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Scaling limit of sub-ballistic 1D random walk among
biased conductances: a story of wells and walls*
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Abstract

We consider a one-dimensional random walk among biased i.i.d. conductances, in
the case where the random walk is transient but sub-ballistic: this occurs when
the conductances have a heavy-tail at 400 or at 0. We prove that the scaling limit
of the process is the inverse of an a-stable subordinator, which indicates an aging
phenomenon, expressed in terms of the generalized arcsine law. In analogy with
the case of an i.i.d. random environment studied in details in [ESZ09a, ESTZ13],
some “traps” are responsible for the slowdown of the random walk. However, the
phenomenology is somehow different (and richer) here. In particular, three types of
traps may occur, depending on the fine properties of the tails of the conductances:
(i) a very large conductance (a well in the potential); (ii) a very small conductance (a
wall in the potential); (iii) the combination of a large conductance followed shortly
after by a small conductance (a well-and-wall in the potential).
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1 Introduction

Random walks in random environment have been studied extensively over the past
forty years, both from a physical and a mathematical perspective. In dimension one,
they were introduced in the mathematical literature by Solomon in [Sol75], who gave
a criterion for transience/recurrence, and identified three possible regimes: recurrent,
transient with positive speed, transient with zero speed.
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Scaling limit of sub-ballistic 1D RW BiRC

The behavior of recurrent random walks in (genuine) random environment has been
further studied by Sinai in [Sin83], who showed a strong slowdown of the walk, with an
unusual scaling (logn)?2. The limiting law has then been identified in [Gol86, Kes86], and
the scaling limit of the process is a Brox diffusion, see [Sei00]. The case of transient
sub-ballistic random walks in i.i.d. random environment has been considered in [KKS75],
and then in [DG12, ESZ09a, ESZ09b, ESTZ13, PS13]. In particular, the scaling limit of
the walk is the inverse of an a-stable subordinator, and the random walk is shown to
exhibit an aging phenomenon, i.e. the two-time correlation function converges when
both times tend to infinity with a fixed ratio, the limit being a non-trivial function of
the ratio (aging has been extensively studied in the physics literature, in the context of
out-of-equilibrium glassy disordered systems, see [BCKM98] for an overview).

In the present paper we consider the case of a one-dimensional random walk among
i.i.d. random conductances: in this case, the random walk is recurrent. One central
question in Physics (see e.g. [NJBT10]) is to understand the effect of an external field
of intensity A (producing a bias in the conductances) on the behavior of the walk. In
particular, as soon as A > 0, the walk is transient to the right. Under some integrability
condition of the conductances, the walk is ballistic; this regime has been studied for
instance in [LD16, FS19] (see also references therein). Here we investigate the regime
where the random walk among biased random conductances is sub-ballistic: we show
that its scaling limit is the inverse of an a-stable subordinator, confirming the universality
of the aging phenomenon, cf. [BACO08, Zin09].

As mentioned above, a similar behavior is observed for sub-ballistic transient ran-
dom walks in i.i.d. environment. We show however that as soon as the independence
hypothesis on the environment is dropped (conductances introduce automatically a
strong dependence between neighbours), the trapping mechanism for the walk changes
dramatically and might become more irregular. We also point out that convergence to
the inverse of an a-stable subordinator has also been shown for walks among biased
random conductances in dimension d > 2 in [FK18]. The one-dimensional case, though,
presents once more a wilder zoology of possible trapping mechanisms. In particular,
we might have three different kind of traps, given either by a very large conductance,
either by a very small conductance or by a combination of the two. The kind of traps
that contributes the most to the slowdown of the walk is given by the fine properties
of the tails of the conductances at +oo and at 0. The distribution of the depth of such
traps (this is roughly the amount of time that the walk will spend on the trap) has to be
studied in terms of the product of random variables with regularly varying tails, which
might exhibit unexpected behaviors.

1.1 General setting of the paper

Let (X, )nen be a discrete-time random walk on an environment w given by a sequence

{¢s }zez of random conductances that are i.i.d. under measure IP. For a fixed realization

of w, we call P“ the law of the random walk (X,,),cn which starts at the origin and has
transition probabilities

Cy

Pw(Xn+1:z+1|X”:x):ﬁ, PY(Xpy1=2—-1|X,=2)=

Cx—1
Cr—1 + Cy

It is easy to check that the walk is reversible with respect to the measure 7(x) = ¢;—1 +¢;.
In the usual language of random walks in random environment, where the probability

of jumping from z to = + 1 is called w,, we have w, := ffﬂ For = € Z define
Pz 1= 1w“’1 = “=1: since the {c, },cz are independent, we get that [log po] = 0 (provided

that log ¢y is 1ntegrable) As a consequence, Theorem 2.1.2 in [Zei04] tells us that (X, ),>0
is P“-a.s. recurrent for P-a.e. w.
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We stress that while in the seminal paper by Solomon [Sol75] (and in many other
works) the {w,}.cz are taken i.i.d., this is clearly not true anymore in the case of
conductances. We refer to [Bis11] for an extensive account on the random conductance
model, which has been widely studied in the literature.

We consider now the following tilt of the conductances, which can be thought of as
an external field of intensity A > 0:

cy =e e, . (1.1)
The processon these tilted conductances, which we denote (X,,),cn again with slight
abuse of notation, is called random walk among Biased Random Conductances (which
we abbreviate as BiRC). Its transition probabilities read

w :/; w 02\71
z—1 i

In the BiRC setting, for » € Z we have p, = p,(\) := e *c,_1/c, (here and in the rest of
the paper, we drop the dependence of p, on \). We get that E[log pg] = —\ < 0 (provided
that log ¢y is integrable), so that (X, ),cw is P¥-a.s. transient to the right for P-a.e. w, see
[Zei04, Thm. 2.1.2]. Additionally, the asymptotic velocity v(\) = lim,,—, 1 oo X, /n exists
and is P ® P“-a.s. equal to
_ ith E[S] =1+ 2E[co]E <
v(A) = m wit [S] =1+ 2E[¢y] [1/co]m,

cf. [Zei04, Thm. 2.1.9]. Hence, for A > 0, v(\) > 0 if and only if E[¢s] < 400 and
E[1/cg] < +o0. The zero velocity regime can therefore occur for two different reasons:
the conductances have some heavy tail at +oo or they have some heavy tail at 0.

In our previous work [BS19], we consider the sub-ballistic regime, where E[cy] = +00
or E[1/cg] = +00, and we find the correct order for the scaling of X,,. More precisely, we
assume that there are some o, ag € [0, +00] with « := min(ag, ) < 1, such that

log P(co > t) log P(co < €)

A et T e I = o (1.2)

In Theorem 1.1 of [BS19] we prove that for each A > 0

. log Xy,
lim =«

P®P“ —a.s.
n—oo logn

The main goal of the present paper is to make this result much more precise, and
prove the convergence of X,, rescaled by n® (properly corrected by a slowly varying
function) to the inverse of an a-stable subordinator. In [ESZ09b, ESTZ13] the authors
prove this type of result for one-dimensional random walks in random environment,
where the transition probabilities {w, },cz are i.i.d. Their study is based on the analysis
of the so-called potential of the environment: the walk is slowed-down by large regions
with an atypical value of the potential. As we shall see, this is in sharp contrast with our
setting, where the trapping parts of the environment are determined by one or at most
two abnormal values of the conductances, see the discussion in Section 1.3.

1.2 Main assumption and main result

Having only (1.2) is not sufficient for describing a functional limit theorem for the
BiRC. In the present paper we will make the following stronger assumption.

For two functions f and g, we write that f(¢) ~ g(¢) if lim; o f(¢)/g(t) = 1.
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Assumption “Traps”. There exist some slowly varying functions L. (-), Lo(-) and some
Qoo, g > 0 such that, fort > 1and e < 1,

IP(C(] > t) = Loo(t) %o and IP(C() < €) = L()(l/E) gxo s (1.3)

with « := min{ag, @} < 1. If oy = @, we additionally assume that v — L (e?), v —
Lo (e¥) are regularly varying with respective indices 7o, Y0, i.€. there are slowly varying
functions g, Yoo such that Lo (z) = ¢ (logx)(logxz)T=, Lo(z) = ¢o(logz)(logx)T. We
suppose that 7o # —1,70 # —1.

As it will be clear below, large values of p, will be associated to “traps” responsible
for the slowdown of the random walk (X,,),en: it is therefore crucial to obtain the tail
behavior of p,, in order to be able to quantify the depth of the traps. Assumption “Traps”
serves that purpose, and is the condition that enables one to obtain the behavior of
P(po > t) as t — +oco. Indeed, Corollary 5 in [Cli86] gives the the following proposition:

Proposition 1.1. Assume that Assumption “Traps” holds. Then, there is a slowly varying
function () such that

P(po >t) =P(e re1/co > t) ~p(t)t™ @ ast — +oo. (1.4)

The function +(t) is asymptotic to e** times (we use the convention 0 - oo = 0):

E[C%}Lo(t)l{m[cg]<+w} + E[l/cg]Loo(t)1{]E[1/c3]<+oo} if E[Coa] < 400 or E[l/coa] < 400 ;

a%(log t)Lo(t)Loo(t) if E[c§] = +o0 and E[1/c§] = +o0 .

In view of Assumption “Traps”, we have that v — (e") is regularly varying if oy = aoo-

We stress that, in the case ay = an, = «, the fact that L. (ef), Lo(e') are regularly
varying is crucial to obtain Proposition 1.1. Unfortunately, this condition excludes
for example the cases of slowly varying functions of the form L(t) = exp(+(logt)®)
with a € (0,1). Notice also that if yo < —1 (resp. Yoo < —1) then E[c§] < 400 (resp.
E[1/c§] < +o0): in the case E[c§] = +oo and E[1/c¢§] = +oo, we necessarily have
0, Voo > —1 (recall we excluded the value —1), so I'(1 4+ 7o)I'(1 + v ) is well defined.
Some more comments on the tail of py are made in Appendix B.

We are now ready to state our main theorem:

Theorem 1.2. Suppose that Assumption “Traps” holds, and recall (1.4). Then, on the
space D([0,1]) of cadlag functions [0,1] — R with the uniform topology, we have the
following convergence in distribution, as n — +oo: under P ® P¥

<na/¢(n))u€[0,1] — malE[¢Y] ((82)7'( ))uE[O,l]'

Here (S, (u))u>0 is an a-stable subordinator satisfying E[e™!5>(")] = e=4t", (S,)~! in-

dicates its inverse function, and ¢ = ()(w) is the random variable defined in (7.1) (if
E[c§], E[1/c§] = +o0, we get that { = 2).

This scaling limit is similar to that found in [ESTZ13] (and [Zin09]), but we stress
that the trapping mechanism is different. Note also that the inverse of an a-stable
subordinator is easily shown to exhibit an aging phenomenon expressed in terms of
generalized arcsine laws: for any fixed h > 1, we have

sin(ma 1/h
Jim P87 = (57 0) = = [T 0o gy, )

see e.g. [Ber96, Sec. II1.3] (arcsine laws are shown for last-passage times, but the proofs
easily adapt to the above statement). An analogous aging result for the random walk
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(X, )nen should hold: using the same techniques as in [ESZ09a], one could prove that,
for any sequence j, — +oo and any h > 1, P(|X|,] — X,| < j,) converges as n — +o0
to the right-hand side of (1.5). Our proof actually shows some localization property of
the walk, which is typically “stuck” at a trap, with a value of p, of order d,, (see (2.2))
which is regularly varying with index 1/«; this is the key idea to prove aging result.

Remark 1.3. In [BS19], we also considered the biased range-one Mott random walk in
the sub-diffusive regime. This process is the simplified version of the Variable-Range
Hopping model used in Physics (cf. [FGS18, FGS19]), and essentially corresponds to
a random walk among random conductances with a different type of bias. In [BS19]
we identify the correct scaling exponent for the walk as a specific function of the field
intensity A (in contrast with the BiRC where the scaling a does not depend on \). The
techniques developed in the present work would allow us to push this result further
and obtain the scaling limit of the range-one Mott walk, but the result would be less
interesting since in that model the conductances are bounded from above and hence
only one kind of trap is present.

In dimension d > 2, the rescaled sub-ballistic BiRC also converges to the inverse of a
stable subordinator, as proven in [FK18]. In that case, the sub-ballistic behavior is due to
very large conductances, the walk being trapped between the two endpoints of the edge.
On the other hand, small conductances do not represent a problem for the walk, which
will typically go around them. In dimension d = 1 however, the lattice geometry forces
the walk to pass through each edge of the positive half line, so the walk can be slowed
down both by large conductances (as in the higher dimensional case) and by very small,
hard-to-overjump, conductances. Furthermore, in a particular range of the parameters,
a new kind of trap arises, as the combination of a small conductance followed shortly
after by a large conductance. The fine properties of the tails of ¢y at 400 and at 0 dictate
which kind of traps represent the biggest contribution to the slow-down.

1.3 The different types of traps

In his seminal work, Sinai [Sin83] described the notion of traps in the environment via
“valleys” in the potential function V, defined by V(z) = "7, log p; for z € Z, (V(0) =0
and a minus sign is added for x € Z_). In the case of i.i.d. w;, the potential V is itself a
random walk, and valleys in the potential V' are due to large regions where the sum of
log p;’s is abnormally large, cf. [KKS75] (see also [ESTZ13]). In that setting, if H denotes
the height of a valley in the potential (for a precise definition, see [ESTZ13, Sec. 3]),
then a key result by Iglehart [Igl72] gives that P(H > v) ~ Cre™"?, for some specific x
and some explicit constant Cj.

This is in sharp contrast with what happens in the BiRC setting: as already noticed in
[BS19, § 1.3], we have here V(z) = log ¢y — Az — log ¢, (for x > 1), and valleys are caused
by isolated large values of V(z) — V(x — 1) = log p.. Hence, Proposition 1.1 is crucial
in the understanding of the depth of traps, and the tail behavior of ¢y and 1/¢y plays a
key role in the deviations for log p,, and it gives rise to a much richer phenomenology
than in the case of i.i.d. w;’s. In particular, the probability of observing a large valley in
the potential behaves as P(logpg > v) ~ 1(e)e”*". The extra slowly varying function
¥(-) depends on the fine asymptotics of the tails (1.3) of ¢y and 1/¢p, cf. Proposition 1.1,
and may be ruled by different types of mechanisms that need to be treated separately.
Propositions 1.4-1.6 below consider the distribution of c_1, ¢y conditionally on having
po = e g /co > t, as t — +oo: this enables us to understand whether large values
of p, are typically due to large values of c¢,_; (wells), small values of ¢, (walls), or a
combination of a large value of c,_; and of a small value of ¢, (well-and-walls), see
Figure 1 for an illustration.
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We will distinguish two cases.
Assumption “Simple Traps”. The distribution of the conductances satisfy Assumption
“Traps”, and E[c§] < oo or E[1/c§] < oo.
Assumption “Well-and-walls”. The distribution of the conductances satisfy Assump-
tion “Traps”, and E[c§] = oo and E[1/c§] = co.

We point out that the case oy # a falls into Assumption “Simple Traps”, so that
well-and-walls are only possible if a = ap = ao.

