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Abstract

The antiferromagnetic g-state Potts model is perhaps the most canonical model for
which the uniqueness threshold on the tree is not yet understood, largely because
of the absence of monotonicities. Jonasson established the uniqueness threshold
in the zero-temperature case, which corresponds to the g-colourings model. In the
permissive case (where the temperature is positive), the Potts model has an extra
parameter 3 € (0, 1), which makes the task of analysing the uniqueness threshold
even harder and much less is known.

In this paper, we focus on the case ¢ = 3 and give a detailed analysis of the Potts
model on the tree by refining Jonasson’s approach. In particular, we establish the
uniqueness threshold on the d-ary tree for all values of d > 2. When d > 3, we show
that the 3-state antiferromagnetic Potts model has uniqueness forall 5 > 1—3/(d+1).
The case d = 2 is critical since it relates to the 3-colourings model on the binary tree
(B8 = 0), which has non-uniqueness. Nevertheless, we show that the Potts model has
uniqueness for all 3 € (0,1) on the binary tree. Both of these results are tight since it
is known that uniqueness does not hold in the complementary regime.

Our proof technique gives for general ¢ > 3 an analytical condition for proving
uniqueness based on the two-step recursion on the tree, which we conjecture to be
sufficient to establish the uniqueness threshold for all non-critical cases (¢ # d + 1).
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1 Introduction

The ¢-state Potts model is a fundamental spin system from statistical physics that
has been thoroughly studied in probability and computer science. The model has two
parameters ¢ and 3, where ¢ > 3 is the number of the states, and 5 > 0 is a parameter
which corresponds to the temperature of the system!. The set of states is given by
[q) ={1,...,q} and we will usually refer to them as colours. The case ¢ = 2 is known as
the Ising model, and the Potts model is the generalisation of the Ising model to multiple
states. When g = 0, the Potts model is known as the g-colourings model.

A configuration of the Potts model on a finite graph G = (V, E) is an assignment
o :V — [q]. The weight of the configuration ¢ is given by wg(c) = ™), where m(o)
denotes the number of monochromatic edges in G under the assignment o. The Gibbs
distribution of the model, denoted by Pr¢|-], is the probability distribution on the set of
all configurations, where the probability mass of each configuration ¢ is proportional to
its weight wg (o). Thus, for any o : V' — [q] it holds that

Prg[a} = ’w(;(O')/Zg,

where Z¢ = }_,._, | wa(0) is the so-called partition function. Note that in the case
B = 0 the Gibbs distribution becomes the uniform distribution on the set of proper
g-colourings of G. The Potts model is said to be ferromagnetic if g > 1, which means
that more likely configurations have many monochromatic edges. It is said to be
antiferromagnetic if f < 1, which means that more likely configurations have fewer
monochromatic edges. This paper is about the antiferromagnetic case.

For spin systems like the Ising model and the Potts model, one of the most well-
studied subjects in statistical physics is the so-called uniqueness phase transition on
lattice graphs, such as the grid or the regular tree. Roughly, the uniqueness phase
transition on an infinite graph captures whether boundary configurations can exert non-
vanishing influence on far-away vertices. In slightly more detail, for a vertex v and an
integer n, fix an arbitrary configuration on the vertices that are at distance at least n from
v. Does the influence on the state of v coming from the boundary configuration vanish
when n — co? If yes, the model has uniqueness, and it has non-uniqueness otherwise.?
(See Definition 1.1 for a precise formulation in the case of the tree.) Note that uniqueness
is a strong property, which guarantees that the effect of fixing an arbitrary boundary
configuration eventually dies out. As an example, for the antiferromagnetic Ising model

on the d-ary tree it is well-known that uniqueness holds iff g > % ; the value =L is a

point of a phase transition and is also known as the uniqueness threshold becal(iJsr(le itis
the point at which the uniqueness phase transition occurs.

The uniqueness phase transition plays a prominent role in connecting the efficiency
of algorithms for sampling from the Gibbs distribution to the properties of the Gibbs
distribution itself. One of the first examples of such a connection is in the analysis of the
Gibbs sampler Markov chain for the Ising model on the 2-dimensional lattice, where the
uniqueness phase transition marks the critical value of 5 where the mixing time switches
from polynomial to exponential (see [16, 15, 25]).

From a computational complexity perspective, it is the uniqueness phase transition on
the regular tree which is particularly important. For many 2-state spin models, including

10Often, in the literature, 3 is taken to be the inverse tempertature. Since we don’t need the physical details
here, we simplify the notation by taking /3 to be e to the inverse temperture.

2The terminology comes from the theory of Gibbs measures, where the interest is in examining whether
there is a unique infinite-volume measure whose marginals on finite regions is given by the Gibbs distribution (it
can be shown that an infinite-volume measure always exists). See [10, 6] for a thorough exposition of the theory.
The two formulations of uniqueness/non-uniqueness that we have described, i.e., examining infinite-volume
measures and examining the limit of marginals in growing finite regions, turn out to be equivalent.
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the antiferromagnetic Ising model and the hard-core model, it has been proved [23, 24,
8, 12] that the uniqueness phase transition on the tree coincides with a more general
computational transition in the complexity of approximating the partition function or
sampling from the Gibbs distribution. In the case of the antiferromagnetic Ising model
for example, the problem of approximating the partition function on (d + 1)-regular
graphs undergoes a computational transition at the tree uniqueness threshold: it admits
a polynomial-time algorithm when S € (%, 1) and it is NP-hard for g3 € (0, %) This
connection has been established in full generality for antiferromagnetic 2-state systems.

For antiferromagnetic multi-state systems, the situation is much less clear and, in fact,
even understanding the uniqueness phase transition on the tree poses major challenges.
One of the key reasons behind these difficulties is that certain monotonicities that hold
for two-state systems simply do not hold in the multi-state setting, which therefore
necessitates far more elaborate techniques. For analysing the uniqueness threshold on
the tree, this difficulty has already been illustrated in the case of the g-colourings model,
where Jonasson [11], building upon work of Brightwell and Winkler [2], established via a
painstaking method that the model is in uniqueness on the d-ary tree iff ¢ > d+1. The goal
of this paper is to extend this analysis to the Potts model (beyond the zero-temperature
case).

There are several reasons for focusing on establishing uniqueness on the tree. For the
colourings model and the antiferromagnetic Potts model, it is widely conjectured that the
uniqueness phase transition on the d-ary tree captures the complexity of approximating
the partition function on graphs with maximum degree d + 1, as is the case for antiferro-
magnetic 2-state models. It has been known since the 80s that non-uniqueness holds for
the colourings model when ¢ < d + 1 and for the Potts model when 8 <1 —¢/(d+ 1), see
[18]. More recently, it was shown in [7] that the problem of approximating the partition
function is NP-hard when ¢ < d + 1 for the colourings model and when 5 < 1 —¢/(d + 1)
for the Potts model (for q even). It is not known however whether efficient algorithms can
be designed in the complementary regime; for correlation decay algorithms in particular
(see [9, 14, 13]), it has been difficult to capture the uniqueness threshold in the analysis
— this becomes even harder in the case of the Potts model where uniqueness is not
known. For a more direct algorithmic consequence of uniqueness, it has been demon-
strated that, on sparse random graphs, sampling algorithms for the Gibbs distribution
can be designed by exploiting the underlying tree-like structure and the decay properties
on the tree guaranteed by uniqueness. In particular, in the G(n,d/n) random graph,
Efthymiou [4] developed a sampling algorithm for g-colourings when ¢ > (1 + €)d, based
on Jonasson’s uniqueness result. Related results on G(n,d/n) appear in [27, 5, 22, 17].
Also, after presenting our main result, we will describe an application on random regular
graphs, appearing in [1].

1.1 Owur result

In this paper, we study the uniqueness threshold for the antiferromagnetic Potts
model on the tree. We establish the uniqueness threshold for ¢ = 3 for every d > 2.
Our proof technique, which is a refinement of Jonasson’s approach, also gives, for
general ¢ > 3, an analytical condition for proving uniqueness, which we conjecture to
be sufficient for establishing the uniqueness threshold whenever ¢ # d + 1. As we shall
discuss shortly, the case ¢ = d + 1 is special, since it incorporates the critical case for
the colourings model. To formally state our result, we will need a few definitions.

Given a graph G = (V, E), a configuration ¢ : V — [¢], and a subset U of V, we use
o(U) to denote the restriction of the configuration o to the vertices in U. For a vertex
v € V and a colour ¢ € [g], we denote by Prg[o(v) = ¢] the probability that v takes the
colour c in the Gibbs distribution. Let Ty, be the d-ary tree with height n (i.e., every
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path from the root to a leaf has n edges, and every non-leaf vertex has d children).3
Let Ap ... D€ the set of leaves of T, and let vy, be its root. The following definition
formalises uniqueness on the d-ary tree. (See also [2] for details about how to translate
Definition 1.1 to the Gibbs theory formalisation.)

Definition 1.1. The g-state Potts model with parameter  has uniqueness on the infinite
d-ary tree if, for all colours c € [q|, it holds that

1
limsup max |Prr, [0(van)=c|o(Ar,,)=7]——=|=0. (1.1)
n— oo TIATdY,,L*[fI] ' ' q

It has non-uniqueness otherwise.

Equation 1.1 formalises the fact that the correlation between the root of a d-ary tree
and vertices at distance n from the root vanishes as n — co. We are now ready to state
our main result.

Theorem 1.2. L.et ¢ = 3. When d > 3, the 3-state Potts model on the d-ary tree has
uniqueness for all § € [%, 1). When d = 2, the 3-state Potts model on the binary tree
has uniqueness for all § € (0,1).

Theorem 1.2 precisely pinpoints the uniqueness threshold for the 3-state Potts model
since it is known that the model is in non-uniqueness in the complementary regime.
When d > 3, non-uniqueness for g < % follows from the existence of multiple semi-
translation-invariant Gibbs measures*. When d = 2, the 3-state Potts model for 5=0
corresponds to the 3-colouring model, and non-uniqueness holds in this case because of
the existence of so-called frozen 3-colourings; in these colourings, the configuration on
the leaves determines uniquely the colour of the root, see [2].

Interestingly, our result and proof technique for the 3-state Potts model suggests that
the only obstruction to uniqueness in the 3-colouring model on the binary tree are the
frozen colouring configurations. It is reasonable to believe that this critical behaviour in
the colourings model happens more generally whenever ¢ = d 4+ 1. For comparison, note
that the colourings model has non-uniqueness when ¢ < d + 1 ([2], see also footnote 4)
and it has uniqueness when ¢ > d+ 1 [11].

This critical behaviour for the colourings model when ¢ = d+ 1 arises in the context of
the Potts model as well, and, as we shall see in the next section, it causes complications
in the proof of Theorem 1.2. Nevertheless, we formulate a general condition for all
non-critical cases (q # d+1) which will be sufficient to establish the uniqueness threshold.
We conjecture that the condition holds whenever ¢ # d + 1 (see Conjecture 2.13). The
condition is tailored to the Potts model on a tree, unlike other known sufficient criteria
for uniqueness (see for example [3, 26]). Our condition reduces to single-variable
inequalities and can be verified fairly easily for small values of ¢, d. Since Theorem 1.2
includes the critical case (¢,d) = (3,2), our proof of the theorem necessarily goes a
slightly different way (as we explain below), so in Section 2, we give a more detailed
outline of our proof approach.

3Note that the d-ary tree is essentially the same as a regular tree with degree d + 1; the only difference is
that the root of the d-ary tree has degree d while the root of a (d+ 1)-regular tree has degree d+ 1. Accordingly,
the uniqueness phase transition occurs at exactly the same location in both trees.

4Roughly, in a semi-translation-invariant Gibbs measure, even-layered vertices have the same marginals and
odd-layered vertices have the same marginals. By studying the number of fixpoints of a particular recursion,
one can establish whether there exist multiple such measures. See [2, Theorem 2.3 & Theorem 3.2] for details
on this connection in the context of the colourings model and [7, Corollary 7.5] in the context of the Potts
model. We also remark that such measures on the tree have been studied in the statistical mechanics literature
as well, for example Peruggi, di Liberto, and Monroy [19, 20] give a description of the phase diagrams of the
models in non-uniqueness. We refer the reader to the book [21] for a detailed treatment of Gibbs measures on
the infinite tree.
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1.2 Application

We have already discussed some results in the literature where the uniqueness of
spin-models on trees enables fast algorithms for sampling from these models on bounded-
degree graphs and sparse random graphs. It turns out that Theorem 1.2 can also be
used in this way. In particular, Blanca et al. have obtained the following theorem.

Theorem 1.3 (Theorem 8 of [1]). Let ¢ > 3, d > 2, and 8 € (0,1) be in the uniqueness
regime of the d-ary tree with 8 # (d+ 1 — q)/(d 4+ 1). Then, there exists a constant § > 0
such that, for all sufficiently large n, the following holds with probability 1 — o(1) over
the choice of a random (d + 1)-regular graph G = (V, E) with n vertices.

There is a polynomial-time algorithm which, given the graph G as input, outputs
a random assignment o: V — [q] from a distribution which is within total variation
distance O(1/n’) from the Gibbs distribution of the Potts model on G with parameter f3.

Thus, Theorem 1.2 has the following corollary.

Corollary 1.4. Let ¢ = 3. Suppose eitherd =2 and 5 € (0,1) ord > 3 and € (%7 1).
In either case, there exists a constant § > 0 such that, for all sufficiently large n, the
following holds with probability 1 — o(1) over the choice of a random (d + 1)-regular
graph G = (V, E) with n vertices.

There is a polynomial-time algorithm which, given the graph G as input, outputs
a random assignment o: V — [q] from a distribution which is within total variation

distance O(1/n’) from the Gibbs distribution of the Potts model on G with parameter f3.
We next discuss our approach for proving Theorem 1.2.

2 Proof approach

In this section, we outline the key steps of our proof approach for proving uniqueness
for the antiferromagnetic Potts model on the tree. As mentioned in the Introduction,
the model does not enjoy the monotonicity properties which are present in two-state
systems (or the ferromagnetic case)®, so we have to establish more elaborate criteria to
resolve the uniqueness threshold.

We first review Jonasson’s approach for colourings [11]. One of the key insights there
is to consider the ratio of the probabilities that the root takes two distinct colours and
show that this converges to 1 as the height of the tree grows large. Jonasson analysed
first a one-step recursion to establish bounds on the marginals of the root and used those
to obtain upper bounds on the ratio. Then, he bootstrapped these bounds by analysing a
more complicated two-step recursion and showed that the ratio converges to 1.

Our approach refines Jonasson’s approach in the following way; we jump into the
two-step recursion and analyse the associated optimisation problem by giving an explicit
description of the maximisers for general ¢ and d (see Lemma 2.6). It turns out that the
maximisers change as the value of the ratio gets closer to 1, so to prove the desired
convergence to 1, we need to account for the roughly ¢ possibilities for the maximiser.
This yields an analytic condition that can be checked easily for small values of ¢, d and
thus establish uniqueness. In the context of Theorem 1.2 where ¢ = 3, most of the
technical work is to deal analytically with the potentially large values of the arity d of
the tree.

A further complication arises in the case ¢ = 3 and d = 2 (and more generally
q = d + 1), since this incorporates the critical behaviour for colourings described in

5All two-state systems are either monotone or antimonotone on the tree, and therefore the root is most
sensitive to boundary configurations where all the leaves have the same state. Uniqueness/non-uniqueness is
therefore determined by examining whether the marginal at the root under these two extremal configurations
coincide. Similarly, for the ferromagnetic Potts model, one can show that the extremal configurations on the
leaves are those where all the leaves have the same colour.
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Section 1.1. This manifests itself in our proof by breaking the (global) validity of our
uniqueness condition. We therefore have to use an analogue of Jonasson’s approach to
account for this case by first using the one-step recursion to argue that the ratio gets
sufficiently close to 1 and then finishing the argument with the two-step recursion.
Our proofs are computer-assisted but rigorous — namely we use the (rigorous)
Resolve function of Mathematica to check certain inequalities. We also provide Mathe-
matica code to assist the reader with tedious-but-straightforward calculations (such as
differentiating complicated functions). The Mathematica code is in Section 7.

2.1 Ratio for proving Theorem 1.2
For § € (0,1) and n > 0, define the following ratio.

Prr, , [0(van) =c1 | o(Ar,,) = 7]
T

I (2.1)

q,p,d,n) = max
N Bdm) = e g o (van) = 2 | o (AT, )

c1,c2€[q]

Note that if 3 > 0 and n > 0, then for every 7: Ar,, — [q] and every ¢ € [q],
Prr, . [0(vin) =c|o(Ar,,,) = 7] > 0. So ¥(q, B,d, n) is well-defined.

Suppose, for fixed ¢, 8 and d, that lim, . 7(¢,3,d,n) = 1. This implies that the
limsup in the uniqueness definition (Definition 1.1) is zero. Thus, Theorem 1.2 is an
immediate consequence of the following theorem.

Theorem 2.1. If 3 € (0,1) then lim,, ,o0 ¥(3,3,2,n) = 1. Ifd > 3and 1-3/(d+1) < < 1
then lim, ,~ v(3, 8,d,n) = 1.

