, A' C 7\ Cy, 2 € 0;C,,, A= A’ U{z}. Then,

Pz{|5(,r|§e"fg\ar<7}20. (2.10)
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The proof strongly uses the fact that A’ is in C,, (or Z?\ C,,) and the random walk is
starting on the boundary of C,,. We will discuss the proof of (2.10) in Section A (this is
the harder case), but we give some preliminary reductions here.

It suffices to prove the lemma for n sufficiently large, for then the small n can be
done on a case by case basis.

» Using the invariance principle, it suffices to consider r < §y e™ for some &g > 0.

 Using the invariance principle, it suffices to establish (2.9) and (2.10) with 3
replaced with er for some € > 0.

« It suffices to find ¢; such that for n sufficiently large and r < 6y e”, (2.9) and (2.10)
hold for some z; with |z — 21| < ¢;. Indeed, there is a positive probability (bounded
uniformly from below) that a random walk starting at z reaches z; without visit-
ing A.

We will derive a number of corollaries of this lemma.

Corollary 2.12. Suppose d > 3. There exists ¢ > 0 such that if we choose r = ¢"~% in

part 1 of Lemma 2.11, then
Esa(z) > cP*{o, < T}.

e In particular, if A}, A, C C,, agree in the disk of radius e"~* about z, then

Esa, (2) < Esa,(2).

e IfA}, A, C Cpand A1 N (Cp \ Cp—j) = A5 N (Cp, \ Cp—;) for some j > 1, then

Esa, (2) = Esa,(2)[1+ O(ej(z_d))].

Proof. We write P for P#. The lemma tells us that
P{|S,, | >e"+ en o |o, <7} >c

Since d > 3, there exists c¢; such that the probability that a random walk starting at
distance e” + ¢"~° from the origin never returns to C,, is greater than c;. Hence, there
exists ¢y < oo such that

P{S[1,00)NA=0|0, <7} > ca.

For the final bullet note that |Esg4, (2) — Esa,(#)| is bounded above by P{o, < 7}
times the conditional probability given this that the random walk enters C,,_;. The latter
probability is O(e/>~%)), and hence

|Esa, (2) — Esg,(2)] < cel(2=d) P{o, <71} = e(2—d) Esa, (2). O

We will give a similar result for d = 2, but we will put in an additional condition. We
say that z is connected to 0 in A if there exists a SAW n € A,, with terminal vertex z with
n C A. We similarly can say that z is connected to infinity in an infinite set A.

Corollary 2.13. Suppose d = 2. There exists ¢ > 0 such that if we choose r = ¢" % in
part 1 of Lemma 2.11, then

Esa(z) > cn ' P*{o, < 7}.

Moreover; if z is connected to 0 in A;, Ao, the following hold.
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. If A}, Ay C C,, agree in the disk of radius e"~* about z, then
Esa, (2) < Esa,(2) < n ' P*{o, < 7}.
e IfFATN(Cp \ Cr—j) = A5N (Cp \ Cy—;) for some j > 1, then

Esa, (2) = Bsa,(2) [1+0(e )], d=2.

Proof. The proof is similar. For the first inequality we use Lemma 2.4 to see that
P{S[1,00)NA=0]0, <7} >can !,

where S is random walk conditioned to avoid the origin.
If z is connected to 0 in A;, we can see from the Harnack inequality, Lemma 2.3, and
the Beurling estimate that there exists uniform 0 < ¢3 < ¢4 < oo such that

c3 <aa, (w) <cq, w € IC (14,
aa,(w) <ecge 2 weC,y,

aa, (w) > ez, w & Crpryn-

Also, the probability that a random walk starting at z reaches C,,_; without returning to
A is bounded above by O(e~7/2); if it succeeds in doing this, there is at most a O(e=7/2)
probability that it returns to 0C,, without hitting A. Hence, conditioned that a random
walk avoids A;, the probability that it hits C,,_; is O(e~7) which implies that

Esa,uc, () > Esa, (2) [1 — O(e™7)],
and similarly for As. -

The following was given in the proofs but it is important enough to state it separately.

Corollary 2.14. There exists ¢ < oo such that if n € VW, with terminal point z, then the
probability that a simple random walk starting at z conditioned to never return to n
enters C,_; is less than ce 7.

Corollary 2.15. There exists ¢ > 0 such that if we choose r = e" % in part 2 of
Lemma 2.11, and B = Z%\ A, then for d > 3,

Hgp(0,2) = "D P*{5, < 7}.

Ifd = 2 and A contains a connected path of diameter e®* including z, then the same
result is true.

Proof. By reversing paths, we see that
Hp(0,2) =E*[Gp(0,S,,);0 < T].

For the upper bound, we use G5(0,S,,) < ce™?~9), which for d = 2 requires the extra
assumption. For the lower bound, we use

P*{|S,, | <e"—e" P |o. < T} >¢,

and for |z| < e? — e 75,
Gp(0,2) > Ge, (0,2) > c|z*~2 O
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Corollary 2.16. Ifn < m — 1, n € W,, with terminal point y, and 7 € Wn+1,m with initial
point w, then if A = 7%\ (nun),

_ J Esy(y) Hza\;(0,w),  d >3
HBA(va) - { nESn(y) HZd\ﬁ(()’w)’ d=2

Proof. Let S, S be independent random walks starting at y,w, and let o,,5, be the
corresponding stopping times with r = e”*. Any random walk path w from y to w in A
can be decomposed as

w=w BLPwT,

where w™ is the walk stopped at the first time it reaches distance r from y, and w™ is
the reversal of the reversed walk stopped at the first time it reaches distance r from z.
Using this decomposition, we can see that for d > 3,

Hya(y,w) = ZPy{Sar =ux;0, <7} PY{S5 =2;6, <7} Ga(z,2)

Es,(y) e"*~ ) P¥{5, < 7}
Es, (y) Hza\5(0,w).

¢

X

For d = 2, we need to replace Es,(y) with nEs,(y). O

Corollary 2.17. Ifn < m — 1, n,7] € W, with terminal point y and such thatn\ C,_; =
i1\ Cn—;, and i € Wy, 1, with initial point w, then if A =74\ (nU#n), A=7%\ (jUn),

Hoa(y,w) = Hyz(y,w) 1+ O(e™7)].
Proof. We start as in the last proof with

Hoaly,w) = ZPy{Sgr =uz;0, <7} PY{S5, =26, <7} Galx,z),

and similarly for A and then use
Ga(z,2) = G4(z,2) [1+O(e)].
For d = 2, this uses the Beurling estimate. O

There is a simple fact about the loop-erasing process that we will use. We state it as a
proposition (so we can refer to it), but it is an easily verified property of the deterministic
loop-erasing procedure.

Proposition 2.18. Suppose S is a simple random walk starting at x € C,, andn < k < m.
Suppose that

» After the first visit to OC},, the walk never returns to C,,.

e After the first visit to 9C,,, the walk never returns to C}..

Suppose that we stop the path some time after it reaches 9C,, and erase loops. After
doing this, we view the remainder of the random walk and continue loop-erasing (and
hence perhaps erasing some of the loop-erasure we already have). Then

e The intersection of the original and the new loop-erased paths with C,, are the
same.
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Indeed, in order to erase a point x in the intersection of the loop-erasure and C,,, the
random walk would have to visit a point on the random walk that was visited before the
last visit to z. There is no point in Z? \ Cj, that satisfies this, and the random walk visits
no point in C} after it has reached 9C,,.

This gives a general procedure to give lower bounds on the probabilities of certain
events for the loop-erased walk.

e If n < m, then in the measure u,,, given the initial segment n,, € W,, the contin-
uation is obtained by taking a simple random walk conditioned to avoid 7, and
erasing loops.

* Using our lemma and its corollaries, there is a positive probability that this simple
random walk will start by reaching radius e"+(}/19) without going more than
distance ¢"1(1/%) from the starting point.

* Given that, we can consider random walk conditioned to avoid C,, which is con-
ditioning on an event of positive probability uniformly bounded away from zero.
For d = 2, we need to use random walk conditioned to avoid some n € C,, (see
Lemmas 2.2 and 2.4).

e The loop-erased path is a subpath of the simple random walk path, so if we know
the simple path stays in some set, then so does the loop-erased path.

