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Abstract: Mixture models are widely used in Bayesian statistics and ma-
chine learning, in particular in computational biology, natural language
processing and many other fields. Variational inference, a technique for
approximating intractable posteriors thanks to optimization algorithms, is
extremely popular in practice when dealing with complex models such as
mixtures. The contribution of this paper is two-fold. First, we study the
concentration of variational approximations of posteriors, which is still an
open problem for general mixtures, and we derive consistency and rates of
convergence. We also tackle the problem of model selection for the number
of components: we study the approach already used in practice, which con-
sists in maximizing a numerical criterion (the Evidence Lower Bound). We
prove that this strategy indeed leads to strong oracle inequalities. We illus-
trate our theoretical results by applications to Gaussian and multinomial
mixtures.
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1. Introduction

This paper studies the statistical properties of variational inference as a tool to
tackle two problems of interest: estimation and model selection in mixture mod-
els. Mixtures are often used for modelling population heterogeneity, leading to
practical clustering methods [12, 32]. Moreover they have enough flexibility to
approximate accurately almost every density [6, 29]. Mixtures are used in many
various areas such as computer vision [5], genetics [36], economics [19], transport
data analysis [14] and others. We refer the reader to [18] for an account of the re-
cent advances on mixtures. The most famous procedure for mixture density esti-
mation in the frequentist literature is probably Expectation-Maximization [20], a
maximum-likelihood algorithm that yields increasingly higher likelihood. At the
same time, the Bayesian paradigm has raised great interest among researchers
and practitioners, especially through the Variational Bayes (VB) framework
which aims at maximizing a quantity referred to as Evidence Lower Bound on
the marginal likelihood (ELBO). Variational Bayes inference is a useful tool for
approximating intractable posteriors. It is known to work well in practice for
mixture models: one of the most recent survey on VB [11] chooses mixtures
as an example of choice to illustrate the power of the method. Moreover [11]
states: “the [evidence lower| bound is a good approximation of the marginal
likelihood, which provides a basis for selecting a model. Though this sometimes
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works in practice, selecting based on a bound is not justified in theory”. The
main contribution of this paper is to prove that VB is consistent for estimation
in mixture models, and that the ELBO maximization strategy used in practice
is consistent for model selection. Thus we solve the question raised by [11].

Variational Bayes is a method for computing intractable posteriors in Bayes-
ian statistics and machine learning. Markov Chain Monte Carlo (MCMC) algo-
rithms remain the most widely used methods in computational Bayesian statis-
tics. Nevertheless, they are often too slow for practical uses when the dataset is
very large. A more and more popular alternative consists in finding a determin-
istic approximation of the target distribution called Variational Bayes approxi-
mation. The idea is to minimize the Kullback-Leibler divergence of a tractable
distribution p with respect to the posterior, which is also equivalent to maxi-
mizing the ELBO. This optimization procedure is much faster and efficient than
MCMC sampling with numerous applications in different fields: matrix comple-
tion for collaborative filtering [2], computer vision [41], computational biology
[13] and natural language processing [28], to name a few prominent examples.

However, variational inference is mainly used for its practical efficiency and
only little attention has been put in the literature towards theoretical properties
of the VB approximation until very recently. In [4] the properties of variational
approximations of Gibbs distributions used in machine learning are derived.
The results are essentially valid for bounded loss functions, which makes them
difficult to use beyond the problem of supervised classification. Based on some
technical advances from [8], [3] removed the boundedness assumption in [4],
allowing to study more general statistical models. In [48], the authors extended
the range of models covered by [4]. This allowed them to study mixture of
Gaussian distributions as an example. Many questions are still left unanswered:
model selection, and the estimation of mixture of non-Gaussian distributions.
For example mixture of multinomials are widely used in practice [14], as well as
more intricated examples such as nonparametric mixtures [22]. Note that all the
results in [8, 3, 48] are limited to so-called tempered posteriors, that is, where the
likelihood is taken to some power «. Still, the use of tempered posteriors is highly
recommended by many authors as a way to overcome model misspecification,
see [25] and the references therein. Indeed some results in [3] are valid in a
misspecified setting. Alternative approaches were developed to study VB: [44]
established Bernstein-von-Mises type theorems on the variational approximation
of the posterior. They provide very interesting results for parametric models
but it is unclear whether these results can be extended to model selection or
misspecified case. More recently, [49] succeeded in adapting the now classical
results of [23] to Variational Bayes and showed that a slight modification in the
three classical “prior mass and testing conditions” leads to the convergence of
their variational approximations, again under the assumption that the model
is true. With respect to these works, our contribution is a complete study of
the consistency of VB for mixtures of general distributions. In particular, we
explicit independent conditions on the prior on the weights, and on the prior on
the parameters of the components. The study is done in the case a < 1 which
allows to prove results in the misspecified case.
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The other point addressed in this paper is model selection. This is a natural
question which can be interpreted in this context as the determination of the
number of components of the mixture. This point is crucial: indeed, too many
components can lead to estimates with too large variances whereas with too few
components, we may obtain mixtures which are not able to fit the data properly.
This is a common issue and a lot of statisticians worked on this question. In
the literature, criteria such as AIC [1] and BIC [38] are popular. It is well
known that in some collections of models, AIC optimizes the prediction ability
while BIC recovers with high probability the true model (when there is one).
These two objectives are not compatible in general [47]. Anyway, these results
depend on asssumptions that are not satisfied by mixtures. It seems thus more
natural to develop criteria suited to a given objective. For example, [9] proposed
a procedure to select a number of components that is the most relevant for
clustering. A non-asymptotic theory of penalization has been developed during
the last two decades using oracle inequalities [31]. In the wake of those works, our
paper studies mixture model selection based on the ELBO criterion. We prove
a general oracle inequality. This result establishes the consistency of ELBO
maximization when the primary objective is the estimation of the distribution
of the data.

The rest of this paper is organized as follows. In Section 2 we introduce
the background and the notations that will be adopted. Consistency of the
Variational Bayes for estimation in a mixture model is studied in Section 3.
First, we give the general results under a “prior mass” assumption, as well as a
general form for the algorithm to compute the VB approximation (Subsection
3.1). We then apply these results to mixtures of multinomials (Subsection 3.2)
and Gaussian mixtures (Subsection 3.3). In each case, we provide a rate of
convergence of VB and discuss its numerical implementation. We extend the
setting to the misspecified case in Subsection 3.4. Finally, we address the issue
of selecting based on the ELBO in Section 4. We discuss possible extensions in
Section 5, while Section 6 is dedicated to the proofs.

2. Background and notations

Let us introduce the notations and the framework we adopt in this paper. We
observe in a measurable space (X, X ) a collection of n i.i.d. random variables
X1,...,X, sampled from a probability distribution P°. We put (Xi, ..., X,) =
X7, The goal is to estimate the generating distribution P° of the X;’s by a
K-components mixture model. We will study the (frequentist) properties of
variational approximations of the posterior. The extension to selection of the
number of components is also tackled in this paper, but we will first deal with
a fixed K. We introduce a collection of distributions {Qy/0 € ©} indexed by
a parameter space © from which we will take the different components of our
mixture model. We assume that for each § € O, the probability distribution
6

Qg is dominated by a reference measure p and that the density gy = % is

such that the map (x,6) — gg(z) is X x T-measurable, 7 being some sigma-
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algebra on ©. Unless explicitly stated otherwise, all the distributions that will
be considered in this paper will be characterized by their density with respect to
the dominating measure p. We can now consider the statistical mixture model
of K > 1 components defined as:

K
> piQe, / 0;€0 for j=1,...K, p=(p1,...px) € Sk

j=1

where Sk = {p = (p1,..,PK) € RK/ p; >0 for j=1,..,K and ZJK:M?J‘ =
1} is the K—1 dimensional simplex. We will write 8 = (p1, ..., pk, 61, ..0Kk) € Ok
for short, where p € Sk, 0; € © for j = 1,..., K and O = Sk x K. The
mixture corresponding to parameter 6 = (p1,...,px, 01, ..., 0x) will be denoted
K

Py :=3"5_1 Q.

First, we consider the well-specified case, assuming that the true distribu-
tion belongs to the K-components mixture model. Thus, we define the true
distribution PY from which data are sampled:

K
Xl,...,XHNZp?Qgg with 69 € © for j=1,..,K and p° € Sk.

j=1

Hence, we want to estimate the true distribution Pyo using a Bayesian approach.
Therefore, we define a prior m = m, ®5(:1 7; on 0, ™, € M7 (Sk) being a prob-
ability distribution on some measurable space (Sk,.A), and each 7; € M{(©) a
probability distribution on the measurable space (0, 7). We will also consider in
this paper the misspecified case where the true distribution does not belong to
our statistical model i.e. is not necessarily a mixture, but the specific notations
and framework will be described later.

