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Abstract. We develop an improved version of the stochastic semigroup approach to study the edge of B-ensembles pioneered by
Gorin and Shkolnikov (Ann. Probab. 46 (2018) 2287-2344), and later extended to rank-one additive perturbations by the author and
Shkolnikov (Ann. Inst. Henri Poincaré Probab. Stat. 55 (2019) 1402-1438). Our method is applicable to a significantly more general
class of random tridiagonal matrices than that considered in (Ann. Inst. Henri Poincaré Probab. Stat. 55 (2019) 1402-1438; Ann.
Probab. 46 (2018) 2287-2344), including some non-symmetric cases that are not covered by the stochastic operator formalism of
Bloemendal, Ramirez, Rider, and Virdg (Probab. Theory Related Fields 156 (2013) 795-825; J. Amer. Math. Soc. 24 (2011) 919-944).

We present two applications of our main results: Firstly, we prove the convergence of B-Laguerre-type (i.e., sample covariance)
random tridiagonal matrices to the stochastic Airy semigroup and its rank-one spiked version. Secondly, we prove the convergence of
the eigenvalues of a certain class of non-symmetric random tridiagonal matrices to the spectrum of a continuum Schrédinger operator
with Gaussian white noise potential.

Résumé. Nous développons une version améliorée de 1’approche de stochastic semigroup pour étudier I’extrémité des ensembles
béta introduits par Gorin et Shkolnikov (Ann. Probab. 46 (2018) 2287-2344), ensuite étendue aux ensembles béta gaussiens avec
perturbation de rang un par 1’auteur et Shkolnikov (Ann. Inst. Henri Poincaré Probab. Stat. 55 (2019) 1402-1438). Notre méthode est
applicable a une classe nettement plus générale de matrices tridiagonales aléatoires que celles dans (Ann. Inst. Henri Poincaré Probab.
Stat. 55 (2019) 1402-1438; Ann. Probab. 46 (2018) 2287-2344), y compris certains cas non symétriques qui ne sont pas couverts par
la méthode de stochastic operators introduite par Bloemendal, Ramirez, Rider et Virdg (Probab. Theory Related Fields 156 (2013)
795-825; J. Amer. Math. Soc. 24 (2011) 919-944).

Nous présentons deux applications de nos principaux résultats : Premierement, nous prouvons la convergence de matrices tridia-
gonales aléatoires de type B-Laguerre (c.-a-d., matrices de covariances empiriques) vers le semi-groupe du stochastic Airy operator
et sa perturbation de rang un. Deuxiémement, nous prouvons la convergence des valeurs propres d’une certaine classe de matrices
tridiagonales aléatoires non symétriques vers le spectre d’opérateurs de Schrodinger avec bruit blanc gaussien.
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1. Introduction
1.1. Operator limits of random matrices

This paper, which is a direct sequel of [14,20], is concerned with operator limits of random matrices. The theory of
operator limits was initiated in [10,11,28] and eventually gave rise to a vast literature on the subject. We refer to the
survey article [32] for a recent historical account of these early developments.

A fundamental object in this theory is the stochastic Airy operator, formally defined as

SAOg f(x) i= —f"(x) + xf(x) + Wg(x) f(x), f:Ry—R,
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where 8 > 0 is fixed parameter, Wg is a Brownian motion with variance 4/8, Ry := [0, 00), and f obeys a Dirichlet or
Robin boundary condition at the origin. We refer to [6, Section 2.3], [26, Section 2], and [28, Section 2] for a rigorous
definition.

The interest of studying SAOg comes from the fact that its eigenvalue point process captures the asymptotic edge
fluctuations of a large class of random matrices and interacting particle systems. In [6,28], this was proved for the §-
Hermite ensemble, the B-Laguerre ensemble (for the right edge), as well as rank-one perturbations of the B-Hermite and
B-Laguerre ensembles (the spiked models). Then, [23] established operator limits as a means of proving edge universality
for general B-ensembles (cf., [8]). More generally, [6,28] proved the eigenvalue and eigenvector convergence of a wide
class of symmetric random tridiagonal matrices to the spectrum of Schrodinger operators of the form —A + Y/, where Y
is a random function.

1.2. Stochastic semigroups

More recently, Gorin and Shkolnikov introduced in [20] a new method of studying edge fluctuations of S-ensembles. Their
main result was that high powers of a generalized version of the S-Hermite ensemble converge to a random Feynman-
Kac-type semigroup that was dubbed the stochastic Airy semigroup ([20, Theorem 2.1]), which we denote by SASg(¢)
for B, t > 0 (see Definition 2.7 and Notation 2.9).

Combining their result with the fact that the edge-rescaled -Hermite ensemble converges to SAOg, Gorin and Shkol-
nikov concluded that SASg(t) = e~18408/2 for all t > 0 ([20, Corollary 2.2]), thus providing a new tool with which
SAOQg’s spectrum can be studied. As a demonstration of this, it was shown in [20, Corollary 2.3 and Proposition 2.6]
that certain statistics of SASg(¢) admit an especially simple form when 8 = 2. Among other things, this provided the
first manifestation of the special integrable structure in the S-ensembles when g € {1, 2,4} at the level of the operator
limits describing edge fluctuations. These results were extended to rank-one spiked S-Hermite models in [14]. Feynman-
Kac formulas for general one-dimensional Schrodinger operators with multiplicative Gaussian noise were obtained more
recently in [13].

1.3. Overview of main results

In this paper, we introduce a modification of the formalism developed in [14,20]. Our main results (Theorems 2.20
and 2.21) establish the convergence of high powers of a large class of random tridiagonal matrices to the semigroups of
continuum Schrodinger operators with Gaussian white noise. Our results improve on [14,20] and [6,28] in two significant
ways.

Firstly, a main technical achievement of [20] was to show that the moment method can be used to study edge fluctua-
tions of B-ensembles for B ¢ {1, 2, 4}. The key to achieving this is to relate the combinatorics of traces of high powers of
tridiagonal matrices to strong invariance principles for random walks and their occupation measures ([20, Section 3] and
[14, Section 3.1]). A notable feature of the combinatorial analysis in [20] is that it requires the tridiagonal matrices under
consideration to have diagonal entries of smaller order than their super/sub-diagonal entries (see Section 4.3 for details).
In particular, this argument is not directly applicable to the §-Laguerre ensemble. In this context, one contribution of
this paper is to develop an improved version of the stochastic semigroup formalism that does not have restrictions on the
relative size of diagonal/off-diagonal entries. As a demonstration of this, we prove that our main results apply to every
matrix model considered in [14,20], as well as generalized B8-Laguerre ensembles (Section 3.2).

Secondly, a notable feature of our results is that they appear to be the first to apply to non-symmetric matrices. As a
consequence, we prove new limit laws for the eigenvalues of certain non-symmetric random tridiagonal matrices (Propo-
sitions 3.1 and 3.5). In particular, we identify a new matrix model whose edge fluctuations are in the Tracy—Widom
universality class (Corollary 3.13). These results complement previous investigations on the spectrum of non-symmetric
random tridiagonal matrices, such as [16—19].

Several features of the strategy of proof in [14,20] for analyzing the combinatorics of large powers of tridiagonal
matrices carry over to this paper. For instance, strong invariance principles for occupation measures of random walks
also play a fundamental role in our proofs. That being said, the differences are significant enough that many nontrivial
modifications and new ideas need to be introduced. Most notably, several results in the literature concerning strong
approximations of Brownian local time that are used without modification in [14,20] require significant work to be
applicable to our setting (Sections 5 and 6).

1.4. Organization

In Section 2, we introduce our random matrix models, their continuum limits, and we state our main results. In Section 3,
we discuss applications of our main results to random matrices. In Section 4, we explain the main idea in our strategy of
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proof, and we make a brief comparison with the method of [14,20]. In Sections 5 and 6, we prove two local time strong
invariance results that lie at the heart of our proof. Finally, in Sections 7, 8, and 9, we complete the proofs of our main
results.

2. Setup and main results
2.1. Random matrix models

We begin by introducing our random matrix models. Let (m,),en be a sequence of positive numbers and (w,),eN be a
sequence of real numbers such that the following holds:

Assumption 2.1. There exists 0 < C <1 and 1/13 < ? < 1/2 such that

CnafmnsC_lnD, n eN. 2.1)
Assumption 2.2. There exists some w € R such that

lim m, (1 — wy) = w. 2.2)
n—oo

For every n € N, let us define the (n 4+ 1) x (n + 1) tridiagonal matrices A,, A}, and Q, as

-2 1 D, (0) U, (0)
An:=m2 ! Qn:: Ln(O)
SRS L Unn—1)
1 -2 L,(n—1) D, (n)

AV = Ay —i—diagn(m,%wn, 0,..., 0),
where D, (a), U,(a), L, (a) are real-valued random variables foreveryn e Nand0<a <n (or0<a <n—1).

Notation 2.3. Throughout, we index the entries of a (n 4+ 1) x (n + 1) matrix M as M(a, b) for 0 <a, b < n. Similarly,
v e R* is indexed as v(a) for 0 < a < n. We use diag,(do, ..., dy) to denote the (n 4 1) x (n + 1) diagonal matrix M
with entries M (a,a) =d, for0 <a <n.

Notation 2.4. For simplicity, we often state properties of D, (a), U, (a), L,(a) for 0 < a < n, with the understanding that
a<n—1for U,(a) and L, (a).

We assume that the entries of O, satisfy the following decomposition: For E € {D, U, L},
Ey(a)=V,l(a)+§ (@), 0<a=<n, (2.3)

where the V.E (a) are deterministic and the £F (a) are random. We call V.E the potential terms and £E the noise terms.
The random matrix models studied in this paper are as follows.

Definition 2.5 (Random matrix models). For every n € N and ¢ > 0, we define

2
—An+ 0On ) L3 (3t/2)] o

2
_AZ) + Qn lm; (3t/2)]
3m,21 '

2
3m;

K, (1) := <1n — , K1) := <In -

2.2. Continuum limit
We now describe the continuum limits of (2.4). In order to describe these objects, we need some notations:

Notation 2.6. We use B to denote a standard Brownian motion on R, and X to denote a standard reflected Brownian
motion on R .
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Let Z = B or X. For every t > 0 and x, y > 0, we denote
z*:=(zZ|Z(0)=x) and Z;”’:=(Z|Z(0)=xand Z(t) =),
and we use E¥ and E; ™ to denote the expected value with respect to the law of Z* and Z,” respectively.

For any ¢ > 0, we use x — L} (Z) to denote the continuous version of the local time process of Z on [0, ¢], which we
characterize by the requirement that for every measurable function f, one has

t
/0 f(Z(s))ds=fRL;‘(Z)f(x)dx. 2.5)

As a matter of convention, in the case where Z = X, we distinguish the boundary local time 2?(2 ) from the above, which
we define as

N
2?(2) = Elg% Z/O Li0<z(s)<e) ds. (2.6)
Finally, we let 7p(B) denote the first hitting time of zero by B.

Definition 2.7 (Continuum limits). Let Q be the diffusion process
dO(x)=Vx)dx +dW(x), x>0,

where V > 0 is a deterministic locally integrable function on R, and W is a Brownian motion with variance o> > 0. For
every t > 0, we let K (¢) and K" (¢) be the integral operators on LZ(RQ with random kernels

5 e WAL, —(Li(B).Q")
K(t;x,y):= V7 E; Y [Ligy3)>nye™ €7, 2.7
—(x—y)*/2t —(x+y)?/2t
~ c c / 0
K"(t; x, )1=< —t = )Em e (LIS (2.8)
Y 2t 2t ! [ ]

for x, y > 0, where

1. we assume that B and X are independent of W, and that E;” is the conditional expected value of B;" or X;” given
W; and
2. for any piecewise continuous and compactly supported function f,

1. 0)i= [ rwaom
denotes dQ pathwise stochastic integration (see [13, Remark 2.18]).

Remark 2.8. Consider the operator H:= —%A + V + W’ acting on R with Dirichlet boundary condition at zero, and
let H" be the same operator but with Robin boundary condition f’(0) = wf(0). If the function V satisfies

lim V(x)/logx = oo, 2.9
X—> 00

then H and HY can be rigorously defined as self-adjoint operators with compact resolvent (and thus discrete spectrum)
using quadratic forms ([13, Proposition 2.9 and Corollary 2.12]; see also [6,26,28]). According to [13, Theorem 2.23],
for every t > 0, it holds with probability one that K (¢) and K (¢) are self-adjoint Hilbert—Schmidt operators on L2(R+),

and 12(;) —e'H and I%w(t) =e """ We also have the trace formula Tr[k(t)] = fooo 12(;; x,x)dx < oo.

Notation 2.9. Let 8 > 0. If V(x) = x/2 and 6> = 1/ in Definition 2.7, then we use the notation SASg(1) := 1%(:) and

SAS%’ (t) := K™ (1), since in this case we recover the stochastic Airy semigroup defined in [14,20], which is the semigroup
of the stochastic Airy operator.



2690 P. Y. Gaudreau Lamarre
2.3. Technical assumptions

We are now finally in a position to state our main results and the assumptions under which they apply. We begin with the
assumptions on the random entries of Q, in (2.3); our theorems are stated in Section 2.4.

2.3.1. Assumptions on the potential terms V.E
Assumption 2.10 (Potential convergence). There exists nonnegative continuous functions V°, VY VI : R, — R such
that

lim VE(lmux])=VE@), x>0
n—0oo
uniformly on compact sets for every E € {D, U, L}. Moreover, the function

1
V::E(VD+VU+VL), x>0 (2.10)

satisfies (2.9).

Assumption 2.11 (Growth upper bounds). For every E € {D, U, L} we have the following: For large enough n,
0<VE@ <2m?, 0<a<n, 2.11)
and if C,, = o(n) as n — oo, then

max V," (@) =o(m;), n— cc. (2.12)
a<Cy,

Assumption 2.12 (Growth lower bounds). At least one of E € {D, U, L} satisfies the following: For every 6 > 0, there
exists c =c(f#) > 0 and N = N(0) € N such that for every n > N,

2

Olog(1+a/my) —c<V,f(a)<m;, 0<azn. (2.13)

Moreover, at least one of E € {D, U, L} (not necessarily the same as (2.13)) satisfies the following: With ? as in (2.1),
there exists 9/2(1 —9) <« <20/(1 —0), ¢ > 0, and positive constants ¥ and C > 0 such that

2
ne

k(a/my)* < VnE(a) <m Cn'"¢<a<n (2.14)

for n large enough.

2.3.2. Assumptions on the noise terms Ef

Assumption 2.13 (Independence). For every n € N, the variables é,f) ©),..., 5,? (n) are independent, and likewise for
£V(0),...,6V(n—1) and £L(0), ..., &L (n — 1). We emphasize, however, that the random vectors £, £V, and €L need
not be independent of each other (for instance, if Q,, is symmetric, then E,f/ = énL).

Assumption 2.14 (Moment asymptotics). For every E € {D, U, L}, we have:

[E[sF @)]| =o(m,'1?) as (n—a)— oo, (2.15)
and there exists constants C > 0 and 0 < y < 2/3 such that

E[|ef @)|'] <miciqre (2.16)
for every 0 < a <n, integer g € N, and n large enough.
Assumption 2.15 (Noise convergence). There exists Brownian motions W2, WU, and W such that

lmyx]

. 1

nlggo(m_ Z éf(a)) = (WE(X))E:D,U,L’ x=0 2.17)
T a=0 E=D,U,L
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in joint distribution with respect to the Skorokhod topology. We assume that

1
W::E(WD+WU+WL) (2.18)
is also a Brownian motion with some variance o> > 0. Furthermore, if ¢1, .. ., ¢ are continuous and compactly supported
functions and (q)in))neN, e, ((plgn))neN are such that (pi(") — @; uniformly for every 1 <i <k, then
. (n) éE(a) E
lim ( 3 o (a/m) Y - / pi(a) AW (a)) (2.19)
e aeNy Mn / E=D,U,L;1=i<k Ry E=D,U,L;1<i<k

in joint distribution, and also jointly with (2.17).

