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Abstract: The estimation of the coefficient matrix in a multivariate re-
sponse linear regression model is considered in situations where we can ob-
serve only strictly increasing transformations of the continuous responses
and covariates. It is further assumed that the joint dependence between
all the observed variables is characterized by an elliptical copula. Penalized
estimators of the coefficient matrix are obtained in a high-dimensional set-
ting by assuming that the coefficient matrix is either element-wise sparse or
row-sparse, and by incorporating the precision matrix of the error, which is
also assumed to be sparse. Estimation of the copula parameters is achieved
by inversion of Kendall’s tau. It is shown that when the true coefficient ma-
trix is row-sparse, the estimator obtained via a group penalty outperforms
the one obtained via a simple element-wise penalty. Simulation studies are
used to illustrate this fact and the advantage of incorporating the precision
matrix of the error when the correlation among the components of the er-
ror vector is strong. Moreover, the use of the normal-score rank correlation
estimator is revisited in the context of high-dimensional Gaussian copula
models. It is shown that this estimator remains as the optimal estimator of
the copula correlation matrix in this setting.
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1. Introduction

Suppose that a g x 1 response vector Y has been observed on a random sample
of subjects and that we wish to determine whether its behavior is influenced by
explanatory variables forming a px 1 vector X measured on the same individuals.
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A standard approach to this problem consists of assuming that there exist linear
relationships between the components of Y and those of X, viz.

Y ' =X"B*+¢, (1.1)

where € is a ¢ X 1 vector of errors and B* is a p X ¢ matrix of coefficients to
be selected wisely. This problem has been intensely investigated, even in the
recently emerging context where the dimensions of X and Y are larger than the
sample size. In the latter case, various sparsity conditions on B* are typically
imposed in order to ensure that its estimation is feasible, reliable and efficient.

Model (1.1) is not always realistic in practice. However, it will here be shown
that it remains possible to estimate B* in a much broader class of models
in which it is merely assumed that strictly increasing transformations of the
components of X and Y (but not necessarily the original X and Y themselves)
are linked by a multivariate linear regression model. To be more precise, suppose
that there exist fixed but unknown functions fi,..., f, and gi,..., g, that are
strictly increasing on R and such that

9(Y)T = FX) B +¢, (1.2)

where f(X1,...,X,) = (fi(X1),..., f+(Xp))" and similarly, g(Y3,...,Y,) =
(1 (Y1), .-, 94(Yg)) "

The estimation of B* in Model (1.2) has recently been considered by Cai
and Zhang [4] in the special case where ¢ = 1 and the vector (f(X), g(Y)) is
jointly normal and scaled in such a way that its components have unit variance.
These authors provide a rate-optimal estimation procedure for the vector B*
which is adaptive to the unknown marginal transformations. They also use it to
investigate how American crime statistics are connected to socio-economic and
law enforcement data.

This paper extends the results of Cai and Zhang [4] in two ways. First,
by allowing (f(X),g(Y)) to have an elliptically contoured distribution [5], we
cover cases in which the variables exhibit greater tail dependence than if they
were jointly normal. The multivariate Student ¢ distribution is an example.
Second, we address issues pertaining to the estimation of B* that arise only
when the response is of dimension ¢ > 1 in Model (1.2). In this context, it is
generally advisable to take into account the overall structure of the matrix B*
to reduce the dimension of the problem. This is especially important when p and
q are comparable to, or larger than, the sample size n, in which case traditional
estimators, e.g., those based on the least squares principle, are either unfeasible
or perform poorly.

In the framework of Model (1.2) with elliptical dependence structure and
arbitrary dimension ¢ > 1, we consider the estimation of B* under two condi-
tions: row-sparsity, in which most rows of B* are assumed to be zero vectors,
and element-wise sparsity, where most entries of B* are zero but not accord-
ing to any specific pattern. Neither condition admits a univariate analog unless
cov(e) = X is diagonal. It is here shown that the estimation of a row- or
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element-wise sparse matrix B* can be achieved within the broad framework of
Model (1.2) without assuming that 3., is diagonal.

In the limited context of Model (1.1), Yuan and Lin [44] showed that improved
estimation of a row-sparse matrix B* can be achieved through a group Lasso
penalty, with different groups corresponding to the different rows of B*. The
advantage of group sparsity over simpler element-wise sparsity conditions on B*
is further documented in [16, 29, 32]. However, these studies generally assume
that the components of € in (1.1) are uncorrelated. To avoid this restriction,
we proceed as in [35, 43|, where this assumption is relaxed by requiring only
that the precision matrix Qe = X_! is sparse in Model (1.1). Both B* and
Q.. can then be estimated using a penalized least squares with Lasso-type
penalties on the two matrices. As shown numerically by Rothman et al. [35],
the estimation accuracy for B* is improved by incorporating an estimate of ¢,
when the components of the error vector € are strongly correlated. The resulting
optimization problem is only convex in B* for fixed ¢, and vice versa. We face
a similar issue in Model (1.2) and instead of relying on an iterative procedure
to estimate the two matrices, we mimic [35] by adopting a one-step method in
which an improved estimation of B* is obtained after estimating .. once.

Our main result, stated more precisely in Sections 5.3.1 and 5.3.2, is that
under the row-sparsity assumption, the group penalty approach leads to a better
estimation of B* than the element-wise penalty approach, as already reported
by Lounici et al. [29] under Model (1.1). This conclusion could not be reached by
simply aggregating the univariate-response estimator considered in [4] over the
multiple responses. It is remarkable in that it holds even though the estimation
is based on observations from (X,Y) rather than (f(X),g(Y)). We also show
through simulation the benefit of incorporating €2.. when the correlation among
the components of the error vector is strong.

Another complication that arises in the broader context we consider is that
the raw estimator of the design matrix may fail to be positive semidefinite. The
naive formulation of the Lasso program is then no longer convex. To address
this issue, we can either modify the Lasso program, as motivated in [6], or adopt
a Dantzig selector program. In general, the former is computationally more effi-
cient, while the latter yields faster convergence rates under milder conditions, as
we will prove. Consequently, even when ¢ = 1, our approach should be preferable
to that of Cai and Zhang [4]; see Section 3.3.

1.1. Plan of the paper

The model is further discussed in Section 2. The estimator of the coefficient
matrix B* is then developed in three stages described in Sections 3-5 as follows.
In Section 3, we consider a column-by-column estimator B of B* which does
not use any information about the precision matrix €2... As shown in Section 3.1,
its columns are solutions to the Lasso program (3.2). An alternative approach
via the Dantzig selector is described in Section 3.2. R
In Section 4, the preliminary estimator B is used to obtain an estimator 2ee
of the precision matrix ... The estimator Q.. is the solution to the graphical
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Lasso algorithm (4.2), though any algorithm, such as CLIME [3] or the D-trace
loss [46], yielding comparable performance could also be used.

In Section 5, an improved estimation of the coeflicient matrix B* is obtained
by incorporating the estimator Q... In addition to an element-wise sparsity
structure, we consider a row-sparse model for B* and to this end, we impose
a group penalty on the coefficient matrix for its second estimation. For the
element-wise sparsity case, the final estimator B of B* is given in (5.4); for the
row-sparse case, the final estimator fi(; via the group Lasso approach appears in
(5.7), while (5.14) gives the final estimator Bp g via the group Dantzig selector;
see, e.g., [21, 26].

Section 6 reports the results of a modest simulation study comparing the
estimators of B* produced with or without consideration of the precision matrix
Q.., and with or without consideration of the possible row-sparse structure of
B*. All proofs are grouped in Section 7 and concluding comments can be found
in Section 8. Some auxiliary results are deferred to an Appendix.

As an aside, we revisit in Section F the normal-score rank correlation esti-
mator or van der Waerden correlation matrix ¥,, which is known to be the
optimal estimator of the copula correlation matrix of a Gaussian copula in fixed
dimension. We show that X, actually retains its optimality in high-dimensional
Gaussian copula models. Therefore, efficiency gains could be made by resorting
to this estimator in many high-dimensional Gaussian copula modeling contexts
where Kendall’s tau and Spearman’s rho are currently predominant. As this con-
tribution concerns a different initial estimator of the copula component rather
than the subsequent regression setup and the estimator of B*, its mostly self-
contained presentation can be read independently from the rest of the paper.

1.2. Notations and conventions

Let ®~! denote the standard normal quantile function. In what follows, the
Kronecker product ® and the Hadamard product o always take precedence over
the usual matrix product. Furthermore, all functions act component-wise when
applied to a vector or a matrix.

For any r € [0,00], || - ||¢, denotes the element-wise matrix ¢, norm and || - ||,
is the matrix r-norm, i.e., for M € R*? | M|, = maXycps,|x||,, <1 [|MX][¢, -
In particular || - ||; is the maximum column sum and || - || is the maximum
row sum. We also use || - |lop = || - ||2 to denote the operator norm. If M is

symmetric, we write M > 0 if it is positive semidefinite, in which case we
also write Apax(M) for its largest eigenvalue (which coincides with its operator
norm), Amin (M) for its smallest eigenvalue, and C(M) = Apax(M)/Amin (M) for
its condition number.

Let Q be a generic Euclidean space, e.g., Q = RP*? or Q = RY. For conformal
matrices or vectors M and N in Q, we define the inner product (-, -) as (M, N) =
tr(M T N); hence in particular IM||7, = (M,M). For a norm R defined on Q,
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its dual norm R* is given by

R*M)= sup (M,N)/R(N).
NeQ\{o}

For any a € N = {1,2,...}, we write [a] = {1,...,a}. For readability, we will
typically use i,j € [n] as sample indices, and k € [p] and ¢ € [g] as coordinate
indices, though sometimes k, ¢ € [p+¢]. For a matrix M, we use (M), to denote
its (k, £)th element, (M)e to denote its kth row, and (M)e; to denote its £th
column. We generally use S as an index set, sometimes with subscripts, e.g.,
S ClplorSClp]x[q]- If a€ RP and if S C [p], we use as to denote the same
vector as a but with entries at locations [p] \ S set to zero. If M € RP*?, and
if S C [p], we use (M)gse to denote the same matrix as M but with entire rows
at locations [p] \ S set to zero, while if S C [p] x [g], we use (M)g to denote
the same matrix as M but with entries at locations [p] x [g] \ S set to zero. By
convention, the letter C' with subscript denotes a universal constant that can be
taken as fixed throughout the paper. Finally, we make the blanket assumption
that the sample size n is even for simplicity.

2. Model setup and rank-based estimation

Suppose that Model (1.2) holds for fixed but unknown functions fi,..., f, and
g1,---,9q that are strictly increasing on R. For identification purpose, further
assume that these functions and the scale of € are chosen in such a way that all
components of f(X) and g(Y) have mean 0 and variance 1. The matrix parame-
ter B* in Models (1.1)—(1.2) is then identifiable, as mentioned in Section 1 of [4].

The above identifiability conditions are not restrictive because Model (1.1)
or (1.2) can always be modified to ensure that they hold; see Appendix E.
Note also that while B* depends on the identifiability conditions, the latter
cancel with those imposed on the transformation functions f and g when the
coefficient matrix enters into the important task of predicting the responses from
a sample of X. In that sense, the identifiability conditions are thus irrelevant
and an accurate estimator of B* will contribute to good forecasts, as we discuss
in Appendix E and in the real-world example in Section 6.2. Thus we confine
ourselves to the specific task of estimating B* for the rest of the paper.

When the joint distribution of (f(X)T,e")" is normal with f(X) indepen-
dent of e, Model (1.2) is referred to as a Gaussian copula regression model.
We here assume more generally that the joint distribution of (f(X)T,e")T
has a non-degenerate elliptical distribution [5], with f(X) uncorrelated with
e. Then, the unobserved vector (f(X)",g(Y)")" also has a non-degenerate
elliptical distribution, i.e., there exists a vector p € RPT4, a nonnegative con-
tinuous random variable R and a (p + ¢) x (p + ¢) invertible matrix A such
that (f(X)T,9(Y)")T = p+ RAU, where U is independent of R and uni-
formly distributed on the unit sphere in RPT4. The unique copula of the vector
(F(X)T,g(Y)T)T is then said to be elliptical. The properties of elliptical cop-
ulas are reviewed, e.g., in [13]. Members of this class are characterized by a
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univariate generator 1 (in one-to-one correspondence with the distribution of
R) and a copula correlation matrix.

Given that f and g are strictly increasing, the vectors Z = (XT,YT)T and
(f(X)T,g(Y)")T have the same elliptical copula; see, e.g., Theorem 2.4.3 in [31].
For this reason, the model is called an elliptical copula multivariate response
regression model. Under our identifiability conditions, the common copula corre-
lation matrix ¥ of Z and (f(X)",g(Y)") " coincides with the covariance matrix
of the latter. Accordingly X can then be estimated from the observed sample of
Z by inversion of Kendall’s tau, irrespective of .

Let Z; = (X{,Y{)",...,Z, = (X!, Y,])T be a random sample of size
n > 2 from Z. Also let Z = (Z1,...,Zp44) " and for each i € [n], set Z; =
(Zity- -, Zz-(pﬂ))T. For arbitrary k,£ € [p + ¢|, the value of Kendall’s tau be-
tween the kth and ¢th coordinates of Z is then defined [18, 20] as

Tie = E{sgn(Z1x, — Zok) sgn(Zie — Z20)}-

Let T € R(P+0)x(+a) he the matrix whose (k,£)th entry is 74, When Z is
elliptical, we have

Y =sin (7 T/2), (2.1)

as mentioned, e.g., in [17, 23]. Now consider the empirical analog T of T, whose

(k, €)th entry 7y, is the empirical version of Kendall’s tau between the kth and
lth coordinates of Z, viz.

The = ﬁ Z Z {sgn(Zir — ij) sgn(Zie — Z; )}

1<i<j<n
A plug-in estimator of ¥ is then given by
3 = sin(7T/2). (2.2)

It has also long been known that T is a (matrix) U-statistic, whose limiting
distribution is (matrix) Gaussian and centered at T see, e.g., [10]. Accordingly,
Y is a consistent estimator of

= = cor{(FX) T (0) )T = (3 31 )

_ Yxx YxxB* (2.3)
T\ B Exx B*"ExxB*+ 3. /) '

Here the last equality in (2.3) follows from the joint ellipticity and the uncorre-
latedness of X and e. R

Note that the plug-in estimator Xxx based on Kendall’s tau is not necessarily
positive semidefinite; see, e.g., [42], as well as [8] for an early mention of this
problem. This can be an issue in regularization routines involving Z:]xx as a
design matrix. When needed, we can rely on the projection E;X of ¥xx onto
the set of positive semidefinite matrices, viz.

Sxx = argmin M~ Zxx|le.. (2.4)
MERPXP:M>=0
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This projection can be computed efficiently using the algorithm described in
Appendix A of [6]. It also comes at a minimal cost in terms of the || - ||, norm
because as stated in Eq. (2.3) of [6], we have

IZ%x — Sxxllee. < 2[Zxx — Sxx|le. - (2.5)

As a final remark, note that in the special case of Gaussian copulas, S in
(2.2) can be replaced by the better-performing normal-score rank correlation
estimator X, discussed in Section F.

3. First estimation of B*

The rank-based estimator £ of 3 can be used to estimate the coefficient matrix
B* through (2.3). In this section we study a preliminary, column-by-column
estimation of B* that ignores any information about the precision matrix 2ec.
In Section 3.1, a Lasso program based on the design matrix Z;EX is considered;
an alternative approach rooted in the Dantzig selector is described in Section 3.2.

For each ¢ € [q], let B; denote the (th column of B* and let S, be the
corresponding support set, i.e., the collection of indices corresponding to the
nonzero elements of 3;. For any a > 0, further define the cone set corresponding
to the fth column as

Co(@) = {x e R [()gelle, < all(®)s,ler}-

The restricted eigenvalue (RE) of ¥xx over the cone set for the Lasso ap-
proach is defined as

. T 2
K xé%lzr(l?))x xxx/(2[x[[7,),

while for the Dantzig selector approach, we set

- T 2
= E 2 .
fpe = min x Txxx/(2|x]z,)
Finally, let R : R? — R with R(-) = || - ||, be the penalty function for the
column-by-column estimation of B*; the dual of R is R*(:) = || - [le.. -

3.1. The Lasso approach

For each ¢ € [g], define the loss £y : RP? — R for the ¢th column of B* by setting,
for arbitrary 3 € RP,

Lo(B) = BTE5xB/2 — (Exy) i (3.1)

As mentioned in Section 2.2 of [4], £, is motivated by the standard least
squares loss function for the ¢th column of B* in Model (1.1), but with the
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marginally transformed (yet unobserved) quantities >, (,,; f(Xs)f (X;) " /n and
Zie[n] F(X:)g(Y;)T /n replaced by the plug-in estimators ZA];EX and f)xy, re-

spectively. The loss £, is convex because f];“(x is positive semidefinite. The
Lasso estimator of 3; is then given by

Be = argmin {L,(8) + AR(B)}, (32)
BeRP

where Ay is a tuning parameter. Computationally, the term £,(8) in (3.2) can
be readily converted to an equivalent univariate response least squares form
involving the vector 8. This transpires from the discussion around Eq. (2.2) in
[6], or by treating L, as a special case of the loss £ in (5.1); see Appendix D.
Hence (3.2) can be solved by various efficient algorithms for the standard Lasso.
The recovery rate of the estimator Bg is given in the following proposition,
which is the analog of Theorem 1 in [4]. In what follows, C; is a universal

constant specified just below (7.2) in Section 7.

Proposition 3.1. Suppose that ko > 0 and n s sufficiently large to ensure that

16 C1s¢+/In(p?)/n < Ko /2. (3.3)

Suppose that the tuning parameter Ay in (3.2) satisfies

A > 2C1{2)18} [le, v/ In(p?) /n + /In(pg) /n}. (3.4)
Then, with probability at least 1 —1/p* —2/(pq), we have
18 = Billex < 6/5e /e, 11Be— Billey < 2450\ ki (3.5)

Remark 3.2. The event for which (3.5) holds is the intersection of the events
Eo.1,n and Ey 25, introduced at the start of Section 7.1. Observe that Eo 1,, N
E2,n does not depend on ¢ € [g]. This fact will be used in the proofs of
subsequent results.

Motivated by Proposition 3.1, our preliminary Lasso estimator of B* is chosen
to be

B=(8,...,5,). (3.6)

3.2. The Dantzig selector approach

For each ¢ € [g], define the loss Lp, : R? — R for the ¢th column of B* by
setting, for arbitrary 3 € RP,

Lp(B) = B ExxB/2 — (Exv)eB-

Note that this expression is identical to (3.1), but with f];x replaced by

ixx- In what follows, V denotes the gradient operator. The Dantzig selector
estimator of 3; is then given by

B\D’g = argmin R(8),
BEeRP
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subject to
RYVLb(B)} < Ap,, (3.7)

where VLp +(8) = ixx,@ — (ixy).g and Ap ¢ > 0 is a tuning parameter. Note
that this Dantzig selector program is always convex, even when Sxx is not
positive semidefinite.

The following proposition specifies the recovery rate of the Dantzig selector
estimator Bp .