Let us introduce some notations. The likelihood will be denoted by L,, and
the log-likelihood by #,,, that is, for any 6 = (p1, ..., pk, 01, ...0K),

n K n K
L) =TT Y v, 6000 = Y108 (Smoae, ).
i=1j=1 i=1 j=1
The negative log-likelihood ratio r,, between two distributions P and R is given

by :
= ()

i=1

(note that r,(0,6’) is used by many authors instead of r,(Ps, Py:) but our
notation is more convenient for the extension to the misspecified case). The
Kullback-Leibler (KL) divergence between two probability distributions P and
R is given by

[log (4£) dP if R dominates P,

+o00 otherwise.

mam:{
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If some measure A dominates both P and R distributions represented here by
their densities f and g with respect to this measure, we have

K(P,R) = /flog (5) i)

and we will use K (P, R) or K(f,g) to denote this quantity, depending on the
context.
We also remind that the a-Renyi divergence between P and R,

1 ap\e—1 : :
(P.R) = —log [ (ﬁ) dP if R dominates P,
400 otherwise.

When for some A we have f = ?TI; and g = %?,

Da(P.R) = Dalf.) = o log [ fog"dn

Some useful properties of Renyi divergences can be found in [43]. In particu-
lar, the Renyi divergence between two probability distributions P and R can be
related to the classical total variation TV and Hellinger H distances respectively
defined as TV(P,R) = % [|dP — dR| and H(P,R)? = % [(VdP — VdR)? =
1 —e~2D1/2(PR) through:

TV(P,R)* < 2H(P,R)* < Dy/2(P,R) and Do (P, R) Lﬁ K(P,R).
a—

The tempered Bayesian posterior 7, o(.|X]"), which is our target here, is
defined for 0 < a <1 by

e=orn(Po.P°) 1(df)

[ e B Pn(dg)

(it is also referred to as fractional posterior, for example in [8]). Note that when
a = 1, then we recover the “true” Bayesian posterior, but the case @ < 1 has
many advantages: it is often more tractable from a computational perspective
[34, 7], it is consistent under less stringent assumptions than required for oo = 1
[8] and it is more robust to misspecification [25].

We are now in position to define the VB approximation 7, o(.|X7") of the
tempered posterior with respect to some set of distributions F: it is the projec-
tion, with respect to the Kullback-Leibler divergence, of the tempered posterior
onto the mean-field variational set F,

Tn,a(dO|XT) =

o Ly (0)°m(do)

Tn,a(|XT) = argmin K (,0, ﬂn)a(.|XIL)> .
pEF

The mean-field approximation is very popular in the Variational Bayes litera-
ture. It is based on a decomposition of the space of parameters © g as a product.
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Then F consists in compatible product distributions. Here, a natural choice [11]
iSO =Sk XO x--- x 6O and

K
F = {pp®pj/pp € M7 (Sk), pj € MT(©) V) = 1,...,K}.

Jj=1

We will work on this particular set in the following and we will often use p
instead of py, ®jK:1 p; to ease notation.

We end this section by recalling Donsker and Varadhan’s variational formula.
Refer for example to [16] for a proof (Lemma 1.1.3).

Lemma 2.1. For any probability A on some measurable space (E,&) and any
measurable function h : E — R such that fehd/\ < 00,

log/ehd)\: sup {/hdp—lC(p,)\)},
peMT (E)

with the convention co — oo = —oo. Moreover, if h is upper-bounded on the sup-
port of A, then the supremum on the right-hand side is reached by the distribution

of the form:
eh(®)

M) = gy A

This technical lemma is one of the main ingredients for the proof of our
results, but it is also very helpful to understand variational approximations.
Indeed, for E = O and using the definition of m, o(.|X7]"), we get:

FualXD) = argmin {a [ (Po. POpa0) + K. |

peEM (OK)

and simple calculations give

o (1XD) = argumin fa [ 1, (7 P2)0(a8) + Ko, |

peEF

= argmax {oz / 0,(0)p(d6) — K(p. w)} (2.1)
= argmin{ - aZ/log <Zpgq9 ) (d9) + K(pp,mp)

pEF
K

+ZK@mﬁ~ (2.2)
j=1

The quantity maximized in (2.1) is called the ELBO in the litterature (ELBO
stands for Evidence Lower Bound), and many authors actually take this as the
definition of VB [11].
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Remark 2.1. In practice, the choice of « is not staightforward. Depending on
the objective, some heuristic might be available: for example, [42] proposed a
nice method to calibrate o in order to get confidence intervals on a parameter
of interest. More generally, cross-validation can give good results. We have to
acknowledge that there is no universal method to calibrate o. This could lead
the reader to the idea that the proper Bayesian approach (o = 1) is simpler
to use. We insist on the fact « = 1 can produce catastrophic results in case
of misspecification [25], while we present below some results in the misspecified
case with a < 1. We believe that the calibration of « is a very important research
direction.

3. Variational Bayes estimation of a mixture
3.1. A PAC-Bayesian inequality
We start with a result for general mixtures. Later in this section we provide

corollaries obtained by applying this theorem to special cases: mixture of multi-
nomials and Gaussian mixtures.

Theorem 3.1. For any a € (0,1),
K K
JE{/D@(ijqej,Zﬁ%g)ﬁn,a(dﬁl){?)}
j=1 j=1

< inf { < [/K(p°7p)pp(dp) +§/’C(q0?7q9j)pj(d9j):|

Pp®§(:1 piE€F l -«

K(pp, mp) + Zf:l K(pj, ;)
* n(l —«) }

As a special case, when there exists v, x such that there is are distributions
Ppn € M7 (Sk) and pj, € MT(©) (j =1,...,K) such that for j =1,.... K

//C(po,p)pp,n(dp) < Krp k, //C(qeg,qe,.)pj,n(d%) < Tk (3.1)

and
K(pp.n,mp) < Knrn i, K(pjn,m5) < 0y ks (3.2)

then for any o € (0,1)

K K
- n 1+a
El:/Da(;qu9j7jz_;p?qeg?)ﬂ'n,a(dmxl ):| S mQK’I“mK.

The proof is given in Section 6. This theorem provides the consistency of the
Variational Bayes for mixture models as soon as (3.1) and (3.2) are satisfied. In
[3], the authors use similar conditions ((3) and (4) in their Theorem 2.6), and
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show that they are strongly linked to the assumptions on the prior used by [23, 8]
to derive concentration of the posterior. Thus they cannot be removed in general.
Theorem 3.1 states that finding r,, g fulfilling (3.1) and (3.2) independently for
the weights and for each component is sufficient to obtain the rate of convergence
Kry, i of the VB estimator towards the true distribution.

Clearly, the theorem cannot be directly extended to the case a = 1. As
discussed above, the case o = 1 is studied in [49]: it requires a testing condition
in addition to the prior mass condition given by (3.1) and (3.2). In the case of
mixtures, such a testing condition was studied in [29].

Note that there always exists a distribution p,, , € M (Sk) such that the two
quantities corresponding to the weights [ K(p°, p)ppn(dp) and K(ppn,m,) are
bounded as required in Theorem 3.1 for r, g = “%("K) when the chosen prior
is a Dirichlet distribution 7, = Dk (a, ..., ak ) under some minor restriction on
i, ..., . This result summarized below for any K > 2 helps find explicit rates
of convergence for the VB approximation.

Lemma 3.2. Forr, x = 41%("}0 and a prior m, = Dk (o, ...,ak) € M (Sk)

with % < a; <1 for j =1,..,K, we can find a distribution p,, € MT(Sk)
such that

/’C(po,p)pp,n(dp) < Krpk

and
K(ppn,mp) < Knrp, .

Thus, conditions (3.1) and (3.2) concerning the mixture components are al-
ways satisfied for guaranteeing consistency and obtaining convergence rates of
the Variational Bayes procedure.

Remark 3.1. When K =1, Lemma 3.2 does not apply as % > 1. Nevertheless,
as there is only one component, then any p € Sk is equal to 1 and the two
conditions are immediately satisfied for any prior m, and any rate r, g with
Ppmn = Tp.

The central idea of the proof of Lemma 3.2 (given in details in Section 6) is
to consider the ball B centered at p° of radius K Tn, i defined as:

B {p € Si) K(p,p) < Krn,K}.

Hence, when considering the restriction p,, € M7 (Sk) of m, to B, condition
(3.1) is trivially satisfied and condition (3.2) is restricted to

p(B) > e KT

This is a very classical assumption stated in many papers to study the concen-
tration of the posterior [23, 3, 49]. However, the computation of such a prior
mass 7p,(B) is a major difficulty. Lemma 6.1 in [23] treated the case of Lq-balls
for Dirichlet priors. Since then, only a few papers in the literature addressed
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this issue. Our result extends the work in [23] to KL-balls, which is of great
interest in our study. Moreover, the range of Dirichlet priors for which Lemma
3.2 is applicable is the same as the one in [23].

