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Abstract

We study nonlinear parabolic stochastic partial differential equations with Wick-
power and Wick-polynomial type nonlinearities set in the framework of white noise
analysis. These equations include the stochastic Fujita equation, the stochastic
Fisher-KPP equation and the stochastic FitzHugh-Nagumo equation among many
others. By implementing the theory of Cp—semigroups and evolution systems into
the chaos expansion theory in infinite dimensional spaces, we prove existence and
uniqueness of solutions for this class of SPDEs. In particular, we also treat the
linear nonautonomous case and provide several applications featured as stochastic
reaction-diffusion equations that arise in biology, medicine and physics.
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1 Introduction
We study stochastic nonlinear evolution equations of the form
u(t,w) = Au(t,w) + Zakuok(t,w) + f(t,w), te€(0,T] (1.1)

k=0
u(0,w) =’ (w), weq,

where u(t,w) is an X —valued generalized stochastic process; X is a certain Banach alge-
bra and A corresponds to a densely defined infinitesimal generator of a Cy—semigroup.
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Stochastic evolution equations with nonlinearities

The nonlinear part is given in terms of Wick-powers wlm = w010y = ud . .. Qu, n € N,
where ¢ denotes the Wick product. The Wick product is involved due to the fact that we
allow random terms to be present both in the initial condition u¢ and the driving force
f. This leads to singular solutions that do not allow to use ordinary multiplication, but
require a renormalization of the multiplication, which is done by introducing the Wick
product into the equation. The Wick product is known to represent the highest order
stochastic approximation of the ordinary product [16].

In our previous paper [14] we treated the case of linear stochastic parabolic equations
with Wick-multiplicative noise which includes the case n = 1. The present paper is an
extension of [14] to nonlinear equations, where the nonlinearity is generated by a
Wick-polynomial function leading to stochastic versions of Fujita-type equations u; =
Au+4u®" + f, FitzHugh-Nagumo equations u; = Au+u®? —u®3 4 f, Fisher-KPP equations
u; = Au+ u — u®? + f and Chaffee-Infante equations u; = Au + u®? — u + f. These
equations have found ample applications in ecology, medicine, engineering and physics.
For example, the FitzHugh-Nagumo equation is used to study electrical activity of
neurons in neurophysiology by modeling the conduction of electric impulses down a
nerve axon. The Fisher-Kolmogorov-Petrovsky-Piskunov equation provides a model for
the spread of an epidemic in a population or for the distribution of an advantageous
gene within a population. Other applications in medicine involve the modeling of cellular
reactions to the introduction of toxins, and the process of epidermal wound healing.
In plasma physics it has been used to study neutron flux in nuclear reactors, while in
ecology it models flame propagation of fire outbreaks. Thus, the study of their stochastic
versions, when some of the input factors is disturbed by an external noise factor and
hence it becomes randomized, is of immense importance. For instance, a stochastic
version of the FitzHugh-Nagumo equation has been studied in [1] and [3], while the
stochastic Fisher-KPP equation has been studied in [10] and [19].

We implement the Wiener-It6 chaos expansion method combined with the operator
semigroup theory in order to prove the existence and the uniqueness of a solution for
(1.1). Using the chaos expansion method any SPDE can be transformed into a lower
triangular infinite system of PDEs (also known as the propagator system) that can be
solved recursively. Solving this system, one obtains the coefficients of the solution to
(1.1). In order to solve the propagator system, we exploit the intrinsic relationship
between the Wick product and the Catalan numbers that was discovered in [11] where
the authors considered the stochastic Burgers equation. We build upon these ideas in
order to solve a general class of stochastic nonlinear equations (1.1).

The plan of exposition is as follows: In the introductory section we recall upon basic
notions of Cy—semigroups, evolution systems and white noise theory including chaos
expansions of generalized stochastic processes. In Section 2, which represents the main
part of the paper, we prove existence and uniqueness of the solution to (1.1) for the case
when ag = a1 = -+ = a,_1 = 0 and a,, = 1. This normalization is made for technical
simplicity to illustrate the method of solving and to put out in details all building blocks
of the formulae involved. In Section 3 we treat the general case of (1.1) and provide
some concrete examples.

1.1 Evolution systems

We fix the notation and recall some known facts about evolution systems (see [20,
Chapter 5]). Let X be a Banach space. Let { A(t) };c[s,r] be a family of linear operators
in X such that A(t) : D(A(t)) C X — X, ¢ € [s,T] and let f be an X —valued function
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f:[s,T] — X. Consider the initial value problem
Ly
dt

u(s) = x.

(t) = A(u(t) + f(t), 0<s<t<T, (1.2)

Ifu e C([s,T),X) N CY(s,T),X), u(t) € D(A(t)) for all t € (s,T] and u satisfies (1.2),
then u is a classical solution of (1.2).

A two parameter family of bounded linear operators S(¢,s), 0 < s <t < T onXis
called an evolution system if the following two conditions are satisfied:

1. S(s,s) =1 and S(t,r)S(r,s) = S(t,s), 0<s<r<t<T
2. (t,s) — S(t,s) is strongly continuous forall 0 < s <¢ < T.

Clearly, if S(t¢,s) is an evolution system associated with the homogeneous evolution
problem (1.2), i.e. if f = 0, then a classical solution of (1.2) is given by u(t) = S(¢, )z, t €
[s,T).

A family {A(t)}+c[s,r) of infinitesimal generators of Cy—semigroups on X is called
stable if there exist constants m > 1 and w € R (stability constants) such that (w, c0) C
p(A(t)), t € [s,T] and

m

H f[lRu A £ 5 A

for every finite sequence 0 < s <t; <ty < - - <t;:, <T, k=1,2,....

Let { A() }+e[s,7) be a stable family of infinitesimal generators with stability constants
m and w. Let B(t), ¢ € [s,T], be a family of bounded linear operators on X. If || B(¢)|| <
M, t € [s,T], then {A(t) + B(t) }+c[s,1) is a stable family of infinitesimal generators with
stability constants m and w + Mm.

Let { A(t)}+¢[s,r) be a stable family of infinitesimal generators of Cy—semigroups on
X such that the domain D(A(t)) = D is independent of ¢ and for every x € D, A(t)z is
continuously differentiable in X. If f € C'!([s, T, X) then for every x € D the evolution
problem (1.2) has a unique classical solution u given by

u(t) = S(t,s)ac—l—/75 S(t,r)f(rydr, 0<s<t<T.

From the proof of [20, Theorem 5.3, p. 147] one can obtain

d

Lut) = AWS(t, )z -+ AW / S(t, ) f(r)dr + f(t), s<t<T.

Since t — A(t) is continuous in B(D, X) and (¢, s) — S(t, s) is strongly continuous for all
0 < s <t < T, we have additionally that the solution u to (1.2) exhibits the regularity
property u € C*([s,T], X) and $u(t)|,—s = A(s)z + f(s). Recall that the evolution system
S(t, s) satisfies:

1. ISt s)|| < me®=9) 0<s<t<T;

2. 285t s)x’tzs = A(s)z, # € D, 0 < s < T which implies that 2S(t,s)z =
A(t)S(t, s)x since t — A(t) is continuous in B(D, X);

3. 28(t,s)x=—S(ts)A(s)z, x€D, 0<s <t < T

4. S(t,s)D C D;
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5. S(t,s)x is continuous in D forall0 < s <t <Tandz € D.

Remark 1.1. Considering infinitezimal generators depending on ¢, we follow the stan-
dard approach of Yosida (cf. [24], [12]). We refer to [18] for a method based on an
equivalent operator extension problem (see also references in [18]). The chaos expan-
sion approach, which is the essence of our paper, requires the existence results for the
propagator system i.e. for the coordinate-wise deterministic Cauchy problems. For this
purpose we demonstrate the applications of the hyperbolic Cauchy problem given in
[20].

