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We show that if 0R is the boundary of the range of super-Brownian
motion and dim denotes Hausdorff dimension, then with probability one, for
any open set U, U N 0R # & implies

4-2V2~ 117 ifd=2,
dim(UNoR)=19_ /17
2
This improves recent results of the last two authors by working with the actual

topological boundary, rather than the boundary of the zero set of the local
time, and establishing a local result for the dimension.

~244 ifd=3.

1. Introduction. We consider a d-dimensional super-Brownian motion (SBM), (X, t >
0), starting at X under Py, with d < 3. Here, Xg € Mr (R9), the space of finite measures on
R? with the weak topology, X is a continuous My (R¢)-valued strong Markov process and
Py, denotes any probability under which X is as above. We write X, (¢) for the integral of ¢
with respect to X, and take our branching rate to be one, so that for any nonnegative bounded
Borel functions ¢, f on R4,

t
(1) By (ewp(~X:0) — [ Xo(1)ds ) ) = exp(=Xo(Vi(6. ).
Here, V;(x) = Vi (¢, f)(x) is the unique solution of the mild form of

vV AV, V,2+f Vo ¢
or 2 2 7 TT

(1.2)

that is,

t V2
V, = P,<¢>+/0 Ps(f— %)ds.

In the above, (P;) is the semigroup of standard d-dimensional Brownian motion. See Chap-
ter II of [15] for the above and further properties. Note that X has an a.s. finite extinction
time and, therefore, we can define the so-called total occupation time measure of the super-
Brownian motion as a finite measure,

o
1(A) =/ Xs(A)ds.
0
Supp(u) will denote the closed support of a measure . We define the range, R, of X to be
‘R = Supp({).

A slightly smaller set is often used in the literature (see [3] or Corollary 9 in Chapter IV of
[12]) but the definitions agree under [Ps_ or the canonical measures N, defined below, and
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also give the same outcomes for R N Supp(Xp)¢ and R N Supp(Xo)€. Therefore, the two
definitions will be equivalent for our purposes. In dimensions d < 3, the occupation measure
I has a density, L*, which is called (total) local time of X, that is,

0,0]
I1(f)= / X (f)ds = / z f(x)L*dx for all nonnegative measurable f.
0 R4

Moreover, x — L* is lower semicontinuous, is continuous on Supp(Xg)¢, and for d =1 is
globally continuous (see Theorems 2 and 3 of [18]). From (1.1) and (1.2), it is easy to derive
(see Lemma 2.2 in [14])

(1.3) Ex,(e ") = exp(— /R V- xo)XO(dxo)),

where V* is the unique solution (see Section 2 of [14] and the references given there) to

Avk_(vk)Z
2 2

Thus in dimensions d < 3 we have

(1.4) — A8, V»*>0onR%.

R={x:L* >0},

and R is a closed set of positive Lebesgue measure. In dimensions d > 4, R is a Lebesgue
null set of Hausdorff dimension 4 (see Theorem 1.4 of [3]), which explains our restriction to
d < 3 in this work.

Our main goal in this paper is to study properties of 3R, the topological boundary of R,
and in particular to determine the local Hausdorff dimension of 9’R outside the support of
Xo. The related question of the dimension of the boundary of the set where the local time is
positive, that is, the dimension of

(1.5) F=0{x:L" >0},

was studied in [14]. To describe this latter result, we introduce

3 ifd=1,
(1.6) p=p(d) = iﬁm ifd =2,
VY ra—s,
2
df=d+2—p,and
1/3 ifd =1,
d)—2 o
(1.7) w—a@=PD=2_IV2-1 ifa=2,
4—d JI7-3 |

THEOREM 1.1 ([14]). With Ps,-probability one,

0 ifd=1,
dim(F) =d; = 4-2V2~1.17 ifd=2,

—J17
9T ~2.44 ifd=3.
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There were also versions of the above in [14] for more general initial conditions Xj.

I. Benjamini’s observation that the boundary of the range exhibited interesting fractal prop-
erties in simulations was one motivation for the above. Although F may be a natural object
from a stochastic analyst’s perspective, the topological boundary of R, 9R, is the more natu-
ral geometric object and of course was the set Benjamini had in mind. Clearly, 9'R and F are
closely related; it is easy to check that

(1.8) OR CF.

Thus, Theorem 1.1 gives an upper bound on dimension of dR. Whether or not F = R
remains open for d = 2 or 3, but Theorem 1.7 in [14] shows that, if d = 1, there exist random
variables L, R such that

(1.9) F=0R={L,R} whereL<0<R Ps-as.,

and so we will usually assume d =2 or 3. A point x in F' will be in 9R iff there are open sets
U approaching x s.t. L =0 on U. Note that, for example, any isolated zeros of L will be in
F but not in R, but we do not even know if such points exist in d = 2, 3. It was conjectured
in (1.10) of [14] thatind =2, 3,

(1.10) dim(0R) =dim(F) Ps,-a.s.

In this paper, we verify this conjecture, and prove the following stronger local version.

THEOREM 1.2. Py,-a.s. for any open U C Supp(Xo)©,
UNIR#2 = dmUNJIR)=dy.

The following corollary is immediate.

COROLLARY 1.3. Px,-a.s.
Supp(Xp)°NIR #@ =  dim(Supp(Xo)°NIR) =dy.

The hypothesis in the above corollary is needed; see Proposition 1.5 of [14] for an example
where it fails with positive probability.

COROLLARY 1.4. Ps,-a.s. for any open set U,
UNdIR#<2 = dmUNJIR)=dy.
In particular, dim(0R) = dy Ps,-a.s.

PROOF. By Theorem 1.4 and Theorem 1.6 of [7], in d =2 and d = 3 we have Ps;-a.s.
that L* — oo as x — 0. Therefore, we can conclude that Ps;,-a.s. there is some § > 0 such
that L* > O for all |x| < § and so 0 ¢ 0R, which gives U N0R # @ = (U \ {0}) N OR # 2.
Now we may apply Theorem 1.2 with U \ {0} in place of U to complete the proof. [

Note that besides confirming (1.10), the above shows that the dimension result holds lo-
cally on any open ball intersecting dR.

We also consider X and its local time under the canonical measures N,. Recall from
Section I1.7 of [15] that Ny is a o-finite measure on the space of continuous finite length
M p(RY)-valued excursion paths such that

(1.11) X,=/v,E(dv) for all # > O under Py,
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—~

where E is a Poisson point process with intensity Ny, () = [ Ny, (-)Xo(dxo). In this way,
N,, governs the “excursions” of X from a single ancestor at xo. The existence of local time
L under N, follows easily from the above, in fact it is even globally continuous (see [7]). It
should not be surprising that Corollary 1.4 continues to hold under the canonical measure, in
fact, as we shall see, the proof is a bit easier.

THEOREM 1.5. Ny-a.e. for any open set U,
UNoR#2 = dim(UNJIR)=dy.

We first say a few words about the argument leading to the proof of Theorem 1.1 in [14]. If
a small ball B intersects F', then B contains a point x such that L* is positive but small. Thus,
to get the bounds on the Hausdorff dimension of F, it is useful to understand the asymptotics
of Ps,(0 < L* <¢), as ¢ | 0. We write f(t) ~ g(t) as ¢t | O iff f(z)/g(¢) is bounded and
bounded away from zero for small positive ¢, and similarly for f(¢) ~ g(¢) as t 1 oco. It was
shown in Theorem 1.3 of [14] that for p as in (1.6) and « given by (1.7),

(1.12) Ps, (0 < LY <&) ~|x|7P &% aselO.

Not very difficult heuristics involving regularity properties of local time and a covering ar-
gument explains the upper bound on dimension of F: dim(F) < dy (see the Introduction
of [14]). (1.12) was derived in [14] through a Tauberian theorem we now sketch. Let A 1 oo
in (1.3) and (1.4) to see that V*(x) 1 V>°(x) where

(1.13) Ps, (L* = 0) = exp(—V>®(x)).

One important simplification available for the analysis of F in [14] is that V°° is explicitly
known (see, e.g., (2.17) in [14]):

2(4—-d
(1.14) V®(x) = (72)
|x|
In particular, V> solves
AV >® V4SS 2
(1.15) 5 =( 2) for x #0.

V' sometimes is called the very singular solution to (1.15); see, for example, [2]. Applying
a Tauberian theorem, one can see that (1.12) can be reduced to verifying

(1.16) Es, (¢ " 1(L* > 0)) ~ x| 7P 27 as A 1 0.

The left-hand side of the above behaves like d*(x) := V*®°(x) — V*(x), and so a substantial
part of the argument in [14] was devoted to finding a rate of convergence of V* to V>, and
showing that it behaves like the right-hand side of (1.16).

The upper bound on dim(F) in [14] also utilized Dynkin’s exit measures. For nonempty
subsets K, K> of RY, we set

(1.17) d(Ky, K) :=inf{|x — y| : x € K|,y € Ka).

Define

(1.18) Ox, = {open sets D satisfying d (D¢, supp(Xo)) > 0 and a Brownian
path starting from any x € 9D will exit D immediately}.

In what follows, we always assume that G € Oyy,,.
The exit measure of X from such a G under Py, or Ny, is denoted by X (see Chapter V
of [12] for a good introduction to exit measures). X is a random finite measure supported
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on dG, which intuitively corresponds to the mass started at X¢ which is stopped at the instant
it leaves G. The Laplace functional of X is given by

Ex,(exp(—Xg(2)) = exp(— [1- exp(—x(;(g))deo)
(1.19)

=exp(— / Ug<x)xo<dx)),

where g : 3G — [0, 0c0) is continuous and U$ > 0 is the unique continuous function on G
which is C2? on G and solves

(1.20) AUS =(U®%)* onG, Uf=g oniG.

For this, see Theorem 6 in Chapter V of [12], and the last exercise on page 86 for uniqueness.
Let

(1.21) G =Ge(xo) = {x:|x —xo| > &} andset G, = G,(0).

Similarly, B(xg, &) = B:(xg) is the open ball centered at xg and B, = B.(0). B, (x0) will
denote the closed ball centered at xg. Proposition 3.4 of [14] gives an upper bound on
Ps,(0 < Xgx(1) <) as e | O for x # 0. This bound is refined to precise asymptotics in
Propositions 4.9 and 4.11 in Section 4 below. Intuitively, these asymptotics are related to
(1.12) since a small exit measure from G} suggests small values of the local time inside
B¢ (x). Estimates for exit measures of small balls are also considered in [1]. There the inter-
est is in the exit measure from a fixed open set and how much mass it puts on a small ball
around an exit point on the boundary.