We state here some results that will be proven in Appendix B. Let us introduce some
notation. If E[c§] < +oo, then ¢_; is a rv. with c.d.f. F: ,(u) = ﬁE[c‘jll{c_lgu}]. If

E[1/c¢§] < 400, then 1/¢ is a r.v. with c.d.f. Fy 5, (u) = mﬂi[l/cg‘ 1(1/co<u})-

Proposition 1.4. Suppose that Assumption “Simple Traps” holds. Then (c_1,1/cp),
conditionally on py > t, converges as t — +oo to the rv.

(1-DB)-(¢-1,+0) + B (+00,1/c), (1.6)
where B is a Bernoulli r.v. independent of ¢_1,1/¢,, with parameter q € [0, 1] given by

0 if E[l/c§] =+
= 1 if Eleg] = +oo

A gty arow i Eleg), Bl1/c§] < +oo and the limit exists.

Remark 1.5. Should the last limit in Proposition 1.6 not exist, a subsequence could
alternatively be considered. Furthermore, we notice that the condition E[c§], E[1/c§] <
400 implies in particular that @ = ay = a: suppose instead that a., > «gp; then
P(cg > t) = P(cq® > t) ~ t~%</%, which is integrable.

Proposition 1.4 tells that under Assumption “Simple Traps”, only two types of traps
can occur: conditionally on having a large trap (we postpone the precise definition of
traps to Definitions 3.1 and 8.1, but one can just think of having p, large), then either

(i) B=0,c;—1 =<1, c; <1, corresponding to a wall in the potential V;
(i) B=1,cz—1>1, ¢, <1, corresponding to a well in the potential V.

If ¢ = 0 (e.g. if E[1/c§] = +00), then B = 0 and only walls can occur. If ¢ = 1 (e.g.
if E[c§] = 4o0) then only wells can occur. If ¢ € (0,1) (e.g. if @ = as = oy with
Ly(t) ~ cL(t) for some constant ¢ > 0), then both walls or wells may occur, with
respective probability 1 — ¢ and ¢, but not simultaneously.

Proposition 1.6. Suppose that Assumption “Well-and-walls” holds. Then the distribution
of (¢c_1,1/cp), conditionally on py > t, converges as t — +oo to the r.v. (00, +00).

Proposition 1.6 tells that under Assumption “Well-and-walls”, only one type of traps
can occur: conditionally on having a large trap (say p, large), then we necessarily have

(iii) cz—1 > 1, ¢; < 1, corresponding to a well-and-wall in the potential V.

It turns out that under Assumption “Well-and-walls”, also “k-distant” well-and-walls
traps may occur, with £ > 1: they consist of the combination of a large conductance
c,—1 followed shortly after by a small conductance c, (this makes pé’” =Py Patk =
e M,y /ep ik large).
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>1 0(1) 0(1) «x1 >1 «1
U L Lo
poe o — e | | oo -
z—1 x= x+1 r—1 x x+1 z—1, x z+1
a well a wall

a well-and-wall

Figure 1: The three types of traps are represented above, together with the shape of the
potential © — V(z) associated to each type of trap (recall V(x) =logcy — Ax — logcy). A
trap, which roughly speaking is a large value of log p,, can occur in three different ways
(from left to right): under Assumption “Simple Traps”, we have either (i) c,—1>1, ¢, <1
well-shaped trap, or (ii) ¢, 1 <1, ¢, < 1 wall-shaped trap; under Assumption “Well-and-
walls”, we have only (iii) c,_1>1, ¢, < 1 well-and-wall-shaped trap.

1.4 Organization of the paper and overview of the proof

Let us present briefly how the rest of the paper is organized. In Section 2, we give
some preliminary results: we define first-passage times 7,,, and then state the conver-
gence of the passage-time process towards an a-stable subordinator, see Theorem 2.1.
We prove then that the random walk cannot backtrack more than C'logn and conclude
the section by showing how Theorem 1.2 follows from Theorem 2.1.

The rest of the paper is devoted to the proof of Theorem 2.1: in Section 3 we give the
precise definition of simple traps and list some important properties. In Section 4 to 7,
we prove Theorem 2.1 under Assumption “Simple Traps” (we detail the scheme of the
proof below). In Section 8, we define well-and-wall traps, list their properties and adapt
the proof of Theorem 2.1 to Assumption “Well-and-walls”: on the one hand we need to
additionally deal with k-distant traps, but on the other hand some simplifications occur
(due to the fact that { = 2 in Theorems 1.2-2.1).

Some technical results are collected in the Appendix: in Appendix A we recall useful
formulas for resistor networks!; in Appendix B we deal with the tail of py and prove some
consequences, such as Propositions 1.4-1.6; finally in Appendix C we collect the proofs
of the properties of the traps presented in Sections 3 and 8.

Let us now sketch how the proof of Theorem 2.1 works in the case of Assumption “Sim-
ple Traps”, i.e. we give a summary of Sections 4-7.

Part 1 Section 4. First, we divide the interval [0,n] into blocks of size Clogn and
show that the main contribution to the first-passage time 7,, comes from so-called
trapping blocks, which contain a (unique) large value of p, (see Section 3 for
a definition). In Proposition 4.1, we show that with high P ® P“-probability,
Ty =3 ez, T(B;) where J, is the set of indices of trapping blocks, and 7'(B;) is
the crossing time of such a block.

Part 2 Section 5. Our second step consists in identifying the trapping mechanism on
trapping blocks. We show that, if B is a (good) trapping block, then the time to
cross the block B is dominated by the time to overcome the deep trap where p,
is very large: we prove in Proposition 5.1 that T(B)/p. ~ 75 with high probability.

1We postpone the presentation of these formulas because they require further notations that are not used in
the rest of the paper: a reader unfamiliar with the topic may want to review these important formulas first
(they are also a useful reminder for a reader familiar with the topic).
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Here, 75 is a random variable associated with the environment in the block B
around z. In particular, to overcome a trap, one needs to account for

- the number of attempts to cross the edge (z,z + 1);
- the time between two attempts at crossing the edge (z,x + 1);
— the number of times the random walk falls anew in the trap.

This is why we write 75 as 63 ZJG:I E; (cf. (5.1)), where 03 = 03(w) is the average
time between two attempts to cross (z,2 + 1); G is the geometric random variable
of parameter pp = pp(w) counting the number of times we fall anew in the trap
(ps is the probability of never returning to x, starting from « + 1); (E;);>1 are i.i.d.
exponential random variables of parameter 1, which approximate the geometric
number of attempts to cross (z,z + 1), renormalized by p,. Let us stress here that
if c,_1 > 1 (well), then 03 ~ 2, while if ¢, < 1 (wall), then ps ~ 1. In the case
“Well-and-walls” of Section 8, we will therefore show that T'(B)/p, ~ 2ep, where ep
is just one exponential random variable of parameter 1.

Part 3 Section 6. We prove that the crossing time of all good blocks is dominated by
the crossing times of the blocks with values of p, > ed,, cf. Proposition 6.1, up
to an error 7 (that can be made arbitrarily small by taking ¢ small). Here d,, is
roughly the order of the deepest trap between 0 and n, cf. (2.2). The main technical
difficulty is that one needs to exclude the possibility that many smaller traps with
pz < €d, would slowdown a lot the random walk: in particular, we need to have a
(uniform) control on the tail of 75 conditionally on having p, large (cf. Lemma 6.3),
in order to be sure that the sum of 75 on blocks with p, < ed,, cannot be large.

Part 4 Section 7. Finally, we prove the convergence for the first-passage time reduced
to blocks with p, > ed,,. We show that the positions, depths and crossing times
75 of blocks with p, > ed,, converge to a Poisson Point Process, with an explicit
intensity, cf. Proposition 7.2: this allows us to show that T}, /d,, converges to a stable
distribution. We then conclude proof of Theorem 2.1 by proving the convergence
of the whole process to an a-stable subordinator.

2 Preliminaries: relation between (X,,),cn and first-passage times

A classical way of analyzing the properties of the random walk (X,,),en is to study
its first-passage times. Let
T, :=inf{j > 1, X; =n} (2.1)
be the first-passage time to n of the walk. Recall Proposition 1.1 and define the se-
quence d,,, up to asymptotic equivalence?, by

1
P(po > dy) ~ t(dy)d;,* ~ — asn— oo, (2.2)
so that d,, corresponds to the order of max; <<y, p,. We see that d,, is a regularly varying

function with index 1/a. The core of the paper is the proof of the following result.

Theorem 2.1. Suppose that Assumption “Traps” holds. Then, on the space D([0,1]) of
cadlag functions [0,1] — R with Skorohod M, -topology, we have the following conver-
gence in distribution, as n — +oo: under P @ P“ we have

T[unJ WQE[CO‘] 1/
( dnp )uE[O,l] - (sin(wa)) (Sa(u))%[o’l]’

2We could define d,, := h(1/n), where h is the generalized inverse of  ~ P(pg > x), that is h(y) =
inf{z: P(po > x) < y}, but we actually only need the asymptotic equivalence of d,,, and the definition (2.2) of
dy, up to asymptotic equivalence is an easier definition to work with.
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7tSa(u)] —_ efut"‘, and

where (S, (u))u>0 is an a-stable subordinator which statisfies Ele
( is ar.v. defined in (7.1).

We use here Skorohod M;-topology, which is weaker than the J;-topology (roughly
speaking, it allows for intermediate jumps), since it will be sufficient for our purpose.
We refer to [Whi02] for a detailed account on the M;- and J;-topologies on D.

Before showing how to derive Theorem 1.2 from Theorem 2.1, we need the following
proposition, which slightly improves Proposition 2.1 in [BS19]: we prove that the walk
(X;);j>0 cannot backtrack more than C'log n before reaching distance n. We will use this
property several times in the proof of the main theorem, but it already tells us that the
map n — 1), is the inverse of the map j — X, up to an error of at most a constant
times logn.

Proposition 2.2. There exists C > 0 such that the following holds: define the events
An = Nj>o{X7.+; = ¥ — Clogn} that the random walk does not backtrack more than
C'logn after having reached xz. Then P @ P“—almost surely there exists no € IN such
that, for all n > ng, A" holds for all 0 < x < n.

Proof. We have that (A")¢ := {X,, < z — Clogn, for some m > T,}, and then

Mo N N
PO((AD)) < PY(Lociogn < +00) = lm (3 5)( X ) (2.3)
j=xz J j=xz—Clogn J
where P? is the law of the random walk in random environment w, starting from z. For
the equality we have used (A.5). Keeping only the conductance at position x — C'logn in

the second sum and recalling (1.1), (2.3) can be bounded by

Pw((An)c) < ef/\Clogncxiclogn § e*/\(jfw) —. ekalogn Kg(w) )
; Cj
j==

Then, we may use that for any z,n, P(K" > t) = t—**+°() (see [BS19, Lem. 2.5]), to get
that P-a.s., for n large enough, maxo<,<, K} < n®/®. As a consequence, for n large
enough we have that P“({J,., ., (A")¢) < nl+3/@e=AClogn For C large enough this is
summable, so Borel-Cantelli lemma gives that P ® P“-a.s., for n large enough, A" holds
forall0 <z <n. O

Proof of Theorem 1.2. From Theorem 2.1 and Proposition 2.2, we are able to prove
Theorem 1.2. Let us denote Y,, :=inf{j > 0: T; > n}, i.e. the unique integer such that
Ty, 1 <n < Ty, or, in other words, Y,, = 1 + maxo<;<, X;. By construction, X,, <Y}, for
all n € IN, and Proposition 2.2 tells that a.s., for n large enough, X; > Y; — 1 — C'logn for
all 0 < j < n. This shows that we only have to prove the convergence of (wrgf) Y\ un| )uE[O,l]
as n — +oo.

Now, define for any v > 0

_ Tluny
dyn
the inverse map of 7,,. Let f,, be an inverse of d,,, i.e. a sequence of real numbers such

that dy, = n (we may assume that n — d,, is defined on R ): note that by (2.2), we have
that n®¢(n) ! ~ f,, as n — +o0. Then, we can write Y|, in terms of 7}:1:

Tn(u) : and T ) :=inf{s > 0 : T, (s) > u} (2.4)

Y un . . . —
% =inf{j/fn : Tj >un} =inf{s >0 : 1T, | > u} = ’Tfnl(u)
Now, we may apply Theorem 2.1 with f, in place of n, together with Corollary 13.6.4 of
[Whi02] which says that the inverse map from non-decreasing functions of (D, M) to

EJP 25 (2020), paper 30. http://www.imstat.org/ejp/
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non-decreasing continuous functions of (D, || - ||~ ) is continuous at strictly increasing
functions. Since ((S,)~!(u))u>0 is a.s. continuous and strictly increasing, see Lemma
II1.17 in [Ber96], we obtain the following convergence in distribution as n — 400, under
P® P

sin(ra)

(T (et = opigay (507 0)ueio-

Note that we also used the scaling relation (¢S (%))y>0 @ Sa(c®u))y>0 to express in a

simpler way the inverse of (¢S, (u))y>0 With ¢ = (=22-TR[¢])Y/e.

sin(ma)

This concludes the proof since Tf;l(u) = Y\un|/ fn, With f,, ~ n¥/9(n) asn — +oo. O

3 Definition of simple traps and their properties

In this section (and up to Section 7), we suppose that Assumption “Simple Traps”
holds, that is E[c§] < 400 or E[(1/c_1)%*] < +00. We recall that under these hypotheses
there will be only well-traps or wall-traps, but never well-and-wall traps, cf. Proposi-
tion 1.4.

3.1 Definition of simple traps

By definition (2.2) of d,,, the maximal depth of a trap between 0 and n will be of order
d,. We give here the definition of simple n-traps, that is traps with near-maximal depth
that are either well-shaped or wall-shaped. We will drop the “n-” in the name whenever
possible.

Definition 3.1. Let ¢, := (logn)'/%. A site x is a simple n-trap if p, > d,e” . It is
¢ of well type if cu_y > dpe9n,

¢ of wall type if L > d,e 9.

-

We call W,, := {p, > d,e~ %} the event that there is a simple trap in x.

Forn € Nwelet C), := [Clogn], with C' > 0 the constant in Proposition 2.2. We divide
Z in disjoint n-blocks, where an n-block is a box of the form {jC,,, jCp,+1, ..., (j+1)Cp,—1}
for some j € Z. A n-triblock is a sequence of three consecutive n-blocks: we denote
B :={(j—1)Cy,...,(j +2)C, — 1} the j-th triblock, and we let k,, := [n/C, ] be the
number of n-blocks between 0 and n.
Definition 3.2. For a given n € IN, we say that an environment w is trapping ifw € I';, :=
Uf;gl W,, that is, if it has a simple n-trap in the first n-block. A n-triblock B; is called
a trapping n-triblock if 7w € T,, (with 0°w = (Wyia)eez). We define J, = {j €
{0,...,k,}: ¢C»w €T,} the set of indices of the trapping triblocks.