2.3.3. Assumptions for the Robin boundary condition .
The following assumption will only be made when considering K, (¢):

Definition 2.16. We say that a sequence (X,),en is uniformly sub-Gaussian if there exists C, ¢ > 0 independent of n
such that

sup E[ey‘x”l] <ce®’, y > 0. (2.20)
neN

Assumption 2.17. (D,,(0)/my*)nen is uniformly sub-Gaussian.
Remark 2.18. If y < 1/2 in (2.16), then Assumption 2.17 is satisfied.
2.4. Main theorems

Notation 2.19. In order to make sense of the claim that 12,, (t) —> K (t) and I%,'l” (t) —> K W(t), we need to ensure that the
discrete and continuous objects act on the same space. For this purpose, we note that the action of the matrices (2.4) on
R"+! can naturally be extended to step functions on R of the form

n

> v@ajmy (at1y/m,) forsomev e R,
a=0

This can then be further extended to any locally integrable f : Ry — R via

1/2 n (a+l)/mn
Tuf =mg Yy / £ dx g/ (a1 /) - 2.21)

a=0 a/mn

Thus, for any (n + 1) x (n + 1) matrix M and locally integrable functions f, g, we define M f as the vector/step function
M (7w, f), and we define

(a+1)/my (b+1)/my,
(f, Mg):=m, Y (/ f(x)dx)M(a, b) (/b g(x)dx>.

Ofa,bSn /’nn /mn
Our limit results are as follows.

Theorem 2.20. Suppose that Assumptions 2.1 and 2.10-2.15 hold. Let K (t) be defined as in (2.7), where V is given by
(2.10) and W is given by (2.18). Then, K, (t) — K(t) as n — o0 in the following two senses:

1. Foreveryty,...,ty >0and f1,81,---, ft, & : R+ — R uniformly continuous and bounded,
nl_i)rgo«fh Kn(ti)gi»lfifk = (<fla K(ti)gi»lfifk

in joint distribution and mixed moments.
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2. Foreveryty,..., try >0,

lim (Tr[Ka(0)]) ;o = (TR D))

n—o00

in joint distribution and mixed moments.

Theorem 2.21. Suppose that Assumptions 2.1,2.2, and 2.10-2.17 hold. Let K¥(1) be defined as in (2.8), where V is given
by (2.10) and W is given by (2.18). Then, K,’(t) — K" (t) as n — oo in the following sense: For every ty, ..., t; > 0 and
f1, 815+, ft, 8k : Ry — R uniformly continuous and bounded,

Jim (fi K1) < o = (L K7 (10)81)) 12
in joint distribution and mixed moments.

Remark 2.22. Unlike Theorem 2.20, Theorem 2.21 contains no statement on the convergence of traces. Similarly to the
lack of trace convergence in [14], this is due to the fact that we were unable to construct a strong coupling of a certain
Markov chain and its occupation measures with the reflected Brownian bridge X; * and its local time process. Throughout
this paper, we make several remarks and conjectures concerning this trace convergence, its consequences, and the related
strong invariance result (see Conjectures 2.23 and 6.11, and Remark 3.2).

Conjecture 2.23. In the setting of Theorem 2.21, for every ti, ..., tx >0,
HILH;O(Tr[KrItU(ti)])Igigk = (Tr[Kw(ti)])lfigk
in joint distribution and mixed moments.

Remark 2.24. The conclusions of Theorems 2.20 and 2.21 remain valid if we define

R _A B (1) R N )
K,,(t):(I,I—Ler) i K,'f(t):(ln—LQn)

2 2
3m; 3m;

for 9 (n,t) := Lmﬁ (3t/2)] £ 1, instead of (2.4). Thus, up to making this minor change, there is no loss of generality in
assuming that Lm%(3t /2)] is always even or odd if that is more convenient (this distinction comes in handy in the proof
of Proposition 3.1 below). We refer to Remark 7.2 for more details.

3. Applications to random matrices

In this section, we provide applications of our main results to the study of random matrices and B-ensembles. We begin
by stating our results in Sections 3.1-3.3, and then provide their proofs in Sections 3.4-3.9.

3.1. Application 1. Convergence of eigenvalues

Throughout Section 3.1, we assume that —A, + O, satisfies the hypotheses of Theorem 2.20, and we denote by —oo <
AM(H) < A2(H) < --- the eigenvalues of the operator H = —%A + V + W’ (as per Remark 2.8), where W is given by
(2.18), and V by (2.10). The main result of Section 3.1 is the following:

Proposition 3.1. Suppose that —A, + Q, is diagonalizable with real eigenvalues A,.1 < Ap2 < -+ < Ay.py1 for large
enough n, and that there exists § > 0 such that

P[Annt1 > (6 — 8)m2 for infinitely many n] = 0. (3.1

Then for every k € N,

1 . .
im =ity dp) = (M(H), ..., A(H))  in joint distribution. (32
n—o00 2 ? ’
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Remark 3.2. Proposition 3.1 is only stated for the Dirichlet boundary condition since it depends on the trace convergence
of Theorem 2.20-(2). If Conjecture 2.23 holds, then the same argument used to prove Proposition 3.1 would imply that
the eigenvalues of %(—A;’J + Q) converge to that of H".

Question 3.3. It would be interesting to see if some analog of Proposition 3.1 can be proved in the case where —A, + O,
is diagonalizable with complex eigenvalues. We leave this as an open question.

We have the following convenient sufficient condition for (3.1), which is easily seen to be satisfied for every example
considered in Sections 3.2 and 3.3 below.

Proposition 3.4. Suppose that there exists § > 0 and N € N such that

D U L _
max <2+V” (a)+‘v” (a)—1‘+‘M—1D56—5 (3.3)

0<a<n m,% m% m%

for everyn > N. Then, (3.1) holds.

Finally, the following result provides a simple sufficient condition that allows to apply Proposition 3.1 to a very general
class of non-symmetric matrices.

Proposition 3.5. Suppose that there exists N € N large enough so that Q,’s off-diagonal entries satisfy
(U ( _ 2 _ 2 _
L (a) mn)(L,,(a) mn)>0, 0<a<n-—1,n>N. (3.4
Then, —A,, + Oy is diagonalizable with real eigenvalues forn > N.

Propositions 3.1, 3.4, and 3.5 are proved in Sections 3.4-3.6. See Section 3.3 for an example of how these three results
can be combined to prove new eigenvalue limit laws for non-symmetric tridiagonal matrices.

3.2. Application 2. Classical B-ensembles

In Section 3.2 we show that our main results apply to the edge-rescaled S-Hermite ensemble, the right-edge-rescaled
B-Laguerre ensemble, as well as their rank-one spiked versions. In all cases, the limits we obtain are the stochastic Airy
semigroups SASg(f) and SASE (t) respectively, thus extending the results of [14,20].

3.2.1. Generalized B-Hermite ensembles

Definition 3.6. Let£? € R"*! and £V = &F € R” be random vectors that satisfy Assumptions 2.13-2.15 with m,, = n!/3.
Let 8 > 0 be such that the Brownian motion W in (2.18) has variance 1/8. Let us denote x,(a) :=+/n —a — S,? (a)/n'/®
for all 0 < a < n. We define the generalized -Hermite ensemble as

—£P0)/n'® x,(0)
H, = xn(0)

Xn(n — 1)

Xn(n—1) —&P(n)/n/®

Definition 3.7. Let (u,),cN be a sequence of real numbers such that

lim n=Y8(/n — un) =w e R. (3.5)
n—oo

Let éf and H,, be as in Definition 3.6, assuming further that (énD )/ nl/ 6),1€N is uniformly sub-Gaussian. The generalized
spiked B-Hermite ensemble is defined as H," := H, + diag, (s, 0, ..., 0).

H, and H,’ are slight generalizations of the random matrix models studied in [14,20]. As shown in [20, Lemma 2.1],
the B-Hermite ensemble studied in [10,11,28] is a special case of H,. Similarly, as noted in [14, Remarks 1.3 and 1.8],
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H" generalizes the spiked 8-Hermite ensemble with a critical (i.e., of size \/n) rank-one additive perturbation introduced
in [6, (1.5)] (see also [27]). As per classical theory, the edge fluctuations of H, and H," are captured by the rescalings

R, :=n'°2/nl, — H,) and RY :=n'*(2/nl, — HY). (3.6)
We have the following result regarding (3.6), which we prove in Section 3.7.

Corollary 3.8. We can define Q, so that R, = —A, + Q, and R} = —A}} + Q, satisfy the hypotheses of Theorems
2.20 and 2.21 respectively, where m,, = nl3 w, = wn//n, W in (2.18) has variance 1/8, and V (x) in (2.10) equals
x/2.

3.2.2. Generalized B-Laguerre ensembles ~
Definition 3.9. Suppose that P and £V = &L satisfy Assumptions 2.13 and 2.14 with m,, = n'/3, and that £F satisfy

(2.17) and (2.19) with m,, = n'/3. Denoting the limits in distribution

ln'/x]

WE@) = lim — > Ef@), E€{D,U, L}
a=0

we further assume that W2 + WY = W2 + WZ is a Brownian motion with variance 1 /B for some B > 0. Let p =
p(n) > n be an increasing sequence such that n/p — v € [0, 1] as n — o0o. Denote x,(a) :=+/n —a — E,f](a)/nl/6 and
Xn;p(@):i=/p—a— énD (a)/nl/(’. We define the generalized B-Laguerre ensemble as L,, := (L,’;)TLZ, where

Xn:p(0)
] @ xep(D
L = .

n

xn(n —1) Xn;p(n)

Definition 3.10. Let 5,5 , p(n), and L} be as in Definition 3.9, with the additional assumption that (énD (0)/n1/%), e and
(é L) / nl/ 6)neN are uniformly sub-Gaussian. Let (¢,),cN be a sequence of real numbers such that

2/3
lim <%> (1—/p/nt, — 1)) =weR. (3.7)

The generalized spiked B-Laguerre ensemble is defined as LY := (L) T diag, (€4, 1, ..., L.

L, is a generalization of the B-Laguerre ensemble studied in [10,11,28]; L}/ is a generalization of the critical (i.e.,
of size 1 + +/v) rank-one spiked model of the B-Laguerre ensemble (cf., [2] and [6, (1.2)]). The right-edge (i.e., largest
eigenvalues) fluctuations of these matrices are captured by the rescalings

m% np 2/3
T, = \/—n_p((ﬁ—}_ N L,), wherem, = (%ﬁ) , (3.8)

and ¥ 1= (m%/A /mp)((/n + ﬁ)zln — L) with the same m,,. The following is proved in Section 3.8:

Corollary 3.11. We can define Q, so that £, = —A, + Q, and XY = —AY + Q, satisfy the hypotheses of Theorems
2.20 and 2.21 respectively, where my, is as in (3.8), w, = /p/n(, — 1), W in (2.18) has variance 1/8, and V (x) in
(2.10) equals x /2.

3.3. Application 3. Non-symmetric ensemble

We now provide an example of a non-symmetric matrix model for which we can prove a new limit law. The following
model is inspired by the g-Hermite ensemble:
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Definition 3.12. Suppose that S,f) and EHU #+ é’nL satisfy Assumptions 2.13-2.15 with mn = nl/ 3. Let us denote XnU (a) =
Vi—a— gY(@/n'% and xl(a) = vn—a — gL(a)/n'/5, and assume that xU(a), x}(a) > O (or, equivalently,
S,f] (a), E,{“ (a) < /0 /n = a) for every 0 <a <n — 1. Define the random matrix

—£70)/n'* %70

H, = X (0) . (3.9)
- . Uin—1)
xEm—1) —&Pm)/n/®

In order to capture the edge fluctuations of H,,, we consider the rescaled version
R, :=n"%Qnl, — Hy).
The following result is proved in Section 3.9:

Corollary 3.13. For every k € N, the k smallest eigenvalues of R, converge in joint distribution to the k smallest eigen-
values of SAOg with Dirichlet boundary condition.

3.4. Proof of Proposition 3.1
As argued in [20, Section 6] and [30, Section 5], it suffices to prove the convergence of Laplace transforms
n+1 00 R
1 _li)hn;'/2 _ —ti)i(H)
nlgr&)(Ze i ) _(Ze J ) , H,...,txy >0
j=1 0<i<k Jj=1 0<i<k

in joint distribution. On the one hand, if —A, + Q, is diagonalizable, then

ntl A\ LmaGr/2)
. "
Tr[ K, (1)] = § (1 — 3m—£>

for every ¢ > 0. On the other hand, by [13, Theorem 2.23], for every ¢ > 0,

o0
K(t) Ze i) < o0 almost surely.
j=1

Consequently, by Theorem 2.20-(2), we need only prove that

n+l A\ Lma(Gi/2)]
. —f ks n;
nh_PgO(E g litniil? (1 — 3m—;) ) =(0,...,0) (3.10)
n

j=1 0<i<k

in joint distribution. A )
By the Skorokhod representation theorem, if K, (1) > K(1) in the sense of Theorem 2.20-(2), then there exists a
coupling of the sequence (A, j)1<j<n+1,neN and (A;(H)) jen such that

n+tl An: m2(3t:/2)) o0 N
_ —tidj(H)
nlgg()Z(l ) Ze i oo (3.11)
almost surely for 1 <i < k. By Remark 2.24, there is no loss of generality in assuming that Lm%(3ti /2)] is even for all n;
hence
n+l A \ G/ ] Do 1 | L Gi/2))
S(i-fE) =
— 3m; 3m3

j=1

Letusfix0 <6 < 1and0 < ¢ < 0, where 0 is as in (2.1). We consider four different regimes of eigenvalues of — A, + Q,,:
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Jp1:=1{Jj i < —n®};

Jn;2 ={j: —nf < )\n;j <nf};

Jniz o= 1{j :n® < Apj < (6—8)|m2(3t;/2)]}; and
Jpsa = {j : (6 — 8)m2(3t:/2)] < An:j}.

Firstly, note that

=

Ansj
3m2

2

je']n;l

’

Lm2(3t;/2)] e \ m2(3ti/2)]
> |Jn;1 | (1 + >

2
3m;

where |J,,.1| denotes the cardinality of J,,.1. If [J,,.1] > O for infinitely many n, then this quantity diverges, contradicting
the convergence of (3.11). Hence J,,;1 does not contribute to (3.10).
Secondly, recall the elementary inequalities

m m V4
0<ez—(1+5) <(1+5) <<1+5> —1), Vz.m >0
m m m

and
m m —Z
O<e_z—<l—£) <(l—£) <<l—i> —1), Vm>z>0
m m m
which imply that
T et Do Lm33 (31i/2)) 3 Lm3y (31 /2))
o)) )
2 = 2

jEJn;Z 3mn 3mn j€]
Since n% = o(m%), we have (1 + 3’;1—52)”8 =1+ o(1), and thus (3.11) implies that the contribution of J,.» to (3.10)
vanishes.

Thirdly, one the one hand, we have that

P _finE
Z € fidn: /2 =< |Jn;3|e fin /27

.iejn;3

and on the other hand, since |1 — z| < max{e™?, ez_z} (z € R), we see that

2

J€Jn;3

234,
B Ans j Lmy (3ti/2)]

2
3m;

Lm2 (3t /2) ) A > ( Lm2(3t;/2) | o j
L Ol O Amsj ) o (Lt 2N A j

; 2
< |Jp;3] max max{exp(— 3m2 302 — 2|_mn(3ti/2)J> }

J€In3

Note that | J,.3| <n 4+ 1 and that there exists a constant C > 0 independent of n such that for every j € J,.3,

2

3t /2) | A i e

XP<_ L 31722)J m,,) <e ",
n

2(3t;/2) | A i B
exp(% — 2Lm,%(3t,~/2)J> < exp<—5 Lmﬁ(3t,~/2)J).