In Section 3 we obtain Theorem 1.2 by proving Theorem 2.1.

2.2 The two-step recursion
In this section, we formulate an appropriate recursion on the infinite d-ary tree, which

will be one of our main tools for tracking the ratio v(q, 3,d, n).
We denote the set of ¢-dimensional probability vectors by A, i.e.,

A:{(plvp%---qu):nglap%---qugl /\p1+p2++pq:1}

Suppose that ¢; and ¢, are two colours in [q]. We define two functions g, ., g and
he, c,,3, indexed by these colours. The argument of each of these functions is a tuple
(pM,...,p®) where, for each j € [d], p) € A. The functions are defined as follows.

d k k
(1) @)y . (1-8) () - pt2)
gCl,Cz,ﬁ(p s P ) = H 1-— 3 ONE
k=1 5p02 + 267562 Pe
(1 - B) (1 - 90170275(13(1)7 e 7p(d)))
5 + Zcqé(;? gC,Cz,ﬂ(p(l)a ) p(d))

Note that the functions g, ., s and he, ., g are well-defined when 3 € (0,1) and all of
p®, ..., p® have non-negative entries; they are also well-defined when 8 = 0 and all of
p(l)7 - ,p(d) have positive entries.

One feature of the functions g, ., g and hc, ,,3 which will be important shortly is
that they are scale-free. This means that we can multiply each of their arguments by
some constant without changing their value, i.e., for scalars t¢1,...,ty > 0 it holds that

1 (d))

(2.2)
heyens(PY, - @) =14

gcl,CQ,ﬁ(tlp 7~~~atdp :961,c2yﬁ(p(1)7~"ap(d))v
hch@ﬁ(tlp(l), s atdp(d)) = hcl,czﬁ(p(l)v cee »p(d))'

The following proposition, proved in Section 4, shows the relevance of these functions
for analysing the tree.

(2.3)
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Proposition 2.2. Suppose ¢ > 3, d > 2 and 8 € (0,1). For an integer n > 2, let T be
the tree Ty, with root z = vq, and leaves A = Ar, . Let 7: A — [¢] be an arbitrary
configuration.

Let z1,...,zq be the children of z in T and, for i € [d], let {z; j};c[q) be the children

of z;. Denote by T; ; the subtree of T rooted at z; ; and by A; ; the set of leaves of T} ;.
(4,9) .

Foric [d], j€[d] andc€ [q], letre™”’ := Pry, [0(2:,5) = ¢ | (A ;) = 7(As )], and denote
by r(%9) the vector r(*9) = (ry’j), . ,rff’j)). Then for any colours c; € [q] and ¢ € [q] we
have

Prr, fo(z) =c1| o) =1 _ H oy oy p (05D, p)

Prr, [o(z) = ¢ [o(A) = 7] — 1L7ere”? v ‘

We refer to the recursion introduced in Proposition 2.2 as the two-step recursion.
The two-step recursion will allow us to iteratively bootstrap our bounds on the ratio
v(q, B,d,n). To formalise this, we will use the following definition.

Definition 2.3. Suppose ¢ > 3,d > 2 and 8 € [0,1). For any a > 1, let

DNy ={(p1,...,pq) € A: maxp; < aminp;}.
i€[q] j€ld]

(Note that every vector in A, has strictly positive entries.) For colours ¢, € [q] and
Cy € [q], let
MO&,Cl.,Cg,ﬁ = maX(p(1)7___7p(d))eAg h’Cl,cQ,ﬁ (p(l)’ ey p(d)) (24)

Since A, is compact and h, ., g is continuous, the maximisation in (2.4) is well-defined.

Definition 2.3 ensures that A, is the subset of A induced by probability vectors
whose entries are within a factor of o > 1 of each other. M, ., , s is the maximum of
the two-step recursion function h., ., g when each of its arguments are from A,. The
following proposition gives a preliminary condition for establishing uniqueness when
B € (0,1) — it is proved in Section 3.

Proposition 2.4. Let ¢ > 3, d > 2 and 8 € (0,1). Suppose that for all « > 1 and any
colours ¢y, ¢y € [q], it holds that
Ma,cl,cQ,B < Ozl/d.

Then, it holds that v(q, 8,d,n) — 1 asn — oo, i.e., the g-state Potts model with parameter
[ has uniqueness on the d-ary tree.

In the next section, we will show how to simplify the condition in Proposition 2.4.

2.3 A simpler condition for uniqueness

Proposition 2.4 gives a sufficient condition on the two-step recursion that is sufficient
for establishing uniqueness based on the maximisation of A, ., . Due to the many vari-
ables involved in the maximisation, this is rather complicated for any direct verification.
We will simplify this maximisation signifantly by showing that it suffices to consider very
special vectors whose entries are either equal to a or 1. We start with the following
definition of “extremal tuples”.

Definition 2.5. Let a > 1, and consider a colour c € [q]. A tuple (pV), ..., p(¥) is called
(o, ¢)-extremal iff for all k € [d],
ilf) :pgk), orpg“) —a .pgk)’.

®) — o p®),

e forall ¢ € [q], eitherp
e there exists ¢ € [q] such that p
Our interest in extremal tuples is justified by the following lemma, whose proof is

given in Section 6.1.
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Lemma 2.6. Let ¢ > 3, d > 2 and 8 € [0,1). For any colours ci,cy € [q], there is an
(@, ¢2)-extremal tuple which achieves the maximum in max,m) . p@yend Pey ez ,8 (PW,...,
p) (cf. (2.4)).

One of the consequences of Lemma 2.6 is that the validity of the inequality in
Proposition 2.4 is monotone with respect to 5. In particular, we have the following
lemma (also proved in Section 6.1).

Lemma 2.7. Letq > 3,d >2and 8,8 € [0,1) with 8’ < 8”. Then, for all « > 1 and any
colours ¢y, ¢y € [q], it holds that

Ma’clﬁczﬁ” < MQ:CI;CZHBI .

Another consequence of Lemma 2.6 is that, combined with the scale-free property,
it reduces the verification of the condition in Proposition 2.4 to the verification of
single-variable inequalities in . These inequalities are obtained by trying all d-tuples of
g-dimensional vectors whose entries are as follows.

Ex.(a) = {(pl, coypg) €{1,a}! | p. = 1 A3 € [¢] such that p = a}. (2.5)

The following simplified condition will be our main focus henceforth.

Condition 2.8. Let ¢ > 3, d > 2. Set f, := max {1 — ﬁ,o}. For a > 1, let C() be the
condition

Cla): VYei,e2 € ql, heyeo,p. (p(l),...,p(d)) <ot/ forallp®,... p? e Ex,,(a).

IfC(a) holds, we say that the pair (q, d) satisfies Condition 2.8 for «.

Now, to verify the inequality in Proposition 2.4, we will show shortly that it suffices
only to establish Condition 2.8 for all a > 1, which turns out to be a much more feasible
task because of the very explicit form of the set Ex., («). In the next section, we discuss
how to do this in detail, but for now let us state a proposition which asserts that this is
indeed sufficient.

Proposition 2.9. Suppose that the pair (q,d) satisfies Condition 2.8 for all « > 1. Let
B« = max {1 - ﬁ, O}. Then, the g-state Potts model on the d-ary tree has uniqueness
for all 8 € (0,1) satisfying § > S..

Proof. We consider first the case where g, > 0. We will show that for all colours
1, ¢2 € [g], it holds that

My, en.p. </ forall a > 1. (2.6)

Then by Lemma 2.7, we obtain that, for all 3 € [3*,1) it holds that M, ., c, s < a'/? as
well for all « > 1 and therefore, by Proposition 2.4, the Potts model has uniqueness for
all such 3.

To prove (2.6), consider an arbitrary o > 1 and colours ¢, ¢s € [¢]. By Lemma 2.6,
there exists an (a, c;)-extremal tuple (p), ..., p(@) such that

Ma»cl,cz,ﬂ* = h0170275* (p(l)a cey p(d))- (2.7)

For ¢ € [¢] and k € [d], denote by pgk) the entry of p(*) corresponding to colour ¢ and let

p*) be the vector ¢, p*) where t;, = 1/p£§). By the definition of an («, ¢z)-extremal tuple,
we have that
pM.....p@ e Ex., (a).

Moreover, by the scale-free property (2.3) we have that

h‘Cl,Cz,ﬁ* (13(1)7 s 7p(d)> = hclch’B* (p(1)> ) p(d))' (2.8)
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Finally, since the pair (¢, d) satisfies Condition 2.8 for all & > 1, we have that
Peyenp.(PD, . p@) < o/, (2.9)

Combining (2.7), (2.8), and (2.9) yields (2.6), as needed.

The case S, = 0 is analogous. Now, we need to show that we have uniqueness for all
B € (0,1) assuming that Condition 2.8 holds for all « > 1. Just as before, we obtain that
My ey cr.5. < @'/4 forall @ > 1 and hence by Lemma 2.7, we have that M, ., ., s < a'/?
forall & > 1 and 8 € (0,1). Uniqueness for 8 € (0,1) therefore follows from applying
Proposition 2.4. O

Remark 2.10. Note that, when 3, > 0, the conclusion of Proposition 2.9 asserts unique-
ness in the half-open interval [5., 1); when 8, = 0, it instead asserts uniqueness in the
open interval (0, 1).

2.4 Verifying the condition

In this section, we give more details on how to verify Condition 2.8.

To apply Proposition 2.9, we will need to verify Condition 2.8. The latter is fairly
simple to verify for small values of ¢, d since it reduces to single-variable inequalities in
a. We illustrate the details when (g, d) = (3,3) and (¢,d) = (4,4).

Lemma 2.11. The pairs (¢,d) = (3,3) and (q,d) = (4,4) satisfy Condition 2.8 for all
a>1.

Proof. By symmetry among the colours, it suffices to verify the condition for colours
c1 = 1 and ¢; = ¢. In Section 7.1, we just try all possible d-tuples (pV,...,p(¥) with
pW,...,p@ € Ex,(«). For each such d-tuple, the inequality

h01702«ﬂ* (p(1)7 e ap(d)) < al/d

is a single-variable inequality in a which can be verified using Mathematica’s Resolve
function for all « > 1. For (¢,d) = (3,3) and (¢,d) = (4,4), all the resulting inequalities
are satisfied. O

Combining Lemma 2.11 with Proposition 2.9 we get the following immediate corollary.

Corollary 2.12. The 3-state Potts model on the 3-ary tree has uniqueness for all § €
[1/4,1). The 4-state Potts model on the 4-ary tree has uniqueness for all 8 € [1/5,1).

Corollary 2.12 establishes the uniqueness threshold for (¢,d) = (3,3) and (¢,d) =
(4,4). More generally, we are interested in the following question: When is Condition 2.8
satisfied for all @ > 1? We conjecture the following.

Conjecture 2.13. When g # d + 1, the pair (¢, d) satisfies Condition 2.8 for all « > 1.

We have only been able to verify Conjecture 2.13 for specific values of ¢, d (with
methods similar to those used in the proof of Lemma 2.11). However, it is important to
note that the restriction ¢ # d + 1 in the conjecture cannot be removed. For example,
the pair (¢,d) = (3,2) does not satisfy Condition 2.8 for all & > 1 — it only satisfies
the condition for « fairly close to 1. Thus, to prove Theorem 1.2 we need a different
argument to account for the case (¢, d) = (3, 2).

Thus, instead of trying to prove Conjecture 2.13 for all values of o (which wouldn’t be
enough for our theorem), we follow Jonasson’s approach and use the one-step recursion
to argue that the ratio v(q, 8, d,n) gets moderately close to 1; close enough that we can
then use the two-step recursion to finish the proof of uniqueness. Note that, in contrast
to the two-step recursion, the one-step recursion is not sufficient on its own to obtain
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tight uniqueness results for any values of ¢, d (this was also observed by Jonasson [11] in
the case of colourings).

First, we state the one-step recursion that we are going to use on the tree. This
recursion, as well as the two-step recursion of Proposition 2.2, are well-known, but we
prove them explicitly in Section 4 for completeness.

Proposition 2.14. Suppose ¢ > 3, d > 2 and € (0,1). For an integern > 1, let T be
the tree Tgq, with rootv = vy, and leaves A = Ar, .. Let 7 : A — [q| be an arbitrary
configuration.

Let vy,...,vq be the children of v in T. Fori € [d], let T; be the subtree of T rooted at
v; and let A; denote the set of leaves of the subtree T;. Then, for any colour ¢ € [g|, it
holds that

)]

7(

d
(1= =p8)Prro(v;)) =c|o(A;) =7(A
PrT[U(’U):C|U(A):T]: quild( ( ﬁ) Tz[ ( ) | /( ) ( ) .
b Timy (1= (1= B) Prry[o(vi) = ¢ [ o(Ay) = 7(Ay)))
Tracking the one-step recursion relatively accurately requires a fair amount of work,
and to aid the verification of Condition 2.8 in the case ¢ = 3, we do this for general
values of d. In particular, we prove the following lemma in Section 5.

Lemma 2.15. Let ¢ = 3 and ¢ € [3] be an arbitrary colour. For d > 2, consider the d-ary
tree Ty, with height n and let T : A, , — [3] be an arbitrary configuration on the leaves.
When d = 2, for all 8 € (0,1), for all sufficiently large n it holds that

459 1107
2000 < Prren [o(v2,n) = c|o(Ar,,) =7] < 2500
Whend > 3, forall g € [1 — %, 1), there exist sequences {L,} and {U,} (depending on

d and () such that for all sufficiently large n
L, <Pry, [0(vin) =c|o(Ar,,) =1 < U, and U, /L, < 53/27.

The following corollary is an immediate consequence of Lemma 2.15.
Corollary 2.16. For d = 2 and every (8 € (0, 1) there is a positive integer ng such that,
for every n > ng, we have (3, 3,d,n) < 53/27.

For every d > 3 and every (3 satisfying 1 —3/(d+ 1) < 8 < 1 there is a positive integer
ng such that, for every n > ng, we have v(3, 5,d,n) < 53/27.

We combine this with the following lemma which verifies Condition 2.8 for all o €
(1,53/27]. The proof is given in Section 6.2.
Lemma 2.17. Let ¢ = 3 and d > 2. Then, the pair (q,d) satisfies Condition 2.8 for all
a € (1,53/27].

Using Corollary 2.16 and Lemma 2.17, we give the proof of Theorem 2.1 (which
implies Theorem 1.2) in Section 3.

3 Concluding uniqueness

In this section, we prove Proposition 2.4 and also conclude the proof of Theorem 2.1
(assuming for now Lemmas 2.15 and 2.17 and also Lemma 2.6, which we have already
used). Recall that

Macico,8 = max 1) . p@)ead heres,B (p(l), ey p(d)), (2.4)

We will need the following proposition.
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Proposition 3.1. Let ¢ > 3, d > 2 and 8 € (0,1). Suppose that, for some integer n > 3
and some o > 1, it holds that v(q, 3,d,n — 2) = a and My, ., 3 < a'/? for all colours

C1,C2 S [CI] Then W(CLBa da n) S (Ma,cl,cz,ﬁ)d < ’Y(Q>ﬁ7d7n - 2)

Proof. Consider the tree Tq, with root z = vy, and leaves A = Ar, . Let 7 : A, , — [q]
be an arbitrary configuration. As in Proposition 2.2, let {2; ;}; jcjsq) denote the grand-
children of the root, let T; ; be the subtree of 1" rooted at z; j, and let A; ; be the set of
leaves of T; ;. Further, let r(*/) be the marginal distribution at z; ; in the subtree T} ;,
conditioned on the configuration 7(A; ;).

By the assumption (g, 5, d,n —2) = « and the definition (2.1) of the ratio v(q, 5,d,n —
2), we have that r(*9) ¢ A, for all 4,5 € [d]. Proposition 2.2 also guarantees that for
colours ¢; € [¢] and ¢s € [¢] we have

Prr, , [o(2)
Per,n [O(Z)

c1 | o(A)
ca | o(A)

d
7]
7] = H hey es,8 (r(k,l)’ - ,r(k7d)) < (Ma.,m,cg,ﬁ)d <a,
k=1

where the strict inequality follows by the assumption that M, ., ., s < a!/%. Since 7 was
an arbritrary configuration on the leaves A, we obtain that v(q, 5,d,n) < v(¢, 8,d,n — 2)
as needed. O

We start with Proposition 2.4, which we restate here for convenience.

Proposition 2.4.Let ¢ > 3, d > 2 and 8 € (0,1). Suppose that for all @ > 1 and any
colours c1, 2 € [g], it holds that
Ma7clvc276 < al/d'

Then, it holds that (g, 8,d,n) — 1 as n — oo, i.e., the g-state Potts model with parameter
[ has uniqueness on the d-ary tree.

Proof. Fix g, d and § as in the statement. For all n > 1, let v, := (¢, 8,d,n). We may
assume that «,, > 1 for all n > 1 (otherwise, uniqueness follows trivially by choosing ng
such that a,,, = 1 and then applying Proposition 2.14 repeatedly to show «,, = 1 for all
n > ngp.)