We conclude Subsection 3.1 by a short discussion on the implementation of
the VB approximation. Indeed, VB methods are meant to be practical objects,
so there would be no point in proving the consistency of a VB approximation
that would not be computable in practice. Many algorithms have been studied
in the literature, with good performances — see [11] and the references therein.
In the case of mean-field approximation, the most popular method is to optimize
iteratively with respect to all the independent components. Here this might seem
difficult: it is indeed as difficult as maximizing the likelihood of a mixture. But
a trick widely used in practice (see for example Section 7 in [27]) is to use the
equality

K
foranyi=1,.... K — log (ijqgj (Xl)>
K . .
= min { Zw log(p;qe, ( Z))—I—Zw; log(w;-)}.
j=1

This equality is once again a consequence of Lemma 2.1 (take E = {1,..., K},
A= (1/K,...,1/K) and h(j) = log(p;qs,(X;))). This leads to the program:

pe]-‘I,nziuneS; { - az Z (/log (pj)pp(dp) + /IOg(QG,- (Xi))Pj<d9j>>

=1 j=1
K
—|—aZZw log(w +IC(pp,7Tp)+ZIC(pj,7rj)}.

=1 j=1 j=1

This version can be solved by coordinate descent, see Algorithm 1. Update
formulas once again follow from Lemma 2.1 (for instance line 7 can be ob-
tained with E = {1,..., K}, A = (1/K, ...,1/K) and h(j) = [log(p;)pp(dp) +

J log(qe, (X;))p;(d6;), more details are provided in Sectlon 6). This algorithm is,
in the case a = 1, exactly equivalent to the popular CAVT algorithm [48, 11, 28],
where the w§ 's are interpreted as the posterior means of the latent variables Z;’s.
A very short numerical study is provided in the Supplementary Material [17],
but note that CAVI has already been extensively tested in practice [11].

3.2. Application to multinomial mirture models

We present in this section an application to the multinomial mixture model
frequently used for text clustering [37], transport schedule analysis [14] and

others. The parameter space is the V' — 1 dimensional simplex © = Sy with V' a
\%4 1(X=v)
0

v=1 b0, for any 6 € ©. We choose conjugate

positive integer, and go(X) =[]
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Algorithm 1 Coordinate Descent Variational Bayes for mixtures

1: Input: a dataset (X1, ..., X, ), priors wp,{ﬂ'j}JKzl and a family {qy/0 € O}
2: Output: a variational approximation pp(p) Hszl pi(65)

3: Initialize variational factors pp, {p; }]K:1

4: until convergence of the objective function do

5. fori=1,...,n do

6: for j=1,..,K do

o setw) = o ([ Toa(n;)o(d) + [ o(an, (X)p(09)) )
8: end for )

9: normalize (w})1<j<Kx

10: end for

11

: set pp(dp) ox exp (a e ji; wi 1og<pj>) p(dp)

12: for j=1,...,K do

13: set p;(df;) o< exp <a iil w}- log(gs, (XZ))> m;(df;)
14: end for

Dirichlet priors as in [37] m, = Dk (au,...,akx) and m; = Dy (f,..., fv) with
% <aj<1lforj=1,..,K and % <Bp<lfort=1,..7V.

The following corollary of Theorem 3.1 states that convergence of the VB
approximation for the multinomial mixture model is achieved at rate KV log(nV)
as soon as V'V > K, which is the case in many text mining models such as Latent

Dirichlet Allocation [10] for which the size of the vocabulary is very large:

Corollary 3.3. For any « € (0,1),

K K
E { / D, ( > pjas, Zp?qQ;?) frn,a(dﬁlX?)]
j=1 j=1

< l1+a [SKV log(nV) \/ 8K log(nK)}
11—«

n n

The proof is in Section 6. We also specialize Algorithm 1 to the present setting
(see Algorithm 2). Here v denotes the Digamma function, 1(z) = L log[I'()]
where I' stands for the Gamma function I'(z) = [ exp(—t)t*~'dt.

3.3. Application to Gaussian mixture models

Let us now address the case of the Gaussian mixture model. This is one of
the most popular mixture models for many applications including model based
clustering [12, 32] and VB approximations have been studied in depth for this
model [33]. First, we will give rates of convergence of the VB approximation of
the tempered posterior when the variance is known, and then when the variance
is unknown.

First, we consider mixtures of V2-variance Gaussians. The parameter space is
© =R, and each component j = 1,..., K is parameterized by its mean 0; = p;.
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Algorithm 2 Coordinate Descent Variational Bayes for multinomial mixtures

1: Initialize variational parameters (¢1,...,¢x) € Rf, (V155 - YVj) € RK and correspond-
ing variational distributions pp = Dk (¢1, ..., K ), pj = Dy (7114,...,7vy) for j =1, K

2: until convergence of the objective function do
3: fori=1,...,n do
4: for j=1,...,K do
) K v
5 st = exp (W(8) — WX 00+ Unx) — B X )
= v=
6: end for
7 normalize (wi.)lngK
8: end for

9: setqufaj—i—aZw for j=1,...K

10: set pp —DK(fbl,- 7¢>K)
11: for j=1,..., K do

n .
12: set m,j:,BU—l-aZw;ﬂ(Xi:fu) for v=1,..,V
i=1

13: set p; = Dv (Y14, TV5)
14: end for

We select priors m, = D (e, ...,ax) and m; = N(0,V?) with 2 < a; < 1 for
j=1,..,K and V? > 0. The following result gives a rate of convergence Kr,, x
of the VB approximation:

Corollary 3.4. Let us define mp g = 41%("}{)\/;(:1 % {% 10g< ) + nvz +

1 (!
og + Sz — 5 |- Then, for any o € (0,1),

[/D (Zpﬂewzpﬂeo)wna do|X1) ]

One can see that for n large enough, the convergence rate is Kl%(”m, which
comes from the estimation of the weights of the mixture.

We can also provide a similar result when the variance of each component is
unknown. The convergence rate remains the same, and is entirely characterized
by the weights consistency rate. The parameter space is now © = R x (0, +00),
and each component j = 1,.., K is parameterized by its pair mean/variance
0 = (pj,03). We consider again a Dirichlet prior m, = Dg(a,...,ax) with
K <oa; < 1 for j=1,..., K on p € Sk, and we will provide our results for two
different priors m; frequently used in the literature: a Normal-Inverse-Gamma
prior [40] and a factorized prior [45]. We define the Normal-Inverse-Gamma
distribution as follows:

Definition 3.1. The Normal-Inverse-Gamma NIG(u,6?, a,b) is the distribu-
tion which density w with respect to Lebesgue measure is defined by w(x,y) =

g(x|u, g2 )h(yla,b), where g(.|u, o ) is the density function of a Gaussian distri-
bution of mean u and variance o2, and h(.|a,b) is the density distribution of an
Inverse-Gamma of parameters a and b.
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Corollary 3.5. Let us fix a € (0,1).

e For a Normal-Inverse-Gamma prior mj = NZG(0,V2,1,~?) for each j =
. K. With

o
Tn,K = 410g7(LnK) \/]I(:1 % |:2 log(n\/v) 27LV2 + 2‘(20))2\;2 + lOg (( ) ) +

2

((;/;))2 - %IOg(27T):| s

[/D <ZPJQOJ7ZPJQQO>TMQ de| Xt )] < —ZKTnK

e For the factorized prior mj = N(0,V?) QZG(1,~4%) for each j =1,.... K.
With
= Hog(nI) \ /K M{Qlog(mr) (0" | 6 g<< 0)2 >+<go>2

%10g(27r)] ,

Tn

[/D <ZP1Q9]7ZPJ(]90)7T”Q do| Xt )] < —2K7’nK

One can see that even when the variance has to be estimated, the convergence
rate still achieves Kl%(nm for n large enough, whatever the form of the prior
- factorized or not.

We give in Algorithm 3 a version of Algorithm 1 for unit-variance Gaussian
mixtures with priors m, = Dk (a1, ...,ax) and m; = N(0,V?) where = < a; < 1
for j =1,..., K and V? > 0.

Algorithm 3 Coordinate Descent Variational Bayes for unit-variance Gaussian
mixtures
1: Initialize variational parameters (¢1,...,dx) € (Rj_)K, (n;

7s?) € R x R} and corre-
sponding variational distributions pp, = Dg (91, ..., oK), pj = N(nj, s?) forj=1,...,. K
: until convergence of the objective function do
:fori=1,..,ndo
for j=1,...,K do

2
3
4
5: set wh = exp (wwn w<z Be) — L2+ ( Xm})
6 end for

7 normalize (wi)1§ng

8: end for

9: set(bj—aj—l—aZw for j=1,...K

10: set pp —DK(¢>17- 7¢K)
11: for j=1,..., K do

70‘27 1 ~and 2= —( L
1/V2+ay 1@ J 1/v2+azy:1w;.