Consequently, the contribution of J,.3 to (3.10) vanishes.
Finally, we know from (3.1) that there is eventually no eigenvalue in J,.4, and thus it has no contribution to (3.10),
completing the proof Proposition 3.1.
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3.5. Proof of Proposition 3.4

According to the Gershgorin disc theorem (e.g., [33, Corollary 9.11]),
Ly,(a—1
NIpCl))
mi’l

By combining this with (3.3) and the triangle inequality, we get

An: D U,
n,n2+1 < max <2+ n(za) + ‘_1 + n(za)
my my my

0<a<n

Acngl . &5 (@)
: <6-68+ max —Z%
m2 Z 0<a<n m%

n E=DUL — —

for large enough n. By a union bound, (2.16), and Markov’s inequality, we see that

E
P|: max M > S:| = 0(%)
0<a<n m mﬂ@/

n

for any & € (0, 8) and g € N. By (2.1), we can take ¢ large enough so that >on n/m;q’,q/2 < 00; the result then follows by
the Borel-Cantelli lemma.

3.6. Proof of Proposition 3.5
This is a direct consequence of the following classical result in matrix theory:

Lemma 3.14 ([21, 3.1.P22; see also p. 585]). Let M be a (n + 1) x (n 4+ 1) real-valued tridiagonal matrix. If
M(a,a+ 1)M(a+1,a) >0 forevery 0 <a <n — 1, then M is similar to a Hermitian matrix.

3.7. Proof of Corollary 3.8

Thanks to (3.6), straightforward computations reveal that we can write R, = —A, + Q, and R = —AY + Q, with

m, = n!/3, where the noise terms Ef are as in Definition 3.6, and the potential terms are
VP(@ =0 and VVY(a)=VE@) =n""(/n—n—a) (3.12)

for 0 < a < n. By Definitions 3.6 and 3.7, Ef satisty Assumptions 2.13-2.15, and Assumptions 2.2 and 2.17 hold for H,”
with w, = ,/+/n. Thus, it only remains to prove that (3.12) satisfies Assumptions 2.10-2.12 with V (x) in (2.10) equal
to x/2.

Note that n'/(\/n — \/n —a) =n?*3(1 — /T — a/n); hence Assumption 2.11 is met. Elementary calculus shows that
for any 0 < k < 1/2 and ¢ > 0, the function

x> cA(1—-4/1 —x/c3) —kx/c

is nonnegative on x € [0, ¢]. Taking ¢ = m,,, this implies that Assumption 2.12 is met with E = U, L in both (2.13) and
(2.14). Finally, for E =U, L and x > 0,

E(y.— 1 E( 1831\ — 1im n23(1 — 1 — | n1/3 _ -
VZ(x): nli)n;OVn (Ln xJ) nll)néon (1 1 Ln xJ/n) x/2 pointwise.

Since VHE(Lnl/ 3x]) is nondecreasing in x for every n, the convergence is uniform on compacts. Then, we are led to
V(x) = 3(VY(x) + VE(x)) = x/2, as desired.

3.8. Proof of Corollary 3.11

Remark 3.15. Unless otherwise stated, m,, in this proof refers to the quantity ( ﬁ%)z/ 3 defined in (3.8). If we invoke

statements regarding quantities that satisfy Assumptions 2.13-2.15 with other values of m,, we will explicitly state so.
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By definition of p and v, n="3m, = (1 + /v)~23(1 + 0(1)), and thus (2.1) holds with d = 1/3. With this in hand,
straightforward computations using (3.8) reveal that we can write ¥, = —A, 4+ O, with the potential terms

2

VP (a) = 2517”_1761, VY (a) = VE@) =m2(1 - \/(1 —a/m)(1—(a—1)/p))

and the noise terms
2 ED( N2 EU(,\2
n E (a) E (@) &, (@) &) (@)
W(Z(V p—a- g TV —as g ) TR T T )
é; CR %s%) EP(a+DEV ()
5 (@) =&, (a)_\/—_(<v 6 nl/6 >_ n2/3 )

We can similarly write £ = —A} + 0, with w, = +/p/n({, — 1), the only difference in Q, being in the (0, 0) entry,
which has V2 (0) =0 and

. EP(0) (0) EP0)?  EV0)?
HOE r( (fz 51/6 i 1/6)— ns"nw —5';2/3 ) (3.13)
We now check that the hypotheses of Theorems 2.20 and 2.21 are met.

Regarding the potential terms, (2.11) and (2.12) are immediate from the definition of VnE above. Given that (1 —
VA —a/n)(1 = (a—-1)/p)) > (1 — /(1 —a/n)), the same argument used in the proof of Corollary 3.8 implies that
(2.13) and (2.14) both hold with E = U, L. Next, by writing n = vp(1 + o(1)), we observe that we have the following
pointwise limits in x > 0:

£P(a) =

2
VD(x) = nli)m (Lm,,xj) a _;/:/)i)z’
VE(x) = lim VE(max]) = % E=U,L.

Once again the monotonicity in x of the functions involved implies uniform convergence on compacts, and we have
V() =3(VP @)+ VVx) + VE@) =x/2.
We now prove that the noise terms SnE satisfy Assumptions 2.13-2.15. Since

m,=0(n'"?) and m2/Vn,m2/Jp=0(my*)=0(n""), (3.14)

the fact that g,f satisfies Assumptions 2.13 and 2.14 with m, = n'/3 implies that gE satisfy Assumptions 2.13 and 2.14
as well. Recall that, by definition, § E satisfy Assumption 2.15 with m, =n'/3 (and we denote the corresponding limiting
Brownian motions as W2, wU = wt ) Since m, /n'/? — (1 + /v)~2/3 converges to a constant, it then follows from a

straightforward Brownian scaling that - - ZLm”” é (@) — (1+v Y/ SWE (x) in distribution. Combining this with the
fact that for every a = o(n), one has

. m2 p—a 1 m2 n—a Jv
lim and

no0 /6 fip 1+ /o) RS W6 g (1 + i3

we then obtain that &£ satisfy Assumption 2.15 with

b NG >~U
)W (x)+(1+ﬁ W™ (x),

Lmux] 2
WP(x):= lim — D) =
(x) := lim_ -~ ;) &, (a) <1+ﬁ

and for E=L, U,

1 [mnx] 1 ﬁ
WE(x) = lim — E(a) = wY(x) + WP (x).
) men;sn() (1+ﬁ) @+ 5V
From this we immediately obtain that W := S (WP + WY + WL) = WP + W is a Brownian motion with variance 1/8,
as desired.
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We conclude the proof by checking the assumptions related to the rank-one spike in L}’. That Assumption 2.2 is
satisfied with w, = </p/n(£, — 1) is an immediate consequence of (3.7). As for (3.13) satisfying Assumption 2.17,
this is immediate from the fact that éf )/ nl/3 are uniformly sub-Gaussian, the estimates (3.14), and the fact that ¢, =
1+ /v+0@m; ") (by (3.7)).

3.9. Proof of Corollary 3.13

It is easy to see that R, is of the form —A,, + Q,, (with m,, = n'/3 =n'/®./n), where, for E = U, L, one has

Un(@)=n"*(Vn = n=a+&/@/n"°),

U L ~
and D, (a) = énD(a). Given that —/n —a + S (@) —/n—a+ @ (by Definition 3.12), R, satisfies (3.4). We can

nl/6 > nl/6
prove that R, satisfies Assumptions 2.1 and and 2.10-2.15 in the same way as Corollary 3.8; hence the result follows
from Propositions 3.1, 3.4, and 3.5 ((3.3) is easily seen to hold here).

4. From matrices to Feynman—Kac functionals

In this section, we derive probabilistic representations for ( f, I%n ®)g), Tr[K,(¢)], and (f, I%,ll“ (t)g) that serve as finite-
dimensional analogs of (2.7) and (2.8).

4.1. Dirichlet boundary condition: Lazy random walk

Definition 4.1 (Lazy random walk). Let S = (S(u))yen, (No := {0, 1,2, ...}) be alazy random walk, i.e., the increments
S(u) — S(u — 1) are i.i.d. uniform random variables on {—1, 0, 1}. For every a, b, u € Ny, we denote S¢ := (S|S(0) = a)
and S“? := (5]S(0) = a and S(u) = b).

4.1.1. Inner product
Let M bea (n+ 1) x (n+ 1) random tridiagonal matrix, let v € R+ be a vector, and let ¥ € N be a fixed integer. By
definition of matrix product, for every 0 <a <n,

1M ’ = L M M M 4.1
((5 )v)(a>—3—,9a Y Ma,anMar,a2)--- M(ay—1,a9)v(ay), (4.1)

Lyeees ay—1

where the sum is taken over all ay, ..., ay € Ny such that (a, ay, ..., ay) forms a path on the lattice {0, 1, 2, ..., n} with
self-edges (i.e., |a; — a;_1| € {0, 1}). The probability that S¢ is equal to any such path is 377, and thus we see that

1 9 -1
<<§M> v> (@) =E° [1{r(,,)(s)>,9} (]‘[ M(S(u), S+ 1))>U(S(z9)):|, 4.2)

u=0
where the random walk S is independent of the randomness in M, E* denotes the expected value with respect to the law
of S conditional on M, and

t™(8) :=min{u>0:Su) =—1orn+1}.

We can think of the contribution of M to (4.2) as a type of random walk in random scenery process on the edges of
{0,1,2,...,n}, that is, each passage of S on an edge contributes to the multiplication of the corresponding entry in M. In
particular, if we define the edge-occupation measures

91
AP () = D ls@=aamd swin=p), 0=<a,b=<n, (4.3)
u=0
then we have that
91 “n
[TM(S@.S@+ D)= ] M@ b . (4.4)

u=0 a,be’Z
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We now apply the above discussion to the study of K (). We observe that

—Ap+ On 1 Dy (a)

(In—W>(a,a):§<l— m% ), Ofafn, (45)
—Ap+ Oy 1 Uy (a)
—Ap+ Oy 1 Ln(a)

Let# > 0 and n € N be fixed, and let us denote ¥ = ¥ (n, t) := Lm% (3t/2)]. By combining (4.5)—(4.7), the combinatorial
analysis in (4.1)—(4.4), and the embedding r,, in (2.21), we see that

S+ /my

~ (n+1)/mn
(f, Ka(t)g) = /O f(x)Elmn] [Fn,f(sm /S gy dy} dx, (4.8)

®)/mn

where S is independent of Q,,, we define the random functional

(a,a) (a,a+1) (a+1,a)
Dn(a)>A0 (S)(l B Un(a))Al’ (S)<1 B Ln(a)>A19 ) 49

Fui(8) =Ty | | (1 R 2 2
n

aENO n n

and for any x > 0, El"X] denotes the expected value with respect to S Lmax] conditional on On.

4.1.2. Trace
Letting M be as in the previous section, it is easy to see that

1 s n -1
Trl:(iM) i| = ZP[S“(‘[?) = G]Ei;’a [1{‘[(”)(5)>19} 1_[ M(S(I/l), S(u + 1)) y
a=0 u=0
where S is independent of M, and E’l‘,’a denotes the expected value with respect to the law of S5, conditional on M.

Given that P[S9(®) = a] = P[S°(®) = 0] is independent of a, if we apply a Riemann sum on the grid m;lZ to the
previous expression for Tr[(% M)?], we note that

1 v 0 (n+1)/my Unx ), mnx] 0-1
Tr[(§M> }:mnp[s (ﬁ):()]/o Y VI HM(S(M),S(qu 1) |dx.

u=0

Applying this to the model of interest K, (1), we then see that
~ (n+1)/my
Te[K, (1) ] = maP[S°(9) = 0] / gy TR, (8)] dx, (4.10)
0

where ¢ = ¥ (n,t) = Lm,% (3t/2)], S is independent of Q,, Elgm"xJ’Lm"” denotes the expected value of Sllém”xJ’Lm"xJ
conditional on Q,, and F, ; is as in (4.9).

4.2. Robin boundary condition: “Reflected” random walk

Definition 4.2. Let T = (T (u)),en, be the Markov chain on the state space N with the following transition probabilities:

1

P[Twu+1)=a+0blTw)= ]:5 ifaeNg\{0}andb e {—1,0,1},
2 1
P[T(u+1)=O|T(u)=0]=§, and P[T(u+1)=1|T(u)=O]=§.

We denote 7% := (T'|T (0) = a) and T,f’b :=(T|T(0)=aand T(u) =b).
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Let Mbea (n+ 1) x (n+ 1) tridiagonal matrix, and let M be defined as

2 .
- sM(a,b) ifa=b=0,
M(a,b)={3 (@)

%M (a,b) otherwise.

For any 9 € N, 0 < a < n, and vector v € R"*1,

(#17v)(a) = E° [1{r<n>(T)>z,}< I1 M(a,b)Aff'b)”))u(T(ﬁ))] @11

a,bENo

with T independent of M, E* denoting the expected value of 7¢ conditioned on M, and we define Al(;l’b)(T) in the same
way as (4.3).

We now apply this to the study of the matrix model I%,;” (¢). The entries of I, — (=A} + 0,)/ 3m% are the same as
(4.5)-(4.7) except for the (0, 0) entry, which is equal to

(1”_M>(0’0):l<1+wn_D”_(20)>
m

3m2 3 2

1
=—<2—(1—wn)—

Dn<0>> - 2(1 C-w) Dn(0>>
: .

"3 2 2m2

2
my

Therefore, if we let 9 = 9 (n, 1) := I_m% (3t/2)], then

. (n+1)/my (T)+1)/my
(f, K (t)g) = / £ (x)Elmnx] I:F’;")t(T)mn / gy dyi| dx, 4.12)
0 T(®)/my
where T is independent of Q,,, we define the random functional
(0,0)
, (A—wy) DO\
Fnu,)t(T) = l{r(")(T)>19} (1 - ) - Zm% 4.13)

AF)
. (]‘[ (1 — D;g‘”) > (4.14)
aeN

n

A(a,a+l)(T) A(a+l.a)(T)
.<H<1_U”(2“)> ’ (1—L”(2a)) ’ ) (4.15)
m m

aENo n

and E*] is the expected value of 7] conditional on Q,,.
4.3. A brief comparison with other matrix models

The assumptions made in Section 2 suggest that %(—An + Q0,) — H and %(—A}f + 0, — HY as n — oo. Thus, by
Remark 2.8, we expect that for any sequence of functions (f;;:;)nen such that f,.;(x) — e~"/2 in a suitable sense, one
has f,.:(—An + QOn) — k(t) and f,,.; (=AY 4+ Q) — kw(t). The difficulty involved in carrying this out rigorously in
the generality aimed in this paper is to choose f;.;’s that are both amenable to combinatorial analysis and applicable to
general tridiagonal models. The main insight of this paper is that the matrix models K, (t) and K ~(¢) (which correspond

to the choice f.,(x) :=(1 —x /3m%)t’”3(3’ /21y are in this sense better suited than arguably more “obvious” choices of
Jniie

In order to illustrate this claim, we compare our matrix models with f;,.;(x) := (1 — x/ 2m,%)Lmr21’ /21 which is what
was used in [14,20], and fp.,(x) := e~"*/2 which is arguably the most straightforward matrix model one could use in
order to obtain semigroup limits. We begin with the latter: If O, is diagonal, then we can express the matrix exponen-
tial e~/(=22+2n)/2 in terms of a Feynman-Kac formula involving the continuous-time simple random walk on Z with
exponential jump times. This formula is very similar to (2.7) and (2.8) and is arguably easier to work with than (4.9) or
(4.13). However, for general tridiagonal Q,,, the Feynman-Kac formula becomes much more unwieldy. In particular, the
generator of the associated random walk depends on the entries of Q,,, making a general unified treatment more difficult.
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As for the matrix model used in [14,20], we note that

(In__Anidl_Qn>(a7a)=_Dn(a) O0<a<n

2m? m}: -
—Ap+ Oy 1 Un(a)
<[n—T%>(a,a+l)=5(l— o~ > O<a<n-1,
_An+Qn 1 Ll’l(a)
(’”‘W)“‘*"“):i(“ m3 )’ O=a=n=t

If D, (a) =0 for all n and a, then a combinatorial analysis similar to the one performed earlier in this section can relate
the above to a functional of simple symmetric random walks on Z (i.e., i.i.d. uniform =£1 increments). More generally, if
Dy, (a) is of smaller order than m% — Uy (a) and mﬁ — L, (a) for large n (e.g., for B-Hermite), then a similar analysis holds,
but with additional technical difficulties (see [14, Section 3.1] and [20, Section 3] for the details). However, if D, (a) is
allowed to be of the same order as m% — Uy(a) and m,% — Ly (a) (e.g., for B-Laguerre), then the analysis of [20] and [14]
no longer applies.