Proposition 3.3. Suppose that n is sufficiently large to ensure that

In(2p?) +8s,1n(12p) < n (3.8)
and
8C(Bxx)v/sen(12p)/n + 2 CEsen(p®) /n < kp s, (3.9)
where

C'(Exx) = 128(1 + V5)71 C(Exx), (3.10)

where C(Xxx) is the condition number of Xxx . Suppose that the tuning param-
eter Ap.¢ in (3.7) satisfies

Ape > CL{[1B lles vIn(p?) /n + /In(pg) /n}. (3.11)
Then, with probability at least 1 — 2/p* — 2/(pq), we have

1Bp.e — B lley < 4+/seApye/kpes  |Bpe — Bille, < 8seApe/kp e

3.3. Discussion

The two approaches described above have their own merit. In general, the Lasso
program is computationally more efficient than the Dantzig selector. When
In(p)/n = 0, however, Proposition 3.1 imposes a more stringent upper bound on
the number s, of nonzero elements in each column 3; of B* than Proposition 3.3.
This stems from the fact that f];x given in Eq. (2.4) lacks some of the critical
properties of U-statistics that EA}XX inherits from T. It is thus more difficult to
control the magnitude of u' (%5 — Exx)u than that of u’ (Zxx — Zxx)u
uniformly over unit vectors u. Refer to the proofs of Propositions 3.1 and 3.3
for details. R

In practice, it may happen that 3xx is positive semidefinite. When this
occurs, the Lasso program inherits the same relaxed conditions as the Dantzig
selector approach. Therefore, a natural question is: under what conditions is
Yxx likely to be positive semidefinite? Roughly speaking, the operator norm
|Exx — Xxx|lop is on the order of p/n + /p/n if we only keep factors that
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depend explicitly on the sample size n and the ambient dimension p; see, e.g.,
Lemma B.1 in the Appendix, or Theorem 2.2 in [41]. Thus, if we assume that
the smallest eigenvalue of Xxx is on the order of unity, then the transition point
for Xxx from likely being positive semidefinite to unlikely is when p becomes
larger than n. This transition is also verified by simulation studies in Section 6.
For computational sake, and because the theoretical properties of the Lasso
program and the Dantzig selector differ mostly through the condition on the
number of nonzero elements of the columns of B*, we take the Lasso approach
as our starting point and use B in (3.6) as our preliminary estimator of B*.
Finally we address the difference between our implementation and that of
[4], who deal with the case ¢ = 1. When X xx is not positive semidefinite, and
transposing into our ¢ > 1 context, Cai and Zhang [4] suggest either (i) to use

the approach of [27] for non-convex M-estimation; or (ii) to project Xxx onto

3S

the semidefinite cone to produce a positive semidefinite update E;(x so as to
minimize the operator norm of EAJ;)S( — EAJXX when restricted to vectors with
at most s nonzero elements. In our case, s will correspond to the number of
nonzero elements of the single columns of B*.

Option (i) has the disadvantage of involving non-convex analysis and an
extra tuning parameter that should bound from above the ¢; norms of the
single columns of B*; see, e.g., Theorem 3.1 in [27]. The desire to avoid such
complications was a major motivation in [6] (see their discussion in Section 1),
which we follow. Option (ii) is difficult to carry out in practice: first, we cannot
realistically expect s to be known, and second, even if we do know s, no simple
algorithm is available to carry out the required projection, in contrast to (2.4).
Therefore, our column-by-column estimation of B* is more straightforward and
practical than that directly implied by [4].

4. Estimation of the precision matrix

In order to incorporate the precision matrix into a refined estimation of B*,
we need to estimate 2. Our starting point is an estimator of 3... Then, to
deduce an estimator of €., from the estimator of 3.., we adopt the approach
of [33, 34, 45]. From Eq. (2.3), we have

e = Zyy - B*'ExxB*.
Hence a plug-in estimate of 2. is given, for B as in (3.6), by
.. = Svv - BTSxxB. (4.1)

By analogy with (11) in [33], we estimate . by the solution to the graphical
Lasso program, viz.

Q.. = argmin  {(€Q, f]ﬁ} — Indet(2) + Aal| e, 0}, (4.2)
QERIX4:Q0
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where Aq is some tuning parameter, and || - ||¢, of is the 1 norm of the entries of
the argument (required to be a square matrix) excluding the diagonal elements.
As is well-known, the graphical Lasso works on non-Gaussian input. Also note
that the program (4.2) is always convex, even though 3. is not necessarily
positive semidefinite. Program (4.2) can be solved using various graphical Lasso
algorithms. If the selected algorithm requires the input to be positive semidefi-
nite, we can simply project ¥ onto the semidefinite cone in a manner analogous
to (2.4) to produce an update X7, and substitute X, by X, in (4.2). Then

2; will satisfy an inequality analogous to (7.14) with at most an extra factor
of 2 on the right-hand side, and inspection of the proof of Proposition 4.2 reveals
that this leads to at most the same extra factor in the convergence rates in the
proposition.

Following [33], we define the maximum degree or row cardinality of Q.. as

dp = max card[{{’ & [g] \ {€} : (Qec)err # O},

and let Ky, = [ Zee|| . We further let S = {(¢,¢') € [q] x [q] : (Ree)eer # 0},
St = [q) x[g]\S,and T' = ¥, X, € R?” x RY". Following also the notation of
[33], for any two subsets T and T" of [¢%], let (I') 7+ denote the card(T) x card(T")
matrix with rows and columns of T' indexed by T and T”, respectively. Then,
we set kp = ||(T)g4|oo- Finally, set

A(See) = {24max(sede/we) {2181 + 24max(sehe/me) |

+Cu{|IB* [} vIn(p?)/n + /In(¢?) /n}.

The recovery rate for the estimator SAZEE is stated below and derived in Sec-
tion 7 under the following standard irrepresentability condition, introduced in
Assumption 1 in [33], for the graphic Lasso.

Assumption 4.1. There ezists o € (0, 1] such that max,cgo [|(T)eys(T)gall <
1—oa.

Proposition 4.2. Suppose that, for all £ € [q], k¢ > 0, X¢ in (3.2) satisfies
(3.4), and n is sufficiently large to ensure that (3.3) holds (so that Proposi-
tion 3.1 applies). Further assume that Assumption 4.1 is satisfied and that n is
sufficiently large to ensure that

6 (14 8/a)’ max(kx, kr, Ky kp)d X A(Bee) < 1. (4.3)
Finally, suppose that the tuning parameter A\ in (4.2) satisfies
Mo = BA(S..) o, (4.4)
Then, with probability at least 1 — (1/p+1/q)?, the estimator Qee satisfies
190 — Qeclle. < {260 (1+8/)}A(Bee) = Aco(Qec) (4.5)

and

||ﬁes - st”op S ||ﬁ€s - st”l S dp Aoo(ﬂss) = Al(ﬂss)- (46)
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Remark 4.3. When (4.6) holds, Q.. is positive semidefinite if n is large enough
to ensure that

Al(ﬂee) S Amin((zee)- (47)

Remark 4.4. The event with probability at least 1 — (1/p+ 1/¢)? in Proposi-
tion 4.2 is in fact the event Eo 1. N Eoc2.n N Eoo 3.m, for B 1,0, Foo2,n and
Eo 3, introduced at the start of Section 7.1. This explicit representation will
be used in the proofs of subsequent results.

5. Second estimation of the coefficient matrix

We now study improved estimates of the coefficient matrix B* which exploit
the estimator 2., from Section 4 and incorporate assumptions on the over-
all structure of B*. Preliminary notions are first reviewed in Section 5.1. An
element-wise sparse model and a row-sparse model on B* are then considered
in Sections 5.2 and 5.3, respectively. A Lasso program based on Eg_(x is used
in Sections 5.2 and 5.3.1. Because the Lasso approach fails to reveal fully the
benefit of using the group penalty under the row-sparse model, a group Dantzig
selector program based on 3xx is considered in Section 5.3.2.

5.1. Preliminaries

The loss functions £(+; S, Sx, 2) : RP*? — R used below to estimate B* depend
on matrices S € RP*P S, € RP*? and Q € R?*9. For arbitrary B € RP*9  set

L(B;S,S,,2)=(B'SB/2-S/B,Q)
= vec(B) ' ® Svec(B)/2 — tr(QS ] B). (5.1)

The quantities S, Sy, Q in (5.1) will either be X¥xx, Xxv and .., respectively,
or their estimates. When no ambiguity occurs, we write £(-;S,Sx,Q) as L.
The loss £ is motivated by the B-dependent component of the log-likelihood
of Model (1.1) when the joint distribution of (f(X),¢(Y)) is normal; see, e.g.,
Eq. (1.1) in [35], or Section 2.2 of [22, 43]. When the distribution of (f(X), g(Y))
is elliptical, £ remains appropriate because £L(B; Xxx, Xxv, Qec) is minimized
when B = B*.
Following [30], define, for all A € Q,

SL(A,B*) = 6L(A,B*;S,S,, Q)
=L(B* + A;S,S,,Q) - L(B*;S,S,,Q) — (VL(B*;S,S,,0Q),A)
=(ATSA, Q) /2 =vec(A) Q@ Svec(A)/2, (5.2)

where VL(B;S,S«,2) = SBQ — S, Q. Then L is said to satisfy a restricted
eigenvalue (RE) condition with constant x > 0 over a set C if

Vacc O0L(A,B*) > k| A3 (5.3)
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5.2. Element-wise sparsity

A matrix B* is called element-wise sparse if its support set S C RP*? is such that
s = card(S) < p x ¢. Accordingly, to obtain an element-wise sparse estimator
of B*, it is natural to regularize the least squares program with the penalty
R() =1 "lle,, i-e., to estimate B* by

B = argmin{£(B; %y, Exv, Qee) + AR(B)}, (5.4)
BeRPx4a

where A is a tuning parameter. As for (3.2), the term £(B; ZA);EX, ZA]xy, ﬁss) in
(5.4) can be readily converted to an equivalent univariate response least squares
form involving the vectorized B. Hence (5.4) can be solved by various efficient
algorithms for the standard Lasso. SeeA Appendix D for details.

The recovery rate for the estimator B is stated below and derived in Section 7
under the following assumption on the RE condition for the population loss
function.

Assumption 5.1. The loss L(; ¥xx, 2xy, Qee) satisfies RE condition (5.3)
with constant x > 0 over the cone set C = {M € RP*? : ||(M)gelly, <
3[[(M)s]le, }-

We define «/, the empirical counterpart to x in Assumption 5.1, as

K =k — || Zxx|lopA1(Ree)/2
— 16 C1{||Qecellte, + Aoo(Qee) Fsv/In(p?)/n.  (5.5)

Theorem 5.2. Suppose that Assumption 5.1 and the assumptions of Proposi-
tion 4.2 hold. Further suppose

(i) n is sufficiently large to ensure that, for k' defined in (5.5), k' > k/2;
(i) the tuning parameter X in (5.4) satisfies

A > 201 [2{|B* Qe + ||B*[[1A1(Ree) }vIn(p?) /n
+ {[1Qcelli + A1(Qee)}/In(pg) /n].  (5.6)

Then, with probability at least 1 — (1/p + 1/q)?, the estimator B satisfies

IB —B*[le, <65k, ||B— B, <245\/k.

5.3. Row sparsity

A matrix B* is called row-sparse if the set S¢ C [p] of indices corresponding to
the nonzero rows of B* is such that sg = card(Sg) < p. In order to obtain a
row sparse estimator of B*, it is natural to regularize the least squares program
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by the penalty Ra(-) = || - l¢,¢,, 1-€., the ¢4 norm of the ¢, norms of the rows
of a matrix, given by

Ml = 310l = 3 { >z}
k=1

k=1 (=1

The dual of Rg is RE() = || - |lew o, 1-€., the maximum norm of the ¢y
norms of the rows of a matrix. In what follows, the appropriate cone set for the
row-sparse model is given, for any a > 0, by

Cola) ={M e R : [(M)gg ,[lev.er < all(M)sgelle e}

i.e., for any matrix in the cone set Cg(a), the || - ||l¢, ¢, norm of the rows of the
matrix with indices in [p] \ Sq is bounded by « times the || - ||¢, ¢, norm of the
rows of the same matrix with indices in Sg.

5.83.1. The group Lasso approach

A group Lasso estimate of B* is given by

B = argmin{L(B; % «, Exv, Qee) + AcRa(B)}, (5.7)
BcRpX4a

where Ag is a tuning parameter. As discussed immediately following (5.4), (5.7)
can be efficiently tackled by any of the fast solvers for the standard group Lasso.

The recovery rate for Bg is stated next and derived in Section 7 under the
following assumption on the RE condition for the population loss function, which
is the row-sparse analog of Assumption 5.1.

Assumption 5.3. The loss L(;Xxx, 2xy, Qee) satisfies RE condition (5.3)
with constant kg > 0 over the cone set Cg(3).

We define the empirical counterpart to kg in Assumption 5.3 as

wo = ke — [ ZxxllopA1(Qee) /2
— 16 C1{||Qeellop + A1(Ree) }saVIn(p?)/n.  (5.8)

Theorem 5.4. Suppose that Assumption 5.3 and the assumptions of Proposi-
tion 4.2 hold. Further suppose

(1) n is sufficiently large to ensure that (4.7) holds and, for kg defined in
(5.8), kg > kG /2;
(i) the tuning parameter g in (5.7) satisfies

Ac > 2{[|Qecllop + A1(Ree)} x {2C1 [B*[l1v/gIn(p?)/n
+Cy\/C(Syy)/ny/In(p?) + In(5)q}, (5.9)
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where Cy 1is the absolute constant that appears in Proposition 7.5. Then, with
probability at least 1 — (1/p +1/q)? — 1/p, the estimator Bq satisfies

IBa — B*||s, <656 Ac/ka,  [Ba — Bl < 24scAa/ka.

In its current form, the group Lasso approach does not fully reveal the benefit
of the row-sparse model. For instance, say B* has exactly sg nonzero rows, and
all elements of these rows are nonzero. There are then gsg nonzero elements in
B*. In this case, if the tuning parameter A is taken to be the lower limit of the
specification (5.6), and if A;(Qee) and the parameters that are not explicitly
dependent on the ambient dimensions p and ¢ (e.g., || B*||1) are all bounded, then
by Theorem 5.2, with high probability (i.e., for p and q large), the element-wise
Lasso program from Section 5.2 yields

IB —B|le, S /56 x v/In(p)/n + In(pg)/n. (5.10)

By comparison, under the same conditions, but with the tuning parameter
Ag taken to be the lower limit of the specification (5.9), the first term in the
curly bracket in (5.9) is dominant, and so by Theorem 5.4 the group Lasso
program yields

IBc —B*|le, S vasa x VIn(p)/n. (5.11)

Thus if p = ¢, the element-wise and the group Lasso programs yield the same
rate, even though the more structured row-sparse model should intuitively give
the latter an advantage, as we discuss now.

When the group Lasso approach is used in the traditional non-copula context
with fixed design matrix and independent Gaussian errors, Corollary 4.1 in [29]
states that the recovery rate for B* under the ¢5 (or Frobenius) norm is bounded
above, for arbitrary p and ¢, by a constant multiple of

Vsa/n x v/q+1n(p). (5.12)

This bound is strictly better than the rate (5.11) implied by Theorem 5.4, and
up to a possible replacement of In(p) by In(p/sc ), this is also the minimax lower
bound; see, e.g., the discussion below Theorem 6.1 in [29]. Moreover, under suit-
able conditions (e.g., the entries in the nonzero rows of B* all have nonnegligible
size) this upper bound is also strictly better than the lower bound achievable
by the element-wise Lasso program; see, e.g., the discussion in Section 7 in [29].

For reasons similar to those given in Section 3.3, the bound on the recovery
rate in Theorem 5.4 is suboptimal because |[(£%x — Zxx)B*|l¢.. ¢, is harder

to control than || (EA)XX —¥xx)B*|l¢.. ¢, as transpires from the proofs of Theo-
rems 5.4 and 5.7. Also, f]xx may be positive semidefinite, though if the small-
est eigenvalue of ¥xx is on the order of unity, this is increasingly unlikely as p
grows larger than n. On the event {¥xx = 0} = {2;_()( = ¥xx}, we have the
following alternative to Theorem 5.4.
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Proposition 5.5. Assume the same conditions as in Theorem 5.4, except that
the tuning parameter Ag in (5.7) now satisfies

A6 2 2 Co[VEBxx) (B Qeello + B op A1 (€2e2)}
+ VCE ) I9eellop + A1(Ree) H v/ {In(p?) + In(3)a} /.
O (1B s+ B8R} T )] 519

Then, on the intersection of the event {f]xx = 0} and another event with
probability at least 1 — (1/p +1/q)* — 9/p, the estimator Bg satisfies

IBa — B*[|r, <656 Aa/ka, [IBe — B*|le.e < 24sc)a/ka-

As will be explained below Theorem 5.7, if the tuning parameter \g is taken
to be the lower limit of the specification (5.13), whose right-hand side is precisely
twice the right-hand side of (5.17), and under suitable conditions, the recovery
rate for B* stated in Proposition 5.5 under the ¢3 norm matches (5.12) and thus
reflects the improvements brought about by the group Lasso program (over an
element-wise Lasso program) under a row-sparse model. However, this result is
not universally applicable, because the stated rates are only shown on the event
{EXX = 0}, whose probability becomes very small when n is much smaller than
p. To properly tackle the row-sparse model, it is thus preferable to estimate B*
using a group Dantzig selector program, as detailed next.

5.3.2. The group Dantzig selector approach

The group Dantzig selector estimator of B* is defined as

ﬁD,G = argmin R¢(B), (5.14)
BeRpxa
subject to
REIVLB; Zxx, Bxy, Qee)} < Aoas (5.15)

where Ap ¢ is a tuning parameter. As already noted in Section 3.2, this Dantzig
selector program is always convex even when ﬁxx is not positive semidefinite.

The recovery rate for Bp g given next is derived in Section 7 under the
following assumption on the RE condition for the population loss function, which
is the Dantzig selector analog of Assumption 5.3.

Assumption 5.6. The loss L(;Xxx, XXy, Qee) satisfies RE condition (5.3)
with constant kp g > 0 over the cone set Cg(1).

We define '{;D,G’ the empirical counterpart to xkp g in Assumption 5.6, as

kb.a = 26D,¢ — [|Zxx/lopA1(Qee) — [2CF{scIn(p®)/n}
+8C (Zxx){scln(12p) /n} | {[|Qeellop + A1(Ree)}.  (5.16)
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Theorem 5.7. Suppose that Assumption 5.6 and the assumptions of Proposi-
tion 4.2 hold. Further suppose

(i) n is sufficiently large to ensure that (4.7), and (3.8) with s; replaced by
saG, hold, and for kp, o defined in (5.16), kp ¢ > Kp,G;
(i1) the tuning parameter A\p ¢ in (5.15) satisfies

Ap.c = O [VC(Exx ){IIB*Qeelop + B opA1(2ee) }

+ vV C(EYY){HQEEHOP + Al(QEE)}] \/{ln(pQ) +1In(5)q}/n
+ CH{|B* Qeclly + [B*[[141(R2ee) }/qIn(p?) /(20).  (5.17)

Then, with probability at least 1—(1/p+1/q)>—9/p, the estimator ]§D7G satisfies

HﬁD,G — B*ng <4./sqg )\D,G/’iD,G» (5.18)
and
||]§D,G — B*”ghg2 S 8SG)\D7(;/I€D7(;. (519)

To compare the recovery rate given in Theorem 5.7 to (5.12) in terms of the
{5 norm, assume for simplicity that all quantities not explicitly dependent on
the ambient dimensions p and g are bounded. Further assume that the tuning
parameter Ap ¢ is the lower limit of the specification (5.17) and that

(A) A1(f2ee) remains bounded; (B) In(p)/v/n remains bounded.  (5.20)

Condition (A) ensures that .. is a good estimate of £, while Condition (B)
guarantees that the row cardinality p of B* is not too large compared to n. The
latter condition stems from the second term on the right-hand side of (5.17),
which traces back to a second order term in the Taylor expansion of the sine
transformation (2.2) from the Kendall’s tau matrix estimate Txx to the copula
correlation matrix estimate ixx-

Under these mild conditions, Ap g is on the order of \/{¢ + In(p)}/n. Thus
the recovery rate in (5.18), which is in terms of the £ norm for estimating B*
under the row-sparse multivariate response elliptical copula regression model,
matches the recovery rate (5.12), which is also the rate achievable for the group
Lasso estimator in the traditional non-copula context with Gaussian errors. In
addition, this rate is indeed superior to that achievable with the element-wise
Lasso estimator.