13: set pp,j = N(nj,s?)
14: end for

12: set n; =
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3.4. Extension to the misspecified case

From now we do not assume any longer that the true distribution P° belongs
to the K-mixtures model. We still consider a prior m = 7, ®§(=1 mjon f € O
for which 7, € M7 (Sk) and 7; € MT(©) for j =1,..., K.

For some value 7, i, we introduce the set O (ry, i) of parameters 6* € O
such that:

o there exists a set A, x C Sk satisfying:
— for each p € A, i, foreach j=1,...,K, log (%) < Krn, Kk,
J

_ Wp(An,K) > e~ KT K

e there are distributions p;,, € M{(0) (j = 1,...,K) such that for j =
1,...K:

g0 (X)
/]E{log( 2 >}pj,n(d9j) <rnrx , Klpjn,m) <nrpk. (3.3)
q6; (X)

Let us discuss this definition. To begin with, the first item of the definition of
Ok (rn, k) can seem quite restrictive. It is even a much more stronger assumption
than (3.1) and (3.2). Nevertheless, the way to find the required measures py,
in Lemma 3.2 in the well-specified case implies constructing in the proof such
sets A, i for the true weight parameter p°. As a consequence, it might seem
reasonable to replace conditions (3.1) and (3.2) by the first part of the definition
of Ok (ry k). On the other hand, the condition given by (3.3) looks like those
of Theorem 2.7 in [3]. Once again, the difference is that inequalities must be
satisfied here for each component. A condition on both the true distribution
P° and the parameter #* considered is required through the expectation term.
Besides, condition (3.3) is equivalent to (3.1) and (3.2) when the model is well-
specified.

Theorem 3.6. For any a € (0,1),

u«:{ / Da(éijej,PO)ﬁn,a(delX?)}

1
< a inf ’C(PO,PQ*) + ﬂ2K7“n K-
1 —a0:€cOk(rnx) l—« ’

Remark 3.2. If there is no v, ik such that Ok (r, k) is not empty, then the
right-hand side is equal to infinity (by convention) for any value of vy, x and the
inequality is useless. Nevertheless, this is not the case in models used in practice.
We show an example below.

It is worth mentioning that even if this is not exactly an oracle inequality
as the risk function in the left-hand side (a-Renyi divergence) is lower than
the right-hand side one (Kullback-Leibler divergence), but the theorem still
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remains of great interest. Indeed, when the minimizer of (P, Py) with respect
to 0 € Ok(rn k) exists and is such that the corresponding Kullback-Leibler
divergence is small, then our oracle inequality is informative as it gives a small
bound on the expected risk of the Variational Bayes.

To illustrate the relevance of Theorem 3.6, we provide the following result that
is applicable for a wide range of generating distributions when considering the
family of unit-variance Gaussian mixtures with priors m, = Dk (a1, ...,ak) €
M (Sk) with 2 < a; < 1forj=1,..,K (K > 2)and 7; = N(0,V?) €
M{(R) for j =1,..., K with V? > 0:

Corollary 3.7. Assume that the true distribution P is such that E|X| < +oc.
Let L > 0.

4log(nK K
For Tn,K = ,,(L ) \/j—1 Z

_ %{%log<§> + n_]ljg —i—log(V) + % —% , we get
Sk % [-L, L)% € Ok (rn k) and for any o € (0,1),

K
]E{/Da<zij9]wPO>7~rn,a(d0X?):l
j=1

1
= (PO, Ppe) + 1o

—Q

< inf 2K7ry K-

T 1— o eSkx[-L,LIK K
Remark 3.3. If the true distribution is a mizture of unit-variance Gaussians
with components means between —L and L, then E|X| < +oo and the first term
of the right-hand side of the inequality is equal to zero, which gives directly for
any o € (0,1),

K
N n 1+«
E{/Da(;qu;gj,P0>wn,a(d0|xl )} < 2K

4. Variational Bayes model selection

In this section, we extend the problem to a larger family of distributions. We
want to model the generating distribution P° using mixtures with an unknown
number of components in a possibly misspecified setting. Thus, we consider a
countable collection {Mg /K € N*} of statistical mixture models

K
Mg = Py, = ij,Ker,K / Ok € Ok

Jj=1

with @K = SK X @K, SK = {pK = (pl’K, ---ypK,K) S [0, 1]K/ Z;ilij( = 1}
and the general notation 6k = (px, 01 K, ---, 0k, k). We would like to emphasize
that the notations are slightly different as the size of each component parameter
depends on the model complexity K. The entire parameter space {2 is the union
of all parameter spaces © i associated with each model index K: Q = U®_,0,
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and we can think of a whole statistical model M = U%_; Mg as the union of all
collections M. First, we can notice that different models M g never overlap as
parameters in each one do not have the same length. Nonetheless, parameters in
complex models (models M i with large K) can be sparse and therefore contain
the “same information” as parameters in less complex ones, i.e. can lead to the
same distribution Py.

The prior specification is a crucial point. As mentioned above, each parameter
depends on the number of components. Then, we specify a prior weight 7y as-
signed to the model M g and a conditional prior Ik (.) on 0 € Ok given model
M . More precisely, we define our conditional prior on 0x = (pk, 01,k -, Ok i)
as follows: given K, the weight parameter px = (p1 k.., Px, k) is supposed to
follow a distribution 7, x on MT(S i ); finally, given K, we set independent
priors 7; i for the component parameters 8; g where each m; g is a probability
distribution on M7 (0). In a nutshell:

+oo
™= E WKHK
K=1

with
K

Mk (Ox) = mp. () [ [ 5. (05.5)
j=1
We have to adapt the notations for the VB approximations. The tempered
posteriors 7/, (.| X]") on parameter fx € O given model M, is defined again
as
T o (d0xc | XT) ox Ly (0 )* T (dfg ).

The Variational Bayes 75 ,(.|XT) is the projection of the tempered posterior
onto some set F following the mean-field assumption: the variational factor cor-
responding to the weight parameter px = (p1,x, ..., Pk, k) is any distribution p,
on M7 (Sk); besides, we consider independent variational distributions p; (6, x)
for the component parameters 6; x where each p; is a probability distribution on
M (©). Then, Fic = {p, @], p;/pp € M{ (Sk), p; € M{(©) ¥j = 1,..., K},
and
ﬁfa(\X{’) = arg minlC(pK, W§Q(|X{L)> .
P EFK

We recall that an alternative way to define the variational estimate is to use the
Evidence Lower Bound via the optimization program (2.1):

ﬁff’a(.|X{L) = arg max {a/fn(GK)pK(dHK) — IC(pK,HK)}
P EFK

where the function inside the argmax operator is the ELBO L(pg ). For simplic-
ity, we will just call ELBO L(K) the closest approximation to the log-evidence,
i.e. the value of the lower bound evaluated in its maximum:

LK) =a / 0Bk )FE (A0 | XT) — KC(FE L (X7, TI).
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The objective is to propose a data-driven estimate K of the number of com-
ponents from which we will pick up our final VB estimate 7% (.| XT) and derive
an oracle inequality in the spirit of [31]. It is stated in [11] that arg max g~ L(K)
is widely used in practice, without any theoretical justification. We propose

K = argmax {E(K) —log <L>}
K>1 TK

which is a penalized version of the ELBO. Note that taking (7x) as uniform on
a finite set {1,2,..., Knax} leads to the procedure described in [11]. We discuss
below the choice mx = 2 XK.

We can now state the following result which provides an oracle-type inequality

for 7% (.| X7):

n,o

Theorem 4.1. For any o € (0,1),
| [ Datrr, PO (@017

1
< inf {L inf K(PO,Pg*)+H—a2KrnK+M}.
K>1 |1 — @ 0*€Ox(rn k) 11—« ’ n(l — «)
This oracle inequality shows that our variational distribution adaptively satis-
fies the best possible balance between bias (misspecification error) and variance
(estimation error). If we assume that there is actually a Ky and 6* € O, such
that P° = P then the theorem will imply

N log (=
E{/DQ(P&PO)ﬁf’a(dﬂX{‘) < i_—ZZKOrn,KO + %.
Note that this does not mean that K =K, 0, but this means that the convergence
rate of Py to P° 7 (.|XT) is as good as if we actually knew Py. The objective
of estimating Ky is a completely different task [47]. Estimating Ky would also
require identifiability conditions that are not necessary for our results.