1.2 Generalized stochastic processes

Denote by (2, F, i) the Gaussian white noise probability space (S’(R), B, i), where
Q = S’(R) denotes the space of tempered distributions, B the Borel sigma-algebra
generated by the weak topology on S’/(R) and p the Gaussian white noise measure
corresponding to the characteristic function

2w 1
/ ") dp(w) = exp [2”(25”%2(]}{)} ;9 S(R),
S'(R)

given by the Bochner-Minlos theorem.

We recall the notions related to L2(Q, i) (see [9]). The set of multi-indices Z is (N}').,
i.e. the set of sequences of non-negative integers which have only finitely many nonzero
components. Especially, we denote by 0 = (0,0,0,...) the zero multi-index with all
entries equal to zero, the length of a multi-index is |a| = >, o; for a = (o, 2,...) €T
and o! = Hfil «;!. We will use the convention that oo — 3 is defined if a,, — 8, > 0 for all
n €N, ie.,ifa—5>0.

The Wiener-Itd theorem (sometimes also referred to as the Cameron-Martin theorem)
states that one can define an orthogonal basis {H,},cz of L*(, 1), where H, are
constructed by means of Hermite orthogonal polynomials /,, and Hermite functions &,,

Ha(w):Hh%«w,gn)), a=(a,02,...,0n...) €L, we.
n=1

Then, every F € L?(f, 1) can be represented via the so called chaos expansion

Fw) =) faHa(w), weS'R), Y |ful’al<oo, fo€R, a€l

acl a€cl

Denote by ¢, = (0,0,...,1,0,0,...), k € IN the multi-index with the entry 1 at the kth
place. Denote by H; the subspace of L?({2, i), spanned by the polynomials H., (-), k € IN.
The subspace #; contains Gaussian stochastic processes, e.g. Brownian motion is given
by the chaos expansion B(t,w) = Y 7o, fot &k(s)ds He, (w).

Denote by H,, the mth order chaos space, i.e. the closure in L?({, 1) of the linear
subspace spanned by the orthogonal polynomials H,(:) with |a| = m, m € INy. Then
the Wiener-It6 chaos expansion states that L?(, ) = @,°_, H.m, where H, is the set of
constants in L2(£2, ).

Changing the topology on L?(f), 1) to a weaker one, T. Hida [8] defined spaces of
generalized random variables containing the white noise as a weak derivative of the
Brownian motion. We refer to [8], [9] for white noise analysis.

Let 2N)* = [[72,(2n)*", « = (a1, ®2,...,ap,...) € L. We will often use the fact
that the series ) _,(2IN)7P* converges for p > 1. Using the same technique as in [9,
Chapter 2] one can define Banach spaces (5), ;, of test functions and their topological
duals (S),p’,p of stochastic distributions for all p > 0 and p > 0.
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Definition 1.1. The stochastic test function spaces are defined by

(S)pw = {F = Y faHa € (@) 2 |IFIs),, = D (@) | fu?(2N)* < oo},
acl ael

forallp >0, p>0.
Their topological duals, the stochastic distribution spaces, are given by formal sums:

() ={F = 3 faHat IFIs), , = (@) “Ifal(2N) 7" < oo},

acl a€l

forallp >0, p>0.

The space of test random variables is (S), = (1,50(5)pp. p = 0 endowed with the
projective topology.

Its dual, the space of generalized random variables is (S)-, = U,>0(S)-p,—p: p > 0
endowed with the inductive topology.

The action of F' = Y ;b,H, € (S)_, onto f = > ;caHs € (5), is given by
(F, f) = > acz(ba,ca)a!, where (bq,c,) stands for the inner product in R. Thus, they
form a Gelfand triplet

(5)p S LX(Q,p) € (8)=p, p=0.

Clearly, the spaces (S5),,, and (S)_, —, are separable Hilbert spaces. Moreover, (S5),
and (S5)_, are nuclear spaces.

For p = 0 we obtain the space of Hida stochastic distributions (S)_¢ and for p = 1 the
Kondratiev space of generalized random variables (5)_;. It holds that

(S)l — (S)O — L2(Q,/J,) — (S)—O — (5)71,

where — denotes dense inclusions. Usually the values of p are restricted to p € [0, 1] in
order to establish the S—transform (see [8], [9]) when solving SPDESs, but in our case
values p > 1 may be considered as well.

The time-derivative of the Brownian motion B(t,w) = Y- fg &r(s)ds He, (w) exists
in a generalized sense and belongs to the Kondratiev space (S)_1,—, for p > 2. We refer
it as the white noise and its formal expansion is given by W (t,w) = >, & (t)He, (w).

We extended in [21] the definition of stochastic processes to processes with the chaos
expansion form U(t,w) = > .7 tua(t)Ho(w), where the coefficients u,, are elements of
some Banach space of functions X. We say that U is an X-valued generalized stochastic
process, i.e. U(t,w) € X ® (5)_, if there exists p > 0 such that ”UH?X@(S),,J,,;? =
D aez (@) Plluallf (2IN) 7P < oo

For example, let X = Cck [0,T], k € IN. We have proved in [22] that the differentiation
of a stochastic process can be carried out componentwise in the chaos expansion, i.e. due
to the fact that (5)_, is a nuclear space it holds that C*([0, 77, (5)_,) = C*[0,T|®(5)—,
where ® denotes the completion of the tensor product which is the same for the
e—completion and m—completion. In the sequel, we will use the notation ® instead
of ®. Hence C*[0,T]® (5)—, —p and C¥[0,T]® (S),,, denote subspaces of the correspond-
ing completions. We keep the same notation when C*[0, T is replaced by another Banach
space. This means that a stochastic process U (t,w) is k times continuously differentiable
if and only if all of its coefficients u,(t), a € Z are in C*[0, 7).

The same holds for Banach space valued stochastic processes i.e. elements of
C*([0,T), X) ® (S)—,, where X is an arbitrary Banach space. It holds that

CH([0,T), X @ (8)—p) = C¥([0, ], X) @ (5)—p = | C*([0, 7], X) © (S)—p,—-

p=>0
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In addition, if X is a Banach algebra, then the Wick product of the stochastic
processes F' =3 foH, and G =) 5 7 gsHp € X ® (S)—),—p is given by

FOG = Z Z fag,BH’y = Z Z fﬁga—ﬂHou
YEL a+pB=vy a€l B<a

and FOG € X ® (S),p,,(p%) for all £ > 1 (see [9]). The nth Wick power is defined by
For = FO=DOF, FO0 = 1. Note that H,,., = HO" for n € No, k € IN. Throughout the
paper we will assume that X is a Banach algebra.

2 Stochastic nonlinear evolution equation of Fujita-type

First we consider the equation (1.1), withay =a; =--- =a,_1 =0and a, = 1, i.e.
the equation:

uy(t,w) = Au(t,w) +u®(t,w) + f(t,w), te(0,T) (2.1)
u(0,w) = u’(w), weq.