5. Strong couplings for Theorem 2.20

Equations (4.8) and (4.10) suggest Theorem 2.20 relies on understanding how Brownian motion and its local time arises
as the limit of the lazy random walk and its edge-occupation measures. This is the subject of this section.

Definition 5.1. For every x > 0, let B* be a Brownian motion started at x with variance 2/3, and for every 7 > 0, let
B} := (B*|B*(t) = x). We define the local time process for B in the same way as in (2.5).

The main result of this section is the following.

Theorem 5.2. Let t > 0 and x > 0 be fixed. For every 0 <s <t and n € N, let ¥/ = ¥;(n) := Lmﬁsj and x" == |mpx].
We use the shorthand ¥ := ;. For every y € R, let (Y, Yn)neN be equal to one of the three sequences

(Lmn)’J’ Lmn}’J)neN, (Lmn)’J’ lmny] + l)neN’ or (Lmn)’J +1, LmnYJ)n€N~ (5.1

Finally, suppose that (Z,,, Z) = (§*", B¥), or (Sf;n’xn, étx’x)for eachn € N. For every 0 < ¢ < 1/5, there exists a coupling
of Z,, and Z such that the following holds almost surely as n — oo

Z, (¥
sup Zalba) _ Z(s)‘ = 0(m,, ' logm,), (5.2)
O<s<t| Mn
(YnsVn) g
A (Zn)  Li(Z -
sup i w) _ Ll )' = O (my, " logm,). (5.3)
0<s<t,yeR mpy 3

Classical results on strong couplings of local time (such as [3]) concern the vertex-occupation measures of a random
walk:

u

AUS) =) s(j)=a) a€Z,ueN. (5.4)
j=0

Indeed, for any measurable f : R — R, the vertex-occupation measures satisfy

D F(S) =D ALS f(@), (5.5)
j=0

ac’

making a direct comparison with local time more convenient by (2.5). Thus, our strategy of proof for Theorem 5.2 has
two steps: We first use standard methods to construct a strong coupling of the vertex-occupation measures of $*" and
Sl’;n’xn with the local time of their corresponding continuous processes. Then, we prove that the occupation measure of a
given edge (a, b) is very close to a multiple of the occupation measure of the vertices a and b. More precisely:
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Proposition 5.3. For every 0 < & < 1/5, there exists a coupling such that

Ay(z,)

npy

sup
0<s<t,yeR

- Lg’(z)’ = 0(my " 1ogm,) (5.6)

and (5.2) hold almost surely as n — oo.

Proposition 5.4. Almost surely, as n — 0o, one has

A _
sup  —|[ALD(Z,) — =22 = 0(my, P logm,).
O<u<®  Mn

a,beZ,la—b|<1

Notation 5.5. In Propositions 5.3 and 5.4, and the remainder of Section 5, whenever we state a result for Z,, and Z, we
X X

mean that the result in question applies to (Z,, Z) = ($*", B*) and (Sx " B;).

5.1. Condition for strong local time coupling

We begin with a criterion for local time couplings. The following lemma is essentially the content of the proof of [3,
Theorem 3.2]; we provide a full proof since we need a modification of the result in Section 6.

Lemma 5.6. For any 0 < § < 1, the following holds almost surely as n — 00:

AZ (Zn) a/mn

my, u/m2

(Z)'

0<u<d,aeZ

= 0( sup |L{(2) — LY(Z)|

0<s<t,|y—zl<m,®

Z, AY(Z,) — Ab(Z AN(Z,
+m? sup n () _Z(S)' sup (A4 (Zy) o n)| sup g 8)>‘
0<s<t| Mn 0<u<®,la—b|<ml™ My 0<u<z9 acZ my

Proof. Letn € N and a € Z be fixed, and for each ¢ > 0, define the function f; : R — R as follows.

L fela/mp) =1/e;
2. f:.(z) =0 whenever |z —a/m,| > ¢; and
3. define f;(z) by linear interpolation for |z — a/m,| < €.

Since f, integrates to one, for every 0 < u < ¥, we have that

2

u/ml‘l
fo fs(Z(s>)ds—LZj’,’;§(Z)‘ ‘ f FeO(L)),2(2) = Ly (2)) dy

< sup \Li/m%(Z)—La/m”(Z)|.

2
u/m
ly—a/my|<e /i

Note that | fz(z) — feDI/|1z —y| < =2 for all z, y € R; hence, for every 0 <u < 9,

u/m
' [ (20) = £ (za00 m) s

‘/ f(Z()) ds —ng (Za i)/ ma)

n(ﬂs

t
=— Ssup
my

€ Ofsfu/m%

—Z(s )'
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Finally,
1 ¢ , AN(Zy) 1 Ay (Zy)
— Y fe(Za()mn) = =2 = N fa b/ ma) A (Zy) —
My j=1 n M ez, n
1 (AL(Z) = AU(Zy)  AYZy) (1
=— > felb/my) = T (N (b/ma) — 1 ).
M ez n i T ez
By a Riemann sum approximation,
1 1
— Y felb/my) —1|=0 :
M ez ENtn
and thus we conclude that
I § . A (Zn) |AL(Zn) = Ny(Za)| | D(Zn)
_ZZfs(Zn(J)/mn)_uin=0< a7 p zn )
m}’l j=1 My la—b|<em, Mp 8m}’l
The result then follows by taking a supremum over 0 <u < ¢ and a € Z, and taking ¢ = e(n) =m,, g (]

5.2. Proof of Proposition 5.3
We begin with the proof of (5.2):

Lemma 5.7. There exists a coupling such that (5.2) holds. In particular, for any 0 < § < 1/2, it holds almost surely as
n — oo that

Zn(9y)

mpy

26
wosu
0<s<t

m

_ Z(s)’ = O(m;1+25 logmn).

Proof. Suppose first that x = 0 so that (Z,, Z) = (89, EO) or (Sg‘o, é,o’o). According to the classical KMT coupling

(e.g., [24, Section 7]) for Brownian motion and its extension to the Brownian bridge (e.g., [7, Theorem 2]), it holds that

Zuw) _

sup | — u/m2)| = O0(my, " logm,)
n

O<u<v

almost surely. Thus it only remains to prove that

sup |Z(19S/mﬁ) —Z(s)| = O(mn_1 logmy).

0<s<t

For Z = BY, this is Lévy’s modulus of continuity theorem. For Z = é,o ’0, we note that the laws of (Bto ’O(S))XE[OJ /21 and
(B? ’O(t — 5))sef0,r/2] are absolutely continuous with respect the the law of (Bo(s))se[o,, /2]

Suppose now that x > 0. We can define $*" := x" + $° and S;n’xn =x" 4+ Sg’o, and similarly for B. Since x"/m,, =
x4+ O(m,jl), our proof in the case x = 0 yields

Sx)l 1? 5
sup @) _ B (s)| = O(my " logn +m;")

O<s<t| Mn

and similarly for the bridge, as desired. ([l
With (5.2) established, the proof (5.6) is a straightforward application of Lemma 5.6:

Lemma 5.8. Forevery§ >0and0 <& <§/2,

sup 1LY(Z) = LX(Z)| = 0 (my,”**F logm,,)

0<s=<t,|ly—zl<m,

almost surely as n — o00.
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I:roof. The result for B” is a direct aEplication of [3, Equati~0n (3.7)] (see also [31, (2.1)]). We obgain the same result for
B;" by the absolute continuity of (B; ™ (s))se0,:/21 and (B; ™ (t — 5))sef0,¢/2) With respect to (B (s))sef0,¢/2], and the

fact that local time is additive and invariant under time reversal. O

Lemma 5.9. Forevery§ >0and (0 <e <§/2,

AY(Z,) — Ab(Z _
sup | u( n) u( n)| _ O(mn §/24¢
0<u<0,la—b|<m}=? Mn

logm,)

almost surely as n — o0.

Proof. According to [3, Proposition 3.1], for every 0 < n < 1/2, it holds that

—1 A4 Sx” —Ab an
p[ wp AL — AL Z)»:|=0(e_0)‘+m;14) -
0<u<v.a,bez (la/mpy —b/my| /2=1 A1)

for every A > 0, where ¢ > 0 is independent of n and A. We recall that m,, < n® with 1/13 < 0, which implies in particular
that m;”’ is summable in n. Thus, if we take L = A(n) = C logm,, for a large enough C > 0, then Borel-Cantelli yields

n n
sup |AG(S™) = AL
0<u<v,|la—b|<m)~? M

O(mf,("_l/z) logm,)

almost surely, proving the result for Z, = $*". In order to extend the result to Z, = Sgn’xn we apply the local CLT (i.e.,
P[S* () =x"1"" = O(my); e.g., [15, §49]) with the elementary inequality P[E|E»] < P[E]1/P[E>] to (5.7):

_ noyn b noyn
P|: sup my |AG(Sy ) = Ab(S; )

> |=0(mpe ™t +m; 13
o<u<v.abez  (a/my —b/my|'/2=1 A1) i| (s o)

for all » > 0. Since Y, m; '3 < oo the result follows by Borel-Cantelli. O

Lemma 5.10. For every 0 <8 < 1, it holds almost surely as n — oo that

Ay (Zy) _
sup - =0(m, " logm,).
O0<u<d,aeZ My

Proof. Note that, for any n,u € N, IS¥" ()| < |x"| + O(mﬁ) Therefore, by taking a large b in (5.7) (i.e., large enough so
that A% (§*") = 0 surely), we see that

P[ sup AuST) > x] =0(e ™ +m, " (5.8

n
O<u<®,acZ Mn

for all A > 0. The proof then follows from the same arguments as in Lemma 5.9. ]

By combining Lemmas 5.6-5.10, we obtain that

sup

0<u<d,aeZ

Au(Zn) »
“Tn" - szZ%(Z)’ = O(m} logm,),

where, forevery 0 <6 < 1/2 and 0 < ¢ < §/2, we have
t=1(5, &) :=max{—1+ 25, —5§/2 + ¢}.

For any fixed ¢ > 0, the smallest possible t(5, €) occurs at the intersection of the lines § — —1 42§ and § — —§/2 + ¢.
This is attained at § = 2(1 + ¢)/5, in which case t = —1/5 + 4¢/5. At this point, in order to get the statement of Proposi-
tion 5.3, we must show that

sup |LLm”yJ/m" (2) - LAy,(Z)| = O(m;]/S—H3 10gm,,)

2
0<s<t,yeR Os/my



2706 P. Y. Gaudreau Lamarre

as n — oo for any & > 0. This follows by a combination of Lemma 5.8 with § = 1 and the estimate [31, (2.3)], which
yields

: -2/3
sup |LY(2) — L2(Z)| = 0 (my > (logmy)??).
0<s,5<t,|s—5|<my >, yeR
(The results of [31] are only stated for the Brownian motion, but this can be extended to the Bridge by the absolute
continuity argument used in Lemma 5.8.)

5.3. Proof of Proposition 5.4

We may assume without loss of generality that x = 0. We begin with the case of the unconditioned random walk Z,, = S°.

Let (£ )neNy,aecz be a collection of i.i.d. random variables with uniform distribution on {—1, 0, 1}. We can define the
random walk S as follows: For every u,v € Nand a € Z, if S%u) = a and Ag(SO) =v, then S%u + 1) = $%(u) + ¢
In doing so, up to an error of at most 1, it holds that

Aa(SO
A(a b) SO Z 1{; =b—a}» 4, bel.
j=1

Hence, by the Borel-Cantelli lemma, it is enough to show that for any z € {—1, 0, 1},

Aa(s())
Al 50
ZP|: sup Z 1{5"—1}_ ; ) >le/210gmn:| <0 (5.9)
neN 0<u<?d,a€Z =1

for some suitable finite constant C > 0. In order to prove this, we need two auxiliary estimates. Let us denote the range
of a random walk by

Ru(S) := max S(j)— min S(j), u€Np. (5.10)
0<j<u 0<j<u

Lemma 5.11. For every ¢ > 0,

ZP Rﬂ SO 1+8]
neN

Proof. According to [9, (6.2.3)], there exists C > 0 independent of n such that

E[Ry(5%)] < (Cmn)1/q!, g €No. (5.11)

Consequently, for every r <2 and C > 0,

sup E[eC(Rﬁ(SO)/’"”)r] < 00, (5.12)
neN
The result then follows from Markov’s inequality. (]

Lemma 5.12. If C > 0 is large enough,

ZP[sup A§ (SO) > Cm, logmn] < 00.

neN acl
Proof. This follows directly from (5.8) since Zn m;” < 00. U

According to Lemmas 5.11 and 5.12, to prove (5.9), it is enough to consider the sum of probabilities in question
intersected with the events

D, = [Rﬂ (SO) <ml*e sup  A“ (SO) <Cmy, logmn}

0<u<?v,a€Z
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for some large enough C > 0. By a union bound,

A4(S%)
P sup
0<u<d,aeZ

S 1y - NS
{{j=z} 3

u=1

> cm,l/2 logm,,} N Dn]

h

h 1/2
=F Lgome) = 3| Zomi"1 nD
0<h<Cmy,logm, /=
h
h 1/2
= Z P[ 21{4_7=z} 3 > cm,) 10gm,{|. (5.13)
—m,l,+8§a§m,]1+8 j=1

0<h<Cmy,logm,

By Hoeffding’s inequality,

|

uniformly in 0 < & < Cm, logm,,. Since the sum in (5.13) involves a polynomially bounded number of summands in m,
and the latter grows like a power of #,

h

h
pIp T 3

j=1

> émrl/z logmni| < Ze—Zézlogmn/C

for any ¢ > 0, we can choose C > 0 so that (5.9) is of order O (n™9). (5.14)

This concludes the proof of Proposition 5.4 in the case Z,, = S° by Borel-Cantelli.
In order to extend the result to the case Z, = Sy ™, it suffices to prove that (5.9) holds with the additional conditioning
{$ 0(19) = 0}. The same local limit theorem argument used at the end of the proof of Lemma 5.9 implies that

n n
AL(SE )

ALSy ) 12
P| sup Z l{g;zzz}—% > Cm)/*logm,,
0<u<d,aeZ j=1 ’
Ag(SY) A4(59)
=0\|m,P sup Z oy — = sz,l,/zlogm,, .
0<u<d,acZ =1 J 3

The result then follows from (5.14) by taking a large enough ¢.

6. Strong coupling for Theorem 2.21
We now provide the counterpart of Theorem 5.2 for the Markov chain T in Definition 4.2 that is needed for Theorem 2.21.

Definition 6.1. Let X be a reflected Brownian motion on R4 with variance 2/3. For every x > 0, we denote X¥ =
(X|X (0) = x), and we define the local time and the boundary local time of X as in (2.5) and (2.6), respectively.

Our main result in this section is the following.