There are many applications of this; we state one as a corollary here.

Corollary 2.19. There exists ¢ > 0 such that the following holds. Suppose n € W,, with
terminal point y and 7j € W, 1 ,, with initial point w, A = Z?\ (nU ), and w is a simple
random walk excursion starting at y conditioned to leave A at w. Let

V =Vou(y,w) = (Cpg1 \ Cn) U{w' s ' —w| < e"PYU{y : |y —¢/| <e"°}.
Then,

* The probability that w C V is at least c.
- If it is also known that y,w € {z = (z1,79,23) € Z> : 21 > |z|/2}, then the
probability that w C {z = (z1,22,23) € V : 21 > |z|/4} is at least c.

Obviously these results hold for the loop-erasure of w as well.

2.5 Loop-erased random walk

In this section discuss facts about a single loop-erased random walk (LERW) in
Z% d > 2.

» If S; is a simple random walk starting at the origin conditioned to never return to
the origin with loop-erasure S;, we let

pn=min{j : S; € Cp}, p, =max{j:S; € Cy,},
T,, = min{j : S“j ¢C,}, T,=max{j: Sj € Cp},
Tn,m =max{j < T, : S'j e C,}.

Note that T}, +1 > T,.
* 1, is the distribution of S [0, T},]. It is a probability measure supported on W,.
« If n < m, iy is the distribution of S[T}, , Tin]. It is a probability measure on W, ,,.

* In the next subsection we also write y,, and ., ,, for the product measures ji,, x fi,
on W7 and fin,m X finm oD W2 .
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We recall the following fact that follows from the decomposition (1.1). Let

[ G(0,0), d>3
GO{ 1, d=2.

Proposition 2.20. Ifn € W, with terminal point z, then
pin(n) = (2d)~" F, G Es, (2). (2.11)

Moreover, the distribution of S[T,,, co] given S[0,T,] = 7 is the same as that obtained as
follows:

e Take a simple random walk starting at z conditioned to never return to 7.
e Erase the loops chronologically.

As we have mentioned, there are two different ways to define “loop-erased random
walk stopped at 9C,”: one is as the loop-erasure of S[0, p,], and the other is as

S[0,T,]. These measures are significantly different near the terminal point. However,
considered as measures on W, _; by truncation, they are comparable.

We prefer to consider p,, that is the distribution of S‘[O, T,], because we know that
the distribution of the remainder of the path can be obtained by erasing loops from
a simple random walk starting at S(7},) conditioned to never return to 5[0, 75]. The
estimates from Section 2.4 apply to the conditioned random walk and the loop-erasure
is a subpath of the conditioned walk. As an example, Corollary 2.14 implies that for
d = 2,3, there exists ¢ < oo such that conditioned on g[O,Tn], the probability that

S[T, o) intersects C,,—; is less than ce™.

If d = 2, we define k, by saying that log x, is the measure of loops in 72 that
disconnect 0 from 0C,,. (We do not require the loop to lie in C‘n.) In this case, if n € W,
we can write

fn(n) = (2d) 1" &, FF" Esy(2),  d =2, (2.12)

where log F"" is the measure of loops in 72 that intersect n but do not disconnect 0 from
oC,.

The distribution pu,, ., is a little complicated, but we will only need to know it up to
uniform multiplicative constants.

Proposition 2.21. Ifn < m —1, andn € Wnym with initial point w and terminal point z,
then
fin.m (1) < (2d)~1" E, Es, () H g\ (0, w).
Recall that Hza\, (0, w) = Gza\,(0,0) Ha(zd\n)(o, w). If d >3, Gza\,(0,0) < 1. If d = 2,
GZd\n(Oa 0) =n.

Proof. We start by writing the exact expression

() = D p(n &)

n'EnEWnm

= @)MMEF, > Esyan(z) 2d) (27 n).
n'&nEWn,

For the upper bound, we use Es,/g,(2) < Es,(2) to see that

fnm() < 2d) 7y Esy(2) D (2a)7 T F (2 \ ).
n' ENEWn
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The last sum is larger if we remove the restriction that ' & n C C,, and write just

> @d) " Fy (20 \ ), (2.13)

,,7/

where the sum is over all SAWs 7’ starting at the origin, ending at w, and otherwise
staying in Z%\ 7. Using a decomposition similar to (1.1), we can see that (2d)~ "'l Fy(Z4\
1) is exactly the probability that a random walk starting at 0 stopped upon reaching
n U {0} stops in finite time and the loop-erasure of the stopped walk is n’. Therefore the
sum in (2.13) equals Ha(zd\n)(o, w).

For the lower bound we write

finm(n) > (2d)" F, > Es,yan(2) (2d) 7171 F (272 \ ).
N’ ONEWn, n/CC,,L+%

Using Corollaries 2.12 and 2.13, we can see this is greater than a constant times

(2d)71" F, Esy (2) > (2d) 7171 Fy (29 \ ).
N ®&NEWm, n/CCH%

As in the last paragraph, we see that the sum equals Ha(é 1\77)(0’2)‘ We can use
n+§

Corollary 2.15 to see that
HS(CA'”_'_%\n)(O?Z) > CHB(Zd\n)(O7Z)~ O

We will now focus on the decomposition (2.2) of n € W,,,. The next lemma shows
that n,, and 7,41, are “independent up to multiplicative constant”. A two-dimensional
version of this result can be found in [16, Section 4.1].

Proposition 2.22. If n <m -2, 7€ W,,n € Wy41,m, then
D i &0 @) = pn(0) 1, (7). (2.14)
,,*

Here the sum is over all SAWs n* such thatn & n* &7 € Wi,.

Proof. We will write ' =1 ® n* @ 7. Let y be the terminal point of 7, and let w, z be the
initial and terminal points of 7/, respectively. Let A = Z?\ (n U 1), and note that

Frpon-aiq = Fy F5(Z2\ n) F,-(A).

Since n ¢ C,, UAJC, and 7j C (Z%\ Cpi1) U 0;Cpyq, it follows from Lemma 2.6 that
Fy < Fy(Z*\ ) for d > 3, and by Lemma 2.10 we see that F;"" < F;(Z \ n) for d = 2.
Therefore the sum on the left-hand side of (2.14) is comparable to

Fy Fy(2d)~=110Y " 2d) "N e (A) Bsye (2),  d > 3, (2.15)
—

and similarly for d = 2 with F; replaced with F7;"™".
For an upper bound, we use Es,/(z) < Es;(2) to bound the sum by

Esj(2) Y (2d) 7171 Fye (4),

where the sum is over all SAWs from y to w and otherwise in A. The sum therefore
equals Hp(y,w).
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For the lower bound we restrict the sum in (2.15) to n* such that n* C C’n+%. In that
case, we use Corollary 2.12 or Corollary 2.13 to tell us that Es,/(z) =< Es;(z) and hence
the quantity in (2.15) is bounded below by a constant times

Fy, Fy(2d) ™71 Bsy(2) Y (2d)7 171 - (A).

n* Ccn+%
We also use the results of that section to tell us that

> (2d)" "I Fy(A) > c Hoaly, w).
pe

Therefore, using Corollary 2.16, we see that for d > 3,

STum ey ®[) < Fy F(2d) 71 Hy s (y, w) Bsy(2)
e

=< F,Es,(y) (2d)"1" F;(2d) 1 Hza\ 5(0, w) Esz(2),

and similarly for d = 2 with Fj; replaced with F;"". If d > 3, then Hza\;(0,w) =
Hay(zn (0 w).