6. Numerical performance

In this section we investigate the finite-sample numerical properties of the pro-
posed estimators.
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6.1. Simulation studies

In this simulation study, we focus exclusively on estimators for B* based on
the plug-in estimator (2.2) for 3 by inversion of Kendall’s tau. Under the uni-
variate response scenario considered in Section 4.1 of [4], when f and g are not
the identity function, such rank-based estimators for B* (i) routinely offer ten-
fold improvement in estimation accuracy compared to those based on sample
covariance matrix for 3, because the sample covariance matrix is not robust
under marginal transformations, and (ii) are almost as good as the oracle esti-
mator that has full knowledge of f and g. Therefore, we omit comparisons with
methods based on the sample covariance matrix.
We consider the following specifications for B*:

(a) element-wise sparse or row sparse;
(b) moderate dimension setting, (p,q) = (20,10), or high dimension setting,

(p,q) = (100, 10).

For the high-dimensional setting, we chose to expand B* by enlarging p. Two
competing factors are at work here. As discussed below Proposition 5.5 and The-
orem 5.7, we know that under a row-sparse model for B* and under appropriate
conditions such as those stated in Eq. (5.20), the group Lasso estimator Bg
achieves the rate (5.12) on the event {f]xx > 0} while the element-wise Lasso
estimator B achieves the rate (5.10). Tt is easily checked from these rates that
enlarging p increasingly favors the group Lasso estimator. When p becomes
comparable to, or larger than, n, however, the event {¥xx > 0} very often
fails. The extent to which the group Lasso estimator remains superior to the
element-wise Lasso estimator when Xxx > 0 no longer holds must then be
assessed empirically.

The structure of B* was obtained as follows. First, following [35], Toeplitz
structures were imposed on Yxx and ¥.. by setting

(Zxx)ee = 0.7F 7 (SZee)pe = D pl*=*

with D = 0.5 and the value of p ranging from 0 to 0.9 to model the varying
strength of the correlation among the components of the error vector €. Then
Q. = X! is a tri-diagonal sparse matrix.

To obtain a row sparse model on B*, we first generated a p x g matrix B*
so that exactly 80% of its p rows (chosen at random) were entirely filled with
zeros. For the remaining 20% of the rows, within each column 75% of the p/5
elements (chosen at random within each column) were drawn from the uniform
distribution on the set {—1,41} while the remaining 25% were made equal to
Zero.

To obtain an element-wise sparse model on B* instead, we first generated a
p X ¢ matrix B* so that in each of its columns, 80% of its p elements (chosen at
random within each column) are equal to zero; the remaining 20% of the entries
of B* were drawn from the uniform distribution on {—1,+1}.
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In both cases, each column of B* was normalized to ensure that the diagonal
elements of E*TEXXE* equal 1 — D. As a result, the diagonal elements of the
sum Yoo + B*TXxxB* are all 1 and hence this sum is indeed a correlation
matrix. This normalized version of B* was taken to be the final coefficient
matrix B*. Samples (X{,Y) T, ..., (X{y0, Yioo) " were then generated from a
multivariate normal distribution with covariance 3 given in (2.3). This served as
the observed sample because Kendall’s tau is invariant to increasing transforms
of the margins and nothing else is needed to estimate B*.

Using this design, we were then able to compare the performance of three
estimators: R

(i) the element-wise Lasso estimator B with precision matrix included as

described in Section 5.2;

(ii) the group Lasso estimator Bg with precision matrix included as described
in Section 5.3.1;

(iii) as a benchmark, the element-wise Lasso estimator without precision ma-
trix incorporated, obtained in the same way as B described in Section 5.2
but with precision matrix estimate .. simply set to the identity matrix in
R?*4, This estimator of B* seemed to perform better than the preliminary
column-by-column estimator B described in Section 3.1.

For the first two estimators, the tuning parameters Ay, ..., A, needed for the
preliminary estimation in Section 3.1 were chosen column by column via 5-fold
cross-validation, while the tuning parameter combination (Aq, A) in Sections 4
and 5.2 (for the first estimator) or (Aq, Ag) in Sections 4 and 5.3.1 (for the sec-
ond estimator) were chosen jointly on a 2D-grid, also via 5-fold cross-validation.

Following [35], the performance of the three estimators was measured by

ME(B,B) = tr{(B - B) ' =xx (B — B)},

for any estimator B. In each case, 500 replicates were drawn for each B* and p
specification. The median of ME(B, B) based on the 500 repetitions is presented
in Figure 1 for the three estimators.

The graphs in the left panels of Figure 1 correspond to the element-wise
sparse model. They should favor the element-wise Lasso estimator over the
group Lasso estimator; as p increases, they should also favor the estimator with
precision matrix incorporated over the one without. The latter comment applies
to the graphs in the right panels of Figure 1, which correspond to the row-sparse
model. In this case, however, the group Lasso estimator should be preferred over
the element-wise Lasso estimator, at least in the moderate dimension case with
(p,q) = (20,10), where empirically only .04% of all the 3xx generated (from
both the element-wise sparse model and the row-sparse model, at all p values)
failed to be positive semidefinite.

These are indeed the general trends featured in Figure 1, with a few anoma-
lies. For the high-dimensional case with (p,q) = (100, 10), none of the Xxx
generated was positive semidefinite. Thus it may be a little surprising that even
in this case, under the row-sparse model, the group Lasso estimator outper-
forms the element-wise Lasso estimator, by an even larger margin than under
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Fic 1. Plot of ME(E,B) as a function of correlation p for three estimators B: the element-
wise Lasso with precision matrix, the group Lasso with precision matrixz, and the element-
wise Lasso without precision matriz. Each panel corresponds to a different combination of
(p,q) = (20,10) or (100, 10) and the structure of B (element-wise sparse or row-sparse). Each
point is based on 500 replicates of random samples of size n = 100.

the moderate dimension settmg Perhaps the projection operation (2.4) does not
cause much variation from Exx to EXX, even though (2.5) is our only theoret-
ical guarantee. Also, it is unclear why, in this high-dimensional case and under
the element-wise sparse model, the group Lasso estimator still outperforms the
element-wise Lasso estimator. This should be investigated further.

6.2. Illustration

We also studied the performance of our estimators on data summarily known as
the “Better Life Index,” gathered for the member states of the Organization for
Economic Co-operation and Development (OECD). The index “aims to involve
citizens in the debate on measuring the well-being of societies, and to empower
them to become more informed and engaged in the policy-making process that
shapes all our lives.” For each member state, the index consists of 24 socioeco-
nomic variables. We used the data for the first N = 34 member states in the
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2017 edition of the index, which is publicly available at https://stats.oecd.
org/Index.aspx?DataSetCode=BLI

We divided the 24 variables into ¢ = 7 responses and p = 17 explanatory
variables. Three of the response variables were those labeled “Life satisfaction
average score,” “Quality of support network” and “Feeling safe walking alone,”
which are arguably subjective measures. The four other response variables were
household income and wealth, as well as measures of air and water quality.

Because in practice we do not have access to the true coefficient matrix
B*, we measured the performance of the various estimators by their predictive
power. Given that the sample size is small, we compute for each member state
i € [N] an empirical predictor U7_,) using the data {x; : j € [N],j # i} from
the remaining member states, and then compared the empirical predictor to
the actual response y;. Specifically, the empirical predictor was computed as in
(E.1) using

Fx) = (@ HE @)} @ E (),
9) = (@HG 1 ()}, @7HES 4 (),

where ® denotes the cdf of a standard Normal distribution, A(0,1), while

F \ and G, , are respectively the empirical distribution functions for the kth
margmal of X and the (th marginal of Y; see (F.1). Refer to Appendix E for
the justification of these choices of ]?and qg.

We considered seven estimators of B*: the element-wise Lasso estimator with
precision matrix incorporated, Bg; the group Lasso estimator with precision
matrix incorporated Bg q; their counterparts B and Bg without incorporating
the precision matrix; the regular (i.e., without considering the copula structure)
element-wise Lasso estimator B and the regular group Lasso estimator ﬁg,
neither incorporating the precision matrix; and finally the ordinary least squares
estimator Borg. Following [11], we considered the ¢; norm of the deviation
ﬁg_i) —y; forie{1,...,34}.

Table 1 summarizes the performance of the empirical predictor fJE‘_i) for the
various estimators. The results can be summarized as follows:

(a) Both the element-wise Lasso estimator B and the regular group Lasso
estimator ﬁg, which ignores the copula structure, perform better than
the regular element-wise Lasso estimator B.

(b) The estimator Bc;, which uses both the group penalty and the copula
structure, thus combining the features of both B and B(;, outperform the
latter two estimators. R

(¢) Further incorporating precision matrix estimation to the estimators B and
ﬁg, which result in the estimators ﬁg and :/B\G7Q respectively, brought
mixed results. R

(d) The group Lasso estimator Bg o with precision matrix estimation per-
forms somewhat better than ﬁg, but the element-wise Lasso estimator
with precision matrix estimation BQ performs slightly worse than its coun-
terpart B.
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TABLE 1
Performance of the empirical predictor ﬁ?*i) using various estimators of B* as measured
by ||IAJE‘_Z) —Yille,, where i € {1,...,34}.
Bo Boo B Bg B Bg Bos
Median 40.7 354 400 374 536 46.8 60.9
80% Quantile  57.5 55.7 56.7 56.5 689 59.5 91.5
Sum 1417 1386 1403 1389 1838 1559 2302

Carefully checking the estimators ﬁee for the precision matrix reveals that
the fitted Q.. does not differ significantly from the identity matrix for most of
the 34 empirical predictors calculated. In this illustration, therefore, the benefit
of including precision matrix estimation outweighs the variation caused by the
estimation for the group Lasso case, but not in the element-wise Lasso case. As
a side note, personal income is consistently chosen by the estimator Bg o as
the variable having the most predictive power.

7. Mathematical arguments
7.1. Preliminaries

The following basic results and terminologies will be used in the proofs of the
main results. First recall some basic deviation properties of Kendall’s tau matrix
T and the plug-in estimator S Itis straightforward to show, e.g., through the
equation display just above (4.28) on p. 1207 of [41], that there exist events
Ew1.n, Eoo2.n, Foo3.n, with probabilities at least 1 —1/p?, 1—2/(pq), 1 —1/¢>
respectively, such that

ITxx — Txx|le.. <2(Cy/m)v/In(p?)/n, (7.1)

|Txy — Txylle. <2(C1/m)v/In(pg)/n,

ITyy — Tyylle.. <2(C1/m)y/In(¢)/n (7.2)
on the events Fos 1,n, Foo,2.n, Foo,3,n, respectively. Here C is an absolute con-

stant that can be set equal to v/27. Egs. (2.1), (2.2) and the Lipschitz property
of the sine function imply that

Hixx — Yxx|le.. < Civ/In(p?)/n, (7.3)
||§XY - ¥xvlle. < Civ/In(pg)/n, (7.4)
IZvy — Svyle. < Civ/In(g?)/n, (7.5)

on Ee 1.n, Foo2n, Foo,3.n, respectively. Hence, by (7.3) and (2.5), on the event
Eo.1,n we have

IZ%x — Exxlle. < (2C1)v/In(p?)/n. (7.6)
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Next, we introduce some terminology regarding the Lasso and the Dantzig
selector. Given a generic Euclidean space QQ, consider a pair of subspaces M C
M of Q. We denote the orthogonal complement of M by M. Following [30],
we say that a norm-based penalty function R : Q — R is decomposable with
respect to (M, ML) if

Yoemyeris RO +7) =R(O) +R().

Next, we define the subspace compatibility constant with respect to the pair
(Ry[I'- lle,) as

(M) = sup R(6)/[6]c-
oM\ {0}

Then, we denote the projections of & € Q onto M, M and M=+ by 0, 04
and 0., respectively. By a cone set, we mean a subset C of Q satisfying the
property that there exists C' > 0 such that all 8 € C satisfies R(HML) <
CR(077)-

Next, let F : Q — R be a generic loss function and let 3* denote the true
(but unknown) parameter value. Let also C C Q be an arbitrary constraint set
which will typically be a “cone set.” Following [30], we define, for all § € Q,

0F(8,87) = F(B" +0) = F(B") = (VF(B7),9).

Then F is said to satisfy a restricted strong convexity (RSC) condition with
curvature kr and tolerance function 7 over the set C if

Vsec 0F(0,8%) > kr||8]l3 — 7#(8"). (7.7)

If 77(B8*) is zero, then F is said to satisfy a restricted eigenvalue (RE) con-
dition with constant xkz over the set C. Conversely, the RE condition with
constant kr over a set C implies the RSC condition with curvature kr and
tolerance function equal to zero over the same set C. The definitions of £ and
the RE condition of £ given in Section 5.1 are special cases of these general
concepts.

Finally, for the analysis of Dantzig selectors, a variant of the above RSC
condition will be used. By analogy with [28], a function F is said to satisfy
RSC-D condition with curvature xr and tolerance function 7 over the set C if

Vsec (VF(B"+8) = VF(B),8) > rr [0]3 — 7(8"). (7.8)

If F is a quadratic function, as will be the case here, the left-hand sides of
(7.7) and (7.8) are both quadratic in & (the exact expressions differ by a factor
2), and thus the RSC and RSC-D conditions are largely identical on the same
cone set C, though they could differ further for more general loss functions. One
relation between the two conditions is that, as commented on p. 565 of [28], if
F is convex, then the RSC condition implies the RSC-D condition.



934 Y. Zhao and C. Genest

7.2. Proofs for Section 3
Proof of Proposition 3.1. The proof relies on the following result on the RSC
condition.

Proposition 7.1. On the event Es 1,5 the loss function L, satisfies RSC con-
dition (7.7) with curvature ke — 16 Cyse+/In(p?)/n and tolerance function van-
ishing on the cone set Cy(3).

Proof of Proposition 7.1. We fix arbitrary § € Cy(3). It is easy to see that

VLI(BF) = BxBi — (Exv)er,
so that in view of Definition (5.2),
OLu(8,87) = Le(Bf +8) = Lo(B]) — (VLB),8) = 8§ £ 8/2
= 6szx6/2 + 6T(§J§x - ZXx)6/2

It then follows from two successive applications of Holder’s inequality and the
definition of xy that

0Lu(8,87) > relldllZ, — | Z5x — Sxxlle x 18117, /2. (7.9)
Because § € Cy(3), we also have

[18lle = 185, llex + 165glley <4115, lles < 4+/5¢(18s,[les - (7.10)
Now we focus on the event Fo 1 . Plugging (7.10) into (7.9), we have

3L(8,85) = re |02, — 8¢ | Skx — Exx e 012,
> {re — 16 Crsey/In(p?) /n} |82,

where the last step follows by (7.6), which holds on the event Eu, 1. This
concludes the proof. O

We wish to apply Corollary 1 in [30]. To this end, we need to (i) identify the
subspaces M and M; (ii) check that the appropriate RSC condition holds; (iii)
check that the tuning parameter is large enough compared to the noise level.
We carry out these tasks in sequence. We focus on the event Eo 15, N Eoc 2.n,
whose probability is at least 1 — 1/p? — 2/(pq). First, we set

M:/T/l:{ﬁz(ﬂl,...,ﬂp)TGIR{pzvkeS? Br = 0}. (7.11)

Then B € M and the penalty R is decomposable with respect to (M,Ml).
The subspace compatibility constant is ¥(M) = |/s,.
Next, starting from Proposition 7.1, we conclude that, over the cone set Cy(3),

the loss function £, satisfies RSC condition (7.7) with tolerance function equal
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to zero and curvature K, = k¢/2 > 0, because k¢/2 < kg — 16 C150+/1n(p?)/n by
(3.3).
Furthermore, recall that the dual norm R* of R is given by R*(-) = | - ||e.. -
We then have
RHVLAB)} = 1Z%x8] — (Bxy)eellens

= [(S%x — Exx)8; — (Exy — Exy)eeleo
and hence
RAVLBYY < 15%x — Zxxllew x 18t + |(Exy — Sxv)otllen
< C1{2)18; lle, V/In(p?) /n + \/In(pq) /n} < Ae/2.

In the transition to the last line, we have invoked (7.4) and (7.6), and the last
inequality follows by the choice of Ay in (3.4). The conclusions of the proposition
then follow from Corollary 1 in [30]. O

Proof of Proposition 3.3. Set § = 1/p* and consider the event Eop k. = Fop k.6.n
from Lemma B.1, whose probability is at least 1 —1/p?. The proof relies on the
following result on the RSC-D condition.

Proposition 7.2. Suppose that n is sufficiently large to ensure that (3.8) holds.
On the event Ex 1 nNEop 45, n, the loss function Lp ¢ satisfies RSC-D condition
(7.8) with curvature

2kp.e — {8C" (Bxx) v/ s¢n(12p)/n + 2 C%s,In(p?) /n}
and tolerance function equal to zero over the cone set Cy(1).

Proof. We fix an arbitrary d € C,(1). If s, = 0, then § = 0 and the conclusion
of the proposition follows trivially, so we assume that s, > 0. We have

(VLpe(B" +8) = VLp(B"),8) = 6 Exx6 + 8 (Exx — Bxx)9,
from which it is easy to see that

(VLpo(B*+08) —VLp«(B"),8) > 2kp 4|

82, — 187 (Bxx — Sxx)d|. (7.12)

We fix § = 1/p?, let k € N be an arbitrary integer, and assume that (B.1)
holds. We focus on the event Ew 1., N Eop kn, on which (B.2) in Lemma B.1
holds with u = & (and § = 1/p?). We also have

{In(2/6) + 2k In(12p)}/? < 2 {k1n(12p)}*/?,
which when plugged into (B.2) (with u=§ and § = 1/p?) yields

167 (Exx — Bxx)d| < [C2n(p?)/(2n) + 2C' (Sxx){k In(12p) /n} /2 /K]||8]2,
+20'(Sxx) {kIn(12p) /n}"/* 812,
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< [2C7sn(p®)/n + 2C' (Bxx){In(12p) /n}'/?

x (4s¢/VE+VE)|lIZ,, (7.13)
where the second inequality follows because & € Cq(1) implies ||6]|7, < 45,/ d]|7,
by a derivation similar to that of (7.10).

To balance the terms 4 s,/vk and V& in the last line of (7.13), we choose

k = 4s,. Then (B.1) translates into (3.8), which holds by assumption, and so
(7.13) also holds. Plugging (7.13) into (7.12), we then find

(VLp(B" +6) — VLp«(B"),0)
> [2kp,e — {8C (2xx)V/seln(12p) /n + 2 CTs,In(p?) /n}](|8]17,

as claimed in the proposition. O

We wish to apply Lemma A.2. To this end, we check the three conditions at
the beginning of the proof of Proposition 3.1, but with the appropriate RSC-D
condition instead of the RSC condition. We focus on the event E, 1, N Es 2,nN
FEop.4s,n whose probability is at least 1 —2/p* — 2/(pq).

First, we set M and M as in (7.11) again. Then again 8 € M, the penalty

. . -1 s
R is decomposable with respect to (M, M), and the subspace compatibility

constant is (M) = |/s¢.