Using Proposition 3.1 and the assumption that M, ., ., s < «'/¢ for all a > 1 and
colours c1, ¢2 € [¢], we obtain that

1< a, <ap_s. (3.1)

This implies that both of the sequences {3, } and {«as,+1} are decreasing. Since both of
these sequences is bounded below by 1, we obtain that for n — oo it holds that®

Aoy, \l/ Qey, Q2n+41 ~L Qodd

for some aey, @oqq > 1. We claim that in fact both of aey, acqq are equal to 1, which
proves that y(¢, 8,d,n) — 1 as n — oo.
Suppose for the sake of contradiction that a., > 1 (a similar argument applies for

Qpaq). Let my, = (pgg, e ,péﬁ?) achieve the maximum in (2.4) for o = as,, i.e.,

1 d
Ma2n7(517(527[3 = hC1,C2,5 (pén)v R pén))

Note that for all n > 1 we have that

heroen,s (Do s+ PS) > (aey) (3.2)

6The notation asy, | aev means that the sequence aa,, converges to aey by decreasing monotonically.
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otherwise, we would have that M,,, ¢, c,,3 < (@ev)'/¢ and hence, by Proposition 3.1, we
would have that as, 42 < aey, contradicting that as,, | aey.

Moreover, observe that ms, belongs to the compact space A¢ for all n > 1 and
therefore there exists a subsequence {n};>1 and (pV),...,p(?) € A4 such that

m?nk — (p(l)a s 7p(d))7

In fact, since {aay,, }r>1 is a subsequence of the convergent sequence {as, }n>1, We have
that the sequence {as,, } converges to a., as well. From my,,, € A‘i%k, we therefore
obtain that (p(),...,p¥) € A2 . Applying the assumption M ¢, ¢, s < a'/¢ for o = ay,
we therefore have that

By ess(PY, .o, p@) < (aey) /2. (3.3)

Since the function h,, ., s is continuous on A? for all 8 € (0,1), we have that as k — oo

1 d
heyes 5P s Do) = hey ey s(PY, . p@).
This contradicts (3.2) and (3.3). Therefore, a., = 1, and similarly a,qq = 1, completing
the proof. O

Assuming Lemmas 2.15 and 2.17, we can also conclude the proof of Theorem 2.1 in a
similar way.

Theorem 2.1. If 3 € (0, 1) then lim, oo 7(3,3,2,n) = 1. Ifd > 3and 1-3/(d+1) < B < 1
then lim,, o, v(3,8,d,n) = 1.

Proof. We first consider the case d > 3. Let § € [l — z%5,1) and for all n > 1, set
an, =7(3,d,5,n). By Lemma 2.15, we have that there exists n such that for all n > ny,
it holds that

an € (1,53/27].

(The reason that the left end-point of the interval is open is that we finish if a,, = 1, as in
the proof of Proposition 2.4.)

By Lemma 2.17, the pair (g, d) satisfies Condition 2.8 for «,, (for n > ng). By the
definition of Condition 2.8, for all ¢;, ¢z € [g], and (p!),...,p?) € Ex.,(a,), we have
heyesp. (P, .., p@) < o/, By the scale-free property of hc, ¢, 5., Ma, .c1.c0.5. < al/?
so, by Lemma 2.7, My, c1,c0,8 < ay/? Using Proposition 3.1 we obtain that for all
n > ng + 2, it holds that

1< a, <a,_s. (3.4)

This implies that both of the sequences {a2n }n>n, and {211 }n>n, are decreasing, and
since both are bounded below by 1, they converge. We now use an argument that is
almost identical to the one used in the proof of Proposition 2.4. The only difference is that
now the sequences start from 2ny and 2n¢+1 instead of from n = 2 and n = 3, respectively.
Using this argument, we obtain that the limits of {ao, }n>n, and {asn41}n>n, must be
equal to 1, thus proving that v(3,d, 8,n) — 1 as n — oo.

The argument for the case d = 2 and 8 € (0, 1) is actually the same; the only difference
to the case d > 3 is that [ lies in an open interval instead of a half-open interval. O

4 Proving tree recursions

In this section, we give proofs of the (standard) tree recursions, which we have
already used. We first prove Proposition 2.14 for the one-step recursion.
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Proposition 2.14. Suppose ¢ > 3, d > 2 and 8 € (0,1). For an integer n > 1, let T be
the tree T, with root v = v4,, and leaves A = Ar, .. Let 7 : A — [¢] be an arbitrary
configuration.

Let vy,...,vq be the children of v in T. For i € [d], let T; be the subtree of T rooted at
v; and let A; denote the set of leaves of the subtree T;. Then, for any colour ¢ € [¢], it
holds that

_ L (- -pPrmfo@) =clo() =7(A)])
S LTI, (1= (1= B) Pryyfo(v) = ¢ | o(As) = 7(Ay)])

Proof. For any graph G, we use V(G) to denote the vertex set of G. Recall that, for
any configuration o : V(G) — [q], its weight in the Potts model with parameter 3 is
given by wg (o) = () where m(c) denotes the number of monochromatic edges in G
under the assignment o. If v € V(G) then we use the notation wg(o(v) = ¢) to denote
the quantity wg(o(v) = ¢) = 32,0, v(@)5(g0'(v)=c Wa(0'). Similarly, if S is a subset of
V(G) and 7 is an assignment 7 : S — [g] then we use the notation wg(o(S) = 7) =
2ol V(G)— a0’ (8)=r W (0"). We will typically be interested in the case where G is a
sub-tree of T'. We have

Prrlo(v) =c|o(A) = 7]

_ Prrjo(v) =cno) =7] _wr(ow)=crho@)=7)

Prplo(v) = c¢|o(A) = 7] Prrlo(A) = 7] wr(o(A) =7)

Now we compute wr(o(v) = cAo(A) = 7):

(4)="7)

Il

o
>
Q

wr(o(v)

I
.zR

s
Il
—

(wTi (0(vi) # c Ao(As) = T(A)) + Bwr, (o(vi) = ¢ A o(Ay) = T(Ai)))

I
=~
5
)
=

I

wr, (o(v;) = cNo(A;) = T(Az‘))>

) (1 T (R = r(A)

@
I
—

Il
M=~
)
=

Il

r(A)) (1= (1= ) Prr, [o(vs) = | o(A) = 7(A)]).  (4.2)

@
Il
-

Also, we have wr(c(A) = 7) = Y4 _,wr(o(v) = ¢ Ao(A) = 7). Combining this
with (4.1) and (4.2), we obtain the statement of the lemma. O

We next prove Proposition 2.2 for the two-step recursion of Section 2.2.

Proposition 2.2. Suppose ¢ > 3, d > 2 and € (0,1). For an integer n > 2, let T be
the tree T;, with root z = vy, and leaves A = Ar, . Let 7: A — [¢] be an arbitrary
configuration.

Let z1,...,zq be the children of z in T and, for i € [d], let {z; ;}c[q) be the children
of z;. Denote by T; ; the subtree of T' rooted at z; ; and by A; ; the set of leaves of T ;.

Fori e [d], j € [d] and ¢ € [q], let i) = Prr, [o(zi,;) = ¢ | o(Ai ;) = 7(As ;)], and denote

by r(*7) the vector r(i/) = (rgi’j), .. ,r((f’j)). Then for any colours ¢; € [¢] and ¢ € [¢] we
have

Pry, [o(z) =c1|o(A)=71] H L (x (kD) pkd)

Pry, [o(z)=ca|o(A)=7] °1,02,8 Ty '

k=1

Proof of Proposition 2.2. For i € [d] and ¢ € [q], let T; be the subtree of T rooted at z;

with leaves Ar, and let r$) = Pry,[o(2z) = ¢ | o(Ar,) = 7(A7)]; let r'» be the vector
(SRS
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For every i € [d] and ¢ € [¢] we can apply Proposition 2.14 to T; to obtain
d i
P — Hj:l (1 - (1- ﬂ)ré J))
c - d 1’7' .
Z’:l Hj:l (1 - (1- 5)T£/ j))
We have ") > 0 for every c € [q], hence we can apply Proposition 2.14 to T to obtain
d rG
LTI 1(1—(1—5) )

Prr, [o(z2) =c|o(A) =1] =

Thus, for every i € [d] and ¢y, 3 € [¢],

d (1,9)
Tc B)re, i1 i,d
1 1:[ —(ZIJ) 961’5275(1'( )t )). (4.3)

7’(-2 T02

Analogously, for every ¢, ¢y € [q], we have

Pra,,l0() =alo =7 pri-0-prd 1 (1 L= -r /r<k>>>

Prr, [o(2) = c2 | o(A) = 7] i 1—(1— ﬂ)r,ﬁ’;) B Pt} B+t r£k)/r£§)
4.4)
Plugging (4.3) into (4.4), and using the definition of h., ., g from (2.2), we obtain the
statement of the lemma. O

5 Bounds from the one-step recursion - Proof of Lemma 2.15

In this section, we prove Lemma 2.15.

5.1 Bounding the marginal probability at the root by the one-step recursion

We begin by giving an upper and a lower bound for the marginal probability that the
root is assigned a colour c via the one-step recursion (see the upcoming Lemma 5.2).
First we define two functions. Let
d

(1-(1-8)y)
fu(d7ﬂ7x7 ): 2 2
T A=) 21— -0 (- —-A1—z—y)”
and
Fold, B2, y) = (1--ppa)°

(1-1=) + (1= (=B +(1-(1-p1-z-y)"

We will use the following lemma.
Lemma 5.1. Let f be a convex function on an interval I = [a, b].

1. Given p € [2a,a+Db|, the function g(z) = f(z)+ f(p—x) is decreasing on J = [a, p/2].
2. Given p € [a+ b, 2b], the function g(z) = f(z) + f(p — x) is increasing on J = [p/2,b].

Proof. We first prove Item 1. Suppose y, z € J satisfy y < z, we will show that g(z) < g(y).
Wehavey<z<p—z<p—yandy>a, p—y < b(using p < a+ ). It follows that all of
y,2,p — Y, p — z belong to I. Moreover, by the convexity of f on I, we conclude that the

slope of f in the interval [p — z, p — y] is greater or equal to the slope of f in the interval
ly, 2], i fEZ ggf{p(” Z)Z) > f(z) f(y) . Re-arranging, we obtain g(z) < g(y).

The proof of Item 2 is analogous For y,z € J satisfying y < z, we have that
p—z<p—y<y<zandalofy,z p—y,p— zbelong to I (using p > a + b). By the
convexity of f on I, we conclude that the slope of f in the interval [p — z, p — y] is less or
equal to the slope of f in the interval [y, z], which gives that g(z) > g(y). O
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The following lemma gives recursively-generated bounds on the probability that the
root of Ty, is a given colour.
Lemma 5.2. Suppose g =3,d > 2 and 5 € [0,1]. For anyn > 0, let T = T, with root
v = vr and leaves A = Ar. Let vy, ...,vq be the children of v in T, T; be the subtree of T
rooted at v; and A; denote the set of leaves of the subtree T;. Consider any configuration
7: A — [q] and any real numbers L,U € [0, 1] such that, for all i € [d] and all j € [3] we
have

L <Prrfo(vi) =jlo(A) =7A)] < U.

Then, for all colours c € [q], we also have

Proof. By symmetry between the colours, we may assume that ¢ = 1. Let p = Pry[o(v)
1| o(A) = 7]. For any colour ¢’ € [3] and any child i € [d], let p; » = Prp,[o(v;) = ¢
O'(A,L) = T(AZ)} R

For convenience, let §:= 1 — 8 € [0, 1]. By Proposition 2.14, with ¢ = 3 and ¢ = 1, we

have that 3 d A
1 = 1= 1- i,c’
p = ——, where R := 2. f2defl ( ) Bps, )
LeR [Tis (1 - 51%,1)
We first show that p > f,(d, 3,U, L). Since p; 1 < U for every i € [d], we obtain that

Z 2Hz 1( Bpivc/).
(1-pv)*

3

(5.1)

R < (5.2)

For ¢ € [3], let p. denote the mean ézie[d] pi. The function f(z) = In(1 — fz) is
concave on the interval [0, 1] so by Jensen’s inequality

1

d
gz 1_szc <1n(1_5ﬁc’)~

Thus, for ¢ € {2,3} we have [, (1 - 3p;.) < (1 — Bp.) which implies
3 d R 4 . g
ST = Bpie) < (1—Bp2)" + (1 - Bps)". (5.3)
c/=21=1

Let f(z) = (1 — Bx)d. Leta =0,b=1,p = p + p3 and consider the interval I = [a, b].
Since f is convex on the interval I and p € [2a,a + )], Item 1 of Lemma 5.1 implies
that the function g(z) = f(x) + f(p — ) is decreasing on J = [a, p/2] = [0, p/2]. Since
L < py and L < p3, the values L and min{p2,p3} are in J and min{ps,ps} > L, so
g(min{pa. 7s}) < g(L), ice

(1 Bp2) + (1= Bps) < (1= BL)" + (1 B(p2 + 3 — L))"
Since, for every i € [d], pi2 +pis=1—p;1 >1—U, wehave po +p3 >1—-"U, so
(1—Bp)*+ (1— Bps) < (1—BL)" + (1 - B —U — L))",

Plugging this into (5.3) and then into (5.2), we obtain that

(1-80)'+ (1 -3 -v-1)*

R<
(1-pu)*
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Therefore, using (5.1), we obtain the lower bound p > fo(d, 5,U, L).
Next, we show that p < f,(d, 8,U, L). To give an upper bound on p, it suffices to lower
bound R. Since p; ;1 > L for every i € [d], we obtain the lower bound

3 d 5
chzz Hi:l (1 - ﬁpi,c’)
(1-5r)"
Using the arithmetic-mean geometric-mean inequality we have

3 d R d ) 12
ZH(l—ﬁpic H(l_ﬁpz2 1—61%,3)) . (5.5)

c/'=21i=1

R> (5.4)

Now let f(z) = —In(1 — 3z) and consider an arbitrary i € [d]. Leta = —1,b=1,p =
pi2 + pi,3 and consider the interval I = [a, b]. Since f is convex on I and p € [a + b, 2b],
Item 2 of Lemma 5.1 implies that the function g(z) = f(z) + f(p — x) is increasing on the
interval J = [p/2,b] = [p/2,1]. Let x = U and y = max{p; 2,p; 3}. Since p; 2 and p; 3 are at
most U, = and y are in J and satisfy « > y. Therefore, g(x) > ¢(y), which gives that

In(1-By) +(1-B(p—y) >n(l-pBz)+In(l-B(p—1)).
Thus, by substituting in the values of z, y and p and exponentiating, we have
(1= Bpi2) (1= Bpiz) > (1 - BU) (1 — B(pia +piz—U)).
Using the inequality p; 2 + p;,3 = 1 — p;;1 <1 — L in the right-hand side, we get
(1= Bpia) (1= Bpis) > (1—BU)(1 - B(1 - U - L)).

Plugging this into (5.5) for each 7 € [d] and then into (5.4), we obtain that

dj2 dj2
2(1- pU)"*(1 - B - U - L))"
R> 7
(1-4L)
Therefore, using (5.1), we obtain the upper bound p < f,(d, 8,U, L). O

5.2 Properties of the functions f, and f,

In this section, we establish useful monotonicity properties of the functions f, and f,
that will be relevant later.

Lemma 5.3. For any fixed d > 2 and any fixed x and y satisfying 0 < y < z < 1 and
2+ <1< 2x+y,

e fu(d,B,x,y) is a decreasing function of 8 on the interval (0,1) and

e fu(d, B, z,y) is an increasing function of 8 on the interval (0, 1).

Proof. Let 3 :=1—0, and W = 1—3y—|—3((3y—1)+(1—w—2y)+x(2x+y—1)—|—y(m—y)).
The derivative of f,, with respect to 3 is given by

Ofu _ __p d(1 = Bx)¥2(1 = B(1 — z — y))¥2W
B (1= By (1— o)1 —B—z—y))

(Obviously, this can be checked directly, but the reader may prefer to use the Mathemat-
ica code in Section 7.2 to check this and the derivative of f, with respect to 3, which
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appears below.) Using the conditions on x and y in the statement of the lemma, we find
that
W>1-3y+50By—1)=p5(1-3y)>0.

We conclude that % < 0so fu(d,B,z,y) is a decreasing function of 5 on the interval
[0, 1]. Similarly,

LA (@r+y—1)(1 =B -2y + (@ -y - Fy)*)

0
fe = f@ ~ Z 07
opB (1 — Bx)d+1
so fe(d, B, z,y) is an increasing function of 5 on the interval (0, 1). O

Lemma 5.4. For any fixedd > 2 and 0 < 5 < 1,

1. fe(d, B, z,y) is a decreasing function of x when z,y € [0, 1], and
2. fe(d, B,x,y) is an increasing function of y when x + 2y < 1 and z,y € [0, 1].

Proof. Let
d

(1—(1—B)y)d+(1—(1_5)(1_33_11)) .
(1-(1 ,6)I)d , so that fi(d, 8,z,y) = .

We first prove Item 2. Leta =0, b= 1, p = 1 — z and consider the interval I = [a, b].
Since f(y) = (1 — (1 — B)y)¢ is convex on I and p € [2a,a + b], Item 1 of Lemma 5.1
yields that g(y) = f(y) + f(p — y) is decreasing on J = [a, p/2] = [0, p/2]. It follows that,
for fixed z, R is a decreasing function of y on J and therefore f; is increasing in y. It
remains to observe that, for « € [0, 1], the condition y € J is equivalent to the condition
x4+ 2y < 1andy € [0, 1] in the statement.