Definition 3.3. A trapping n-triblock with a n-trap at site x is said to be good if
(i) c, <eln, ¢, g > et

(ii) for ally # x — 1,z in the n-triblock, ¢, < e*" and ¢, > e~ 44",

We denote
C,—1
a 1 4qn —4qn o4qn
L= (Wm{cm,%_lgeu N feele q,eq]})
=0 —Cn<y<2C,
yFr—1lx
EJP 25 (2020), paper 30. http://www.imstat.org/ejp/

Page 10/43


https://doi.org/10.1214/20-EJP427
http://www.imstat.org/ejp/

Scaling limit of sub-ballistic 1D RW BiRC

3.2 Properties of simple traps
In this section we collect some important properties of simple traps and of trapping
triblocks:
1. Traps are isolated, in fact distant by at least ne?%" (Lemma 3.4);
2. Traps are not too deep: they cannot be deeper than d,,e? (Lemma 3.5);
3. All trapping triblocks are good (Lemma 3.6);
4. Traps are the only annoying parts of the environment (Lemma 3.7).

We now state the lemmas corresponding to these four properties, and postpone their
proofs to Appendix C—they will be treated together with the analogous statements in
the case “Well-and-walls”.

Lemma 3.4. Let D,, be the event
Do=  |J WenW,.

—n<lz<y<n

|z—y| <ne~%n

Then P-a.s. D,, occurs for only finitely many n.

The proof of Lemma 3.4 can be found in Section C.1 of the Appendix. As a conse-
quence of Lemma 3.4, we have a.s. that |7,,| < e®¥" for n large enough.

Lemma 3.5. P-a.s., there is some ngy such that for alln > ny

M, = sup p; <d,e?.
—n<zn

The proof of Lemma 3.5 can be found in Section C.2 of the Appendix.
Lemma 3.6. Let G,, be the event

z+2C,

Goi= U Wen(fe>eriufs >} (J {o g™ o]},
—n<z<n y=z—C,
y#r—1,x

Then P-a.s. G,, occurs only for finitely many n.

The proof of Lemma 3.6 can be found in Section C.3 of the Appendix.
The last property mentioned above may be more mysterious. Let us define a general-
ization of p,: for all x € Z and k € N, set

(k) . o= A(k+1) Cz—1

Pz = Pz Pa+k - (3.1)
Cotk

As it will be clear in the next sections, high values of p;’” are also responsible for the
trapping of the walk. What we mean by property 4 is that, under Assumption “Simple
Traps”, high values of p&k) are only observed in the presence of a well or of a wall (that
is, they cannot come from the combination of an almost-well and an almost-wall). This is
to ensure that triblocks that are not trapping triblocks (according to Definition 3.2) will
not slowdown the walk for a long time.

Lemma 3.7. Let ¢, = ¢, ° with some § > 0, and let

H, = U U {pF) > g,e /20 1N wen Wik - (3.2)

—n<z<n k>1

Then, if § is sufficiently small, we have that P(H,) — 0 as n — +oo.
The proof of Lemma 3.7 can be found in Section C.5 of the Appendix.
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4 Reduction to large traps

For a triblock B;, we define its crossing time:
T(BJ) = T(j+2)Cn - chn 5 (41)

which is the time it takes for the random walk, started at the beginning of the middle
n-block of Bj, to exit B; from the right. In view of Proposition 2.2, provided that n is
sufficiently large, the walk X; remains in B; for all i between times Tjc, and T(; 2, -
In this section we prove that the time 7, to reach distance n is close to the crossing time
of all trapping n-triblocks, so that the other blocks can be neglected.

Proposition 4.1. Let ¢, := q;5 with 6 small enough, as defined in Lemma 3.7: we have

that
1
Po(L[r = 2 1|5 0-r) < i,
" JETn
with PP-probability going to 1.
Before we start the proof, recall the definition (3.1) of py (k) . o=A(k+1) Ca=1  Rgcall

also Proposition 1.1: using Potter’s bound (cf. [BGT89, Thm. 1.5. 6]) we eas11y have that
there is a constant ¢ > 0 such that for any £ > 0

P(pH) > t) < ce M 2y(t)t=> forallt > 1. (4.2)

Proof of Proposition 4.1. We write that a.s., for n large enough

krn
To— ) T( (Tine, = Tio) g 1¢g,1Lar - (4.3)

JEITn j=0
Here, we let A := { X7, +i > (j —1)C,, for all i > 0} be the event that the random walk
does not backtrack from the j-th n-block to position (j — 1)C),: Proposition 2.2 tells that
P ® P“-a.s., for n large enough, 1A; =1forall 0 < j < k,. We also used that there
cannot be two consecutive good blocks, see Lemma 3.4. Let us now remark that, using

the strong Markov property,

E°[(T11y0, — Tio,)1ar] = Efg, [T11)0,147]

jiCrn—1 (j4+1)Cpr—z (G+1)Chn—1 (j+1)Cp—2=
<SGt X > AV Y Z o
z=(j—-1)C,, k=jCp—2z z=3Cyp

To obtain the inequality, we have done the following: first we have replaced the envi-
ronment w with the same environment having all conductances to the left of (; — 1)C,
equal to 0 (so that also the pgk) are equal to 0 for z < (j — 1)C},); notice that, under the
indicator of A;-L, this has no effect on the value of the expectation. Secondly, we have
dropped the indicator (making the expectation larger). Finally we have applied formula
(A.9).

Thanks to Lemma 3.7, we have that with high IP-probability all the p( ) involved in the
sum (i.e. for j,j — 1 ¢ J,) are smaller than ¢,e A’f/2dn. Going back to (4.3), we therefore
get that on the event H¢, (recall H,, is defined in (3.2)),

n 2C,

E¥ [Tn - Z T(Bj):| <n+2 Z Zpgk)l{pgk><sn0%/zdn}
J€ETn 2=—Cp k=0 h
<2 Z Zp( M09 <o abra,y T2 Z Z P 0 rinsag,y s (44D
2=—Cp, k=0 2=—C,, k=L, B
EJP 25 (2020), paper 30. http://www.imstat.org/ejp/
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where we set /,, := (loglogn)? and take the integer part when dealing with non-integer
indices.
We first deal with the first sum in (4.4). Let us set R} := Zk 0 pz . We have that

2%

& _
Zpg )1{Pik)§6ne*>‘k/2dn} < Rzl{Rggznendn} = R?
k=0

For any fixed 1 — a < ¢’ < 1, we can bound

n/3t,
(_ZC RE > (ea)"dy ) <3¢ P(gg/ge” Ry, > (Z}) .) ws)

where we used a union bound for the last inequality, splitting the sum Z,szcn RQ as

§3n =1 E;Lf_fg/l?) o Rsjt, +o. Now, we notice that the Ry, forj € {~Cp/3(n,...,n/30,}
are independent. Also, thanks to (4.2) and a union bound, we have that P(R{ > t) <
cst.(t)t~*. Then, using a Fuk-Nagaev inequality (see [Nag79, Thm. 1.1], or [Berl9,
Thm. 5.1] for a more transparent formulation), we have that there is a constant ¢ such

that foranym > 1l and anyy < z

(ZR@@ >, max R3J€ <y) (Cm%¢(y)y70‘)x/y.

Jj=1

We therefore get that there are constants c, ¢, ¢” > 0 such that

n/3¢, 5 1 5
(en) no Ane L (e T (362)
IP( Z R3]€ > 3‘€n d ) S( ﬁw(zngndn)(zngndn) )
J=—Chn/3tn
< (c’nén( )(1 s’ )/21/)( o )(sn) (1—s")/2 ; C//e—(57t)7(176/)/2.

For the second inequality, we used Potter’s bound to get that ¢ (¢,e,d, ) is bounded by
a constant times (% (g, )% t@=1)/24(d,,). We also used that (3(,)"2 < (g,)~(1=9)/2 for n
large enough (recall ¢,, = ¢;;® with ¢, = (logn)'/*). For the last inequality, we used the
definition (2.2) of d,, to get that for n large enough the term inside the parenthesis is
smaller than a constant times £, (g,,)(*~*~%/2, which can be made arbitrarily small by
taking n large.

Going back to (4.5), and using that /,, = o(e%(an)f(lfa/)/z)

we get that

]P( f: R™ > (20)% dn ) < (e en) TR (4.6)

z=—Cp,

We can treat the second term in (4.4) similarly. Setting V" := Zk Ze, p(k) we get that

Ch

Z ,ng)l{,,g"’)ge*“wﬂd y S V 1{Vn<c' e=Mn/2d,} = V
k=4,

Similarly as above, with C,, playing the role of ¢,, and e~ *¢»/2

that C,, = o(e*»/?)), we obtain that for n large enough

playing the role of ¢,, (note
n
IP( Z V> e_‘s/’\e’"’/zdn) < o5l TN/ < e 3(en) 0T 4.7)

EJP 25 (2020), paper 30. http://www.imstat.org/ejp/
Page 13/43


https://doi.org/10.1214/20-EJP427
http://www.imstat.org/ejp/

Scaling limit of sub-ballistic 1D RW BiRC

Going back to (4.4), by a union bound we get that forany 1 —a < §’ <1,

(E‘“ [T~ > T(8))] > 3(cn) 'dn;H;) <2 e g )

JETn

Using Markov’s inequality, we get that on H¢,

P‘“(i!Tn— > T(B)| > ) < e 00 Wd E*[T, - Y T(5)],

JEIn JETn

which thanks to (4.8) is smaller than 5% /2 for n large enough (recall ¢’ > 1 — «), with
P-probability going to 1. Since P(H,) — 0 by Lemma 3.7, we get the conclusion of
Proposition 4.1. O

5 Crossing times of trapping triblocks

Notice that Lemma 3.4 gives that to each trapping block B can be associated a unique
site xp such that x5 is a n-trap. We denote pp := p,,, the depth of the trap associated
with 3.

In this section we show that, for a trapping block, the random variable T'(B8)/ps can
be well approximated by another random variable 753, given by

G(ps)

TB—TB _93 Z E (51)

Let us explain each term appearing in (5.1):

ps = P 1(Thy > Tupyc,) is the probability, starting from x5 + 1, of never re-
turning to xx (this is also the escape probability from zz + 1, recall the non-
backtracking property of Proposition 2.2). Notice that this only depends on the
environment to the right of z5 + 1 that is in B.

G(pp) is a geometric random variable of parameter pg. This will be coupled with the
random variable that counts the number of times we cross the edge (x5 + 1, 23)
from the right to the left, that is, the number of times we fall anew in the trap.

0 = Op(w) is equal to E“[O,], where ©, is 1 plus the time that it takes for X to
go from xi — 1 to xp, and w is w with all conductances to the left of xz — C,,
replaced by 0 (recall again the non-backtracking property of Proposition 2.2).
Notice that 6z depends only on the environment to the left of x5 that is in B.

(Ej);>1 is a sequence of i.i.d. exponential random variables of parameter 1, independent
of G(pp) and 65.

We have written 75 as (5.1) in order to make explicit where the different terms
come from, but one realizes (for instance computing the characteristic function) that a
geometric sum of independent exponential r.v.s is itself an exponential random variable.
We can therefore rewrite 75 as

™= —eg, (5.2)
pB
where ep ~ Exp(1) is independent of ps and 65.
Proposition 5.1. Let B = B; be a good trapping n-triblock (recall the Definition 3.3
ofT',,). There exists a coupling between (X) e and 73 such that for any § € (0, 1)

su%:) P~ (

wel’y,

T8 - TB’ >0, An> <2 " 4 05_2650‘1"/)51 (5.3)
PB

where A,, is the event that (Xj)je]N never backtracks more than C,,.
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We proceed in three steps:

Step 1. We decompose T'(B) into several pieces, see (5.4): a) the time it takes to
arrive at position z3, b) a geometric number G = G(pp) of i.i.d. times to go from zz to
zp + 1 (G — 1 corresponds to the geometric number of times we fall anew in the trap), c)
the time it takes from x5 + 1 to exit the triblock to the right.

Step 2. We control easily the terms a) and c), which bring a small contribution to
T(B).

Step 3. We control the main term b), by saying that the time it takes to exit the trap
is another geometric r.v. with parameter roughly 1/pp (the number of trials one needs to
cross the edge (x5, x5 + 1) from left to right), multiplied by the time it takes between
two trials (which is roughly 1 + E¥_ _,[T,,] = 65 by the law of large numbers).

rp—1

5.1 Step1l

For simplicity we suppose that B = {—C,,...,2C, — 1}, that the random walk starts
in 0 (we write P* := P§’) and we simply call = = xz. We notice that under the event A4,
the walk never visits points to the left of —C,,, so that we can replace each w in (5.3) by
the environment w where all conductances c; with j < —C,, are set equal to 0 and the
other conductances stay as before. For each w € I',, we therefore have

PW(‘Tp(f)—TB’ >5,An> <PW(‘Tp<f)—TB‘ >5)

and it will be sufficient to bound the right-hand side.

Let us introduce some further notation. We call G := 1+ #{¢: Xy_1 =z +1, X; = z}.
We notice that GG is a geometric random variable of parameter ps appearing in (5.1). Let
TW =T,y — T, and t; = T,41. When G > 2, we iteratively define, for 2 <i < G,

t; := mf{f >t X1 = x, Xe=x+ 1}
T(l) = ti - ti—l .
We interpret 79 as the time it takes for the walk to escape from the trap for the i-th
time. We can now decompose 7'(B) in the following way:

G
T(B) =Ty + Y T+ Top10, (5.4)

i=1

where THMC“ is the time it takes for (X;);en to go from z + 1 to 2C,, conditioned on
never returning to z. In light of (5.4), for any w € I';, we can bound

_n1T(B
Pw(’L—TB’>5)SD1+D2+D3, (5.5)
PB
where
o(Te _ 0 @ Z?:lT(i) d o(Tet120, _ 6
DI—P(,TB>§)»D2—P(’T‘TB\>§)’D3—P(T3 >3)
5.2 Step 2

The first and last term are fairly easy and are treated in the same way. For D, we
use Markov’s inequality to get that

Dy <35 'pg' E¥[T,).

EJP 25 (2020), paper 30. http://www.imstat.org/ejp/
Page 15/43


https://doi.org/10.1214/20-EJP427
http://www.imstat.org/ejp/

Scaling limit of sub-ballistic 1D RW BiRC

Formula (A.8) and (A.4) gives an explicit expression for £E“[T,]. In particular, by Def-
inition 3.3 of a good block (in particular since ¢, € [e~%9", %] forall y < z — 1 and
cy—1 > e'), we get that E“[T},] < ¢/C,e8%". Hence, for n large enough,

D; < céfleloq“pgl .

For the term D3, we use the same idea:

-1 _— [ -1 - 1 w
D3 <36 pg' E®[Tyy1,20,) = 36 1P51175Ex+1[T20n1{T2c"<Tm}} (5.6)

Here we have used that ES,,[Toc, {1, <1,}] < E5,1[T2c, ], where thanks to the indi-
cator function we have replaced @ by @ (in which the conductances to the left of x + 1
have been replaced by 0), and then dropped the indicator function. Then, formula (A.8)
together with Definition 3.3 of a good block gives that E%, | [Toc,] < ¢/C,e¥7". We finally
get that

D5 < céflpglCnesq"/pB < céflpglemq" . (5.7)

For the last inequality, we used the formula (A.6) for pg, together with the definition of a
good block to get that pg > ce 39 (and took n large enrough so that C,, < e*?).