Consider next the ideas underlying Theorem 1.2, where exit measures play a more central
role. To show that a point x is near R, it is not enough to show that the local time at x is
small and positive, or that the exit measure from some G} is small. In addition, there should
be balls B near x on which the local time is zero, or equivalently X z. = 0. To this end, we
will study the probability Ps,(0 < X¢x(1) < K &2, X Gl (1) = 0) and show (see Theorem 4.1
and Proposition 4.9)

(1.22) Ps, (0 < Xgx (1) < K &2, Xz, (1) =0)~ P72 ase | 0.

The proof of (1.22) requires asymptotics for solutions to (1.20) with varying boundary con-
ditions, rather than solutions to (1.4). For ¢ > 0 and A > 0, we let U"¢ denote the unique
continuous function on {|x| > &} such that (cf. (1.20))

(1.23) AUME = (UM*)? for |x|>e, and U™*(x)=A for |x|=¢.
Uniqueness of solutions implies the scaling property
(1.24) U*e(x) = e 20 (x/g) forall |x| > e,

and also shows U™ is radially symmetric, thus allowing us to write U**#(|x|) for the value
at x € R?. By (1.19), we have for any finite initial measure satisfying Supp(X¢) C Ge,

(1.25) Ex,(exp(—1Xg, (1)) = exp(—Xo(U")).
Let A 1 oo in the above to see that U*¢ 4 U on G, and
(1.26) Px, (X, (1) = 0) = exp(—Xo(U>?)).

Proposition 9(iii) of [12] readily implies (see (3.5) and (3.6) of [14])
U®fis C* and AU = (U®®)* onG,,
lim  U®%(x) =+o0, lim U%%(x)=0.

lx|—>e,|lx|>¢ [x]— 00

(1.27)
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Clearly, a key step in deriving (1.22) are asymptotics for
Ps,(0 < Xgr (1) < Ke?) ~ U™ (x) = UK 7%(x) ase |0,

where the above equivalence is by a Tauberian theorem. In Section 4.1, we show (see Corol-
lary 4.7)

UOO,&‘(X) _ UK_lé‘_z,E(x) ~ EP_Z.

This and a special Markov property (Propositions 2.2 and 2.3) then give (1.22). To get a lower
bound on d'R, essentially by an inclusion-exclusion argument, in addition to the lower bound
in (1.22), we will also need an upper bound on (see Proposition 5.1)

(1.28) Psy(0 < X (1) < Ke?,0 < X g (1) < K&?).

Although involved, this argument is quite similar to the proof of Proposition 6.1 in [14] and
so is omitted (it can be found in Supplementary Material [9]). The above estimates allow us
to show that the lower bound on the dimension of dR holds with positive probability; see
Proposition 5.3. To conclude the proof of Theorem 1.2, we will show that the lower bound
on local dimension, in fact holds with probability one. This will be a consequence of the
following proposition.

PROPOSITION 1.6. Let x| € RY, ro > 0, satisfy Ba,,(x1) C Supp(Xo)©. If r1 € (0, r9),
then Px,-a.s.,

(1.29) XGfl' (1)=0 and XG% (1) >0 imply dim(B,,(x))NIR)>dy.

The main ingredient in the proof of Proposition 1.6 is a version under the canonical mea-
sure.

PROPOSITION 1.7. Let x; € R4, ry > 0, satisfy By (x1) C Supp(Xo)©. If r1 € (0, r9),
then Nx,-a.e.

XGfll(l):O and XG;c(;(l)>0 imply

(1.30) dim(B,(x1) NOR) >ds foreveryr >ry s.t. X (1) >0.

The paper is organized as follows. In Section 2, preliminary results on super-Brownian
motion, Brownian snakes, exit measures and their special Markov property are presented. In
Section 3, we prove Theorems 1.2 and 1.5, assuming Propositions 1.6, 1.7.

In Section 4, left-tail asymptotics of exit measures are given. First, in Section 4.1 we
derive necessary bounds on solutions to the boundary value problems (1.23) and (1.27), and
then in Section 4.2 we prove (1.22) (see Theorem 4.1 and Proposition 4.9). In Section 5, we
show that the lower bound on the local dimension of dR holds with positive probability; see
Proposition 5.3 and Lemma 5.4.

In Section 6, in preparation for the proofs of Propositions 1.6 and 1.7, we analyze the pro-
cess of exit measures (Xg, (1), 0 < r <rp) through the rescaled and time-changed process,
Zt)=X G et (1)/(roe™" )2, t > 0. We refer the reader to Section 6 for the precise definition

of a continuous state branching process (CSBP).

PROPOSITION 1.8. Assume X is a finite initial measure and let ro > 0 so that By,, C
Supp(X0)¢. Under Nx,, (Z(t),t > 0) has a cadlag version with only nonnegative jumps,
which is a CSBP such that for 0 <t <t and A > 0,

Nixo(exp(—=AZ(12))1Z(s), s < t1) =exp(—=Z(t)u(t2 — t1, 1)),
where u(t, 1) = 2 UM (e") fort, A > 0.
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This will follow from Proposition 6.2(c) in Section 6. The absence of negative jumps in
Z is important in the proof of Proposition 1.7, but we also believe that Z and its associated
measure-valued process are of independent interest. Some information about the associated
branching mechanism W of Z and its Lévy measure are given in Remark 6.3. This comple-
ments results on the exit measure process from balls (as opposed to their complements) in
[6].

The proofs of Propositions 1.6 and 1.7 are concluded in Section 7. For the proof of Propo-
sition 1.6, one shows that for r < ry sufficiently small there is a single excursion of X (see
(1.11)) governed by Ny, that enters B,, and thus by the monotonicity of dimension, Proposi-
tion 1.6 follows from Proposition 1.7. Proposition 1.7 (with x; = 0 without loss of generality)
is proved by studying the martingale

(1.31) M, =N, (dim(B,, NdR) > df|E,), 0<r <ro, |xol > 2ro,

where &, is the o -field generated by the Brownian snake observed inside G, (see Section 2
for a careful definition). In particular, we analyze

M, asr 1 To = inf{r : Xg,,_, (1) =0} on{0<Ty<ro—ri}

where rg, r1 are as in Proposition 1.7. The special Markov property and results from Sec-
tions 5 and 6 will show M, > g > 0, for r close to Tp, and on the above set. The last step is
to show that {dim(B,, NdR) > ds} € £~ (see Lemma 7.3). Now let r 1 Tp in (1.31) to see
that on {0 < Tp <rop —r1}, 1(dim(B,, N dR) > dy) > q > 0, as required.

Note that the methods used in [14] (see Theorem 1.4 and the ensuing discussion of that
work) would have required the stronger hypothesis Conv(X()¢ N dR # & in Corollary 1.3,
where Conv(Xy) is the closed convex hull of Supp(Xo). This is because exit measures from
hyperplanes were used in [14], instead of the process of exit measure from the complements
of shrinking balls. This refinement also leads to the purely local result on dimension in The-
orem 1.2.

Convention on functions and constants.Constants whose value is unimportant and may
change from line to line are denoted C, c, ¢4, c1, C2, ..., while constants whose values will
be referred to later and appear initially in say, Lemma i.j are denoted ¢; j or ¢; ; or Ci ;.

2. Exit measures and the special Markov property.

NOTATION. Let K be the space of compact subsets of R? equipped with the Hausdorff
metric; we add @ as a discrete point. That is, let K¢ = {x : d(x, K) < ¢} where d(x, K) =
inf{|x — y| : y € K} and for K|, K7 nonempty compacts, set

p(K1, K>) =inf{e >0: K| C K5 and K» C K{} A,

and p (&, K) = 1 for K nonempty compact. (IC, p) is then a complete separable metric space.
If U is an open set in R4, we let C(U) be the space of continuous functions on U with the
compact-open topology.

We start with a measurability result requiring a bit of care; a proof is given in the Appendix.

LEMMA 2.1. (a) For any R > 0, we have ¥, : KK — K is a Borel map, where ¥,(K) =
K N Bg.

(b) For any a, R > 0, ¥ : K — R is a universally measurable map, where {,(K) =
1(dim((3K) N Bg) < a).
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We will use Le Gall’s Brownian snake construction of a SBM X, with initial state X €
Mp@RY). Set W = Ui=0 C ([0, t], R?) with the natural metric (see page 54 of [12]), and let
¢ (w) =t be the lifetime of w € C ([0, 1], R4) c W. The Brownian snake W = (W,, > 0) is
a W-valued continuous strong Markov process and, abusing notation slightly, let N denote
its excursion measure starting from the path at x € R? with lifetime zero. As usual, we let
W(t) = W;(¢(W;)) denote the tip of the snake at time ¢, and o (W) > 0 denote the length
of the excursion path. We refer the reader to Chapter IV of [12] for the precise definitions.
The construction of super-Brownian motion, X = X (W) under N, or Py, may be found in
Chapter IV of [12]. The “law” of X (W) under N is the canonical measure of SBM starting
at x described in the last section (and also denoted by N,). If E =" jeJ 8Wj is a Poisson
point process on W with intensity Ny,(dW) = [ N,(dW)Xo(dx), then by Theorem 4 of
Chapter IV of [12] (cf. (1.11))

(2.1) X, (W) = ZXt(Wj)zfX,(W)E(dW) fort >0
jeJ

defines a SBM with initial measure Xy. We will refer to this as the standard set-up for X
under Py,,.

Recall R = {x : L* > 0} is the range of the SBM X under Py, or Ny . Under Nx, we have
(see (8) on page 69 of [12])

2.2) R={W(s):s€l0,0]).
Let G € Oy,. Then
(2.3) X is a finite random measure supported on R N dG a.s.

Under Ny, this follows from the definition of X on page 77 of [12] and the ensuing dis-
cussion, and (2.2). Although [12] works under N, for x € G, the above extends immediately
to Px, because as in (2.23) of [14],

(2.4) Xo =Y Xo(Wp) = [ XoW)d=W),
jedJ
where E is a Poisson point process on JV with intensity Ny, .
Working under Ny, and following [11], we define

S6(W) = inflt < ¢ : Wa(0) ¢ G} (inf@ = 00),

t
nS (W) :inf{t : / 1(¢y < S¢(Wy)) du > s},
0
&G = U(W,]SG, s >0) vo({Nx, — null sets}),

where s — ng; is continuous (see page 401 of [11]). Write the open set {u : Sg(W,) < ¢}
as countable union of disjoint open intervals, |J;c;(ai, b;). Clearly, Sg(W,) = SiG < oo for
all u € [a;, b;] and we may define

W (1) = Wi+t (Sg +1) - for 0 <1 < as b = S-
Therefore, fori € I, W' € C(R,, W) are the excursions of W outside G. Proposition 2.3 of

[11] implies X is Eg-measurable and Corollary 2.8 of the same reference implies

Conditional on &g, the point measure ) ;.; dy,i is a Poisson
point measure with intensity Nx;.