Theorem 6.2. Let t > 0 and x > 0 be fixed. Let ¥, z?& O <s<t),x", and (yu, yn) (y > 0) be as in Theorem 5.2. For
every 0 < & < 1/5, there exists a coupling of T*" and X* such that

Txll ?9 B
@) _ X*(s)| = O(my,  logmy,), 6.1)
0<s<t my
(0,0) /oy 0 fx
Ny (T 4L)(XY) ~1/2
‘ ; - = O (m, Y (logmn)3/4), ©2)
nmpy 3
(YnsYn) x" ) v
A" (TH) 1 L3 (X*) -1/5
sup A7<1 - —1{(yn,y,,)=<o,0>}) - = 0(m, /e logmy) (6.3)
0<s<t,y>0 my 2 3

almost surely as n — o0.
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Remark 6.3. In contrast with Theorem 5.2, Theorem 6.2 does not include a strong invariance result for the 7"’s bridge
process Tl;‘ . We discuss this omission (and state a related conjecture) in Section 6.5 below.

The first step in the proof for Theorem 6.2 is to use a modification of the Skorokhod reflection trick developed in [14,
Section 2] to reduce (6.1) to the KMT coupling stated in (5.2). As it turns out, this step also provides a proof of (6.2). The
second step is to introduce a suitable modification of Lemma 5.6 that provides a criterion for the strong convergence of
the vertex-occupation measures of 7' with the local time of X. The third step is to prove an analog of Proposition 5.4. We
summarize the last two steps in the following propositions:

Proposition 6.4. Almost surely, as n — 0o, one has

1
sup —
O<u<?v my
(a.b)eNZ\{(0,0)}.la—b|<1

a/x"
Aft‘"b) (Txn) — 7[\”(: ) ‘ = O(m;l/2 logmn)

and

B 2A9(T*")
3

sup 1 = O(m;l/zlogmn).

A(O,O) Tx"
O<u<® Mn " ( )

Proposition 6.5. For every 0 < & < 1/5, under the same coupling as (6.1), it holds almost surely as n — oo that

AZL;:nnyJ (Tx” )

mpy

sup = O(m;l/5+£ logm,).

0<s<t,y>0

6.1. Proof of (6.1)

Definition 6.6 (Skorokhod map). Let Z = (Z(¢));>0 be a continuous-time stochastic process. We define the Skorokhod
map of Z, denoted 'z, as the process

Tz(t):=Z(t)+ sup (—Z(s)) t>0,

s€[0,1] +
where (-)+ := max{0, -} denotes the positive part of a real number.

Notation 6.7. In the sequel, whenever we discuss the Skorokhod map of the random walk S, I"g, we mean the Skorokhod
map applied to the continuous-time process s — S(J;) for 0 <s <t.

Note that Z — I'z is 2-Lipschitz with respect to the supremum norm on compact time intervals. Therefore, (6.1) is a
direct consequence of (5.2) if we provide couplings (7, S) and (X, B) such that 7% (¢;) = ['gx (s) and X*(s) = g (s).

Let us begin with the coupling of X* and f?x_ . Note that we can define X* := | B*|, where B is a Brownian motion with
variance 2/3. Since the quadratic variation of B* is t — (2/3)t, it follows from Tanaka’s formula that

5 t _ . 289(B*
X (1) =x +/ sgn(B*(s)) dB*(s) + % >
0
(e.g., [29, Chapter VI, Theorem 1.2 and Corollary 1.9]), where
0(7n L[ 0(v
£ (B") := lim —/0 1o pr(sy<eyds = £ (XX)

If we define

t
B :=x —i—/ sgn(B%(s))dB%(s), >0,
0
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2 — ~— ~— —
—— o—o—
or----------- — — —— - — — o—o—|
/ —— o— o—
—e— —2 b -— —
2 o— ~— — —o—|
—— o—o— ~— ~—
or----------- —o—-oo— o—o— — — |
2L ] ——
2 jo— — ~— —
’\ —o— o—o— *—o—|
or----------- ——- - — —o— -
— o—o—
—2 |

Fig. 1. On the left is a step function A € C4+ (where x" = 2). the segments contributing to H((A) are blue. On the right are two (out of 2M0(S) =g)
step functions A € C such that ' ; = A.

which is a Brownian motion with variance 2/3 started at x, then we get from [29, Chapter VI, Lemma 2.1 and Corol-
lary 2.2] that X7 =Tz, () and

2/3)L(X*) = sup (—B*())
s€[0,7]

; (6.4)

for every ¢ > 0, as desired.
We now provide the coupling of 7" and S*". (See Figure 1 for an illustration of the procedure we are about to
describe.) Let C be the set of step functions of the form

g
A) =D Al ugn (), 6.5)
u=0

where Ag, Ay, ..., Ay € Z are such that Ag =x" and A, ] — A, € {—1,0, 1} for all u. Let C; C C be the subset of such
functions that are nonnegative. For every A € C, let us define

9—1
Ho(A) =Y 1{a,=a,,,=0}- (6.6)

u=0

By definition of S and T', we see that for any A € C,

x" 1
P[(S™ 09))g<s= = (A09)g<y< ] = 30
0 2Ho(A)
P[(T (l}g))OSSSt - (A(ﬁS))Ofsft] = 3—191{AEC+}~

It is clear that A — "4 maps C to C; and that this map is surjective since 'y = A for any A € C;. Thus, in order to
construct a coupling such that 7% (%) = I'sx (s), it suffices to show that for every A € C,, there are exactly 2Ho()
distinct functions A € C such that i=A

Let A € Cy. If Hp(A) =0, then there is no A # A such that I' ; = A, as desired. Suppose then that Ho(A) =h > 0.
Let 0 <uyp,...,up <9 — 1 be the integer coordinates such that Auj = Auj+1 =0,1<j <h.Then, I'; = A if and only
if the following conditions hold:

1. Au,41— Ay, =00r Ay, 11 — Ay, =—1forall 1 < j <h,and
2. AH] —A, = Ay41 — A, for all integers u such that u ¢ {uy, ..., up}.

Note that, up to choosing whether the increments Au i+ fiu i (1 < j <h) are equal to 0 or —1, the above conditions

completely determine A. Moreover, there are 2 ways of choosing these increments, each of which yields a different A.
Therefore, there are 2H0(A) distinct functions A € C such that T’ i=A4, as desired.
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6.2. Proof of (6.2)

Since the map Z > sup;¢(g ,1(—Z(s))+ is Lipschitz with respect to the supremum norm on [0, 7], if we prove that the
coupling of T and S introduced in Section 6.1 is such that

0,0 n n
APy (=S @) |
my 0<s<t my

O (my ' (logm) ¥4 6.7)

almost surely as n — o0, then (6.2) is proved by a combination of (5.2) and (6.4).
Note that if 7*" (U5) = A(Dy) for s <t, where A € C is a step function of the form (6.5), then Ag)’o)(Txn) =Ho(A),
as defined in (6.6). By analyzing the construction of the coupling of 7 and S in Section 6.1, we see that, conditional on

the event {Ag)’o) (T*") = h} (h € Np), the quantity maxofsft(—S"" (¥5))+ is a binomial random variable with # trials and
probability 1/2. With this in mind, our strategy is to prove (6.7) using a binomial concentration bound similar to (5.13).

For this, we need a good control on the tails of Afyo‘o) (Tx"):
Proposition 6.8. There exists constants C, ¢ > 0 independent of n such that for every y > 0,

sup P[Ag)’o) (Tx") >muy] < Ce™",

neN, x>0

In particular, there exists C > 0 large enough so that

Y P[AGO(TY) = Cmy/flogm,] < oo (6.8)

neN

Indeed, with this result in hand, we obtain by Hoeffding’s inequality that

P[|(1/2) = max (=5 9)) , | = Cmy/>togm,) ¥ /21A 00 (1) = | < 2e=Cloem/26

uniformly in 0 < & < Cm,, +/logm,. By taking C>0 large enough, we conclude that (6.2) holds by an application of the
Borel-Cantelli lemma combined with (6.8).

Proof of Proposition 6.8. Let 7 and S be coupled as in Section 6.1, and let

¥—1

u=0
that is, the number of times that S is smaller or equal to its running minimum over the first ¢ steps. Then, we see that
v—1
u=0

Given that uy (S) is independent of S’s starting point, it suffices to prove that

sup Py (8°) 2 myy] < Ce™, 320 (6.9)
neN

for some constants C, ¢ > 0.
If y > m,t, then m,y > ¢}, hence P[uy ($9) > myy] = 0. Thus, it suffices to prove (6.9) for y < m,t. Our proof of this
is inspired by [25, Lemma 7]: Let 0 = {y < t; < tp < - -- be the weak descending ladder epochs of SO that is,

ty+1 = min{v > t,: %) < °(t,)}, ueNo.

Then, for any v > 0,
P[129(5°) = myy] = Pltm, 1 = 91 = P[$°(t1,7) = min $°0)]

< P[So(t[mny]) > —vmny] + P[QE}}E@ SOu) < —vmny].
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On the one hand, we note that So(trmn y1) is equal in distribution to the sum of [m,y] i.i.d. copies of SO(t;), which we
call the the ladder height of S°. Moreover, it is easily seen that the ladder height has distribution P[S%(t;) = 0] =2/3 and
P[SO(t;)=—1]1=1/3.In particular, E[So(trmnﬂ)] = —[m,y]/3. Thus, if we choose v small enough (namely v < 1/3),
then by combining Hoeffding’s inequality with m, > y/t, we obtain

[mpy] [mpyl
P[So(t[m,,y]) > _any] :PI:SO(t(mnﬂ) + ;y > —vmyuy + ;y

. " 2
j| < Cle—élmn) < Cle_tl} /t

for some Cy, c; > 0 independent of n.
On the other hand, by Etemadi’s and Hoeffding’s inequalities,

P[Ommﬁ So(u) < —vm,,y] < P[ max |So(u)| > vm,,y] <3 max PHSO(M)| > vm,,y/3] < Cre™ ?
<u<

for some C», c3 > 0 independent of n, concluding the proof of (6.9) for y < mz. O
6.3. Proof of Proposition 6.4
By replicating the binomial concentration argument in the proof of Proposition 5.4, it suffices to prove that

ZP Ro(T¥) = ml+] < 00 (6.10)
neN

for every ¢ > 0, where we define Ry (T*") as in (5.10), and
ZP[sup A§ (Txn) > Cm,, logmn] <00 6.11)
neN acl

provided C > 0 is large enough. In order to prove this, we introduce another coupling of S and 7', which will also be

useful later in the paper:

Definition 6.9. Let a € Ny be fixed. Given a realization of 7¢, let us define the time change (0“(u)),cn, as follows:

1. 0%(0) =
2. I T*(0%(u)) 0 or T*(0%(u) + 1) #0, then 0% (u + 1) = 0%(u) + 1.
3. £ T%(%(u)) =0and T%(0%(u) + 1) = 0 then we sample

- ~ 1 - -
P[o°(u+1)=0"w) +1]= 1 and P[o"(u+1)=0"w)+2]==>
independently of the increments in 7¢.
In words, we go through the path of 7% and skip every visit to the self-edge (0, 0) independently with probability 3/4.

Then, we define ¢ as the inverse of o“, which is well defined since the latter is strictly increasing.

By a straightforward geometric sum calculation, it is easy to see that we can couple S and 7 in such a way that
T ) = s (™ )|, ueN,. (6.12)

For the remainder of the proof of Proposition 6.4 we adopt this coupling.
On the one hand, Ry (T*") = RQ)(” ) ") < Ry (8*"). Thus (6.10) follows directly from Lemma 5.11. On the other
hand, for every a # 0,

AY(T) = A

o (S HATG L (5) S AG(ST) + A5 (ST 6.13)

*”(9)

and

AGTT) = APO(T) 4 AL (87) + A, (8) < APV (T) + AL (S,

Thus (6.11) follows from (6.8) and Lemma 5.12.
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6.4. Proof of Proposition 6.5
The following extends Lemma 5.6 to T'.

Lemma 6.10. Forany 0 < § < 1, the following holds almost surely as n — oo:

Aa Txrl ~
sup —”( ) — Li;:’"é (Xx)

0<u<v,aeNy

:0( sup  |LY(R) — L(XY)]
0<s<t
y,220,ly—z|<m;?

mp

T (9y)

. ATy — Ab(TY" AT
_XX(S)‘_i_ Sup | u( ) M( )| + su M( ))

2-3
O<u<® Mp O<u<v,aeNy My
1-68

a,beNy,la—b|<m,

Proof. Let a € N be fixed. For every ¢ > 0, let f; : R — R be defined as in the proof of Lemma 5.6, and let us define
g Ry — Ras

00 —1
85(Z)i=fs(1)</0 fa(Z)dZ) , z>0.

g. integrates to one on R, and |g.(2) — ge(M)|/]1z — y| < =5 2 for y, z > 0. By repeating the proof of Lemma 5.6 verbatim
with g, instead of f;, we obtain the result. |

We now apply Lemma 6.10. (6.1) yields

" (%)

npy

26 su

my

— X*(5)| = O(m), % logmy).

0<s<t

As for the regularity of the vertex-occupation measures and local time of 7*" and X*, they follow directly from the proof
of Proposition 5.3 using Lemma 5.6 by applying some carefully chosen couplings of 7 with §*, and X* with B*:

We begin with the latter. If we define X*(s) = |B*(s)|, then for every y > 0 and s > 0, we have that L] (X¥) =
L) (B*) + Ly’ (B*). Consequently,

L3 (X%) = L3(X) [ < |23 (B*) = LE(B) [ + |£57 (B*) = Lg=(BY)]. (6.14)
The regularity estimates for L} (X*) then follow from the same results for L} (BY).
To prove the desired estimates on the occupation measures, we use the coupling introduced in Definition 6.9. This

immediately yields an adequate control of the supremum of A% (T*") by (6.11). As for regularity, one the one hand, we
note that

AG(T) = LT | =

|Aaxn( )(an) o w( )(Sx )} + }A o (u )(Sx”) o Qr"(u)(Sx )

for any a, b # 0. On the other hand, for any a # 0,

1 n 1 n
FAUTT) = A (57| 5 A0T) =t (5

A0(r) - as(r) < L

Hence we get the desired estimate by Lemma 5.9 if we prove that

sup lAB(T)"I)— Xn(u)(Sx ) —O(m,?l/zlogmn) (6.15)

0<u<?®

almost surely as n — oo. By Propositions 5.4 and 6.4, (6.15) can be reduced to

1 _
sup 3|- = 0(m, l/zlogm,,). (6.16)

0<u<?®

APO(T) — ACD ()
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By Definition 6.9, conditional on A,SO’O)(T""), we note that Ag’no()u)(Sx”) is a binomial random variable with A,SO’O)(T)‘”)
trials and probability 1/4. Hence we obtain (6.16) by combining (6.8) with Hoeffding’s inequality similarly to (5.13).

6.5. Coupling of Tg’b
In light of Theorems 5.2 and 6.2, the following conjecture is natural.

Conjecture 6.11. The statement of Theorem 6.2 holds with every instance of T*" replaced by Tgt e , and every instance
of X*" replaced by )?fn "

However, if we couple T in S as in Section 6.1, then conditioning on the endpoint of 7' corresponds to an unwieldy
conditioning of the path of S:

P[7°(9) =a] =P[ 5" () = [max (=5*@), + a]

There seems to be no existing strong invariance result (such as KMT) applicable to this conditioning. Consequently, it
appears that a proof of Conjecture 6.11 relies on a strong invariance result for conditioned random walks that is outside
the scope of the current literature, or that it requires an altogether different reduction to a classical coupling (which we
were not able to find).