5.3 Step 3
It remains to deal with the term D, in (5.5), which is the most technical part of this
section. Fori =1,...,G, we decompose 79 as follows

Gi—1
70 =7, + ( 3 @x(j,i)> +1, (5.8)
j=1

where Ty =0and ¥, :=inf{l > ¢;_1 : Xy =2} —t;_1 fori > 2; G, is a geometric random
variable with parameter 1/(1 + p,) and {©,(j,%)}; e are i.i.d. copies of ©,. In fact, we
can describe T, with i = 2,...,G, as follows (the discussion is similar for i = 1): at
time ¢;_; the random walk is in z + 1 and in a time Y; it reaches x for the first time after
t;—1. Then it jumps to the right with probability 1/(1 + p,.) (in which case we either go
to iteration ¢ + 1 or never return to z) or to the left with probability p, /(1 + p.). In this
second case, 0,(1,) represents this one step plus the time it takes for (X,) to go from
x — 1 back to z. Then (X,) “tries” again to jump to = + 1 with probability 1/(1 + p.) (in
which case we either go to iteration ¢ + 1 or never return to x) or goes back to z — 1 with
probability p, /(1 + ps), etc... This continues until the random walk manages to reach
x + 1. Since each attempt of jumping from z to x + 1 is independent from the others, the
number of attempts is geometric. The ©,(j,4) are i.i.d. by the Markov property.

Thanks to the representation (5.8), and using i.i.d. exponential r.v. (E;);>; of parame-

ter 1 coupled with G; (by G; = [E; log 1-?;5])’ we can bound

G Ggi—1 ..

T, +> 7 0.(5,1) +1
BRI Rl
=1

e )

PB

T+ 90, + 1

> ’ = — OgE;
=1

> g,G < ew%) + P9(G > e!%) . (5.9)

SP@(. PB

For the second summand of (5.9), recall that 1 4+ G is a geometric variable with
parameter ps: we have that P¥(G > e!0) < exp(—pge!®). Now, we have already seen
that pg > ce®¥", so that for n large enough we get

P?(G > ') <exp (—e™). (5.10)
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We control now the first term in (5.9) via the triangular inequality and a union bound
(recall that T; = 0 by definition): we get that it is bounded by

Gi1—1

S(YTa+1 6 ,
emqnpw( et 1 76710%) +equnpw(‘ Z 0.0, 1 03E1‘ > ,e 10qn>. (5.11)
pB 6

We deal with the two summands of (5.11) in the following claims.
Claim 5.2. There is a constant ¢ > 0 such that, for allw € T,,, for all v > 0, we have
/T 1
p~ (L > ’U) < cv_lpgl el0dn (5.12)
PB

Claim 5.3. There is a constant ¢ > 0 such that, for allw € T,,, for all v > 0, we have
P“’(’— Z 0.(j,1 9BE1‘ > 11) < e " 4 ceny=2pol (5.13)

We prove these two claims just below. Thanks to Claims 5.2 and 5.3, we obtain,
together with estimates (5.9) and (5.10)-(5.11), that (using also that §~! < §72)

DQ S 2e—eq" + c/ 5_2650q”pg1,
for some constant ¢’ > 0. This concludes the proof of Proposition 5.1.

Proof of Claim 5.2. We will use Markov inequality, and therefore proceed to the cal-
culation of the expectation of Y,. By definition, E*[Yy] = EY [T, | T, < Tac,] =
B [Tolyr, <1ye, 3]/ Piy1 (T < Toc,, ). We use formulas (A.11) and (A.1), which yield

20, —1 2C,—1 )
- 1
E¥[Ts] = — 3 7()Py(Tes1 < Toc,)Py(Te < Tac,) < ) X Py(Te < Tac,)

y=z+1 y=z+1 <

Forally=x+1,...,2C, — 1, we can use again (A.1) and bound

& Yooy e e D

Y p (Tx <The,) = Cy ) < 8 == = GSQn
C>‘ Yy n c 2C,—1 71 —\j c c -1

x T Z] x Cj (& T T

for some ¢’ > 0, where for the first inequality we have used the fact that in good blocks
e~dn < ¢; < et forall z < j < 2C, and in the denominator we simply kept the term
j = x. We therefore obtain

E¥[Ty + 1] < 2JC,ed < !V
for n large enough. This gives the claim by Markov inequality. O

Proof of Claim 5.3. We abbreviate 0% := ©,(j, 1), and recall that 5 = E® [@S)}. By the
triangular inequality, we bound the left hand side of (5.13) by

Pw(‘ Z ( o5t — O8pg )’ > %) s (GB‘El — (G — 1)p;31‘ > g) . (5.14)

For the second term in (5.14), recall that we coupled F; with G, by G; = [E; log 15;?351:
this gives that |E; — (G1 — 1)/ps| < (2 + E1)/ps, so that the second term in (5.14) is
bounded by P¥(E; > cvpgbz') for some constant ¢ > 0. Thanks to Lemma 5.4 below,
this is smaller than exp(—c"vpge™8) < vt pg'eStn.

We are left with the ﬁrst term in (5.14). We study the mean and variance of the
i.i.d. random variables @mj , which by definition are distributed as the random variable

0., in the following lemma.
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Lemma 5.4. We have, forallw € T,

O = E“[O,]
Var“(0,)

S (5.15)

<
< dC2el0n (5.16)

Let us first conclude the proof of Claim 5.3 before we turn to the proof of Lemma 5.4.
We have that the first term in (5.14) is

Pw(’glz_l (@(j) —0 )‘ > v ) < P@(g S e2in )+62q“ w
~ T B QpB > 1 PB PB UQp%/4

_eq’n

e —|—c"e20q“'v_2pg1. (5.17)

IN

In the first line we have used Chebychev inequality and the independence of the G;j ),
while in the second line we used the fact that G; is a geometric of parameter 1/(1 + pg)
for the first term and the bound (5.16) for the second term. O

Proof of Lemma 5.4. Recall that ©, is 1 plus the time it takes for the random walk,
starting in « — 1, to reach x. By formula (A.10) and by the definition of a good triblock
we easily obtain bound (5.15).

For studying the second moment of ©,, we call N;, with j € {-C,,...,z — 1}, the
random variable counting the number of visits to point j before touching x, so that
0,=1+ Z;:icn N; and

rz—1
(0.)°<2C, > N7 (5.18)
j=—Chp

Let us describe the distribution of the random variables N;: (i) IV; is equal to 0 with
probability Pffl(Tz < Tj) (when the random walk reaches x before ever visiting j); (ii)
N; is equal to a random variable Y (j) with the remaining probability, where Y'(j) is a
geometric random variable with parameter ¢(j) = PJ‘-D (Ty < Tj) (once j is reached for
the first time, the random walk returns to j before touching = with probability 1 — ¢(5)).
Hence, we get that E“[N?] < EX[Y ()] < 1/q(j)?.

We notice that, on good blocks, because of formula (A.5), ¢(j) > ce %I for any
j <z — 1. Therefore the second moment of N; is bounded by 1/¢(j)? < ¢’e'%", so that
taking the expectation in (5.18) we get Var®(0,) < ¢’C?e'%» as desired. O

6 Reduction to a finite number of traps

First of all, by a union bound and then Proposition 5.1 with § = % <|Jal7t <1,
P8,

we get that for a.e. w, for n large enough (so that all trapping blocks are good, by
Lemma 3.6)

B . d,e~n
P X TB) = 3 b | 2 dne) < 30 PO(|T(5) oy | 2 T )
JETn JE€ETn GETn n
2j e dn J 50q d e_q" -2
< nle” + c|Tn|e” (n7> max pg. .
|Tn] | Tl KA max pg,

Then, by Lemmas 3.4 and 3.5, we get that |7,| < ¢*" and max;e 7, pp, < dpe? for n
large enough, so that

P S 1) - S ps,

JE€ETn JE€EITn

> dne*qn) < dd; e (6.1)
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Together with Proposition 4.1, we conclude that with P ® P“-probability going to 1,

C%!Tn — Z ijTBj‘ < E%l_a)/Q 27, (6.2)

JE€EITn

where we recall that €, = q,; % for some (small) fixed § > 0.

Now, we show that the main contribution to jea, PB;TB; comes from the blocks
with the largest pg’s (of order d,,).

Proposition 6.1. Foranyn,n’ > 0, there existse = £(n,n') > 0 such that forn sufficiently
large

1
PP (> o575 L pu ety > 1) <1 (6.3)
" jETn

This proposition, together with (6.2), shows that for any fixed 7,7’ > 0, we have for n
large enough (recall k,, :=n/C,,)

k

1 n
Tn - Z PB.TB Lpg, >ed,}| < 21 (6.4)
1=1

dn

with IP ® P¥-probability at least 1 — 7. We dropped the condition j € 7, in the sum since
the condition pp, > ed,, ensures that: € J,.

The difficulty here is that we are not able to obtain directly the tail of pp7s (they both
have heavy-tail and are not independent). Proposition 6.1 is proved in two steps:

Step 1: We decompose the sum according to some ranges of values for pi, and
dominate each term by a sum of a constant number N, of i.i.d. random variables.

Step 2: By a union bound, we reduce the proof to controlling each term separately. In
particular, an important estimate is Lemma 7.1, which controls the tail of 75 conditionally
on having pgp large (uniformly on the large value of pg).

6.1 Step1

We divide the contribution according to ranges of value of pg;:

2qn
P P30 0,78, L, <eay > nda) SPO P30 27 ST g sy (69)
JETn l=log,(1/¢) jeg®

where we set j,y) ={jeT,,27'< pB;/dn < 2-¢+1} (we also used that ¢, /log2 < 2¢,).

Then, we control the number of terms in each sum, i.e. we show that |J75€)| < Ny, for
some well chosen N,. This is essentially due to the following lemma.

Lemma 6.2. For any &' > 0, there is a constant Cj such that, for all n € IN and all
u € (0,1), setting i, = [u~*(1+9)],

P(l{1<j<n: pzud}]210) < (Cu) ™"/t < 9in

the last inequality being valid for v small enough. In the case oy = o (recall Assump-
tion “Traps”), we have that there is some A > 0 such that for any u € ((1;1/27 1)

]P(|{1 S] S n: pj Z udn}‘ Z Au—a) S 2_u7a
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Proof. The probability we need to control is

IP(Hxh...,xiu €{l,....,n}: ps, > ud, forall j giu)

< ]P(EI X1, Ty 2 SN all odd or all even, s.t. Pa; = ud, for all j < zu/2)
n e

< P > ud, .

< (1) P = )

The second inequality comes from a union bound, and from the fact that the p,, are
independent. Then we can use that P(py > t) is regularly varying with exponent «, so
that by Potter’s bound (cf. [BGT89]) we have a constant Cj such that for any u € (0,1),
P(po > ud,) < Clu~*(+8"/2P(p, > d,,). Then, using that d,, has been chosen such that
P(po > d,,) ~ 1/n, together with the fact that v ~*(1t9"/2) < i 4% */2, we obtain

. . ’
nzu/Q (O:;ZUUJ a/2

(iu/2)!

The last inequality comes from the fact that there is a constant ¢ such that (i/2)! > (ci)'/?
foralls > 1.

In the case where oy = a,, we have that g(u) := ¥(e*) is regularly varying, recall
Assumption “Traps”. Then we use the same union bound, setting i, = [Au~*]: using
that P(po > udy,) < cu™*¢(ud,)d,*, and that ¢(d, )d,* < ¢/n, we get that

/2 84
)" < (G . (6.6)

nte/? (zu/A w(udn))iu/2 < (C’A_l)iup,

IP(|{1 <j<n:p;=> Udn}’ > ZU) < (i /2)! n  ¥(dy,)

For the last inequality, we use that log d,, > log(ud,) > %log d,, for any u € (d;1/2, 1), so
that ¥ (ud,) < cp(d,) since t — 1)(e') is regularly varying. Having fixed A sufficiently
large in the above display gives the conclusion of the Lemma. O

Now, let Ny := 290+ if o 4 oo and Ny := A2° if oy = aso (in any case Ny > 22¢):
thanks to Lemma 6.2, we have that for ¢ large

P70 2 Ne) < P(|{: ps, = 27 da}| 2 No) <27

Hence, we get that

Ny
P PW( T Hg) <272 with o= s, (6.7)
pr =

where 73 ; 1= %g% are i.i.d. random variables, distributed as 8B, conditioned on j € j,E‘).

Going back to (6.5), we therefore get that

2qn

P® P“( Z 2 t+1 Z T8, > 77)
l=log,(1/¢€) jeJT(Lf)
2qn
<P® PW( Sty > 77) oy (6.8)
¢=log, (1/¢) ¢>log,(1/¢)

1/e”

the last sum being bounded by a constant time 2~ , which goes to 0 as € — 0.

EJP 25 (2020), paper 30. http://www.imstat.org/ejp/
Page 20/43


https://doi.org/10.1214/20-EJP427
http://www.imstat.org/ejp/

Scaling limit of sub-ballistic 1D RW BiRC

6.2 Step 2
Using a union bound and Markov’s inequality, we have

2qn 2qn
Pops( > 2 < Y PePY(H>2)
e=1og5(1/2) r=10g5(1/2)

2qn
2
+= > 2'E®EY[Hidp,<n].  (6.9)

t=logy(1/¢)
We treat the two terms separately.
First term in (6.9). We need to bound the probability P ® P*(#H, > 2¢), with

He = 25\21 78,,. We can use that P(j € j,&“) is bounded below by a constant times
P(ps, > 27'd,), so that we get that P @ P* (7 > t) < cP® P* (13 > t | pg > 27%d,). We
now need the following lemma (that we prove in Appendix B.3), to control the distribution
of 75 conditionally on having pg large.