(2.5) {
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If D is an open set in Oy, such that G c D and d(D°,G) > 0 (recall (1.17)), then the
definition (and existence) of X p(W) applies equally well to each Xp(W') and it is easy to
check that

(2.6) Xp(W)=Y_ Xp(W').
iel
If U is an open subset of Supp(Xp)€, then Ly, the restriction of the local time L* to U, is
in C(U). Here are some simple consequences of (2.5).

PROE)SITION 2.2. (a) Let G1,G2 be open sets in Ox, such that G, C Gy and
d(GS5,Gp) > 0.
G Ify:C (G_lc) — [0, 00) is Borel measurable, then
Nx, (¥1(Lg)IE€G,) = Exg, (¥1(Lg )
@{i) Ifyp: Mp (R?) — [0, 00) is Borel measurable, then
Nx, (¥2(X6,)1€6,) = Exg, (¥2(Xa,))-

®) If0 < Ry < Ry, d(Supp(Xo),B—Rl) > 0, and Y3 : K — [0, 00) is Borel measurable,
then

Ny, (¥3(R mB—R2)|5GR1) = H“:XGR1 (¥3(R N Bg,)),

where G is as in (1.21).

PROOF. (a)(i) is Proposition 2.6(b) of [14]. (a)(ii) follows in a similar manner from (2.5),
(2.6) and (2.4).

(b) Define S : C(Bg,) — K by S(f) = Supp(f) := {x: f(x) > 0}, where the closure is
taken in all of R?. Then it is easy to see that § is Borel measurable, for example by consider-
ing the inverse images of closed balls in K. In addition the map K — Bg, N K is measurable
on K by Lemma 2.1(a). Now observe that R N Bg, = S(Lpg,) N Bg,, and so by the above
observations is a measurable function of L g R Therefore, (b) now follows from (a)(i) with
Gi=Gg,. U

We will need a version of the above under Py, as well.

PROPOSITION 2.3. For Xg € MF(Rd) and an open set G in Oy, let ¥ be a bounded

measurable function on C (56) and ®;, i = 0,1 be bounded measurable functions on
Mp®RY) and Mg R4, respectively. Then:

(@) Exy(Po(Xg)W(L)) =Ex (Po(Xc)Ex, (V(L))).
(b) (i) Let D; be open sets in Ox,, such that d(D;, G) > 0,V1 <i <n. Then

Ex,(Po(X6)P1(Xp,, .-, Xp,)) =Ex,(Po(Xc)Ex; (®1(Xp,. ..., Xp,)))-
(ii) If 0 < Ry < Ry and d(Supp(Xo)®, Bg,) > 0, then
Ex,(®0(XG,)L(R N B, # 2)) = Ex,(P0(X6y,)Pxg, (RN Br, # 2)).
PROOF. (a)is Proposition 2.6(c) of [14]. (b)(i) follows by the same reasoning there, using
(2.5), (2.4) (the latter for each D;, as well as G), and Proposition 2.2(a)(ii), trivially extended

to accommodate (X p,, ..., Xp,) in place of X, . (b)(ii) follows from (a), as in the proof of
Proposition 2.2(b). [
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3. Proofs of Theorems 1.2 and 1.5. We will see in this section that (using the upper
bound on dim(F’) in Theorem 1.1) Theorem 1.2 is a simple consequence of Proposition 1.6,
and similarly Theorem 1.5 can be derived from Proposition 1.7.

PROOF OF THEOREM 1.2. Let x; € R? and let 0 < r| < ro < 1 such that By, (x1) C
Supp(X()¢. From (2.3), we have Py -a.s.,

(3.1) IG,/NR=2 = X =0.

G|
Proposition 2.3(b)(ii) and translation invariance imply
PX() (X(;jfé =0,RN Bro/Z(XI) #* Q)

= EX()(I(XG% = O)PXGXI (R N Br()/z()C1) ;é @)) =0.

o
It follows that P -a.s.,

(3.2) RNOBypx)#2 = XG%(I) > 0.
Fix w outside a Py -null set so that (1.29) of Proposition 1.6, (3.1), and (3.2) all hold for all
X1 € Qd and all rational numbers 0 < 1 < ro < 1 satisfying By, (x1) C Supp(X()“. Assume

U is an open set in Supp(X()¢ which intersects 3R and choose xg € U N d'R. Pick a rational
ro in (0, 1] so that

B3,y (x0) C U C Supp(Xo)©,
then choose x; € Qd N By, 2(x0) N'RE, and finally select a rational r1 € (0, ro) such that

(3.3) By (x1) CRY andso 090G, NR=0.
Clearly, we have

(3.4) Bary(x1) C B3y (x0) C U C Supp(Xo)©

and

3.5 X0 € Bryj2(x1) NOR  andso RN Byya(x1) # 2.

Our choice of w and (3.4) allow us to conclude from (3.1), (3.3), (3.2) and (3.5), respectively,
that

(3.6) XGfll (1)=0 and XG% (1) >0, respectively.

By (3.4) and our choice of w we may also apply Proposition 1.6 with (3.6) and conclude that
dim(U N9R) > dim(B,,(x1) NIR) > dy,
where we have used (3.4) in the first inequality. On the other hand, we know from Theo-
rem 1.4(a) of [14] and 9R C 9{x : L* > 0} that
dim(U N9R) < dim(Supp(Xp)° NIR) <dy,

and the proof is complete. [

PROOF OF THEOREM 1.5. As in the above proof of Theorem 1.2 from Proposition 1.6,
we can derive from Proposition 1.7 that Ny -a.e. for any open set U C Supp(Xo)©,

3.7 UNdIR#<o = dmUNIR)=dy.

Now we turn to the Ny case in Theorem 1.5. By (4.4) in [8], we have Np-a.e. that L0>0.
Although the arguments in [8] were given for d = 1, they work in any dimension d < 3.
Since L* is globally continuous under Ny by Theorem 1.2 of [7], we can conclude that
Np-a.e. there is some § > 0 such that L* > 0 for all |x| < §, and so 0 ¢ dR, which gives
UNOJIR#@ = U\{0}NIR # <. Now we may apply (3.7) with U \ {0} in place of U to
complete the proof. [J
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4. Lower bound on the exit measure probability. Throughout this section, we fix &y €
(0, 1). As noted in the Introduction, the goal of this section, stated below, is a key estimate for
the lower bound on the dimension of 9R. Although we are interested in d = 2, 3, we assume
d < 3 throughout this section as the arguments remain valid.

THEOREM 4.1. There are positive constants Ra1, K1(g9) < K2(gg) < 00 and c4.1(&p)

such that, for all g < |x| < 80_1,

Xg. (1)
2

s, (Ki = < K2 Xo,0) = 0) 2 car(en)e? > YO < <o/ Ray.

The next subsection is devoted to proving necessary bounds on solutions to the bound-
ary value problems (1.23), (1.27). These bounds will be used for proving Theorem 4.1 in
Section 4.2.

4.1. Bounds on solutions to some boundary value problems. Recall U*R and U>R
from (1.23) and (1.27), respectively. A simple application of (1.27), (1.15) and the maximum
principle implies

4.1) VR(x) <U®'(x) Vx| > 1.

We will need an upper bound on U! which shows this bound is asymptotically sharp for
large |x|. We briefly include d = 1 in our analysis. Recall that p is as in (1.6).

PROPOSITION 4.2. There exist constants C4p > 1 and ca42 > 0 such that

U (x) < V) (1+canlx*P) Vx| = Cya.

PROOF. We will write u(r) for U1 (r) and v(r) for V°(r).

Let
q(t) = ZEZ;;:; = %u(e’/“)et/z, t>0,ind =2,
(1) = Zi;;z; - %u(et/3)62[/3, >0, ind =3,
q(t):%ijji:éu(e’/s)e%/s, t>0,ind=1.

Consider first d = 2. A simple calculation gives

1 1
“42) 561//—561/4‘,3@—‘12):0 on (0, 00),

q(0) = o0, lim g(1) =1,
—>00

where B = ¢ ind =2 (similarly 8 = 3 ind = 1 and B = § in d = 3). Note that ¢(0) = co by
the definitions of U°*! and V. Also note that the last limit is derived the same way as (3.10)
in [14] by taking U°>! instead of U%-!, $(r) = y(r + 2) instead of y(¢) and Z(t) = z(t + 2)
instead of z(¢) there.

Note that g(x) > 1 for all x > 0 by (4.1). Define

z=q—1,
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and thus by the above z(x) > 0 for all x > 0. Then z satisfies the following equation:

1 1
4.3) ~7"— =7 = Bz(z+1)=0 on (0, 00), 2(0) = oo, lim z(¢) =0.
2 2 t—>00
Let w be the unique solution to
1

1
—w'(t) — =w'(t) — Bw(t) =0, t>1,
(4.4) 2 2
w(l) =z(1), lim w(t) =0.
t—00
By the comparison principle and using z + 1 > 1, we get
(4.5) w(t) zz(r), t=1.

We leave it for the reader to check that

wt)=z(De *eM, 1>1,

with
A ! : +28<0
=——./= < 0.
2 4
By the definition of 8, we have A =1/2 — Lind=2 (similarly, A = —0.2 for d =1 and

NG
% =1/2 — Y2 for d = 3). This and (4.5) imply that for C =z(1)e™* > 0 we have

Z(x) <Ce™, x>1,

and since A < 0 we get that z decreases to zero exponentially fast. Recall the definition of ¢
to get

q(x) <1+Ce™, x>1.
Then (as d = 2) we have
u(e’*) <v(e/M(14ce), r=>1,
and so
u(s) <v(s)(14 Cs™) =v(s)(14 Cs*7P), s=el/

Similar algebra shows the resultind =1,3. [
Recalling (1.14) and that p > 2, we may immediately conclude the following.

COROLLARY 4.3. There are constants C43, ca3 > 0 such that for all x € RY, with x| >
Cy43, we have

€43

(4.6) Ul (x) < Vv®(x) + .
[x|P

In particular, there is some constant K43 > 2 such that

(4.7) Ul (x) <3 —d)|x|7> V|x| > Kss.
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If D* =U>®! — Uyt > 0for A > 0, then the Feynmann—Kac formula (as in (3.8) in [14])
easily gives

k777000 4 il
D (x) = DHR)Ex(l(me) exp(— f (%)ws)ds)),
0

(4.8) 2

x| >R >1,
where B denote a d-dimensional Brownian motion starting at x under P, and tg = inf{r >
O0:|B;| <R} for|x|>R>1.
We will frequently use the following lemmas. For y € R, let (p;) denote a y-dimensional

Bessel process starting from r > 0 under Pr(y). For R > 0, let g = inf{t > 0: p; < R}. The
following result is from Lemma 5.3 of [14].