The variance term is composed of two parts. The first one, Kr, x up to a
multiplicative constant, corresponds to the rate obtained when approximating
the true distribution with mixtures of model M g . The second part of the overall
rate can be interpreted as a complexity term over the different models reflecting
our prior belief. For instance, if we want to penalize more complex models,

we can take mx = 27X and the corresponding term will be of order K/n.
In practice, as soon as % < rp Kk, then this penalty term is negligible when

compared to the approximating rate K, g: this means that this choice can be
considered safe, as it does not interfere with the estimation rate.

5. Conclusion

Using variational inference, we studied consistency of variational approximations
for estimation and model selection in mixtures. When considering tempered
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posteriors, we showed that Variational Bayes is consistent and we gave statistical
guarantees to model selection based on the ELBO. For further investigation, it
would be interesting to explore the case of Bayesian posteriors when o = 1. The
recent work of Zhang and Gao [49] gives the tools for tackling such an issue,
and allows one to consider risk functions different from a-Renyi divergence. But
the conditions would be more stringent, and misspecification would be more
problematic in this case.

Another point of interest is the study of the non-convex optimization pro-
gram (2.2). Indeed, the proposed coordinate optimization can lead to a local
extremum, and this implies that one needs to pay attention to initialization.
The same problem also occurs in the Expectation-Maximization (EM) algo-
rithm. In practice, users often run EM or CAVI several times with different
initial distributions. Many practical ideas were proposed to target the global
extrema more efficiently with EM [35] and could be extended to CAVI. But the
question of convergence remains open in theory.

Finally, note that our results are remarkable as there are almost no conditions
on the mixtures considered. In this paper we have focused on estimating the
true probability distribution P°, even in the well-specified case. We have no
results on the estimation of the parameters. In the case of mixtures, these results
are extremely difficult to obtain even for Gaussian mixtures [46]. They require
restrictions on the parameters set and lead to different rates of convergence.
The consistency of VB for the estimation of the parameters remains open.

6. Proofs
6.1. Some useful lemmas

We provide in this section two useful lemmas required in many proofs below.

6.1.1. An upper bound on the Kullback-Leibler divergence between two mixtures

The lemma below was first stated by [39] for mixtures of Gaussians, [21] checked
that the proof remains valid for general mixtures. It is a tool widely used in signal
processing [27]. We provide the proof for the sake of completeness.

Lemma 6.1. Let p,p° € Sk and GJ,H? €0 forj=1,...K. Then,

Zp]qeo Zpgqe K", p) +ij (d00+ do0,)

j=1

Proof. For any nonnegative numbers a4, ..., ax and positive 31, ..., Bk, we have:

ZK 3K1O‘j> (Zf‘il‘%)
1 1
Og<zg 1BJ> ;BJ (ZJ 163’ % ZJK:1 Bj

10>
=}
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K K 3 K 3
OIS s A PN
j=1 j=1 j=1 l:lﬁl J

=1 B ﬁj
K K
Bi a
=\ 28I\ s
j=1 o 2= B Bi
where f is the convex function z — xlog(x). As Z;il ﬁ =1, then using
=1

Jensen’s inequality:

ZO‘J log<ZK J)Z iﬁj f i %
Z] 1 P j=1 Zl 1B Bi

Jj=1

éﬁj JKlzllﬁl ( )
(

K K o
= B 1o
jglj 221151ﬂ1 >

Jj=1
K .

= Zaj log (ﬁ) .
j=1 B

The inequality remains valid when some or all 3;’s are zero. Indeed, assume
that 8; = 0. If a; # 0, then the 4t term of the sum in the right-hand side is
aj;log(aj/B;) = 400, and the result is obvious. Otherwise, a; = 0, hence the
j™ term of each sum in the inequality is zero as a;log(a;/B;) = 0, and the
inequality can be obtained considering only the other numbers.

Thus, for p, p° ESKandHJ,je@for]—l LK

K K Z

1p_]QG0
> Page. Y piae, =/ ijqw 10g< = )
j=1 j=1

IN

&)
j

ZJ 1D;599;

/Zp 90 1og< i >
/Zpﬂq9°10g< ) /Zp]qeolog< 9)
:sz?log <Z§> </qeg> +le2/q93 log (Zf)

K(°,p) +Zp] 109, 90;)

which ends the proof. O
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6.1.2. KL-divergence between Gaussian distributions and between
Normal-Inverse-Gamma distributions

We give in this section the Kullback-Leibler divergence between 1-dimensional
Gaussian distributions and between Normal-Inverse-Gamma distributions.

Lemma 6.2. We denote u and v the density functions of the respective Gaus-
sian distributions N (p,02) and N (w,,0?2). Similarly, we denote p and q the
two densities of NIG(u1,0%,a1,b1) and NIZG(us,03,as,bs). Then:

1 2 2 v — u2 1
K(u,v)log(z >+0+w2

2 202 202
and
1 92 02 02(,LL2 — Ml)z aq 1
! he Z2 4 72\vme A 2L
F(ag) bl b2 - b1
- 1 log [ — .
o oala) s (r<a1>) e <52 T

Proof. The first equality is extremely classical so we don’t provide the proof.
For the second one,

o= [ e (22

R —

- o e o (22 )
e (22

= Eyz6(em) [/qp(.Y), q<.|Y>>]  Klpysay).

Using the KL-divergence between Gaussians:

1 92 02 02 o 2 1
KV aly) = log (gh ) + o + 2020l

hence

Ey 200,00 KLY, q(Y) }

l\)"_‘
mw/\

02
Y1

9%) 292
M2 —Ml) Yol = M) 1 1
2 Y ~ZG(a1,b1) ? _5
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ie.
1 92 9 02(M2 — /11)2 aq 1
by KO = b () £ st 1
vzt [ KUY aCIY) | = 3108 (33 ) + g+ 0 2

and using the KL-divergence between Inverse-Gamma distributions

K(py,av) = (a1 = az)ib(ar) + log (?H) + a3 log <Z_) oy 2t

where I and v are respectively the Gamma and Digamma functions, we have:

1 92 92 92(,LL2 — [Ll)z a1 1
! 1 Z2 4 Z2\me A 7L
F(ag) bl b2 — b1
— 1 1 — . O
+ (a1 — a2)¥(a1) + log (F(a1)> + az log <b2> + a1 b

6.2. Proof of Theorem 3.1

This result relies on an application of Theorem 2.6 in [3] to mixture models.
The proof of Theorem 2.6 in [3] itself relies mostly on a deviation inequality
from [8] and on PAC-Bayesian theory [15, 16].

Proof. Fix 0 < a < 1. Theorem 2.6 from [3] gives:

]E[ / Da(ﬁquej,ipg?qeg)ﬁn,aw?)}
< (% (S o Joton %5

Thanks to Lemma 6.1

(Zp]qeo Zpgqe ) <K@’p) +ij (6090, )-

j=1
Then

K

K(p,m) = pp®pj7ﬂ-p®7rj = ppv”p)"‘Z’C(pjaﬂ'j)

Jj=1

the last inequality being obtained thanks to Theorem 28 in [43]. Gathering all
the pieces together leads to

K K
E [ / Dq < > pigs;, ZP?%;?) ﬁn,a(cle?)]

=1 =1
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<t {2 | [ K6 pnstan) +i [ Kt o308,

K(pp, mp) + ZgK:1 K(pj,m5)
+ n(l — «) }

that is the result stated in Theorem 3.1. O

6.3. Proof of Lemma 3.2

Proof. Let us define p,,, € M{ (Sk) by the following formula p, ,,(dp) o< 1(p €
B)m,(dp) with

B {p € Sk /KGO, p) < Kr;,K}

and

. ( 1 log(n(K — l)F(A)KKl/MS)>
Tk T\ K- 1) n

where A = % and Mg = max{p?/j =1,..,K}. We adopt the notation S
E;il o in the following. Recall that by assumption K > 2 and hence A = % <
1

FiI‘St, fIC(pO,p)pp,n(dp) S KT;l,K'
Then, let us show that KC(pp.n, mp) < Knr), . For that, let us define

0
_ K, 0, —Krl ) 0, —Kr!, Pk
A—{péR /p]e T, K SPJ Spje " ’K+7’l(K—1) ’

K—1
for j=1,..K—1, pg=1-— ij}
j=1

where K is such that p}, = max{p(; /3 =1,..., K} (this assumption can always
be fulfilled by reordering and relabelling the vector components). Then, p}, > %
(otherwise, the sum of the components of p® would be strictly lower than 1 and
the vector would not be included in Sk ). We will show that A C B and that
mp(A) > e~ K" Then, we will conclude thanks to the following formula:
K(ppn,mp) = — IOg(ﬂ'p(B»-

First, let us show that A C B.

Letpe A Aspg = 1—2?2_11 p;, we just need to check that K(p%,p) < Ky, x
and that p; > 0 for each j =1,..., K.