Let A:DC X ®(S)-1 — X ®(S)_1 be a coordinatewise operator that corresponds
to a family of deterministic operators A, : D, C X — X, a €T

Au(taw) =A (Z Uoz(t) Ha(“)) = Z Aaua<t) Ha(w)v ueD,

o€l a€l
(see [14, Section 2]). We are looking for a solution of (2.1) as an X-valued stochastic
process u(t) € X ® (S)_1, t € [0,T] represented in the form
W)=Y ua(t) Ha(w), t€0,7], weQ. (2.2)
aEel
The chaos expansion representation of the Wick-square is given by

-3 (Z Uy (£) U )) Ha(w) 2.3)

a€l <«

= ud(t) Ho(w) + Y (2uo()ualt) + . us(t) tas(t)) Halw),

la|>0 0<y<a

where t € [0,7], w € Q. Let u,?m(t), v € Z, m € N denote the coefficients of the chaos
expansion of the mth Wick power, i.e. u®™(t,w) = 3, u$™ (t)H,(w), for m € N. Then,
for arbitrary n € IN, it can be shown that the nth chk power is given by

on(t,w) = u® Tt w)Oult, w) Z (Z uO" I ua_,y(t)) H,(w)

a€Zl A<«
i ug(t) HO(w) " < ) ug 1(t) Ua(t) + K Ug 2 Ua—ryy (t) Unyy (t)
SO oo (e 3
i (n Z Z Uy (1) Uy —yy (D) Uy (8) + - - +
3 0<v1<a 0<y2<1

)
+<Z>OZ ) DNRETENED DI () u71_72<t>..-u%2_%1<t>u%1<t>>Ha<w>

<71<a0<vy2<71 0<yn—-1<Yn-2

= ug(t) Ho(w) + Z <nu3 l(t)ua(t)+ra,n(t)> H,(w),

|| >0

EJP 23 (2018), paper 116. http://www.imstat.org/ejp/
Page 6/25


http://dx.doi.org/10.1214/18-EJP241
http://www.imstat.org/ejp/

Stochastic evolution equations with nonlinearities

where t € [0,T], w € Q. The functions r, ,(t), t € [0,T], @« € Z, n > 1 contain only
the coordinate functions ug, 8 < . Moreover, we recall that the Wick power u" of a
stochastic process u € X ® (S)_1,_, is an element of X ® (S)_1,—¢, for¢g > p+n—1, see
[9].

We rewrite all processes that figure in (2.1) in their corresponding Wiener-1t6 chaos
expansion form and obtain

Z %ua(t) H,(w) = Z Aqta(t) Ho(w) + Z (Z ugn_l(t) ua_w(t)) H,(w)

ol acel acZl ~v<a
+ Z fa(t) Ha(w)
a€l
Zua(O) H,(w) = Zug H,(w).
acl acl

Due to the orthogonality of the base H,, this reduces to the system of infinitely many
deterministic Cauchy problems:

1° fora=0 p
%ug(t) = Aouo(t) + ug(t) + fo(t), UO(O) = ug, and (2.4)
2° fora >0
%ua(t) = (A,l + nugfl(t) Id) Ua(t) + Tan(t) + fa(t), ua(0) = ug. (2.5)

with ¢ € (0,7] and w € Q.

Let
Bon(t)=Aq +nug ') Id  and  gon(t) = ran(t) + fat), t€[0,T]

for all « > 0. Then, the system (2.5) can be written in the form

—Uq(t) = Ban(t) ua(t) + gan(t), te(0,T]; U (0) = u?. (2.6)
Note that the inhomogeneous part g, , in (2.6) does not contain any of the functions
ug, B < a for |a| =1, while for |a| > 1 it involves also ug, 5 < a. Hence, we distinguish
these two cases.

(@) Let|a| =1,i.e. a« =¢;, k € N. Then g., , = f¢,, k € IN and thus (2.6) transforms to

d

< e (t) = By n(t) ue, (t) + f=, (1), t€(0,T]; ue,, (0) = ug, . 2.7)

(b) Let |a| > 1. Then
— o (t) = Ban(t) ua(t) + gan(t), te (0,T]; U (0) = ul.

Each solution u to (2.1) can be represented in the form (2.2) and hence its coefficients
ug and u, for a > 0 must satisfy (2.4) and (2.6) respectively. Vice versa, if the coefficients
ug and u,, for o > 0 solve (2.4) and (2.6) respectively, and if the series in (2.2) represented
by these coefficients exists in X ® (.5)_1, then it defines a solution to (2.1).
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Definition 2.1. An X —valued generalized stochastic process u(t) = ) .7 ua(t)Ha €
X ® (S)-1, t € [0,T] is a coordinatewise classical solution to (2.1) if ug is a classical
solution to (2.4) and for every o € 7 \ {0}, the coefficient u,, is a classical solution to
(2.6). The coordinatewise solution u(t) € X ® (S)_1, t € [0,T] is an almost classical
solution to (2.1) ifu € C([0,T],X) ® (S)—1. An almost classical solution is a classical
solution ifu € C([0,T], X) ® (S)-1 N C((0,T], X) @ (S)_1.

We assume that the following hold:
(A1) The operators A,, « € Z, are infinitesimal generators of Cy—semigroups {T(s)}s>0

with a common domain D, = D, a € Z, dense in X. We assume that there exist
constants m > 1 and w € R such that

ITa(s)|] < me¥®, s >0 forall ae€l.

The action of A is given by

Au) =) Aa(ua)Ha,

a€l

forue D C D ® (S)_1 of the form (2.2), where

D= {’U, = Zua Ha eD® (S),l : Hpo > O7 Z ||AQ(UQ)H_2X(21N)_pO(¥ < oo}
acl a€l

(A2) The initial value v’ = Yy ulH, € D, i.e. ud € D for every a € 7 and there exists
p > 0 such that

D lua 3 (2N) 7P < oo,
acl

3 Aa ()% (21N) P < oo

a€l

(A3) The inhomogeneous part f(t,w) = > 7 fa(t)Ho(w), t € [0,T], w € Q belongs to
CH([0,T],X) ® (S)_1; hence t — f,(t) € C([0,7],X), « € T and there exists p > 0

such that

2
> I fallEs om0 N7 = 37 sup [fal®)lx+ sup [I£2®]x) (2N < .
a€T ez t€l0,T] te[0,T]

(A4-n) The Cauchy problem

%uo(t) = Aouo(t) +ub(t) + fo(t), t€ (0,T]; wp(0)=ud,

has a classical solution ug € C*([0, 77, X).

Remark 2.1. Particularly, if A9 = A is the Laplace operator and fo = 0, then (2.4)
belongs to the class of Fujita equations

ur = Au+ P, u(0) = ug, (2.8)

studied by Fujita, Chen and Watanabe [6, 7]. The authors proved that for a nonnegative
initial condition u° € C(RY) N L>=(RY), equation (2.8) has a unique classical solution
on some [0,7}). Moreover, if p > 1+ % then there exist a positive bounded solution.
The Fujita equation (2.8) apart from an interest per se also acts as a scaling limit of
more general superlinear equations whose nonlinearities exhibit a polynomial growth
rate. Originally, it has been developed to describe molecular concentration of a solution
subjected to centrifugation and sedimentation.
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Remark 2.2. In general, equations of the form (2.4), i.e. the deterministic equation for
a = 0 can be solved by the Fixed Point Theorem [25]. Thus, in order to check if condition
(A4-n) holds, one has to apply fixed point methods or other established methods for
deterministic PDEs. The solution to (2.4) will usually blow-up in finite time. Especially
the description of blow-up in the Sobolev supercritical regime poses a challenge that has
been tackled in several papers (e.g. [7], [15] for the Fujita equation). We stress that our
equation (2.1) and hence also (2.4) is given on a finite time interval, which is assumed to
provide a solution on the entire interval (we restrict our considerations form the very
start to the interval where no blow-up appears).

Now we focus on solving (2.6) for a > 0.

Lemma 2.3. Let the assumptions (A1)-(A4-n) be fulfilled. Then for every a > 0 the
evolution system (2.6) has a unique classical solution u, € C*([0,7], X).