LEMMA 4.4. Assume 0 <2y <v?and g > 2. Then

T
242 14
sup Er( +2v) (exp(/(; p—gds)’tl < oo) <c44(q,v) < 00.

r>1

LEMMA 4.5. Letq>2,a€R, ¢ €[0,2(4—d)), ve =/v> — ¢ and p; = v; + ., where

=172 ifd=1,
(4.9) uw=10 ifd=2, and v=\u*+4(4—d).
12 ifd=3,

Then for all R < |x|,

' ®24—d)—1C/)2
)
= El(frzvg)<exp</o ! %dS)‘TR < oo) (R/ |x])P%.

PROOF. The proof is based on arguments from [14] (see the proof of Lemma 5.4 there),
which in turn go back to Marc Yor [20], and is deferred to Appendix A.2. [

(4.10)

PROPOSITION 4.6. There are positive universal constants Ca6,ca6 > 0, Kag > K43,
and R4.¢6 > 2 such that:

(a)
RP
D*(x)fWDA(R) Vix|>R>1,1>24—4d).
X
(b)
A RP Ky
D*(x) <Cs6——D*(R) V|x|>R>—"20<xr<l.
|x|? A
(©)

RP
D*(x) > C4.6WDA(R) >0 Vx| >R=> Ry4p, »>0.
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PROOF. Recall u, v introduced in (4.9) so that for p = p(d) defined as in (1.6), we have
(4.1 1) p=un-+v.
(a) For A > 2(4 — d), clearly we have UM (1) =1>2(4—d)=V>®(1). As

|1‘1m U“(x)< hm U®l(x)=0
X|—>00

by (1.27), we may apply the maximum pr1n01ple to get

2(4—d
(4.12) UA’I(x)ZVOO(x)=(|7|2) Vx| > 1.
X
Use (4.1) and the above to see that (4.8) becomes
™® 2(4 —d)

D*(x) < D)‘(R)Ex(l(m@o) exp(—/o ds)) = D*(R)(R/ |x])”,

| Bs|?
the last by Lemma 4.5.
(b) Assume A € (0, 1). Recall Proposition 3.3(b) in [14]:

Vs € (0,1),3Cs > 2,
(4.13) 1
so that U1 (x) > (1 = 8)V>®(x) forall |x|> Cs/A.

Forany 6 € (0,1),let  =2(4 —d)é € (0,2(4 —d)). Let u and v be as in (4.9). Define v, =

w>+4@4 —d)—¢ and p =ve +pu— p>2as ¢ | 0. Choose § € (0, 1) small enough
so that p; > 2. Let K46 = Cs + K43. Now use (4.1), (4.13) and Lemma 4.5 to see that for
x| > R > Ka6/A > Cs/A, (4.8) implies

®24—d)—(¢/2)
D*(x) < D*(R)Ex<1(rR < 00) exp(—/o B ds))
= D*(R)(R/Ix)"*
Let £(R) = D*(R)RP¢ /2. Then the above gives

Al 00,1
(%)(PU"“() 5B poo (X)—@ for |x| > R.

|x |p; = |x |P¢
Use this in (4.8) and then Lemma 4.5 to see that for |x| > R,

o " peas)oe(= [ )
D(x)SD(R)Ex(l(tR<OO)eXp(/0 B )P I sl

:DA(R)E(qu)<e p( OrR E(R) ds)\@ - OO>(R/|X|)p-
Ps

x|

A scaling argument shows that the above equals

) 1 E(RYRZP¢
D*(R)(R/ |x])” El(fJ/r]ze)(exp( A g(;71,;%)‘1 <oo)

To apply Lemma 4.4, we note that by (4.7), for R > K46/A > K43 we have
2y =26(R)R* P <U®Y(R)R?> <3(4—d) <.
So Lemma 4.4 and the above bound show that

(4.14) D*(x) < D*(R)(R/ Ix])Pcaa(pe, v).
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(c) Use (4.6) in Corollary 4.3 to see that for |x| > R > C43, we have

Ul 4 yrl 24—d)  ca3
- = < UOO,] <> 77 _-‘
> (x) < x) < NE P

So (4.8) and Lemma 4.5 imply

TR 43 ®2(4—d)
D*(x) > D*(R Ex<1 ~00) €X <—/ ds) ex (—/ 7ds>)
(x) > (R) (tg <o0) EXP o |1B.|? p 0 |Bs|2

T®
= DA(R)El(XZ‘JFZV) <exp<—/0 a‘—'ﬁds)’r;; < oo)(R/ 1x])?,

05
with p = u + v. A scaling argument shows that the above equals
242 o cy3R*P
(4.15) D*(R)(R/ |x|)"E|(x|jR”> (exp(—/o Tds)‘n < oo>.

To apply Lemma 4.4, note that if R > R4 ¢ for some constant R4 ¢ > 2,
2y =2c43R*P <2(4 —d) <.
By Cauchy—Schwarz, we have

7| R2—P 7] R2-»p 2
1= El(fl+12i’V) exp( — mipds exp C4'3—pds “El <00
/ o 20! o 2pf

2-p
242 T cq3R
< E|(x|/RV) (exp(—/o Tds)’tl < oo)
A

2-p
(242v) T c43R
X ElxI/R (exp(/o Tds)'rl <oo>

242 U4 3R*TP
< El(xl—}—R‘)) (eXP<—/(; Tds ‘Tl < OO>C4.4(P, V),
the last by Lemma 4.4. Hence
2-p
) (242v) " c43R -
\xllnsz Elxl/Rv (CXP(—fO Té“)‘ﬂ < OO) > c44(p,v)” >0,
and by (4.15) we are done. [

By using the scaling relations of U°*¢ and U** ¢ from (1.24), the following is immediate
from the above.

COROLLARY 4.7. Forall ¢ > 0, we have (a)

_ RP
U (x) — UM ¢ (x) < WDX(R)eP—2 Vix|/e>R>1,1>2(4—d).
X

(b)

) RP K
U (x) — UM 6 (x) < C4.6WD)‘(R)51’_2 Vx| /e >R > % 0<ar<l.

(©)

_ RP
U (x) — UM ¢ (x) > C4.6WD)”(R)SP_2 ~0 V|x|/e>R> Rug, 1> 0.
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4.2. The left tail of the total exit measure and proof of Theorem 4.1.

PROPOSITION 4.8. For any |x| > eg and € € (0, &y/2), we have

Xe. () 1 2P
]P’(;X(O< G () < —> <e——D*(2)eP™2 VA>2(4—d).
g2 A |x|?

PROOF. Apply Markov’s inequality to get

Ps, (o < XGg—z(l) < %) < eEs (exp(—re > Xg,(1))1(Xg, (1) > 0))

(4.16) = e(exp(— UAS?Z’S(X)) —exp(—U>*(x)))

<e(U™F(x) — U™ " (x)),

the equality by (1.25) and (1.26). Note we’ve assumed |x|/e > g9/ > 2 and A > 2(4 — d)
so that we can use Corollary 4.7(a) with R = 2 to bound the right-hand side of (4.16) by
e(2/]x])? D*(2)eP~2, as required. [

PROPOSITION 4.9. There is some c4.9(gg) > 0 such that for all |x| > ey and ¢ € (0, &g),
Xg. (1 1
Ps, (0 < Giz() < X) <c49(s0)h" P PeP2 VO < <.
I3
PROOF. For A € (0, 1) such that
x| /e > €0/ = Ka6/A,

we apply Markov’s inequality as in (4.16) and use Corollary 4.7(b) with R = K4.6/A to get

Xg. (1 1 -
P, (o <Xel) . X) < (U (x) — U7 ()

<eCagU (R)(R/ |x])7e? 2
<eCys(3(4 —d)/R*)(R/e)" "
< 9€C4.680_p ngz)\_(p_z)sp_z,
the second last inequality by (4.7) with R = K4 6/X > K46 > K43.
For A € (0, 1) such that
co/e < Kag/A,

we have

X, (1 1
Ps, (0 SELACS X) <1< (Kao/e0)" 20" P D6l 2,
&

The result follows by letting c4.9(gg) = 9eC4,6sapK£g2 + (Ks6/€0)P2. O

For |x| > ¢p and ¢ € (0, &), we define

_ < Xg, (1) )
(4.17) Fer(K)=Ps (0<=5=<K) VK>0
and
(4.18) Feyx(\) =Es, (exp(—,\ Xisz(l) )1(XGS(1) > 0)) Va > 0.

The dependence on ¢ and x will at times be suppressed.
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LEMMA 4.10. There are constants Ry 10 > 2 and c4.10(€0) > 0 so that for any gg < |x| <
gy and & € (0, 80/ Ra.10),

Es, <exp<—k Xisz(l))l(XGe(l) > 0)) > C4,10(80)D)”(R4,10)8p_2 YA > 0.

PROOF. By (1.25) and (1.26), for F' = F,_, defined as in (4.18) we have

F) = exp(=U* 8 (x)) — exp(~U* (x)
(4.19) ,
> (U8 (x) — U™ “#(x)) exp(— U (x)).

Let R4.10 = K434 R46 > Ra¢. Then for ¢ € (0, e9/ R4.10) we have |x|/e > R4.19. Use Corol-
lary 4.7(c) with R = R4 19 to get

U (x) — U (x) > c16D"(R4.10)(R4.10/ |x])P P>
> c46D™(Ra.10)RY 1080 €7 2.
Next, since |x|/e > go/e > Ra.10 > K43, we may apply (4.7) to get
exp(—U¢(x)) = exp(—e 2U> 1 (x/¢)) = exp(—e23(4 — d)(|x| /8)72)
> exp(—9¢;?).

So the lemma follows from (4.19) and the above inequalities. [

PROPOSITION 4.11. There are positive constants K4.11(g0) and ca.11(&9) such that, for
all eg < |x| < 80_1 we have

X, (1)
2

Ps, (0 < < K4.11(80)) > c411(e0)eP ™2 Y0 < & < &0/ Ra10.