7. Proof of Theorem 2.20-(1)

For the remainder of this section, we fix some times #1, ..., #x > 0 and uniformly continuous and bounded functions
fi.81 - fr 8-

7.1. Step 1: Convergence of mixed moments

Consider a mixed moment

k
E[n(ﬂ,kn(t,‘)gi>ni:|, ni,...,ng € Np.

i=1

Up to making some f;’s, g;’s, and #;’s equal to each other and reindexing, there is no loss of generality in writing the
above in the form

k
E[]"[(f,-, K, (n-)g,»)]. (7.1)
i=1
By applying Fubini’s theorem to (4.8), we can write (7.1) as

(S5 0i)+1)/my

k k
£ o) JE| TT e (575 ym / \ g dy [ dy; - dyg (12)
/[o,(n+1)/mn)k (,11 o ,11 (87 ST (9 ’

and the corresponding limiting expression as

k k k
E[]"[(f,-, K(r,->g,->] = fR . (]"[ ﬁ(m))E[]_[ 1, piyoge Fr BT g (B (r))] d; - - du, (7.3)
i=1 + \i=1 i=1
where
1. ¥ =0i(n,t):= Lm%(3ti/2)J foreveryn e Nand 1 <i <k;
2. x!':=|myx;| foreveryneNand 1 <i <k;
3. S, L, Sk are independent copies of S with respective starting points x{, ..., x;'; and
4, BUx . B%X gre independent copies of B with respective starting points xi, ..., Xk.
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We further assume that the S5 are independent of Q,,, and that the B* are independent of Q. The proof of moment
convergence is based on the following:

Proposition 7.1. Let x1, ..., x;, > 0 be fixed. There is a coupling of the SN and B such that the following limits hold
jointly in distribution over 1 <i <k:

s (Im2 3s/2)))

mp

1. 1imy,— o0 SUP< <, | — BH¥i(s)| =0.

A(}jnyyn)(SiZX;l) N
2. lim, 00 SUpy R |ﬁ’T - %LZ (B"¥1)| =0, jointly in (¥, Yn)neN equal to the three sequences in (5.1).
. S (9 +1) /mn .
3. limy ooy [, OV g (y) dy = gi (B (1)),
ST (0)/my
4. The convergences in (_2.17).
, AEE ST ey 3
5. limy— oo ZaENO — L= =3 fR+ Ltyl_ (B5%)YdWE (y) jointly in E € {D, U, L}, where for every a € Ny,
(a,a) if E=D,
(ap,ag):=1(a,a+1) ifE=U, (7.4)

(a+1,a) ifE=L.

Proof. According to Theorem 5.2 in the case of the lazy random walk, we can couple S X7 with a Brownian motion with
variance 2/3 started at x;, B"¥, in such a way that

Al(s)ljnvyn)(si;xin) 1

— -LJ

S (Im2(3s/2
W3 Gs/DD | pivi 352y and »

my mpy 3

()

uniformly almost surely. Let B%%(s) := B%*i(3s/2). By the Brownian scaling property, B'** is standard, and
L%’ti /Z(B’”‘i) = %L;; (B¥i). Hence (1) and (2) hold almost surely. Since g; is uniformly continuous, (3) holds almost
surely by (1) and the Lebesgue differentiation theorem. With this given, (4) and (5) follow from Assumption 2.15. ]

Remark 7.2. Since the strong invariance principles in Theorem 5.2 are uniform in the time parameter, it is clear that
Proposition 7.1 remains valid of we take ¥; := Lm,% (3t;/2)] £ 1 instead of Lm% (3t;/2)]. Referring back to Remark 2.24,
there is no loss of generality in assuming that the ¢; have a particular parity. The same comment applies to our proof of
Theorem 2.20-(2) and Theorem 2.21.

7.1.1. Convergence inside the expected value
We first prove that for every fixed xi, ..., xx > 0, there exists a coupling such that

k » " W)+ /m u (Ly (B¥),0")  (pi
. isx! . = i: TR RET: (B (8
nll)ngo-l—[ Fn),i (S )mn /S gl (y) dy = 1—[ l{to(B"Xi)>Ii}e 4 gl (B (tl)) (75)
i=

Pl
i @)/ my i=1

in probability. According to the Skorokhod representation theorem (e.g., [5, Theorem 6.7]), there is a coupling such that
Proposition 7.1 holds almost surely. For the remainder of Section 7.1.1, we adopt such a coupling.
Since m;lS’;"fl(Lm%Gs/Z)J) — B"%i(s) uniformly on s € [0, #;], and mﬁ =o(n),

I8 Y 5 gy = Lo 855 20)

almost surely. By combining this with Proposition 7.1-(3), it only remains to prove that the terms involving the matrix
entries D,,, Uy, and L, in the functional F, ; converge to e~ (L (BY.0) o this effect, we note that for £ € {D, U, L},

(aE-ﬁE)(Si:xl’?)

En(a)\ M apGE) { ciix Eq(a)
L )

IZGNO aeNo n




Convergence of tridiagonal matrices to stochastic semigroups 2715

where we recall that (ag, ag) are defined as in (7.4). By using the Taylor expansion log(1 + z) = z 4+ O(z?), this is equal
to

L o 2
exp(— Z Al(;:E,aE)(SllX,')E;(;) +0(Z A;aiE,aE)(Sz;X[)@>)' (7.6)

m
aENO n aGNo n

We begin by analyzing the leading order term in (7.6). On the one hand, the uniform convergence of Proposition 7.1-
(2) (which implies in particular that y Al(,);"’y”)(Si;xz'r')/m,, and y > LY(B"¥) are supported on a common compact
interval almost surely) together with the fact that VnE (Lmny]) = VE(y) uniformly on compacts (by Assumption 2.10)
implies that

) ¥ o VE(a) . A1(9},n J’n)(Sz X ) 1 .
Jim D AGE (S) o= = lim /0 — V" (Imay)) dy = 3 (L, (BY), V) (1.7)

m m 2
aeNy n n

almost surely (where we choose the appropriate sequence (y,, ¥,) as defined in (5.1) depending on (ag, ag)). By com-
bining this with Proposition 7.1-(5), we get

lim Z A(“E aE)(sl JX; )E ((l) 1

n—o00 m2 2
aeNy n

S{La(B%). (2%)) (7.8)

almost surely, where dQF (y) := VE(y)dy + dWE(y).
Next, we control the error term in (7.6). By using (z + 2)2 < 2(z% + 72), for this it suffices control

2
Z A(tlE ag) Sz 1] )V (a) Z A(tlE ag) Sz 1] )E (@)
aEN() n aEN() n
separately. On the one hand, the argument used in (7.7) yields

¥ A0 (5)

uENo

VE 2
L 25 (o)L (BY), (VEY)

n

m

Since V¥ is continuous and L, (B*) is compactly supported with probability one, this converges to zero almost surely.
On the other hand, by definition of (4.3),

3 AL (5) 291 = 0 ()

aENo

uniformly in b € Z. Therefore, it follows from the tower property and (2.16) that

ap.ap) (i En (@) apap) oixn BIEEF (@)?] _
E[Z AG(s" ')T}ZE[Z AGEE(s" ')74] = O(my"):

mn
aeNo aeNo

hence we have convergence to zero in probability.
By combining the convergence of the leading terms (7.8), our analysis of the error terms, and (2.10) and (2.18), we
conclude that (7.5) holds.

7.1.2. Convergence of the expected value
Next, we prove that

(S™5 @)+1)/my

k
lim E| [ [ Fos (57 )m / , gi(y)dy
e [E (S S™ 0) ’

k
—L.Bi:"‘i, / i:x; )
=E[H1{ro<si=w>>z,-}e B0 (BT (‘1))} (7.9)
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pointwise in xi, ..., x;x > 0. Given (7.5), we must prove that the sequence of variables inside the expected value on the
left-hand side of (7.9) are uniformly integrable. For this, we prove that

k - ™ @+1)/m, 2
sup E H(Fn,t,- (s )mn/ 8i(y) dy>

=N | S™E @0
k . (S 0)4+1)/my 217k
< sup HE[(Fn,t,- (8" ) / - gi(wdy) ] <00
=N S5 ) /m

for large enough N, where the first upper bound is due to Holder’s inequality.
Since the g;’s are bounded,

(S @) +1)/my
mf ) ¢ () dy < llgilloo < 00,
S5 (9;)/ma

uniformly in 7, and thus we need only prove that

2k]

sup E[|Fp (S79)[7] <00, 1<i<k. (7.10)
n>N

Since indicator functions are bounded by 1, their contribution to (7.10) may be ignored. For the other terms, we note that
for E € {D, U, L} we can write

_En(a)_mﬁ—V,f(w—s,f(a)_(1_V,f(a)><l_ &1 (@) )
- - M .

2 2 2 E
m; m; m; m; — V.2 (a)

1 (7.11)

By (2.11), for large n we have |1 — VnE (a)/ mﬁ| < 1, hence by applying Holder’s inequality in (7.10), we need only prove
that

£E (a)

|- Sn' P
m2 — VE(a)

Gk AGEE) (5
:| <oo, Ee{D,U,L}. (7.12)

sup E[H

nzN aENo

Letus fix £ € {D, U, L} and define

& (@) my/®
{n(a) = m:l/z and rn(a) = m

By (2.16), we know that there exists C > 0 and 0 < y < 2/3 such that E[|,(a)|?] < C74"1 for every g € N and n large
enough. Thus, since the variables §,f ©,..., éf (n) are independent, it follows from the upper bound [20, (4.25)] that
there exists C’ > 0 and 2 < y’ < 3 both independent of 7 such that (7.12) is bounded above by

E[exp<C’< Z |rn(a)| A, (87

aeNy

+ 3 r@?A8 (S5 + 3 @] A, (Si;x?’)y/))], (7.13)

aENo aENO

where we use the trivial bound Al(;"b), Ag”“) < Ag forall a, b.

For any fixed x;, we know that N (u) = O(m%) uniformly in 0 < u < ¥; because ¥; = O(m,%). Thus, the only values
of a for which Agi is possibly nonzero are at most of order O(m%) = o(n). For any such values of a, the assumption
(2.12) implies that V£ (a) = o(m?), hence r,(a) = O (m;, >'*). By combining all of these estimates with (2.15), (7.12) is
then a consequence of the following proposition.

Proposition 7.3. Let 9 = v (n,t) := Lm,zltj and x" := |myux| for some t >0 and x > 0. For every C >0and 1 <q < 3,

a (ox"\q
sup E[exp(mgzw#)}<oo.

m
neN, x>0 noe n
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Since the proof of Proposition 7.3 is rather long and technical, we provide it later in Section 7.3 so as to not interrupt
the flow of the present argument.

7.1.3. Convergence of the integral

We now complete the proof that (7.2) converges to (7.3). With (7.9) established, it only remains to justify passing the
limit inside the integral in dxi - - -dxg. In order to prove this, we aim to use the Vitali convergence theorem (e.g., [12,
Theorem 2.24]). For this, we need a more refined version of the uniform integrability estimate used in Section 7.1.2. By
Holder’s inequality,

L £ - (S )41/
(]—[ fi(xi)>E|:l—[ Fp i (S )my, / 8i(y) dy]
i=1 i=1 S§UN () /my
£ 1 kq1/k
< [T loollgi o E[ | Fus, (575) [€]V5. (7.14)
i=1

Our aim is to find a suitable upper bounds for the functions

k]l/k, 1<i<k.

x> E[|Fy (Si;xn)

In order to achieve this, we fix a small € > 0 (precisely how small will be determined in the following paragraphs), and
we consider separately the two cases x € [0, n!7¢/m,,) and x € [n'7¢/m,,, (n + 1)/m,,).
Let us first consider the case x € [0, nl_g/mn). Note that forany E € {D, U, L},

Leongsy=o) | |

aEN()

,a (ag.a
Af;‘E aE>(S) AI;’E ag)

T1

ae’l

En(a) )

2
my

Eq(lal)

1—
2
my

1—

1/k

Then, by combining Holder’s inequality with a rearrangement similar to (7.11), E[|F,, ;, (st ;x”)|k] is bounded above

by the product of the two terms

@EaE) (giny 1 6k

&r(lal) [

I1 E[]‘[l—m , (7.15)
Ee{(D,U,L} ‘aez n n
(@g.ag) , gi;x"
VnE(IaI) OkA . (S5x"y11/6k

]_[ E[l_[ 1= (7.16)

n

Ee{D,U,L} ac’Z

Since mux = O(n'~%) = o(n), the random walk S***" can only attain values of order o(n) in ¥; = O(mfl) = o(n)
steps. Thus, for E € {D, U, L}, it follows from (2.12) that VnE (a) = o(m%) for any value attained by the walk when
x €[0,n'7%/m,). By using the same argument as for (7.12) (namely, the inequality [20, (4.25)] followed by Proposi-
tion 7.3), we conclude that (7.15) is bounded by a constant for large n. For (7.16), let us assume without loss of generality
that VnD is the sequence (or at least one of the sequenes) that satisfies (2.13). According to (2.11), we have

[T eI

Ee{U,L} ac’Z

Vi (la])
m2

n

1—

6k Ay E ) (ST 1/6k

for large enough n. For the terms involving VnD ,since |1 — y| <e™ for any y € [0, 1], it follows from (2.13) that, up to
a constant C independent of n (depending on 6 through ¢ = ¢(0) in (2.13)), we have the upper bound

E[H

ac’

V.2 (lal)

2
n

1—

6kAf,’j_’”)(S""‘n) 1/6k 6k0 Tk
} < CEI:exp(—WZIOg(l +lal/ma) MG (87 ))] (7.17)

n ael

m

for large enough n. If we define §'*" := x” + SO for all x > 0, then A(ﬁ{f’a) (") = A(ﬂai—x",a—x”) (8%). By combining this
change of variables with the inequality

log(1 + |z +z[) = log(1 + |zl) — log(1 + z]) = log(1 + |z]) — IZ],
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which is valid for all z, 7 € R, we obtain that, up to a multiplicative constant independent of n, (7.17) is bounded by
6k6 1/6k
ST
" aeZ

Noting that A(a @) < A§ forevery a € Z and that the vertex-occupation measures satisfy (5.5), an application of Holder’s
inequality then implies that (7.17) is bounded above by the product of the two terms

12k60 log(1 1712k
E[exp(—$21\g§“’(so)>] , (7.18)
n acZ
12k6 S0 1712k
E|exp 3 157G . (7.19)
m% 0<u<v; Mn

Recall the definition of the range Ry, (59) in (5.10). Since

Ry, (5°) = max [$%w),
0<u<v;

we conclude that there exists C > 0 independent of n such that (7.19) is bounded by the exponential moment
E[eCR”i 5%/ M 1/12k - Thyg, by (5.12), we see that (7.19) is bounded by a constant independent of n. It now remains
to control (7.18). To this end, we note that ) _, <7

of Z by S° before the ﬁith step, is a Binomial random variable with ¢; trials and probability 1/3. Thus, for small enough
v > 0, it follows from Hoeffding’s inequality that

A(ﬁ’j’a) (8%), which represents the total number of visits on the self-edges

P[Z A (%) < vmii| <e~om (7.20)

ac’

for some ¢ > 0 independent of n. By separating the expectation in (7.18) with respect to whether or not the walk has taken
less than vmﬁ steps on self-edges, we may bound it above by

(67]2ku6]0g(1+x) _i_efcm%)]/lzk < _+_x)fv9 +ef(c/l2k)m£.

Combining all of these bounds together with the fact that m,, is of order n° by (2.1), we finally conclude that for every
1 <i <k, there exists constants cy, ¢z, c3 > 0 independent of n such that, for large enough r,

E[|Fy (7)) ]7F < (4072 +e797), xe[0,n'¢/m,). (7.21)

Remark 7.4. We emphasize that ¢, does not depend on 6, and thus the assumption (2.13) implies that we can make ¢,6
arbitrarily large by taking a large enough 6. In particular, if we take 6 > 1/c3, then (1 + x) ™ is integrable on [0, 00).