Proof. First, for every o > 0, we consider the family of operators B, ,(t) = Ao +
nug~'(t)Id, t € [0, T]. According to assumption (A1), the constant family {Aa(t) }reom) =
{Aa}iepo,m is a stable family of infinitesimal generators of a Cy—semigroup {7, (s)}s>0
on X satisfying || T, (s)|| < me®* with stability constants m > 1 and w € R. Let
M, = sup |luo(t)|x- (2.9)
t€[0,T)
The perturbation nuy ' (t)Id : X — X, t € [0,T] is a family of uniformly bounded linear
operators such that
Inug ™ (Ozllx = nug ™ @)lxllelx < Sup m luo ()% 2l x < ny ="zl x,

forallz € X, t €[0,7), i.e. |[nug *(t)Id|| < nM?~!, t € [0,T]. Thus, for every a > 0, the
family {A, +nug ' (t)] d}ieo,1) is a stable family of infinitesimal generators with stability
constants m and w + nM" 'm. By assumption (A4-n) the function ug € C'([0,7], X)
so we obtain continuous differentiability of (A, + nug *(t)Id)z, t € [0,T] for every
z € D and for every a > 0. Additionally, the domain of the operators nuj *(t)Id is the
entire space X which implies that all of the operators B, ,,(t), ¢t € [0,7] have a common
domain D(B, ,(t)) = D(A.) = D not depending on ¢. Notice here that assumption (A1)
additionally provides the same domain D of the family { B ,(t)}:c[o, 1) for all a > 0.

Finally, one can associate the unique evolution system S, ,(t,s), for 0 < s <t < T for
all & > 0 to the system (2.6) such that

|San(t,s)]| < me“n (t=s) < mewn(T*S), 0<s<t<T, a>0, (2.10)

where w,, = w + nM?"'m see [20, Thm 4.8., p. 145]. Without loss of generality we may
assume that w > 0 and thus will be w,, > 0.

Now one can solve the infinite system of the Cauchy problems (2.6) by induction
on the length of the multiindex a. Let || = 1. Since f., € C'([0,7], X), we obtain the
unique classical solution u., € C'([0,7], X) to (2.7) given by

t
Ue, (t) = Sepn(t,0) ud, +/ Se,m(t,s) fer (s)ds, t€]0,T]. (2.11)
0

Now let for every 8 € Z such that 0 < 8 < « the unique classical solution of (2.6) satisfy
ug € C'([0,T],X). Then for fixed |a| > 1 the inhomogeneous part g, € C*([0,7], X)
and the solution to (2.6) is of the form

t
Uo(t) = San(t,0)ud +/ San(t,s) gan(s)ds, te]0,T], (2.12)

0
where u, € C'([0,7], X). For more details see [20, Thm 5.3., p. 147]. O
EJP 23 (2018), paper 116. http://www.imstat.org/ejp/
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Now we proceed with four technical lemmas that will be used in the sequel.

Lemma 2.4. Let o € Z. Then

lof! _
ol < (2IN)2*

Proof. This is a direct consequence of [11, Proposition 2.3]. More precisely, in [11]

authors proved that |a|! < q®a! if a sequence q = (gx)ren satisfies

1
1l<qg <ga <. and Zf<1.

— < 1, the sequence (2IN)? = ((2k)?)en satisfies a required property.

O

Lemma 2.5. For every ¢ > 0 there exists ¢ > 1 such that the following holds

Z ol (2IN) =1 < 0.

ael
Proof. Let ¢ > 0 and choose s > 0 such that ¢ < 2°. Then, for ¢ > s + 1,
> el <y H (2°) H (20) 71 < > H (20)7D =3 " (2IN) 79 < 00, O
o€l a€ceZi=1 a€eZli=1 a€el

In the next lemma, for the sake of completeness, we give some useful properties of
the well known Catalan numbers, see for example [23].

Lemma 2.6. A sequence {c, },cn defined by the recurrence relation

co=1, cn=) crCork n>1 (2.13)

is called the sequence of Catalan numbers. The closed formula for c,, is a multiple of the
binomial coefficient, i.e. the solution of the Catalan recurrence (2.13) is

1 2n 2n 2n
c, = or c, = — .
n+1l\n n n+1

The Catalan numbers satisfy the growth estimate

c, <4™" n>0. (2.14)

Lemma 2.7.[11, p.21] Let {R, : « € I} be a set of real numbers such that Ry =
0, R, , k € IN are given and

> RyRay, la|>1.
0<y<a

Then

1 [2]a] =2\ |af! o
Ra:al(Ia—JaIHRff’ lof > 1.
k=1

EJP 23 (2018), paper 116. http://www.imstat.org/ejp/
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Proof. Let o € Z, |a|] > 1 be given. Then a = (o, ...,a4,0,0,...) has only finally many
non-zero components, so one can associate to it a d—dimensional vector (a1, ...,aq) €
]Ng. Adopting the proof for the classical Catalan numbers, the authors in [11] consid-
ered the function G(z) = > gcpg MgzP, z € NI, where My = > 0<y<p MyMp_, and
P =P zgd. The function G satisfies G?(z2) — G(z) + 2221 M., z, = 0, which implies
that G(z) = 00, L (3772 (Zk L Mgkzk> Finally, applying the multinomial formula

n=1n

d " . .
(Zkzl Mak Zk) = ZﬁelNg, |8|=n. % Hk:l (Mek Zk)Bk one obtains

1 /20— 2\ nl
ZMﬂzﬂ_Z 3 n(:_JZ!kHMmHZﬁk

BENE n=1geNd, |8|=
_ 2Iﬁ|—2>lﬂl
ﬂ%d<lﬁl(ﬁl—l H ) | .

2.1 Proof of the main theorem

The statement of the main theorem is as follows.
Theorem 2.8. Let the assumptions (A1) — (A4 — n) be fulfilled. Then there exists a
unique almost classical solution v € C([0,T], X) ® (S)_1 to (2.1).

Proof. The proof of Theorem 2.8 will be given by induction with respect to n € N in
Theorems 2.9 and 2.10. We will prove in the first one that the statement of the main
theorem holds for n = 2. Since it is technically pretty challenging to write down the
proof of the inductive step for arbitrary n € IN, in Theorem 2.10 the proof is given for
n = 3 by reducing the problem to the case n = 2. In the same way one can reduce the
problem for arbitrary n € IN to the case n — 1. O

First consider (2.1) forn = 2, i.e.

w(t,w) = Au(t,w) +u®?(t,w) + f(t,w), tel0,T] (2.15)
u(0,w) = u’(w),

The chaos expansion representation of the Wick-square is given by (2.3). Applying the
Wiener-Ito chaos expansion to the nonlinear stochastic equation (2.15) one obtain

S Salt) Halw) = 3 Awtialt) Halw) + 30 (32 (1) e (1) Ha(w)

ol aEel acZl ~v<a
+ Z Ja(t) Ho(w)
aeT
> 1 (0) Ho(w) = > ub, Ho(w)
ol a€l

which reduces to the system of infinitely many deterministic Cauchy problems:

1° fora=0 p
$U0( ) = A()U()(t) + u%(t) + f()(f)7 UO(O) = Ug, and (216)
2° fora >0
d
Jrta(t) = (Aa+2u0(t) Id) ua (1) + D7 uy(t) taes (D +falt), ua(0) =ul. (2.17)
0<v<a
with ¢ € (0,7] and w € Q.
EJP 23 (2018), paper 116. http://www.imstat.org/ejp/
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Recall that
Bap(t) = Ao +2uo(t) Id  and  gap(t) = Y ty(t) ua—y(t) + falt), t€[0,T]

0<y<«
for all « > 0, so the system (2.17) can be written in the form

%ua(t) = Bao(t) ua(t) + gaa(t), t€(0,T];  ua(0)=1ul. (2.18)

Theorem 2.9. Let the assumptions (A1) — (44 — 2) be fulfilled. Then there exists a
unique almost classical solution v € C([0,7], X) ® (S)_; to (2.15).

Proof. According to Lemma 2.3 for every a > 0 the evolution equation (2.18) has an
unique classical solution u, € C([0,7], X). Thus, the generalized stochastic process
u(t,w) = > crta(t)Ha(w), t € [0,7], w € Q has coefficients that are all classical
solutions to the corresponding deterministic equation (2.18), hence in order to show that
u is an almost classical solution to (2.15) one has to prove that « € C([0,7], X) ® (S)_1.