PROOF. Recall F = F; y and F= I:"S,x from (4.17) and (4.18), respectively. We have
n oo
FQ.) = / eV dF(y).
0
Let A =1 and K > 1. Use integration by parts and Proposition 4.9 to see that
n oo 00
FUy= [ e Foydy < FK) + [ e Fody
0 K
o0
<P+ [ e casleny’ 2er2dy
K

1 1 p—2
< F(K)+ 564.10(80)D (R4.10)e" ™7,

where K = K (g9) > 1is large enough. Lemma 4.10, with A = 1 and €, x as in the proposition,
implies

_ C4.10 _ €4.10 _
F(K) > ca10D' (Ra.10)e? ™% — TDI(R4.10)8’7 = TDl(R4.10)8p 2. O
PROOF OF THEOREM 4.1. Pick A = A(gg) > 2(4 — d) large enough so that

_ 1
e(27/1x|7)D*(2) < e2Pe, " D*(2) < Scan(eo).
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So for K1(gg) € (0, 1/A(ep)), Proposition 4.8 gives
X (1 1
Pax(o < G%() =< Kl) < ~cq11(e0)e? 2
) € 2

Let K» = K4.11 in Proposition 4.11 to see that for x, ¢ as in the Theorem and R4.1 = R4 10,

X X, (1
Ps, (K1 < =G (1) < Kz) =P, (0 < ng( ) < Kz)
8 &

(4.20) — P, (o < Xi—(l) < K1>

1 _
> 564.11(80)8” 2

Use Proposition 2.3(b)(i) with G = G, and D = G, to see that for x, ¢ as above,

Xg, (1
]P)(;x (K] < GSEZ( ) =< KZy XGg/z(l) = 0)

Xg, (1

=5, (1(k1 = 2% < K )P, (X6, (1 = 0))
X, (1

=Eax<1<K1 =< G;Z( ) < K2> eXP(—/UOO’S/Z(y)XGg(dy)»

_g, (1K, < XD g 2yt

=Es, 1=—5 =K exp(—4e“U* "' (2)Xg, (1)) ) (by (1.24))

> Es, (1 (K] < X(?z(l) < Kz) exp(—4K2U°°’1(2)))

1
> Scani(eo)e’” Zexp(—4KU%1(2)),

the second equality by (1.26) with Xo = X, and the last inequality by (4.20). So the theorem
follows. [

5. Preliminaries for the lower bound on the dimension. In this section, we will show
that the lower bound on the local dimension of d'R holds with positive probability (see Propo-
sition 5.3). An extended version of this result, which is crucial for the later proof of Proposi-
tion 1.7, is given in Lemma 5.4. The next result is important for implementing our program:
it plays a role analogous to that of Proposition 6.1 in [14].

PROPOSITION 5.1. There is a & > 0 such that for all ey > 0, there is some cs5.1(g9) > 0
so that for all |x;| > ey and € € (0, &),

(0
0

2 )) <csa(l+]x — xa>7P)2P?,

Given the results in Section 4, the proof then follows from that of Proposition 6.1 in [14],
but as there are some differences, it is included in Supplementary Material [9]. The reader
should note that the role of A in [14] is now played by A& ™2, where A is chosen to be a fixed
large constant.

Recall that we are in the case d =2 or 3. Let B > O and gg(r) =r —B . For a finite measure
w on R? and Borel subset A of R<, let

Wy = f f gp(lx — yI) dp(x) dp(y),
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and
1(gp)(A) =inf{(u)g, : u is a probability supported by A}.
The gg-capacity of A is C(gg)(A) = (I (glg)(A))—l- Set
2W2 -2 ifd=2,
(V17 =3)/2 ifd=3,

and note B € (1/2, 1). Now we may use Theorem 4.1 and Proposition 5.1 to get the follow-
ing theorem. Although similar to the omitted proof of Theorem 6.2 in [14], there are some
important adjustments, and so this time the argument is included.

B=p-—

THEOREM 5.2. Assume d =2 or 3. Forevery &g € (0, 1), there is some c52(g9) > 0 such
that for any Borel set, A, of {x € R : g9 <|x| < 80_1},

Ps,(0R N A # &) > ¢52(e0)C(gp)(A).
In particular, for any Borel subset A of R?, C(gp)(A) > 0 implies that Ps (RN A # &) > 0.

PROOF. Fix g€ (0,1). Let ' C {x e R? : g < |x| < &y } be compact and such that
(without loss of generality) C(I') = C(gg)(I') > 0. If I(I') = I(gg)(I'), we may choose

{xiN :1 <i <N} CT so that (suppressing the superscript N) as N — oo (see [19]),
1

(5.1) Iy = NV=T)

SN xi— x> 1@ =1/C(D).
i j#i
Let

A

F={xN:1<i<N,N>1}cT
For any fixed € € (0, gg), we define 0R (¢, ") C I" to be
IR(e, 1) :={x e[ : K1e? < Xg: (1) < Kae?, Xz, (1) =0},

where 0 < K (e0) < K2(g0) < 0o are as in Theorem 4.1. Note the exit measure X¢x is
constructed up to a null set for each (x, ¢), so the reader should note that we will only be
considering at most countably many values of (x, ¢) at a time as is the case in the above
definition for a fixed . Let A > 0 be as in Proposition 5.1. There is some § = §(A, &) €
(0, e~ 1) such that

5.2) A

X (1) ( Xg; (1)
exp| —A 5

5 > >§ VxedR(TI).
€

&

Therefore, by translation invariance, inclusion-exclusion, Theorem 4.1, (5.2) and Proposi-
tion 5.1, for € € (0, &9/ R4.1),

Ps,(0R (e, T) # @)

N
> IP’(;O(U{x,- € IR (e, r)})

i=1

o(xi €0R(e, 1)) = > Py (xi, xj € R (e, 1))
i j#i

~ Nestene 2= Y35 2E5"<n Kox () (1> p(_)LXG);’;(l)))

i j#i k=i, j €

||M2
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> Neg1e? 2 — 518722723 S (14 |x; — x;[777)
i A
> C4.1N8p_2 — C(S())(NSP_Z)ZIN.

Now choose ey — 0 such that st\’,_z =c4.1/(2C (g9)In). Therefore, for some c(gg) > 0,

Ps, (/R (en, ) # &) > ch;‘ﬁ% — ¢(20)C(I) as N — oo.
This implies
Ps, (3R (en, I') # @, infinitely often) > ¢(g9)C(T).
Assume now that
w € {dR(ey, ') # @, infinitely often}.

So we may choose {zy} C [' ¢ I such that zny € OR(en, I'), where we have suppressed the
further subsequence of ey in our notation. The definition of R (en, ') gives X ;zv (1) >
EN
0 and X (1) =0. By Proposition 2.3(b)(ii) and translation invariance, Xev (1)=0
/2

EN eN/2
implies

(5.3) RNB(zn,en/3) =2.
By (2.3), X gy (1) > 0 implies
EN

(5.4) RN IGEN is nonempty.

Combining (5.3) and (5.4) with an elementary argument in point set topology, we can choose
yN € 0R such that ey /4 < |yy — zn| < en. The compactness of I implies there is some
x € I' such that zy, — x as Ny — oo. Therefore, yy, — x and x € IR since 'R is closed,
which gives x € I' N R # &, and so the proof is complete for A = I'" compact. Use the
inner regularity of capacity to extend the inequality to any Borel subset of {x € R? : g9 <
x| <&y ! }, and then conclude for any Borel subset A of R4 that C (gp)(A) > 0 implies that
Ps,ORNA# @) >0. [

PROPOSITION 5.3.  For each nonempty open set B in R%:
(a) Ps,(dim(d@RNB) >dy) > 0.
(b) No(dim(dRN B) >dy) := p53(B) > 0.

PROOF. (a) is derived from Theorem 5.2 by taking A to be the range of an appropriate
independent Lévy process, exactly as in the proof of Proposition 6.5 of [14]. (b) then follows
easily from (a) by making trivial changes to the cluster decomposition proof of Corollary 6.6
in[14]. O

To help upgrade the lower bound in part (a) of the above to probability one, we need to
extend (a) to more general initial conditions through a scaling argument.

LEMMA 5.4. There is a constant g5.4 > 0 so that ifX6 € Mp(R?) is supported on {|x| =
ryand § = X(,(1) satisfies 0 < § < r2, then

é
Px; (dim(&R N B(O, r— %)) > df) > q5.4-
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PROOF. Define X(()“S)(A) = 8_1X6(\/5A), so that the support of X(()a) is on {|x| = r/~/8}
and has total mass one. By scaling properties of SBM (see, e.g., Ex. I1.5.5 in [15]) and scale
invariance of Hausdorff dimension, we may conclude that

PXE) (dim(aR N B(O, r— ?)) > df)

. r 1
= ]P)X(()B) (dlm(a'R NB <0, % — 5)) > df)-

Now work in our standard set-up for SBM with initial law X(()‘S) so that (by (2.1)), X; =
Yjes Xe(Wj) = [ X, (W)E(dW) for all + > 0, where E is a Poisson point process with
intensity NX<5>. For r > /8, define

0

(5.5)

T,(Wj) =inf{r > 0:|W;(1)| < p},
Uy(W;) =inf{r > 0: |W;(t) — W;0)| > p}, and
Ni=) 1T g5 — 12 (W)) < 00) = #(1y,5).
jeJ
Here as usual inf @ = co. Then N; is Poisson with mean

= w
56 My s NX((;S) (T(r/\/E)—(l/Z) <o) < NX(()S)(UI/Z( ) < 00)
=No(U12(W) < 00) :=m < o0,

where X, (()'S) (1) =1 and translation invariance are used in the equality, and the finiteness of m
follows from Theogem 1 of [10].
Let R(W;) ={W;(t) : t <o (W;)} (recall (2.2)) be the range of the jth excursion, so that

RmB(o ’ 1)— U (R(W)mB(o : 1))
T ST j =7 3))
Ve T T 5 - (Wi <00 v

We may assume (by additional randomization) that conditional on I, 5, we have {W; : j €
I, s} are ii.d. with law N X(a>(W € -Ir(r IVE—(1/2) < o0). Therefore, the right-hand side of
0

(5.5) is at least

. r 1
]P)X(<)5)(N1 = I)NX((;S) <dlm(3Rﬂ B(O, % — E)) > df‘.[ﬁ_% < OO)

mrse (d' (8RﬂB(O r 1)) >d )
=" im === ) ) =df),
mys 0 JS 2 f

where x¢ = (\/Lg)el and e is the first unit basis vector. We also have used the fact that spheri-

(5.7)

cal symmetry shows we could have taken any xo on the sphere of radius r/+/8. Now again use
translation invariance and spherical symmetry to see that the right-hand side of (5.7) equals

1
e_m”5No(dim<8Rﬂ B(xo, |xo| — 5)) > df)

(5.8) > ¢ ™ Np(dim(dR N B(ey, 1/2)) > dy)
> ¢ "Ny (dim(dR N B(ey, 1/2)) > dy)

> e " ps3(B(er, 1/2)) > 0,
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where the first inequality follows by B(ey, 1/2) C B(xo, |xo| — 1/2), the second inequality
uses (5.6) and the first inequality in the last line holds by Proposition 5.3(b). We have shown
that the right-hand side of (5.8) is a lower bound for (5.5), and so have proved the lemma
with gs54 = e " p53(B(ey, 1/2)). O

6. Exit measures and continuous state branching processes. Throughout this section,
we assume that ro > 0 and the initial state X satisfy

(6.1) By, C Supp(Xo)©.

To complete the proofs of Propositions 1.6, 1.7, we need to establish some properties of the
total exit measure process XGro_r(l), 0 <r < rg. We will show below in Proposition 6.2
that, for any ro > 0, the “time changed” process Z; = X(;r —t (1)/(roe_’)2, t >0, 1is atime
homogeneous continuous state branching process (CSBP), and thus has no negative jumps.