For Item 1, note that 1 — (1 — 5)(1 — = — y) is an increasing nonnegative function of
and 1 — (1 — 8)z is a decreasing nonnegative function of z, so R is an increasing function
of z. Thus, f; is a decreasing function of . O

R =

Lemma 5.5. For any fixedd > 2 and 0 < 8 < 1,

1. fu(d,B,z,y) is an increasing function of x when 1 < 2z + y and z,y € [0, 1], and
2. fu(d,B,z,y) is a decreasing function of y when z,y € [0,1].

Proof. The proof is analogous to that of Lemma 5.4. Let

2(1—(l—ﬁ)x)d/Z(l_(1_5)(1_x_y))d/2 ) )
(1-(1-B)y)" . so that f,(d, §,4,4) = 1.

We first prove Item 1. Let a = —y, b = 1, p = 1 — y and consider the interval I = [a, }].
Since the function f(z) = —In (1 — (1 — 3)z) is convex on the interval I and p € [a+ b, 2b)],
by Item 2 of Lemma 5.1, the function g(x) = f(z) + f(p — =) is increasing on the interval
J =[p/2,b]. It follows that the function

exp(—g(z)) = (1 - (1= B)z)(1 - (1 - B)(1 -z —y))

is a decreasing function of x on J, and therefore R has the same property as well.
Thus, f, is an increasing function of = on the interval J. It remains to observe that, for
y € [0, 1], the condition = € J is equivalent to the condition 1 < 2z +y and z € [0,1] in
the statement.

For Item 2, note that 1 — (1 — 8)(1 — = — y) is an increasing nonnegative function of y
and 1 — (1 — )y is a decreasing nonnegative function of y, so R is an increasing function
of y. Thus, f, is a decreasing function of y. O

R :=
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Lemma 5.6. Forany fixedd > 2,0 < f<land 0 <y <z <1suchthat2y+xz <1<
2x + y, we have

2ff(d7ﬂ7m7y) + fu(d;57$7y) S 1 S 2fu(d7ﬁ7xay) + ff(d7ﬁ>x7y)'
Proof. Since 2y +x < 1 < 2z 4 y, we obtain that y < 1 — z — y < z. Further, by the
AM-GM inequality,

/2

d d d/2
(1—1=Ba)' +(1-1-B1—-z-y) ' =201-1-Ba)*1-(1-B)1-z—y))
So the denominator in the definition of f,(d, 3, x,y) is at least as big as the denominator

in the definition of f,(d, 5, z,y). We conclude that

d

2(1— (1—B))" + (1— (1 - B)y)

2fy + fu < .
‘ (1—(1— ) +20 -1 -pn)(1— (1)1 -z )

am S L,
and

d

2(1—(1-B)y)" + (1— (1 - B)x)
1-0-B)a)' + (118 + (1 - 1B -z—y)"

Lemma 5.7. For any fixedd > 2,0 < < 1land 0 < y; < ys < x9 < x1 < 1 such that
2y1+x1§1§2x1—|—y1 and2y2+x2§1§2x2+y2, we have

> 1. O

fu(d767x27y2) S fu(daﬂawhyl) and ff(duﬁaxZayZ) Z ff(d7ﬂu$17y1)~

Proof. Using the assumptions in the statement of the lemma, we obtain 1 < 2x; + y» and
211 + x9 < 1. Therefore, by Lemmas 5.4 and 5.5, we obtain

fu(daﬁaanyQ) é fu(dvﬁv‘rlva) S fu(d»ﬁvwlayl)v and
fZ(d7B7x27y2) Z ff(d757x25y1) Z ff(daﬂaxhyl)- O

5.3 Bounding the marginal probability at the root by two sequences

For any $ > 0 and d > 2, we define two sequences:

and for every non-negative integer n,

{un+1(da ﬂ) = fu(da 5; un(da ﬂ)aén(da 5))7 and (5.6)

£n+1(da 5) = ff(dvﬂaun(dv ﬁ)vgn(dv B))

Our interest in the sequences u,(d, 3) and ¢, (d, 3) is that they give upper and lower
bounds on the probability Prr, , [0(vsn) = c|, respectively (subject to any boundary
configuration at the leaves).

Lemma 5.8. Suppose that ¢ =3,d > 2, and 3 € (0,1). For any n > 0, for the d-ary tree
Tq,, with depth n and root vg,,, for any configuration 7 : ATM — [g] on the leaves and
any colour ¢ € [q], it holds that

En(d7 6) < Per,n[U(vd,n) =c ‘ J(ATd,n) = T] < un(d’ 6)
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Proof. We prove the lemma by induction on n. For the base case n = 0, note that Ty,
has a single vertex. Thus, for every c € [¢] and every 7 assigning a colour to this vertex,

lo(d,B) =0 < Prr, , [0(van) =c| o(Ar,,) = 7] <1 =up(d,B).

For the inductive step, suppose n > 0. For convenience, denote by 7' the tree T, ,,
by v the root vg, and by A the leaves A, ,. Let vy, ..., vq be the children of v in 7" and
let A; = Ary,,] denote the set of leaves of the subtree T'[v;]. Consider any configuration
7: A — [¢] and any colour c. By the induction hypothesis, for every i € [d] and j € [q], we
have

bn-1(d, B) < Prrpy,[o(vi) =7 [ o(Ai) = 7(Ai)] < up-1(d, B).
By Lemma 5.2 and (5.6), we conclude that ¢,(d,8) < Prplo(v) = ¢ | o(A) = 7] <
un(d, B). O

The following lemma will be used to show that the sequences u,(d, ) and ¢, (d, 3)
converge.

Lemma 5.9. For any fixedd > 2,0 < 8 < 1 andn € N, we have

1. Un(dv B) > un+1(da5)'
2. En(d7 B) < €n+1(d,6), and

3. 20,(d, B) + un(d, 8) <1< 2u,(d,B) + £,(d, B).

Proof. We prove this lemma by induction on n. Since d and ( are fixed, we simplify the
notation by writing u,, for u,(d, 8), writing ¢,, for ¢,,(d, 8), writing f,(z,y) for f.(d, 58, z,y)
and writing fe(z,y) for f(d, 8, z,y).

For the base case n = 0, we have ug = 1 and ¢y = 0, so Item 3 holds since 2{y + ug =
1 < 2ug + £y. Items 1 and 2 follow from

ﬂd

= U, and 61 :f[(l,()): IBd—‘r2 >0:€0.

For the inductive step, suppose n > 0. Item 3 follows (using the induction hypothesis)
from Lemma 5.6 with * = u,,_; and y = ¢,,_;. We now obtain Items 1 and 2. By the
induction hypothesis,

1
uy = fu(1,0) = 152502 <1

0 S gn—l S gn S Unp S Un—1 S ]-7 and 2671—1 + Up—1 S 1 S 2un—l +£n—1~
Using Lemma 5.7 (with these facts and with item 3), we obtain

Un+1 = fu(unaen) < fu(un—lvén—l) = Unp,

proving Item 1. Similarly, we also obtain that ¢,,11 = fe(un, ) > fe(un—1,4n-1) = n,
proving Item 2. O

By Lemma 5.9, we have that the sequences {u,(d,8}) and {¢,(d,3)} are bounded
and monotonic, so they both converge. Let

Uso(d, B) := ILm un(d,B), and lo(d,B) := lim ¢,(d, ). (5.7)

We have the following characterisation of the limits u..(d, ), £ (d, 8).

Lemma 5.10. Foranyd > 2 and 0 < 8 < 1, (z,y) = (ux(d, ), lx(d, B)) is a solution to
the system of equations

fu(d?ﬂ7x5y) =
fe(d, B,z y) =y
satisfying0 < y<1l—z -y <z <1.
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Proof. Since d and g are fixed, we simplify the notation by writing u., for u(d, 8) and
Lo for ¢(d, ). We also drop d and $ as parameters of u,, ¢,, f, and f; (as in the proof
of Lemma 5.9). By Lemma 5.9, we have o, > {1 = 8¢/(%+2) > 0 and us < u; =
1/(1+ 26d/2) < 1. Also, for every non-negative integer n, we have ¢, <1 — u,, — £, < u,,
which implies, by applying limits, that (oo <1 — U — loo < Ueo.

Recall that, for n > 0, upy1 = fu(tn, bn) and £,1 = fo(un, £,). Using these definitions
and the continuity of the functions f,(z,y) and f,(x,y) with respect to z and y (in the
third equality below), we have

Uso = lim u, = lim fu(unflaenfl) = fu( lim Un—1, lim enfl) = fu(uooaeoo)
n—00 n—00 n—00 n—00

Similarly, oo = fo(too, loo)- O

5.4 Bounding the maximum ratio

In this section, we place the final pieces for the proof of Lemma 2.15. The first lemma
accounts for the d = 2 case of Lemma 2.15.
Lemma 5.11. Suppose ¢ = 3 and 8 € (0, 1). Then there is a positive integer ny such that
for every n > ng, every c € |q], and every configuration 7: Ar,, — [q],

Proof. For any 0 < 8 <1, by Lemma 5.10, (z,y) = (ux(2, 8), ¢ (d, 8)) is a solution to
the system of equations

{fu<2,/3,a:,y) =z 5.8)

fe(2,8,2,y) =y

satisfying 0 <y <1 —2 —y <z < 1. In Section 7.3, we use the Resolve function of
Mathematica to show rigorously that there is no solution to (5.8) satisfying

1 1106
0<y<-and —2 <z <1
Sysgandosp =TS

and there is no solution satisfying

460 1
0<y§mand§§x<1.

fo<y<l—-z—y<z<lthen0<y<1/3and 1/3 <z < 1. So any solution
to (5.8) which satisfies 0 < y < 1 —z —y < = < 1 must also satisfy y > 460/2000 and
x < 1106/2500. We conclude that ¢, (d, 8) > 460/2000 and u..(d, 3) < 1106/2500.

Since (- (2,8) and u«(2,3) are the limits of the sequences ¢,(2, ) and u,(2, ),
respectively, there is a positive integer ng such that, for all n > ng, £,(2, ) > 459/2000
and u, (2, 8) < 1107/2500. Thus by Lemma 5.8, for every n > ng and every 7: A, , — [3],

459 1107
2000 S gn(27 /8) S PrTQ,n [O—(,UQJL) =c | O—(AT2,71) = T] S un(27ﬁ) S 2500' D
3
Definition 5.12. For any d > 3, define the critical parameter (.(d) by 8.(d) =1 — FERE

Note that 8.(d) > 0. The following lemma shows that u,(d,3) and ¢,(d,3) are
bounded by the values corresponding to the critical parameter.

Lemma 5.13. Fix any d > 3. For any 3 in the range (.(d) < 8 < 1 and any non-negative
integer n, we have u,(d, 8.(d)) > un(d, 8) and ¢, (d, B.(d)) < £,(d, B).
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Proof. We prove the lemma by induction on n. Since d is fixed, we simplify the notation
by writing 3. for 8.(d). We also drop the argument d from u,(d, 5), ¢,(d, 8), fu(d, 5, x,y)

and f@(d7ﬁ7x7y)'
For the base case n = 0, note that for every 3, it holds that uo(5) = uo(5x) = 1 and

lo(B) = Lo(B+) = 0.

For the inductive step, suppose n > 0. By Lemma 5.9, we have
2€n71(ﬁ) + unfl(ﬂ) S 1 S 2“7171(6) + £n71(5)> and
2611—1(6*) + un—l(ﬁ*) S 1 S 2un—l(ﬁ*) + gn—l(ﬁ*)

By Lemma 5.9 and the induction hypothesis, we have

0 S énfl(ﬁ*) S Enfl(ﬁ) S unfl(ﬁ) S unfl(ﬁ*) S 1.

Now, using the definitions and Lemma 5.3, we get

un(ﬁ*) = fu(ﬁ*vunfl(ﬁ*)venfl(ﬂ*)) > fu(ﬁvunfl(ﬁ*)agnfl(ﬁ*))'

Then using Lemma 5.7, we continue with

Ju(Byun—1(Bx), bn-1(B+)) = fu(B,un-1(8),€n-1(8)) = un(B).

Similarly, again using Lemma 5.3 and then Lemma 5.7, we have that

f€(6*7un—1(6*)7£n—1(6*)) S fé(ﬁaun—l(ﬁ*)yén—l(ﬁ*)) S f@(ﬁvun—l(ﬁ)7£n—1(ﬁ))v
which gives that ¢,,(8.) < £,(8). O

Our next goal is to prove Lemma 5.24 below, which will help us to obtain an upper
bound on the ratio uu(d, 8:(d)) /¢ (d, 5+(d)) when d is sufficiently large. In order to do
this, we first define some useful re-parameterisations of f, and f,, and establish some
properties of these.

Definition 5.14. Let g,(d, 1, y) = fu(d, B:(d), p-y,y) — p-y and ge(d, p1,y) = fo(d, B«(d), p-
Y, y) —y-

Note that the argument y in g,, g, corresponds to the ratio x/y of the arguments x, y
of fu, f@.

Lemma 5.15. Foreveryd > 5 and u > 1, g,(d, i, y) is a decreasing function of y in the
range 1/(2p+1) <y <1/(n+2).

Proof. Let A= (1-3y/(d+ 1))* and
B 1_%1—MM+D)dm 1_3M/dm
d+1 d+1 '

Since y < 1/(p+2) <1/3andd > 5, we have 3y <d+1,s0 A > 0. Also, 3uy < d+ 1 and
3(1—y(u+1)) <d+1,s0B>0. Let W = AB/(A+ 2B)” > 0. The derivative of g, with
respect to y (see Section 7.4 for Mathematica assistance) is given by the following.

0gu _ +( 9dW )(u(Zuy+y—1)_2uy+y+d—1>
ay ~ M \Syur ) trd—2 1+d—3uy 1+d—3y )

The upper bound on y yields (crudely) 2uy+y—1 < 1 and 1+d—3puy > d—2. Similarly, the
lower bound on y yields 2uy +y+d—1 > d and (since y is non-negative) 1+d—3y < 1+d.
Plugging these in, we obtain

0gu, 9dW L d
6y<ﬂ+(%Mr+U+d—2)<d—21+d)' (5.9)
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Note that 3y(x+ 1) > 0 and d > 2 so the expression 3y(u + 1) + d — 2 in the denominator
is positive. We now consider two cases.
If u/(d—2) —d/(1+ d) <0 then recall that W > 0, so (5.9) gives that Baiy“ < —p <0.
Otherwise, pu/(d —2) — d/(1 +d) > 0. In this case, note that, for any A and B,
(A—2B)? >0,s08A4B < A% + 4AB + 4B% = (A + 2B)?%. From the definition of W, this
ensures that W < 1/8. So, (5.9) gives that

9d L d
%<7+§<d’72_m) < —put 9d pod - 9d 1) <o
oy = M yurtrd—2" MT8A—2)\d—2 1+d) “HM\8@—22 ’
where the final inequality uses d > 5. O

The following lemma is analogous to Lemma 5.15, but for the function g,.

Lemma 5.16. For every d > 3 and i > 1, g¢(d, 1, y) is a decreasing function of y in the
range 1/(2p+1) <y <1/(n+2).

Proof. Let

(n(2d = 1) +d+ PHEFEDT  (u-1)(d+ (1 - )
(1+d—3uy)(d—2+3y(1+p) (1+d—3y)(1+d—3uy)

Since p > 1and d > 3 and y < 1/(u + 2) all of the factors in W are positive, so W > 0.
The derivative of g, with respect to y (see Section 7.5 for Mathematica assistance) is
given by the following.

99 3d(1_3f{)dW 1
dy . _ . . 2 :
Vo (R -t - 2))

We’ve already seen that W > 0 and the denominator is greater than 0 since it is a square.
Since 3uy < 3 < d+ 1, the remaining term is also positive, so %‘?yg < 0, as required. O

Next, we will identify a value y, so that, when p and d are sufficiently large,
gu(d, 1, y,) < 0 and ge(d, p, y) > 0.
Definition 5.17. Define the quantity y,, as follows.

7 3
_ {1ou+12 + 500 fp<32
Yu =

7 .

Let z,, = py,. Now define the functions h, and hy as h,(d, 1) = gu.(d, p, y,) and he(d, p1) =
9e(dy 11 Ypn)-

Then we have the following lemmas.
Lemma 5.18. If 1 > 157/80 then 0 <y, <1 -z, —y, < 3 <z, <1 —y,.

Proof. The inequalities follow directly from Definition 5.17. Mathematica code is given
in Section 7.6. O

Lemma 5.19. Suppose d > 23. If157/80 < pu < 32 or 32 < y then % <0.

Proof. Since d is fixed in the proof of this lemma, we will drop it as an argument of 3., h.,
gu- We will use §, to denote 1 — 8, = 3/(d + 1). We will drop d and §, as an argument of
fu- So, plugging in Definitions 5.14 and 5.17, we get hy, (1) = gu(t, Yu) = fu(@p, Yu) — Ty

We have
Ohy(p) _ Oful@p,yp) Oz | Ofu(zpyu) Oyu  Ozy
= L s o (5.10)
ou Oz, o 0y, o o
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Let R R
(1= Bea)2(1 = Bu(1 =z — y))¥?
(1 - ﬁ*y)d
The derivatives of f,(x,y) with respect to « and y are as follows (see Section 7.7 for
Mathematica assistance).