Lemma 6.3. Define (i := z—i, so that T = {p ep. For any 5,5 > 0 fixed small enough,
there is some ng such that for any n > ng and uniformly for1 <t < nQS, A, > na=9

7

P(¢s >t | pp > An) < et 2% 4 cLo(6)t fao(An) + cLoo ()1 fo(An),  (6.10)
with foo(Ay) = IP(c,l > An)/IP(,Oo > A,) and fo(A,) = IP(l/co > An)/]P(po > A,). We

also have that

P@ P (5 >t p5 > An) < ct ™20 4 cLo(B)t% fao(An) + cLoo ()%= fo(A,) . (6.11)

Let us stress that, in view of Proposition 1.1, if E[1/c§] < 4oo (resp. E[c%;] <
+00), then fo(Ay) (resp. fo(A,)) is bounded by a constant, whereas if E[1/c§] = +o0
(resp. E[¢*,] = +0), then f.(A,) — 0 (resp. fo(A,) — 0). Therefore, as a corollary, we
get that for any fixed ¢t > 1,

limsup P(¢g >t | pg > Ay)

n—-+o0o
< ct—2oto 4 CLo(t)t_aol{E[l/cg]<+oo} + Lo (B) ™% 1{E[C‘11]<+00} . (6.12)

With Lemma 6.3 at hand, we decompose the probability P ® P¥(H, > z) for some
z > 1, according to whether there is some 1 <7 < N, with 75; > 2 (we will choose z = 2!,
but the general bound will be useful). With a union bound and Markov’s inequality, we
get

N,
P ® P* ( > s> z) <NPRPY(75>z2)+2 ' NE® E“[f5l{s5<,y] . (6.13)
i=1
For the second term, we write
z
E® EY[T8l{7,<.y] <1 +/ P ® P (7g > t)dt
1

< cxl(@td) + cLo(z)z(l_o‘“)foc@_zdn) + Lo (2) 217 fo(274d,,)

where for the second inequality we used Lemma 6.3 and integrated over t using Kara-
mata’s Theorem [BGT89, Prop. 1.5.8]. We have exploited the fact that ag, oo < 1 and,
for the integral [ ¢~2*9, we have used that —2a+ 4 < —(a + ) with a + 4 < 1, for §
small enough. Using Lemma 6.3 for the first part of (6.13), we get that for any z > 1

P ® P*(He > z) < /N (z*“*(“ + Lo(2) 27 foo (27 dn) + Loo(z>z*%°fo<2*dn>) :
(6.14)
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Now, we set z = 2¢, and we treat the first term in (6.8) separately the different cases.

o If g > @, then a = . (the case where a, > «p is symmetric) and P(pg > t) ~
cLoo ()t~ since E[1/c§] < oo (cf. Proposition 1.1). We therefore get that f..(A4,,) is
bounded by a constant (uniformly for 4,, > 1), and that fy(4,) < cAgoo—O‘O” (using
Potter’s bound). Recalling that Ny, = 2°¢(1+9)  and setting z = 2, the left-hand side in
(6.14) is therefore bounded by a constant times

9t(a(148")—(a+)) + 9t(a(148") —ao+9) + 26(5'+5)(27€dn)aw7(x0+5 < 9—bat/2 + 2€d;(aofaoo)/27

where the last bound holds provided that 4 then &’ have been fixed sufficiently small.
Going back to the first term in (6.9), we have that in the case ag > o,

2qn +00 B 2qn
Z P ® P“ (HZ > 2?) <ec Z 2—504@/2 + ch—L(Oto—Oéoo)/Q 225
{=log,(1/¢€) t=log,(1/¢€) (=1
< P2 4 g g—(@0—ax)/2 (6.15)

This can be made arbitrarily small by taking £ small enough and n large.

* In the case ap = as = a we have P(pg > t) ~ 9(t)t~* (see Proposition 1.1), so
that fo(t) ~ Lo(t)/v(t) and foo(t) ~ Loo(t)/1)(t). Now we can use that Lg(e?), Lo (e?) are
regularly varying by Assumption “Traps”, so that ¢ (e?) is regularly varying, and therefore
so are fy(e'), f-(e'). Then, using that d,,27¢ > dY/? for all 0 </ < g,, we get that there
is a constant ¢ such that f(27%d,,) < cfo(d,) and fo(27%d,,) < cfs(d,). Recalling that
N, = A2, we therefore get from (6.14) (setting z = 2%) that there is a constant c4
depending on A such that

P P (m > zf) < ea(27% + Lo(2°) foo(dn) + Loo(29) fo(dn)) -

Going back to the first term in (6.9), we get that

2qn “+o0
Y PeP M >2)<es Y, 27
(=log,(1/) (=log,(1/)
2qn 2qn
teafooldn) D Lo@)+cafoldn) D Loo(29). (6.16)
{=log,(1/¢) l=log,(1/¢€)

The first term is bounded by a constant times £°, and goes to 0 as ¢ | 0. The second and
third term can be treated in an analogous way, so we focus on the second one.

a) If E[1/c§] < 400, then we already mentioned that f..(d,) is bounded by a constant
(thanks to Proposition 1.1). We also have that

S L) <e D @9P(/e > 2 < dB[(1/co) 1yes1sey] (617
(>10g,(1/¢) (>10g,(1/¢)

and hence it goes to 0 as € — 0.

b) If E[1/c§] = 400 but E[¢*,]| < +00, then we get from Proposition 1.1 that fu(d,,)
is bounded by a constant times Lo (d,)/Lo(dy) < c(logn)¥="" ¢ (logn)/¢o(logn) with
Yo > —1 > 7o (recall Assumption “Traps”), so

qn 2qn
Yoo (logn) _
Feld) >0 L) < EXEE S ogny= S et (6.18)
(=log,(1/c) =

Using that 2¢,, < logn, the last sum is bounded by a constant times (g (logn)(logn)! 7,
so that the second term in (6.16) goes to 0 as n — o0, since v, < —1.
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Altogether, we have obtained that, provided n is large enough and ¢ is small enough
(how small depends on 7,7’), (6.16) is bounded by 7’ /4.

Second term in (6.9). We just adapt the previous argument. Using the bound (6.14)
and integrating it over z (recall o + ) , 00, Qoo < 1), we have that

22
E® EY[Hilip,<20] <1 +/ P ® P¥(Hy > z) dz
1

<1+cN, (2“1*“*@ + Lo(29)200=00) £ (27¢d,,) + Lo (2%)2¢0—0) fo(ﬂdn)) .
Hence we get that
27 @ B [Hel n, <20)]
< N (2710 4 N Lo (2)2700 fuo (270 ) + Lo (20270~ fo (27 d,))

This is the analogous of (6.14), and the proof concludes identically to what is done above.
All in all, going back to (6.9), we have shown that there is a constant C' such that

2qn
C
IP®P‘*’( E 2*Z’Hg>77)§—(5’+6n),
_ n
(=logy(1/¢)

withe’ — 0ase — 0, and €, — 0 as n — +oo. This concludes the proof of Proposition 6.1.
O

7 Conclusion of the proof of Theorem 2.1

7.1 Convergence of the depths, positions and block-crossing times

Recall we defined {5 := ﬁ—i, so 73 = £ e with eg an exponential r.v. independent of
the environment. In Lemma 7.1 below, we state that under Assumption “Simple Traps”,
conditionally on having pg — 400, {5 converges in distribution to a r.v. {, that we define
as

g::2(1+Baov+(1—B)LW)7 (7.1)

C_1
where:
* B is a Bernoulli r.v. with parameter ¢ = 1 if E[¢®;] = +o0; ¢ = 0 if E[1/c§] = +o0;

; Efc?,]Lo(t) ; o o
and g = limy—, 4 o E[c(jl]Lo(t)—iE[i/cg]Lw(t) if Elc*,] < 400, E[1/c§] < +00.

* V, W are defined by (see the analogous quantities for n fixed in (B.3)-(B.4))

1 . .
V=V>.= e AUHD - W .= eI .
D eI, W=Whi=) e (7.2)
jz1 Jj>2
x If E[c®] < 400, ¢_1 is a r.v. whose c.d.f. is given by Fr_, (u) := IE[%I]]E[CEJ{LIS“}].

If E[1/c§] < +o0, then 1/ is a r.v. with c.d.f. Fy /¢, (u) = mE[l/cgl{l/cOSu}].

In particular, if B = 1 it means that the trap is a well (roughly, 85 — 2), while if B =0
it means that the trap is a wall (roughly, ps — 1). Hence, if ¢ = 1 only wells can occur,
while if ¢ = 0 only walls can occur.

Lemma 7.1. Under Assumption “Simple Traps”, conditionally on having pg > d,,
&g = Z—i converges in distribution as n — 400 to the random variable ( defined above in
(7.1). More precisely, we have

nEIEOOIP(&g S | B > Edn) = IP(C € )

Additionally, we have that E[¢%] < +oco.
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We point out that Lemma 7.1 also tells us that, under the event pg > ed,,, the random
variables pp and £z become asymptotically independent. The proof of Lemma 7.1 is
provided in Appendix B.3.

We rely on Lemma 7.1 to show the following (recall k,, = [n/C,, ).

Proposition 7.2. For any ¢ > 0, we have the following convergence in distribution:

{<I€L’ ZBi 758,-) :1<i< knapBi > 5dn} = P,
where P. is a PPP on [0,1] x Ry x Ry with intensity dz ow~ (1, ., dwu(dz), and p
is the law of the random variable ( defined in (7.1).

Proof. The first remark we make is that the (pg;, {5, )1<i<k, are not independent: how-
ever (ps;,¢5,) and (pg,,¢s;) are independent as soon as |j — i| > 2. But because of
Lemma 3.4, the indices 7 such that pp, > ed,, are a.s. well separated, so we can consider
the pg,,¢p, appearing in {(ﬁ7 %,flgi)i 1<i<ky,,pp, > ed,} as independent.

We therefore only have to consider the joint distribution of (pB,&B) on the event
pB > €dy,. Thanks to Lemma 7.1 we know that, conditionally on pg > €d,,, {5 converges
in distribution to ¢ defined in (7.1), which does not depend on ¢. It remains to see that,
foranyt >0, asn — +o0

P(ps > td,) = IP(H xe{l,...,Cp}, pz > tdn) ~ C,P(po > td,,)

~ Cpp(tdy,)(td,) ™ ~ kit_a.

n

Here, we used that there is at most one trap larger than d,,e™% in a block B, and then
that ¢(d,)d;* ~ 1/n by definition of d,, (recall also that k,, = n/C,, is the number of
blocks).

Altogether, for any ¢t > ¢,v > 0, and for any ¢ > 1, ]P(psi > t,&p, > v) is asymptotically

d’ﬂ,
equivalent to -t ~“IP({ > v). By the Poisson approximation, this is enough to conclude.
O

7.2 Convergence in distribution of (7,,/d,),>1

With Proposition 7.2 at hand, and recalling that 75 = £ge where e is an exponential
random variable independent of w, we easily have the convergence in distribution, under
P® P,

k

1

?ZpBiTBil{p5i>sdn} = Z wzrle<nlipse, (7.3)
(z,w,z,r)EP

where P is a PPP on (R, )* with intensity dz cw =) dw pu(dz) e " dr.
Altogether, thanks to (6.2) and Proposition 6.1, and letting ¢ | 0 (the right-hand-side
of (7.3) is monotone in ), we obtain the following convergence in distribution

1 (d) TQ o) /e
aTn = Z wzrliz<iy = (sin(wa)E[C ]) ( Z):epvl{mq}» (7.4)

(z,w,z,r)EP

with P a PPP on (R )? of intensity dx o) v~ (1) dy. Note that a crucial point, shown
in Lemma 7.1, is that E[¢%] < +oc.

For the last identity in distribution in (7.4), we have used that {(z, wzr)}, ,, . yep iSa
PPP on (R4 )? with intensity dzac,,,u~ 1+ du, where cq, = [;° 2%u(dz) [~ rée " dr =
E[¢*]T'(1 + «). In turn, we get that {(z, (¢4, (1 — a))_l/o‘wzr)}( cp is a PPP on

T,W,2,T)
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(R )? with intensity dz ﬁv*(lﬂ‘) dv (i.e. with the same law as P): this gives (7.4),
using also that I'(1 + o)I'(1 — a) = wa/ sin(ma).

Now, the term }_, ,)cp v1{z<1} on the right-hand-side of (7.4) is a standard a-stable
subordinator at time 1, with Laplace exponent t* (by straighforward calculation, recall
t* = ptay Jo (1 —e )5~ (1) ds, see [Ber96, Sec. 1111, p. 73]).

As a matter of fact, our proof shows that for any fixed « > 0, we have the convergence
in distribution, as n — +o0: under P ® P%

1
dn

1/
Tiun) = (&E[Cﬂ) Sa(u), (7.5)

Talu) = sin(ra)
where (S, (u))u>0 is the a-stable subordinator with Laplace exponent log E[e~ S ()] =
ut®; note that S, (u) can be written, analogously to (7.4), as Z(m,w)ep Wl p<yy.

Remark 7.3. We believe that one could also obtain a quenched version of Theorem 2.1,
in analogy with Corollary 1 in [ESTZ13]. More precisely, in view of (7.3), we expect
that with high P-probability, the law of T,,/d,, conditionally on w is close (for instance in
Wasserstein distance) to the law of 3 ° | @), e, conditionally on (w@,),>1, where (@, ),>1
is a Poisson Point Process of intensity a]E[(a]w*(Ha) coupled with the environment
w, and (ep,),>1 are i.i.d. exponential r.v. of parameter 1, independent of (w,),>0. We
think, though, that the convergence in distribution of Theorem 1.2 already describes
the essence of the limiting behavior of the walk. We prefer not to develop the technical
details for the quenched result, avoiding to make the paper heavier.

7.3 Process convergence, conclusion of the proof of Theorem 2.1

First of all, we reduce ourselves to the study of

|ukn |
~ 1
7;7,(u) = df E ij TBj].{ngnwef‘n} s (76)

the coarse version of 7;(”) (where we only keep the crossing times of good trapping
blocks). Thanks to Propositions 4.1 and 5.1 we know that, with probability going to 1,
the M;-distance between (7;("))%[0,1] and (ﬁ"))ue[m] goes to 0 as n — +oo. In view of
Lemma 3.4, P ® P“-a.s., for n large enough the trapping blocks are disjoint, and the
non-zero terms pp. 75,1 (63Cnwel,} are independent. Hence, we may reduce to studying

To(w) = — > v, (7.7)

with (Y;;(n))zZl i.i.d. copies of pPBTBL gicn yer,y- 1L 1S then clear that the proof of (7.5)
shows that all finite-dimensional marginals of (ﬁ(u))ue[o’” converge to those of the
a-stable subordinator (S, (u))ye0,1), since for v > w, (Tn(v) — T (u)) is independent of
7, (u) for all n.

We can easily upgrade this to a process convergence: thanks to Prohorov’s theo-
rem, and since we already have the convergence of the finite-dimensional distributions,
we only need to show that {ﬁ,n € IN} is tight, see e.g. [Bil68, Thm. 15.1]. Showing
the tightness is relatively standard, since we are working here with increasing pro-
cesses 7A; (and actually follows from the finite-dimensional convergence): the proof
is identical to that in [BABéO8, Sec. 5] (or to that of [FK18, Sec. 11]). Tightness can
also be seen as a consequence of Proposition 6.1, which says that with high proba-
bility (uniform in n) the main contribution to 7A;l comes from jumps larger than ¢, i.e.
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To(u) — T Soluknl y )y {v("5zq, 15 uniformly smaller than » with probability at leat
1 — 7/ (this correspond to the (15.11) tightness criterion of [Bil68, Thm. 15.4], the part
(15.10) following from finite-dimensional convergence). This concludes the proof of
Theorem 2.1.

8 Case of well-and-wall traps

Throughout this section we will assume Assumption “Well-and-walls”.

8.1 Definition of k-distant traps and their properties

Recall that the maximal depth of a trap between 0 and n will be of order d,,, see
the definition (2.2) of d,,. We introduce here the definition of k-traps, or well-and-wall
traps, that is, traps formed by a very big conductance c,_; followed by a very small
conductance c, ., making p&"’) = e*’\(k“)cx,l/cﬂk large (we include the case k = 0).
As we shall see, the only k-traps that will appear are such that neither ¢,_; nor 1/c, 44
are big enough to give rise to a simple-trap (in the sense of Definition 3.1). Recall that
we let g, := (logn)'/4.

Definition 8.1. For k > 0, a site x is called a k-distant (well-and-wall) n-trap if

2 2
pgk) >d,e” ", cy_1 >el» and > eln .

Cotk
We call W) .= {p( ) > dye i {co-1, o > c9»} the event that z is a k-distant trap.

We now extend Definitions 3.2-3.3 to the case of k-distant traps. We use the same
notations as in the case of simple traps for simplicity.