A nonnegative function A — u(A) on [0, co) is completely concave iff for every y > 0,
A — exp(—yu(})) is the Laplace transform of a probability measure on the half-line. (See
(4.1) in [17] for a Lévy—Khintchine representation of such functions). We recall the definition
of a continuous state branching process from Section 4 of [17].

DEFINITION. A (finite) continuous state branching process (CSBP) Z is a time-
homogeneous [0, oco)-valued Markov process with no fixed time discontinuities (if #, — ¢,
then Z(t,) — Z(t) a.s.), and such that there is a family of completely concave functions

{u(s,-) : s > 0} satisfying
62) E(exp(=AZ(2))|Z(s),s <t1)
' =exp(—Z(t)u(ty —11,1)) as.Vip>11>0,4>0.

The associated family {u(z, -) : ¢ > 0} is the log-Laplace transform of Z.

Recall that U* R (x) = U*R(|x|) is the unique continuous map on {|x| > R} which is C?
on G and satisfies
(6.3) AU =U? on Gr and U=A ondGg.

A simple application of the comparison principle (e.g., Chapter V, Lemma 7 of [12]), using
the last part of (1.27), gives

(6.4) UR(x)<r V|x|>R.
Define
(6.5) u(t, r) =e*U™(e') fort>0.

NOTATION. For 0 <r < rg, we define Y (r)(-) = XGrofr(') and let & = SG,(H \Y,
o ({Nx, —null sets}). For ¢ > 0 set

2t
e _ _
Z()=Xg, (D=5 =Y(ro(l =) Merg™s  Gr=Eyaen =&
0

roe_[ :

It is not hard to show that &, is nondecreasing in r (the corresponding result for half-
spaces is noted prior to (7.2) of [14] and the observation made there applies to balls as well.)
By Proposition 2.3 of [11], Y is (,)-adapted and Z is (G;)-adapted. Let £ = &4 denote
the associated right-continuous filtration. In addition to Ny,, we will also work under the
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probability Qx,(-) = Nx,(-|Yo(1) > 0), where (6.1) ensures that Nx,(Yo(1) > 0) < oo. Note
that

(6.6) foranyrv. Z>0,and any r >0, Qx,(Z|E)=Nyx,(Z|E) Qx,-as.

because {Yy(1) > 0} € &. When conditioning on &, under Qx,, we are adding the slightly
larger class of Qx,-null sets to &, but will not record this distinction in our notation. Below
we will apply the definition of (CSBP) under the o -finite measure Ny, as well as Qx,. We
write Qy, for Q‘Sxo as usual.

LEMMA 6.1. (@) If0<t; <t, and A > 0, then:

(i) Qx,(e *#2|G,) =Ny, (e *#2|G,)) = exp(—Zyu(ty — t1, 1)).

(i)
Ox,((e %2 —e7#1)%) = O, (exp(—Zyu(t — 1,23)
(6.7) —2exp(—AZy — Zyu(ty — 11, 1))
+exp(—21.21,)),
and similarly for Nx,,.

(b) Forall t > 0, A+ u(t, L) is completely concave.
(¢) (Z;,t = 0) is a (time-homogeneous) (G;)-Markov process under Qx, or Nx,.

PROOF. (a) (6.6) shows that for A > 0, the left-hand side of (i) equals the middle expres-
sion, which by Proposition 2.2(a)(ii) and then (1.25) equals

IEXG - (exp(— )»ezrzro 2XG _tz(l)))

)

2 _
Ue 2752, roe (r()e tl)XGrOe"l(l))

Il
o

( UAethr() Jrpe” Z(x)XGrO[,1 (dx))
xp(—
(—

exp(—u(ty —t1,1)Zy,),

where scaling (i.e., (1.24)) is used in the last line. This gives (i). It is then easy to derive (ii)
by expanding out the square, conditioning on G;, and finally using (i).

(b) Let yg > 0 and ¢ > 0. Let m, be the uniform distribution on {|x| =r} and set W =
ezzro_zXGme_t (1). Apply (1.25) and then scaling ((1.24)) to see that for all A >0,

E, > (exp(—AW)) =exp(— yOrOUM o roe” (ro))

Yorgmrg
=exp(—yorgry e UM (¢))
=exp(—you(t, 1)).
(c) This is immediate from (a)(i), (b) (to define the family of laws {Py : x > 0}), and a

monotone class argument. [

Proposition 1.8 in the Introduction follows from part (c) of our next result.
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PROPOSITION 6.2. (a) Y is an inhomogeneous (E,)-Markov process under Nx,, or Qx,.
That is, for any ¥ : Mp(RY) — [0, 00) Borel measurable and for any 0 < ry < r», we have

Ox,(V (Y (r))IEr) =Nx, (W (Y (r2))IEr) =Ey (¥ (Y (2)))  a.s.
() If 0 <r1 < r <rg, then the total mass, Y, (1), of Y, satisfies

Y, (1) ifd=2.
6.8) Nxo(VnIEn) =17r0=r2y, 4y ey 3
ro—ri " -

Under Nx, or Qx,, Y-(1) has a cadlag version on [0, ro) which is an (S;F)-supermartingale
(an (EF)-martingale if d = 2), satisfies (6.8) with SQIL in place of &, and has only nonnega-
tive jumps a.e.

(c) Under Ny, or Qx,, (Z(t),t = 0) has a cadlag version with only nonnegative jumps
which is a CSBP with log Laplace transform given by {u(t, -) : t > 0} in (6.5).

PROOF. (a) This is immediate from Proposition 2.2(a)(ii) and (6.6).
(b, ¢) Let B denote a d-dimensional Brownian motion starting at x under PxB and

7, =inf{t >0:|B;| <r} (inf@=00).

Recalling (6.1), Proposition 3 in Chapter V of [12] shows that for 0 <r < ry,

Ny (F(D) = [ Pty < 00) dXo(x)

(6.9) Xo(1) ifd=2,
= ro—r .
f dXo(x) ifd=3.
x|
Return now to the probability Py, and use (2.4) and the above to see that
Xo(1) ifd =2,
(6.10) BN =R 0= 107 gy ira =3
X

Although we have assumed B;,, C Supp(Xo)¢, both (6.9) and (6.10) will apply if Supp(Xo) C
G ,—r. This allows us to apply (6.10), with Xo =Y, and r =r>, and (a) to derive (6.8).

Turning to the second part of (b) and (c), we first work with Z. Let ¢, ¢ > 0 (t, <) and
setr, =ro(1 —e )t ro(1 —e ") =r € (0, r9). By (6.8) and supermartingale convergence,
{Y;,} converges Ny,-a.e. to a limit we denote by Y,_ (1) for now. (The o-finiteness of Ny,
is not an issue here, but the reader who prefers probabilities may work with Qx, and note
that on the complementary set, {¥Yo(1) =0}, Y, (1) =0 Ny -a.e. by (6.8) with r; = 0O there.
Henceforth we will not make such arguments.) It follows that

(6.11) Zy, — €rg?Y,—(1):=Z,— Ny,-ae.
By (6.7),
Ox, (4% — e=*7m)?)
= Ox,(exp(—Zs,ut —t,,2)0)) — 2exp(—(A + u(t — t,, 1)) Zy,)
+exp(—21Z;))
— Ox,(exp(—=21Z;_) —2exp(—21Z;_) + exp(—2AZ;_)) asn— 00
—0,
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where dominated convergence is used in the above convergence. This and (6.11) show that
Z;, — Z; Qx,-a.s. The fact, noted above, that Yo(1) =0 implies Z;,, = Z; = 0 Ny, -a.e.
allows us to upgrade this to

(6.12) Zi,—~ Z; Ny,-ae.ift, 11>0.
A simpler argument, now using reverse supermartingale convergence, shows that
(6.13) Zi, —~ Z; Ny,-ae.ift, { t>0.

(6.12) and (6.13) imply Y, (1) is continuous in measure on [0, rg). Therefore, by (6.8) there
is a cadlag version of (Y, (1), r € [0, r9)) under Ny, (we do not change the notation) which is
an (&F)-supermartingale (martingale if d = 2) satisfying (6.8) with ErJl’ in place of &,,. This
gives a cadlag version of Z which satisfies the (G;4) version of Lemma 6.1(a)(i), and so is
(Gi+)-Markov under N, or Qx,, just as for Lemma 6.1(c). Clearly, (6.12) and (6.13) imply
that Z,_ = Z; Nx,-a.e., and so Z has no fixed time discontinuities. It follows from the above
and Lemma 6.1(b) that (Z;,t > 0) is a (CSBP) with log Laplace transform {u(t,-) : t > 0}
under Ny, or Qx,. A theorem of Lamperti (see. e.g., page 1044 of [17]) shows that (Z;,t >
0) has only nonnegative jumps a.e. and so the same applies to (Y, (1),r € [0,rp]). U

REMARK 6.3. Although in this work we only use the above results, we briefly discuss
the processes Z. and Y.(1) in the general context of CSBPs. By Proposition 6.2(c) above and
Theorem 4 of [17], there is a Lévy measure 7 on [0, co) satisfying [ 2 A1d7 () < 0o and
constants a € R, b > 0, such that if

o
(6.14) (i) = au — bu® +/ (1—e ™ —ute Y)dr (), u=0,
0
then 7 — u(¢, A) is the unique solution of
du(r, )
(6.15) = W(u(t, ), u0,1)=Ax.

Z is often called a W-CSBP. (6.14) implies W is concave on [0, co) and differentiable on
0, 00). If

A =204 —4d),

then a short calculation using (6.5) and (6.3) gives (primes denote derivatives with respect
to t)

(6.16) W' (t, ) =6—du' +u@—>xrg), t>0.

Differentiating both sides of (6.15) and using (6.16) on the resulting left-hand side, leads to
the first-order ODE for W,

WU (u(t, 1) =(6—d)W(ut, )+ ult, 1) (u,r) —rg), ¥(0)=0.
Letting + — 0 and varying A, we conclude that W is a solution of the ODE
(6.17) VW)= (6—d)Wu) +u—»rg), u>0¥(0)=0.