Ofulzy) _ (fm,g/)?R(x,y)dB*) <3*<2x+y— 1)) ond
ox 1_5*(1_33_9) 1_/3*55 ’
Ofuley) _ [ fulz,y)*Rz,y)dB. | (3+6.(22 +y—2)
dy 1-B.(1—z—y) LBy

f0<z<1,0<y<1,0<L1—2—y <1and2z+y > 1 then all of the factors are
positive, so by Lemma 5.18, W > 0 and W < 0. Let

R(J),y) =

(5.11)

y = _afu(xu’yu)/afu<xu7yﬂ) (5.12)
Ox,, 0y,
and note that z is positive. Using (5.10) and (5.12), we can express %}E“) as
Ohu(p) _ <_ Oful, yu) 1) Oz T O fu(®p, yp) %
ou oy, ou oy, op
From the definition of y# (Definition 5.17), 8y“ = % < 0forall u#32. If p < 32
then aaa:: = (SHG)Q + r 5 > 0. If 4 > 32 then 8“ = (OWG)Q > 0. Thus, to show ‘% (”) <0,
it suffices to show
0@y ) G
S LR VD QT — (5.13)
0y 2 0o _ O
ou o

We will simplify (5.13) by finding an upper bound for z. Using (5.11) and (5.12), we
have

, = (1_B*yu)< B*@x#"‘yu_l) ) < B*( ))( B*(qu"‘yu_l) )
1= Bz, 3+ /3*(21% T Yu — 2) 1- B*xu 3 — B2~ 22, — yu)
Since, by Lemma 5.18, z, > y,, 2xu +yy > 1,2, >0and (smce Ty +Yu <1) 2> 22, +yu,

z is an increasing function of 3,. Since d > 23, we have 3, = 3/(d+ 1) < 1/8, so z is
upper-bounded by its value with 5* replaced by 1/8. This gives that

5 < (8 = yu)(2xy +yu — 1) '
GRS JSM)(Q.IM + Y+ 22)

Moreover, using Mathematica, we show in Appendix 7.7 that

(8 —yu) 22y +yu — 1)
(8 — 9:“)(2% T Yu T+ 22)

1
< 21 for all u > 1. (5.14)

It follows that z < 1/24. Thus, we can re-write our goal from (5.13) — to prove the
lemma, it suffices to show

oz,
Ofu(@ps Yp) ou
— < - —. (5.15)
oy 1 0wy Oyu
® 24 Op op
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The definitions of f, and R imply that f,(x,y) = 1/(1 4+ 2R(x,y)). Therefore, using the
fact that < 1/8 for all a > 0, we have

(1+2 E
R(x,y 1
fuleyRay) = —208) L
(1 + 2R(x, y)) 8
So, plugging this into the second equality in (5.11), recalling that M < 0 and

By =3/(d+ 1), we get

Ol yy) o ARG+ BQuptyn—2)  _ 3B+BQuuty—2)
Oy~ 81— Al =z = 9))(1 = By~ 8(1 = Be(l = s = 4)) (1~ Byy)

Let Y be the right-hand-side of the previous expression. Using B* < 1/8 and the
inequalities from Lemma 5.18, we find that Y is increasing in B* (see that Mathematica
code in Appendix 7.7). Thus, we can replace Y with its value with B* replaced by 1/8,
which is 3(2z,, + y. +22)/((8 — yu)(x, + yu + 7)). Plugging this into (5.15), it suffices to
show

oz,
3(27, + y,u +22) Em

B =)@y +yu+7) i-%—%’

(5.16)

We prove (5.16) in two cases.

Oz,

Case 1: ;1 > 32: Using the values TR ay“ that we calculated earlier, the right-hand
side of (5.16) is 8/7. The Mathematica code in Appendix 7.7 uses Resolve to show
rigorously that there is no p > 32 satisfying (5.16).

Case 2: p < 32: Using the values that we calculated earlier, the right-hand side
of (5.16) is
24 (25p% + 604 + 3536)
25u% + 60u + 73536
The Mathematica code in Appendix 7.7 uses Resolve to show rigorously that there is no
u > 1 satisfying (5.16). O

We will use the following function in several of the remaining lemmas.
Definition 5.20. Let (d,z) =d/(d—3z+ 1)+ In(d+ 1 — 32).
Lemma 5.21. Suppose d > 23. Then h,(d,157/80) < 0 and h,(d,32) < 0.
Proof. Let ((d,z,y) := 2¢(d,y) — ¥(d,z) —(d,1 —x —y), where 1) is the function defined

in Definition 5.20. The derivative of h,,(d, 1) with respect to d is given as follows (see
Appendix 7.8 for the Mathematica code).

8hU(da 1) _ an(da B*(d)7xu>yu)
od B 8d

d
(1— 35) (1= )" (1= 2) B¢, )

= . — o SeTCa (5.17)
((1=32)" +20 - 355) 2 (1 - ) ®)
First, fix p = 157/80. We will prove three facts.
* Fact 1: For all d > 23, 2(twn)
* Fact 2: limg_, . ((d, ;E/“yu) =0.
» Fact 3: limg_, o hy(d, p) < 0.
EJP 23 (2018), paper 82. http://www.imstat.org/ejp/
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Facts 1 and 2 guarantee that, for all d > 23, ((d, z,,y,) > 0. Lemma 5.18 guarantees
that all other factors in (5.17) are also positive. Thus, W is positive for all d > 23.
Together with Fact 3, this proves the first part of the lemma, that h,,(d, 157/80) < 0. The
three facts are proved in the Mathematica code in Section 7.8.

Finally, fix 4 = 32. Lemma 5.18 again guarantees that all factors in (5.17) other than
¢(d,z,,y,) are positive. Thus, it suffices to prove the three facts for ;¢ = 32, and this is

done in the Mathematica code in Section 7.8. O

Lemmas 5.19 and 5.21 have the following corollary.
Corollary 5.22. For every d > 23 and p > 157/80, h,(d, 1) < 0.

Proof. By Lemma 5.19, h,(d, ) is decreasing for p € [157/80,32). Thus, for p in this
range, hy,(d, 1) < hy(d,157/80) and by Lemma 5.21, h,(d, 157/80) < 0.

By Lemma 5.19, h,(d, i) is decreasing for p > 32. Thus, for u > 32, hd, ) < h(d,32)
and by Lemma 5.21, h,(d, 32) < 0. O

Lemma 5.23. For every d > 23 and u > 157/80, hy(d, ) > 0.

Proof. We will show that

Ohy(d, p)

9 > 0 forall d > 23 and u > 157/80. (5.18)

The Mathematica code in Appendix 7.9 verifies that h,(23, ) > 0 for all u > 157/80.
Together with (5.18), this proves the lemma.

Therefore, in the rest of the proof, we prove (5.18). Using Definitions 5.17 and 5.14,
we have hy(d, 1) = fo(d, B+(d), z,, yu) — yu. We use the following definitions in order to
describe W. Recall from Definition 5.20 that ¢(d, z) = d/(d—3z+1)+1In(d + 1 — 3z).
Let A= (1- %)d and B = (1 — %)d and C = (1 — W)d. Then the derivative
of hy(d, ) with respect to d is given as follows (see Appendix 7.9 for Mathematica
assistance).

ah@(d7 :u) _ aff(dv 5*(d), xuvyu)
ad od
AC(W(d,z,) —(d, 1 — 2y —yu)) + AB(Y(d, z) — ¥(d, yu))
(A+B+CO)?

(5.19)

Lemma 5.18 guarantees that A, B and C are positive, so to prove (5.18), and hence
the lemma, it suffices to show ¢(d,x,) > ¥(d,1 — z, — y,) and ¥(d, z,) > ¥(d,y,).
Note that
oy(d,5+t) ot ov(d,t —t) ot

- d = :
ot (d— 3t)%’ an ot (d + 3t)?

Thus, for fixed d, the function (d, z) is decreasing for z € [0,1/3]. Since, by Lemma 5.18,
0<y,<1l-—2,—y,<1/3, we have

U(d,yu) > (d, 1 =z, —ypu). (5.20)

The function (d, z) is increasing for z € [1/3,1]. Since, Lemma 5.18 guarantees
1/3<2/3 -y, <z, <1, we have

U(d, ) > U(d, 3 —yp). (5.21)
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Since the function ¢(d, § + ¢) — ¥(d, + — t) is increasing for ¢ € [0,1/3], and it is 0
at t = 0, we have ¥(d, 3 +t) > ¢(d, 5 —t) for t € [0,1/3]. Lemma 5.18 guarantees

0 <y, <1/3, sotaking t =1/3 —y,, we get

¥(d, 5 = yu) = ¥(d, yu)- (5.22)
Combining (5.21), (5.22) and (5.20) we obtain ¢ (d, z,) > ¥(d,1 -z, —y,) and ¥(d, z,) >
¥(d,y,), which prove (5.18), and hence the lemma. O

Lemma 5.24. If d > 23 then there is no solution to the system of equations

(5.23)

{md, B.(d), z,y)
fl(da ﬂ*(d)a ‘T,y)

which satisfies x > 157y/80 > 0 and 2z +y > 1 > 2y + «.

T
Y

Proof. Consider any fixed d > 23 and, for the sake of contradiction, assume that such an
(z,y) exists. Let u = z/y, so that (by Definition 5.14), (u,y) is a solution to the equation

Gu(d, p1,y) = ge(d, p,y) = 0.

The conditions x > 157y/80 > 0 and 2z + y > 1 > 2y + « translate into x > 157/80 and
1/2u+1) <y <1/(p+2). Since g,(d, u,y) = 0, by Lemma 5.15 and Corollary 5.22, we
have y < y,,. Since g¢(d, 1, y) = 0, by Lemmas 5.16 and 5.23, we have y > y,,. This yields
a contradiction. O

Corollary 5.25. For every integer d > 23, there exists a positive integer ny such that for
alln > ng,

wn(d,B.(d)) _ 53

Ln(d, B(d)) — 27

Proof. Fix d > 23. For simplicity, we will write S, instead of S.(d).

Recall that the sequences {u,(d, 8)} and {/,(d, 8.)} converge to the limits u.(d, 5:)
and ¢ (d, B.), respectively (cf. (5.7)). Moreover, by Lemma 5.10, the pair (z,y) =
(uoo(d, By), loo(d, Bx)) is a solution to the system of equations (5.23) satisfying 0 < y <
1—2—y <z < 1. By Lemma 5.24, there is no solution (x,y) to (5.23) such that
x > 157y/80 > 0 and 2x+y > 1 > 2y+x. So, it must be the case that u., (d, 3+)/loo(d, Bx) <
157/80. Since 53/27 > 157/80, there exists a positive integer ng such that for all n > ny,
un(d, B)/ln(d, Bs) < 53/27. O

Corollary 5.25 accounts for integers d > 23. To account for integers 3 < d < 22, we
define the following two sequences.

and for every non-negative integer n,

[10000 fu(d, B.(d), u,(d), £,(d))]

U%+1(d) = 10000
/ 110000 fe(d, B«(d), u,,(d), £,,(d))]
nt1(d) = 10000

We have the following lemma, which is proved by brute force.
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Lemma 5.26. For every integer d € {3,...,22} and every integer n € {0,...,60},
we have u;,(d) > uj,,(d), €,(d) < €,,,(d), 2ul,(d) + £,,(d) > 1 > 2¢,,(d) + u,(d) and

ugo(d) /oo (d) < 33

Proof. In Appendix 7.10, we use Mathematica to compute all the values u/,(d) and ¢, (d)
forn € {0,...,60} and d € {3,...,22}. We then check that all of the desired inequalities
hold. O

In the following lemma, we show that the sequences {u!,(d)} and {¢,(d)} bound the
sequences {u,(d, 8.(d))} and {¢,(d, 8.(d))} for n < 60.
Lemma 5.27. For every integer d € {3,...,22} and every integer n € {0,...,60}, we
have ul,(d) > u,(d, B«(d)) and £, (d) < £, (d, B«(d)).
Proof. Fix d to be an integer between 3 and 22. Since d is fixed, we simplify the notation
by writing u,, for u,(d, 8.(d)), u,, for u} (d), £, for £,(d, 8.(d)), ¢, for £, (d), f.(z,y) for

fu(d, B(d), z,y) and fi(x,y) for fi(d, B.(d), z,y).

We prove the lemma by induction on n. For the base case n = 0, we have u,, = u}, = 1
and ¢, = ¢/, = 0. For the inductive step, suppose n > 0. By Lemmas 5.9 and 5.26, we
have

21+ U1 <1< 2uy 1+ 0,1, and 20, +ul,_; <1<2u, +0, .
By the induction hypothesis, we have

/ !/
n—1 S En—l S Unp—1 S Up_q-

Using Lemma 5.7, we therefore obtain that

'U/;l Z fu(u;lfhgilfl) Z fu(unflagnfl) = Unp, and
Efn S fé(u;_17€;_1) S f@(un—laen—l) - én

This completes the proof. O

Corollary 5.28. For every integerd € {3,...,22} and every integer n > 60,

un(d,B.(d)) _ 53

n(d, Bi(d)) — 27
Proof. Fix an arbitrary integer d between 3 and 22. We have the following chain of
inequalities (see below for explanation):

un(d. Bu(d)) _ uoo(d.Bu(d) _ whold) _ 53
n(d, B-(d)) — Loo(d; B(d)) — Loo(d) — 27
The first inequality holds by Lemma 5.9, since the sequence {u,(d, 8.(d))} is increas-

ing and the sequence {¢,(d, 5.(d))} is decreasing. The second inequality holds by
Lemma 5.27. Finally, the third inequality holds by Lemma 5.26. O

We can now prove Lemma 2.15, which we restate here for convenience.

Lemma 2.15. Let ¢ = 3 and ¢ € [3] be an arbitrary colour. For d > 2, consider the d-ary
tree T4, with height n and let 7 : At, , — [3] be an arbitrary configuration on the leaves.
When d = 2, for all 8 € (0, 1), for all sufficiently large n it holds that

459 1107
5000 < Prran[0(van) = ¢ oAy, ) = 7] < oo

When d > 3, forall 5 € [1 — Wg)p 1), there exist sequences {L,,} and {U,,} (depending on
d and () such that for all sufficiently large n
Ln S Pfjrd)n[d(vd’n) =cC | U(ATd,n) = T] S Un and Un/Ln S 53/27
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Proof. The statement for d = 2 follows directly from Lemma 5.11.
Suppose d > 3. Let U,, = u,,(d, 8«(d)), L, = un(d, B«(d)). By Corollaries 5.25 and 5.28,
there exists an integer ng such that for all n > ny,

Un _ un(dB.(d) _ 53

Ly €n(d,B.(d)) ~ 27

Furthermore, by Lemmas 5.8 and 5.13, for any n > 0, any configuration 7: Ar,, — [3]
and any colour ¢ € [3], we have

Ly = tn(d, B:(d)) < Prr, ,[o0(van) = c|o(Ar,,) = 7] < un(d, B.(d)) = Un.

This completes the proof. O

6 Analysing the two-step recursion

In this section, we fix ¢ > 3, d > 2 and € [0,1). All of our notation depends implicitly
on these three parameters, but when possible we avoid using them as indices to aid
readability.

Our ultimate goal is to understand the case where ¢ = 3, but some of the lemmas are
true more generally, so we start with ¢ > 3. When we later fix ¢ = 3, we say so explicitly.

6.1 Characterising the maximiser of /., ., 3 — Proof of Lemmas 2.6 and 2.7

In this section, we prove Lemmas 2.6 and 2.7 from Section 2.3. Recall that

d (k) (k)
(1) (d)y ._ 1— (1 _5)( c1” — Pea )
gcl,cg,ﬂ(p s P ) = H (k) (k) .
k=1 Bpey’ + 207502 DPe
(1=8)(1 = gey,ea,8@, ..., pD))
B + Zc;écz gc’czﬁ(p(l)’ ] p(d))

To prove Lemma 2.6, it will be helpful in this section to consider the set of maximisers of
hq,ﬂz,ﬁ'

Definition 6.1. Suppose ¢ > 3, d > 2 and 8 € [0, 1). For colours c;,cs € [q] and a > 1, let

(2.2)

hcl,CQ,,B(p(l), R 7p(d)) =

—_
+

Mo, 8 = BIgMAX(p1) piryepd ey eas (P, pP). (6.1)

.....

The following lemmas give properties of the maximisers in M, ¢, ¢, ,3-

Lemma 6.2. Fix a > 1 and 8 € [0,1) and colours ci,ce € [¢]. Then for any vector
PW,...,pD) € My.c, cr5, we have ge, c, s(P1,...,p¥) < 1.