We now claim that for d =2, F,, <n F; '™ in other words, the measure of loops that
intersect n and also disconnect 0 from 0C,, equals logn + O(1). Indeed, this follows from
Lemma 2.10. We therefore get

F3" Hza\g(0,w) = 0™ Fy Hza\5(0,w) < Fy Hy g, (0, w).
Hence, for all d > 2,

Z pm(n @n* ®17) < F, Esy (y) (2d)~ 1" Fﬁ(Qd)7|ﬁ| Hy g\ (0, w) Esz(2) =< tin (1) tinr,m (71)-
=
O

It is useful to view the measures p,, as generating a Markov chain ~,, with state space

W= D Wh.

n=0

The transitions always go from W, to W,,1, and are such that ~,, < 7,4+1. Using (2.11)
we give the transitions by

. /,Ln(’}/n+1) _ _‘~‘ 3 d ES'Y7L+1 (ZTL+1)
(Vs Yng1) = ) (2d)" M E5(Z\ ) “Ee () (2.16)

Here z,, 2,41 are the terminal points of ~,,y,+1, respectively, and we have written
Tn+1 = Tn ® ’;/

2.6 Coupling a one-sided LERW

Before handling the case of pairs of walks, it is useful to consider the simpler question
of coupling one-sided infinite LERW with different initial conditions. The one-sided LERW
is a probability measure on W,. For each n, we write € W, uniquely as n = n,, ® n};
where 1, € W,. We will write n ~ 7 if in this decomposition 7}, = 7;, that is, if the
paths agree after their first visit to 0C. We do not require that 7, and 7, have the same
number of steps. If n,,, 7, € W,,, we write n,, =, 7, if the paths agree from the first visit
to 90C,,—; onward.
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Proposition 2.23. There exist 0 < u,c < oo such that ifn,,n, € W,, then we can couple
1,7 on the same probability space such that

e The distribution of n is LERW conditioned to start with n,.
e The distribution of 1) is LERW conditioned to start with 1,,.
« If J denotes the smallest integer k such that n* ~, . 77*, then E[e*/] < c.

We start with a preliminary lemma.

Lemma 2.24. There exist ¢ < co such that if n,, 7, € W, with 5, = 7, with then we
can couple n,n on the same probability space such that

e The distribution of n is LERW conditioned to start with n,,.
e The distribution of 7 is LERW conditioned to start with 1,,.
c Py =i} 2 1-deh,

Moreover, ifk > 1, then P{n} =75} > 1/c.

Proof. We assume k > 1, The distribution of n;, %} given 7,, 7y, is that of the loop erasure
of a random walk starting at the endpoint conditioned to avoid 7,,7,, respectively.
Lemmas 2.12 and 2.13 show that we can couple these conditioned random walks so that
they agree up to an event of probability O(e=*). O

Lemma 2.25. For all j > 3, there exists § = 0; > 0 such that if ,,7, € W,, then we can
define 1,7 on the same probability space such that

e The distribution of ) is LERW conditioned to start with n,,.
e The distribution of 1) is LERW conditioned to start with 17,,.
« With probability at least ¢,

Mtz = Tnt2s  Mnt2 \ngj C {xe z* \ Cpy1 21 > |x|/10}.

Proof. We let w,w denote simple random walks conditioned to avoid 7,,, 7, respectively.
We first let w, v move independently until they reach 9C,,;1. For each one there is a
positive probability that the walk did not enter C,,_; and that the endpoint is within
distance e"*!/20 of e, ;. The distribution of the endpoint is comparable to harmonic
measure, that is, comparable to e (=% for each point.

Given that w,® have reached 0C,, 1, there is a universal p > 0 such that the proba-
bility (conditioned that it avoids 7, or 7},,) that the rest of the path avoids C,, is greater
than p. We consider the set of paths with this property, and we can now couple w,w with
positive probability such that on this event, the distribution of the remainder of the path
is random walk conditioned to avoid C,,. We will write w* for the future in the coupled
walks. This is a walk starting on 0C,,; within distance e"*! /20 of e,,+1. We write o, for
the first visit of w* to 9C), 4.

Consider the event that all the following holds.

« the walk reaches 9C,,; ;1 without leaving {x € Z¢\ C,, 41 : 71 > |x|/10}}
+ After this time it never returns to Cj,4 ;.

* there is a cut time for w*[0p, 02] that occurs between time o4/5 and o5/3.
* w*[o4/3,00) never visits C,, ;1

* w'[og, 00) never visits 9C,, , 5
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Under this event, the cut time is also a cut time for the entire path (with either 7, or
7, as initial condition). Hence the loop erasure is the same after that point, and, in
particular, the loop erasure after the the first visit of the loop erasure to 9C,, ,» is the
same. All we need is that the probability of this event is bigger than some ¢; > 0 and
this is easy to verify. (We could get a lower bound for the probability in terms of j but we
will not need it.) O

We can now describe the coupling. Let r be sufficiently large so that ¢’ >, -, , e k<

1/2. Let
(i+1)r—1

and note that

We start with (7,,7,) and we will recursively define v,, = MntmrsYm = Tntmr fOT
m = 0,1,... and a nonnegative integer valued random variable K,,. At each stage we
will have

® Ym—1 < Ymes i/m—l < ;ym'

* Ym (9m) has the distribution of a LERW conditioned to start with 7, (resp., 7.)
stopped at its first visit to 0C), -

* If K,, =k, then TYm —kr—2 :Ym

Using the lemmas above, we can couple so that the following is true given ., -

» If K,,, = k, we can define v,,+1,m+1 such that, except for an event of probability
at most qx, Ym+1 =r(k+1)—2 Ym+1- 1f the last equality holds, we set K11 = k + 1.
Otherwise, we set K,,, = 0.

» If K,,, = 0, then we can define 7,,, ¥, so that with probability at least 9, v, =r—2 Ym-
On the event that this happens, we set K,,;; = 1. Otherwise, we set K,,;1 = 0.

Let T = sup{m : K,, = 0}. Note that J < rT, Then these assumptions imply (see
following lemma) that there exists u = r3 > 0 with E[e*/] < E[e”T] < c0.

Lemma 2.26. Suppose Xy = 0, X1, Xo, ... is a sequence of nonnegative integer random
variables adapted to a filtration {F,} such that for eachn, X,,;1 = X, +1 or X,41 = 0.
Suppose there exist 0 < J, ¢, < oo such that for all n, j
P{X,, >0 forallm>n|F,} >,
P{X, 1 =0|F,} <ce ®Xn
Let T = max{n : X,, = 0}. Then there exists 3 = 3(J,c,a) > 0 such that E[e’T] < cc.
Proof. Let op = 0 and o3 = min{n < ox_1 : X,, = 0}. Then P{o; < o0} <1 -4 and by

iterating P{o} < oo} < (1 —4)*. Hence P{T < o} = 1 and we can write

E[eﬁT} = ZE [eﬁo’“;ak < 00,0k41 = oo} < ZE [eﬂa’c;ak < oo] .
k=0 k=0
Since P{o; =n} <P{oy =n|on—1} <ce 1, for 3 sufficiently small,

E[65”1;01<oo] §1—5

5.
By iterating this, we see for k > 1, E [¢#7%; 0, < 0o] < (1 — §)F. O

N[>
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2.7 Pairs of walks

Ifn <m—1, and n € W,,, we define 1,,n*, 7n+1,m by the decomposition (2.2),

N="1 DN D NMntim,

where 1, € Wy, Mnt1,m € Wat1,m and n* is the middle. If n = (n*,n?) € W2, we similarly
write

N= DN S Nni1m

where the decomposition is done separately on n', n2. Proposition 2.22 implies that if
m>n-+2,

Z /Lm(n) = ,Un(nn) ,un-l—l,m(nn+1,m)a (2.17)
N=n2ON* SNn+1,m

* Recall that Q,, is defined on W2 by
Qn(n) =1{n e A} e LM = ¢=Ln(m)

where L, (n) is the loop measure of loops in C,, that intersect both n' and 2. If
d = 2, we only consider loops that do not disconnect 0 from 90C,,. By definition,
L,(n) = —cifnt Nn? # {0}. If n < m — 1, we also view Q,, as defined on W2, by

Qn(nn S 71* @ 77n+1,m) = Qn(nn)
+ We define Q,,11,, on W2, by

QnJrl,m('rln on* o "7n+1,m) = e_Lm(nnJrl’m)7
where

- Lm(nn+1,m) = —oo if 77711+1,m N n?z+1,m 7& w'
and

- (d > 3) L;,(Mn+1,m) is the loop measure of loops in C‘m that intersect both
1 d 2
77n+1,7n an 77n+1,m' A
- (d = 2) L,(Mn+1,m) is the loop measure of loops in C,, that intersect both
Nhi1.m and n2 ., . and do not disconnect 0 from 9C,,.