By using this equation to analyze the behavior of W near oo, it is easy to see that in (6.14),
b = 0. The concavity of W implies that

tim 2 _ Jim () € (— 0. +00].
ul0 u ul0
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If we divide both sides of (6.17) by u and let u | 0, we conclude this limit, ¥’(0) is in fact
finite and satisfies

W' (0)? = (6 —d)W'(0) — Ag,

that is, ¥/(0) =2 if d =2, and W/ (0) = 1 or 2 if d = 3. It is not hard to see using (6.8)
that, in fact, W/(0) = 1 if d = 3. The fact that this derivative is finite, already implies that
fooo £dm (€) < oo and (6.14) can be rewritten as

618) W) =agu+ fo°°(1 — e —ut)dn (o), /Owe A2 dr() < oo,

where now ag; = W' (0) =4 — d, by the above. The ODE (6.17) can be used to study the tail
behaviour of W, and hence 7, via Tauberian theorems. For example, it is not hard to show
that for some explicit cg 19 > 0,
(6.19) lime3/%7 ([&, 00)) = c6.19.

el0

The process of total mass of the exit measure from B, (as opposed to G,,_,) is studied in
[6] as an inhomogeneous CSBP. The setting there is for general branching mechanisms, but
the ideas used above and in defining Z appear to be novel. It would be of interest to study the
detailed behavior of the measure-valued process r — Xg¢, _,.

In [14], we instead worked with the exit measure from half-spaces H, = {x : x] < r},
where the total mass process is a W-CSBP with W (u) = ébﬁ/ 2 (see [6] and Proposition 4.1
of [14]; it is interesting to note that the same 3/2 stable branching mechanism appears in [13]
for subordinate trees). The CSBP analysis in [14] was simpler due to this explicit 3/2-stable
W, but half-planes were clumsier and led to less precise results. See the discussion at the end
of the Introduction. From the perspective of small jumps, the balls look like half-spaces and
so (6.19) is to be expected. We hasten to add, however, that W(«) has behavior near u =0
(corresponding to 7 at oo) which is quite different and dimension dependent. Again using
(6.17), one can show that Ve > 0,

u T Lagu— V) Lu asul0ifd=2,
(6.20)
u? L agu — V) <u’t asul0ifd=3.

7. Proof of Propositions 1.6, 1.7. We use the notation from Section 6. In particular, X
and ro > 0 are as in (6.1), Y, (-) = XGrofr(') for 0 <r <o, and Qx,(-) = Nx,(-|Yo(1) > 0).
In what follows, we always will work with the cadlag versions of Y, (1), and hence Z;,
constructed in Proposition 6.2(b) above. We let W denote a generic snake under N, or Qx,

with the associated “tip process” W (¢) and excursion length o . Define
To(W) =inf{r € [0,r9) : Y, (1) =0} € [0,r9] where inf& =r
and
(7.1) To(W) =inf{|W ()| : 0 <1 <o) =inf{|x|: x € R},
the final equality holding N -a.e. by (2.2). Clearly, we have
Ox,(-) =Nx,(-[To > 0).

LEMMA 7.1. The sets {To > 0} and {fo < ro} coincide Ny -a.e., and on this set, fo =
ro — To Nx,-a.e.



1194 J. HONG, L. MYTNIK AND E. PERKINS
PROOF. For every rational ¢g in [0, Tp), X Gry—g (1) > 0 implies 0G,,—4 N'R is nonempty
(by (2.3)) and so by (2.2) f"o <ro — ¢q. This proves that
(7.2) To<ro—Ty Ny,-ae.on {Tp> 0}.
Conversely, assume ro > Typ and choose rationals ¢, g’ so that Tp <q’ < g <rg. Then

X ,(1) =0 and the special Markov property (Proposition 2.2(b)) at R; = ro — ¢’ shows

-4

that Nx,(R N B,y—y # @|E,) =0 a.e. on {Tp < ¢'}. This proves that

(7.3) To=ro—To Nx,-ae. on{Tp < ro}.

The above is trivial if Ty = rg and so we have shown (by (7.2) and (7.3))
f"o =ro—To Nx,-a.e.on{Tp> 0}.

Finally, note that (7.2) §h0ws Ty > 0 implies f"o < rg, and (7.3) shows Tp = 0 implies f"o > ro,
which in turn shows Ty < ro implies Ty > 0 (all up to Ny, null sets). This proves the a.e.
equality of {Tp > 0} and {To < ro}, and completes the proof. [

LEMMA 7.2. (a) For0 <r <y,
Nx,(0<Tyo<r)=Nyx,(ro—r < To < ro)
= Nx, (1(Xg,, (1) > 0)
x exp[—Xg,, (1)(ro — 1)* U (ro/ (ro — 1))]).
(b) Nx,(To e dr) < dr on {0 <r <ro} and Nx(,(fo edr) <Ldron{0<r <2rp}.
PROOF. (a) Using (1.25) and scaling ((1.24) with A = 00), we have for all 0 < r < ry,
Pxq,, (X6, (1) =0) = exp(—Xg, (U""))

= exp(—Xg, (D(ro — ) "2U (ro/(rg — 1))).

0

(7.4)

The special Markov property (Proposition 2.2(a)(ii)) shows for 0 < r < ry,
Nx,(0 < To < r) = Nx, (1(To > 0Ny, (Xg,,_, (1) = 01&))
=N, (1(Ty > OPxq, (X, (1)=0))
= Nxo(l(XG,O(l) > 0)

x exp[—Xg,, (1)(ro — r) U (ro/ (ro — 1))]),

where (7.4) has been used in the last line. This, together with Lemma 7.1, gives (a).

(b) The right-hand side of (a) is continuously differentiable in r € (0, ry) because U!
is C% on G (recall (1.27)). Here, we note that it is easy to justify differentiation inside
the integral since Ny, (X(;ro(l) > 0) < oo (recall (6.1)), Nx, (X(;ro(l)) < 00 (recall (6.9)),
and (U*1Y(r) is bounded on compacts away from {r §A1}. This gives the first part of (b).
Lemma 7.1 now implies the absolute continuity of Nx, (7o € dr) on {0 < r < rp}. But (6.1)
allows us to replace ro with arg for any 1 < o < 2 in the above reasoning and so conclude
that N Xo(fo € dr) is absolutely continuous on {0 < r < 2rp}. U

PROOF OF PROPOSITION 1.6 ASSUMING PROPOSITION 1.7. By translation invariance,
we may assume x; = 0. Fix rg, r{ and X as in our hypotheses. We must show that

(7.5) XG,1 (I)=0 and XGrO(l) >0 imply dim(B,,NIdR)>ds Px,-as.
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Measurability issues are easily handled using Lemma 2.1 and will henceforth be ignored. We
work under Py, in the standard set-up and so from (2.4) have for 0 <r <rg and Jo={j €

T To(W;) < ro},

X6, =Y. Xo,(Wp) = Xg, WHL(To(W)) <r)

jed jeJ
(7.6) =
= > X, (WHI(To(W)) <r).
Jj€Jdo

Here, we used the fact that f"o(Wj) > r implies X, (W;) =0 (e.g., by (2.3) and (2.2)). Recall
from (2.2) that the range of the jth excursion W; is

R;:=R(W;)={W;@):1t <a(W)))}.
It follows easily from (2.1) (see (2.19) in [14]) that for x € By,

L= L“(W)
Jj€Jo

and, therefore,

RN By, = U (RN By, andso

J€Jdo
7.7)

trr, () = 1 3 Tranpnn, (0> 0).

Jj€do
We will frequently use the elementary topological result
(78)  B,,NIF=B,,N3(By,NF)=B,,N3(By, N F) forany closed set F.
It follows easily from Lemma 7.1 that
(1.9) To=ro— /\ To(W;) on{Ty>0}= { N To(w)) < ro} Px,-a.s.
jedo J€Jo

In view of the absolute continuity properties of Ty under Ny from Lemma 7.2 we see from
the above that if No = |Jp|, a Poisson mean Ny, (7 < ro) random variable, then

(7.10) To>0 iff Jo#@ iff No>0 Px,-as.

By enlarging our probability space and randomizing the above Poisson points, we may
assume that there is an i.i.d. sequence {W; : j € N}, independent of the Poisson variable

No = |Jo| with mean N Xo(fo <rp), and with common law

(7.11) Nxo (170 < ro) = Nx, (-|To < r0)
(the last equality by Lemma 7.2) and so that
No
(7.12) D dwy = 3,
Jjedo Jj=1

Let W ;j denote the tip of the jth excursion and define
T/ =To(W;) <ro (as.by (7.11)),
~ ~ _~ ~
Rj IR(WJ') = {Wj(l‘) 't < G(Wj)}.
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Note that XG,1 (1) =0 implies Tp < ro — r1 a.s. and so, in view of (7.9),

Xg, (D=0 and Yo(1)=Xg, (1)>0 imply Tis
(7.13)

Vj<No Px,-as.
The independence of the TJ°s and fact they have no positive atoms by Lemma 7.2 imply
(7114) Py, (T =77 forsome 1 < j # j' < No. Xg, (1) =0, Xg, (1) > 0) = 0.

So on {XGr1 (1) =0, Xg, (1) > 0} there is an a.s. unique ] < Ny such that T = min{f"j :
J < No}. (7.14) and (7.13) imply that (if an empty minimum is ro) Px,-a.s.,
T:=min|{T/:j#],j<No}> 79 >r on

(7.15)
{Xg, (1)=0,Xg, (1) >0} C {No > 1}.

Hence T is the largest radius r < rg so that a single excursion Wj enters B, (it exists on
{Xg, (1) =0, Xg, (1) > 0}).
By the definition of ]~ and T, we have from (7.15) and (7.7),

B NR=B;NR; on{Xg, (1)=0,Xg, (1)>0} as.
Therefore, using the above and (7.8) we obtain
Py, (dim(B,, NOR) > d, X, (1)=0,Xg, (1) > 0)
> Py, (dim(B; NOR) >dy, Xg, (1) =0,Xg, (1) > 0)

(7.16) = Px,(dim(B; N9R;) > dy, Xg,, (1) =0, Xg, (1) > 0)

z]P’X()({NO >1)N ( () {dim(B, NdR;) > dy ¥r > T/ > rl})>.
J=<No

In the last line we have used Ny > 1 iff XG'"o (1) > 0 (by (7.10)), and on this set, TJ > r for
all j < Np implies Ty < rg — ry (by (7.9)) and so XGr| (1) = 0. We also use the fact (from

(7.15)) that if {0 < Ty <rg — r1} then T > Tj . The independence of the Wj’s and their joint
independence from Ny together with their common law in (7.11) imply that the right-hand
side of (7.16) equals

No
(7.17) Ex, (1(N0 >1) l_[ Nxo(dim(BR NBy)>dsr>Ty>r|Ty < r0)>.
j=1

By Proposition 1.7 and Lemma 7.1, each of the terms in the above product equals N, (To >
r |fo < rp) and so (7.17) equals

No
EX<)<1(N0 > 1)1(/\ (7)) r1))

(7.18) izl
= PXO(O < T() <rop— r1) = PXO(XGrl (1) =0, XGro(l) > 0)

In the first equality we used (7.9) and (7.10). We have proved the left-hand side of (7.16)
exceeds the above, and we conclude that

Xg, ()=0 and Xg, (1)>0 imply dim(B,,NIR)=ds Px,-as.,
thus proving (7.5). O



BOUNDARY OF THE RANGE OF SBM 1197

Recall again that we always work with the cadlag version of Y, (1) from Proposition 6.2(b)
which only has nonnegative jumps and is an (£;7) supermartingale. Define a sequence of
(EF)-stopping times by

T,-1 =inf{r € [0,r9) : Y,(1) < 1/n} (inf@ =ry).
Then
(7.19) on {0 < Tp} (and so Qx,-a.s.) T,-11To and T,-1 <Tp,

where the last inequality holds since Y, (1) has no negative jumps. So under Qx,, Tp is a
predictable stopping time which is announced by {7, -1} and so (see (12.9)(ii) in Chapter VI
of [16])

(7.20) &_=\/¢&t.
n

Let D, = {dim(B, N dR) > dy} for 0 < r < ro. We assume 5r+ is augmented by Q x,-null
sets throughout this section.
To complete the proof of Proposition 1.7, we need the following.