Proof. Assume for the sake of contradiction that g., ., s(p"),...,p(¥) > 1. Then, we have
that h, o, s(PY, ..., p¥) < 1, which contradicts the fact that (p™"),...,p¥) € My ¢, cr.8
since he, , s can take the value 1 by setting all of its arguments to be equal to the uniform
vector (1/q,...,1/q) € A,. O

Lemma 6.3. Fix o > 1 and 3 € [0,1) and any two distinct colours ¢; € [¢] and co €

[¢]. Then for any vector (pV),...,p?) € Mg, ., s and any k € [d], we have pgj) =
: k

minc(g {pt"”}.

Proof. Assume for the sake of contradiction that there is k € [d] and ¢ € [¢] such that

p > p%) Define (p™, ..., p@) € Al as follows.

« If j # k, then p1¥) = pU),
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o If ¢’ ¢ {c,co}, then lﬁilf) = pgf).
(k k
- by =pl.

L)

The definition of g ., ensures that, for all ¢’ # ¢y, we have

gc’,cz,ﬁ(f)(l)a e 7f)(d)> < gC’,CQ,B(p(1)7 e 7P(d))7

since the k-th factor in the definition (2.2) of g., ., 5 became larger (by switching p(*)
to f)(k)). The definition of &, ., g, together with the fact that ¢; and ¢, are distinct and
Lemma 6.2, implies

h017027,@(f)(1)7 s 7f)(d)) > h017027ﬂ(p(1)7 s ’p(d))’
which contradicts the fact that (p™,...,p@) € My ¢, 0.5 O

Lemma 6.4. Fix o > 1 and 3 € [0,1) and any two distinct colours ¢; € [¢q] and ca €

[q]. Then for any vector (pV),...,p) € Mq., o, 5 and any k € [d], we have pi) <

k
mMaxc[q] {p((; )}.

Proof. For the sake of contradiction, suppose that there is k € [d] such that pgj) >

maXeq] {pgk)}. By Lemma 6.3, p£’§) is the minimum entry of the vector p*), so all entries

of p'*) must be equal (and hence, equal to 1/¢). Define the vector (pV),...,p(@) ¢ A
as follows.

o If j # k, then pU¥) = pU),
« o) =af(a+q-1).

o Ifc#cy, then 5 = 1/(a+q— 1).

The definition of g. ., g together with Lemma 6.2 ensure that

gcl,t:g.ﬂ(f)(l)v C) f)(d)) < gcl,cQ,B(p(l)a ey p(d)) =1

and that for every ¢ # ¢1, ge.c, s(PY, ..., D) = gecy s(PY, ..., p(¥). The definition of
he, e, therefore implies that

hchczﬁ(f)(l)v s 715(d)) > h0170276(p(1)7 cee ,p(d))’
which contradicts the fact that (p™®),...,p@) € My ¢, 0.5 O

To proceed, we will need the following technical fact.

Lemma 6.5. Let Ay, By, A1 and By be real numbers. Let a and b be real numbers satis-
fying a < b such that, for all x € [a,b], Ay + Bix # 0. Let L(x) = (Ag + Box)/(A1 + Bix).
Then

m[a>§] L(z) = max{L(a), L(D)}.

xE|a,
Proof. Since A; + Bix # 0 and

% o A1Bg — AoBy
dez (A1 +Bl$)2 ’

L(x) is a monotone function on [a, b]. Thus, max,c, 5 £(x) = max{L(a), L(D)}. O
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Lemma 6.6. Fix a« > 1 and 8 € [0,1) and two distinct colours c¢; and ¢, in [q]. Suppose
that (p™"),...,p?) € Mg c,.c,.5. Then for every k € [d], there exists p € A\, such that
(k—1)

(p(1)7 - P 7157 p(kJrl)v s 7p(d)) € Ma,cl,CQ,B

and, for all ¢ € [q], Pc/De, € {1,0}.

Proof. Fix a tuple (p™"),...,p¥) € M, ., .c, 5. Fix k € [d]. Given any p € A, we will be
interested in the quantity h., ¢, s(pV),...,p* 1, p,p**V ... p@). Given any ¢’ # ca,

define G .
Po=] (1— il pé?)) .
j#k 5p£jz) + Zc;éc2 pgj)

It will be helpful to re-parameterise the elements of p. Recall that the definition of
A, implies that p. > 0 for every c € [q]. For every c € [q], let p.(P) = pe/Pe,- Let pu(p)
be the tuple p(p) = (u1(P),-..,1qe(P)). Going the other direction from a tuple p with
entries in [1, o], for every ¢ € [q], let p.(un) = pe/ Zc,e[q] te and let p(u) be the tuple
(P1(ke), - > pg (1))

It is going to be important to note that the re-parameterisation is without loss of
information, so, to this end, let Q, = {u € [1,a]? | ., = 1}. The definition of A,
and Lemma 6.3 ensure that, for every (pM),...,p?) € My, crs and any j € [d],
n(p)) € Q,. Also, given any p € €, the vector p(p) is in A,.

Given a tuple p € Q,, we will simplify notation by letting m(u) := S+ ZC#Q te. Then
we can write g./ ., as

) (k=1) 5 ok+1) (d)y _ (1 = B)(ber — Pey)
gc',co\P 755 P P, P s P _Pc’ 1- ~ ~
2( ) ( 510@ + 207502 DPe

(1 (=B - 1)
= (1 m(a() )

Given the (fixed) values of p(), ..., p*~—Y and p*+1) ... p@, let

m(p) —m(p)Fe, + Pe, (1 = 5)(pe, — 1)
ﬁm(l"t) + m(u) Ec’#cz PC/ - Zc’#cz Pcl(l - 6)(:“’0' - 1) .

Then we can write h¢, ¢, 3 as

h(p) ==

(1=8)(peq (B)—1)
(1-8) (1~ P (1 - =22 00
(1-8)(ps (P)—1)
Bt 2este P (1 - W)
=1+ (1 - B)h(u(P))-

hCl,C275(p(1)a P

(k71)7ﬁ7 p(k+1)’ A 7p(d)) = 1 +

Since (pV,...,p®) € My, c,.5, taking p = p*) maximises

) (k=1) b p+D) b))

hC1,027,8(p(1 yeos P P, P 3

over A. Thus, for any maximiser p of h(u) over €, we have

1)

hc1,(:2,[3(p Yt p(kil)vp()u’)v p(k+1)a R p(d)) € Ma,chcmﬁ'

So to prove the lemma (taking p = p(u)) it suffices to find a maximiser p of h(u) over
Q, such that for all ¢ € [g], i € {1, a}. This is what we will do in the rest of the proof.
The definition of (), guarantees that p., = 1.
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Fix any ¢ # c,. For any fixed values p1, ..., fle—1 and g1, . . ., fiq, allin [1, o], satisfying
e, = 1, consider h(u) as a function of 1. Note that both the numerator and denominator
of h(u) are linear in p.. We will argue that the denominator is not zero when p. €
[1,a]. Using this, Lemma 6.5 guarantees that, given p1,..., fte—1, tlet1, - - - thg, R(t) is
maximised by setting p. € {1, a}. Going through the colours ¢ one-by-one, we find the
desired maximiser p.

To complete the proof, we just need to show that the denominator of h(u) is not
zero when p € ,. This follows easily, since, for all ¢ # ¢, P, > 0 and m(u) >

(1= B)(ner — 1), O
Lemmas 6.4 and 6.6 yield Lemma 2.6 as an immediate corollary.

Lemma 2.6.Let ¢ > 3, d > 2 and 3 € [0,1). For any colours cj,cy € [g], there is an
(@, ca)-extremal tuple which achieves the maximum in max o) . p@)ead feyesp (PW,...,

p@) (cf. (2.4)).
Proof. Just use Lemmas 6.4 and 6.6. O

We also now prove Lemma 2.7.

Lemma 2.7. Let ¢ > 3,d > 2and 3/, 3" € [0,1) with 8’ < 8”. Then, for all « > 1 and any
colours ¢y, ¢o € [¢], it holds that

Ma701702,6” < Ma,ChCzﬁ' .

Proof. Fix o > 1 and arbitrary colours c;, c2 € [g]. Note that the set of (¢, ¢2)-extremal
tuples does not depend on the parameter 3, and for each 8 € (0,1) there exists by
Lemma 2.6 an («, ¢z )-extremal tuple which achieves the maximum in

.....

Therefore, the inequality will follow by showing that
hCl,CQ,ﬁ” (p(l)v ceey p(d)) < hcl,c2-ﬂ’ (p(l), cee ap(d))v (6.2)

where (pV),...,p(?) is an arbitrary (a, c;)-extremal tuple. Using the extremality of the

tuple (p),...,p@), we have that ) < p® for all colours ¢ € [q] and every k € [d].

Hence, using the definition (2.2) of g, ., g and that 5’ < 3", we have

1 Z Ge,co,B" (p(l)v sy p(d)) Z Ye,co,B’ (p(l)a sy p(d)) forallc e [Q]

In turn, using the definition (2.2) of h., ., 3, we obtain from this that (6.2) holds, as
wanted. =

6.2 Bounding the two-step recursion when ¢ = 3 - Proof of Lemma 2.17

In this section, we assume that ¢ = 3 and give the proof of Lemma 2.17 that verifies
Condition 2.8 for all « € (1,53/27].

Recall that for a pair (g, d), Condition 2.8, for a fixed value of a > 1 and colours
¢1,¢2 € [g], amounts to checking

ey ea,B. (p(l)7 .. ,p<d)) < a4 forall pV, ... p?@ e Ex,,(a), (6.3)
where the set Ex.,(«) is given by (cf. (2.5))

Ex.(a) = {(p1,...,pq) € {1,a}? | p. =1 A3 € [g] such that p. = a}.
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Note that, for ¢ = 3, Ex.(«) has exactly 3 vectors. As we shall see shortly, we can capture
the value of h,, ., 5 when p(), ... p(¥) € Ex.(a) using a function ¢(d, dy, d;, o, 3) which
depends on «, § and d, but also on two non-negative integers dy and d; with dy + d; < d;
roughly, d; is the number of p(!), ..., p(9) which are equal to the first vector in Ex.(a), d
to the second vector and the remaining d — dy — d; to the third vector. Let us first define
the function ¢(d, do, d1, o, B).

Definition 6.7. Let § € [0,1]. Fix any « > 1 and any integer d > 2. Let x(«, ) =

1-— % and y(a,8) =1— % For any nonnegative integers dg and dy such

that do + d1 S d, let

(1=8)1 —z(a, B)™y(a, B)™)
B+ x(a, B) (y(a, ) + y(a, B)d—do=dr)’

We then have the following lemma.

SD(da dOadhauﬂ) =1 +

Lemma 6.8. Suppose ¢ = 3, d > 2 and § € [0,1]. Fix o > 1 and distinct colours
c1,c¢2 € [q], and let pM,p@ ... p@ e Ex.,(«). Then there are nonnegative integers dg
and d, with dy + dy < d such that

h51,527,3 (p(1)7 s 7p(d)) = (p(d7 d07 dhaaﬁ)'

Proof. Let c3 be the remaining colour in [g] (other than ¢; and ¢3), so that [¢] = {c1, 2, ¢c3}.
Since p,p®@,...,p@ € Ex,,(a), for every k € [d] we have that p*) = 1 and one of
three situations occurs:

() p = p®) = q, (i) p = o, pP = 1, (i) pF = 1, p¥) = a.

If situation (i) occurs, then, using the notation from Definition 6.7, we have

(1—8) (%) — p)

1 _
Bpgf) + pg’f) + pgﬁ)

= z(a, B). (6.4)

If situation (ii) occurs, then this quantity is y(«, 8). If situation (iii) occurs, then it is 1.
Now let dy be the number of k£ € [d] for which situation (i) occurs and let d; be the
number of k € [d] for which situation (ii) occurs. Then plugging (6.4) and the other
similar observations above into the definition (2.2) of g., ¢, g and g, ¢,,3, we have

Gerens (B, ... DY) = 2(a, B)™y(a, )™, and
Gesen,6 (DY, ..., DY) = (e, B)Py(a, BT,

Plugging this into the definition of h., ., 5, we have

(1= 8)(1= gercas B, D))
ﬂ + 267562 gc,cz,ﬁ(f)(l)a s 713(51))

The following definition applies Definition 6.7 to the critical value of  for the special
case where dg + di = d; we will see that this special case is all that we need to consider
to verify Condition 2.8 for a € (1,2).

Definition 6.9. Let ¢ = 3. Fix any o > 1 and any integer d > 2. Let 8.(d) = 1—¢q/(d+1).
Let X = z(w, Bx(d)) and Y = y(a, B«(d)). Let

hc1702,B (f)(l), Ceey IA)(d)) =1+

= QO(d, dOadhaaﬁ)' O

3 1 — Xdoyd—do

* \ Wy ) = ) y W s Loy Pk =1 . .
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The values X and Y from definition 6.9 are clearly functions of d and «, but we
suppress this in the notation to avoid clutter. (These values will arise in proofs, but,
unlike ¢, (d, dy, @), they will not arise in statements of lemmas.)

The following lemma applies for « € (1, 2).

Lemma 6.10. Suppose ¢ = 3, d > 2and1—¢q/(d+1) < 8 < 1. Fixa € (1,2) and
distinct colours ¢y, ¢y € [q]. Suppose that p™), p?), ..., p¥ € Ex,,(a). Then, there is a
non-negative integer dy < d such that

hcl,CQ,,B (p(1)7 e 7p(d)) S Px (da d07 O[)

Proof. Since d is fixed, we simplify the notation by writing S. for S.(d).
Note that both z(«, 8) and y(«, 8) are increasing functions of 3, so ¢ is a decreasing
function of 8. Thus for all 8 € [5*,1], we have ¢(d,dy,d1, @, B«) > (d,dy,d1,a, B).

Combining this with Lemma 6.8, we find that there are nonnegative integers dy and d;
with do + d1 < d such that

hCl,Cz,ﬁ (p(l)v e ,p(d)) = (p(da dOv dlvavﬂ) S Lp(da dOv dl,avﬁ*)' (65)
Letdos =d—dy—d; > 0. If d; < ds, then

(1= 81 = z(e, Ba)Py(e, B2)")
B + (v, Bi) b (y(av, Ba)® + y(o, Bi)%2)

So we can further assume that d; > ds. Since 1 < a < 2, and g, < 1, we have

(1-8J)a-1) (ﬂwaﬂ
(Be +2a) (B +a+1) \ B +2a

Sﬁ(d, d07d23 Q, B*) =1+

2 (p(dv dOadlaavﬂ*)'

2@, B.)° — y(a, ) = (1 B)(a—1)— (5. +2>> <0,

which implies
x(a, 5*)‘1“:9(04, ﬁ*)dl > x(a, B*)d0+2y(aa 6*)d1_1a

and
z(a, B)Py(a, B)™ > x(a, B) ™ y(a, B) 2L

These (together with the definition of ) imply that if d; > do > 1 then
o(d,do,d1, 0, By) < o(d,do +2,d1 — 1, c, By).
Repeating this until dy = 0, we obtain
o(d,dy,dr, o, Bx) < p(d,do + 2da,dy — da, o, Bi) = pa(d, do + 2da, @).
Combining this with (6.5), we obtain
heyens (P PY) < 0u(d,do + 2d, ). O

Lemma 6.11. For every fixed d € {2,...,22}, dy € {0,...,d} and o € (1,53/27], we have
©.(d,do, ) < a9,

Proof. This is rigorously verified using the Resolve function of Mathematica in Sec-
tion 7.11. O

Lemma 6.12. For every fixed integer d > 23, dy € {0,...,d} and o € (1,53/27], we have
@.(d,do, ) < al/d,
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Proof. Fix d and dj such that d > 23 and dy € {0,...,d}. Since d is fixed, we simplify
the notation by writing 3. for 5.(d). Note that 3, € (0,1). Given d, let X and Y be the
functions of o defined in Definition 6.9, and observe that these are positive for all a > 1.
Let

doyd—do .
B(d, do, ) = 1+X—Ydd_a1/d — 14 (X TRy - _Xgigi}/%)_al/d.
dX2+B*Y2+B*

By the weighted arithmetic-mean geometric-mean inequality’ we have
d d 2dg dq
Bu+ XU(Y™ +1) > (24 p)X Y,

which yields @(d, do, o) > ¢.(d,dy, ) — a/?. Thus, our goal is to prove $(d,dy,a) < 0
when « € (1,53/27]. When o« =1, X and Y are 1 so ¢(d, dp, 1) = 0. To prove the lemma,
it suffices to show that g—i < 0 for a € (1,53/27]. The rest of the proof is devoted to this
technical fact. It is broken up into four steps.

Step 1. Let
& = 2d0(221a£*) +(d—do)a, M = —Xdoyd=do (d B 2t aﬁﬁ: + (d —do) (B« + 1)a> ,

S = X7 Y5 (a+ B+ 1)(afs +2)/(1— B.), and & = M + a/48s.