* If n,, < m, we define

~Amm) QM) pm(n) _ pm(n)
Am (1 17.) = An (1) B Qn (1) pn (M) = fon (1)

= (N | M),

so that
A (1) = Aa () A (M | M)

Ifn<mandne A,, let

Am(n) = Z >‘m(77/) = An(n) Z /\m(n, |n).

n<n'€An n=<n'€An
* Let K, be the set of n = (n!,7?) € A, with
77* C Cn+2 \ Cnfla

dist [nj’*,n3_j} >3, j=1,2.
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Proposition 2.27. There exist 0 < ¢; < ¢o < oo such thatifn <m —1andn € A,

C1 1{77 S Icn,m} Qn(n) Q7L+1,m(77) S QnL(n) S C2 Qn(n) Qn-{-l,m(n)' (218)
Proof. For the upper bound we note that

Qum (m)
Qn(M) Qni1,m(N)

where L' is the measure of loops / that intersect both 7} and 72 and also intersect both
nk +1,m and n? +1,m- Ford = 2, it is also required that the loops not disconnect 0 from 9C,.
In particular, such loops must intersect both C,, and 9C,, ;. If d > 3, Lemma 2.6 tells us
that the measure of such loops is uniformly bounded. Similarly, for d = 2, Lemma 2.10
tells us that the measure of such nondisconnecting loops is bounded.

For the lower bound, note that if n € K, ,,, then

Qum(m)
Qn(M) Qny1,m(n)

where L” is the measure of loops ¢ that intersect C,, 2\ C),—1 and are of diameter at least
e"~3; for d = 2, we also require the loops to be nondisconnecting. Again, Lemmas 2.6
and 2.10 give uniform upper bounds for L”. O

< exp{L'},

> exp{—L"},

One of the most important tools in understanding A, is the separation lemma. This
says the (almost obvious) fact that if two paths are conditioned to avoid each other
then their endpoints tend to be far apart. There are many versions that can be used.
We will define a particular separation event. The choice of 1/10 is arbitrary but it is
convenient to choose a fixed small number. We give the definition for d = 3; if d = 2,
replace (1, %2, x3) with (21, z2).

Definition 2.28.

e Ifn € W, let I,,(n) be the indicator function of the event
N0 (Cn \ Co1/10)) C {z = (21,02, 23) 1 21 > e |z}

* Let Sep,, be the set of n = (n*,n?) € A, such that I,(n') = 1 and I,,(—n?) = 1.
e Ifn<mandn € W, , let I, (') be the indicator function of the event

N N (Crta/10) \ Cn) C {(z1, 22, 23) s w1 > "'}

« Ifn < m, let Sep,, ,,, be the set of n = (n',n*) € W7, such that I,, ,,(n") = 1 and
Inm(=7°) = —1.

We will have two separation lemmas. The first is stronger and deals with the endpoint
of the beginning of the path. The second is not as strong (we could prove the stronger
result but do not need it) and deals with the initial part of the final piece of the path.
Various version of the separation lemma can be found in [16] and [14] in the two-
dimensional case and [17] in the three-dimensional case. For completeness we include a
proof of one version in the appendix.

Lemma 2.29 (Separation Lemma |). There exists ¢ > 0 such that if2 < n < m —1,
nec Wn: and

NP =) DY A | m).

n’€sep,,, ,n<n’

Then \>P(n) > c A\ (n).
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Lemma 2.30 (Separation Lemma Il). There exists ¢ > 0 such that if n < m, then

> 1(0) Qum(m) > ¢ > (1) Qum(n).

n=n®dn'€Amn,n’ €Sep,, , nEAm

We will now consider some easy consequences.
Proposition 2.31. There exist constants 0 < ¢; < co < oo such that the following holds.

1. Ifn = (n',n*) € Sep,,, then A, 11(n) > c1 A\n(n),
2. For everyn > 0,
C1 )\n < )\nJrl < )\n

3. Ifn<m-—1,

>

)\n+1,m = f
and, more generally, A\, (1) > ¢1 A /Ay, forn € Sep,,.
4. Ifn e Ay, An(n) < c2 A (1) (A /An).

Proof.

1. We use Corollary 2.19 to see that with positive p,; probability the extension of n
will still be separated.

2. This follows from part 1 and the Separation Lemma I.

. Here we use both Separation Lemma I and Separation Lemma II.

4. This is done similarly. O

w

Separation lemmas are key tools for many problems. They can be considered general-
izations of “boundary Harnack principles”. We will not discuss this, but just say that
the idea is that if you have a bounded domain, start a process very near the boundary,
and condition the process to not leave the domain in, say, one unit of time, then the
process will get away from the boundary very quickly. Although the probability of
escaping the boundary is small, the probability of staying near the boundary without
exiting is of a smaller order of magnitude.

The analogue for us of being near the boundary is to say that pair of walks are close
to each other near their terminal points. Once the paths “separate” somewhat, then
there is a reasonable chance that they will stay separated.

2.8 Coupling the pairs of walks

In this section we fix a (large) integer N. Our goal is to couple the probability
measures /\ﬁ(n) and /\ﬁ(n’ ) for different starting configurations 7, n7’. We use a coupling
strategy similar to that in Section 2.6 although here we will only go up to level N rather
than to infinity. We start by giving some notation; in order to make it easier to read, we
will leave N implicit.

e Letb, =AM, n. Ifn < Nandne€ A, let
An(n
=5 = S |
" ' EAN =1
If n € Ay, then b(n) = 1. Note thatifn < N — 1,
bm = Y. @' |n)bn). (2.19)

n’ GA’IL+1 n=<n’
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» Ifn,n € A, we write n =; 7} if the paths agree from the first visit to dC,,_; onwards.
In other words, if we write

n="Nn—j @77/, N = MNn—j 6977’
with 1, j, n—; € An—j, thenn’ =17,

We will consider Markov chains v,,,n = k,k + 1,..., N taking values in A := [ J;2, A;
with the properties:

e Foralln, v, € A,. If j <n, then v; < ~,.
* The transitions are given by

b(v,, b(n
DY Y1) = AMni1 | Vo) m < 1(¥ni1 | ) m (2.20)

This formula assumes that b(v,) > 0, but we start with this condition at time & and
hence with probability one this will hold for all n. Note that (2.19) shows that this is a
well-defined transition probability. We recall that b(vn+1) < ¢2 b4 and if vy, 11 € Sep,, 1,
then b(")/n+1) > C1 bn+1

We now describe the coupling which will be a construction of ordered pairs ~;; =
(Ynsdr) such that ~,,4, both follow the Markov chain although with different initial
distributions on ~,,4,. More precisely, we define a coupling X,, = (Vn, ¥n, Jn) to be
random variables defined on the same probability space such that the following hold.

* (Y&, Yk+1,---,¥n) is a Markov chain satisfying the transition probabilities given
by (2.20).

* Similarly, (4, ¥k+1,---,~) is @ Markov chain satisfying (2.20) although the initial
distribution may be different.

* J, is a nonnegative integer random variable with the property that if J,, = j, then
Yn =j Yns b(7n) > eI/ by,
* J, =0, and for every k <n < N, either J,,y1 = J, +1or J,;1 =0.

We can now state the main result.

Proposition 2.32. There exist a > 0, c < oo such that for all k,n and all N > 2n + k, for
any initial distributions on =, we can find a coupling such that

P{Jny <n} <ce *".

In particular, except for an event of probability O(e~*"), YN =n YN -

We collect some of the lemmas from previous sections here. These are the facts that
we will need in this subsection. We have already done most of the work in establishing
these results so we will be brief in our proof.

Lemma 2.33. There exist 0 < ¢; < co < oo and 8 > 0 such that the following holds.

1. For any “n,

> A @] ) <ce I
NNCh_(;/2)#0

2. If vy =5 An, and n N Cy_(j/2) = (, then

AV @1 [ ) = AFn @0 | Fn) [L+ O(e /3],
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3. If v, =; “Yn, then
1b(Yn) = b(Fn)| < c2 e 1/ bn.