Definition 8.2. For a given n € IN, we say that an environment w is trapping if

-1C,—-1
vetnm [J 1w,
z=0 k=0

that is, if it has a k-distant n-trap in the first n-block. A n-triblock B; is called a trapping
n-triblock if ?“»w € T',,. Let J,, := {j € {0,...,k,} : 67w € T,.} be the set of indices of
the trapping triblocks.

Definition 8.3. A trapping n-triblock with a k-distant n-trap at site x is said to be good
ifforally # = — 1,z + k in the n-triblock, ¢, < e and 1/c, < e'%. We denote

c,—-1C,—-1
U UM N deeleto ).
=0 k=0 —-C, <y<2C,

y#x—1,x+k

Note that in the definition Wg(gk), we have that c, 4 < e~ n < e and ¢, > S
—4qn
(&3 .

8.2 Properties of k-distant traps

In this section we collect some important properties of k-distant traps and of the new
trapping blocks. Besides updating to k-distant traps some of the properties of simple
traps, we add one new feature (property 4).

1. k-distant traps are isolated, in fact distant by at least ne~% (Lemma 8.4);

2. k-distant traps are not too deep, they cannot be deeper than d,e? (Lemma 8.5);
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3. All trapping triblocks are good (Lemma 8.6);
4. k-distant traps cannot have k too large, in fact, k < %qn (Lemma 8.7);
5. k-distant traps are the only annoying parts of the environment (Lemma 8.8).

Lemma 8.4. Let D,, be the event

D= J U UwHawk.
—n<e<y<n k>0k>0
|a:—y\§nef5q"

Then, P-a.s. D,, occurs for only finitely many n.

The proof of Lemma 8.4 can be found in Section C.1 of the Appendix. As a conse-
quence of Lemma 8.4, we have that |7,,| < €%~ also in the case of k-distant traps.

Lemma 8.5. IP-a.s., there is some ng such that for all n > ny

M, := sup sup p;(ck) < dpel .
—n<z<n k>0

The proof of Lemma 8.5 can be found in Section C.2 of the Appendix.
Lemma 8.6. Let G,, be the event

z+2C,

6= U Ul®>doesin( U fe gl etn).

—n<z<n k>0 y=x—2C,,
y#r—1,z+k

Then P-a.s. G, occurs only for finitely many n.
The proof of Lemma 8.6 can be found in Section C.3 of the Appendix.
Lemma 8.7. Let K,, be the event that there exists a k-distant trap with k > %qn; ie.

K= U U w».

—n<e<nk>Lq,

Then P-a.s., IKC,, occurs for only finitely many n.

The proof of Lemma 8.7 can be found in Section C.4 of the Appendix. w
k

The last lemma shows that, with high probability, there are no ways to have p;’ close
1

to d,, without having both ¢, 1, e > efn: it tells that the traps of depth of order d,, can
only be of well-and-wall type.
Lemma 8.8. Let ¢, = ¢ ° for some § > 0, and let
Hom | U > ene2d, 1 0 (00)e
—n<lz<n k>0
Then, if § is sufficiently small, we have that P(H,) — 0 as n — +oo.
The proof of Lemma 8.8 can be found in Section C.6 of the Appendix.

8.3 Reduction to large traps

Also under Assumption “Well-and-walls” the result of Proposition 4.1 is valid: with
en = q;° defined in Lemma 8.8, we have that

]' — —
P 1T = 3 TBy)| > el ) < efimer?, @)
" JETn
with P-probability going to 1. The proof is identical to the one of Proposition 4.1, and
relies on Lemma 8.8 in place of Lemma 3.7, in order to say that with high probability, all
pgk) outside trapping blocks are smaller than sne_/\k/ 2d,, (so that one gets (4.4)).

EJP 25 (2020), paper 30. http://www.imstat.org/ejp/
Page 27/43


https://doi.org/10.1214/20-EJP427
http://www.imstat.org/ejp/

Scaling limit of sub-ballistic 1D RW BiRC

8.4 Crossing of large traps

As in the case of simple traps, Lemma 8.4 guarantees that to each trapping block

B can be associated a unique site x5 and a unique kg € {0,..., %qn} such that zz is a
kp-distant n-trap (Lemma 8.7 ensures that kg < gqn). As before we denote by pp := pg;’g )
the depth of the trap associated with x;. We approximate again T'(B)/pp by 75, which in

the case of well-and-wall traps becomes extremely simple:
™ =2es, (8.2)
where ep ~ Exp(1). Analogously to the case of simple traps define
pE = P;."BMBH(TJDB > Tuptks+C,, ) the probability of escaping to the right of xz+kp+1;

0 := E®[O,4kys), where Oy, 11, equal to 1 plus the time that it takes for X; to go
from zp + kg — 1 to x5 + kg.

Since we have 0;51 Sk > eqi, we get that pg — 1 as n — +00. On the other hand, also

Cop—1 > eqi, so that the main contribution to 63 comes from the time spent on the edge
(xp —1,xp), which is approximately 2 if kg = 0 and 2¢,,,—1 if kg > 0. In (5.1), this roughly
corresponds to having ps = 1 and 03 = 2, and this gives a heuristic reason why (8.2)
holds.

In analogy with Proposition 5.1, we claim that there is a constant ¢ > 0 such that for
any 0 € (0,1),

T(B
sup Pw(’L - TB‘ > 0, An) < ce~n/? + 62~ In/22 ks < 5_26_(]?‘/4, (8.3)
wef‘n PB

the last inequality holding IP-a.s., for n large enough, since Ak < 6¢g, thanks to
Lemma 8.7. We follow the three steps of the proof of Proposition 5.1. We use the
same notations as in Section 5.1, re-adapted to the case of k-traps. We call x = x5 and
k= kg.

Step 1. We let 7O = z+k+1 — Lotk and t1 = T,yx4+1. The random variable
G:=14+#{{: X1 =2+k+1, X, = 2+ k} is a geometric r.v. of parameter pg,
representing the number of attempts to run away from x + k£ 4+ 1 and never come back
into z 4+ k. When G > 2, we iteratively define, for 2 < i < G,

t; = inf{E>ti_1 s Xo g :I+k, X@ZI+I€+1} and T(Z) =t —ti_1.

As in (5.4) we rewrite T(B) as T(B) = Toyr + S.o, T® + T(x + k + 1,2C,), where
T(x+ k+1,2C,) is the time it takes for (X)sen to go from x + k + 1 to 2C,, conditioned
on never returning to = + k. By the triangular inequality

P@((@—TB’>5)SD1+D2+D3, (8.4)

PB

with D1, Dy and D3 that are the obvious homologous of the quantities appearing in (5.5).
Step 2. For D; we use Markov inequality. We notice that in the case k = 0 we have

E®[Tyyx) < 'C%eBn, while for k > 0 we get E*[T,41] < /ey 10,3 (cf. (A.8), together

with Definition 8.3). Hence

D < cd tetlanp—l ifk=0;
1> 2 .
coteMan(c, 1) TreM < ciTlemm/2eM if k> 0.
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For the term D3, we use the same idea as (5.7). For well-and-wall traps we even have,
as can be seen from (8.5) below, ps > ¢ > 0, so

Dy <6 pg' B¥[Thski120,] < 0 pg' Credin

Step 3. It remains to deal with the term D,. Remembering that A,, happens a.s. for
2
n large enough, we see that for well-and-wall traps, using (A.6), since ¢, 4+, < e~ % and
all other conductances are in [e~%4n eld],

—1
P8 = Pl (Tovkre, <Totr) 2 (1 +ce q"/2) . (8.5)

In light of (8.5), it is sufficient to replace the bound (5.9) by

T ) _
DQSP‘”(p—B—QeB‘>§)+P‘”(G>1). (8.6)

Note that the second term is equal to 1 — pp < de—n/2,

In order to control the first term in (8.6), we use decomposition (5.8) with T, =0, G;
a geometric of parameter 1/(1 + p,1x) (with es coupled with Gy, G; = [eglog 1iZZiJ)
and {©,4%(j)}jen a collection of i.i.d. copies of O, ;. We end up with

Pe (772e3’>§> Pe (;@Hk 72e3‘> ) (8.7)
Then, the triangular inequality gives the following upper bound, analogously to (5.14),

P13 (0rstns' 22| > 2) 7 Glon -6zt ). e

For the second term in (8.8), we use that leg — (G1 — 1)/patr| < (24 es)/pz+k, SO that
the second term is bounded by P“(es > ¢/0prix) < exp{—c/8e?./2} for some constant
¢ > 0, since pyp, > e9/2 (either k = 0 and this is obvious, or k > 1 and ¢, j_1 > e 49",
1/cpsr > €% by definition of a good block).

We finally deal with the first term in (8.8). We first split it with the triangular
inequality into (recall 05 := E“[0, ]

(35 (et 00) > ) 2@t 228> ). e

These two terms can be controlled thanks to the estimates on the mean and the variance
of O, given by the following lemma.

Lemma 8.9. There exists a constant ¢’ > 0 such that, forw € T',:

x ifk =0,
O = E¥ [Gz—i-k] € [Qa 2+ C/eiqi/ﬂ (8.10)
Var®(0,) < /C2elb (8.11)
x ifk >1,
O = E°[0,41] € [2-"—Loe™, 9 Sl mh o et | (8.12)
Cxtk—1 Cx+k—1
Var@(®z+k;) S C/C’?LelGQnCiil A (8-13)
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Let us first bound (8.9) with the help of this lemma. In the case k = 0, we have that
PB = Ptk Since |0p — 2| < de /2, we get that the second term in (8.9) is bounded
by P“(Gipgz" > c’éeqim) < exp{—c"6e%/?} < ¢6~1e~9/2 (using that G, is a geometric .v.
with parameter 1/(1 + p.4x) > (2p5)"'). For the first term in (8.9), we get thanks to
Chebychev inequality and the variance bound (8.11), as in (5.17):

(‘ ngj( Otk (4) — 05)’ > %pg) < P?(Gy > e% pgs) +eqanZC(Lg;(192))

_celdn _ —
<e cedn —l—C/(S 2620q"ﬂ51-

Altogether, this gives that Dy < c/e=%/2 + ¢§2e=/2.

In the case k > 1, recall that pp := ZZ+1 e Mk+1D): by (8.12), we see that |0ppz"' —
QP;JLJ < et p!. Hence, since G; is a geometric r.v. with parameter 1/(1 + p,4),
the second term in (8.9) is bounded by exp{—cde %4 pg/p, 1} < exp{—c/det/2e= } <
"5~ 1e=9/2c™ where we used that PB/Pesk = € ey 1 /Coyr_1, With ¢,y > % and
Coth—1 < e It remains to bound the first term of (8.9), again thanks to Chebychev
inequality and (8.13) as above:

p Var(©gz4k)

(‘ Z ( e+k(J B)’ 162,0 ) < PY(G1 > e puik) + eyt A (0/12)2

Sefeq”/Q_i_C/é e qn/2 2)\k

where we used that p, 1 Var(0,,1)/p% < /e®me2 e, ey 1, With g < e~ and

Cotk—1 < e, Collecting all the previous estimates, we get that D, < ce /2 +
2

"6 2¢79/2¢22k which concludes the proof of (8.3).

Proof of Lemma 8.9. We follow the proof of Lemma 5.4. We have, see (A.10)

9 z+k—2
E¥[Op k] = 14 By [Tosk] =2+ D e M0,
Coth-1 "% o

In the case k = 0, all ¢, in the sum are smaller than e*? < eqi/z, and ¢, > eqi, which
gives (8.10). In the case k > 1, then we separate the term ¢/ = x — 1 in the sum, and we
use that all ¢, < e*I for £ # z — 1 to obtain (8.12) (we also use that C,, < ).

For the second moment, we bound, analogously to (5.18)

(Oark)> <2C, > N7 (8.14)
jFx—1l,x

with N; the random variable counting the number of visits to point j before touching
z+k, for j € {-C,,...,z+k—1}. As above, N; < Y (j), where Y (j) is a geometric
random variable with parameter ¢(j) = P7 (Ty+x < Tj). Thanks to (A.5), we get that if
k = 0 then q(j) > ce 8 for all j < z, by deﬁn1t10n of a good block; on the other hand,
if £k > 0, we get that ¢(j) > ce 89 /c,_; for all j < x + k (one could get a better bound
in the case j # v — 1,x, but we do not need it). Then, using that £ ; 1[NQ] <1/q(5)%,

equations (8.11) and (8.13) follow by taking the expectation in (8.14) (and using that
C,, <ein), O
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8.5 Reduction to a finite number of traps

First of all, using a union bound and then (8.3) (with 6§ = \dJn:\; : <|Tnl7t < 1), we

get that for all a.e. w, for n large enough

P“(‘ Y T(B)— Y 2p5,es

JETn JEITn JE€ITn

< c|Jn|3e_qi/4.

> dne_q”) < Z P‘“(‘T(Bj) — 2p5,e5,| > dT;;TW)

Then, by Lemma 8.4, a.s. |J,| < €% for n large, so this goes to 0. Hence, together
with (8.1), and using that 55}7&)/ 2 > e~ for n large, we have that with IP® P“-probability
going to 1, as n — o0,

di\Tn —2 ) ppes,| <272 0. (8.15)

JE€EITn

Now, the analogous of Proposition 6.1 holds: for any 7,7’ > 0, there exists ¢ = ¢(n,7’)
such that (6.3) holds also in the present case, i.e. the main contribution to ) jed, PB;€B;
comes from the blocks with pp > ed,,. The proof follows the same scheme as that of
Proposition 6.1, with fewer technicalities since 75, is simply replaced by 2ep, (we do not
need Lemma 7.1). In particular, Step 1 of the proof is the same (up to (6.8)), but Step 2
is much easier, since H; is now the sum of N, independent exponential random variables.
We do not provide the details here, since they are straighforward.

In the end, (6.3) combined with (8.15) shows that for any fixed n,n’ > 0, we can
choose ¢ so that (6.4) holds with P ® P“-probability at least 1 — 7’.

8.6 Convergence

The analogous of Proposition 7.2 holds and is in fact much simpler, since £z = 2 under
Assumption “Well-and-walls”. We simply need to use that for any & > 0, {(z=, 7-p5,); 1 <
i < kyn, ps, > ed,} converges in distribution to a Poisson Point Process P. on [0,1] x R
with intensity dxaw*“*“)l{wx} dw—this is due to the tail behavior of py and to the
definition (2.2) of d,,, see the proof of Proposition 7.2. This easily gives that, analogously
to (7.3), we have the following under P ® P¥

k

QZpBieBil{PBi>Edn} = 2 Z wr]—{mgl}l{w>s}7
i=1 (z,w,r)EP

where P is a PPP on (R, )? with intensity dz aw () dwe™" dr. Altogether, with (8.15),
letting € | 0, we get as in (7.4) that

1 O 1/a
-7, 2( ) 1enn 1
o ) Z)epw fe<1) (8.16)

with P a PPP on (R )? of intensity dx ﬁw‘(”a) dw. The conclusion of the proof of
Theorem 2.1, i.e. the convergence of the process, is identical to Section 7.3 from that
point on.