Next, starting from Proposition 7.2, we conclude that, over the cone set Cy(1),
the loss function Lp ¢ satisfies RSC-D condition (7.8) with tolerance function
equal to zero and curvature xp ¢ > 0, because by (3.9) we have

kp,e < 26pe — {8C (Bxx)V/seIn(12p)/n + 2 CTseln(p®) /n}.
Furthermore, the dual norm R* of R is given by R*(-) = || - ||¢.., and we have
R{VLD «(8])} = [IZxx8] — (Exy)etlees
= [|(Exx — xx)B; — (Exy — Bxy)etllec.-
Therefore,
RYVLD.(B7)} < [Zxx — Zxx e X 18;lles + [|(Exy — Sxv )eellen
< C{[IB¢1le, vIn(p?) /n + /In(pq) /n} < Ap.e,

where the last inequality follows by the choice of Ap ¢ in (3.11). The conclusions
of the proposition then follow from Lemma A.2. O

7.3. Proof of Proposition 4.2

Proof. We have

|Zee — Beellen, = [|[(Byy — BTExxB) — (Byy — B ZxxB*) |0,
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<IByy — Svylle. + |[BTExxB — B* T SxxB*||r...

From now on we focus on the event Eg 1 nNEo 2,nMNFEos 3,7 Whose probability
is at least 1 — (1/p + 1/¢)?. Then in the last line above, the first term satisfies
the bound (7.5), while for the second term,

|IB"SxxB — B*" SxxB*||/..
<|I(B ~B") " Sxx (B~ B)|le. + B Exx(B ~ B)le.
+[(B=B*) SxxB e + BT (Zxx — Zxx)B" ...
We treat the terms on the right-hand side above in sequence. First,
I(B=B*) " Exx(B —B)e. < (BB x [|Zxx(B = B,
< [[B =B*) "o x [Exxlle. x [IB~B*
~ 2
= (max1Be - Bile,)
£€q]
and hence

~ ~ ~ 2
|(B = B*) T Sxx (B — B < {24max(sie/ne) b -
telq]

Here we have invoked the conclusion of Proposition 3.1 (see Remark 3.2). Next,

IB* T Sxx (B — B*)|r.. < [|B*[ls x |Exx(B — B,
< |IB*[l1 x [|Sxxlle.. x |B —B*|x
< 24max (sgAe/ke) [|[B*]1.
t€lq]

Finally, we have

BT (Exx — Zxx)B*[le, < [B*[2 x [Exx — Sxx|leo.
< C1||B*||7v/In(p?) /n.

In the end, we obtain that
[Zee — Beelle. < A(Bee). (7.14)

The conclusions of our proposition then follow from a slight variation of The-
orem 1 in [33]. We let X be some generic estimator of 3., and suppose that on
some event A, the estimator f]se satisfies the error bound ||§]EE — Deelle, <9
Note that in the context and notation of Theorem 1 in [33], 3. is the ob-
served covariance matrix for a random sample drawn directly from a distribu-
tion with covariance X.¢, and [|[Zee — Beelle,, < Sf(n,pT) with probability at
least 1 — p?>~".
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We consider the program (4.2) with See replaced by S... Theorem 1 in [33]
states that, if the sample size is large enough so that (4.3) with A(X..) replaced
by ¢ holds, and if the tuning parameter Aq of the program (4.2) satisfies (4.4),
then on the event A the output Q.. satisfies (4.5) with A(X..) replaced by 9,

~

and (Qee)re is zero whenever (Qec) e is zero. For our purpose, e = 3e., the
event A = Ex 10 N Eooc2n N Eoo3n, and the error bound 6 = A(X,.). From

~

the above discussion, we conclude that (4.5) holds and (Qe¢)xe is zero whenever
(Qee) ke is zero, which further imply that (4.6) hold. O

7.4. Proofs for Section 5

Proof of Theorem 5.2. The proof relies in part on the following result on the
RSC condition.

Proposition 7.3. Suppose that Assumption 5.1 and the assumptions of Propo-
sition 4.2 hold. Then on the event Eog 1 n N Foo2.n N Ex 3,5 the empirical loss

L( f);'(x, Sxv, Qee) satisfies RSC condition (7.7) with curvature k' introduced
in (5.5) and tolerance function equal to zero over the cone set C.

Proof. We fix arbitrary A € C. We have
SL(A,B*; S5y, Exy, Qee) = vee(A) T Qe © Sy vec(A)/2,
and hence

OL(A,B"; Sy, Sxy, Qee)
= vec(A) " Qe ® Txx vec(A)/2
+ <ATEXXAa ﬁee - Qse>/2
+ (AT (B4 — Bxx)A, Q)/2. (7.15)
We treat the three terms on the right-hand side of (7.15) one by one. For the

first term, by definition of L(A, B*; ¥xx, ¥xv, Qee) and Assumption 5.1, we
have

vec(A) T Qe @ Bxx vec(A)/2 = § LA, B*; Zxx, Exv, Qee ),
and hence
vec(A) Qe ® Txx vec(A)/2 > k ||Al7,. (7.16)

For the second term, we have

~

|<ATEXXAa ﬁee - Qee>| = |<2XXA7 A(ﬂse - Qse)>|
< [IZxxAlle, % |AQee — Qee)lle
< 1Zxxllop X 1Ree — Qecllop x |1A[7,.  (7.17)
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For the third term, we have
(AT (Stx — Zxx)A, Q)| = | t1{AT (5% — Exx)AQ:.}|

(A)3(E%x — Bxx)AQee)or

M=

1

<A ally, > I(Bfex — Sxx) AQee el

Mﬂr

~
Il
-

and hence
(AT (Bx — Sxx)A, Qe

q
<D IA)aelly, * I185%x — Sxxllew % [(AQee)aclle,.  (7.18)

Now, we bound the last factor in (7.18) as

1(AQee)eclle, = 1A ee)eclle, = ZI Qec)or]
p o~ ~
<D A kalley X N(Qee)etllew = 1AL, X | (Qee)otllee
k=1

and therefore, continuing from (7.18), we have
(AT (Skx — EXX)A Q)|
< Z 1(A)aelle, X 12%x = Bxxllew x [Alley % [[(Qee)ocllen
< 85 = Bl % [Deellen X AR - (7:19)
Combining (7.15), (7.16), (7.17) and (7.19), we have

SL(A,B*; 3%y, Sxy, Qee)
> kA7, = [Exxllop X 1R — Qecllop x [|A[7,/2
— 1Z%x — Bxxllew x 19eelle. x 1A]7, /2,

and hence, upon writing the right-hand side in a different form,
SL(A, B By, Bxy, Qee)

> (k= [IZxx]lop X [|[Ree — Q€€||0P/2)HA”§2
— 1Z%x — Zxxlle X 19Qeelle., x A7, /2. (7.20)
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By a derivation similar to that of (7.10), we have
[Alle, < 40(A)slley < 4Vs[Alle,. (7.21)
Then, plugging (7.21) into (7.20), we conclude that

SL(A,B*; SFy, Sxy, Qee)
> (k= [ Zxx]lop % Hﬁse — Qeellop/2
— 8[| %x — Dxxllew % [Qeellen, x 9)lIAIG,. (7:22)
Next we focus on the event Ex 1.5, N FEoo 2,0 N Es 3,,. Then (7.6) holds, and if
in addition the assumptions in Proposition 4.2 are satisfied, then Proposition 4.2

states that (4.5) and (4.6) also hold. Thus we can further bound from below the
right-hand side of (7.22) as

K — [ Exx]op X ”ﬁss = Qeellop/2 -8 Hf);_(x - Exx|le,, x ||ﬁsen€oc X s
> k= [|[Zxx[lopA1(Ree) /2 — 16C1 {[[Qeelle, + Aoo(Ree)} s/ In(p?)/n.

This concludes the proof of Proposition 7.3. O

We wish to apply Corollary 1 in [30]. To this end, we check the three itemized
conditions at the beginning of the proof of Proposition 3.1. We focus on the event
Esin N Es 25 N Eo 3., whose probability is at least 1 — (1/p + 1/q)?. First,
we set

M - M - {A (S Rqu N V(k7é)esc (A)k[ = 0}

Then B* € M, and the penalty R is decomposable with respect to (M, Ml).

The subspace compatibility constant is ¥(M) = /s. Next, by Proposition 7.3

~

and assumption on x’, over the cone set C, the loss £(-; X%y, Xxv, Qee) satisfies
RSC condition (7.7) with tolerance function equal to zero and curvature k" =
k/2 > 0. Finally, the dual of R is R*(:) = || - ||l¢.., and

R*{Vﬁ(B*§ i;(x, fzXY, ﬁes)} = ||§§XB*ﬁes - i\:XYﬁssHKOO-
Therefore
RYVL(B*;Tix, Exy, Qee)}

= ||(§A3;EX - 2)()()]3*5:2@:5 — (EXY — EXY)ﬁesHZN

< [IZ5%x — Bxxlle. ¥ [B*Qeclli + [Bxy — Exvlle. x [Qeelh

<E%x — Sxxllew * (IB*Qeelly + 1B [1]|Qee — Qecllr)
+IZxy — Sxyllew (19Qeells + [Qee — Qeellr)

< \/2.

The last inequality follows by the bounds (7.6) and (7.4), Proposition 4.2,
and the choice of A in (5.6). The conclusions then follow from Corollary 1 in
[30]. O
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Proof of Theorem 5.4. The proof partially relies on the following result on the
RSC condition.

Proposition 7.4. Suppose that Assumption 5.3 holds, the assumptions of Propo-
sition 4.2 hold, and n is sufficiently large to ensure that (4.7) holds. Then on
the event Eoo 1.n N Foo 2.n N Eoo 3.n the loss L(+; ZAJ;EX, f]xy, ﬁse) satisfies RSC
condition (7.7) with curvature kg introduced in (5.8) and tolerance function
equal to zero over the cone set Cg(3).

Proof. We fix arbitrary A € Cg(3), and use the same decomposition (7.15)
in the proof of Proposition 7.3. The treatment for the second term in the last
line of (7.15) remains the same as (7.17). For the first term, by definition of
OL(A,B*; Xxx, Xxy, Qee) and Assumption 5.3, we have
vec(A) Q.. ® Txx vec(A)/2 = 6L(A, B*; Txx, xv, Qee)
> allAll7,- (7.23)

For the third term, suppose that ﬁss is positive semidefinite. Then we can
take its symmetric positive semidefinite square root Qééz and use the fact that

(AT (S%x — Zxx)A, Q)| = |1{(AQL) T (2%« — Sxx) AL
q
= ‘Z(Aﬂif)jz(@;x — Exx)AQL)u
/=1

to deduce that

AT (BEx — Zxx)A, Q)|

q
< 1Zkx = Bxxlle D 1(AQL)el7,
/=1

< 18%x — Bxxlle. x 1AL, 4,

<
< [13%x — Bxxflew X [[Qeellop X 1A[7, 1, (7:24)
The second inequality follows by (B.4) in Proposition B.2. Therefore, com-
bining (7.15), (7.23), (7.17) and (7.24) we have
SL(A, B Yy, Exv, Qce)
> rG Al = [Bxxllop  [€2ee — Qeellop x [ AI /2
~ 185x — Exxlea % [Qeellop x Al ,/2
= (kG = [IZxxlop X Qe = Qecllop/2) x |AI7,
— 1 85x = Exxllew X [Qeellop x Al ¢,/2. (7:25)
Because A € Cg(3),

[Allere = [1(A)sgellereo + [[(A)geolle o
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<4[[(A)sgeller.e, < 4v/s56[[(A)sgelle, < 4v/scllAlle,- (7.26)

Then, plugging (7.26) into (7.25), we conclude that
5£(A, B*; i\];—(x,ixy, ﬁee)
> (ke — [[Exxlop x ||ﬁee — Qeellop/2
—8[1Zxx — Exxlew X [[Qecllopsc) x [|A[Z,. (7.27)
Now we focus on the event Eso 1.nNEoo2,nNFoo 3,n- Then (7.6) holds, and if in
addition the assumptions in Proposition 4.2 are satisfied, then Proposition 4.2
states that (4.6) also holds. Moreover, if in addition (4.7) holds, then Q¢ is

indeed positive semidefinite. Then (7.27) holds, and furthermore we can lower
bound the right-hand side of (7.27) as

kG — [[Exx|lop X ||ﬁea — Qeellop/2
= 8||Z%x — Zxx e % [Qecllopsc
> kG — [ Exx[lopA1(Qee) /2
=16 C1{[|R%eellop + A1(Qee) tsc v In(p?) /n.

This concludes the proof of Proposition 7.4. O

We wish to apply Corollary 1 in [30]. To this end, we check the three itemized
conditions at the beginning of the proof of Proposition 3.1. We focus on the event
Eoo,l,n N Eoo,2,n N Eoo,Smu First set

M=M={A cRP*: Vieph\st (A)re =0} (7.28)

Then B* € M, and the penalty Rg is decomposable with respect to (M, ﬂl).
The subspace compatibility constant is ¥(M) = /sg. Next, by Proposition 7.4

and assumption on kg, over the cone set Cg(3), the loss £(+; 2;2)(’ f]xy, ﬁee)
satisfies RSC condition (7.7) with tolerance function equal to zero and curvature
k¢ = kg/2 > 0. Finally, we verify that

RE{Vﬁ(B*; §§X7§XY7§\258)}
= |2%xB* Qe — Sxvy Qeclle i,
= |(E%x — Exx)B* Qe — (Exy — Bxv)Qec |l 2
so that
RE{VLB Sy, Bxy, Qee)}
< {(Efx — Zxx)B* et + [1Exy — Zxv e 2 HQeellop

< {Val(E%x — Sxx)B e + 1Exy — Sxvllew e}
X (HQEEHOP + ||Q€s - stHOp)
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< {Va | Z%x — Exxllee X 1B 1 + |Sxy — Exvllews}
X (HQEE”OD + ||Qee - QeeHop)- (729)

The necessary bound for ||Exy — 3xvlleo 2, Which appears in (7.29), is
given in the next proposition.

Proposition 7.5. There exists an event Fi ,, with probability at least 1 —1/p
such that on the event Fy, we have, for some absolute constant Cy,

IZxy = Bxyllew.e; < Cov/C(Eyy)V{In(p?) + n(5)q}/n.
Proof. The proof can be found in Section C.1. O

From now on we focus on the event E 1,p N Eog2.n N Eso3n N Fi1 pn, whose
probability is at least 1—(1/p+1/q)?>—1/p. Continuing from (7.29), and invoking
the bound (7.6), Propositions 4.2 and 7.5, and the choice (5.9) of Ag, it is easy
to verify that

The conclusions of the theorem then follow from Corollary 1 in [30]. O

Proof of Proposition 5.5. Our proof is largely similar to that of Theorem 5.4.
However, instead of bounding RE{VL(B*; X%, Exv, Qee)}, we will bound
RE{VL(BY, f)xx, f]xy, ﬁes)}. Later we will focus on the event {ZA];(X = ZAJXX},
and on this event the two bounds coincide.

Starting with a derivation similar to that in (7.29), we have

RE{VLB* Exx, Exy, Qee)}
= |(Zxx — Zxx)B* Qe — (Exvy — Sxv)Qecllow b
< |(Exx — Exx)B*ﬁsesz,éQ

+ 8%y — Sxvllew s X [1Qeellops

and hence

RE{VL(B"; Bxx, Bxy, Qee)}
<|(Exx — Yxx)B*Qcellr, 05
+[[(Exx = xx)B[leae.tz % Qe = ecllop
+ [ Exy = By llew o ([ Qe llop + [|R2ee = Recllop)-  (7.30)
In (7.30), the necessary bound for |[Exy — ¥xvlle r, has been provided

in Proposition 7.5; the necessary bounds for [|(Zxx — Yxx)B*Qcellr., ¢, and
|(Exx — ¥xx)B*||¢.. e, Will be obtained next.
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Proposition 7.6. Let D € RP*? be an arbitrary non-random matriz. There
exists an event Fp , with probability at least 1 — 4/p such that on the event
Es 10N Fp,, we have

[(Exx — Zxx)Dllee e
< Co|D]lopv/C(Exx)v/{In(p?) + In(5)q}/n
+ C}Dliy/qIn(p?)/(2n).

Here Cy is the same absolute constant as introduced in Proposition 7.5.

Proof. The proof can be found in Section C.2. O

From Proposition 7.6, where we take D to be B*Q2.. or B*, we conclude that
there exist events Fs,, and Fj,, each with probability at least 1 — 4/p, such
that we have

[(Exx — Zxx)B* Qecllre
< Co|IB*Qecllopv/C(Exx) v/ {In(p?) + In(5)q} /n
+ CFIB* Qe |1/ In(p?)/(2n), (7.31)

and

[(Exx — xx)B* [l
< Co||B*[lopv/C(Zxx) v/ {In(p?) + In(5)q} /n
+ CIIB*|l1v/q In(p?)/(2n), (7.32)

respectively on Fog 1., N Fop and Eog 1. N F3 5.

From now on we further focus on the event Eo 1., N Eoc2,n N Eoso3n NF1nN
F5,, N Fs,,. Starting from (7.30), (7.31), (7.32) and Proposition 7.5, we then
have

RG{VL(B™; Sxx, Exy, Qee)}
< 2| B*Qecllopv/C(Zxx) v/ {In(p?) + In(5)q} /n
+ CF|IB*Qec |1/ In(p?)/(2n)
+{Ca|B*[lopv/C(Exx)v/{In(p?) + In(5)g} /n
+ CF[IB*[l1v/g n(p?)/(2n) }[| Qe — Reellop
+ Co\/C(Zyy)V/{In(p?) + In(5)g} /n
X (1Reellop + 1Qee = Qecllop) < Aa/2. (7.33)

The last step follows by Proposition 4.2 and the choice of Ag in (5.13).
Next, focus on the event Fo 1 N Es2mn N Esczn N Fin N Fop N Fy,
whose probability is at least 1 — (1/p + 1/q)? — 9/p, intersected with the event
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{f]xx =0} = {f];gx = f]xx}. The proof of Theorem 5.4 entirely goes through
(on this smaller event), with the new bound RE{VL(B*; X%, Xxy, Qec)} =
REAVLB*; Zxx, Xxy, Qee)} < Aa/2 by (7.33). The conclusions of the propo-
sition then follow. ([

Proof of Theorem 5.7. The proof partially relies on the following result on the
RSC-D condition.

Proposition 7.7. Suppose that Assumption 5.6 and the assumptions of Propo-
sition 4.2 hold, and that n is large enough to ensure that (4.7), and (3.8) with
s¢ replaced by sg, hold. Then on the event Eog 170N Eoc 2.n N Eoo 30N Fop ase.ns
where Eop asq,n 15 the same event as Fop 1. tntroduced above Proposition 7.2
with k = 4sq, the empirical loss L(+; f]xx,flxy,ﬁss) satisfies RSC-D condi-
tion (7.8) with curvature kp, o in (5.16) and tolerance function equal to zero
over the cone set Cg(1).