In particular, if b(v,) > e 7/*b,, then

b(¥n) = b(Fn) [1+ O(e /%),

Z p(7n7771, 52 77) < Ceij/4v
NNCo(j/2) 70

and if also b(v, ®n) > e~ UTV/4p, ., then
p(')’m'}/n 2] 77) = p(:)/m v ® 77) [1 + O(eij/zl)]'

4. If n < N — 1, then given «,, the probability that ~, 1 € Sep,,, is at least c;. In
other words, for every =y,

> P YnAn® M) > e (2.21)

neSep,, 11

In particular,

S P An @) b(0) > by

nESEP,, 11

PV, Yn & M) < ce /4
M,0n 11 (Yn @) <e—(G+1)/4

Proof.
1. Write n = n* ® 7' where ' € A, 41 n. and use

AXwm@n ®@n|vm) <puvn@n' &0 vn) Quir,N(M0)-

Using Corollary 2.15 we can see that given «,, and 7, the u-probability that n* N
Cr—(j/2) # 0is O(e77/2). We then use (2.18).

2. This follows from a combination of Lemma 2.6 and Corollary 2.12.

3. We write

bv) = Y. Av(men|v),
7'rL®n€AN

and similarly for b(«/,) and use the first two parts.

4. This follows from the separation lemma. O

Lemma 2.34. For every j > 0, there exists §; > 0 such that the following holds. Suppose
k < N — (j +2) and initial conditions ~x, ), are given. Then we can couple v* = (v,4) on
the same probability space such that with probability at least §;, we have Iy o2(y) =1
and Yi+j+2 =j Ye+j+2-

Note that Ik+j+2(")’) = 1,Yk4+j+2 =j Yk+j+2 imply that I]C+j+2(:}’) = 1. It will not be
important to give estimates for J; in terms of j; the coupling works as long as §; > 0
although the exponent o does depend on the actual values. The proof of this is similar
to Lemma 2.25 although we first separate the paths. We do this so that the measure of
loops that intersect the extensions of the paths will be bounded.
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Proof. We fix j. In this proof all constants (implicit or explicit) or phrases like “with
positive probability” mean that there exist constants that can be chosen uniformly over
all k£ and all ~4, v (although they may depend on j).

By (2.21), we can see that there is a positive probability that vxi1,¥x+1 € Sepg;.
Let

cl = {r = (x1,22,23) : 21 > e ! ||}, c? = {z = (x1,22,23) : 21 < —e ! || }.

Recall that (v, | vx+1) is obtained by taking simple random walks starting at the
endpoint z, ,, of each ~},, conditioned to avoid v}, and then erasing loops. Let us
consider the first time that these random walks reach 9C} (6/5). Using Lemma 2.11 we
can see that with positive probability the random walk avoiding 7,% 41 Stays in

Cli={x = (21, 20,23) : 1 > e |z|},

and its terminal point is in C'. The same is true for the walk avoiding ~; 41 Staying in
C? = {z = (v1,22,73) : 11 < —e~2|z|} with terminal point in C2. Using the Harnack
principle, we can see that the distribution of the terminal point in C’ is comparable to
the harmonic measure from 0 of OCy (5,5 which in turn is comparable to e*(1=%).

For a simple random walk S starting on C* N 9C} (6/5), conditioned to avoid v, there

is a positive probability that the following holds:

» The walk never visits C1.

* The intersection of the walk with Cy ;.2 is contained in C..

« The intersection of the walk with dCj ;12 is contained in C*.

* There is a time ¢ with S; € Cjy(s/5) \ Cr(7/5) that is a cut point for the random
walk. (See [7] for existence of cut points for random walks in 72 and 7Z3).

* The walk never returns to Cj (9/5) after reaching 9Cy 2 for the first time.

Using this we can see that we can couple the conditional simple random walks
avoiding (v, ,,77,,) with those avoiding (3}, 7},,) such that with positive probability
the paths agree from their first visit to dC}(s/5) onward and they lie in the event
described above. In particular, the loop-erasure of the paths are the same from the
first visit to 0C}2 onwards. (See Lemma 2.18 and Corollary 2.19.) Also, the paths are
sufficiently separated, and hence using Lemma 2.6, we can see that

A Vet | ) = cp(Yerjrz | ),
and similarly for ~. O

Lemma 2.35. There exists ¢y such that the following is true. Suppose that m + j <
n < N —1 and ~,,9, € A, with v, =; ¥, and b(v,) > ¢ /*b,. Then we can couple
(Yn+1,9n+1) on the same probability space such that, except perhaps on an event of
probability at most ¢y e /4,

Yn+1 =j+1 Yn+1,
(Y1 \ 1) N Crgjj2) = 0,
b(Yni1) > e~ (+1)/4 by,.

Proof. We write v = (v',72),4 = (*,+?). In the measure p, the conditional distribution
of the remainder of the paths is obtained by taking simple random walks starting at the
terminal point conditioned to avoid the past and then erasing loops. Given the results so
far, we can couple random walks conditioned to avoid (v!,~?) and (7!,4?), except for an
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event of probability O(e~7/?) they agree and stay in Z% \ Cr—(j/2)- This will also be true
of their loop erasures.
We claim that, except perhaps on this exceptional set,

Qni1(y®Y) _ Qui1(Y07)
Qn () Qn(¥)

To see this we first see that any loop ¢ in C,, ; that intersects both v! & (y/)! and v2 & (v/)?,
but does not intersect both ' and 7% must intersect Z?* \ C,,_(;/2). If the loop does not
also intersect C,_;, then this happens if and only if ¢ intersects both ' & (7/)! and
7% @ (7')%, but does not intersect both 4! and 42. The measure of the set of loops that
intersect C,,_; and Z*\ C,,_(j2) is O(e™7/2). If d = 2, we only consider nondisconnecting
loops. O

[140(e™7/?)].

Proof of Proposition 2.32. Let J, = 0. Let ¢y be as in the previous lemma, and choose
r > 3 sufficiently large so that
o0
S et < 1
-2

j=r—2

Choose ¢ so that for any (+;,4;) with i < N — r, we can find a coupling (v;tr,¥i+») such
that with probability at least 2¢ we have I(~;+,) = 1, Yitr =r—2 Yitr, and b1, (Vitr)
e~(+7)/4_If the paths are coupled satisfying this we set Jy 11 = Jy12 = 0 and Jy 24 =
J,J=1,2,...,7; otherwise, we set Ji; = 0,5 =1,...,7.

Recursively, if we have seen (7k+jm Vijrs Jitjr). We do the following.

\Y]

e If Jiyjr = 0, we try to couple as above. If we succeed, then we set Jy 41 =
Jitjre2 = 0 and Jyqjrys = s — 2 for s = 3,4,...,r. Note that for any v ;,, the
probability that we will be able to couple is at least 2e.

e If Jpqjr =ir —2 > r — 2, we couple as in the last lemma for r consecutive levels.
This will succeed except for an event of probability at most

(i+1)r—3
Co Z e_t/4.

t=ir—2

If we succeed, we set J,,11 = J + 1 form =k +jr,... k+ (j + 1)r — 1; otherwise,
weset J, =0m=k+jr+1,....k+(j+ 1)r.

We now finish as in the proof of Lemma 2.26. Assume N > k + 2n, and let 0 =
min{j > 1: Jiy;, = 0}. From the estimates above we see that P{c = 0o} > ¢ and

P{o=j|o <oo} <ce ™/
In particular, we can find o > 0 such that
E[e® |0 <oo] <1+
More generally if o, = min{j > 0,_1 : J,4,» = 0}, then
P{o; < o0} < (1—¢),
and

E[e“;0; < 00] < P{oy < 00} E[e®™ |0y < 00] < (1 =€)l (1 4+ €)' = (1 — €)'
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In particular, if & = max{j : Jy4,» = 0}, then
oo
E[e®"?] < ZE[@MUZ;JZ < 00| < o0,
1=0

and hence
P{rg >n} <e *"E[e7] < ce *". O

The estimate (2.3) follows immediately since

An .
== > NEO) At (Y[ 9),
" YEAL AEA i1, Y=<
An+1[n] T# N

YEAR YEAn+1, Y=Y

where 5\# denote the normalized probability measure given 7. The sums on the right-
hand side are greater than some absolute ¢; > 0 by the separation lemma. Also,
Mt1(¥ | ¥) € pns1(F | ), so the sum over any set of paths « of probability O(e=%/) is
bounded by O(e~/). Finally, as we have seen, if v =; 7/, then

YoooMu@G - Y M@ <ce .