LEMMA 7.3.  If Xo = 8x, where |xo| > 2rq, then

(7.21) Dy &g .

For the proof of Proposition 1.7 below, it would suffice to show that D, N {Ty < ro} € 5}; -,
and this latter result should be intuitively obvious, as we now explain. With Lemma 7.1 in
mind, we see that 8;0 _ includes information generated by the excursions of W outside of its
minimum radius. If this minimum radius is positive (as is the case on {Ty < rp}), it is intu-
itively clear that this includes all the information generated by W. Even without intersecting
with {Tp < ro}, however, none of the mass that hits the origin will survive for any length of
time and so again all of W will have been observed. This last point stems from the fact that
points are polar for Brownian motion in more than one dimension and be more formally jus-
tified using a mean measure result for the integral of the snake (Proposition 2 in Chapter IV
of [12] with p = 1).

PROOF OF LEMMA 7.3. Following the derivation of (7.11) in [14], one sees that in order
to get (7.21), it is enough to show (cf. (7.18) of [14])

(7.22) Ny, ( /O - 1 jnf [Wa(w] =) du) —o0.

Next, follow the proof of (7.18) in [14] using the historical process and its Palm measure
formula, to bound the left-hand side of (7.22) by (cf. (7.22) of [14])

00 s 24—d
/ Ef <exp<—/ (7)2071‘)) ds.

0 0 0 |B; — my]
Here, B denotes a d-dimensional Brownian motion starting at xo under PXB; and my =
infy < | By|. A simple application of Lévy’s modulus for B shows that f; |§(4;ld)|2 dt is in-
- t— s

finite a.s. and so proves (7.22) as required. More details may be found in Supplementary
Material [9] where the actual definition of &, is even used. [

PROOF OF PROPOSITION 1.7. Clearly, it suffices to fix xo € Supp(Xg) and prove the
result with Ny in place of Ny . By translation invariance, we may assume x| = 0, and so
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|xo| > 2rg. Fix 0 < r] < rg. Assume 0 <r < rg and n € N is large enough so that r + n1 <
ro. By Lemma 2.1(b), there is a universally measurable map ¥ : K — [0, 1] such that

(Dyy_p_p-1) = 1(dim(d(B,,_,_,-1NR)YNB, _, ,-1)=ds) (by(7.8))

(7.23) _
=¥ (B,y_r_y1 NR).

Recall that conditional expectations with respect to &, under Ny, and Qy,, agree Qy,-a.s.,
and note that Proposition 2.2(b) can be trivially extended to universally measurable maps.
Therefore, up to Q,-null sets, on the event (4n=2 <Y, (1) < (ro — r)*}(€ &) we have

QX()(Dr0|gr) = QX()(Dro—r_nfl |gr)
=Py, (D (by (7.23) and Proposition 2.2(b))

ro—r—n*])
Z 454,

where Lemma 5.4 and the assumed bounds on Y, (1) are used in the last inequality, and the
assumed lower bound on Y, (1) is used in the next to last inequality. Let n — oo and take
limits from above in r € Q4 (recall Y, (1) is cadlag) to conclude that

M, = on(DFo|gr+) >(gs54 On {0 <Y (1) < (ro — r)2}
VreQnN(0,rg) QOxy-as.

Here, M, is a cadlag version of the bounded martingale on the left-hand side. Using right-
continuity, one can strengthen (7.24) to

(7.24)

M, = Q. (D |ET) = gs4  on {0 <Y, (1) < (rg —r)?}
Vr e (0,r9) Qx,-a.s.

(7.25)

On {0 < Tp <rg — r1}, we have from (7.19) and the lack of negative jumps for Y, (1),

for n large,

(7.26) 4 )
T,-1€0,ro—r1) and YTFl (D=n" <(@ro—Ti/n)" Qx-as.

By Corollary (17.10) in Chapter VI of [16], (7.25) and (7.26), we have Q,,-a.s. on {0 < Tp <
ro—riy € &L,
(7.27) (D€ ) = lim M(T,1) > gs.a.
Multiplying the above by 1({0 < Top <rg — r1}), we see from Lemma 7.3 that
1(Dyy N{0<To<ro—r1}) = q541({0 < To <ro —r1}) Qx,-as.
and, therefore, by Lemma 7.1,
ri<Tp<rg implies dim(B,,NOR)>d; Qy-as.

This remains true if we replace ro by any r € (r1, ro] since B, C Supp(Xp)© still holds.
Therefore, we may fix w outside a Qy,-null set so that for any rational r € Q such that
r e (ry,rol, r1 < f"o < r implies dim(B, N 0R) > dy. By monotonicity of the conclusion
in r, this means that {r; < Ty < ro} implies dim(B, N dR) > d for all r > Ty. This gives
Proposition 1.7 under Qy,. The result under N,, is now immediate from the definition of
Q.,» and {Yo(1) > 0} = {Tp < ro} Ny -a.e. (by Lemma 7.1). [
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APPENDIX

A.1. Proof of Lemma 2.1. (a) Let K®) ={x:d(x,K) <¢e}.IfKoe K and 0 <r < 1
are fixed, it suffices to show that {K € K : p(K N Bg, K¢) < r} is Borel. If r,, 1 r, this set is
equal to

[K:KNBrc KN {K : KoC (KNBR)")

—|K:KNBrCKJ}N <U{K:K0c(Km§R)’n})

n=1

&)
=81 N (U S§>.
n=1

It is then not hard to show that S is open in K and S7 is closed in K.
(b) This easily reduces to showing that for any fixed rationals ¢ € (0, «) and r € (0, R),
the following describes an universally measurable subset of K's in K:

For any natural number N, there is a finite number of open balls

Bl, e BM centered at points in Qd and with rational radii
M M

ri,...,ry > 0 satisfying Zriq <N~ 'sothat 9K N B, C U B.
i=1 i=1

So fixing B’ and r as above, it suffices to show

M c
A= {K eK:9KNB, C U Bi} is an analytic set in K,
i=1
because this implies A1, and hence Af, is a universally measurable set in K. Let Ko =
(Uiﬁil BYNB,eK, Hy={(x,K)eRY x K:x e K}, and for n > 1, set H, = {(x, K) €

RY x K : B,-1(x) ¢ K}. Then
A1={KeK:KoNoK # &}

={KeK:3xeKost.xe KandVn e N B, (x) N K # &}

o0
= {KelC:EIxeRd s.t. (x, K) € (Ko x K)N (ﬂ Hn)}

n=0
Using the well-known fact that the projection of a Borel subset of Ky x K onto K is an
analytic subset of K (see, e.g., Theorem 13 in Chapter III of [5] and note the argument goes
through with R¢ in place of R), it then suffices to show each H,, is Borel. First one can check
that Hy is the countable intersection of the open sets Hé” ={(x,K):x € K{/M) Next, it is
not hard to see that H,, is open for n > 1, and we are done. [J

A.2. Proof of Lemma 4.5. For the proof, we will use the following lemma of Marc Yor
(see Proposition 2.5 of [14] and [20]). Recall that for y € R, (p,) denotes a y-dimensional

Bessel process starting from r > 0 under Pr(y), (F) is the filtration generated by p and
g =inf{t > 0: p; < R}.

LEMMA A.1. LetA>0,ue€R,r>0andv=,/A%+ u? If &, > 0 is F;-adapted, then
forall R <r, we have

A2 ptAatr ] B 3
E§2+2“) (CD,MR exp(—? /0 ? ds)) =rY MEr(2+2v)((pMTR) v+uq>tMR).
N
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Now we are ready to give the following.

PROOF OF LEMMA 4.5. We use Fatou’s lemma and then Lemma A.1 to get that for

a>0,
TR R2(4—d) — {/2
Ex<1‘”<°°) eXp</o | B[4 ds) ( fo B, 2 ))

. . (2+2H«) TRNAL a
=< htrggngm <l(tR§rR/\t) exP(/O ,O_c ds

RN 24— d) — ¢ /2
X exp(—/o —psz ds))

. (2+2v;) RAL g w—v
=|x|" "htrglongm ‘ (1(1R<1Rm)e><p</0 p—?ds Pincp

_ 242 R a
= (R/|x|)" U<>“E|(x| vg)(l(rR@o)exp(/O p—ds))
S

(since prar, = R on {tg <1})

242 R oa
=(R/|x |)p5E(+v§)< xp</0 p—gds)’rR<oo>,

where in next to the last line we use monotone convergence for a > 0, and in the last line the
hitting probabilities for Bessel processes (e.g., (48.3) and (48.5) in Chapter V of [16]) as well
as pr = u + v¢. Note that for a < 0, by bounded convergence, we get equality in the second
line above (with liminf;_, o, replaced by lim,_, o), and thus proceeding as above we get, by
using bounded convergence again in the next to the last line, that (4.10) holds for a < 0.

It remains to verify the lower bound in (4.10), for a > 0. Fix T > 0. Then we have

Ex(l(rR<oo)exp</0TR |Ba| ds)e p( /0”?2(4—“;1#6“))

‘L'R/\T ® 24 — d) — ’
E(frzu)<l(fk<00)ex < ids) exp(—‘/o ( )2 €/ )ds)>

Os
RNNT g
= |x|"H 11m E(2+2v5 (1(rR<rRAt) exp(/ —ds)R“‘”t)
0 s
(2+42v,) ‘[R/\T a
0 o
TRAT
(R/l |)pCE(2+2V{)<eXp(/ ids)‘TR <OO>,
0 s

where in the first equality we used bounded convergence and Lemma A.l, in the second
equality bounded convergence again, and in the last equality the hitting probabilities for
Bessel processes. Now let 7 — 00, to get the required lower bound, and we are done. [J
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SUPPLEMENTARY MATERIAL

Supplement to “On the topological boundary of the range of super-Brownian motion”
(DOI: 10.1214/19-A0P1386SUPP; .pdf). The supplementary material contains the proof of
Proposition 5.1 and gives more details of the proof of Lemma 7.3.
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