The goal of Step 1 is to show that % < 0 follows from &; < &s.
Technical details of Step 1. To calculate the derivative of the function ¢, let

gx = 2a+B)(af +a+1), gy = (a+ B +1)(af.+2).
Using Mathematica, we verify in Section 7.12 the formula

9 <(15)X—£‘%“*Y—§+§2) <

o 2dpa Y + (d — do)at

dagy gx
X oy d—do (d ﬁ*ag— 4 (d—do)(1 + &)a) —al/dg
(6.6)
For all o > 1, we have that
a2+ B )(a+ B +1) = 2a+ Bo)(afe + a+1) = —fu(a —1)* <0,
so we obtain the bound
g _ (@+B+D(@B+2) _(a+B +1)(aB. +2) _ 2+af. 6.7)

gx Ra+B)(af. ta+1l) al+B)(a+b.+1) a2+

Now note that the first parenthesised expression in (6.6) is positive since X, Y > 0
for all a« > 1. Thus, to show % < 0, it suffices to show that the second parenthesised
expression in (6.6) is less than 0. To do this, we can apply the strict upper bound on
gx /gy from (6.7), and show that the resulting expression, which is & — &, is at most 0.
Thus, we have completed Step 1.

Step 2. Let W=1+ %+~ L % and {3 = M + W S. The goal of Step 2 is to show
W < ol/4, which 1mphes ¢3 < &. Given Step 1, this means that 22 < 0 will follow from
showing that & < &s.

7 The inequality says that for non-negative x1, x2, 3, w1, w2, w3 With w = wy + w2 + w3 > 0, w1z +woxo +

w3y > wxllul/wz;w/wx;u?’/w. Take z1 = 1, 29 = XY, g3 = X9, w; = B4, wy = 1 and wsz = 1.
EJP 23 (2018), paper 82. http://www.imstat.org/ejp/
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Technical details of Step 2. Recall that d > 23. Let m(a, d) = a'/? — W. Note that

om ?m
mbd) =50l = Faz

Thus, m(a,d) > 0 for o > 1.

1
. =0, and e = e >0 forall o > 1.

Step 3. Let k = dy/d. After re-parameterising £; and &3 (so that they depend on d, x and

«), we show that & < &3 follows from %l%” > (. Given the other steps, this means that

~ 2
g—i < 0 follows from 88(523 > 0. For future reference, the re-parameterisation is as follows.
Let

 (@2d-1)d(1—K)a . (d—2)s((d—2)a+2(d+ 1))
s"“( d+1 * 3(d+1) )’and
(A +1)a+2d - 1)((d — 2)a + 2(d + 1)) a—1 (d—1)(a—1)
fo= 3(d+1) <1 A 7 ) '
Then 1

&1 = S5 (~dn+3d —4x) +d(n + 1), and (6.8)

53 — SOXdRYd(l—K) + tonm((:ierl) Y (liﬂé(dJrl) .
Technical details of Step 3.
The mathematica code in Section 7.12 verifies that, at « = 1, {5 = d(k + 1) and
% = %(—d/{ + 3d — 4k). By Taylor’s theorem and the Lagrange form of the remainder,

there exists a number & € (1, o] such that

9%

oo

fS—d(n+1)+;(—dﬁ+3d—4n)(a—1)+;(

) (a—1)% (6.9)

o=«

Thus, if %2(55’ > 0 forall « € (1,53/27], we can conclude that

&3 Zd(H+1)+%(—dn+3d—4n)(a—l):§1. (6.10)

Step 4. Using the parameterisation (6.8) of Step 3, we show that %1523 > (0, forall d > 23,
k € [0,1] and « € (1,53/27], thus completing the proof.
Technical details of Step 4. We start with the observation that, for any k; and k- (not
depending on «) and any function r of o, it holds that
O(rXkiyks) [ or  kiroX  kerdY
—_ = ki, ko) XY™, wh ki ko) = — 4 2 22 A F0
Do f(ra 1, 2) , where f(T‘, 1, 2) 604+ X da Y da
Applying this observation twice to each of the two summands in the expression (6.8) for
&3, we see that there are rational functions s, and t; of o, d and  such that

8253 _ SQXdK/Yd(liﬁ) 4 t2X 2&(4+1) Y (17~)3)(d+1) .
0a?
In Section 7.12 we use Mathematica to calculate ¢, explicitly and to verify that for
every d > 23 and a € (1,53/27), we have 5% > 0, 92| > 0 and fofu= 2 0. We

conclude that ¢, > 0 for all k € [0, 1] (for the given ranges O?ZZ and «). Since X and Y are
less than or equal to 1 and 2x(d +1)/3 < dk and (1 — k)(d+1)/3 < d(1 — k), the fact that
to > 0 implies

0%¢s
oo

2r(d+1) | (1—r)(d+1)
3 Y 3

= s Xy d=r) L ¢, X > (859 + to) Xy d1=r) (6.11)
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The final Mathematica code segment verifies that s; +t; > 0 forall d > 23, a €
(1,53/27] and x € [0, 1]. This, together with (6.11), completes the proof since X and Y’
are positive. O

We finish by giving the proof of Lemma 2.17.

Lemma 2.17. Let ¢ = 3 and d > 2. Then, the pair (g, d) satisfies Condition 2.8 for all
a € (1,53/21).

Proof. To prove Condition 2.8, it suffices to check (6.3) for a € (1,53/27). By Lemma 6.10,
we only need to check that ¢, (d, dy, @) < a'/? for a € (1,53/27) and integers 0 < dy < d.
This has been verified in Lemma 6.11 for all d < 22 and in Lemma 6.12 forall d > 23. O

7 Appendix: Mathematica code

7.1 Lemma 2.11

The following code checks that, for all d-tuples (p(",...,p®) with p®), ... p(® ¢
Ex,(a), it holds that h,, o, . (P, ..., p(¥) < a!/?. The output is True, and the same is
true when the first line changes to ¢ = 4,d = 4.

g=3;d=3;b=1-g9g/(d+1);

EX = Tuples[{1l, alpha}, q-11;

G[vector_, colour_] :=1 - (1-b) (vector[[colour]]- 1)/

(b + Sum[vector[[cc]], {cc,1,q-1}]);

dTUPLES=Tuples[EX,d]; L=Length[dTUPLES];

UNIQ = True;

For[l = 1, l<= L && UNIQ, 1++,

currenttuple=dTUPLES[[1]];

For[k=1, k <= d, k++,

vectorofchild[k]=currenttuple[[k]];

1;

For[colour = 1, colour <= g-1, colour++,

glcolour] = Product[ G[vectorofchild[k], colour], {k, 1, d}];
1;

h=1+(1-b) (1-gl[1])/(b + Sum[glcl,{c,1,9-1}1)/.{alpha->u"d};
CHECK = Resolve[Exists[u, h >= u & u > 111;

If[CHECK == True, UNIQ = Falsel;

1;

Print[UNIQ]

7.2 Lemma 5.3

Both of the queries in the following code give the output True.

fu=1(1-(1-Db)y)d/
(

((T-(1-Db)y)d+2(1-(1-Db)x)"(d/2) (1 - (1-b) (1-x-y))"(d/2));

bb = 1-b;

W=1-3y+bb ((3y - 1) + (1 - x -2y) +x(2x+y -1) +y(x -y));
lhs = D[fu, bl;

rhs = -fu”2 (d (1 - bb x)~(d/2) (1- bb(1l-x-y))~(d/2) W /

((1- bb y)~(d+1) (1- bb x) (1- bb (1-x-y))));
FullSimplify[lhs == rhs]
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fl=(1-(1-Db) x)~d /

((T-(1-b)x)"d + (1-(1-Db)y)*d+(1-(1-Db) (1-x-1y))nd);
lhs D[fL, b];

rhs = f172 d ((2x+y-1) (1-bb(1l-x-y))~(d-1) + (x-y) (1-bb y)~(d - 1)) /
((1-bb x)"(d+1));

FullSimplify[lhs == rhs]

7.3 Lemma 5.8
Both of the queries in the following code give the output False.

fu=(1-(1-Db) y)d/

((L - (1L -Db)y)d+2(1-(1-Db) x)"(d/2) (1 - (1-b) (1-x-y))"(d/2));
fl=(1- (1 -b) x)~d /

((T-(1-b)x)"d + (1 -(1-Db)y)"d+ (1-(1-Db) (1L -x-y))nd);
Resolve[Exists[{x, y, b}, 0 <y <= 1/3 && 1106/2500 <= x < 1 &&

0 <b<=1&8 (fu /. {d ->2}) == x && (fL /. {d -> 2}) == y]]
Resolve[Exists[{x, y, b}, 0 <y <= 460/2000 && 1/3 <= x < 1 &&

0 <b<=16&& (fu/. {d ->2}) == x && (fl /. {d -> 2}) == y]]

7.4 Lemma 5.15

The following code gives the output True.

~

fu=(1- (1 - b)
((L - (1 -b) y)d

y)~d

+2 (1 (1 - b) x)*(d/2) (1 - (1-b) (1-x-y))~(d/2));
gu =fu - x /. {b ->1
1))
/(d

/
(
- /(d + 1), x ->my};

A (1 - 3y/(d+ 1))"d;

B = (1- 3(1-y(m+1))/(d+1))"(d/2) (1- 3m y/(d+1))"(d/2);
W = A B/(A+2B)"2;

lhs = D[qu, Vy];

rhs = -m+(9 d W /(3y(m+1)+d-2)) (m(2m y+y-1)/(1+d-3m y)
- (2m y+y+d-1)/(1+d-3y));

FullSimplify[lhs == rhs]

7.5 Lemma 5.16

The following code gives the output True.

fl=(1- (1 -b) x)~d /

((L - (1L -b) x)®d + (1 - (1 - b) Y)Ad + (1 -(1-Db) (1 -x-y))*d);
gl=fl -y /. {b->1-3/(d + 1), ->m y};

W= (m(2d-1)+d+1) ((3y(m+1)+d-2) / (d+1))Ad /

((1 +d - 3my) (d-2+ 3y(1 + m))) +

(m-1) (d+1) (1-(3 y)/(d+1))™d / ((L +d - 3 y) (L +d - 3my));

lhs = D[gl, vy];

rhs = -3d (1 - (3my)/(d+1))~d W / ( ((3y(m+1l)+d-2)/(d+1))"~d
+ (1 - (3m y)/(d+1))~d + (1-(3 y)/(d+1))"d )"*2 - 1;
FullSimplify[lhs == rhs]

7.6 Lemma 5.18
The following code outputs False and False.

y2 = 7/(10 m + 12);
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yl = y2 + 3/500;

X2 =m y2;

X1 =m yl;

Resolve[Exists[m, 157/80 <=m < 32 && (0 >=yl || yl >=1 - x1 - yl ||
1-x1-yl>=1/3]|] 1/3>=x1 || x1>=1-yl) 1]
Resolve[Exists[m, 32 <=m && (0 >= y2 || y2 >= 1 - x2 - y2 ||

1 -x2-y2>=1/3 || 1/3>=x2 || x2>=1-y2) 1]

7.7 Lemma 5.19

Both queries in the following code for the differentiation in (5.11) output True.

fu=(1-(1-Db) y)~d/
((1 - (1 -Db) y)nd + 2 (
bb =1 - b;

R=(1- bb x)~(d/2) (1 - bb (1 - x - y))~(d/2) / (1 - bb y)~d;
xlhs = D[fu, x]I;

1-(1-0b)x)7(d/2) (1 - (1-b) (1-x-y))"~(d/2));

xrhs = fu*2 Rd bb®*2 (2 x +y - 1) / ((1 - bb(1 - x - y))(1 - bb x));
ylhs = D[fu, y]I;
yrhs = -fu”2 R d bb (3 + bb(2 x +y - 2)) /((1 - bb(1-x-y))(1 - bb y));

FullSimplify[xlhs == xrhs]
FullSimplify[ylhs == yrhs]

The proof of (5.14). We consider two cases — when u < 32 and when p > 32. The output
is False in both cases.

lhs=(8-y) (2x+y-1)/( (8-x) (2x+y+22) );

x1 7 m/(10 m + 12) + 3 m/500;

yl =7/(10 m + 12) + 3/500;

Resolve[Exists[m, 1<m <32 && (lhs/.{x->x1, y->yl}) >= 1/24]]
X2 =7 m/(10 m + 12);

y2 = 7/(10 m + 12);

Resolve[Exists[m, m>=32 && (lhs/.{x->x2, y->y2}) >= 1/24]]

Here is the code to show that Y is increasing in B* The output is False.

Num = 3 +b (2 x+y - 2);

Den = (1 -b (1 -x-vy)) (1-by);

Der D[Num/Den , b]l;

Resolve[Exists[{d, x, y, b},
d>=068&00<b<=1/8&&0<y<1l-x-y<1l1l/3<x<1l-ys&
Der < 01]]

Here is the code for Case 1. The output is False.

lhs =3 (2 x+y +22)/((8 -y) (x+y+7)) /.
{x -=>7m/(10m+ 12), vy -> 7/(10 m + 12)};

rhs = 8/7;

Resolve[Exists[m, lhs >= rhs & m > 321]]

Here is the code for Case 2. The output is False.

lhs =3 (2 x+y +22)/((8 -y) (x+y+7)) /.

{x -=>7m/(106 m + 12) + 3 m/500, y -> 7/(10 m + 12) + 3/500};
rhs =24 (25 m™2 + 60 m + 3536)/(25 m™2 + 60 m + 73536);
Resolve[Exists[m, lhs >= rhs & 1 < m]]
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7.8 Lemma 5.21
The output of the following code, for the differentiation in (5.17), is True.

fu=(1-(1-Db) y)rd/
((L - (1L -Db)y)d+2 (1 - (1 -Db) x)"(d/2) (1 - (1-b) (1-x-y))"(d/2));
psi[d_,z_] := d/(d-3z+1) + Log[d +1-3z];
zetald_,x_,y_1]:=2psild,y]l-psild,x]-psil[d,1l-x-y];

lhs = D[ (fu/.{b -> 1 - 3/(d + 1)}), dl;

rhs =(1-3x/(d+1))~(d/2)(1-3y/(d+1))~d(1-3(1-x-y)/(d+1))"~(d/2)zetald,x,y]/
((1-3y/(d+1))"d + 2(1-3x/(d+1))"(d/2) (1-3(1-x-y)/(d+1))"~(d/2))"2;
FullSimplify[lhs == rhs,d>=0]

The following code establishes Facts 1, 2, and 3 for ; = 157/80. The output is False, 0,
then True.

fu=(1-(1-Db) y)™d/

((1 - (L -Db)y)d+2 (1 - (1 -b) x)*(d/2) (1 - (1-b) (1-x-y))"(d/2));
hu=fu-x /.{b -> 1 - 3/(d+1)};

psi[d_,z_] := d/(d-3z+1) + Log[d +1-3z];
zetald_,x_,y_]:=2psi[d,y]-psild,x]-psi[d,1-x-y];

Fd = D[zetald,x,yl], dl;
xm=7m/(10 m + 12) + 3 m/500 /. {m -> 157/80};
ym = 7/(10 m + 12) + 3/500 /. {m -> 157/80};

Resolve[Exists[d, d >= 23 & (Fd /. {x -> xm, y -> ym}) >= 0]]
Limit[zetal[d,xm,ym], d -> \[Infinity]]
Limit[hu /. {x -> xm, y -> ym}, d -> \[Infinity]]<0

The following code establishes Facts 1, 2, and 3 for = 32. The output is False, 0, then
True.

fu=(1-(1-Db) y)rd/

((1 - (1 -Db) y)dd+ 2 (1 - (1-b) x)*(d/2) (1 - (1-b) (1-x-y))"(d/2));
hu=fu-x /.{b -> 1 - 3/(d+1)};

psi[d_,z_] := d/(d-3z+1) + Log[d +1-3z];
zetald_,x_,y_1]:=2psild,yl-psild,x]-psil[d,1l-x-y];

Fd = D[zetald,x,y], dl;

xm=7m/(10 m + 12) /. {m -> 32};

ym= 7/(10 m + 12) /. {m -> 32};

Resolve[Exists[d, d >= 23 & (Fd /. {x -> xm, y -> ym}) >= 0]]
Limit[zeta[d,xm,ym], d -> \[Infinity]]

Limit[hu /. {x -> xm, y -> ym}, d -> \[Infinity]]<0

7.9 Lemma 5.23
We first prove that hy(23, 1) > 0 for u > 157/80. The output to both queries is False.

fl=1(1- (1 -Db) x)~d /
((1 - (1 -Db) x)?d + (1 - (1 -Db) y)d+ (1 - (1 -Db) (1 -x-y))nd);

ht =fl -y /. {b->1-3/(d+1), x -> m y};
x1 =7 m/(10 m + 12) + 3 m/500;
yl =7/(10 m + 12) + 3/500;

hli =hl /. {d -> 23, x -> x1, y -> yl};
Resolve[Exists[m, 157/80<=m <32 && hl <= 0]]
x2 =7 m/(10 m + 12);
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y2 7/(10 m + 12);
h2 ht /. {d -> 23, x -> x2, y -> y2};
Resolve[Exists[m, m >= 32 && h2 <= 0]]

The output of the following code, for the differentiation in (5.19), is True.

fl=(1- (1 - b) x)~d/

((L - (1 -Db) x)?d+ (L - (1-Db)y)d+ (1L -(1-0Db) (1 -x-y))"d);
psi[d_, z_] :=d/(d - 3z + 1) + Log[d + 1 - 3 z];

A=(1-3x/(d+ 1))"d;

B=(1-3y/(d+1))"d;