YEAn+1, Y=Y YEAn+1,Y <Y

3 Proof of (1.4)

Suppose A is a simply connected subset of Z¢ containing the origin and z,y are
distinct points in A4, and, as before, A = A\ {0}. Let A(A;z,y) denote the set of SAWs
starting at x, ending at y, otherwise staying in A, and going through the origin. To avoid
trivial cases, we assume that A(A4;z,y) is non-empty. As in the case of A,,, we can also
view elements of A(A;z,y) as ordered pairs n = (n',n?) € W% x WY with n' nn? = {0}.
Here W9 denotes the set of SAWs starting at the origin, ending at =, and otherwise
staying in A.

The loop-erased measure on a single path W¥ is given by

paa(n) = (2d)711 F, ().

This is the measure obtained by starting a simple random walk at the origin, stopping
the path at the first visit to J A, restricting to the event that the terminal vertex is z and
that there were no previous returns to the origin, and then erasing loops. It has total
mass Hy ;(0,z). (If we did not want to restrict to walks that do not return to 0 before
leaving A, we would get the same expression with an extra factor of G 4(0, 0); this does
not affect the probability distribution.)

If A D Ch41 we can also view p4,, as a measure on W, by considering the path
stopped at its first visit to dC,,. The measure p4,, is mutually absolutely continuous
with respect to u, on W, (with constants uniform over all n, z, A and paths n € W,,).
This would not be true for the measure on W,, obtained by stopping a simple random
walk at 9C,, and erasing loops.
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We define the loop-erased measure A4, , on A(A;z,y) to be absolutely continuous
with respect to p14 . X 14,y on WY x WY with Radon-Nikodym derivative

Y(n) =Yauy(m) =exp{—La(n)},
where La(n) = —x ifn & A(A;x,y), and

* (d > 3)log La(n) is the measure of the set of loops in A that intersect both 171 and

7.

* (d =2)log La(n) is the measure of the set of loops in A that intersect both n' and
n? and do not disconnect 0 from O A.

If we view the ordered pair n as a single SAW 7 from « to y, then this is the same as the
weight
(2d)" 1" Fy(A) ka, (3.1)

where k4 = 1 ford > 3 and if d = 2, log k4 is the measure of loops in A that disconnect 0
from A (all of which intersect both 7' and 1?). We write VA A,y for the corresponding
probability measure. For d = 2, the probability measure is the same if we normalized the
measure in (3.1).

Another way to describe the probability measure )\jw,y is as follows.

» Let w!, w? be independent conditioned random walks (h-process) where the walk
starts at z, y, respectively, stops when it reaches the origin, and is conditioned to
reach the origin before returning to 0A.

+ Erase the loops from each walk separately and reverse the paths to get n = (n!,7?).
We can write this path as the pair n or the single path n = (n!)® @ 7.

* Tilt the measure by exp{—La(n)}/pa,»,, Where
pAzy = Eexp{—La(n)}].

It follows from the definition that the probability measure PV
“two-sided domain Markov property”.

A,z Satisfies the following

. Suppose n',n? are disjoint SAWs startlng at z,y, respectively, and otherwise stay-
ing in A, with terminal vertices z’ ,y', respectively. Then in the measure PV Ay
conditioned that the SAW has the form

n=n'en* ®n, (3.2)

the distribution of n* is )‘ﬁ\(nluﬁ) oy

Let us describe our strategy. We will assume that A is a simply connected subset with
Cp+1 \ A consisting of two points z,y € 9;Cy,+1. If we prove our main result in this case,
it will hold more generally for A O C), 11 using the two-sided domain Markov property by
letting 7', n? be the parts of the SAW stopped at the first visit to 9;C,, ;. Let us fix k < n,
A a set as above with corresponding x,y, 7 € Ay, and to ease notation we will leave some
dependence on these parameters implicit. However, all constants, including implicit
constants in < and O(-) notation will be uniform over all choices. Let A4 = A(4;z,y),
A = Moy A = Ap, A is \ restricted to v with < 4, and A#, \# the corresponding
probability measures obtained by normalization. Let )\f denote the probability measure
on A, obtained from A4 by normalization and then truncating the paths so they are
in A,,. Proposition 2.32 states that we can define (v, %) on the same probability space
such that the marginal distribution of ~ is A#, the marginal distribution of 4 is M, and,
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except perhaps on an event of probability O(e~/), we have 4 =; v where j = (n — k)/2.
Here « is an unknown positive constant which we may assume is less than 1/4. We let

Mi(v)
M)

The main work will be to establish the following proposition.

Za(v) = Y € An.

Proposition 3.1. There exist co < oo such that if A, x,y are as above, then forally € A,,

Za(v) < ca.

Moreover, if v =; 7,
|Za() = Za(3)] < cxe™?/1.

If v € Sep,,, then Z4 () =< 1. However, if the tips of 4',y? are close, it is possible for
Z (%) to be small.

The theorem follows almost immediately from the proposition as we now show. Let
q denote a probability measure on A,, x A, such that the marginal distributions are
\# \#, respectively and such that
A (377 =7} 21—
Note that \# is the same as [A\#[A,,(n)]] ' \#, restricted to A, (), and hence if Z = Z,4,
3 M) = 34 26 = K] X 3
n=y n=y
Also, given Proposition 3.1,

DM@ Z) = Y a3 ZA)

(¥7)

= 0(e)+ Y 937 Z()

(¥:7)

= 0@+ M) Z(v)
Y

= 0@ )+ M(y)=1+0(7).

Therefore,

> ONL() = M4 ()] 1+ 0(e7)] .

n=<y

Proof of Proposition 3.1. We will first prove the result in the case where x and y are
separated, say |z — y| > e" 5. We write each 4 € W% as

A =~ten,
where v! € W,,. We do similarly for 42 € WY and we also write

Y=79n.
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We write

La(¥) = Ln(v) + L(¥),
where L(¥) = La(4) — L (). If d = 2, we restrict to nondisconnecting loops. We will
also write L, (y) = —oo if y' N2 # {0}, and L(§) = —oc if ' N 42 # {0}.

We write p# for the measure on loop-erased walks obtained by taking an infinite
loop-erased walk and stopping it at the first visit to 0C,,. We write uf for the measure
obtained from the loop-erasure of a random walk from 0 conditioned to leave A at z or y
(that is, we stop the walk at A and then erase the loops).

As we have seen, we have

A (v) = an ## (v) exp{—Ln(7)},

where
a,' = Elexp{—L,}],
and the expectation is with respect to p#. Similarly,

_bAZ,uA ¥) i (m | ) exp{ L (7)+i(7®n)]}7 (3.3)

where log L(v @ 1) is the measure of loops in A that intersect both v' @ 1! and 72 @ n?
but are not loops in C,, intersecting both 4! and 2, and

byl =E4 [exp{f(Ln Jr!i)H .

Here the expectation is with respect to uﬁ. Therefore,

Qp /J/A( 1 2 ~
Zaly) = | v) exp{—L(y@n)]}.
ba () it Z,; { }
Recall that
nh(h) Hyay (2, 2)
p# (vt Hyx(0,2)Esyi(2) dapa(yh)’

where

e (d>3) s =1andlogpa(y') is the measure of loops in Z* that intersect v! but do
not lie in A.

* (d =2) log ¢4 is the measure of loops in 72 that do not lie in A but disconnect 0
from OC,, and log ¢ 4(7"') is the measure of nondisconnecting loops not in A that
intersect y'.

Lemma 2.10 shows that ¢4 =< n if d = 2, and hence we can use Corollaries 2.12 and 2.16
to conclude that

H@(A\'yl)(z7x) = H@A(Oax) ES,Yl (Z) (bAv ¢A(’yl) =1,

and using Corollary 2.17, if y! =; 41,

Ng(’yl) /LA(7 )[1+O( —j/4)].