A Some formulas for resistor networks

In this section, we recall some classical formulas for resistor networks, which trans-
late into properties for the hitting times of random walks among random conductances.
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The first important identity is the following: for : < x < j, we have

The effective conductance Cg is here (see [LP16] for the general definition)

Co({x} < {i}) = S(i,z —1)~" (A.2)
Ce({a} & {i,j}) = S(i,z = 1)  + 8(x,5 - 1)1, (A.3)

with (recall the definition (3.1) of p;“ =MD Jepir)

j—i

A RS N g
0 %

C C:
=i =1 k=0

For the first formula we have used that we have conductances in series, while for the
second formula we have two sequences of conductances-in-series that are in parallel.
Then, (A.2) and (A.3) together with (A.1) give

S(x’j_ 1)

m . (A.5)

P2(T; < Tj) =

This apply for instance to the probability ps appearing in Section 5: we have that

Cn

. —1
Poi= P (Toro, > To) = (146 ) ——e0TD) (A.6)
J

Cont
—1 “zty

Another important identity we use throughout the paper deals with the expectation
of the hitting times. We use the following representation, cf. [Bov06, Eq. (3.22)]:

1
EY[T,

W= C@ o ) > ()P < T) (A.7)

z<y

where 7(z) := ¢}_; + ¢} is a reversible measure for (X,,),cn. We notice that in (A.7) the
quantity PY(T, < Ty) is equal to 1 for z < z, while for < z < y we can use (A.5). We
therefore get that, after calculation, see [BS19, Eq. (2.10)], fory > z

BT, =) (2 + )S@y—1)+ > (+ 1)S(zy—1)

z<x r<z<y
:2202‘5(1,y71)+ Z AAS(z,y—1) + Z & 1 S(z,y—1)
z<z—1 r<z<y r<z<y
:(y—x)+2Zc;\715(JC,y—1)+2 Z & 1 S(z,y—1) (A.8)
z<x r<z<y

(we used that ¢, S(z,y — 1) = 1+ ¢.S(z + 1,y), and that S(y,y — 1) = 0). We can finally
rewrite this as follows:

Yy yYy—z
BT, =(y—z)+2) Z p 237N " plk) (A.9)
z<x k=x—z z=z k=0

This applies for instance to quantity 6, = 1 + E¥_,[T,] defined in Section 5:

r—2
i 2
Or =1+ B7_[Te] =2+ > e M0, (A.10)
z—1 l=z—C,,
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We also need a formula for the expectation of hitting times for a random walk killed at
some site z. It is not explicitly stated in [Bov06], but can be obtained in the same way as
(A.7) (as mentioned in the sentence before [Bov06, eq. (3.21)]): for y < x < v, we have

1
E“(T,1 = PYT, < T, NT,)PY(T, T,). (A.11
o Tyl (r, <1,3] Con(ta] & o)) y;vw(z) “(Tp < T, VPL(T, <T,). ( )

B Estimates conditionally on having a large trap

Let us recall Proposition 1.1, which derives from [Cli86, Corollary 5]. It gives the
following sharp asymptotics: under Assumption “Simple Traps” we have as ¢t — +oo

IP(/)O > t)eAa ~ E[C%]Lo(t)t_ao1{]E[Cg]<+oo} + E[I/CS]LOO(t)t_a"O1{]E[1/cg]<+oo}; (B.1)
under Assumption “Well-and-walls” we have as ¢t — 400

F(l + VO)F(l + '700)
F(l + Yo + '-Yoo)

P(po > t)e’ ~ (logt)Lo(t) Loo ()t (B.2)

B.1 Proof of Propositions 1.4

Recall that when E[c¢§] < +00, we define ¢_; a random variable with c.d.f. Fz_, (u) =
E[%(L]E[c‘i 11c_,<u], and similarly for 1/¢,. We consider two cases separately: 1) E[c§] <
+o0o, E[1/c§] = 400 (the case E[c§] = 400, E[1/c¢]] < +oo is symmetric); 2) the case
E[cg], E[1/c§] = +oo.

1) Suppose that E[c§] < +o0, E[1/c§] = +0o0, so the second term in (B.1) is equal to 0.
Then for any fixed 0 < a < b and v > 0 we have as t — +0o0

IP(C_1 S (a, b], 1/60 > v, po > t) = E[P(C_l/Co > e>‘t | 0_1)1{6716(,1’17]}}
= (]. + 0(1))L0(t)eiAaotiaOE[Cgl1{Cile(a,b]}] .
Here we used that P(c_i/cy > e*/x) = (1 + o(1))Lo(t)e 0 (t/x)~ as t — oo, uni-
formly for « € (a,b]. Letting b — oo, we get that P(c_1 > a,1/co > v,pg > t) =
(14 0(1))Lo(t)e 0t E[c® 11, 5ay)-
As a consequence, in view of (B.1), we have that

t——+oo

P(coy >a,1/co>v | po >t) — E[c® 11 sa}] =1—Fe_ (a),

1
Ele?,]
giving that (c_1, 1/¢p), conditionally on pg > ¢, converges in distribution to (¢_1,+00) (i.e.
B =0in (1.6)).

2) If Elc§] < +00, E[1/c§] < 400 (necessarily o« = ap = ), then both ¢_; and 1/,
are well defined, and both terms in (B.1) are non-null. The same reasoning as above is
still valid: for any fixed 0 < a < b and v > 0, and any fixed 0 < ¢ < d and v' > 0, we get
ast — +oo

P(c_1 € (a,b],1/co > v, po > t) = (1 + o(1)) Lo(t)e ¢t E[c® 1 1. cam]
P(c_y >0/, 1/co € (e, d], po > t) = (L4 0(1)) Lo (t)e 2=t~ E[1/cd 11 /coe(cd)}) -
As a consequence, we get that for any a,¢c > 0, as t — +o0
IP(C_1 >a,l/co > ¢, po > t)
~ Lo(t)e ¢ E[e® 11 5ay] + Loo(t)e ¢ B[1/c§ 1{1/co>c)]
In view of (B.1), we get that
P(co1 > a,1/co > c| po > t) = q(1— Fa_,(a)) + (1 — q) (1 = Fiyg,(c))

Eleg]Lo(t)
To(t)+HE[1/cg]Loo (t

where ¢ = limy, Elca]
concludes the proof.

5 = limes 400 limy 1 oo P(1/¢g > ¢ | po > t). This
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B.2 Proof of Propositions 1.6

Under Assumption “Well-and-walls”, as above, we get that for any fixed b,d > 0, as
t — +oo

P(co1 < a,po>t) = (L+0(1)Lo(t)e 0t B[ 11, , <]
P(1/co < d,po > t) = (1+0(1)) Log(t)e =t~ E[1/c§> 111/ <ap] -
Since Lo(t) = wo(logt)(logt), Loo(t) = poo(logt)(logt)r> with v,v > —1, we have

that Lo(t), L (t) are both negligible compared to (logt)Lo(t) L (t). In view of (B.2), for
any fixed b,d > 0, we get P(c_1 < bor 1/co < d| po > t) — 0, which concludes the proof.

B.3 Distribution of 75 conditionally on having pz large

In this section, we prove Lemma 6.3 and 7.1: we consider the case of “Simple Traps”.
For simplicity, we assume that pp = pg (i.e. zg = 0). We recall from (5.2) that 75 is equal
totg:=¢&gep = f)—i ep with eg ~ Exp(1), and with

Chn

p8=po=P¥(ro>7¢,) = (1 + cov<">) with V" =) :; e M - (B.3)
j=1 "
1 Cp
O =0y =1+ E%[TY] = 2(1 + —W(”)) with W .= 3" e_je 204D (B.4)
C—1
Jj=2

We refer to (A.6), (A.10) for the formulas.

Let us stress right away that P(V (™ > t) is bounded by a constant times P(1/cy > t).
Indeed, denoting C := Y., e *U*1), a union bound gives that P(V(") > t) is bounded
by N

A+ )
—gAGHL o
Z]P(C > 5 ) <D e BAUHUR(I/e; > 1) = cP(1/eg > 1), (B.S)

i>1 i>1

where we also used Potter’s bound. Similarly, P(W ) > t) < c¢P(c_; > t).
Before we prove Lemma 6.3, we prove the following result, which deals with the tail
distribution of pg, 6y conditionally on having pg large.

Lemma B.1. For any 6,6 > 0 fixed small enough, there is a constant ¢ > 0 such that for
any 1 <t <n2 and any A, > na—9,

P(1/po >t | po > A,) < ot 200 td 4 cP(1/co > t) foo(An), (B.6)
P (6o >t ] po > Ap) < et 2% L cP(cy > 1) fo(An), (B.7)

with foo (Ay) = IP(C_1 > An)/IP(po > A,) and fo(A,) = IP(I/CO > A,,,)/IP(pO > Ay).
Notice that, as a function of ¢, these bounds are regularly varying.

Proof. We only treat (B.6), the other bound (B.7) being similar. Using (B.3), we write
P(1/po >t]po > Ay) = PcoV™ > t/2,p0 > A,) /P(po > Ay) .
We split P(coV (™ > t/2, py > A,,) into four parts (recall that py = e *c_1 /co)

IP(C()V > t/2 po > An,CO < ]./A ) +IP(coV(") > t/27p0 > An,CO € [A;l, 1])
+P(coV™ > 1/2,p0 > Apyco € [1,8]) + P(coV™ >1/2,p0 > Apyco >t)  (B.8)
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* The first term is bounded by P(V(") > tA,,/2)P(1/cy > A,), so that, recalling (B.5),
it is bounded by a constant times A, 20‘0+5, which is itself bounded by a constant times
A;O‘UHS]P(,OO > A,) (we have oy > a).

* The last term in (B.8) is bounded by P(c_; > tA4,,)P(co > t) < ct‘2%°+5]P(c,1 > Ay),
the inequality coming from Potter’s bound. Note also that P(pg > A,,) > cP(c_1 > A,).

* Using (B.5) and Potter’s bound, we get that the second term in (B.8) is bounded by

log,(A,)—1
> PV > 2Py > 27 AP (¢ € 27D, 27)
=0
log, (An) 5
<c Yy (@)TPetesTP(l/eg > )P(coy > Ay). (B.9)
=0

e Finally, the third term in (B.8) is bounded by

log, (t)—1
> PVW > 27 P(ey > 214,)P (¢ € [2,257)
=0
log, (t) 5
<c Y (2202 TP(1/co > t)P(coy > Ay).
k=0

Now, if as, < 2aq —4and ap < 200 — & (which is the case for instance if Qg = Qo = @
and ¢ small), then both sums over k are finite: we get that the second and third term in
(B.8) are bounded by P(1/co > t)P(c_; > A,). If on the other hand a. > 209 — § > ap
(in which case ag < 2a., — 6), then we get that Zlogz(A (2)~200Fan+s < ¢ foe—2a0+d
and (B.9) is bounded by a constant times A 200428 < cA- “0+35]P(p0 > A,) (recall that
if ag < s then IP(po > A,) ~ c’]P(l/co > A,)). Finally, if ag > 2a0 — 5, we have that
S)B () (glya0 200048 < a0—20048 and then the third term in (B.8) is bounded by a
constant times t‘2%°+25IP(c,1 > Ap), with P(c_1 > A,,) ~ cP(py > A,), since ag > aso.

Altogether, we have bounded the four terms in (B.8), so that

]P(C,1 > An)

P(1 t Ap) < cAjo0t30 | =200 425 | p(] t ~
(1/po >t | po > An) < cAy T * (/CO>)1P(po>An)

(B.10)
We then get (B.6) by bounding A;O‘OHS by n~1t4 (recall 4, > n=-%), and using that
t < n?®: we get that the first term in (B.10) is negligible. O

Proof of Lemma 6.3. Let us write P4, (-) for P(- | pg > A,,) for simplicity, and & = 6o /po.
Recall (5.2). We decompose the probability according to whether 6y < 4 or 1/py < 4 (or
neither), and we write

Py, (So > t) <Py, (][%0 > t/4) +Py, (90 > t/4) Y P, (90 >4, 1> 4) .

For the last term, recalling formulas (B.3)-(B.4), we get that

Pa, (0o >4,1/po <4) =Py, (Cl—lw“ﬂ > 1,60V >3) <Py (VW™ > 3p)
<PVmWM > 4,).

Now, one can easily get that P(V(") > t) = t~20t°(1) and P(W (™) > t) = t~*=~+0(l) ag
t — +oo (uniformly in n, see (B.5)), and hence that IP(V(")W(") > t) = t—atol) (see
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[BS19, Lemma 1.3]). Therefore, we get that ]P(V(”)WS”) > A,) < n~1%25 for n large
enough and § small enough (recall o < 1 and A,, > n=—°). Hence

IPAn (5() > t) < ]PAn(l/p() > t/4) + IPAH(Q() > t/4) + n_1+25,

which together with Lemma B.1 concludes the proof of the first part of the lemma (note
that n—172% is negligible compared to t—2**?, uniformly over t < nd, provided § is small).

For the second part of the lemma, recall that 75 := £z ep, with eg ~ Exp(1) indepen-
dent of £5: we therefore get, conditioning first on &z

P@PY(Eges >t]pp>An) =E[e /% | pg> A, <e™' + Py, (& > 1),

which concludes the proof. O

Proof of Lemma 7.1. The proof follows essentially from Proposition 1.4. Again, for
simplicity of notations, we reduce to the case where pg = pg, i.e. zg = 0. Recall the
definition of £z, and the formulas (B.3)-(B.4) for pg, 05,

(o= 7= 2(1 n cov<">) (1 + iW(")) . (B.11)

Notice that V(" W) are independent of ¢_1, ¢y, hence of po. We clearly have that
V() W 5 V,W as n — 400, by monotone convergence. We now simply use Propo-
sition 1.4: it gives that conditionally on py > ¢, (i, ¢p) converges in distribution as
t — +oo to

1. (£,0) if B[c?,] < +oo, E[1/c§] = +o0;

c_1’
2. (0,¢) if E[c*;] = +o0, E[1/c§] < +o0;
3. (1= B)z-, Bey) if B[e®,] < 400, B[1/¢§] < 400.

The distributions of ¢_;,¢p and B ~ Bern(g) are those given in the statement of
Lemma 7.1. Hence, in view of (B.11), we get that conditionally on py > n, {g con-
verges in distribution as n — +oo to

¢ = 2(1+BEOV) (1+ (1 —B)LW) - 2<1+BEOV—|— (1 —B)LW),

Cc_1 c_1

with B = 1 if E[¢%;] < 400, E[1/¢§] = 400 and B = 0 if E[¢?;] = +o0, E[1/cf] < +00.
Moreover, in view of Lemma 6.3 (see in particular (6.12)), we get that there is a
constant ¢ > 0 such that for any ¢ > 1,

P(C > t) < CLO(t)t_ao]-{]E[l/cg]<+oo} +¢Loo (y)t_aoo]‘{]E[c‘jl]<+oo} :

This implies in particular that E[({)%] < +oo. O

C Trap properties: proofs of the lemmas

In this section we collect the proofs of some technical properties of both simple

and k-distant traps. Often the proofs deal with both cases at once. We recall that

k B o 0
pg; ' =e A(k+1);7+; = Pz Patk, A0 pp = pgg ),
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C.1 Traps are isolated: Proof of Lemmas 3.4 and 8.4
The case k, k' = 0 will include both the case of simple traps of Lemma 3.4 and the
case of O-distant well-and-wall traps of Lemma 8.4. We start by estimating the probability
POV n W), for all —n < = < y < n and k, &’ > 0. Note that WS  {p{¥) > d,e—an}.
o First, ify — 1 £z + k and y + k' # x + k, then pg’“) and pék/) are independent, so that
by (4.2) (recall also the definition (2.2) of d,,)

P(pgck),p?gk/) > dype i) < P(pk) > dne*q")IP(pék/) > dpe” 1)

/
< Ce—)\ak/2e—)\o¢k /2¢(dn)2d;2ae4aqn < %eémne—)\a(kﬁ-k )/2 )
Here, we used Potter’s bound to get that ¥(d,e %) < ci(d,)e*™ (and the fact that
a<1).