Proof. We have

(VL(A,B* + A; Zxx, Exv, Qee)
~ VL(A,B*; Zxx, 2AB(Y,(A‘les),A) = <§]XXAQG€; A),

and hence

(VL(A,B* + A; Exx, Exy, Qee) — VL(A, B*; Exx, Exy, Qee), A)
= VeC(A)TQee (9 EXX vec(A) + <AT2X)(A7 ﬁee — Qes)
+ (AT (Bxx — Zxx)A, Q) (7.34)
which is identical to (7.15) apart from a factor of 2.
We fix A € Cg(1), and focus on the event Fo 1 N Eso2n N Eso3n. If
sqg = 0, then A = 0 and the conclusion of the proposition follows trivially,
so we assume that sg > 0. The treatment for the second term in the last

line of (7.34) remains the same as (7.17). For the first term, by definition of
0L(A,B*; ¥xx, Xxy, Q) and Assumption 5.6, we have

vec(A) T Qe @ Txx vec(A)
= 25£(A,B*;Exx7zxy,ﬂes) Z QKJD’GHA”?z. (735)
For the third term, because the assumptions stated in Proposition 4.2 are

satisfied, (4.6) holds. Together with (4.7), this further implies that Q. is posi-
tive semidefinite. Hence we can take its symmetric positive semidefinite square

root, ﬁif and use
\<AT(§3XX — Yxx)A, ﬁ€€>|
= [ {(AQYL) T (Z%x — Bxx)AQLY
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q ~
< Z (AQU) L (Zfx — Bxx)(AQL)ur|. (7.36)

Now, fix an arbitrary integer k& € N, and assume that (B.1) holds with § =
1/p?. In addition to the event Eoo1nNEs 20N Eos 3n, we further focus on the
event Eyp .. Then, (B.2) in Lemma B.1 applies with § = 1/p?, and the first

step of (7.13) with the substitution of d by (Aﬁiéz).g yields
(AL (Exx — Bxx) (AQL )l
< [CP(p*)/(2n) +2C"(Zxx){k In(12p) /n} /> /K] x | (AQLL)ucll7,
+2C"(Zxx) (ke n(12p)/n}' 2 x [[(AQLL)wcl?, (7.37)
Plugging (7.37) into (7.36), we have
(AT (Bxx — Zxx)A, Q)|
a
<> [Chm@)/2n) +2€ (Sxx) (kIn(12p) /n} 2 k] x [(ARL2)ulll,
=1
q

+3 20 (Exx){kIn(12p) /n}"? < || (AQL)uc 7,
(=1

Now the right-hand term can be rewritten as

[C2m(p?)/(2n) + 2 (Sxx) {kIn(12p) /n} /2 /K] D 1 (AQYL)
£=1

q
+2C (Zxx){kIn(12p)/n}'/2 Y " [(AQL)urll7,
=1

and hence, by applying (B.4) in Proposition B.2 to the term >_7_, || (Aﬂl/Q).gH%l,
we find that it is bounded from above by

[C2m(p?)/(2n) + 2 (Sxx) (R In(12p) /n} /2 k] < [ARLLR, o,
+2C (Zxx) {k In(12p) /n}'/? x | AQL|E,-
Therefore,
(AT (Exx — Zxx)A, Qe.)]
< [CP(p*)/(2n) +2C (Zxx) {kIn(12p) /n} /2 /K] % [[Qeelop X |AIZ, .z,
+2C'(Zxx) {k In(12p) /n}'/? | Qeellop x A7, (7.38)
By a derivation similar to that of (7.26), now for A € Cg(1), we have
[Allere. <2456 (1A, (7.39)
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Then, plugging (7.39) into (7.38), we conclude that
(AT (Exx — Exx)AQee)|
< [2Cf{scln(p?)/n} +2C'(Sxx){In(12p)/n}'/?
x (456 /VE +VE)] % [|Qeelop x A7,
Now, to balance the terms 4 sg/v/k and vk in the last line above, we choose

k = 4sqg. Then (B.1) translates into (3.8) with s, replaced by sg, which holds
by assumption, and therefore we have

(AT (Sxx — Zxx)A, Q)|
< [2C¥{scIn(p?)/n} +8C'(Zxx){scIn(12p) /n}'/?]
X [|Qeelop < A7, (7.40)
Then, from (7.34), (7.35), (7.17) and (7.40), we have
(VL(A,B* + A: Zxx, Sxvy, Qec) — VL(A, B*; Ixx, Sxv, Qec), A)
> (266 — IBxxflop % 1€ee = Reclop
— [2C%{scIn(p?)/n} + 8C'(Bxx){scIn(12p) /n}'/?]
X [|Qeellop) | A7, (7.41)
Finally, invoking (4.6) in (7.41) yields the conclusion of the proposition. O

We wish to apply Lemma A.2. To this end, we check the three itemized
conditions at the beginning of the proof of Proposition 3.1, except that now we
check that appropriate RSC-D condition, instead of RSC condition, holds. We
focus on the event Eoo 1. N Foo2.n N Eosc3n N Eopasgm N Fin N Fapn N Ey g,
whose probability is at least 1 — (1/p + 1/¢q)> — 9/p. Here the event F},, is
introduced in Proposition 7.5, and the events Fy, and F3, are introduced
below Proposition 7.6.

First, we set M and M as in (7.28) again. Then again B* € M, the penalty

— 1
R is decomposable with respect to (M, M), and the subspace compatibility
constant is ¥ (M) = /sg. Next, by Proposition 7.7 and assumption on Iib’G,

over the cone set Cg(1), the loss L(+; ixx, ixy7 ﬁee) satisfies RSC-D condi-
tion (7.8) with tolerance function equal to zero and curvature xf, ¢ = rp,g > 0.
Finally, essentially by (7.33), we can verify that

RE{VLBY; Exx, Exv, ee)} < Ap.a-

The conclusions of the theorem then follow from Lemma A.2. O

8. Discussion

In this paper, we studied the estimation of the coefficient matrix in an elliptical
copula multivariate response regression model. In this model, the joint distri-
bution of the responses and covariates has an elliptical copula and arbitrary
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marginal distributions, and after applying some unknown monotonic marginal
transformations, the responses and covariates are jointly elliptically distributed
and are linked to one another in a linear regression model. As such, this model
is much more flexible than the conventional multivariate response linear regres-
sion model. We provide penalized estimators of the coefficient matrix that in
particular are computationally efficient and adaptive to the unknown marginal
transformations, incorporate the precision matrix of the error vector and can
take advantage of the potential row-sparsity of the coefficient matrix.

Extensions are possible. First, we could consider the issue of support recov-
ery of B*, which we have not dealt with here. In particular, analogous to the
improvement in the estimation of B* that we have seen by employing a group
penalty under a row-sparse model for B*, it would be interesting to investigate
the extent to which group penalty will help with the recovery of row-support of
B* in our copula context. Second, our current algorithm terminates after an im-
proved estimation of B* is obtained. To further improve the estimation accuracy
of B* and §2,., we could attempt to reiterate the procedures in Sections 4-5, but
starting with the improved estimator of B* instead of B in (4.1). Convergence
of the iteration scheme analogous to that derived in [22] is then needed.
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Appendix A: Results for the general Dantzig selector problem

We follow the convention set in Section 7.1. We let Q be a generic Euclidean
space, and consider two subspaces M C M of Q. Assume that the norm-based
penalty function R is decomposable with respect to (M, M=), let R* denote the
dual of R, and let W(M) be the subspace compatibility constant with respect
to the pair (R, | - ||le,).- We define the cone set

C={0cQ:R(Ox;.) <R(Ox1)}-

Let £ : Q — R be a generic loss function and let 8* denote the true (but un-
known) parameter value. To estimate 3*, consider the solution 3 to the Dantzig
selector program

~

B = argmin R(3),
BeQ

subject to R*{VL(B)} < Ap, where Ap is a tuning parameter. Further let
6=p03-p03"

The first lemma below is a slight extension of a well-known result on the
geometry of the solution of a Dantzig selector program; see, e.g., Section III in
[9]. The second lemma states bounds on 4.
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Lemma A.1. Assume that 3* € M (so B* = 3}, and B},. = 0) and that B*
is a feasible solution, i.e., A\p > R*{VL(B*)}. Then § always satisfies the cone
condition § € C.

Proof. The derivation is standard. Here we follow the first part of the proof of
Theorem 4.3 in [21]. By the triangle inequality and the assumption that 3* € M,
we have
R(B) = R(B" +8) = R(Biy + &35 +0xz0) = R(Biuy + 8xq0) — R(dy)-
From the decomposability of R and the assumption 3* € M, we also have
R(Bh + 0572 ) = R(BuMm) + R(d77.) = R(B™) + R(d74)-
Therefore, R(05;.) < R(dx7) + R(B) — R(B*). Furthermore, given that 3* is
a feasible solution, we have R(8) < R(B*) and hence we can conclude. O

Lemma A.2. Assume that 3* € M and that \p > R*{VL(B*)}. Further
assume that L satisfies RSC-D condition (7.8) with curvature kr = k1 > 0 and
tolerance function 77 (B%) = kaR?(8) with ke > 0 over the cone set C, and that
k1 — 403 (M)kg > 0. Then

16]le, < 4{r1 —4T*(M)ro} T (M)Ap, (A1)
and
R(6) < 8{x; — 4T*(M)ra} W2 (M)Ap. (A.2)
Proof. First observe that the assumption on Ap makes 8* a feasible solution,
so that 6 € C by Lemma A.1. Next note that by Holder’s inequality and the
triangle inequality,
(VL(B" +6) — VL(B"),8) < R(RY{VL(B" +6) — VL(B")}
S R(8) [RYVL(B™ +8)} + RYVL(B)}].
The assumption on Ap and the fact that ,@ is a feasible solution then im-
ply that the right-hand side is bounded above by 2ApR(4). Furthermore, the

triangle inequality, the fact that § € C, and the definition of the subspace com-
patibility constant successively imply that

R(8) < R(854.) + R(85q) < 2R(3y)
< 2U(M)[[0x4lle, < 2T(M)[0]le- (A-3)
Therefore,
(VL(B" +6) — VL(B"),8) < 2ApR(8) < 4Ap ¥ (M) |6, (A.4)
Moreover, inequality (A.3) and the condition (7.8) on £ imply
(VL(B" +8) = VL(B"),8) > r1|8]I7, — x2R*(9)
> {r1 — 4T (M) 2 }|6]]7,.- (A.5)

Inequality (A.1) then follows from (A.4) and (A.5). Finally, (A.1) and (A.3)
together yield (A.2). ]
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Appendix B: Other auxiliary lemmas

B.1. Dewviation bound in operator norm for the plug-in estimator
based on Kendall’s tau

We propose a slight reformulation of Corollary 4.8 from [1].

Lemma B.1. Let k € N be an arbitrary integer and fix § > 0. Assume that

n >1n(2/6) + 2k1n(12p). (B.1)
Then there exists an event Eop i 5n with probability at least 1 — § such that on
the event Es 1,n N Eop.ic,5,n, we have, for all u € RP,
[u” (Zxx — Sxx)ul < CF ) |[ull7, /(2n)
+C'(Zxx) V{In(2/8) + 2k In(12p)} /n (|ul7, + [ull? /&), (B.2)
where C'(Xxx) is as defined in (3.10).

Proof. Following Section 4.3 of [1], define S = {v € R? : ||[v]le, < 1, ||Vl <
k}. For arbitrary u € RP, it follows easily from Lemma 4.9 and the proof of
Lemma 4.7 in [1] that

u’ (Exx — Exx)u| < (7%/8)||Txx — Txx|l7_ [ul?,

+2r sup [V (Txx — Txx)V'| ([ulles + lulle, /VE). (B.3)

v, v/ €Sy

Next, Lemma 4.6 in [1] also states that on an event Egy, x5, with probability
at least 1 — ¢,

sup |VT(TXX — Txx)V'| <321+ v5)C(Exx) V/{In(2/8) + 2k In(12p)}/n.

v,v' €Sk

Thus (B.2) follows from (B.3), the above bound on Eqp 6., and the bound
(7.1) on Euo 1, O

B.2. A matrix inequality

We have the following result.
Proposition B.2. Consider an arbitrary matriz A € RP*9. Then

q

D e, < IAIZ .- (B-4)
{=1

Proof. Assume without loss of generality that A has entries axy > 0. Then
q q P 9 a p P q
SNl =3 (Yawe) =30 37 awewne = 3 (3 awee)
=1 —

=1 k=1 =1 k,k'=1 kk'=1 £=1
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and

Il = {5 (20) ) = 3 (20" (X))

=

bl
I
—
—
>
e
|
-
~
I
—
~
|
—

Thus it suffices to show that for each pair (k, k) € [p] x [p], we have
q 5 a
(Zakeak'e) < (Zaie) (Za%/e),
=1 =1 =1

which is an easy consequence of the Cauchy—Schwarz inequality. O

B.3. Conditional moments of Gaussian distributions

Lemma B.3. Let Y and Z be N(0,1) random variables that are in addition
jointly normal with correlation p. For any integer r € N,

E(Y[1Z=2) <2 [ + 2771 (1 - p)/2(r — 1

where r!! denotes the double or semifactorial of an integer r, i.e., the product of
all the integers from 1 up to r that have the same parity (odd or even) as r.

Proof. Given that Y|Z = z has the same distribution as pz + (1 — p?)'/2Y, we
can write

E(Y|"|Z = z) = E{|pz + (1 - p*)'/?Y["}
<2 lpl|am 427 (1 = p?)PE(YT),
from which the conclusion follows from the formula for the rth absolute moment

of Y. O

B.4. Bernstein’s inequality

The following result is Theorem 2.10 in [2].

Lemma B.4. Let Xi,...,X, be centered independent random variables such
that for every integer k > 2 and all i € [n], E(|X;|¥) < klo?ck=2/2, and set

o2 = ZO’?, S, = ZXZ"
i€[n]

i€[n]

Then, for allt € [0,00), Pr(S, > V202t +ct) < et
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Appendix C: Bounding the || - ||¢, ¢, norm of some random matrices

oo 2

Let S77! = {v € R? : ||v||s, = 1} be the unit Euclidean sphere in R? and let N/
be a (1/2)-net of S9~! equipped with the Euclidean norm; see Definition 5.1 in
[40]. From, e.g., Lemma 5.2 in [40], we can and will take N to satisfy card(N) <
{1+1/(1/2)}? = 59. Let ¢}, € RP have a 1 at the kth coordinate, and 0 elsewhere.
Then, for any matrix M € RP*9,

IMllepe, = sup [ef Mlle, = sup ¢/ Mv. (C.1)
ke(p] k€[p],veSe—1

The following result shows that the supremum over v € S9~! in the above
can be replaced by a supremum over the net A at the cost of a constant factor.

Proposition C.1. For any M € RP*Y we have

Moo, <2 sup ¢ Mv.
ke[p],veN

Proof. In view of (C.1), we can find k* € [p] and v* € S7~! such that ||M||,_ ,, =
ef- M|, = ¢ Mv*. Choose v/ € N so that ||v* — v/||,, <1/2. Then

e MV = 4 MV | < [l Mgy X V5=Vl < M0 e/2,
and hence ¢.Mv’ > ¢].Mv* — [[M|\r. r,/2 = |[M|lr. ¢,/2, which implies that
Ml 0o < 2¢{.MvV’. This is enough to conclude. O

C.1. Proof of Proposition 7.5
First note that because the sine function is Lipschitz, we have

IZxy = Sxvllewes <7 Txy — Txyllew 02/2-

So it suffices to bound the right-hand side from above. The proof proceeds in
three steps.

C.1.1. Reduction to a net
By Proposition C.1, we have

ITxy — Txvlle, e <2 sup u (Txy — Txy)v.
ke[p]l,veN

For fixed k € [p], v € N and § > 0, consider the event
Ak,v,é = {L;—(TXY — Txy)V < 5}
Using the Chernoff bound technique, we then have, for all ¢ > 0,

Pr{(Av5)°} < e PE[exp{t¢] (Txy — Txy)v}]. (C.2)
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C.1.2. Decoupling the U -statistic

For arbitrary i, j € [n], let
h(X,X;,Y:,Y;) =sgn(X; — X;)sen(Y; —Y;) ",
and for any permutation i1,...,14, of the integers 1,...,n, define
WXy o3 Xi, Yirs oo, Y5 )

= 2{h(Xi1aXi27Yilei2) + h(Xisa XiuYis’ Yi4)
4+ h(Xinfl , Xin,a Yin,NYin,)}/n'

Summing over all possible permutations, we can then write

rj:\‘X\( = ZW(X“,...,Xin,Yil,...,Yin)/’fL!

n,n

in terms of the sample (X1,Y1),...,(Xn,Yy). It then follows from (C.2) and
the convexity of the exponential function that

PI"{(Ak,v,é)C}
< e_té Z E[GXP[t LZ{W(Xila ce 7Xian7ll’ s 7Yin) - TXY}V]:I/TL'

n,n

= ¢ PElexpltey {(W(Xi,.... X0, Y1,...,Y,) — Txy}v]].

C.1.8. Conversion into an average of sub-Gaussian random variables

For each i € [n/2], let
Sx,i = sgn(Xoi—1 — X2;), Sy, =sgn(Yai—1 — Ya;), (C.3)
so that

g{WXy, . X, Y, Y,) — Txy v

n/2
= 2’42 Z{SX,iS;i - E(SX,iSI’,i)}v/nv
=1
and hence
n/2
PI‘{(A;C’V’(;)C} S e_t(sE |:6Xp {2“/;' Z{SX,Z‘S;J — E(SXJ‘SI(,Z»)}V/’R:H . (04)
=1

For each i € [n/2], further let Uy ; = L;SXJ and Wy ; = VTSYJ'. Then

n/2 n/2
b Y {Sx.iSv — E(SxiSy. )}V = {UkiWy.i — E(UkWy.i)}-
i=1

i=1
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Given that the variables Sx 1,...,Sx /2 are iid, as are Sy 1,...,Sy »/2, we
have

E{exp [Qti/z{Uk,iW” - E(Uk,iwm)}/n”

— [Eexp2{Us1 Wy,1 — E(Up1 W 1)} /n]]",

and hence (C.4) becomes

n/2

Pr{(Asv.s)’} < e P [Eexp[2t{Us1Wy,1 — E(Up1 Wy 1)} /] (C.5)

The problem is thus reduced to finding an upper bound on the moment
generating function of Uy W, ;. To this end, define the sub-Gaussian norm
| - ||, of a random variable R by

IRy, = sup m~Y/2 (B|R|™)"/™,
meN

as in Definition 5.7 of [40]. By Remark 5.18 in [40], and considering that |Ug 1| =
1, we have

[Uka Wy = E(Uk i Wo 1) llp, < 21Uk iWetlly, = 2([Wy 1lly,- (C.6)

Furthermore, by Lemma 5.5 in [40], notably the equivalence of the constants
K5 and K, in that lemma up to an absolute constant factor, there exists an
absolute constant C’ such that

EGXp [Qt{UkJWv’l — E(Uk,1WV,1)}/TL}

< exp{C" U1 W1 = E(Uka Wy 1), /n*}
SeXp(C'4t2||Wv71||,2pQ/n2), (C.7)
where the second inequality follows by (C.6).

Next, Lemmas 4.4-4.5 in [1] imply that for all ¢ € [n/2], Sy ; is C(Zyy)-sub-
Gaussian, i.e., for any fixed w € RY, we have

Eexp(w' Sy ;) < exp{C(Syv) [|w|7/2}.
Thus, for all § € R,
E{exp(0W, 1)} = Eexp{(@v)TSYJ}
< exp{C(Syy) |0V}, /2} = exp{0*C(Svv)/2}.

By the above and again by Lemma 5.5 in [40], in particular the equivalence
of the constants Ky and K, in that lemma up to an absolute constant factor,
the centered random variable Wy, ; satisfies

Wy illg, < C"VC(Bvy) (C.8)
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for some absolute constant C”. Combining (C.7) and (C.8), we conclude that
Eexp[2t{Uy 1 Wy.1 — E(Ux 1 Wy 1)}/n] < exp{t*C"" C(Syvy)/n?}, (C.9)
with C” = (4C") x (C")2. Combining (C.9) and (C.5), we get
Pr{(Ajv.s)'} < exp{—td + >C"" C(Syv)/(2n)}
for all ¢ € (0, 00), and hence also, by minimizing over all such values of ¢,
Pr{(Aj.5)°} < exp [ —nd?/{2C"C(Syv)}].