G T AT

The same results hold for 72, and hence if v =, ¥,

S

~—

v _ 14 (5
(v) #(’r

=

[1+0(e™9/%)]. (3.4)

S

=
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Since,
Sk v e {-Liyem]} <1,

we see that Z4 is uniformly bounded above. If v =; 7, then

‘2}&@wem{—ﬂv@m}—E)ﬁhﬂﬁﬁm{—ﬂﬁ@m}
<> I m v — i3

3wk ) oo {-Lyem} —exo {-LFom}|.

We use Corollary 2.17 to see that

Sl mly) = whm [ < 0(e),

> Wil <0(e),
NNCr_(j/2)#0

and, again, if N C,,_(j/2) =0,

exp{-Liyam} e {-LEon}| <0 2).

This establishes the proof when = and y are separated.

The proof when x and y are separated is the main part. If x and y are not separated,
then we first separate « and y and then use the argument for separated points. This is
straightforward using a separation lemma, but we discuss the details below.

When x and y are not separated, we first run paths from z and y until the paths
get to C,,; (4/5) and use the fact that there is a positive probability that the paths have
separated. Indeed, we write each 4' € W% as

Ar=rteqt e,

where y' € W, and 7' starts at the last visit to C,,;(4/5). We do similarly for 4% € WY
and we also write

Y=v®&nen.

We partition loops that intersect both 4' and 4? into three sets:

+ Loops in C,, that intersect both 7! and ~2.
+ Loops in A that intersect both ' and n?
¢ All other loops.

If d = 2, we restrict to nondisconnecting loops, In that way we write

La(¥) = Ln(v) + La(n) + L(%).
As before, we write L,(y) = —oo if y' N4 # {0}, La(n) = —oc if ' Nn? # 0, and
L(%) = —o0 if ' N 4% # {0}.
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We write p# for the measure on loop-erased walks obtained by taking an infinite
loop-erased walk and stopping it at the first visit to 0C,,. We write uﬁ for the measure
obtained from the loop-erasure of a random walk from 0 conditioned to leave A at = or y
(that is, we stop the walk at 0A and the erase the loops).

By definition, we have

M (V) = an 17 (v) exp{—La(7)},

where
a‘il =E [eXp{_Ln}] ’

n

and the expectation is with respect to ;. Similarly,

M) =ba Y whvened) ep{-[La() + Lam + LA}, 35
ndy

where
bgl =E4 [exp{—(Ln +La +E)H ,

and the expectation is with respect to uf.
We will choose from Mﬁ by choosing 7 first, then ~, and then finally 7). By doing this
we can see that (3.5) can be written as

M) =ba > ik m i (v ) | vom) exp {~[La(v) + La(m) + LA}
L

which in turn can be written as

ba > _ 1 (m) exp{—=La(m)} pfs (v | ) exp{—Ln(7)} ¥(7,n),

where R
U(y,m) =Y _wh(i|v.m) ep{-Llyonon)} <1
7

Therefore,

Ni(y) _ ba " ph(y [ m)
== ) i) exp{=La(m)} ~"5 = ¥(v.m).
() an zn: 4 p# ()

We will need to use the separation lemma on both the beginning and the ending of
the path. There is a lot of arbitrariness in the definition of the separation event. We will
not be specific here, but the important facts are that there there exists ¢; > 0 such that

U(y,m) >c1, ~,m € Sep, (3.6)
ST M) exp{-La(m)} > 1 Y ph(n) exp{—La(n)},
nesSep n
S wf() ep{-La(v)} = 1 Y pf (v) exp{—La(v")}.
Y*€Sep ¥*

To be specific, we will say that n € Sep if each initial point (the vertex in 0C,, (4/5))

is distance at least ¢™/100 from the other path in the pair. For v* € 4, we can use

the definition of separation as before. Establishing (3.6) uses the same argument as in

Proposition 2.31 — given (v, n) that are separated, the conditioned simple random walks

whose loop erasure given 7) have a positive probability of staying apart; hence so do the

paths in 7); and the measure of loops intersecting both is bounded uniformly above zero.
We now claim the following.
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e If v =; 7, then
IR BAGEE)
p# () p# ()

We will consider the result without conditioning,

<ce /4, (3.7)

ph(y) i)
p#(y)  p# ()

where the estimate should be uniform over all A containing C,,; (4/5) \ 9;Cp(4/5) and

boundary points z,y € C,, 4/5) N 9A. and all z,y € JA. Since ph(y|m) = uﬁ\n(y) (with
appropriately chosen starting points), we get our estimate as in (3.4).
We have already noted that U(+,7n) < 1. We now claim the following.

« Ify =, 7, then |
| (y,n) — ¥(F,n)| < ce /.

To show this we first note again that
Yoo whm v <ce /M
N*NCp_(j/2)7#0

Also, if n* N C,,_(j/2) = 0, we have
TEN BN =20 YON O,

in which case
Lyen @en) - LAen @n)| <ce /" O

A On the proof of Lemma 2.11

The proof of the result for d = 2 was done in [16] and it was adapted for d = 3 in [17].
We will not give the complete proof here, but we will sketch most of the argument using
a different function than used before. Let us first consider Brownian motion, where the
result is easier.

Let U denote the open cube

U:{x:(a:17...,acd)GIRd:|xjfl\<1}7

and let V = 9U N {z! = 1}. Let g(z) be the the harmonic function on U with boundary
value 1y, that is, g(x) is the probability that a Brownian motion starting at « exits U at V.
By symmetry, we see that ¢g(0) = 1/2d. Let

U™ ={(z',...,2%) e U:2' <0},

and let L be the line segment L = {(z',0,...,0) € U : 0 < 2! < 1}. We will need several
properties of g.

Lemma A.1.

1. There exists ¢ < oo such that |z|/4d < g(x) — g(0) < ¢|z| forz € L.
2. There exists ¢; > 0 such that if v = (z*,7) € U, then g(z) < g(0) — ¢1]7|?.
3. There exists € > 0 such that if U- = {x = (2!,%) € U : 2! < ¢|Z|?}, then

g(0) = sup{g(z) : 2 € U }. (A1)
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Proof.

1. The upper bound follows from derivative estimates for harmonic functions, so we
will only show the lower bound using a coupling argument. Let B; be a Brownian
motion starting at the origin and W; = B; + x a Brownian motion starting at x. Let
T =min{t: By € OU},T* = min{t : W; € OU}. Note that W; — B; = z for all ¢.

e if T'=T7, then B, and W, cannot be exiting at V.
e If T < T%, then By ¢ V. There is still a chance that By € V.
e IfT* < T, then Wp= € V and By = Wp. — x. By symmetry, we can see that

1
P{IT* <T}>P{BreV}= 2

Using the gambler’s ruin on the first component, we can see that, given
T* < T, the probability that the first component of B; will equal —1 before it
equals 1 is |z|/2. In particular,

P{Br ¢V | Br= GV}Z%.
Therefore,
x
o(@) — 9(0) = P {Br- < V.Br g V) > 1
2. The previous argument can be used to see that g(—6,22,...,2%) < ¢(0,2%,... 2%
for § > 0 so it suffices to consider the maximum over (0, 22,...,z%). By symmetry,
we can consider the same problem for the positive quadrant Q = {(z*,...,2%) € U :
2?7 > 0} where we reflect the Brownian motion on the boundaries {z7 = 0}. We can
couple reflected Brownian motions B; starting at 0 and W; at = € {(0,22,...,2%) :

0 < 27 < 1}, so that all of the components of the latter Brownian motion are greater
than those of the former Brownian motion and the first components always agree.
This gives d independent coupled reflecting Brownian motions (the coupling is
described in the next paragraph) with the following properties: the first components
are the same and start at 0; for the others, one starts at 0, the other at 27, and
coupling occurs when the latter reaches 27 /2. In particular, the probability that
the latter one reaches 1 before coupling is greater than 27 /2, and given that, the
probability that the first one exits somewhere other than V is greater than c|27|.
Using this we can see that
P{T" < T°} > c|z|?.