The first part can be proven using the definition of A. According to the K —1
left-hand side inequalities in the definition of A,

K-1 pO
0
lo + lo
s () sk (1)

Jj=1
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K—1 0
Kr! 0 K
< > p)log(e" ) + pl log (—>
j= Pk

K-1

—

PYKT), i + Pk log (pK>
=1 Pk

0
P

= (1= pY)Kr}, jc + pi log <—K> :
PK

All we need to show now is that log (i . This comes from the

following inequalities:

0
Pr\ Pk pK
log<z§)_log<1—z’( I ) g( ST 0o K, PTK)

j=1 Pj le]

= log

K )

1- l—pK e Krix _ Pic
< 1
1fa—pmeK%«f£&

n

7 0
b — 14 (1 —ph)e o 4 B
1 (1—p)e Krin - Lic

0 0_1 1_0 —KT;YK &

PK 1 — (1 _p(}()e_KT;L,K _ %

(9} ’

B — (1= pl)(1 = )
(1= 3)+ 1= pf)(1 = e K
Lo (G - - )

1=+ Gr-na- e~ )
1 1
“1-1 n-1
< Kr, i

Hence K(p°,p) < (1-p% ) K7, g+ log ( ) < (V—pg) K1), o+ K, o =
Kr;l’K.

On the other hand, for j =1,...,. K — 1, p; > p?eiKT:taK > 0 and:

K—-1 K-1 po
4 _ B 0,—Krl, K
pr =1 ;pjzl ]Z::I(pje K+4n(K—1))

’ pO
= 1= (4= phoe v 4 2 )
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>1—(1—pl)e Krmx —ph
= (1 - pf)(1 — e Krnx)
> 0.

Then, p € B, and finally A C B.

Now, let us show that m,(A) > e~ Knrl k.
Let us denote f the density of the m, = Dg (e, ..., ax) Dirichlet distribution:

flp)= Hp““'_l (p € Sk).

() I=1

Jj=1

Thus, we can lower bound m,(A):

= /Af(ph-.-,px)dp:/fli)l Hp?fl 1(p € Sk)dp

asforpGA,ngeKT

1,..., K —1 (as A C B), and then p. > 1.

Then, by definition of 7}, r, (KO 5=l
ties I'(A) > I'(e;) as A < a; <1 and F( )

’ 0
K <p]<pe mK 4 oty <1 for each j =

(A)F—Te ™ and using inequali-
>las S >2,

’ K /
(s K—1 0 "™ K T(A)K-Te "n.K .
mp(A) > KL / J—Kr’ i 1 dp;
1 D(ay) i=t e 20"
j=1
T S) K-1 p(;e K K 4T(A)K-Te "n.K
z K /0 —Krl dpj
[ () 51 75"
j=1
res) 5
= ) ]_—‘(A)K}ilefm" K
[ T'(ey) =1
j=1
_ KF(S) F(A)Ke_n(K 7,
[T I'(ey)
j=1
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Hence, as A C B, m,(B) > m,(A) > e 7k and finally, K(ppn,mp) =
—log(m,(B)) < Knry, k-

We just proved the lemma but with the rate 7}, ;- instead of the value 7, x
used in the lemma. We can conlude by noticing that the result is valid for every
r such that ), - <r, and that in particular 7], ; < 7, k. This last result comes
from the inequality:

I(1+4)
A\1-%
(2) °
which is a direct application of the left-hand side of inequality (3.2) part 3 in
[30] with z = 4 > OAand A=42¢€(0,1). As, 1+ 42 €[1,2], then T(1+ §) <1,
and —— = K'=% < K. Thus:
2

I'(A) <

I'4) <K
and as K > 2 and p(}( > %, it follows that
K

log((K — I(A) == /pY) < log(K(K)®1K) < log(K(K)*K) < log(k*)

: 1 1 K* 1 41 K .
L.e. T;,K < maX(K(n—l)’ Og(ﬁ )) < max(K(n—l)? Og,(,n ))- Besides, -5 =
1 : : 1 1 1 4log(2) 4log(nK)
1 + n—1 S 2 lmphes K(n—l) S 2(n_1) S n S " S 5 and ﬁnally
41 K
i S HEEE = O

6.4. Proof of Corollary 3.3

Proof. According to Lemma 3.2, there exists a distribution p,, € M (Sk)

such that Llog(nk)
og(n
[ K6 D) < 16 HEE

and

41 K
K(pp.n:mp) < Kn%.

Similarly, the same result states that there exists distributions p;.,, € M7 (Sv)
for j = 1,..., K such that

4V log(nV
/K(qeg,qej)pj,n(dej) < 4Vlog(nV)

n

and
n4V log(nV)

K(pj,naﬂ-j) < n

We conclude using Theorem 3.1:
K K
]E[/Da(zquej,Zp?q@g)ﬁn,a(dgX{L)}
j=1 j=1

< l+a {SKV log(nV) \/ 8K log(nK)} 0
-« n n
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6.5. Proof of Corollary 3.4

042
Proof. For R;, = %\/%{% log (%) + nV;Q + log (%) + (5{;)2 - %} (for j =
1, ..., K), there exists distributions p;,, € M7 (Sk) for j = 1,..., K such that

[ K )pintan) < By
and
K(pj,n, 7Tj) S nij.

Indeed, let us define p; ,, as a Gaussian distribution of mean M? and variance
%. According to Lemma 6.2:

(1j — 19)?
K(qyquuj) = BTQJ
Then,
1 1 212 1
/K(q#27Quj)pj,n(dﬂj) = ﬁEﬂjNﬂf,n[(ﬂj - U?)Z] = 972 X n = n < ij

We can apply Lemma 6.2 again to conclude:

1 nV? vz oo (W) 1
Kpjinymj) = 3 log (2V2>+7+ 27 3

1 n V2 Y w9 1
= “log (= 1o iz
2°g( ) nyz o8 (V>+ V2 2

1 n V2 VY W) 1
=n X E[ 10g< ) V2+10g<v>+21ﬂ —5}

S nRj,n.

In addition, Lemma 3.2 tells us that there exists a distribution p,, , € M7 (Sk)

such that Log(nk)
og(n

[ K6 () < 5 HEE)

and Al %
K(ppn, mp) < nK%.

1 K 1 K 2
For Tn,K = 4%% \/j:1 Rj,n — 4log(nk) OgT(an) v % \/j:1 % |:% IOg (%) + nV_Vz +

" 2 . n n
log ( )—i— (;v)z —%] Le. Tn K = 410g( b \/J 1n [ log (5) + ijz +log (%) +

A% % , we finally obtain the required inequality using Theorem 3.1. O
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6.6. Proof of Corollary 3.5
6.6.1. Normal-Inverse-Gamma prior

Proof. First, let us focus on the first result, when the chosen prior is the Normal-
Inverse-Gamma 7; = NZG(0,V~2,1,~?) for each j = 1,..., K. In order to obtain
the required rate

K

4log(nK) \, 1 (19)? (09)?
oK = g \/ - [2log (nVV) + 5 V2 20 QJ)2V2 + log (—7]2 )
.7

j=1
2
B
+ Y 10g(27T>:| )
(03)?
we proceed as previously and find a variational density on both the mean and the
variance such that the two different terms | ’C(Q(Hg,(agﬁy Q(#j7gj2))pj7n(dﬂj7 daf—)
and K(p; ., ;) are upper bounded for j =1, ..., K.
Let us define p; , as a Normal-Inverse-Gamma distribution NIG (,u?, Any Gy b))
where \,, a,, and b, are hyperparameters that we will make precise later. Using
Lemma 6.2:

N[ =

1 o;
K(a9,(59)2)2 pj.0%)) = 5108 <(Jo)
J

Then,

1 Uf»
/ KA@(9,09)2)> 9(103,00))Pd.n (A115) =GB 00)mp5,0 [log ((go)2>]
J

(o))" (nj —p9)?] 1
+ E(,u._],g]?)ijm |: :| + E( ?)ij,n |::| - 5

20 20]2.
As
L e, 1] a,
(,u] UJ)NPJW 2O.j2 2 (,uj7a'j)ij,n O'? 2 bn’
1 o} 1 1 042
§E(uj70,2-)~pj,n {log (09>2>} = g(loe‘:’?(bn) —(an)) — 5 log((o5)”)
and
(nj — 13)? 1
E Wil | g _—_E 02
| | = Frgrttonin 573, 220~ 1)
i.e.