CC=(1-3(1-x-y)/(d+ 1))~d;

lhs = D[(fL /. {b ->1 - 3/(d + 1)}), dl;

rhs = (A CC (psi[d, x] - psi[d, 1-x-y]) + A B (psil[d,x] - psild,yl))/
(A + B + CC)"2;

FullSimplify[lhs == rhs, d >= 0]

7.10 Lemma 5.26

The code checks that all of the desired inequalities are satisfied. The output is True.

fu=(1-(1-Db) y)rd/

((L - (1 -Db)y)d+2 (1 - (1 - b) x)"(d/2) (1 - (1-b) (1-x-y))"(d/2));
fl=(1- (1 - b) x)™d /

((1 - (1 -b) x)d + (1 -(1-b)y)d+(1-(1-b)(1-x-y))"d);
Flag = True;

ule] = 1;

1[0] = 0;

For[dd = 3, dd <= 22, dd++, (

ffu = Ceiling[10000 fu /. {d -> dd, b -> 1 - 3/(dd + 1)}1/10000;
ffl = Floor[10000 flL /. {d ->dd, b -> 1 - 3/(dd + 1)}]/10000;
For[n = 0, n <= 60, n++, (

uln + 1] = ffu /. {x -> uln]l, y -> 1[nl};

1n + 1] = ffL /. {x -> u[n]l, y -> 1[n]};

Flag = Flag && u[n] >= u[n + 1] && 1[n] <= 1[n + 1] &&

2 u[n] + 1[n] >=1 >= 2 1[n] + u[n])];

Flag = Flag && u[60]/1[60] <= 53/27;)];

Flag

7.11 Lemma 6.11

The code checks all relevant values of d and dy. The output is True. The substitution
of u for !/ is there to make the code run faster. Despite this, it takes more than 5
minutes to run on our machine.

b=1-3/(d+ 1);

x=1-(1-0Db) (a-1)/(b+ 2 a);

y=1-(1-0Db) (a-1)/(b+a+1);

phi =1+ (3/(d + 1)) (1 - x~d0O y~(d - dO))/(b +
1

x~dO (y™(d - dO) +
Flag = True;
For[dd = 2, dd <= 22, dd++, u® = (53/27)"dd;
For[dd®0 = 0, ddO <= dd, ddoO++,

Flag = Flag && ! Resolve[Exists[u,

)) /. {a -> und};
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(phi /. {d -> dd, d0 -> dd0}) >=u & 1 < u <= u0]1;1;1;
Flag

7.12 Lemma 6.12

The following code outputs True, therefore verifying the differentiation in (6.6).

b=1-3/(d+ 1);

x=1-(1-Db) (a 1)/(b + 2 a);

y=1-(1-0Db) (a-1) (b +a+1);

phi = 1+(1/d) ( x~(-2d0/(2+b)) y~(-(d-d0)/(2+b))

- x~(dO b/(2+b)) y~((d-dO) (1+b)/(2+b)) )-a~(1/d);

gx=(2a+b) (a b+a+l);

gy=(a+b+1) (a b+2);

S=x"(2d0/(2+b)) y*~((d-d0)/(2+b)) (a+b+1l) (a b+2)/(1l-b);

rhs=((1 b)x™(- 2d0/(2+b)) y*~(-(d-d0)/(2+b))/(d a gy))* (2 dO a (gy/gx)
+ (d-d0)a + x~dO y~(d-dO) (d0 b a (gy/gx)+ (d-d0)(l+b)a)

-a”(1/7d) S);
Resolve[Simplify[D[phi, al - rhs] == 0]

The following code outputs True True, verifying the calculation for Step 3.

b=1-3/(d+1

x=1-(1-Db) (a-1)/(b+ 2 a);
a

);

(
y=1-(1-0b) (a-1)/(b+a+1);
sO = -(((2d-1)d (1 - k) a)/(d+
1) + ((d - 2) k ((d -2)a+2(d+1))) /(3 (d+1)));
W=1+ (a - 1)/d (d - 1) (a - 1)72/(2 d*2);
t0O=W((d+1) a+2d-1) ((d-2)a+2(d+1))/(3(d+1))
xi3 = sO0 x~(d k) y*(d (1 - k)) +

y™ (

t0 x™(2 k (d + 1)/3) (1 - k) (d+ 1)/3);
FullSimplify[(xi3 /. {a -> 1}) == d + d k]
FullSimplify[(D[xi3, a] /. {a -> 1}) == (1/3) (- d k + 3 d - 4 k) 1

The final two code segments are for Step 4. The following code calculates ¢ and verifies

that % >0, 22 ~>0and f|s=o > 0. The output is False, False, and False.
b=1-3/(d+ 1);
x=1-(1-Db) (a-1)/(b+ 2 a);
y=1-(1-b)(a-1)/(b+a+1);

0=-(((2d-1)d (1 - k) a)/(d +
1) + ((d -2) k ((d-2)a+2(d+1)))/(3(d+1)));
W=1+ (a - 1)/d (d - 1) (a 1)7°2/(2 d*2);
tO =W ((d+1) a+2d 1) ((d -2)a+2(d+1))/(3 (d+ 1))
t2 = Simplify[ D[t® x~(2 k (d + 1)/3) y~((1 - k) (d + 1)/3), {a,

2}]1/(x*(2 k (d + 1)/3) y*((1 - k) (d + 1)/3))];

tkl = D[t2, k];

tk2 = D[tkl, k];

Resolve[Exists[{d, a}, tk2 <0 && d >= 23 & 1 <= a <= 53/27]1
Resolve[Exists[{d, a}, (tkl /. {k -> 0}) < 0 && d>=23 && l<=a<= 53/27]]
Resolve[Exists[{d, a}, (t2 /. {k -> 0}) < 0 && d>=23 && l<=a<= 53/27]]
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The following code calculates s; (as well as t3) and verifies that s, + t5 is positive. It
takes about 10 minutes to run. The output is False. The reason for the transformation
of « (as a function of r) is to speed up the calculation.

b=1-3/(d+ 1);

x=1-(1-Db) (a-1)/(b+ 2 a);

y=1-(1-Db) (a-1)/(b+a+1);

sO = -(((2d-1)d (1 - k) a)/(d +

1) + ((d - 2) k ((d-2)a+2(d+1)))/(3 (d+1)));
W=1+(a-1)/d - (d - 1) (a - 1)72/(2 d*2);

t0O =W ((d+1)a+2d-1) ((d-2)a+2((d+1))/(3 (d+1));

t2 = Simplify[ D[tO x~(2 k (d + 1)/3) y*((1 - k) (d + 1)/3), {a,
231/ (x*(2 k (d + 1)/3) y*((1 - k) (d + 1)/3))];

s2 = Simplify[

D[s® x~(d k) y*(d (1 - k)), {a, 2}1/(x*(d k) y™(d (1 - k)))]1;
p = Simplify[s2 + t2 /. {a -> 1 + 3 r}];

Resolve[Exists[{d, r, k},
p<=0&&d>=23800<=k<=18&&0<r <=26/81]]

References

[1] A. Blanca, A. Galanis, L. A. Goldberg, D. Stefankovié, E. Vigoda, and K. Yang, Sam-
pling in uniqueness from the Potts and random-cluster models on random regular graphs,
arXiv:1804.08111 (2018).

[2] G. R. Brightwell and P. Winkler, Random colorings of a Cayley tree, Contemporary combina-
torics 10 (2002), 247-276. MR-1919572

[3] R. Dobrushin, Prescribing a system of random variables by conditional distributions, Theory
of Probability & Its Applications 15 (1970), no. 3, 458-486. MR-0298716

[4] C. Efthymiou, A simple algorithm for sampling colorings of G(n,d/n) up to the Gibbs unique-
ness threshold, SIAM Journal on Computing 45 (2016), no. 6, 2087-2116. MR-3579979

[5] C. Efthymiou, T. P. Hayes, D. Stefankovi¢, and E. Vigoda, Sampling random colorings of sparse
random graphs, Proceedings of the Twenty-Ninth Annual ACM-SIAM Symposium on Discrete
Algorithms, SODA ’18, 2018, pp. 1759-1771. MR-3775903

[6] S. Friedli and Y. Velenik, Statistical mechanics of lattice systems: A concrete mathematical
introduction, Cambridge University Press, 2017. MR-3752129

[7] A. Galanis, D. Stefankovi¢, and E. Vigoda, Inapproximability for antiferromagnetic spin
systems in the tree nonuniqueness region, J. ACM 62 (2015), no. 6, 50:1-50:60. MR-3437235

[8] A. Galanis, D. Stefankovi¢, and E. Vigoda, Inapproximability of the partition function for the
antiferromagnetic Ising and hard-core models, Combinatorics, Probability and Computing 25
(2016), no. 4, 500-559. MR-3506425

[9] D. Gamarnik and D. Katz, Correlation decay and deterministic FPTAS for counting colorings
of a graph, Journal of Discrete Algorithms 12 (2012), 29-47. MR-2899973

[10] H.-O. Georgii, Gibbs measures and phase transitions, vol. 9, Walter de Gruyter, 2011.
MR-2807681

[11] J. Jonasson, Uniqueness of uniform random colorings of regular trees, Statistics & Probability
Letters 57 (2002), no. 3, 243-248. MR-1912082

[12] L. Li, P. Ly, and Y. Yin, Correlation decay up to uniqueness in spin systems, Proceedings of
the Twenty-fourth Annual ACM-SIAM Symposium on Discrete Algorithms, SODA ’13, 2013,
pp. 67-84. MR-3185380

EJP 23 (2018), paper 82. http://www.imstat.org/ejp/
Page 42/43


http://arXiv.org/abs/1804.08111
http://www.ams.org/mathscinet-getitem?mr=1919572
http://www.ams.org/mathscinet-getitem?mr=0298716
http://www.ams.org/mathscinet-getitem?mr=3579979
http://www.ams.org/mathscinet-getitem?mr=3775903
http://www.ams.org/mathscinet-getitem?mr=3752129
http://www.ams.org/mathscinet-getitem?mr=3437235
http://www.ams.org/mathscinet-getitem?mr=3506425
http://www.ams.org/mathscinet-getitem?mr=2899973
http://www.ams.org/mathscinet-getitem?mr=2807681
http://www.ams.org/mathscinet-getitem?mr=1912082
http://www.ams.org/mathscinet-getitem?mr=3185380
http://dx.doi.org/10.1214/18-EJP211
http://www.imstat.org/ejp/

Uniqueness for the 3-State antiferromagnetic Potts model on the tree

[13] P. Lu, K. Yang, C. Zhang, and M. Zhu, An FPTAS for counting proper four-colorings on
cubic graphs, Proceedings of the Twenty-Eighth Annual ACM-SIAM Symposium on Discrete
Algorithms, SODA ’'17, 2017, pp. 1798-1817. MR-3627846

[14] P. Lu and Y. Yin, Improved FPTAS for multi-spin systems, Approximation, Randomization,
and Combinatorial Optimization. Algorithms and Techniques (Prasad Raghavendra, Sofya
Raskhodnikova, Klaus Jansen, and José D. P. Rolim, eds.), 2013, pp. 639-654. MR-3126559

[15] F. Martinelli and E. Olivieri, Approach to equilibrium of Glauber dynamics in the one phase
region. I. The attractive case, Comm. Math. Phys. 161 (1994), no. 3, 447-486. MR-1269387

[16] F. Martinelli and E. Olivieri, Approach to equilibrium of Glauber dynamics in the one phase
region. II. The general case, Communications in Mathematical Physics 161 (1994), no. 3,
487-514. MR-1269388

[17] E. Mossel and A. Sly, Rapid mixing of Gibbs sampling on graphs that are sparse on average,
Random Structures & Algorithms 35 (2009), no. 2, 250-270. MR-2547535

[18] E. Peruggi, F. di Liberto, and G. Monroy, The Potts model on Bethe lattices. I. General results,
Journal of Physics A: Mathematical and General 16 (1983), no. 4, 811. MR-0706197

[19] E. Peruggi, F. di Liberto, and G. Monroy, Critical behaviour in three-state Potts antiferromag-
nets on a Bethe lattice, Physica A: Statistical Mechanics and its Applications 131 (1985),
no. 1, 300-310. MR-0797733

[20] F. Peruggi, F. di Liberto, and G. Monroy, Phase diagrams of the q-state Potts model on Bethe
lattices, Physica A: Statistical Mechanics and its Applications 141 (1987), no. 1, 151-186.
MR-0879715

[21] U. A. Rozikov, Gibbs measures on Cayley trees, World scientific, 2013. MR-3185400

[22] A. Sinclair, P. Srivastava, D. Stefankovi¢, and Y. Yin, Spatial mixing and the connective
constant: optimal bounds, Probability Theory and Related Fields 168 (2017), no. 1, 153-197.
MR-3651051

[23] A. Sinclair, P. Srivastava, and M. Thurley, Approximation algorithms for two-state anti-
ferromagnetic spin systems on bounded degree graphs, Journal of Statistical Physics 155
(2014), no. 4, 666-686. MR-3192179

[24] A. Sly and N. Sun, Counting in two-spin models on d-regular graphs, Ann. Probab. 42 (2014),
no. 6, 2383-2416. MR-3265170

[25] L. E. Thomas, Bound on the mass gap for finite volume stochastic Ising models at low
temperature, Communications in Mathematical Physics 126 (1989), no. 1, 1-11. MR-1027910

[26] D. Weitz, Combinatorial criteria for uniqueness of Gibbs measures, Random Structures &
Algorithms 27, no. 4, 445-475. MR-2178257

[27]1 Y. Yin and C. Zhang, Sampling in Potts model on sparse random graphs, Approximation, Ran-
domization, and Combinatorial Optimization. Algorithms and Techniques, APPROX/RANDOM
2016, 2016, pp. 47:1-47:22. MR-3566789

EJP 23 (2018), paper 82. http://www.imstat.org/ejp/
Page 43/43


http://www.ams.org/mathscinet-getitem?mr=3627846
http://www.ams.org/mathscinet-getitem?mr=3126559
http://www.ams.org/mathscinet-getitem?mr=1269387
http://www.ams.org/mathscinet-getitem?mr=1269388
http://www.ams.org/mathscinet-getitem?mr=2547535
http://www.ams.org/mathscinet-getitem?mr=0706197
http://www.ams.org/mathscinet-getitem?mr=0797733
http://www.ams.org/mathscinet-getitem?mr=0879715
http://www.ams.org/mathscinet-getitem?mr=3185400
http://www.ams.org/mathscinet-getitem?mr=3651051
http://www.ams.org/mathscinet-getitem?mr=3192179
http://www.ams.org/mathscinet-getitem?mr=3265170
http://www.ams.org/mathscinet-getitem?mr=1027910
http://www.ams.org/mathscinet-getitem?mr=2178257
http://www.ams.org/mathscinet-getitem?mr=3566789
http://dx.doi.org/10.1214/18-EJP211
http://www.imstat.org/ejp/

Electronic Journal of Probability
Electronic Communications in Probability

e Very high standards

e Free for authors, free for readers
e Quick publication (no backlog)
e Secure publication (LOCKSS!)
Easy interface (EJMS?)

Non profit, sponsored by IMS3, BS* | ProjectEuclid®

Purely electronic

Donate to the IMS open access fund® (click here to donate!)

Submit your best articles to EJP-ECP

Choose EJP-ECP over for-profit journals

'LOCKSS: Lots of Copies Keep Stuff Safe http://www.lockss.org/

2EJMS: Electronic Journal Management System http://www.vtex.1lt/en/ejms.html
3IMS: Institute of Mathematical Statistics http://www.imstat.org/

4BS: Bernoulli Society http://www.bernoulli-society.org/

5Project Euclid: https://projecteuclid.org/

6IMS Open Access Fund: http://www.imstat.org/publications/open.htm


http://en.wikipedia.org/wiki/LOCKSS
http://www.vtex.lt/en/ejms.html
http://en.wikipedia.org/wiki/Institute_of_Mathematical_Statistics
http://en.wikipedia.org/wiki/Bernoulli_Society
https://projecteuclid.org/
https://secure.imstat.org/secure/orders/donations.asp
http://www.lockss.org/
http://www.vtex.lt/en/ejms.html
http://www.imstat.org/
http://www.bernoulli-society.org/
https://projecteuclid.org/
http://www.imstat.org/publications/open.htm

	Introduction
	Our result
	Application

	Proof approach
	Ratio for proving Theorem 1.2
	The two-step recursion
	A simpler condition for uniqueness
	Verifying the condition

	Concluding uniqueness
	Proving tree recursions
	Bounds from the one-step recursion – Proof of Lemma 2.15
	Bounding the marginal probability at the root by the one-step recursion
	Properties of the functions fu and f
	Bounding the marginal probability at the root by two sequences
	Bounding the maximum ratio

	Analysing the two-step recursion
	Characterising the maximiser of hc1,c2, — Proof of Lemmas 2.6 and 2.7
	Bounding the two-step recursion when q=3 – Proof of Lemma 2.17

	Appendix: Mathematica code
	Lemma 2.11
	Lemma 5.3
	Lemma 5.8
	Lemma 5.15
	Lemma 5.16
	Lemma 5.18
	Lemma 5.19
	Lemma 5.21
	Lemma 5.23
	Lemma 5.26
	Lemma 6.11
	Lemma 6.12

	References