We now turn to the estimate in the case where x € [n!~¢ /my, (n 4+ 1)/my). By taking & > 0 small enough (more
specifically, such that 1 — ¢ > 20, with 0 as in (2.1)), we can ensure that m,x > nl—e implies that, for any constant
0 < C < 1, we have §° s (u) > Cn'=¢forall0 <u < ¥ and n large enough. Let us assume without loss of generality
that VnD satisfies (2.14). Provided & > 0 is small enough (namely, at least as small as the ¢ in (2.14)), for any a € Ny that
can be visited by the random walk, we have that VnD (@) > k(Cnl—¢ /my,)%; hence

‘1 _ D@ _mi=V@ 5@l my—k(Cnl T my)? gD (@)
m2 m2 m2 m2 m?
B K(Cn' ¢ fmy)” |&n ()]
_(1— . )(ng—K(CnIE/m,,)a)' (7.22)

According to (2.1), we know that (n!=¢/m,,)® =< n®(1=®~¢_Since « is chosen such that 9/2 < (1 — ) <20 in As-
sumption 2.12, we can always choose ¢ > 0 small enough so as to guarantee that

n®?=o(m*1=07%) and (n'"f/m,)" =o(n*®) = o(m}). (7.23)

n
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As a consequence of the second equation in (7.23), for n large enough (7.22) yields

< (1 _ K(CHI_Z/mn)a><1 + 2|En(za)|>.
m2 m2

As for E € {U, L}, we have from (2.11) that

2 E E
- Im;, — Vi (@) n &, (@)l <14 &1 @\

2 2 2
my my my

Dy (a)
ms;

-

En(a)
m;

-

Thus, for any x € [n'=¢/m,, (n + 1)/m,) and large enough n, it follows from Holder’s inequality that the expectation
E[|F, (S“xn)|k]l/ kis bounded above by the product of the following three terms:

(a,a) ci;x"
Cnl—¢ o HAGD (ST 7 1/4k
E[n(l _ M) i| , (7.24)
ac’Z My
(a,a) ¢ i;x™
21eD A (ST 1/4k
e[ 1(1+ 2500) "™ 225)
acl M

)4kAf;:E"’E)(sf:X” )] 1/4k

I E[H(I+E{iﬂ

Ee{U,L} ‘“aeZ n

(7.26)

By repeating the bound (7.20) and the argument thereafter we conclude that there exists c4, c5 > 0 independent of n

such that (7.24) is bounded by e=¢#1“"' """~  e=¢s1™ For (7.25), let us define ¢, (a) := |£P (a)|/m,’*. By applying [20,
(4.25)] in similar fashion to (7.13), we see that (7.25) is bounded above by
Sl x )
E[exp( (= 2 2 1) ]
My 4ez
Aa (Slx ) Aa (Slxl )]/
. Z m? /2 Z )):| (7.27)
" aez, mp ac’

for some C’ > 0 and 2 < y’ < 3 independent of n. By (2.16), the moments E[|¢,(a)|] are uniformly bounded in 7, and
thus

3 5D e 1) ] = 0 (nl) = 0.

My qez,

By applying the uniform exponential moment bounds of Proposition 7.3 to the remaining terms in (7.27), we conclude

that there exists a constant c¢ > 0 independent of n such that (7.25) is bounded by es” A similar bound applies to
(7.26). Then, by using the first equality in (7.23) and combining the inequalities for (7.24)—(7.26), we see that there exists
4, ¢5 > 0 independent of n such that

E[|F"~lf (Si;x”)

By combining (7.21) and (7.28), we conclude that, for large n, the integral of the absolute value of (7.14) on the set
[0, (n + 1)/my)* is bounded above by

k n'=¢/m, 2 (n+1)/my a(l—0)—as k
[T lsolgi oo (cl f (1+x)20 4 e=en™ gy 4 / e | emisn? dx)
0 n

i=1 17€/mn

k]]/k < 6764’1”(173)7‘1& —|—6755n20, xe [nlfe/mn’ (I’l + 1)/mn) (728)

for some cy, 3, ¢3, €4, ¢5 > 0 independent of n. If we take 6 > 0 large enough so that (1 + x)~2? is integrable, then the
sequence of functions

k a - (S @)+
[ T10.0s 1y /m ) £ i) JE[ T | Foss (87 )mn/ . gi(y)dy
i=1 s

i=1 g @)/ my
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is uniformly integrable in the sense of [12, Theorem 2.24-(ii),(iii)], concluding the proof of the convergence of moments
in Theorem 2.20-(1).

7.2. Step 2: Convergence in distribution

Up to writing each f; and g; as the difference of their positive and negative parts, there is no loss of generality in assuming
that f;, g; > 0. The convergence in joint distribution follows from the convergence in moments proved in Section 7.1.
The argument we use to prove this is essentially the same as [20, Lemma 4.4]:

For any R € [—00, 0] and R € [0, 00], let us define

~R.R S@)+1)/mp

ER (1)g(x) i= Elmnx] [(I_i’ V Fy((S) A R)my, /S g dy}

@)/ mn

and
RER(1)g(x) ;= E*[(RV Lirgmy=nje” P20 A R)g(B™))],

where we use the convention R V y A R := max{R, min{y, R}} for any y € R. We note a few elementary properties of
these truncated operators:

1. Ky %) = K,(1), and K~8(1) = K(1) for all R <0.
2. Arguing as in Section 7.1, for every R € [—00, 0] and R € [0, oo],

lim (f;, K f(tl)gl) <fivI€B’R(ti)gi>, l<i<k (7.29)

n—oo

in joint moments. i
3. If |R|, R < 00, then the (fi, I%f ’R(t,-)g,-) are bounded uniformly in n; hence the moment convergence of (7.29) implies
convergence in joint distribution.

Let R > —oo be fixed. Since (f;, 1€,§*°°(zl-)g,-> — (fi, I?B’Oo(ti)gi) in joint moments, the sequences in question
are tight (e.g., [4, Problem 25.17]). Therefore, it suffices to prove that every subsequence that converges in joint dis-
tribution has (f, K R.2o(1)g;) as a limit (e.g., [4, Theorem—Corollary 25.10]). Let A{e, ...,Af be limit points of

. . ~R.R AP R .
(f1. KB2)g1), ..., (fe. KB®(t)gk). Since fi, g > 0, the variables (f;, Ky " (1:)gi) and (f;, K®R(1;)g;) are in-

creasing in R. Therefore for every R < oo, we have

(A A = (A, BB Rang), o (fio KRR @0ge)) (7.30)

in the sense of stochastic dominance in the space R¥ with the componentwise order (e.g. [22, Theorem 1 and Proposi-
tion 3]). By the monotone convergence theorem,

tim (fi, KRR gi) = (i RE®(g), 1<i<k

R—o0

almost surely; hence the stochastic dominance (7.30) also holds for R = oo. Since Afj and (f;, K R.2(1.)g;) have the
same mixed moments, we thus infer that their joint distributions coincide. In conclusion, for any finite R, we have that

. 5 R, 00
lim (fi, K% gi) = (fi, KX P )i
n— o0
in joint distribution. In order to get the result for R = —o0, we use the same stochastic domination argument by sending
R — —o0.

7.3. Proof of Proposition 7.3

If we prove that

a (g0
supE|:exp( ¢ Zw)} < 00,

m
neN my acl n
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then we get the desired result by a simple change of variables. Similarly to [20, Proposition 4.3], a crucial tool for proving
this consists of combinatorial identities involving the quantile transform for random walks derived in [1]. However, such
results only apply to the simple symmetric random walk.

In order to get around this requirement, we decompose the vertex-occupation measures in terms of the edge-
occupations measures as follows: By combining

AG(S?) = AG V(S0 + AT (S0) + AT (SY) + 10 (p)g). @ €L

with the inequality (z 4 7)7 <2971 (27 4 z9) (for z,Z7 > 0 and g > 1), it suffices by an application of Holder’s inequality
to prove that the exponential moments of

1y (A V(8% + AFHD (50

q (7.31)
M a€’Z MM
and
1 A@D (80
L Z » ; (7.32)
Mn a€”l Mn

are uniformly bounded in 7.

7.3.1. Non-self-edges
Let us begin with (7.31).

Definition 7.5. Let G be a simple symmetric random walk on Z, that is, the increments & (u) — & (u — 1) are i.i.d. uniform
on {—1, 1}. For any a, b € Z and u € Ny, we denote G := (§|&(0) = a) and Gﬁ‘b = (6]|6(0) =a and G(u) = b) (note
that the latter only makes sense if |b — a| and u have the same parity).

For every u € Ny, let

ZA(“ 9 (89), (7.33)

ae’

i.e., the number of times S visits self-edges by the u™ step. Then, it is easy to see that we can couple S° and G in such
a way that

SOu) =&%(u — Hu(S?), wueN,

i.e., G is the same path as S° with the visits to self-edges removed. If we define the edge-occupation measures for G° in
the same way as (5.4), then it is clear that the coupling of S and G satisfies

ATV + AS I (S) < A4(8).

Thus, for (7.31) we need only prove that the exponential moments of

a 0
i Z w (7.34)

q

my, mp

ae’

are uniformly bounded in 7.
By the total probability rule, we note that

C — A4 (8% A4 (&y7) Oran
klow(;y S5 )| =Xl (s, 27)}"[6 ) =b]

According to the proof of [20, Proposition 4.3] (more specifically, [20, (4.19)] and the following paragraph, explaining
the distribution of the quantity denoted M (N, T) in [20, (4.19)]), there exists a constant C > 0 that only depends on C, ¢,
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and the number ¢ in ¥ = Lmﬁtj such that

a &by
LS B9 T (@ ma) (6142, 1.39

q
m
" aez n

where %g’b is equal in distribution to the range of Gg’b, that is,
d .
R =Ry (657) := max &%) — min &Y ).
0<u<?® 0<u<?d

Hence, if Ry (SY) denotes the range of the unconditioned random walk &Y, then

Aa 0 q 0 qfl 0 qfl
E[exp<m£ZLf)>}SE[CXP(C((Rﬂ(C?_)l) (S (ﬂ);jz) ))}

n acZ n my my

Since g — 1 < 2, the result then follows from the same moment estimate leading up to (5.12), but by applying [9, (6.2.3)]
to the random walk &° instead of S°.

7.3.2. Self-edges
We now control the exponential moments of (7.32). By referring to the uniform boundedness of the exponential moments
of (7.31) that we have just proved, we know that for any b € {—1, 1}, the exponential moments of

1 Z Af}a,aer) (S04 . 1 Z Az(;z+b,a) (§0y4
- v M7 and — v 7
M ac’ mz M acl mz

are uniformly bounded in n. Thus, by applying (x + y)? <29(|x|? + |y|?), the exponential moments of

(A7(9a+l,a)(S())+Al(9a—l,a)(S())+A§9a,a+l)(S())+Al(9a,a—l)(S()))q

Ly :

m m
" aez n

are uniformly bounded in n. Consequently, it suffices to prove that there exists ¢, ¢ > 0 such that for every n € N and y
large enough (independently of n),

[ -]

ac’l

< P[Z(AZ(?“H’“)(SO) +AFTIO(SY) + AF D (80) + AG TV (89) > ey - 5]. (7.36)

ac”

We now prove (7.36).

Definition 7.6. If i is even, let S, S, ..., Sy/2—1 be defined as the path segments
Su=(8Qu), s°Qu+1),5°Qu+2), 0<u<v/2-1.

If ¥ is odd, then we similarly define Sy, S1, ..., S@—1)/2-1, S@—1)/2 as

| SP@u), S°Qu+1),8°Qu+2) if0<u<@®-1)/2-1,
| s°u), S°u + 1)) ifu=@—1)/2.

u

In words, we partition the path formed by the first ¢ steps of ¥ into successive segments of two steps, with the exception
that the very last segment may contain only one step if ¢ is odd (see Figure 2 for an illustration of this partition).
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Fig. 2. The partition into two-step segments is represented by dashed gray lines. Type 2 segments are red, and type 3 segments are blue. The two paths
represent S 0'and 89, as related to each other by the permutation of type 2 and 3 segments.

Definition 7.7. Let S, be a path segment as in the previous definition. We say that S, is a type I segment if there exists
some a € Z and b € {—1, 1} such that

(a,a,a+b),
Sy=13(a+b,a,a),or
(a’ a)’

we say that S, is a rype 2 segment if there exists some a € Z such that
Su=(a,a,a),
and we say that S, is a rype 3 segment if there exists some a € Z such that
S,=(a,a+1,a).
Given a realization of the first ¥ steps of the lazy random walk SO, we define the transformed path (So(u))ofufﬁ by
replacing every type 2 segment (a,a,a) in (S°(u))o<u<y by the corresponding type 3 segment (a,a + 1, a), and vice

versa. (see Figure 2 for an illustration of this transformation). Given that this path transformation is a bijection on the set
of all possible realizations of (So(u))ofusﬂ, (SO(M))()Sufﬁ is also a lazy random walk.

Every contribution of §% to }_ a A(ﬁa’a) (59) comes from type 1 and 2 segments. Moreover, if a type 1 segment S,, is not
at the end of the path and adds a contribution of one to Af?“’a)(SO) for some a € Z, then it must also add one to

AGFRO(S0) 4 AGTHO(80) 4+ AL (50) + AP (80). (7.37)
Lastly, for every type 2 segment, a contribution of two to Al(;l’a)(S 0 for some @ € Z is turned into a contribution of two

to (7.37) in S9 In short, we observe that there is at most one ag € Z (i.e., the one level, if any, where a type 1 segment
occurs at the very end of the path of S%u), u <) such that

Af;l’a)(SO) 5A(ﬁa—'—]’a)(go)+Al(9a_l’a)(.§'0)—I—Af;l’aﬂ)(so)+Al(9a’a_1)(.§0)
for every a € Z \ {ap}, and
Al(;lo-,ao)(SO) SA7(9ao+l,ao)(3~0)_}_AI(;ZO—Lao)(SvO)_’_Al(?ao,aoH)(SvO)_l_A/\7(9ao,ao—1)(§0)_}_1

Given that (z + 1)4 < 2a=174 4 24=1 for every z,q > 1, we obtain (7.36).

8. Proof of Theorem 2.20-(2)

This proof is very similar to that of Theorem 2.20-(1), except that we deal with random walks and Brownian motions
conditioned on their endpoint.
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8.1. Step 1: Convergence of moments

We begin with a generic mixed moment of traces, which we can always write in the form

E[lj Tr[len(ti)]i|.

By Fubini’s theorem, this is equal to

k L) n
/ E| [ [maP[S°@:) =0]F,(Sy ™) [ dxy - dxg, 8.1
[0, (n-+1)/my [

i=1

and by the trace formula in Remark 2.8 the corresponding continuum limit is

1X;

k k
. 1
e S
E|:l_! Tr[K(t,)]} = /R+ E[H N AR
i= =

where 9; and x;' are as in Section 7.1, and

‘ l)’Ql):| dxy -« -dxg,

- n -5 n
Ly, xy k;xp!xy

1. S, seees g " are independent copies of random walk bridges Sl’;'x with x =x" and ¥ = v;;
2. B,ll;x1 AL Bt'i;x" ' are independent copies of standard Brownian bridges B;"* with x =x; and t = ¢;.
Also, S:;ix" i are independent of Q,, and Bti[_;x"’xi are independent of Q.
According to the local central limit theorem,
lim m,P[$°(W;) =0]= . 1<i<k.
n—oo ! \/ﬂ’ - =

Moreover, we have the following analog of Proposition 7.1:

Proposition 8.1. The conclusion of Proposition 1.1 holds with every instance of " & replaced by S;;ix" i and every

13X, X

instance of B replaced by By, .

Proof. Arguing as in the proof of Proposition 7.1, this follows from coupling SEX4 with a Brownian bridge B;;f}ff
with variance 2/3 using Theorem 5.2, and then defining B,’;fxi i(s) 1= E;;’_x/’éx" (3s/2). O
With these results in hand, by repeating the arguments in Section 7.1.1, for any x1, ..., xx > 0, we can find a coupling

such that

X,

__1 ~(Li(B,

X7
i — 1 03X7,X;
) V2t (B, )>n)

ix!

1im m, P[S°(0:) = 0] Fr, (S, .0

in probability for 1 <i < k. Then, by arguing as in Section 7.1.2 (more specifically, the estimate for (7.10)), we get the
convergence

k k ,
j5x!, X 1 BTN
lim E| [ [m.P[S°0) =0]F, (S, ) | =E| [ —=—=1_ iy, & FPi ™ D0
=00 |:E n [ ( l) ] n,t,( DA ) Em {70(311« Yy 1)
pointwise in x1, ..., x; thanks to the following proposition, which we prove at the end of this section.