Thus if

§ =" =/2C" C(Syy) V{In(p?) + In(5)g} /n,
we then hav e Pr{(Ak.M(;*)C} < 1/(p*57). Finally, consider the event F}, =
Nielp],ven Ak,v,5+- From the above upper bound on Pr{(Ak7v75*)C}, valid for all

k € [p] and v € N, together with the union bound, we get Pr(Fy ) >1—1/p.
Summing up, we have

IZxy — Exvyllen e < 70" =7/20" C(Syy) /{In(p?) + In(5)q} /n,

on the event Fy ,,, which is the desired conclusion. O

C.2. Proof of Proposition 7.6

It mimics the proof of Proposition 7.5 but extra steps are needed to tackle the
right-multiplication of ¥xx — 3xx by D. First, a Taylor expansion yields

I(Zxx = Exx)Dlec.ex = [[(7/2) cos(7Txx /2) o (Txx — Txx)D
— (72/8) sin(nTxx/2) o (Txx — Txx) © (Txx — Txx)D|lre ta:
which, by the triangle inequality, is bounded above by
(7/2)|| cos(nTxx/2) © (Txx — Txx)Dlle.. 2,
+ (7‘(2/8)” Sin(T(Txx/2) o (’/I\‘XX — Txx) o (TXX — Txx)DHgong, (ClO)

where Txx is a symmetric random matrix such that each entry (Txx) Le 1S a

random number strictly between (Txx)kg and (Txx)ge. The second summand
in (C.10) is bounded above by

(r%y/a/8)| sin(nTxx /2) o (Txx — Txx) o (Txx — Txx)D|le..
< (7%/q/8) || sin(rTxx/2) o (Txx — Txx) o (Txx — Txx)lle.. x D1
< (7°\/4/8) ITxx — Txx|?_ x | Dl (C.11)

It remains to find an upper bound on the first summand in (C.10).
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C.2.1. Reduction to a net

By Proposition C.1, the first summand in (C.10) is no larger than

T sup LZ cos(mTxx/2) o ('f‘xx — Txx)Dv.
ke€lp],veN

For fixed k € [p], v € N and § > 0, consider the event
Bivs = {L;r cos(mTxx/2) o (TXX — Txx)Dv < ¢}
Using the Chernoff bound technique, we have, for all ¢ > 0,

Pr{(Bjv.s)’} < e PE[exp{te] cos(rTxx/2) o (Txx — Txx)Dv}]. (C.12)

C.2.2. Treating the cosine function transformation

By Lemma E.1 in [1], there exist vectors aj, ag, ... and by, bs, ..., all belonging
to RP, with ||a,||s, [[br|le.. < 1 for every integer r € N, and a sequence t1, . . ..
of non-negative numbers adding up to 4, such that

cos(mTxx/2) = Zt a,b
reN

For any vector u, let diag(u) be the diagonal matrix with the elements of
u arranged on the diagonal. Plugging the above expression into the expecta-
tion term on the right-hand side of (C.12), and calling on the fact that the
exponential function is convex, we find

Pr{(Bk’v,(;)C} < e PE [exp { Z t,te, diag(a,)(Txx — Txx)diag(bT)DvH

reN
e " Z t, E[exp{t¢] diag(a,)(Txx — Txx)diag(b,)Dv}],
reN
and hence
Pr{(Biv.s)}
< 4e " maxE[exp{t ¢f diag(a, ) (Txx — Txx)diag(b,)Dv}]. (C.13)

reN

C.2.3. Decoupling the U -statistic
For arbitrary i, j € [n], let

h(X;,X;) = sgn(X; — X;)sgn(X; — X;) 7,
and for any permutation 1, ...,14, of the integers 1,...,n, write

V(X5 Xi,) = 2{h(X;,, X4,) + A(Xiy, X4,) + -+ h(Xy,_,, X4, ) /0.
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Summing over all possible permutations, we can again write

I’f[\‘)()( = Z V(Xiw' .. 7X1n)/n'

Thus, for any integer r € N,

Eexp {(t on diag(a,)(Txx — Txx)diag(b,)Dv }
= Eexp [t ¢} diag(a,) [Z{V(Xh, e X ) — Txx}/n!} diag(bT)Dv} ,

n,n

and from the convexity of the exponential function, this expression is bounded
above by

Z E[exp[te, diag(a){V (X, ..., X;,) — Txx }diag(b,)Dv]] /n!

n,n

=E[explt ¢y diag(a, ) {V(Xy,...,X,) — Txx tdiag(b,)Dv]].
Therefore,
E exp{(t ¢, diag(a,)(Txx — Txx )diag(b,)Dv}

<E [ exp [thgdiag(ar)

x> {Sx.iSk. — E(Sx.Sx.,)}diag(b,)Dv/n| |, (C.14)
i€[n/2]

where Sx 1,...,8x 52 are as defined in (C.3) and iid.

C.2.4. Conversion into an average of sub-Gaussian random variables
For each i € [n/2], define U ,.; = deiag(ar)sxﬂ- and V. = v D diag(b,)Sx ;.

Given that the pairs (U 4, V5 r;) are iid, we can rewrite the right-hand side of
(C.14) as

Elexp 26 > (UnniVri = B(UkriVori)} /] |

i€[n/2]
— [Eexp2{Usr1Vart — E(Upr1Vara)} /)],
It then follows from (C.13) that
Pr{(Bjv.s)%}
< 4e max B[ exp[2t{Ucr1 Vot = EUkra Vo)) /m)]""?. (C.15)
re

The problem is thus reduced to finding an upper bound on the moment
generating function of Uy, , 1 V4 ;1. To this end, we use its sub-Gaussian property.
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co —

Vs r1]les,- By Remark 5.18 in [40], we also have

Given that |la,|,, < 1, we have |Ug,1| < 1 and hence |[Ug,1Vyrilly, <

Uk 1 Vo rt = E(Ukr i Vo r )l < 21Uk e 1V rilles < 2[Varilly,.  (C.16)

By Lemma 5.5 in [40], and specifically the equivalence of the constants K5 and
K, in that lemma up to an absolute constant factor, there exists an absolute
constant C” as introduced in the proof of Proposition 7.5, such that

E[exp[Qt{Uk:,r,le,r,l - E(Uk,r,lvv,r,l)}/n]]
§ exp{c/t2”Uk,r,1Vv,r,l - E(U}arJVvv,r,l)||12/,y2 /nZ}
SeXp(4C’t2||VV7T,1||12pz/n2), (C.17)

where the second inequality follows by (C.16).
Next, Lemmas 4.4-4.5 in [1] imply that for all ¢ € [n/2], Sx ; is C(Zxx)-sub-
Gaussian, i.e., for any fixed u € RP, we have

Eexp(u'Sx ;) < exp{C(Zxx) [ul|%/2}.
Thus, for all § € R,

E{exp(6Va,.1)} = B[ expl{0diag(b,)Dv}  Sx 1]
< exp{C(Sxx) [[0diag(b,)Dv|% /2}
< exp{62C(Sxx) [D]12,/2}.

From the above and again by Lemma 5.5 in [40], in particular the equivalence
of the constants Ky and K4 in that lemma up to an absolute constant factor,
the centered random variable V,, ,.; satisfies

Ve ralle, < C" [Dllop v/C(Zxx), (C.18)

for the same constant C” as in (C.8). Combining (C.17) and (C.18), we conclude
that

E[EXP[%{Uk,r,le,r,l - E(Uk,r,lvv,r,l)}/n]]
< exp{C"" | D|[3, C(Zxx)/n’}, (C.19)

for the same constant C" as in (C.9). In view of (C.19), (C.15) thus becomes
Pr{(Bivs)"} < dexp{—td + *C""|ID|3, C(Sxx)/(2n)}
for all ¢ € (0,00), and hence also, by minimizing over all such values of ¢,
Pr{(Brvs)°} < 4exp[-nd*/{20"||D|3,C(Zxx)}]-

Thus Pr{(Byy.s)°} < 4/(p*59) as soon as

5= 6" = /20" DI, C(Sxx) /np?) + )} /n.
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Finally, consider the event Fp ,, = Nie[p],ven Bk,v,s+- From the above upper

bound on Pr{(Byys-)C}, valid for all k € [p] and v € N, together with the
union bound, we get Pr(Fp,) > 1 —4/p. Summing up (in particular recall
(C.11)), we have, on the event Foo 1., N FD n

[(Exx — Exx)Dlle,en < 70* + (72/q/8)| Txx — Txx|7_ Dl

and hence, by invoking (7.1), we have, on the same event,

I(Exx — Zxx)Dllee e
< 7|DJlop/2C" C(Exx )V {In(p?) + In(5)q} /n + CF|D|l1/q In(p®)/(2n),

which is the desired conclusion. O

Appendix D: Computational aspects

We can write (5.1) in a form to which a solver for a standard Lasso problem
can be readily applied. Section 2 of [6], specifically at the top of p. 6 around
Eq. (2.2), describes a procedure similar in spirit but that applies to a univariate
response problem. To see how, first recall that S, S, and €2 are supposed to be
proxies for Xxx, Xxy and .., respectively. We further assume that S and €
are positive definite. Let A € R?9*(P9) he a Cholesky factor of Q ® S, so that
ATA = Q®8S. Next, let y € R®9 be such that ATy = vec(Sx ). We can
then rewrite the right-hand side of (5.1) as

vec(B) ' Q ® Svec(B)/2 — tr(QS . B)
= vec(B)TAT A vec(B)/2 — vec(S, Q)T vec(B)
=vec(B)TATAvec(B)/2 —y' Avec(B)
=|ly = Avec(B)|?,/2 -y y/2. (D.1)
We have thus converted (5.1) to an equivalent univariate response least squares

form (D.1) with y as the response, A as the explanatory variables, and the
vectorized B as the regression coefficient.

Appendix E: Identifiability issues and prediction

Suppose we are given Model (1.1) but not all components of X and Y have
mean 0 and variance 1. The model can then be transformed into a form that
does. Model (1.1) implies that

{diag(Zyy) V*(Y —EY)}"

= [diag(Zxx) /X — E(X)}] " {diag(Sxx)"/*B*diag(Zyy)~/?}
+ [diag(Syv) " /*{e —E(e)}] ",
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where diag denotes the diagonal matrix with diagonal elements identical to those
of the argument. Obviously, all components of diag(Exx)~/2{X — E(X)} and
diag(EZvv)~Y?{Y — E(Y)} have mean 0 and variance 1. Then, by making the
simultaneous substitutions,

diag(EXX)il/Q{X - E(X)} — chw» diag(EYY)71/2{Y - E(Y)} — Yncw,

diag(Zyy)~*{e —E(e)} > enew, diag(Txx)"/*B*diag(Svyy) /* = Buew,

we can convert the original Model (1.1) into a new form where all components of
the covariates and the responses have mean 0 and variance 1. In Model (1.2), the
substitutions performed on f(X) and ¢g(Y) can be absorbed into the functions
f and g, respectively.

Now we briefly discuss the prediction problem for Model (1.2) under the
elliptical copula multivariate response regression model, where given a value
X* of the covariate, we would like to predict the response Y*. Our discussion
essentially follows Section 2.1 in [11], which deals with a variant of the Gaussian
copula regression model. In the ideal setting where the transformation functions
f and ¢ and the coefficient matrix B* are known, the oracle predictor for the
median of Y* is

U =g BT f(X")}.

This results from adapting Eq. (4) in [11] to our context using the conditionals
of elliptical distributions; see, e.g., Theorem 2.18 in [12]. The oracle predictor
U* has a unique value, irrespective of the identifiability conditions. Prediction
at other quantile levels of Y* is also possible but more involved.

In practice, f, g and B* are not available, and it is natural to substitute them
by their estimates f , g and B when the latter are available. Then, an empirical
predictor for the median is given by

U =5 B f(X")}, (E.1)
where g~ ! is a suitable inverse of §. Therefore, accurate estimations of f, g
and B* are all important for achieving good prediction performance. We have
addressed the estimation of B* in this paper.

In the most commonly encountered Gaussian copula regression model, the
estimators of f and ¢ are also straightforward to construct. We focus our dis-
cussion on f because the treatment for g is analogous. In this case, because
f(X) is multivariate normal and all its components have mean 0 and variance 1
by our identification conditions, f(x1,...,2p) = (fi(x1),..., fp(xp)) " is explic-
itly given by f. = ® ! o F,., where F, is the marginal distribution function of
the rth coordinate of X, and ®~! is the A/(0, 1) quantile function. To obtain an
estimator fr of f,, it is typical to substitute F,. in f,. = ®~ o F, by (sometimes a
Winsorized, i.e., truncated version of) the empirical marginal distribution func-
tion Fy , in (F.1); see, e.g., Eq. (3.26) in [19] and Section 4 in [25]. In the more
general case where f(X) is elliptical, ® ! should be replaced by proper quantile
functions for the marginals of f(X) to obtain f.
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Appendix F: Use of the normal-score rank correlation estimator in
the Gaussian copula case

In this Appendix, we examine the properties of the normal-score rank correlation
estimator X, also known as van der Waerden correlation matrix, as an esti-
mator of the copula correlation matrix when the underlying copula is Gaussian.
The discussion is carried out in a general context. For space consideration, only
a brief discussion on the application of 3I,, to the Gaussian copula regression
problem is included at the end.

Let X € RP be a continuous random vector with Gaussian copula and copula
correlation matrix 3. Let Fi,. .., F}, denote the marginal distribution functions
of X = (Xi,...,X,)". For each i € [n], let X; = (X;1,...,X;p) be an inde-
pendent copy of X. We define the (rescaled version of the) empirical marginal
distribution function for the kth coordinate of X as

N 1 n
mk(t) = e g{:} 1( X, <t)= ) Fox(t). (F.1)

Then, the normal-score rank correlation estimator or van der Waerden correla-
tion matrix X, = [rn ka ]k wrefp) of B = [Fer]k,wefp) is defined, for all k, & € [p],
as

¢’ﬂ —1 * —1 *
k! = — ) Fro o (X; ) Fro (X))t
Tk = eE[] {F p(Xig)} x @ H{EF, 0 (Xiw)}

See, e.g., Eq. (7) on p. 113 in [15]. Here ¢, is a deterministic correction factor
given by

b = [% 3 {cb-l (nil) }2}_1 =1+ 0{n " In(n)}. (F.2)

i€[n]

For each i € [n], define the Gaussianized observation

Z{" = (@ HE; (B} @ HE(Eip)D)T (F.3)
and let 3,, be the corresponding sample covariance matrix, viz.
®n (n)ry(n) T
3, == 7.7, . F4
LR "

The correction ¢, is asymptotically negligible, but with it the diagonal ele-
ments of 3, all equal to 1, and so 3,, becomes a genuine correlation matrix. The
elements of 3,, belong to multivariate rank order statistics that are common in
the literature; see [15, 36] for some early references.

In fixed dimension, the van der Waerden correlation matrix 3, enjoys one
crucial property: it is asymptotically semiparametrically efficient. More pre-
cisely, 3J,, achieves the asymptotic covariance matrix lower bound in the Hajek—
Le Cam convolution theorem; see [19]. The analogous estimators based on
Kendall’s tau and Spearman’s rho do not share this property.
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Whether or not the dimension is fixed, it also stems readily from (F.4) that
33, is always positive semidefinite. As a result, when the Lasso estimator studied
earlier in this paper is equipped with the estimator ¥,,, it no longer requires the
projection trick in (2.4) that sometimes leads to complication in the analysis,
as in Section 3.3 or 5.3.1. Therefore, at least in fixed dimension, when estimat-
ing the copula correlation matrix for Gaussian copulas, the van der Waerden
correlation matrix 3,, should clearly be favored over the estimators based on
Kendall’s tau and Spearman’s rho.

That the estimator 3,, is semiparametrically efficient in the fixed-dimensional
setting is equivalent to the characterization that X, is asymptotically linear in
the efficient influence function; see, e.g., Lemma 25.23 in [39]. The main goal
of this Appendix is to establish a high-dimensional counterpart to the above
statement in Theorem F.1. The theorem states that, in high dimensions, each
element of the estimator X,, is the summation of a term which is linear in the
efficient influence function (thus this term is asymptotically normal after scaling
by n'/2) and a remainder term which is, with high probability, uniformly small
(at a rate n~! up to logarithm factors) over all coordinates.

While the elements of the Kendall’s tau or the Spearman’s rho matrix are
also asymptotically linear in their own influence function, the latter is inefficient.
Thus, our result implies that the covariance matrix of X,, is smaller than both
the Kendall’s tau and the Spearman’s rho estimators, so long as the remainder
terms do not appreciably affect the covariance matrix. Further discussion is
provided in Section F.3.

To state Theorem F'.1, first define the efficient influence function ¢ for esti-
mating elements of X as in, e.g., Theorem 3.1 in [19]. For any given correlation
coefficient p € R and arbitrary marginal distribution functions G and H, let

Uy, 2z p, G, H) = 2~ HG ()} {H(2)} - (p/2)[{27(G(y))}?
+{O M H(2)}?] : (y,2) € R? = R.

In the statement of Theorem F.1 and in its proof, detailed in Section F.2,
C denotes a finite absolute constant that does not depend on n and p (nor on
k, k', m, r which occur later). However, this constant C' may change at each
occurrence. Furthermore, < denotes an inequality that holds up to such a C' as
the multiplicative factor.

Theorem F.1. Assume that In(p) = o(n) and In(n) = O(p). The normal-score
rank correlation estimator 3y, = [rp ki |k ep) Of B = [Trrr ki e[p) then satisfies

1
n,kk’ — r= EX’L 7Xi ’3 '7F7F’ R, "y F.5
Tk = Thk! = Z (Xik, Xiw'; Tkt Fioy Fir) + R ke (F.5)

i€[n]
where the remainder term R,y satisfies, with probability at least 1 — C/p?,

B[R] < C{In(p) In?(n) + 1™/ (p)} /. (F.6)
k' €lp
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The condition In(p) = o(n) is common in the literature on high-dimensional
statistics. The other condition In(n) = O(p) is purely for convenience: with it,
On,p in (F.7) admits the simple upper bound Clnl/Q(p). This simplification will
be used repetitively without further mention.

F.1. Preliminaries

At a high level, the proof follows that of Theorem 3.1 in [19] up to Eq. (3.35).
However, the derivation there is for the fixed-dimensional setting, and even
then only heuristic, and with the remainder term simply stated as having order
0,(n~/2) in contrast to our (F.6). Theorem 3.1 in [19] was formally established
using the result from [36], which in turn is strictly for the fixed-dimensional
setting. The core of our proof is showing that the term Baj g/ —Eglvkk/ is small,
which relies heavily on the realization that this term has a hidden canonical U-
statistic structure.

To start, we need the following classical but important lemma for the con-
vergence of the empirical distribution function under a weighted metric, which
is Corollary 1 in Section 11.2 in [38]. We define

Onp = In'/*{pin(n)}. (F.7)

Lemma F.2. Assume the same conditions as in Theorem F.1. Then for all
k € [p] and n € N, there exist events Eyy,, each with probability at least
1 —1/p3, such that for the same absolute constant My > 0, we have

sup |(Fy k= Fi)(0)]/VEe(t) A (1= F)(t) < Midnp/Vn (F.8)

on Ey  n, where in general, a A b = min(a,b),
Apa={t:(2M1/3)%0; ,/n < Fi(t) <1— (2M1/3)%67 ,/n}
and 0, is defined in (F.7). Thus, setting
Apo={t:4M?5, /n < Fy(t) <1—4MP6, ,/n},
we have, on the event Eyy, p,

Sup [(Fp e = FR)@OI/{FR() A (1= Fr)(8)} < 1/2. (F.9)

Proof. For the quantities in Corollary 1 in Section 11.2 in [38], we choose
A= Mbp,, a=(2/3°?/n—=0, b=05=1/2.