(j — 1)) 1 o? 1
E(l—‘j*”?)ij,n[ 20.]2 :| = ]EG'?NIQ(G,”, bn) |:— /\—:| = m’
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we get:
1 (09%a, 1
/’C(Q(ug,(ay)z)aQ(Mj,af.))ﬂj,n(dﬂj) =73 + ; W
1 1
+ E(IOg(bn) - w(an)) - 5 10%(("?)2)-

Now, we compute the term K(p; ,7;) using the fomula giving the Kullback-
Leibler divergence between two Gaussian-Inverse-Gamma distributions. Using
Lemma 6.2:

V=2 V7)) a,
2\, 2 b,

1 An 1
Kpjnms) = 5 log <v> i i

2 _
+ (an — D(ay,) + log <F(i )> + log (%) _|_an’7 bn.

Then, for A\, =n, a, =n and b, = n((,;))z’

1 1
/’C((I(ug,(agp),q(w,a]?))Pj,n(dﬂj) =3, 1 5(108(71) —1(n))

and

Ic(pjﬁuﬂ-j)

1 1 (1)?* 1 (@)*\ | 2 —n(a])?
= —1 2 J B | J j
plosmV) + 55 F 20 2 Og( > " i

+ (n — 1)tp(n) + log(n) — logT'(n)

1 1 (g2 1 @),
< = log(n)? i _ 2 J -
<3 og(nV*?) + 92 + 200)2V2 3 + og( o ) + (0)2 n
+ ny(n) + log(n) — log(n — 1)!
1 1 (9?1 (@),
< -1 2 2y J -
-2 og(nV") + e 2(09)2v2 2 + og( 2 + (09)?

n n n
- <" log(n) — 5 ~ 1oz * 120n4> +log(n)

1 1
+ <— 510g(27r)+n— 1—nlog(n—1)+ ilog(n— 1))

1 1 (B)* 3 (@)Y,
Z1 2 J — 211 J s
5 og(nV*) + o2 + 2(09)2]/2 5 +log > + (09)2

IN

n 1 1 1
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1 (n9)* 3 (03)° 7?1
< 24 (1 J D log(2
Soavr Taptme T T\ e ) T oz T g og(2r)

J

+2— % + (% log(nV?) + glog(n))
1 (15)? (09)? 2
:%W+%§mﬂ+o%(v2)W%v‘f%@@
+ 2log(nVV)

1 1 (13)? (07)?
=nx— [2 log(nVV) + )2 + 2(00)2)? + log o2

2
L

1
)2 B 1og(27r)} <nR;,

with R, =1V 1 [2 log(nvVV)+ 2nV2+2(<(70))2V2 +log ((U i >+(00)2 10g(277)}
where we used Theorem 5 in [24] and inequality (1.15) in [26]:

11 11 1
S cp(t) <log(t) — — — —— o —
2~ Toi <V <loglt) = o — o+ oo

Vn>2 nl> Vomre /2,

Recall again that by Lemma 3.2, there exists a distribution p,,, € M{ (Sk)
such that

Vit >0, log(t) —

[ K6 popntap) < 5 HEEE)

and Al X
K(pp.n:mp) < ”K%~

We can finally conclude using again Theorem 3.1 with r,x =

41%%)\/] Ry ie.
K 0)2 02
4log (nK) 1 (Mj) (Oj)
o = SV )+ g i s (5
2
ol 1
— —log(2m)|. O
TR 3 los(am)

6.6.2. Factorized prior

Proof. Let us focus now on the case of independant priors m; = N(0,V?) ®
ZG(1,~?) for j =1, ..., K. The proof is almost the same as previously.
We define here p; ,, as the product measure of Normal distribution N (,u?, 02)

and of an Inverse-Gamma distribution ZG(a,,, b, ) where 62, a,, and b,, are hy-



3024 B.-E. Chérief-Abdellatif and P. Alquier

perparameters to be described later. Then, we have again:

1 o? (09 (y—p9)? 1
KA4(u0.(09)2)> d(sy.0%)) = 5 108 ((00)2) t5 ot ——g
J J

Hence,

1
/’C(q(ug,(ag)z)aQ(Mj,af.))ﬂj,n(dﬂj) = 5Bo2nzG(an.bn) [log (

(o9)?
4 ]Egjzwzg(an»b") {ﬁ

1 1
+Euj~N(u§?,9ﬁ) [(Mj - N?)Q]Eo%zg(an,bn) {F] Ty
J
i.e.
/’C(q(u?,(agj)z)aq(;tj,of))p],n(diu’])

(092 4 2) + 5 (log(bn) — ¥(an) — 2 loa((0)?).

[N}
[\}
>
3
DN | =

Then we compute the term /C(p;n,7;) as the sum of the Kullback-Leibler
divergence between two Gaussian distributions and between two Inverse-Gamma
distributions:

1 V2 02 (u9)? 1

1 by, 2_b,
+ (an, — D)¢(an) + log (I‘(a )> + log <?> + an7 ; .

042
Then, for 02 = (Ujl) , ap, =n and b, = n(c9)?:

/K:(q(p,?,(o'?)Q)?q(p,j,ojz))pj,n(duj)

11 1 1
- _ _ — — <
2n * 2 (log(n) w(n)) — 2n * 4n, + 24n?2 — Rjn
and
K(pjﬂhﬂ-])
L (V) @ 1 (O] | nlo])?
2 B\ (092) T2 T vr T2 TR Ty (07)2
+ (n = 1)3(n) + log(n) — log I(n)
1 ny? (@92 (1?1 (09)? 72
< Z J i/ J _
< glog ((09)2) tor Tz T “"g( > ) T "

+ ny(n) + log(n) — log(n — 1)!



Consistency of variational Bayes for miztures 3025

1 n)? (092 (u))? 1 (07)? v?
<21 J J _ = 1 J _r
=3 °g<<09> + oo~ oe (s )*(o?v "

n n

n
+ (”log(”) Ton T2 120n4> + log(n)

log(27) +n—1—nlog(n — 1)+ %log(n - 1)>

1 nV? al)? (u))? 3 (07)? v
— _1 J J _ v 1 J
5 % ((00)2) o T 2v2 2 " Og( 22 ) 002

n 1 1
+ nlog(—) — 5 + log(n) — 3 log(2m) + 5 log(n — 1)

+ (51 ( )+é_02)2_§10g(%))
< log (nV?) + ;log(n))

00 o 2
- én]i? + (513))2 + (%log <(’;4) ) + (30)2 - %1og(27r)) + 2log(nVV)
(09)” | (W)? 1 (09)° §
2nV2+ 5]/2 +§10g( vt >+w’yj—0)2

IN

(03)” 3 .
2n)? 2V2 2

+ 2 —

1
=nx_ {2 log(nV'V) +
1
~3 log(27r)] <nR;.,

(e )

with R;,, =1\ 2 [2 log(n\/_) 2n ( ) )Jr(ao)g 1 log(2m)|.

The end of the proof is the same as the one used in the Normal-Inverse-
Gamma case. |

6.7. Proof of Theorem 3.6

Proof. We assume that ©x(r, k) is not empty (otherwise, this is obvious).
Applying Theorem 2.7 in [3] for any a € (0,1), 6* € Ok (rn k):

]E{/DQ(PG,PO)ﬁW(dMX{’)] < %K(pO’PQ*)

+ pig’__{% /E[IOg ];g;(%)]p(de) . K(pp’m:(lz_% K(pj,m;) }

Let us take p;,, and A, g from the definition of Ok (7, k), and pp,(dp) x
1(p € Ay, kx)mp(dp):

]E{/Da(PmPO)an,a(deﬁ] < %IC(PO’PQ*)
—
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Py (X) o |
+ m ]E log PQ(X) :|pp,n(dp) JE[ pj,n(dej)
K(pp,n,mp) + ZgK:1 K(pjn,m;)

+

n(l —a)

We have K(pp,n,mp) = —log(mp(An k) < nKry ik and K(pj.n,7;) < nrp i
for each j by definition of © g (7, i ). Moreover, using the same argument con-
tained in the proof of Lemma 6.1:

Pe(X) 1 Py (X)

lo Py« (X)lo
ERX) B ) R
K .
1 Pige: (X)
Zp]qg g~
Pe* Py (X) ijgj (X)
K *
:ij%]( )1 P; Zp]qe*(X) 10gqe*(X)
= Fo-(X) i = P (X) g0, (X)
K *
piges(X)  p3 g0+ (X)
< . log =~ + 1 1
; Pp(X) j Zl 5 (X)

and thus, as the support of p,  is on A, k where log % < Kry, Kk,
J

K K * *
Py (X) Dj4qer D
/E{log W} Pp,n(dp)]l:[lpjm(daj) = /E{Z Py- log p_jpp,n(dp)

" ﬁ: [E [log %} pin(d0)

P;4e;
S/IE[Z ;39 ]KrnKppn(dp)

Jj=1

+KT’H,K = QKTn’K

which ends the proof as it holds for any 6* € O (ry, k). O

6.8. Proof of Corollary 3.7

Proof. 1t is sufficient to show that Sk x [—L, L] C ©(r, k) for

4log(nK) 1 n L 1
e TJ\/MLI" £(5) e ) + 55 5.