Letuw’ e X ® (S)_1 be an initial condition satisfying assumption (A2) which states
that there exist § > 0 and K > 0 such that }__ [|u$[/% (2IN) P> = K. Then there also
exist p > 0 and K € (0,1) such that ) [[ud||% (2N)~?** = K2, or equivalently

(3p>0) (3K € (0,1)) (Va € I) [Jul]x < K(2IN)P*. (2.19)

The inhomogeneous part f € C1([0,T], X) ® (S)_; satisfies assumption (A3) which states
that there exists > 0 such that Y- 7 sup;c(o 7 | fa(t)[|% (2IN) 77* < cc. Then there exist
p>0and K € (0,1) such that

sup |[fa(D)]lx < K2IN)P* «€eZ. (2.20)
t€[0,T]

The coefficients u,, o € Z, a > 0 of the solution u are given by (2.11) and (2.12) for
n = 2. Denote by

Ly := sup |ua(t)|lx, a€l.
t€[0,T)

First, for « = 0 using (2.9) one obtain

Lo = sup |juo(t)||x = Ma, (2.21)
te[0,T]

since the solution to (2.16) satisfies assumption (A4-2). Let |a| = 1. Then o = ¢, k € N
and using (2.11) we have that

t
lue, ()llx < 11Se,.2(t, 0w, Il x +/O [Sei2(t )1 e (8)ll xds, t €[0,T].

From (2.10) we obtain that

¢ t ew2t — 1  m
/ |Sa2(t, 8)|lds < / me?2(t=)ds =m—= < —e%2 T e [0,T], a>0 (2.22)
0 ' 0 wa w2

and now (2.10), (2.19) and (2.20) imply that

t
Lo, = swp Jue, (Dllx < sup {1,200, |x + sup [1£2,(5)llx / St 5)ds }

te[0,T] te[0,T] s€[0,t]
(2.23)
< mev2T R (2N)Per 4+ L ewaT | (9IN)Per = mye=T (2P, ¢ [0,T], ke N,
w2
EJP 23 (2018), paper 116. http://www.imstat.org/ejp/
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— m
where my = m + o

For |a| > 1 we consider two possibilities for L,. First, if L, < K (2IN)?* for all
|a] > 1 then the statement of the theorem follows directly since for ¢ > 2p+ 1 and, having
in mind (2.21) and (2.23), we obtain

> sup flua(®)[X2N) 71 =D LLEN) T = L+ > L2 (2N) 7" + 3 L5(2N) 7

aez tel0; €l kEN lae|>1

< M3 + (mae™?TK)? > " (2N)PPrass 4 N " (2N) 2P0 < oo,
kelN |a]>1
ie.ueC(0,T],X)® (S)-1,—¢-
In what follows, we will assume that L, > /K (2IN)?® for some o € Z, |a| > 1. Denote

by Z. the set of all multi-indices o € Z, |a| > 1, for which L, > vK(2IN)?®. Then from
(2.12) we obtain

Uo (t) = Sa2(t,0)ul +/0 Sa2(t, s)[ Z Ua—~(8)uy(s) + fa(s)|ds, te€[0,T].

0<y<a
From this we have
Lo= s [lua(t)lx
te[0,7]
< sup {[Saa(t0)lud)lx + / 1S | D ttams(s)us(s)]|ds
t€[0,T] 0<y<a

+ / ' ||5a,2(t>8)||fa(8)||xd8}

t
< sup {mewztllugllir sup Y IIUa—v(S)IIXHUw(S)IIX'/ [Sa.2(t, 5)||ds
0

te[0,T] s€[0,t] 0<y<a

t
+ sup IIf(s)le/ ISa,z(ts)llds}.
s€0,t] 0

Using (2.22) we obtain

Lo = sup |lua(t)]x

t€[0,T)

< me”*T||ud|x + —ev2T > sup fuay(8)]lx sup ||u7()||X
w2 0<'y<at€[OT] te[0,T

m
+ —e“*T sup || f(s)l|x

w2 s€[0,t]
§m2€w2TK(2IN)POt ng Z La - "/’

0<y<a

where again my = m + w% Since my > ¢ I " one easily obtains

L, < mgesz(K@]N)W + Y LQ,WLW). (2.24)

0<v<«a

Let Ea, a >0, a €Z,, be given by

~ L
Lo =2 sz(i" 1) 0, a €T,
mae T((Q]N)Pa +1), a>0, ac

EJP 23 (2018), paper 116. http://www.imstat.org/ejp/
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Thus, from (2.23) we have that for all kK € IN

maoew2T K (2IN)Per . 1)
VK (2IN)pex
= 2mye®? T (mee? T VK +1).

L
€k + 1) S 2m2ew2T(

wel'( Sk 2.25
(\/f?(zm)psk (2.25)

IN/Ek = 2mee

We proceed with the estimation of the term > ,__ _,, L Ly, for given |a| > 1, a € Z,.

i I L Lo
L,L,_~ = (2mgew2T)2(77 + 1) (A + 1)
0<'yz<a B o;a VE (2IN)p VE (2IN)p(a=)
L., L,_
> (2mae?T 2( Loba—y 1)
Z (2mae™) KN
0<y<a
(2m26’u)2T)2 "
= R 2. il +(@mae™ )2
0<y<a
Using inequality (2.24) we obtain
S (ZTTLQesz)z L, pa T Amqe2T
Z L’yLa—’y > K(?]N)pa (m26w2T *K(Q]N) )+(2m26 2 ) _MTWLQ'

0<y<a

Now since L, > v/ K (2IN)?* for o € Z, and since K < 1 we obtain
S Amoev=T 2mgew2T 2moew2T
> Lylas 2 -

= VRENm T VRENm T TR N

0<y<a
> 2m26w2T<L + 1) =Lg.
- VK (2IN)re “

Hence, for all o € Z,,

a| > 1, we have obtained

> LyLav > La.

0<y<a

Let R,,a > 0, be defined as follows:
R., =L, keN,

Ro= Y RyRay, lo|>1.
0<y<a

It is a direct consequence of the definition of the numbers R, a > 0, and it can be shown
by induction with respect to the length of the multi-index o« > 0 that (see [11, Section 5])
Lo <Ry, a>0. (2.26)

Lemma 2.7 shows that the numbers R, a > 0 satisfy
1 /2lal =2\ o' 77 e
R, =— — || RY, > 0.
|a<|a|1> al U S
Further on, by (2.25),

[ee] oo (oo}
1R =T L2 < J]@maev" (mae™>" VK + 1))
=1

i=1 i=1

EJP 23 (2018), paper 116. http://www.imstat.org/ejp/
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Let ¢ = 2moe™?T (mye®?T/K + 1). Then

!

R, < c|a‘_1—!'cla‘, a>0, (2.27)
.

where ¢, = n%rl(zg), n > 0 denotes the nth Catalan number (more information on

Catalan numbers is provided in Lemma 2.6). Using Lemma 2.4, (2.26), (2.27) and (2.14)
we obtain that for o € Z,, |a| > 1 the estimation

Lo < Ry < 4lel=1(2N)2ecled

holds. Finally, from the definition of L, a > 0 we obtain

L, < (W _ 1) VE (2N < \/Fw (4¢)lol (2N) P

2mqew2T 8maew2T

Notice that the upper estimate also holds for || > 1, @ € T\ Z,. Indeed, if L, <

VK (2IN)P* then also L, < ﬁ(élc)‘a'(ﬂ\l)(p“) so we obtain
K
Lo < m\/;zT(4c)|a(2]l\T)(p+2)“, foralla € Z, |o| > 1.