As X\ = 34§+/an, we can choose v+ =1 — 4§ = 1/2. We can also choose v~ = 1.
That (F.8) holds with probability at least 1—1/p? then follows from the corollary,
and the simple fact that ||F); ; — Fy, kllc < 1/(n+ 1), for large enough M; > 0.
Then, (F.9) follows as a simple consequence. |
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We also record two auxiliary lemmas whose proofs we omit. Below, ¢ denotes
the A(0,1) density.
Lemma F.3. We have d® 1(u)/du = 1/¢p{® }(u)} and d®®~(u)/d*u =
“Hu)/*{ 2 (u)}-

Lemma F.4. For some absolute constant My < oo,

u(l—wu)

@~ (w))]
uE(Ol ¢{<I) Y(u)} < M, sup <1. (F.10)

ue(o 1) \/21n [1/[2{un (1 =u)}]]

F.2. Proof of Theorem F.1

First, because the diagonal elements of 3, all equal to 1, R, xr = 0 when
k = k' and so (F.6) clearly holds. Thus we focus on the case k # k’. We have
the decomposition

VI (ks = Tt ) = Sk + - 4 Bamr + O{n~Y21n(n)}, (F.11)

where

Bl kk = \/— Z THF (X)) x @ HFw (X))} — T
Eon bk = % Z [ Fy p (Xin)} — @ H{Fu(Xin)}] x @ H{Fu (Xip)},
i€ [n]
_ 1 -1 1o 1
E3.nkk! = % Z O H{FL (X)) X [@7H{EF, o (Xig)} — @7 H{F (X xr)}]

~—4nkk: = \/— Z Zk } ¢~ 1{Fk( )}]7
X [@7HE, 1o (Xiw)} — @7 H{EFw (Xiw)},

and the O{In(n)n~'/2} term in (F.11) comes from the factor ¢, given in (F.2).

We treat the terms Zg 5, gk, Z3.n.kk’ s S4,n.kky o1 the right-hand side of (F.11)
in sequence. We define a,, = 4 M}?57. ,/n, where M; is the absolute constant in
Lemma F.2, and the sets Ay, = (0,a,] U (1 — ap,1) and Az, = (an,1 — ay)
which form a partition of the interval (0,1).

Proposition F.5. For the term 2 p pi in (F.11), we have

- T/ck
Hon ki = : Z THE(Xi )Y = 1+ Ry ik

where the remainder term Ry, pr satisfies, with probability at least 1 — C/p?,

Ry ] < On™!HIn(p) In?(n) + 0 (p)).
‘e



Elliptical copula multivariate regression 965

Proof. We treat the “tail region” where i € [n] satisfies F,(X; ) € A1, sepa-
rately from the region where i € [n] satisfies F(X; 1) € Aa,. We write

Eon.kk = B1 gk + Bo krr, (F.12)

where

1
B = —= > [T HE (X)L (X )} X @ e (X))
Fio(Xi,k)€ALR

and

1
By = —= Z (@ E) 1 (Xik) =@ H{Fk(Xip) X @™ H{ Fir (X 40) -
Fk(Xi,k)EAz,n

Part 1: Treatment of the term By pir. We write By prr = Bi1 ki — Bi2, ki, Where
1 _ . _
Bll,kk’ = % Z o 1{Fn,k(Xi,k)} x ® 1{Fk’(Xi,k’)}
Fr(Xik)EAL R

and
1 _ _
Big gk = 7n Z O Fp(Xip)} X @ H{F (Xin)}
Fr(X;k)€ALR

We only analyze the term By i in detail; this will culminate in the bound
(F.16). The term Biq ki is bounded similarly (with a possibly different C). This
follows by an argument similar to that for Bjs i/, but simply using the bound
maX;e () [P HEF  (Xin)} S In'/2(n), which follows from the facts that

min{Fy (X ), 1 — F;  (Xik) 1i € [n]} 2 1/(n+ 1),
and the right-hand inequality in (F.10).
We first control the expectation of By ;1. We let Fjys be the bivariate distri-

bution function of (X, Xy ), and let F), s be its empirical counterpart based
on {(Xix, X;x) 11 € [n]}. We can write

Bio iy =n'/? / {Fy(y) € A1n}
X @ HFy(y)}@~ H{Fy (2)}dFp ki (v, 2)  (F.13)

and so
|[EB12, k| < nl/z/l{Fk(y) € AL O H{Fr(y)} x [®7 {Fr (2) HdFuw (v, 2)

< nl/z/l{Fk(y) € AL Y@ HE W)} x {107 {Fi(y)}| + 1}dFr(y)
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< nl/2 / 1{u € (0, an]}{In(1/2u) + 1n1/2(1/2u)}du
<n~Y21n(p) In(n). (F.14)

The second step follows by integrating over z upon conditioning on y, using
the fact that given X;, = y, the variable ®~1{F}/ (X1 4/)} is Gaussian with
mean 7, @ {F}(y)} and variance 1 — 73, and calling on Lemma B.3. In the
third step, we have invoked the right-hand inequality in (F.10).

Next, we study the concentration of Byg px around E(Bi2 k). We will apply
Bernstein’s inequality, slightly simplified here as Lemma B.4. To this end, we
bound the rth absolute moment, where r > 2, of the integrand in (F.13). We
obtain

/ 1{Fu(y) € Ay} {Fu(0)}@ {Fo (2)}"dFip (v, 2)
< / 1{Fu(y) € Ava} | {Fu()}"
X A2 B Y E I + 27 — DI}dF(y), (F.15)

where we have again invoked Lemma B.3. We first concentrate on the first term
in the curly bracket above. Using the right-hand inequality of (F.10), we have

2 [ 1{Fly) € Ava} o (B} PR )
< 22’"*1/1{u € (0,a,]} In"(1/2u)du

and the right-hand side can be successively rewritten as follows:
(—1)T22T_1/1{u € (0,a,]} In"(2u)du

Toar— - rT—m r! m
= (-1)"2*tu Y (-1) — 0" (2u) u=,
m=0 :

T

_ rl o
— 92 1anZ(_1>mﬁln (2ay,).

m=0
Furthermore, the right-hand most term in the above expression reduces to

T

1 T
r122r g, Z — In"{1/(2an)} < r122r g, Z In"™(1/2a,).
m!

m=0 m=0

Therefore,

2T*1/1{Fk(y) € AL MO Y Fu(y) 2 dFi(y) < r122La, In"{1/(2an)}.
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In the last step, we simply used the formula for the sum of a geometric series.
For the second term in the curly bracket in (F.15), Holder’s inequality implies

271 = ! [ 1{E() € ALl R W) dF )

1/2
< 2/2 1 (p 1) {/l{u € (o,an]}ln’"(l/%)du} {/l{u € (O,Gn]}d“}
<223 = D[rlay In"{1/(2a,)}]/2ay/? < 272 rla, 0"/ 2 {1/ (2a,)}

1/2

Therefore, overall the left-hand side of (F.15) can be bounded above by the
multiple of a constant which is uniform over all integers > 2, and the quantity

122" a, In"{1/(2a,,)} = r![16a, In*{1/(2a,)}] x [41n{1/(2a,)}]" 2

uniformly over r and n. We can then apply Bernstein’s inequality with ¢ <
In{1/(2a,)} and o? < a,, In*(1/2a,), and conclude that

Pr(|Biasr — E(Bioww)| > Cn~Y2{5, , In(n)yvu + In(n)u}] < 2e7%

Combining the above with the expectation bound (F.14) earlier, and setting
u = C'ln(p) for C large enough, we conclude that

Pr{|Biar| > Cn~2In(p) In(n)} < 1/(2p%). (F.16)

Together with an identical bound for Bj; g (as argued earlier), we conclude
that there exists an event Ej yis , with probability at least 1 — 1/ p* on which

|Bywr| < Cn~21n(p) In(n). (F.17)

Part 2: Treatment of the term Bs . By Taylor expansion to second order and
Lemma F.3, the term Bj i can be written as

1 ) I
Fk(Xi,Zk):eAz,,L ¢[(I>71{Fk(Xi,k)}]( k= ) (Xaa) 2B (K )}

% Z &HM))}] (Fy ) — Fr)*(Xiw) @ H{Fr (X))}

Fp(Xik)€EA2n ¢2{(I) ( ki

= Boi ki + Bag k- (F.18)

1
NG

In the above, for each i, the quantity Fn ki 18 a random number strictly
between F;,C(Xi,k) and Fk(X7 ). We can write B ki equivalently as

Boy gy = /1{Fk( ) € Ay, n}%ﬁ( ke — Fr) (W) dE ke (y, 2).
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We intend to approximate By pi by

o {Fw(2)}
D[~ Fi(y)}]

We now show that Boj prr — Engk/ is indeed small through a U-statistic
argument. Introduce the functions fy, k', gn ki : R? x R? — R specifically as
o~ Fy(21)}
P~ H{Fr(y1)}]

Boy ki = /1{Fk(y) €A} Vn (Fo e — F)(y)dFge (y, 2).

Frgorr (Y1, 213 Y2, 22) = H{Fr(y1) € Aapn} {1(y2 < 1) — Fr(y1)},

Gn, ik (Y1, 213 Y2, 22) = Frkke (Y1, 213 Y2, 22) — /fn,kk/ (v, 25 y2, 22)dFrr (y, 2),

and the index set I2 = {(i,7) : i,j € [n],i # j}. First replace F . by Fyp and
then write out F), j explicitly as in (F.1). We find

Boi ik — Bot ki = Dot kkr 1+ Dot ki 2 + Dot ki 3, (F.19)

where we have introduced the quantities

—3/2 )
Aoy g1 =n~> E ek ( Xy Xiiers Xjores Xjnr ),

(1,)€I?
Aoy ppr o =n 32 Z ek (X s Xty X, Xk ),
i€[n]
NG > {F(2)}
Aot ph 3 = U FL(y) € Agp}— U F N o (AR, e (y, 2).
21,kk’,3 n+1 { k(y) 2, }¢[¢_1{Fk(y)}] 7k(y) Jkk (y )

The quantity Agy ki1 is clearly (the “off-diagonal” part of) a U-statistic, with
kernel gy, xx . Moreover,

E{gnkr (Xi, Xpr3y2,22)} = 0, E{gnkr (1, 213 X, Xpr) } = 0. (F.20)

Indeed, the first equality follows by integration with respect to the measure Fj/
whereas the second stems from the fact that E{1(X < y1) — Fr(y1)} = 0.

Thus ¢y, k- is canonical (i.e., completely degenerate) for the measure Fyys. If
the kernel g, x1» were “nice,” this would suggest that Agy rr/ 1 could be on the
order of n=1/2. However, this kernel is unbounded, and it diverges ever more
quickly as n increases. Thus, establishing a deviation inequality for Agq gxs 1 is
quite tedious. The formal treatment of Ag; xxs 1, as well as the “leftover” terms
Aoy k2 (which is the “diagonal”, i.e., the i = j part of a U-statistic) and
Aoy ki 3, will be considered next.

PI‘OpOSitiOH F.6. The terms AQl,kk’,l; A21,kk’,27 AQl,kk/,B satisfy

Pr[|Ag1 g 1| > C{ln(p) In(n) + ln3/2(p)}n*1/2] < C/p47 (F.21)
Pr{| Aot g 2| + [Aor par 3] > CIn® 2 (n)n =12} < 2/p*. (F.22)
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Therefore, there exists an event Fg pir ., with probability at least 1 — C/p* on
which

| Bavkw — Bargw| < C{In(p) In(n) + n*?(p) + m*(n)}n=1/2. (F.23)
Proof. Let hy gi be the symmetrized version of ¢y, ks (11, -12; 21, -22), L.€.,
T ki (Y1, 215 Y2, 22)

1
=3 { ek (Y1, 215 Y2, 22) — /fn,kk’ (Y, 23 Y2, 22)dFrp (y, 2)

+ fokk (Y2, 22591, 21) — /fn,kk/(y,z;y1,21)dFkk/(y72)}
= (hngr 1+ P ki 2 + P ke 3 + ki 4) (Y15 215 Y2, 22) /2. (F.24)

From (F.20), the variant with g, xx’ replaced by hy, ki holds, too; thus hy, ki is
also canonical for the measure Fyp-.

We consider the “decoupled” version of the U-statistic Agq gir,1. For each
i € [n], let X7 = (X}y,...,X},) be an independent copy of X;. The decoupled
version of Agj gy 1, including the diagonal part to be precise, is then

* * *
D Gt (X Xiprs X Xy ) = D i (Xier X3 X5 s X ).

i,j€[n] i,j€[n]

We wish to apply Theorem 3.2 in [14] to bound, for every integer m > 3, the
mth moment of the quantity above. Via Markov’s inequality, this will lead to a
tail probability bound for the quantity above and, via the decoupling theorem,
to a tail probability bound for the un-decoupled Ag; gr 1.

Let || - ||z2—r2 be defined as in (3.9) in [14]. Also for a (generic) random
variable X, let Ex denote the expectation taken with respect to the random
variable X only. Then, Theorem 3.2 in [14] states that there exists a universal
constant K < oo such that (for the canonical kernel h,, yr/ of two variables, and
independent random variables X;, X* for all ¢ € [n]), for every integer m > 2,

m
* *
Bl D7 b (X Xihr X XJ10)

i,j€[n]

m/2
=K [m’"”[ > B e (X Xirs X X0} | 4™ o [ o
i,j€[n]

+m*™ B x, je(n)) max { > Excs {h2 o (X Xiwrs Xy X5 0)}

el )

"

,jEN

+m2mE{ max] |h2kk/(Xi,kaXi,k’§X;,k7X;,k/)|}]' (F.25)

Note that while the statement of the theorem requires a bounded kernel,
inspection of the proof reveals that it is not necessary. If in doubt, we can



970 Y. Zhao and C. Genest

always truncate the unbounded kernel h,, i1, and then let the truncation level
go to infinity on both sides of (F.25).

In what follows, sometimes we will write h,, i simply as h. To apply (F.25),
we need to bound four quantities, namely

(i) B{h2(Xip, Xinr; X5 po X5 p) )5

(ii) [|hllr2—r2;

(i) Ex,icn J}[maxze H{Ex; D2 (X, Xiprs X5, X500 ) ™2 5
(IV) Emaxije [n] |h (Xz ks Xz.k’v X;k;aX;k’)I'

We carry out these tasks in sequence. For (i), first by Jensen’s inequality,
E{hQ(Xiykin,k/Q ;,kv ;,k’)} < 4E{f2,kk' (Xikr Xi k' X;,kv ;,k’)}

and the latter can be rewritten as follows:

o) o) { e

x {L(X]p < Xix) — Fk(Xi,k)}gl

— 4Ex,

o Fy (Xi,k')}} }2

H{F(Xik) € A2} {Qs[@—l{Fk(Xi,k)}

x Ex: {1(X ) < Xip) — Fk(Xi,k)}Q]

= 4Fx,

o Fu (X)) |
A HFr(Xin)}]

{F,(X; %) € Ag)n}{

X Fk(sz) {1 — Fk(sz)}‘| .

Therefore, upon invoking Lemma B.3 and then (F.10), we can deduce that
E{1?(Xip, Xipr: X X )} < CIn*{1/(2a,)}. (F.26)

For (ii), first by definition (see (3.9) in [14]), we can write ||h||z2_ 1> as

Sup{E Z h zk;sz’ X]ka ;,k’)fl( i,k zk’)gj(X;,k7X;,k/):
i,j€[n]

EZf Xik, 1k/)<1EZQJ ;,kvX;,k/)Sl}
J€[n]

so that, by Jensen’s inequality,
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* * 1/2
Al L2— L2 §Sup{ > {ERA (X X X X)) /
4,5€[n]

. 172
x {AES7 (Xig, Xiw)}'/? x {Eg} (X5, X500} 7

EZf zk7 zk’)<1EZgJ ]k:’X;,k’)Sl}‘
]

i€[n] Jj€[n

Now, by (F.26), the right-hand side of this inequality can be bounded above by

Cln{l/(2a,)}
1/2 1/2
Xsup{{ Z Ef( i,k zk’)} { Z Egj ]k) ]k’)} :
i.jeln] i,j€[n]
Ezf ’Lk?7 Zk},)<1EZgJ X]k‘7Xjk}/)<1}
i€[n] J€n)
and hence

Al 22 re < Cnln{l/(2an)}. (F.27)

For (iii), we first compute the inner expectation with respect to X7. To this
end, the contributions from the squares of the four terms in the curly bracket
in (F.24) are computed separately. For the first term involving A, ks 1,

EX; {hi,kk/,l(yla 213 X;,k’ X;,k’)} = EX; {fﬁ,kk/ (Y1, 21; X;,ka ]*k’)}

Then, realizing that 1(X7, < y1) is Bernoulli with success probability Fj(y1),
we can rewrite the right-hand term as

O HFu(21)} 1 - ’
LR 6 <) = )|

= 1(F(n) € Az} | St P R (1= A).

For the second term involving hy, xi’ 2, given that

< | H{Fu(y1) € A2 n}

P ks 2 (Y15 215 Y2, 22) = —Ex { fr o (X ks X3 Y2, 22) 1,
it follows from Jensen’s inequality that
hi,kk',Q(ylv 213 Y2, %2) < EXi{ffb,kk' (Xi,kaXi,k';ym 22)}

and hence

EX;? {h%,kk/ (Y1, 21 X] ks J*k’)}
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< Ex: Ex, {7 i (Xige, Xiwrs X7 4o X5 p0)}
= E{fg,kk/ (Xi ks Xi s ;,ka ;,k’)} < Cln2{1/(2an)},

where the last step follows from (F.26). For the third term involving Ay, ki’ 3,
note that

Exj{hi,kk’,S(ylazl;X;kv ]*k’)}

oY P (X)) :
= Bx; [1{F(X],) € Az} [ l{gk()gf;)}]{uylsx;:u—Fk(X;,k)}]
-1 F/ ’
= Bx; | LUEX) € Aan) g E{;k(()éfkﬁ]

X [{Fr(y1) < Fi(X5 )} — Fk(Xf,k)]] : (F.28)

To be precise, the last equality holds with probability 1 when eventually we set
y1 = X g If Fi(y1) < an, (F.28) can be rewritten and bounded from above as
follows:

O F (X7,) ’
[HAOG) € A g {1{; XZ*’“ {1- Fu(x;0}
O P (X)) +
< OBx; | HF(X]) € Aon) g {1:; J)’“(*} {1 }2]

l1-a -

"o (w)? 41 2 -1

:C'/ (1 —w)*du < Ca,, " In{1/(2a,)}.
0 HIW))? "

If a, < Fr(y1) < 1/2, dividing the range of integration based on the position

of Fi.(X7 ) relative to Fi(y1) and 1/2, and making multiple uses of (F.10), we

can rewrite (F.28) and bound it as follows:

—1 F/ , 2
WFe (X5 ) € (an, Fr(y1))} e E{;}f(}g*’“ ]{ka( ;k)}]

O-L{F, (X", ?
HA(X) € ()1~ (1= A ;-ik>}]

AW @l 41, e R
SC/% sty Y *C/mym{@ Ty (L7

e (w2 1 1

12 {27 (w)}?
Fr(y1) 1/2 (1_ )2

< c/ n{1/(2u)} + 1]du + C [In{1/(2u)} + 1] =—
an Fr(y1)

+Ex;

+C (1 —u)?du

du
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o [ /a0 - Wy + 1) du
1/2

1
=C [m In[1/{2F%(y1)}] + Fk(yl)] .