the stated oracle inequality is a direct corollary of Theorem 3.6. For that, let
us take any 0* € Sk x [—L, L]¥ and show that it satisfies the conditions in the
definition of O (1, k).
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The existence of a set A,, i fulfilling the first condition has already been done

in the proof of Lemma 3.2 as 41%("[{) <rpK-
We define distributions p; ,, € M{ (0) by Gaussians of mean 0% and variance

% (j =1,...,,K) and we show that for j =1,..., K:

q0: (X)
E IOg 0, (X) pj,n(dej) < Tn,K » K(pj,ruﬂ-j) < nrp, K-

We start from

a0; (XN _ 0, -03° o o

and if we take the mean of this quantity with respect to P°, we obtain:

e (2] 45 - -

and as #; — 07 is a zero-mean random variable, we have:

[oles (5 e

1

= §E9j’vpj,n[(9j - 0;)2] - (EX - 9;)E01~pj,n, [Hj - 9;]
1 y 2 <

=-x—-—<r,K.
2 p =K

Then, we conclude according to Lemma 6.2:

1 n)? 1 (05?1
Klosmm) = 3108 ("3) + s+ g 3

6%)?
= %log (g) +n%)2+log(V) + (2;))2 —%
gnx—{—log<ﬁ>+—+log()/)+ -
2 2 n)?2 202 2
<nrp K- O

6.9. Proof of Theorem 4.1

Here, we cannot directly use the results from [3]. So we prove this theorem from
scratch, by following the main steps outlined in [8, 3] with some adaptation.

Proof. For any o € (0,1) and 6 € Q, by definition of the Renyi divergence and
using D, (P®", R®™) = nD, (P, R) as data are i.i.d.:

E {Cxp < — arn (P, P°) 4 (1 — a)nDy (P, P0)>] =1
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Thus, integrating and using Fubini’s theorem,

]E{/exp ( arn(Pp, P°) + (1 — a)nD,(Ps, P°)>7r(d0)] =1

Using Lemma 2.1,

E[exp(pejs\lg)(m{ / (—arn(Pg,PO)—l—(l—a)nDa(Pg,PO)> o(d0)—K(p, 77)})}
=1

Note that [8, 3] also used Lemma 2.1 in their proofs, this is inspired by the
PAC-Bayesian theory [15, 16]. It is interesting to note that Lemma 2.1 is at the
core of VB: it is used to provide approximation algorithms, and also to prove
the consistency of VB. Thanks to Jensen’s inequality,

E[ sup {/(—arn(Pg,PO)-i-(l—a)nDa(Pg,P0)>p(d0)—IC(p,ﬂ)H <0

pEMT(Q)

Therefore, when considering ﬁfga(.\X ) as a distribution on M7 (Q) with all its
mass on O .,

E[/ (—arn(Pg,P0)+(1—o<)nDa(P9,PO))ﬁﬁa(d9|Xf)—lC(%§a(.|X{l),w)} <0

Using IC(ﬁ,IEa(JX{‘),W) = IC(?T,IEO((.\X{‘), Iy)+ log(i)7 we rearrange terms:

]E{ / Da(Pa,PO)ﬁmd@lX?)]

0[P ok gy SR X ) log(’f?)]

<E
- [1 -« e n(l — a) + n(l — «a)

Thus, by definition of K,
] [ Dutpy P55 (anlxy)]

S]E|:Ii(nzfl{1 fa / T"(PZ’PO)ﬁfia(d@X?)Jflc(ﬁf;f((l'Xi))’HK)+ﬁ(i)) H

which leads to
| [ Dutpy P)5E (anlxy)]

0 KEE_(|Xp),10 log (=
< inf {E[ @ /7’7’(P"’P)ﬁffa(dalx?)+ (.o (1XT) K)+ g(”K)]}
K>1 11—« n ’
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and by definition of 7% _ (.| X7),

]E[ / Da(PmPo)frfa(d@IXi’)]

< inf {E[ int {O‘ /T"(PG’PO)p(dG)—l—’C(p’HK)}-Flog(%)}}.

T K>1 peMi(@r) |1 -« n n(l — «) n(l —a)

Then,
E[ / Da<Pa7P°>ﬁ§a<d9|X?>]

< inf  inf {E[ a /T”(P"’Po)p(de)JrK(p’HK) + log(%)]}.

T K>1peMi(0k) 11—« n n(l—a) n(l—a)

And finally,

| [ Da(ro, PEa0ix7)|

Kp,Ix) log(z) }

< inf inf { “ /]C(PO’PQ)p(dG) + n(l—a) n(l—a)

T K>1pemiox) (1 —a
To conclude, we just need to upper bound the function inside the infimum over
roc) (PO, Py) + 222Ky, i + % This
is direct: if the set Ok (1, k) is not empty (otherwise the inequality is obvious)
we notice that K(P°, Py) = K(P°, Pp-)+E [log 1;;’9*(())(?))] for any 0* € Ok (ry, k)

and then we follow the sketch of the proof of Theorem 3.6.

all integers K’s by 12~ infg-ce,(

6.10. Algorithms

We now provide the derivations leading to the algorithms described in the paper.

6.10.1. Algorithm 1

We apply a coordinate descent on variables w! € Sk,..., w" € Sk, pp €
M{(Sk), pr € MF(O),..., and px € M7 (©) in order to solve the optimization
program:

i { - afiiwé( [ 1oxtos o) + [ toxtan, (x:))os(at))

i=1 j=1
n K K
1303 wilog(w) + K(pyamy) + ZK(pj,m}.
i=1 j—1 =1

We explain how to obtain Algorithm 1.
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Optimization with respect to w' € Sk :

First, we fix w? € Sk for £ # i, p, € M (Sk) and p; € M{(©) forj =1,..., K,
and we solve the program with respect to w? € S, which becomes:

min {i%(log(w;) —/log(pj)f)p(dp) —/log(qej(Xi))Pj(d%))}-

wieESK =
PwE={1,..,K}, )\—(% +) and h(j) = [log(p;)pp(dp)+ [ log(qs, (X;))x
p;(df;) and use Lemma 2.1 obtam

wp ocoxp ([ otoy)oylan) + [ ogtan, (X)) ).

Optimization with respect to p, € M{ (Sk):

Now, we fix w’ € Sk for i = 1,...,n, and p; € M{(0) for j = 1,..., K, and we
solve the program with respect to p, € M7 (Sk), which becomes:

min {azz /log; p;)Pp(dp) +/C(ppﬂfp)}

T
ppEMT (SK) i=1 j—1

Using Lemma 2.1 for E = Sk, A = 7, and h(p) = Z i-log(pj), we get

||MN

directly the solution:

pp(dp) O<exr)< ZZ“’ log(p; )Wp(dp)

i=1 j=1

Optimization with respect to p; € M (0):
Now, we fix w' € Sk for i = 1,...,n, p, € M{(Sk) and py € M{(0) for £ # j,

and we solve the program with respect to p; € Mf(@), which becomes:

min {—Oézw /log (o, ( ))Pj(dej)Jr’C(PjﬂTj)}

piEMT(©

Using Lemma 2.1 for E = ©, A = 7; and h(6;) = o Y- wilog(qe, (X;)), we get
i=1
directly the solution:

3 (d6 ocexp(zwlogqe ) )8
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6.10.2. Application to multinomial mizture models

We simply use

K
ﬁmmmm=&mw@www%w2mx
=1
ﬁmmmww>m%mwﬂ b(rx.) Zm
n K ) 1
exp (a2 3w 08(0) ) ) H s,

no
v Buta > w}]l(X,',:v)—l
i=1

exp (aéw; log(qs, (Xz‘))>7fj(9j) <[]0,

v=1

We recognize a Dirichlet distribution.

6.10.3. Application to Gaussian mixture models

For Gaussian mixtures, use

ﬁmm%m:M%M@Www%w o0),

I~

1
—=Fg,~p, [(0; — Xi)?] + cst

/log(qej (X3))pj(d0;) = —35

= —1{52» + (nj — X;)?} + cst,

n K
exp (aZZw;log(pj)>7rp H a7+a21 lefl’

i=1 j=1

exp (a zi: w? 1og(qo, (Xz‘))) m;(0;)

1
ocexp( Zw )exp<—2—vz9j2->
. < 1/V2+azl , wh (6- ay o wiX; )2)
p j .

2 IV2tady il w

We recognize a Gaussian distribution.
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Supplementary Material

Supplement to “Consistency of variational Bayes inference for esti-
mation and model selection in mixtures”

(doi: 10.1214/18-EJS1475SUPP; .zip). The supplementary material zip contains
the description of a short simulation study (supplement.pdf) and the notebook
used for the simulation study (supplement.ipynb).
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