Now we can prove that u(t,w) = >
H= . Then

aez Ua(t)Ho(w) € C([0,T],X) ® (5)-1. Denote by

Y sup ||ua<t>||§<2m>-qa= up [t Wi+ sup Jlua(t)]% (2N)
Sortelo.T) te[0,T a>0t€0,T]

=M;+ ) Lgk(le)—m + ) L2(2N) e
keN la>1

< M3 + (mge®"K)? 3 (2N) @05k 4 52 3 ( (4c) la\(gm)@ﬂm) (2IN)~

kelN la|>1
= M3 + (mae™ " K)? Y " (2N)PPmaek 4 {2 Y (16c%) 1 (2IN) GrHa Do,
keEN la|>1

Taking that s > 0 is such that 2° > 16¢2, according to Lemma 2.5, we obtain

> sup lua ()] (2IN) 79 < M3 + (mae? T K)? ) (2N) o)
acz 0T kEN

+H? Y (2IN) Pt < oo
|a|>1

forqg>2p+s+5. O

In the sequel we prove the existence of the almost classical solution of the Cauchy
problem

w(t,w) = Au(t,w) + u®3(t,w) + f(t,w), te[0,T] (2.28)

Note that

w3 (t,w) = u?(t,w) O u(t,w) Z Z Z Ua—p(t) ug—~(t) uy(t) Ho(w)

acl B<Lavy<p

= ug(t) Ho(w)
+ Z <3u0ua + 3ug Z Uq—p(t Z Z Ua—p(t)ug— v(t)u,y(t))H (w),
|a|>0 0<p<a 0<fB<a 0<y<p
(2.29)
EJP 23 (2018), paper 116. http://www.imstat.org/ejp/
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fort € [0,T], w € Q. Applying the Wiener-Itd6 chaos expansion method to the nonlinear
stochastic equation (2.28) reduces to the system of infinitely many deterministic Cauchy
problems:

1° fora=0 J
ﬁuo(t) = A()Uo(t) + U%(t) + fo(t), UO(O) = ug, and
2° fora >0
d
%ua(t) = (Aa + 3ug(t)Id)uq(t) + 3ug Z Ug—p(t)ug(t)+
0<B<
+ Y Y tamp(Bus—y (Duy () + falt), (2.30)
0<B<a 0<y<B
ua (0) = ul.

with ¢ € (0,7] and w € Q.
Let
Bas(t) = Ay +3ug(t) Id  and
Gos) =3u0 > wacpus)+ Y D" warp(hus_y (s (1) + fult), t€[0,T]

0<p<a 0<B<a 0<y<p
(2.31)
for all « > 0, then, the system (2.30) can be written in the form
d
ﬁua(t) = Ba3(t) ua(t) + ga,3(t), te€(0,T7; U (0) = ug. (2.32)

Theorem 2.10. Let the assumptions (A1) — (A4 — 3) be fulfilled. Then, there exists a
unique almost classical solution v € C([0,T], X) ® (S)_; to (2.28).

Proof. According to Lemma 2.3 for every a > 0 the evolution equation (2.32) has
an unique classical solution u, € C'([0,7],X) given in the form (2.12). Thus, the
generalized stochastic process u(t,w), represented in the chaos expansion form (2.2), has
coefficients that are all classical solutions to the corresponding deterministic equation
(2.32). Hence, in order to show that « is an almost classical solution to (2.28), one has to
prove that u € C([0,T],X) ® (S)_1.

We assume that the initial condition v € X ® (S)_; satisfies assumption (A2),
i.e. the estimate (2.19) holds true. The inhomogeneous part f € C1([0,7],X) ® (S)_1
satisfies assumption (A3), i.e. the estimate (2.20) is true for some p > 0. Moreover, the
coefficients u,, o € Z, o > 0 of the solution v are given by (2.11) and (2.12) for n = 3.
Now, for all o € 7 we are going to estimate

Lo = sup [ua(t)]x-
t€[0,T]

It is clear that for « = 0, by (A4 — 3) we have Lo = sup;c(o 1) |luo(t)|| = Ms.
For, |a| =1, i.e. for & = ¢, k € IN by (2.11) we have that

t
lue, ()llx < 18e,3(t, 0)llllug, |1 x +A 1Sey.3(t: sl f=i (s) | xds, ¢ € [0, T].

From (2.10) we obtain that

t t
/ [1Sa,3(t, s)||ds < / mew2(t=9ds < LewsT e 10,7], a>o0. (2.33)
0 0 w3
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By (2.19), (2.20), (2.10) and (2.33) we obtain

t
Le, = sup |jug, (t)][x < sup {IISak,3(t70)IIIIu2k|Ix+ sup ||f8k<s)\|x/ IISa,s(t,s)Ilds}
te[0,T] te[0,T) s€[0,t] 0

< me™ T K (2N)Pex 4 - ewsT ¢ (2N)Pe,
ws

which leads to the estimate
L., <mze®T KNP ke, (2.34)

where m3 = m + wﬂg

For |a| = 2 we have two different forms of the multiindex. First, for o = 2¢4, k € IN
from (2.31) we obtain the form of the inhomogeneous part go., 3(t) = 3uo(t) u2, (t) +
fae, (t), where

SUp |lg2c,. 3(5) [ x < 3MsLZ, + sup | foe, (5)]x
SG[O,t] SG[O,t]
< 3M3m§eQwSTK2(2]N)2pEk + K(Q]N)ngk

< (3Mzm2e?™TK? + K) (2IN)%x,
Then, together with (2.12) we obtain

Loc, = sup |luae, (t)||x
te[0,T

)

t
< sup {1Saalt O lx + 50 fg2ena(@lx | ISecialt.s)lds}
0,7 s€[0,t] 0
< me® T K(2IN) 2k 4 2 ewsT (30 fym2ewsT K2 + K) (2N)2Pe,
w3

Thus,
Lo, <ar ™ K (2N), ke, (2.35)

where a; = m + 2 (3Mzm3e*s T K + 1).

In the second case, for o = ¢, + ¢, k # j, k,j € IN from (2.31) we obtain the
form g., 1., 3(t) = 6uo(t) uc, (t) uc, (t) + fe, 1<, (t) of the inhomogeneous part of (2.12). By
applying (2.34) and (2.20) it can be estimated as

sSup Hgak-i-ej,S(S)HX < GMSLEkLEj =+ sup ||f5k+5j(S)HX
s€[0,t] s€[0,t]

< 6Mzmje®sT K2 (2IN)Pk (2IN)PSi + K (2IN)Pek 7<)
< (6Msm2e®™sT K2 4+ K) (2IN)P(E+€5),

Then, (2.12) combined with the previous estimate lead to

L€k+6j = tS[%pT] ||u€k+5j (t)HX
€10,

t
< sup {Sure, 0t O oo lx + 500 geuse, s | 1o, alt,o)lds)
T) s€[0,1] 0
< mewsTK(z]N)P(sk-i-Ej) + ﬁeﬂwT (GMgmgeZ“’STKQ + K) (2IN)P(EIC+EJ).
w3

Then, we obtained

Leyie;, < apeTK 2N)PEFE) | | j e N, k # j, (2.36)
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where ay = m + wﬂs(GMgm%eQwSTK + 1). Finaly, from (2.35) and (2.36) we obtain the
estimate for all |a| = 2
Lo < ag e T K (2IN)P.