As the case where Fj(y;) > 1/2 is analogous, we conclude that

EX}{hi,kk’,S(ylvzl;X;M ;,k/)}
1

1
N PR Nk [2[% VE A1 F)) (yn]]

+{Fx A (1= Fy)} (yl)] . (F.29)

For the fourth term involving Ay, i1’ 4, note that

P ieker 4 (Y15 215 Y2, 22) = —E{h ki 3(y1, 213 Xk, Xjn) b
Therefore, by Jensen’s inequality,
EX;f{hi,kk/A(yl,Zl;X;,k» j*k’)}
= Ex: [E{hn ke 3(y1, 215 Xjik, X;e)}?
< E{hi,kk’ﬁ(yl? 215 Xj7k7 Xj7k')}7

which then admits the same bound as (F.29).
Thus, for the term (iii), we first have

EX;{hQ(yly21§X;k7X;k/)} < h(y, 21),

where the right-hand side is defined by

o H{Fu(21)}
P[@~H{Fr(y1)}]

In?{1/(2a,)} + {Fr. A (1 — Fx)} (1)

Y Fu() eAz,n}[ } Fulyr) {1 - Fulyn)}

+C

4 1 ] [ ! }
an VIFL A (L= B y1) - 2[an VI A (L= F)bn) |

For m > 3, the expectation of ﬁm/Q(Xi7k, X, k) can be bounded above as follows:

E{h™(X; 1, Xin)}

gcm/

o~ Fp(2)} ]
O[@H{Fi(y)}]

1{Fu(y) € Asn} [
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m/2
X Fk(y){le(y)}] dFyx (y, 2)

m 1
vor | [anv{Fk NI B} )

m/2
1
. [2[% V{F A (1— Fk)}(y)]} 1 dFy(y)

+cm / (e A (L= FOY™2 (y)dFi(y) + O™ 2™/ (1/2a,,)

<cm lnm/Q{l/(Qan)}al_m/2 + Cmmm/Qa,ll_m/Q.

n

Then, simply bounding the maximum over all ¢ € [n] by the summation over
i € [n], we find

E(x; ien)} {?EI%{EX; P (X ey Xiwrs X s ;,k’)}m/z}

< E{ Z B(Xi,mXi,k')m/z}

i€[n]
< C™n[In™2{1/(2a,)}al ™2 4 m™/2ql 2] (F.30)

Finally, for the term (iv), first compute, for any integer m > 3,
B0 (X, Xips X s X )| < C™ In™2{1/(2a0) Yl ™ 4+ m™2a ™).

Then, bounding the maximum over i,j € [n] by the summation over ¢, j € [n],
we obtain

E _ma[x] W™ (X ke Xig's X s X 1)
i,j5€[n ’ ’

< C™p2[In™ {1/ (2a) a2~ ™ + m™/2a2"™].  (F.31)

Now we are ready to apply (F.25). Combining (F.26), (F.27), (F.30), (F.31),

we obtain

B Y B (X Xiprs X5 X )
i,j€[n]
<Cc™m max{mm/z(Am)m,mm Bm)m,m3m/2(Cm)m,
m?™ (D)™, m°"™?(Eyn)™)  (F.32)
for the quantities

Ap = By =In{1/(2a,)} n,  Cpy = InY2{1/(2a,)}a; /21 mpl/241/m,

D,, = ar—Ll/2+l/mn1/2+1/m + 1n1/2{1/(2an)}a;1+2/mn2/m’
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and B, = an 2/ ™n2/m. Now, let
t,, = Ce max(ml/QAm,mBm,m3/2Cm,m2Dm,m5/2Em), (F.33)

where the constant C' could be the same as that in (F.32). By Markov’s inequal-
ity, we have
1)

m
.
S% ‘ Z P ik (X ey Xihrs X5 gy X pr)
i i,5€[n]

Pr (’ Z P perer (X gy Xigrs X gy X5 gr)

i,j€[n

<e™ (F.34)

for every integer m > 3. Now let m = [41n(p)], so that the last line in (F.34)
is e=™ < 1/p*. For this value of m, t,, in (F.33) admits the bound t,, <
C{In(p) In(n) + In*?(p)}n. Thus we conclude that

|

otk (X Xi ks X5 gy X5 )
1,j€[n]
> C{In(p) In(n) + n*?(p)}n| < 1/p*. (F.35)
To properly apply the decoupling theorem, we also need to treat the “diago-

nal” component of >, n] Pt (X ks Xiwr3 X5 gy X7 pr), namely (up to scaling
by n73/2)

i,jE[n

— . —3/2 . *
Aoy ppra=n"" E P et (X gy X s Xy Xpr)-

i€[n]

It is easy to check that for each ¢ € [n], Ay ki (Xi g, Xi ks Xi*,sz‘*,k') is cen-
tered, and that for arbitrary integer r > 2, its rth absolute moment can be
bounded above by a constant multiple of

@ H{Fw (1)}
Pl {Fi(y1)}]"
X |1(y2 < y1) — Fre(yo)|"dFer (y1, 21)dFpp (Y2, 22)
| @~ {Fl (21)}]"
§/1{Fk(y) € Azn} S {Fa(y)}]” dFyr (Y1, 21)
@~ H{F(y)}" + (r = D!
PO~ H{F(y1)}]"
In"/2(1/2u) du

/1{Fk( )€ Ao}

<2 '{F(y) € Ay} dFy(y1)

< 23T/2’1M§/1{u € (an,1/2]}

+ 2" My (r — 1)!!/1{u € (an, 1/2]} i du

<22 M I {1/ (2a,) bay " 27T M (r — )ua—r+1
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< ri{In{1/(2a,)Ya; 1Y [2%/2 M, lnl/g{l/(Qan)}a;l]rfz
Then, by Bernstein’s inequality,
Pr{|Agy i 4| > CIn'/2(n)n=1/2} < 1/p%. (F.36)
Next, first by (F.35), (F.36) and basic probability axioms, and then by de-

coupling using, e.g., Theorem 3.4.1 in [7], we can conclude that there exists an
absolute constant K € (0, 00) such that

2/p* > Pr H Z P et (X ke Xigrs X gy X5 gr)

i,j€[n]

> C{ln(p) In(n) + ln3/2(p)}n} + Pr{n®?|Ag g 4| > CIn'/2(n)n}

> Pr H Z P e (X ey Xioirs X5 s X ger)

> C{ln(p) In(n) + In*/2 (p)}n}

(i,5)€l?
1
> }Pr H Z o ot (X ey X3 Xk, Xjiokr)
(i,9)€I2

> KC{In(p) In(n) + In3/? (p)}n} .

Then, recalling that Asq pr/1 contains an overall n=3/2 factor, (F.21) in the
proposition follows.
We then turn to the term Ag; g 2. To treat it, write

—3/2 )
Aoy 2 =0~ E Jrker (X oy Xi s X, Xii)

1€[n]

—n 732 Z Exc { fror (X s X7 s X, X ) }-

i€[n]

For the summand f, gr (X; k, Xi k3 Xi g, Xix) in the first term on the right-
hand side, we can bound the expectation of | fn gx (Xs k, Xi x5 Xi g, Xi k)| from

above by C'In*2{1/(2a,,)}, while for any integer r > 2, its rth absolute moment
can be bounded similarly as that for Agq gi 4.

As for the summand Ex{ f kr (X[, X5 Xk, Xi )} in the second term
on the right-hand side above, its expect’ation’ is zero, while for any integer r > 2,
its rth absolute moment can be bounded via Jensen’s inequality as

ElExc: { frrr (X7 g, Xi s Xig, Xig) "
< E{Ex: | fopn (X g X s Xis Xow)|™

which can again be bounded similarly as that for Ag; /4. Thus,

Pr{|Agt g 2| = CIn®2(n)n=1/2} < 1/p*.
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Analogously, Ag; gk 3 satisfies the same bound. Then, (F.22) in the proposition
follows.

Finally, (F.23) holds as a simple consequence of (F.19), (F.21) and (F.22).
This completes the proof of Proposition F.6. U

Next, we rewrite

Bot o — 1 / 1{Fk<y>eAz,n}%\F (Foe — FR)(y)dFi(y)

_— / 1{Fu(y) € Ag.n}&~ {Fi ()i (Fuk — Fe) (0)d® {F(y)}

_ 7“1;/« {—/1{Fk(y) € Ag  1Wn @ HFu(y) Y2 d(Frx — Fr)(y) +D2},

so that

— Thk/ Tk D Tt D
Borper = —— i Z THE(X) ) -1+ kkz -+ kk2 2. (F.37)

ze [n]

The first step follows by integrating over z upon conditioning on y and the
fact that given Xj = vy, the variable ® '{F}/ (X} )} is Gaussian with mean
T @ Fi(y)}. The third step and (F.37) follow by integration by parts, and
upon setting

Dy :/1{Fk(y) EALn}\/ﬁq)_l{Fk( )}2 ( n,k = Fk)(y)

and
= \/E(I)_l(l - an>2(Fn,k‘ — F){Fy (L —an)}
=V ® Y (an)? (Fok — Fi){F (an)}.

The term D has expectation zero, and its concentration around expectation
can be treated in a similar way as Bz ks earlier to arrive at a bound similar to
(F.16). Specifically, there exists an event E7 j ,, with probability at least 1—1/p?
on which

|D1| < Cn~Y21n(p) In(n). (F.38)
Lemma F.2 also easily ensures that on Ey i p,
|Ds| < Cn~Y21n(p) In(n). (F.39)

We finally treat the term Bag i from (F.18). By the mean value theorem
and (F.9) on the event Ey i, ,,, we have, on the same event, and for Fj(y) € A; p,

I(I)_l(Fnkl) o~ {Fk( Z,k)}‘ |Fnk1 ( lk)|/¢{q) ( nki)}
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| Fa i (Xik) = Fe(Xi)l _ 1Fy s (Kik) — Fe(Xin)| 1
F* A1 —ﬁ;,“) M AR AN - F)b(Xig) T2

n,k,i

<

Here ﬁ;; k. is a random number strictly between F:; ki and Fy(X; 1.). Therefore,

| Baz,ki| can be bounded above by

|(I>_1(Fz,k,i)|
Fo(Xom)EAsn V{1 (F, . ,)}
X (Fy . — Fe)*(Xi )| @ H{Fr (X 1) }|
¢y _lrinm
Fi(X, 1) €A n VRAE, e N1 = F, )}
X (Fy = Fr) 2 (Xi k) [@ 7 H{Fi (Xi )}

_ Z & {Fu (X, 1)} +1
N Vi {F, A (1= F)Y2(X,1)

Fr(Xik)€A2n
X (Fr i — Fr)*(Xin)| @ {Fe (X))},

on the event Ey j ,, and hence, by (F.8),

~ S Fu(Xix)} +1
By iir| < m—3/252 | =
| Bog ki | S HEEDY {Fi A (1= F)}(Xik)

X |‘I)_1{Fk’(Xi,k’)}| = C22,kk:’ (F40)

Fp(Xik)€EA2n

on the event Fy . It is easy to see that
E(Cagprr) < Cn~ Y2 1In(p) In?(n). (F.41)

Next, after some algebra it can be shown that for any integer » > 2, the
rth absolute moment of the summand in Cog i is bounded by a multiple
of a constant which is uniform over r» > 2, and 712" In"{1/(2a,)}a,"*! =

1 {64 1n2(1/2an)a;1} {81n(1/2an)a;1}rf2 uniformly over r and n. Then, by

Bernstein’s inequality, there exists an event g pis, with probability at least
1 —1/p* on which

|C22,kk’ — ECQQ’kk/| S Cn_1/2 ln(p) ln(n) (F42)

Therefore, from (F.40), (F.41) and (F.42) we conclude that on Ey ;N Es ki ns

| Bog grr| < Cn~ Y2 1n(p) In?(n). (F.43)

We now finally collect the above results. By (F.12) and (F.18), we obtain

Eon.kk = Bi,kkr + Ba1 gk + Boo ki
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= B1 g + Bo1 gk + (Ba1 ki — B21 ki) + Boo ki

where EQl,kk’ satisfies (F37) The terms Bl,kk’7 (B21,kk’ - EZl,kk’) and BQQ,kk/
in the expansion of =3, ki, and then the terms D; and D, in the expansion
of 22 ki are bounded as in (F.17), (F.23), (F.43), (F.38), (F.39) respectively.
Together these bounds yield that, on the intersection of some events E, ; and
E,, kkr with probabilities at least 1 —C/p3 and 1 —C/p?* respectively, the magni-
tude of the sum of these remainder terms is bounded by Cn~'/?{In(p)In*(n) +

In®/? (p)}. Taking the intersection of E,, , and E,, px over k, k' € [p] then yields
the conclusion of Proposition F.5. O

By an analogous argument, the term Z3 ,, rpr (F.11) satisfies

- Tk/c
H3nkk = — : Z "N (Xiw)} = 1]+ Ropg,s

ze [n]

where the remainder term R , 1 satisfies the same bound as R; ,, xi in Propo-
sition F.5. Finally, the term =4 ,, x4 in (F.11), which is a second-order term, is
treated by the following proposition. The conclusion of Theorem F.1 then fol-
lows.

Proposition F.7. For the term Z4., ko in (F.11), with probability at least
1-1/p?,

Jmax 1B | < Cn21In(p) In(n). (F.44)
e

Proof. Using Hélder’s inequality, we bound Z4 ,, ki as

1= mpnr| < [% S @THE; L (Xiw)} — @ H{FR(X )} v

i€[n]

<[ S e ()} - 2 e ()]

i€[n]

For the first term on the right-hand side above, as in (F.12), we again decom-
pose the sum over ¢ € [n] into the cases Fi(X; ;) € A1, and F(X; k) € Agp.
We then apply the mean value theorem to the summands in the second case.
We arrive at

\f Z (Xin)} — (I)il{Fk(Xi,k)}]Q = Bs ;. + Be i,

i€[n]

say, where

BM:% Y O E(Xik)} — O {FL(Xa) )

Frp(Xik)€EALR
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and

1 1
Ber = — ———— (F . — Fi)* (Xig)-
\/ﬁ Fk(Xi,zk):eAQ,n ¢2{¢_1(Fn,k,i)}

In the above, for each 1, FZ, k,; 18 a random number strictly between £y, (X; 1)
and Fy (X, ). For the term Bj j, similar to (F.17), there exists an event Eg  ,,
with probability at least 1 — 1/(2p*) on which Bsj < Cn~21n(p)In(n).

For the term Bg i, we can follow the derivation of the bound (F.43) for the
term Bag ki in (F.18) (in fact, the present case is easier because of the lack of
the function ®~! in the numerator). We obtain that there exists an event E1g i n
with probability at least 1 — 1/(2p?) on which |Bg x| < Cn~/?1n(p)In(n).

Then, it is easy to see that the bound (F.44) holds on the intersection
Nkelp] (Fo,kn N Eio,k,n) With probability at least 1 — 1/p?. This concludes the
proof of Proposition F.7. O

F.3. Discussion

To the best of our knowledge, this paper is the first to provide a justification
for the use of a matrix X, of normal-score rank correlations or van der Waer-
den correlations to estimate the copula correlation matrix in high-dimensional
Gaussian copula models. The analysis of this coefficient faces the double hurdle
of an unbounded score function (namely ®~!) and the non-independence of the
Gaussianized observations in (F.3). Nonetheless, in view of the clear superiority
of the estimator ¥, in the fixed-dimensional setting, perhaps it is a bit sur-
prising that it did not receive more attention in high dimensions. Theorem F.1
shows that the estimator 3, retains its advantages in the latter regime. More-
over, this result has other immediate and broad practical applications which we
briefly describe below.

It should first be observed that in the literature, circumstances often require
deviation inequalities on the element-wise maximum norm of the deviation be-
tween the target 3 and an estimate thereof, previously often based on Kendall’s
tau or Spearman’s rho. For this purpose but based on the estimator 3,,, the re-
mainder term in (F.5) converges so fast that it can practically be ignored. Next,
the leading term in (F.5), which is linear in the efficient influence function, in-
volves only iid, centered, sub-exponential random variables. Hence establishing
such deviation inequalities for this term is trivial. Thus Theorem F.1 implies
that in all such circumstances, the van der Waerden correlation matrix 3, can
be used instead. In fact, as mentioned earlier, efficiency gains can be expected
from the use of 3, due to its established linearity in the efficient influence
function. Relevant examples include, but are not limited to, [11, 24, 42] and,
in the present context but restricted to the Gaussian copula regression model,
Propositions 3.1, 4.2 and Theorem 5.2, for which the estimator X in (2.2) of the
copula correlation matrix X in (2.1) can simply be replaced by X,,.

Second, it sometimes happens that matrix deviation inequalities stronger
than those in terms of the element-wise maximum norm are called for. For
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instance, in this paper Proposition 3.3 and later in the case of row-sparsity,
Theorems 5.4 and 5.7 require a deviation inequality for either the operator
norm or the || -||¢ ¢, norm. For the leading term in (F.5), this should again be
straightforward. In contrast, simply aggregating over the remainder term R, ;x
element-wise may yield suboptimal (though useful) results. Properly treating
the remainder term in these cases may require more refined arguments, which
we do not pursue further herein.

For completeness, we should mention here that a Winsorized version f]n of
the van der Waerden correlation matrix ¥,, was considered by Liu et al. [25],
who were able to establish a convergence rate of n=/4, up to logarithm fac-
tors. Such a rate is clearly too slow to be competitive. These authors later
claimed in [24] that the “efficiency result (from [19]) cannot be generalized to
the high-dimensional setting.” To establish a satisfactory convergence rate, es-
timation of the copula correlation matrix in Gaussian copulas then quickly and
overwhelmingly switched to the Kendall’s tau or the Spearman’s rho estimator,
whose explicit U-statistic structure with bounded score function makes these
estimators more amenable to analysis; see, e.g., [1, 24, 42]. Despite the claim
from [25] that the lack of Winsorization “does not lead to accurate inference,”
Theorem F.1 is in fact obtained without truncation. Nevertheless, it may be
that some truncation, perhaps not as heavy as that in [25], may still improve
performance.

In [24], a simulation study comparing ¥,, or its Winsorized version i]n to
the estimators of 3 based on Kendall’s tau and Spearman’s rho estimator was
carried out. The authors concluded that without contamination, all these esti-
mators performed similarly while with contamination, the estimators based on
Kendall’s tau and Spearman’s rho outperformed X, and X,,. We carried out a
small simulation study to verify these claims. Specifically we repeated Models 1
and 2 in Section 4.1 in [42], with n = p = 100. Without contamination, on
average X, outperforms the Kendall’s tau and Spearman’s rho estimators by
5% in terms of Frobenius norm. With contamination present, the message is
mixed: with light, deterministic contamination, the estimator X, can outper-
form the Kendall’s tau and the Spearman’s rho estimators by as much as 20%,
although in other scenarios the estimator X,, may perform less well. While 5%
gain may seem modest, in fixed dimensions and in a constrained parametriza-
tion (by a lower-dimensional copula parameter 6) such as the Toeplitz matrix
model, the efficiency gain for @ through the one-step estimator that involves 3,
can sometimes be as large as 400%; see, e.g., Example 5.2 in [37]. We defer the
high-dimensional analogy of this phenomenon to future studies.
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