* If y = 2 + k + 1, then we have that pé’“)pé’“/) =p

1
(mk+k + )’ and

P (o), pk) > dyemn) < P(pkHH 1) 5 g2 ¢=2n)

xT

< Cef/\a(kJrk'Jrl)/2w(d2672q”)d;2ae2aqn < c ef)\a(k+k')/2n73/2 )

The last inequality uses once again Potter’s bound (the expression is regularly varying in
n, with index —2).

e If y + k' = z + k, then necessarily k£ > 0. Note that ¢y—1 is independent of p;’“), SO
recalling Definition 8.1, IP( *) A Wék )) is bounded by

2
ef/\k/Zw(dnefqn )d;aeaqnefamqn/2

— Qoo /40— AK/2

IP(p;k) > dpe” ™ cy_1 > eqi) <

Q

IN
3o

e

For the last inequality, we used Potter’s bound and the definition (2.2) of d,,, and then
took n large enough.
Therefore, by a union bound, we have that

P(D,) < Cn?e " Z %e4qnew\a(k+k’)/2

k,k'>0
+oo +o00

+dn Z e Aa(k+k')/2, —3/2 +an Eefaooqi/4efAk/2'
k,k’=0 k=1 n

Altogether, we obtain that P(D,,) is bounded by a constant times e~ and therefore goes
to 0 as n — +o0o. To upgrade this to an almost sure statement, we use a monotonicity
trick. We need to introduce

o= J U WP, 1)

—2<z<y<2¢ k>0k'>0
|z —y| <2t 59

with Wg(ck) = {py > édee %} N {cp_1, Czik > équ} for £ > 0 (for simple traps the second
condition is absent). The constant ¢ is chosen large enough so that forall n € {¢,...,2¢}
we have ¢dpe%% < d,,e ", Gelt < dne*qi. With this definition, we have that D,, C f)g for
all £ < n < 2(. Then, as above, we obtain that P(D;) < ce~%%. Setting n, = exp((2log/)*)
so that ¢, = 2log¥, we therefore have that 3., P(D,,) < +oc, and by Borel-Cantelli
lemma there is some ¢, such that ﬁw does not occur for ¢ > {y. Then, we realize that
ngy1 ~ ng as £ — 400, so ngy1 < 2ny for all ¢ large enough, say ¢ > ¢;. Therefore,
for any ¢ > ( := max({g, ¢1), D, does not occur, and additionally D,, C ﬁw for any
ne <n < 2ny < ngy1: we conclude that D, does not occur for any n > n;.
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C.2 Traps are not too deep: Proof of Lemmas 3.5 and 8.5

The case k£ = 0 will include both the case of simple traps of Lemma 3.5 and the case
of 0-distant well-and-wall traps of Lemma 8.5. First of all, by (4.2) (and using Potter’s
bound), we have that

IP(ng,k) > dneq"/z) < ce M 2y(d,)d Ve T < Cg/e_/\ak/Qe_O‘q"/‘l.
We therefore get thanks to a union bound that P(M,, > d,e") < ¢’e~ /4 Hence,
setting n, := exp{(2 log £)*} (so that ¢,, = £logn), we get by Borel-Cantelli lemma that
if ¢ is large enough, M,,, < dweq”f/ 2 Then, since M,, is increasing, we get that for all
ne < n < ngy1 we have M,, < M,, , < 2d,,e1/2 for ¢ large enough, since ny4; ~ ny as
¢ — +00. We get Lemma 8.5 by using that 2 < e?/? for n large enough.

C.3 All triblocks are good: Proof of Lemmas 3.6 and 8.6

The case k = 0 will include both the case of simple traps of Lemma 3.5 and the case
of 0-distant well-and-wall traps of Lemma 8.5. Let us estimate the probability, for any z,
k>0andy#z—1,x+k,

]P(p;k) >d,e " ¢y ¢ [e*4q",e4q"]) < ]P(p;k) >d, e*q") (]P(cy > e4q") + IP(& > e4q"))
< Cef/\ozk/Zdj(dn)d;LozeQaqn673o¢qn )

Here, we used that ¢, and p;(l.k) are independent, and Potter’s bound to get that ¢(d,e?) <

c(dy)e* and that P(c, > e") < ce 3% (and similarly for P(+ > e%)). For
Lemma 3.6, we additionally have to bound

1
Cy

IP(px >dpe e, > e4q") < IP(cz,l > d, e ,Cp > e4q")
< eLoo(dp)d, e < cp(dy,)d, “e™ I .

n

A similar bound holds for P(p, > d,e™ %, ¢,y < e” 7).
Therefore, since by definition of d,, we have ¢(d,,)d;* < ¢’/n, we get by a union
bound

]P((]n) < C/Cn Ze—)\ak/Qe—aqn < C//e_aq"/27
k>0

so P(G,) — 0as n — +oo.

We can easily upgrade this to an a.s. statement, in the same manner as in Section C.1,
by introducing some appropriate event Gy (analogously to (C.1), by using the events
{p;’” > ¢dpe” %} and {c, ¢ [ce~%" ce'?"]} for some appropriate constant ¢), in such a
way that G,, C ,C’;g for all / < n < 2¢. Then, P-a.s., Q~g occurs finitely many times along
the subsequence n, = exp((2 log £)*) (so0 ¢,, = 2 logn), and we get the conclusion of the
lemma since ny41 < 2ny for ¢ large enough).

C.4 [k is small: Proof of Lemma 8.7
Let us notice that for any x, and any k£ > 0, recalling (4.2)

IP(W’)(CIC)) S ]P(pg(‘k) > dn67Qn) S Ce*)\ak/Qw(dn)dfaezaqn :

n

where we used Potter’s bound to get that ¢ (d,e~ %) < ci(d,,)e*?. Since ¥(d,)d,* < ¢/n
by definition of d,,, we get by a union bound that

IP(’Cn) < e2n Z e—/\ak/Q < 20 g =300 _ C//e_aq",
k2§qn
so P(K,) — 0 as n — +oo. This is easily upgraded to an a.s. statement, as in Section C.1.

EJP 25 (2020), paper 30. http://www.imstat.org/ejp/
Page 38/43


https://doi.org/10.1214/20-EJP427
http://www.imstat.org/ejp/

Scaling limit of sub-ballistic 1D RW BiRC

C.5 Traps are the only annoying parts of the environment (“Simple Traps”):
Proof of Lemma 3.7

In this subsection, we work with Assumption “Simple Traps”. Let us estimate, for any
x € Z and k > 1, the probability

7)\ak/2d

P(pfzk) > Epe n 3 Pz Px+k < dneiqn) .

We assume that we are in the case where P(py > d,) ~ cLo(d,)d,,*°: in particular
Qoo > g = a (@nd Yoo < 7o if e = ), and we have E[c§] < +oco. The case P(py > t) ~
cLoo (t)t = is symmetric.

Since {p, < dne "} C {{cz > eT M U {1 < d,e9/2}}, it is enough to control
two contributions. The first contribution is

k ak/2 5 . an ) 1 an ) o Ak/2 —agn /4
IP(p;) > e 240 e >e® A or T e’ ) < 2IP(EI—+; > g,/ dp)e /

/
< ce—)\ak/4w(dn)d;a€;2ae—aqn/4 < ge—Aak/4e—aqﬂ,/5 . (C.2)
- n
Here, we used that ¢,, c, 111 are independent of pgk), together with Potter’s bound and
the definition of d,,. We also used the fact that ¢, 2a — golan) from our choice of &,,.

The second contribution we need to control is, using ¢;,—; < pzc, and L

Coxt+k
p“_kﬁ (recall that in #,, we have that p,, pz1x < dpe™),
P(ngk) > Ene_)\k/anQ Cx—1, ﬁ < dne_%q")
1 _1
< P(ﬁ > Cm%le’\k/zsndn;e“q" <cpo1 < dpe 2q") . (C.3)

Indeed, we used that ¢, = cm+ke’\(k+1)p§k), so that ¢, > e /2¢,e1n/2 > ein/4 (for n
large enough). Then, the idea is similar to the proof of Proposition 1.4, but here we
need a more quantitative estimate, which bring several technicalities. Conditioning with
respect to ¢, 1, we get that (C.3) is bounded by a constant times

E [LO (eAk/angn/Czil)eiAak/?d;aa\;acgil1{eqn/4SCT*1Sd7leiqn/2}:|
< C/ef)\ak/457:2ad;0‘E [LO (dn/cx—l)Cg—l1{e<1n/4§cw,1gdne—fm/"’}} , (C.4)

where we used Potter’s bound.
o If o = ag < aw, We get by Potter’s bound that for any n > 0 (small enough)

E [LO (dn/co)Cgl{erl/4§cogd"efqnﬂ}} < CLO(dn)E[(Co)a+n1{c02eqn/4}]

< cLo(dy)e " |

with ' = (o — a +21)/4 > 0 (in particular a+7n < a.,). Plugged into (C.4), we therefore
get that
IP(pSf“) > endpn; Coq, ﬁ < dne*q"/Q) < E&:;20‘e*>‘°‘k/46*”/‘1" , (C.5)
@ n
where we used that Ly(d,,)d,* < ¢/n (recall that P(py > dy,) ~ cLo(dy)d,, *°).
e If oy = o, then we split

E [Lo (dn/co)CS1{6‘2n/4§c0§dne*qn/2}:| =E [Lo (dn/CO)Cgl{eQn“SCDS\/ﬁ}}

+ B|Lo(dn/c0) 51y <coza,e-mizy| - (C6)
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For the first term, we use that Lg(e') is regularly varying to get that Lo(d,,/co) < cLo(d,)
for et/4 < ¢y < /d,, (since %log dy, <log(d,/co) <logd,). Therefore, the first term in

(C.6) is bounded by a constant times Ly(d,,)E {co‘xl{coanm}} , with

+oo
E[Cgl{co>eqn/4}] = W /AP (e > /%) —|—/ P(cy > t)dt
exqn /4
+oo
~ Lo (e97/%) —l—a/ Loo(e®) du, (C.7)
an/4

where for the second line we used that P(c§ > t) ~ Lo(t'/*)t~! and then a change of
variable ¢t = e**. Now, we use that Lo (e") = poo(u)u?> with 7, > —1 to get that the
last integral is bounded by a constant times ¢ (¢,)g.T7= (and so is the first term).

For the second term in (C.6), we write

1logd,
]E[Lo(dn/co)cgl{mgmgdne_qn}} < Z Lo(e?)(e™7dp)*P(co € [e_(]+1)dn,e_3dn])
J=0qn
Llogdy
< cLoo(dn) Y Lo(e?). (C.8)
J=dn

For the last inequality, we used that P(cy € [e~U+Vd,,,e77d,]) < cLoo(e77d,)(e77d,) "7,
together with the fact that L., (e 7d,) < cLs(d,) for the range of j considered (since
Lo (e?) is regularly varying). Then, since Lo(e’) ~ ¢o(j)j77° with 79 # 1, we get that
j%:li;id" Lo(e’) is bounded by a constant times g (log d,, )(log d,, )T < c(logn)Lo(d,) if
Yo > —1; by o(gn)git0 if yo < —1.
Altogether, we get that (C.6) is bounded by a constant times

Lo(d,)oo x (logn)Leo(dy if y9 > —1;
e
Loo(dn) X @O(qn)qn 0 if Yo <-1.

In the case vy > — (E[1/c{°] = +00), then necessarily 7., < —1 (we need to have E[¢{°] <
+00): we may bound (logn)Ls(d,) < cpoo(logn)(logn)t e < ¢/ gpoo(gn)git 7> (recall
qn = (logn)'/4). In the case vy < —1, since we assume that P(pg > d,,) ~ cLo(d,,)d,,® it
means in particular that L. (d,) < Lo(d,). Overall, using again that Ly(d,)d,,* < ¢/n,
we get from (C.4) that

P(p) > endn; camt e < dye/?) < S RaeT R i e (€.9)

Crtk n

for some constant ¢ > 0; ¢ = —(1+700)/2ifv0 > —land ¢ = —(1+9)/2 if 79 < —1 (recall

Yoo < Y0).
Finally, by a union bound we get that, thanks to (C.2) and (C.5)-(C.9)

P(H,) < cep,®@e ™™ if ap < oo ; P(H,) < ce,?%q,¢ if ap = as.

This concludes the proof if we had chosen ¢,, = ¢;;® with § > 0 small enough.

C.6 Traps are the only annoying parts of the environment (“Well-and-walls”):
Proof of Lemma 8.8

We work under Assumption “Well-and-walls”. In this case, because of (B.2) and of
the definition (2.2) of d,,, we have that (recall Assumption “Traps”)

wo(logn)pss (logn) (logn)tHrotr=d—a ~ cp=1 (C.10)
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with 79,7 > —1. We want to estimate ]P(pgk) > ene /24, e, < e or Cotr < eqi).

We will deal with P(p{") > e,e=/2d,, ; Cotn < en), the remaining part being similar.
First of all, using (C.10), we see that, using Potter’s bound

P(zj—;; > e,eM/2d,, ; Cotr <1) S P(cpmy > £neM/2d,)
< Zop(logn) " (log n) "1+ 2 aAk/A
n

Provided that ¢ has been fixed small enough, summing this quantity over = € [—n, n] and
over k > 0 we obtain something that goes to 0 as n — oo (recall &, = ¢;;° = (logn)~%/%).
We can therefore restrict to the event c;i x > 1. We bound

Cotk Catk

- 2 -1 2 v 2
P(&=t > g,eM/2d,; 1 < Corp < €ln) = E[P(C—l > e, 2q, ‘ cz+k)1{1<cjk<e<1%}}

< dooe e aM/AR [Loo(dncx%) (C.11)

= Wy C;ﬁk1{1<c;ik<qul}} :
Since Loo(dnCotk) = Poc (10g(dncoir)) (log(dnchrk))%C < poo(logn)(logn)?> under the
condition that 1 < ¢!
Analogously to (C.7):

T < eqi, we are left to control the last expectation in (C.11).

adn

B[ o coy] <1 +/1 P(c;% > 1) dt

T

a
<1+ c/ Lo(e) du < ¢ po(g2)g2(t0)
0

Putting this back into (C.11) (and using Potter’s bound), we obtain

P(Et > ene™/2dy 1 < oy < of) < e e M o (log m) (log m) g2 7)o g7)

Cr+k

< ﬂe—a)\k/él(log n)*%(lJr’YO) M€—2a

n wo(logm) ™

where we have used (C.10) and the fact that ¢, = (log n)1/4. Provided that ¢ has been
fixed small enough (recall ¢, = ¢, %), summing the last quantity over z € [-n,n] and over
k > 0 we obtain again something that goes to 0 as n — oo, concluding the proof.
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