For |a| > 2 we deal with general form of the inhomogeneous part of (2.32)
Jas(t) =3uo Y ua_sBus(t)+ Y Y e pt)us_(t)uy(t) + fult), te€0,T].
0<p<a 0<B<a 0<y<B

The solution to (2.32) is of the form

Uo (t) = Sa3(t,0)ul
t
+ / Soa(ts) (300 3 wacp@ust Y wass(usss (s (6) + fult) )ds.
0 0<B<a 0<B<a 0<y<p
We underline that in the previous inductive steps, we obtained the estimates of L,_y =

SUPe(o,77 [[ta—o(t)| for all 0 < § < . Then,

Lo = sup ||ua(t)| < me**T K(2IN)P*
t€[0,T]

m
+w—3(3M3 N LasLs+ Y Y La,ﬁLﬁﬂL7+K(2JN)m)

0<B< 0<B<a 0<y<pB
< maeT (KNP +3My 3 Lasly+ Y. Las 3 LoyLy),
0<B<a 0< < 0<y<p

(2.37)

where mz =m + . -.
In order to estimate L, for |a| > 2 we consider two possibilities: (@) Lo < >. La_gLg,

0<B<a
ol >2and (b) Lo, > Y. La-pLg, |of > 2.
0<fp<a
(a) Define R, for |a] > 1 in the following inductive way
REk = LSk
Ro= Y Ra_gRg, la|>2,
0<fB<a
then, using Lemma 2.7, we obtain the estimate
1 /2lal =2\ | T oa
Lo <R,=— — R2).
<= (7)o (L)
Moreover, by (2.34) we get
[ re: =TT £ < I (moes™ i @)™ = (mgesT ) T (207
i=1 i=1 i=1 i=1

= (mse K 2P = ol (am)pe,

where ¢; = msze**T K. We also used [];2, (2i)P* = (2N)P* and (2IN)¥ = 2i. We
recall the form of the Catalan numbers ¢, = ﬁ (ﬁ';l‘__f)
2.4 we obtain

a| > 2. Then, by Lemma

1 2|a| -2 !
“§|<f|JM3£WMmsw“@MM£WMW
(0% | — «l

< (2NN,
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where we used that 4/*-1 cz‘fl < (2IN)Pse for some positive ps. Thus, we conclude
L, < (2]1\])(103+P+2)D‘_
Finally, for ¢ > 2p3 + 2p + 5 the statement of the theorem follows from

Z sup |Juq(t)]|% (2IN) ™ ZLQ (2IN)~

acz t€l0T o€l
=L+ Y L2 (2N)"%*+ > L2(2N)"¢
kEN lo|>1
< M5+ (mae™ " K)? Y~ (2IN)rma)e
kelN

+ ) (2IN)RstpEmae ¢ oo, (2.38)
|a|>1

ie. ue C([0,7),X)® (5)-1,—4. Note that in (2.38) the term >, . (2IN)?P~ D=k s
finite since ¢ > 2p + 1 when ¢ > 2p3 + 2p + 5.

(b)

La> Y LapLg. (2.39)
0<B<a

Consider the most complicated case. Then, we would have that the inequality
(2.39) is fulfilled for all &« € Z. Then, (2.37) reduces to

Lo < mge®sT [ K(2IN)P® + (3M3 + 1) Z LasLs|,
0<fB<a

where we used inequality Lg > >  Lg_, L, for § < a. Further, we have
0<y<pB

K

Lo < (3Mj + 1) mge™” (o
< (3Ms + Dymae™ (=

NP+ 3 LQ_BLﬁ), o] > 2.
0<fB<a

At this point, we can repeat the proof of Theorem 2.9. Particularly, using the

notation m3 = (3M3 + 1) m3 and K' = 5375 M 7. the following inequality

Lo < mje®sT (K'(Q]N)m + 3 La,ﬂLﬁ)
0<fB<a

corresponds to the inequality (2.24), since K’ < 1, and the proof continues in the
same manner as the one from Theorem 2.9, i.e. the proof of solvability of the
equation (2.15) with the Wick-square nonlinearity. O

Remark 2.11. Note here that if the almost classical solution « to (2.1) satisfies u € D =
DomA then u is a classical solution to (2.1).

2.2 The linear nonautonomous case
Our analysis provides a downright observation for the linear nonautonomous equation

u(t,w) = A(t) u(t,w) + f(t,w), te€(0,T) (2.40)
u(0,w) = u’(w), we.

We assume the following:
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(B1) The operator A(t): D' C X ® (S)-1 — X ® (S)_1, t € [0,T] is a coordinatewise
operator depending on ¢ that corresponds to a family of deterministic operators
Aq(t) : D(Ay) € X — X, a € 1. For every a € T the operator family { A, () }cp0,1)
is a stable family of infinitesimal generators of Cy—semigroups on X with stability
constants m > 1 and w € R not depending on «, therefore the corresponding
evolution systems S, (¢, s) satisfy

[Sa(t,s)|| < mev =) <me*?, 0<s<t<T, acl.

The domain D(A,(t)) = D is independent of ¢t € [0,7] and o € Z. For every z € D
the function A, (¢)z, t € [0,T] is continuously differentiable in X for each « € 7.
The action of A(¢), t € [0,T] is given by

A(t)(w) = D Aa(t)(ue) Ha,

acl

foru e D' C D ® (S)_; of the form (2.2), where

D = {u = uaHa € DO(S)-1:3p0 2 0, sup [[Aa(t)(ua)|% (2N) 70 < oo}.
ael aEItE[OaT]

(B2) The initial value u° = 5
p > 0 such that

wez UoHy € D', ie. u) € D for every o € 7 and there exists

Db 1% (2N) 7P < oo,
a€el
sup ||Aw(t)ug||§((2]N)_p‘l < 0.

act tE[0,T]

For the inhomogeneous part f(t,w), w € Q, t € [0,T] we assume (A3).

Theorem 2.12. Let the assumptions (B1), (B2) and (A3) be fulfilled. Then there exists
a unique almost classical solution v € C([0,T], X) ® (S)_1 to (2.40).

Proof. Applying the Wiener-It6 chaos expansion method to (2.40) we obtain the system
of infinitely many deterministic Cauchy problems
aua(t) = Aa(t)ua(t) + fa(t), te€ (0,T] (2.41)

ua(0) =ul, acl.

[e'2]

By virtue of (B1), (B2) and (A3) the Cauchy problem (2.41) fulfills all the assumptions of
[20, Theorem 5.3, p. 147] so there exists a unique classical solution u, € C*([0,T], X)
given by

Uo (t) = Su(t,0)u’ + /t Sal(t,s)fa(s)ds, te€][0,T]
0

foralla € 7.

It remains to show that u = ) ., uoHy € C([0,T], X) ® (S)_1, i.e. that there exists
q > 0 such that Y 7 sup;c(o 7y [ua ()[|% (2N) 79 < oo.

Without loss of generality, we may assume that the constants K, p > 0 are such that
foralla € 7

luallx < K(2N)P*
sup || fa(t)llx < K(2IN)P*.
te[0,T]

EJP 23 (2018), paper 116. http://www.imstat.org/ejp/
Page 20/25


http://dx.doi.org/10.1214/18-EJP241
http://www.imstat.org/ejp/

Stochastic evolution equations with nonlinearities

Now, for all o € Z, we obtain

t
sup [Jua(t)[[x < sup {Sa(tvo)lllugllir/ IISa(t,S)IIIIfa(S)IIXdS}
te[0,7T] 0

te[0,T]

t
< sup {IISa(tO)IIIIugIIx + sup IISa(tS)IIIIfa(S)IIx/ dS}
t€[0,T) s€0,t] 0
< sup {me" K(2IN)P* + me"* K (2IN)P*t}
t€[0,T
< (14 T)me*T K (2IN)P~.
Finally, for ¢ > 2p 4+ 1 we obtain

> sup ua ()] (2IN) 7™ < ((1 + Tyme" " K)® > @N)EPmDe < oo, O
aer tel0.T] a€el

3 Extensions and applications

Our results can be extended to a far more general case of stochastic evolution
equation of the form

w(t,w) = Au(t,w) + pS(ut,w)) + f(t,w), te(0,T]

0 (3.1)

u(0,w) = u” (w), w e,

with a Wick-polynomial type of nonlinearity
pg(u) = Z apul® =ag+aru+ asu®? + azu® + ... a, u®, (3.2)

k=0

where a,, # 0 and ag, 0 < k < n are either constants or deterministic functions. Equation
(3.1) generalizes equation (2.1) and it can be solved by the very same method presented
in the paper, provided that one stipulates that the corresponding deterministic version
of (3.1) has a solution and modifies assumption (44 — n) correspondingly. Hence, we
replace (A4 — n) with the following assumption:

(A4-pol-n) The Cauchy problem

Lto(t) = Aouolt) + paluo(t) + fol), t€ (0.T]; uo(0) = uf

has a classical solution ug € C*([0, 7], X ), where

pn(u)zz apu® =ag+aru+ asu® +azud + .. a, u”, (3.3)
k=0

is a classical polynomial of degree n corresponding to the Wick-polynomial (3.2).