We now describe the coupling of one-dimensional reflected Brownian motions
(Y, Zy) with Yy = 0, Zyp = = € (0, 1). Let W, be a Brownian motion starting at « and
let Z; = |W;|. Let 0,2, 01 be the first times that Z; = 2/2, Z; = 1, respectively. Let
Y; = [W; —z|fort < 0,/, and Y; = Z; for t > 0,5, and note that Y; is a reflected
Brownian motion starting at the origin. Let Tz, Ty denote the first time greater
than or equal to o, /, A 01 at which Z; € {0,1},Y; € {0, 1}, respectively.

. IfO'm/Q < oq,thenTy; =Ty.
e If oy < 0y, /25 Ty = o1 and then Y,, = 1 — z. Therefore, using the gambler’s

ruin estimate,
P{YTY =0 | o1 < Ux/Z} =2x.

Therefore,
x?
P{Yr, =0} =P{o1 <0y} P{Yr, =0]01 <0y/2} > 5
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3. This follows from Part 2 and derivative estimates for positive harmonic func-
tions. O

Now suppose A C {x € R?: |z| > 1} and |y| = 1. Let U’ be a rotated, dilated, and
translated version of the set U above centered at y, rotated so that the inward radial
direction of U’ corresponds to the positive first component, and dilated by a factor
0 where § is sufficiently small so that the analogue of U lies entirely in {|z| > 1}.
Using (A.1), we can find a uniform ¢ depending only on the € in (A.1). Let V'’ be the
analogue of V' and let f be the analogue of g, that is, f(x) is the probability that a
Brownian motion starting at x exits U’ at V'. There exists 4’ > 0 such that all the point
in V' have radius at most 1 — ¢’. Let 74 be the first time a Brownian motion hits A. Then
ifr <landz=ry e U’, we have g(z) > g(x) forall x € ANU’, and hence,

1
PZ{BT€V|T<TA}ZPZ{BT€V}Zﬁ,
PZ{BT€V|T>TA}§PZ{BT€V}.

For random walk, we need to find the discrete analogue of the function g. Some work
needs to be done because we do not want to require that the cube U be lined up with
the lattice Z¢; indeed, we want an estimate that is uniform over all rotations. Let U’ be a
rotation of the U above, with corresponding V' C 9U’, and g the harmonic function on U
with boundary value 1y. For each r = 1/n > 0, Let K, = {x € Z% : rx € U'}. Let V, be
the subset of 9K, corresponding to nV. Let g*(z) be the discrete harmonic function on
K, with boundary value 1y,, that is, g*(z) is the probability that a random walk starting
at x exits K, at V..

Lemma A.2. There exists ¢ < oo such that for every rotation and every n,

g (2) = g(ra) | < = if dist(w,0V;) > 1o

Proof. We use A to denote the discrete Laplacian, let §(z) = g(rz) and recall that

§(@) =g"(x) = > Gu,(2,y) Aj(y),

yeU,

where A denotes the discrete Laplacian. Therefore, it suffices to show that

3 Gu (e.9) 183) < =, dist(z,0V;) > % (A.2)
yeU, n
and to prove (A.2) it suffices to establish that
N C
> Gu, (@) 183()| < 5. (A.3)

y€U,, j—1<dist(y,0U,)<j

We will use the following fact that uses only the Taylor approximation of A and the
derivative bounds for harmonic functions.

e There exists ¢ > 0 such that if R > 2 and A is a (continuous) harmonic function on
{x € R?: |z| < R}, then

AR(0) < = sup [h(z) — h(0)],
|z|<R/2

where A denotes the discrete Laplacian.

We now split into two cases.
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» Suppose that dist(y, V,.) > n/20. In this case, the gambler’s ruin estimate shows

that
. dist(y, oU)

n

9(y) <
Therefore, if j — 1 < dist(y,dU) < 4,

c

. 4]
A <cjtL=_—.
[Ag(y)l <ej™ n

Also, using the gambler’s ruin estimate, we can see that for all z,

Z G(z,y) < cj.

j—1<dist(y,0U,)<j

Therefore,

3 Gu. (2.9) 1830 < 5.

yeU,, j—1<dist(y,0U,)<j,dist(y,V;)>n/20 J
* Suppose that dist(y, V) = 6 < n/20 and let ¢’ = dist(y, U, \ V;.).

- Suppose that § < ¢§’. Then using the gambler’s ruin estimate, we can see that
there exists ¢ such that for |z — y| < /2,

1—g(z) <ed/d.

Therefore,

. _ c
|1Ag(y)| < cé * (5/5/> = 53¢
- Suppose that §’ < §. Then similarly that there exists ¢ such that for |z—y| < §/2,

9(z) <ed'/s.

Therefore, c
|Ag(y)| S 55/3'
Using the gambler’s ruin estimate (or similarly), we see that
c 6048  cod
GUr(xvy) S Tld_2 ﬁ g = Fv

and hence if j — 1 < dist(y, 0U,.) < 7,

c 1

g < < .
GUr(x»y) |Ag(y)| = (5/\6/)2 nd = ;2 nd

Using the fact that #{z € U, : j — 1 < dist(y, 9U,.) < j} < cn?"!, we get that

> G, (2,9) |Ad(y)] < ——

y€U,, j—1<dist(y,0U,)<j,dist(y,V,)<n/20 *n
This establishes (A.3), and hence proves the lemma. O
Using this we establish that there exists a ¢; such that there exists z with |z| < ¢; and
9°(x) 2 9%(y), yenU,.

Therefore, for any A C Z?\ C,,, the probability that random walk starting at x leaves on
the analogue of V' given that if avoids A is greater than the unconditioned probability
which is greater than (1/2d).
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B Sketch of proof of Separation Lemma I

If n = (n',n%) € A,, with terminal vertices z1, 2o, we define the separation A(n) =
A, (n) to be the largest r such that

dist(zj,n?’_j) >re”, j=1,2,.

* Claim. There exists rg,c¢ > 0 such that if 0 < r < rg and nn € A,, with A(n) > r,
then

> Anrse(m' | m) > e
where the sum is over all ' = (n! ® 7%,7% ® 7?) € A, 15, with
diam[i'] < 16re™, i=1,2,
dist(i7, 7~ @ i>7) > ge", i=1,2,
A(n') > 2r.

Indeed, using Proposition 2.20 and Lemma 2.11, we can see that

> um' [n) = e

Also, any loop that intersects both n' @ 7' and n? @ 72 but does not intersect both n' and
n?, must be of diameter at least (r/2) e and intersect either 7' or 2. Since the diameters

of these curves are bounded by 16re™ we see (Lemma 2.6) that the loop measure of such
curves is uniformly bounded. Hence Q. s-(1') > cQn(n).

* Claim There exist ¢;,6 such thatif 0 < s <1/2and n € 4,4, then

Y Am [ n) = aAm).

n’'€Sep,, 41

This is obtained by repeated application of the previous claim.

* Claim There exist p < 1 such that if n € A,,, then

> A’ [m) < p.

n' €EAnyar,A(N)<r

Indeed, using Proposition 2.20 and Lemma 2.11, we can see that

> u(n' [n) < p.

n' €Antar, A(n)<r

We choose N sufficiently large so that

o
> e <
J=N

Let u; =1/2for j < N and for j > N,

RNy

Uj = Uj—1 — j2 e_j.
in particular, 1/4 < u; <1/2 for all j. Let b; be the infimum of

)‘fffl (m)
>‘n+1 ("7)

b
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where the infimum is over all n <« < n + u;, and all n € A, 4, with
A(n) 2 e,

Note that the result will hold with
c = inf by,
J

so we need only show that the right-hand side is strictly positive. The result is obtained
by establishing two facts:

1. There exist @ > 0, ¢y > 0 such that b; > ¢oe~*/. In particular, for each j, b; > 0.
2. There exists a summable sequence §; such that for all j sufficiently large,

bjy1 > bj[1 = 4]

Indeed, if these hold and M is sufficiently large so that ¢; < 1/2 for j > M, then

inf b; > by, 1-96;).
infb; = by _H( i)
j=M

The proof proceeds now as in [14].
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