Proposition 8.2. Let 9 = v (n,t) := Lm%tj and x" .= |myux| for some t >0 and x > 0. For every C >0and 1 <q < 3,

C A% (SY "y
sup E[exp(—Z%)} < 00.
m

m
neN,x>0 noe n



Convergence of tridiagonal matrices to stochastic semigroups 2725

It only remains to prove that we can pass the limit outside the integral (8.1). We once again use [12, Theorem 2.24].
For this, it is enough to prove that, for n large enough, there exists constants cy, ¢z, ¢3, €4, ¢5 > 0 such that

k
it xf ...
/[o,(n.;.n/m,,]k E|:1_[ Fu (Sm ):| ‘ dxp - dxg

i=1

ko nmt)/my fn
<]1 fo E[|Fus (S5 )

i=1

k]l/k dx

n'=¢/m, (n+1)/my a(1-0)—ae _ 20 k
<o [ e g [T e ) 82
0

nlie/m)l

where 6 is taken large enough so that (1 + x)~2% is integrable. To this end, for every v € N, let us define Ry (Sg’o) as

the range of Sg’o. By replicating the estimates in Section 7.1.3, we see that (8.2) is the consequence of the following two
propositions, concluding the proof of the convergence of moments.

Proposition 8.3. Let v =¥ (n,t) := Lmﬁtj for some t > 0. For every C > 0,

0,0
sup E[eCR”(Sﬁ )/’""] < o0.
neN

Proposition 8.4. Let v =9 (n,t) := Lm,zltj for some t > 0. For small enough v > 0, there exists some ¢ > 0 independent
of n such that

P[Z AL (599) < vm,%] <e™Mi pe(—1,0,1).
acl

Proof of Proposition 8.3. Let us define

M(Sg’o) = OISnMaSXASg’O(u) |

It is easy to see that Ry (S0 0) < 2/\/l(SO 0) and thus it suffices to prove that the exponential moments of M(Sﬂ ) /my,
are uniformly bounded in 7.
Let & be as in Definition 7.5, and define

M(690) := max |6%0]|, v e2N.

0<u<v

According to [20, (4.7)] (up to normalization, the quantity denoted M (N, 7~“) in [20, (4.7)] is essentially the same as what
we denote by M (Gg’o); see the definition of the former on [20, Page 2302]) we know that for every 0 < g <2 and C > 0,

0,0
sup E[eC(M(GM )/‘/E)q] < 00. (8.3)
ueN

Let us define

H(520) =D AFO(sH0),  u 2N (8.4)

ac’

For any h € Ny, we can couple the bridges of S and G in such a way that
(S50 GIH(5%) = h) = 84, u — H(s2Y))

In words, we obtain 63’8_ from Sg’o(u) by removing all segments that visit self-edges. Since visits to self-edges do not

contribute to the magnitude of Sg’o,

(M85 ) 1H(5,°) =h) = M(657)).
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Thus, (8.3) for g = 1 implies that

sup E[eCM(Sg’O)/m”] = sup Z E[eCM(Sg.O)/m” |’H(Sg’0) = h]P[’H(Sg’O) = h]

neN ”ENheNo
0,0
<sup sup E[eWH/mICMEDNVIT < o0 (8.5)
neNl<u<®
for every C > 0, as desired. O

Proof of Proposition 8.4. Note that
[Z AL (599) < um } < P[Z AL (80) < vm } [s°@)=0]"".
uGNo aENO

By the local central limit theorem, P[S°(®) =0]"' = O(m,), and thus the result follows from the same binomial con-
centration argument used for (7.20). O

Proof of Proposition 8.2. In similar fashion to the proof of Proposition 7.3, it suffices to prove that the exponential
moments of

(a,a—1) , 0,0 (a,a+1) , 0,0 (a,a) ; c0,0
LZ(A;‘“ Sy )+ A TS LZA;HS@ )

my; my;

(8.6)

mp

m
ae’l " aez

are uniformly bounded in n. We start with the first term in (8.6). Under the coupling in the proof of Proposition 8.3,
(a,a—1) (0,0 (a,a+1) (0,0 00 0,0 t]
(Sl + A s n(sy) =) = X a5 (65%)
acZ a€Z
for every h € Ny. By conditioning on H(Sg’o) as in (8.5), we need only prove that
C — A4S0
supE|:exp<— Z 19(—(;9)>i| < 00.
neN mn "= my

By using (7.35) in the case b = 0 (i.e., [20, (4.19)]), this follows from (8.3). With this established, the exponential moments
of the second term in (8.6) can be controlled by using the same argument in Section 7.3.2 (the path transformation used
therein does not change the endpoint of the path that is being modified; hence the transformed version of Sg’o is a random
walk bridge). ]
8.2. Step 2: Convergence in distribution

The convergence in distribution follows from the convergence of mixed moments by using the same truncation/stochastic
domination argument as in Section 7.2.

9. Proof of Theorem 2.21
This follows roughly the same steps as the proof of Theorem 2.20-(1).
9.1. Step 1: Convergence of moments

9.1.1. Expression for mixed moments and convergence result
By Fubini’s theorem, any mixed moment E[]_[f?:l (fi, K,Y(t;)gi)] can be written as

k - @ @0+1)/my
/ Hﬁ@z [1Fn (1 )m, / g () dy | dxi -+ dx, ©.1)
[0, (1-+1)/m)k i T

i @)/ mn
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and the corresponding continuum limit is

k k ix; / isx; ;
|:1_[(f;, K(tl)gl :| _/ (Hfz(xz ) |:l_[e—(Lr,-(X', i),0 )—wsg (X5 t)gl, (Xz;xi (fi)):| dxg -+ - dxg, 9.2)

where 9; and x' are as in Section 7.1,

1. TU¥ ... T®* are independent copies of the Markov chain T with respective starting points xf, ..., x5 and
2. xbxr o xkivk gre independent copies of X with respective starting points xi, ..., X.

T are independent of Q,, and X' are independent of Q.

Proposition 9.1. Let x1, ..., x, > 0 be fixed. The following limits hold jointly in distribution over 1 <i <k:
. 755 (1m2 (352 -
1. 1imy,— 00 SUPg< <, |W — X"i(s)|=0
(‘n )n)(Tl X! ) : : N _
2. limy— o0 SUPy.-.g ITU — 710w 50=00)) = 7 Li, (X)) = 0, jointly in (yu, n)nen as in (5.1).
(0 0) l v{
(r .
3. limy— o0 | = —— — 280 (X)) =
T (9;)+1)/mn
4. 1imy— 00 1y f(l il (1; )/)+ I gi (y) dy = gi (X' (1)),
mpy
5. The convergences in (2.17).
. AGEE ) by Y i E -
6. lim,— oo ZaeNo L o "mn =5 fR+ L,’_(T’*"")dW (y) for E € {D, U, L}, where, for every a € Ny, (ag,ag)

are as in (7.4).

Proof. Arguing as in Proposition 7.1, the result follows by using Theorem 6.2 to couple the T'* with reflected Brownian
motions with variance 2/3, X bYand then defining X “xf~(§) = X% (3s /2), which yields a standard reflected Brownian
motion such that L§tt_/2(X’”"') = %L; (X**) and Sgti/2(X“x") = %Eg (X5, O

9.1.2. Convergence inside the expected value
We begin with the proof that for every x1, ..., xx > 0, there is a coupling such that

k (T 3 +1)/m,

i T (), [
i=1

k
_ i5x; N 0 ix; P
gi(y)dy = [ JeHr ¥ @Imw R (X0 g (x5 (1)) ©.3)

.y
T i)/ my i=1

in probability. Proposition 9.1 provides a coupling such that

(a,a) i:xlﬂ
ﬁl <1_[<1 Dn(Cl)>Al7i (T ))
O (T Y5, - 2
i=l e =0 aeN My

(a,a+1) i;x;‘ (a+1,a) i:x’.”
_rll_ww)%i<T>l_um>%f‘T>
my m;

aeNy

—(Ly (X'

converges in probability to ]_[f 1€ 1,00 . Combining this with Proposition 9.1-(4), it only remains to show that

k

1=m) D\ o o)
n n t _ —w A iyx;
,,1;“0101_[( ) I | Cab A

To this effect, the Taylor expansion log(1 + z) = z + O(z?) yields

2 2m?

0 iy (L —wp) Dy (0) (1 —wy)?  Dy(0)?
:exp(—Ag?O)(T’l)< 7 + 2m,21 +0< 1 + Zmﬁ )))

0.0) izl
Q_a—m» mmv%f”3
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By Proposition 9.1-(3) and Assumption 2.2,

. (0,0) i n (1 — u)n) Dn(O) _ 0 iox;
e (T x’)( 2 oz )TV

and

lim AGO(77)

n—oo t

_ 2 2
((1 wy) + D, (0) >

4 2m

almost surely, as desired.

9.1.3. Convergence of the expected value
Next we prove

k o T @) +1)/m,
lim E F (T" Y\m / . gi(y)dy
H—>00 E n,l,( ) n % 1)/ mn ¢
k iix: ’ 0 iiX;
- E[He‘“w (KD, Q)= (X0 o (x i (r,-))} 9.4)
i=1
pointwise in xi, ..., x; > 0. Similarly to Section 7.1.2, this is done by combining (9.3) with the uniform integrability
estimate
sup E[|FY, (T7)[*] <00, 1<i<k ©9.5)
n>N

for large enough N. To achieve this we combine Proposition 6.8 and the following:

Proposition 9.2. Let 9 = v (n,t) = Lm,zltj for some t > 0. Forevery C >0and 1 <q <3,

sup E|:exp<m£ Z w)} < 00.

m
neN, x>0 n L eN n

Proof. If we couple X and S as in Definition 6.9, then we see that

a (rx"\q -1 Aaxn (SO)q
(oo E (2 M

mgen  Mn n ez (0} Mn
2971C A4S0
()
Mn a€Z Mn
Thus Proposition 9.2 follows directly from Proposition 7.3. ]

Indeed, the arguments of Section 7.1.2 show that the contribution of the terms of the form (4.14) and (4.15) to (9.5)
can be controlled by Proposition 9.2. Thus, it suffices to prove that for every C > 0, there is some N € N large enough so
that

sup E

n>N,x>0

Hl _a —an) _ DO < o0, (9.6)

CAj;;*O)(T""*f)]
m2
2m

By using the bound |1 — z| < el?l, it suffices to control the exponential moments of

ALY (1) D, (0))]

2
m;

APO(T¥ )1 = w,| and 9.7)
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We begin with the first term in (9.7). According to Proposition 6.8, for every C > 0,

©.0)
sup E[eCAl’
neN,x>0

<TX">/mn] < o0,

Thus, given that |1 — w,| = O(m,; 1) by Assumption 2.2, we conclude that

(0.0) 1 _
sup  B[eChy T l—wil]

neN, x>0

Q.

Let us now consider the second term in (9.7). By the tower property and Assumption 2.17, there exists C, ¢ > 0 indepen-

dent of n such that
E[ecmf,o"”(ﬂ”>/m,3/2>(\Dn ((»\/mi”)] < 5E[eé(cz/mn)</\§*°>(T"”)/mn>2]_

Since ¢(C%/m,) — 0, it follows from Proposition 6.8 that

sup E[eE(CZ/mnxA?'O)(T*”)/mnﬂ]

n>N,x>0

<X

for large enough N, concluding the proof of (9.6).

9.1.4. Convergence of the integral
With (9.1.3) established, once more we aim to prove that (9.1) converges to (9.2) by using [12, Theorem 2.24]. Similarly
to Section 7.1.3, for this we need upper bounds of the form

E[|F2 (T[]  <er(( 4070 +e797), xe[0,n' " /m,) 9.8)

and

E[| 7, (1) []/F <™ fema™ e [0 g, (14 D), 99)

where ¢, c1, ¢2, 3, €4, 5 > 0 are independent of n and 6 > 0 is taken large enough so that (1 + x)‘”ze is integrable.

We begin with x € [0,n'7%/m,). Replicating the analysis leading up to (7.15) and (7.16) leads to bounding
E[|F,",, (T5")|¥11/* by the product of the following five terms:

(0,0) ,eisx™
1— D.(0) kA5 (T 177k
El - ( Wy) . 1 (0) ’ (910)
2 2m?
(@g.ag) ;mpi;x"
E Tk BE (15" 117k
I1 E[l_[ - e ] : ©.11)
Ee{U,.L} ‘aeN my — V(@)
D TRAS (1) 7177k
E[]‘[l—% ] , 9.12)
aeN My = Vn ((1)
@g.ag)  mj;
VE (g TRAE B @)= 1/7k
[1 E[H - "ga) } : (9.13)
Ec{U,L} ‘“aeNy My
(a,a) iz x"
VD (g) [Tk (T 177k
E[H | — In g“) } 9.14)
aeN M

Suppose without loss of generality that VnD satisfies (2.13). (9.10) can be controlled with (9.6); (9.11) and (9.12) can be
controlled with Proposition 9.2; and (9.13) can be controlled with (2.11). For (9.14), up to a constant independent of n,
we get from (2.13) the upper bound

E 70 @a i Y 17
exp —WZIOg(1+|a|/mn)Aﬁ[ (17") ) 9.15)

n aeN
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Let us couple 7! " and $*" = x" + SY as in Definition 6.9. The same argument used to control (7.17) implies that (9.15)
is bounded above by the product of

14k6 log(1 1/14k

2
" acZ\{0}

0 1/14k
E[eXp<ﬁ v B (“)'>] , 9.17)
m

m
" oo<u<o ()

Since an (¥) < ¥;, we can prove that (9.17) is bounded by a constant independent of n by using (5.12) directly. As for
(9.16), we have the following proposition:

Proposition 9.3. Let 9 =0 (n,t) := Lm t| for some t > 0. For every x > 0, let us couple T*" and §*" := x" + S° as in
Definition 6.9. For small enough v > 0, there exists C, ¢ > 0 independent of x and n such that

supP[ > A(’in“(j;l)’) (%) <vm,21}§Ce_cm5, be{-1,0,1}.
20 Liez\o)

Proof. By Proposition 6.8, for any 0 < § < 1, we can find C, ¢ > 0 such that

supP[Ag)’O) (Txn) > 819] < Ce=Cmi,

x>0

Given that ¢ — Q"" ) < Afyo‘o) (Tx"), it suffices to prove that
supP[ Z AET aa—;l;)(SO) < vm,zz:| < Cefcm'%, be{-1,0,1}
20 Lieznio)

for large enough N. This follows by Hoeffding’s inequality. ]

By argulng as in the passage following (7.20), Proposition 9.3 implies that (9.16) is bounded above by ¢ ((1+x) 2% +

e"3” ) for c1, ¢2, ¢3 > 0 independent of n (and ¢, independent of 6), hence (9.8) holds.
We now prove (9.9). Let x € [nl—e /my, (n +1) / mn) Assuming without loss of generality that VnD satisfies (2.14), by
arguing as in Section 7.1.3, we get that E[| F,’, (T5X")[F11/% is bounded by the product of the four terms

SKAY O (T ) 1/5k e(Cn1=2 m, )\ S0 (T 15k
} 'E[H(I‘T) }

aeN n

@E.GE) (miix" Sk
& @]\ Ao Y
E[H(l—i— e :

Ec{U,L} “aeNj n

EHI C(-w) DO
2

2
2m;

D SkA La) iy 21 /5k
E 1—[ 1+2|$ (a)l '
acN m

n

By combining Propositions 9.2 and 9.3 with (9.6), the same arguments used in Section 7.1.3 yields (9.9), concluding the
proof of the convergence of moments.

9.2. Step 2: Convergence in distribution

The convergence in joint distribution follows from the convergence of moments by using the same truncation/stochastic
dominance argument Section 7.2, thus concluding the proof of Theorem 2.21.
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