We extend Theorem 2.8, and for the sake of technical simplicity, present only a
procedure for solving (3.1) for n = 3, but note that the general case may be done mutatis
mutandis.

First we note that from the form of the process (2.2) and from the form of its Wick-
powers (2.3), as well as from (2.29) we obtain the expansion of the Wick-polynomial
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nonlinearity

P??(U):a0+alu+azu<>2+a3u03

=agHg + a1 <u0H0 + Z u(,Ha> + as (U%Ho + Z <2u0ua + Z ulgua_g) Ha)Jr

|a|>0 |a|>0 0<f<a

+ as (ugHO—F Z (3u%ua+3U0 Z Uq—pUB + Z Z ua,gug,ﬂ,uﬂ,(t» Ha>.

la|>0 0<p<a 0<B<a 0<y<p
(3.4)

When summing up the corresponding coefficients, the expression (3.4) transforms to

p§ (1) = (ao + aruo + az ug + asud) Ho

+ Z ((3a3u(2, + 2asug + a1) uq + (3azug + az2) Z Ua—pUS
a>0 0< <

+ as Z Z ua,ﬁug,vuv) H,

0< < 0<y<p

= ps(uo) + Y (p’g(uO)ua Pi(uo) D ua_pug
a>0 0<B<a

1
3, 5’ (o) Z Z Ua—ﬁ“ﬁ—’v“'v) Ha,
0<p<a 0<y<pB

where p}, p4§ and p4’ denote the first, the second and the third derivative of the polynomial

(3.3), respectlvely.
Thus, by applying the Wiener-It6 chaos expansion method to the nonlinear stochastic

problem (3.1) we obtain the system of infinitely many deterministic Cauchy problems:

1° fora=0
d
Zpu0(t) = Aouo(t) +ps(uo(t)) + fo(t), uo(0) = ug, (3.5)
and
2° fora >0
d / 1 /!
Stta(t) = (Aa + Ph(uo () 1d) ua(t) + 5 Ph(uo(t) > ta-s(B)us(t)+
0<B<a
3.6
P o) 30 e p(tus (s (0) + Ful), (3.6
0<B<a0<7<ﬂ
e (0) = u?.
with ¢ € (0,7] and w € Q.
We denote by
B ps(t) = Ao + P (uo(t))Id  and
1
Gops (t) = 5 P (o) Y ta—p(tus(t)
0<B<a
1
+5 5 (uo) YD taptus By (t) + fald),
0<B<a 0<y<
EJP 23 (2018), paper 116. http://www.imstat.org/ejp/
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for ¢t € (0,7] and all @ > 0. Hence, the problems (3.6) for a > 0 can be written in the
form
d
aua(t) = Baps (t) ua(t) + Go,ps (t)’ te (O,T]
e (0) = ul.

(3.7)

Theorem 3.1. Let the assumptions (A1) — (43) and (A4 — pol — 3) be fulfilled. Then,
there exists a unique almost classical solution v € C([0,T], X) ® (S)_1 to (3.1).

Proof. Under the assumptions (A1) — (A2) and the assumption (A4 — pol — 3) that (3.5)
has a classical solution in C'([0,7], X), it can be proven (similarly as it was done in
Lemma 2.3) that for every a > 0 the evolution system (3.7) has a unique classical solution
uy € C1([0,T], X). Then, in order to show that u is an almost classical solution to (3.1),
one has to prove that u € C([0,7], X) ® (S)_1. Indeed, this can be done in an analogue
way as in the proof of Theorem 2.10, with Lo = sup,¢jo 77 [|uo(t)[| and

M; = max{ sup |ps(uo(t))[l, sup [Ip5(uo(t))ll, sup [p5(uo(®))[l, sup [lp3'(uo(t))[}. O
t€[0,T) te[0,T) t€[0,T] t€[0,T)

3.1 Examples

We present two classes of stochasic reaction-diffusion equations that belong to the
class of problems (3.1).

3.1.1 Stochastic generalized FitzHugh-Nagumo equation

The nonlinear stochastic evolution equation

ue(t,w) = Au(t,w) + u®(t,w) —u®(t,w) + f(t,w), te(0,T] 3.8)

u(0,w) = v’ (w), weQ,

which belongs to the class of generalized FitzHugh-Nagumo equations is an equation of
type (3.1). Particularly, for A = A, the corresponding reaction-diffusion deterministic
equation

ug = Aul(t) + F(u(t), u(0) =u°, (3.9)

with a nonlinearity of the form F(u) = —u(a — u)(b — u) is the celebrated FitzHugh-
Nagumo equation, which arises in various models of neurophysiology. The equation (3.9)
has been introduced by FitzHugh and Nagumo [5, 17] in order to model the conduction
of electrical impulses in a nerve axon. A stochastic version of the FitzHugh-Nagumo
equation (3.9) was studied in [1], while a control problem for the FitzHugh-Nagumo
equation perturbed by coloured Gaussian noise was solved in [3]. Clearly, the equation
(3.8) is generalizing (3.9) if we choose a = 0 and b = 1 in the form of F'(u). For the choice
of a = b = 0 the equation (3.8) reduces to the Fujita type equation (2.1).

Here, by appying Theorem 3.1, we obtain a unique almost classical solution of the
equation (3.8).

3.1.2 Stochastic generalized Fisher-KPP equation

The deterministic nonlinear equation of the form (3.9) with F(u) = au(l — u) is called
the Fisher equation (also known as the Kolmogorov-Petrovsky-Piskunov equation). Such
equations occur in phase transition problems arising in biology, ecology, plasma physics
[4, 13] etc. Particularly, such an equation provides a deterministic model for the density
of a population living in an environment with a limited carrying capacity. It also describes
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the wave progression of an epidemic outbreak or the spread of an advantageous gene
within a population. Other applications in medicine involve the modeling of cellular
reactions to the introduction of toxins, voltage propagation through a nerve axon, and
the process of epidermal wound healing [2]. In other research areas it has been also
used to study flame propagation of fire outbreaks, and neutron flux in nuclear reactors.

Stochastic models that include random effects due to some external (enviromental)
noise were studied in the framework of white noise analysis [10], where the authors
proved the existence of the traveling wave solution. In the same setting, the stochastic
KPP equation, i.e. heat equations with semilinear potential and perturbation by a
multiplicative noise were considered in [19]. Under suitable assumptions, by applying
the It6 calculus, existence of a unique strong traveling wave solution was proven, and an
implicit Feyman-Kac-like formula for the solution was presented. Here we consider a
generalized Wick-version of the stochastic Fisher-KPP equation

w(t,w) = Au(t,w) + u(t,w) — u?(t,w) + f(t,w), te(0,T]
uw(0,w) =u'(w), weQ,

which can be solved by applying Theorem 3.1.

3.2 Conclusion

In this paper we have presented a methodology for solving stochastic evolution
equations involving nonlinearities of Wick-polynomial type. However, the applications
and extensions of the theory do not stop here. In place of the nonlinearity u®2, one might
consider uQu, and with appropriate modifications solve the stochastic Burgers-type
equation u; = wug, + uQu, + f or the stochastic KAV equation u; = ugzze + uQuy + f,
coalesced into the form u;, = Au + uu, + f. One can also replace the nonlinearity u¢"
by u{|u|"~!, where the modulus of a complex-valued stochastic process is understood as
|u| = > ez [ua|Hq, and find explicit solutions to the stochastic nonlinear Schrodinger
equation (ih)u; = Au + udlu["~1 + f.
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