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Abstract

In this paper, we prove a particle approximation, in the sense of the propagation of
chaos, of a Lagrangian stochastic model submitted to specular boundary condition
and satisfying the mean no-permeability condition.
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1 Introduction

In this paper, we construct a particle approximation of the following Lagrangian
stochastic model (X, U) on a finite time interval [0, T], submitted to specular reflections
at the boundary of a compact smooth domain D of R¢:

t

b t
Xt:X0+/ Uds, Ut:Uo—i—/ B[X.; p(s)|ds + oW, + K.,
0 0
Ki=-2 Y (Us np(X,))np(Xo)Lix,cony, (1.1)
0<s<t

p(t) is the Lebesgue density of the law of (X, U;) for ¢ € (0,T].

The initial condition (X, Up) is distributed according to a given probability measure o,
and is independent to the R¢-Brownian motion (W;;t € [0,7]), np is the outward normal
unit vector of the smooth boundary 9D. We are considering Lagrangian stochastic model,
this means that the dependencies in x of the coefficients in the velocity equation (1.1)
are expressed as a conditional expectation with respect to the event {X; = x}. Here the
drift component B|x; p(t)] is a version of the conditional expectation E [b(U;) | X; = ].
Thus given a kernel b, B is defined for (z,7) € D x L'(D x R?) as

Jga 0(0)y (@, v)dv
Blx;y] = RfRd ~(z, v)dv {[ga v(z,v)dv£0} (1.2)

A particle approximation of a Lagrangian stochastic model like (1.1) has been stud-
ied without the confining jump term (Ky;¢t € [0,7]) in [4], and in the particular one-
dimensional confinement case in [2]. The existence and uniqueness (in the weak sense)
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Particle approximation for Lagrangian models with specular boundary condition

of a solution to (1.1) has been established in [3] for confined system in a smooth and
compact domain D, with the help of PDE techniques. Furthermore the unique solution
(X, U) satisfies the boundary condition (1.5), and the sequence of jump-times

T =inf{r,_1 <t <T;X; € 9D} for n>1, 70=0,

is well-defined and strictly increasing with n up to T', with the convention that inf () = T

Numerical algorithms for Lagrangian stochastic models are based on particle ap-
proximation methods (see e.g. [1] and the references therein). Here we give a first
convergence result of a particle approximation of (1.1). We study the limit behavior of
the interacting particle system {(X*¢V U»<N K%N) i =1 ... N}, on a given prob-
ability space (Q, F, (F;t > 0),Q) endowed with independent copies {(X{, Ug, (W}; t €
[0,7)),i=1,...,N} of (Xo, Uy, (Wy; t € [0,T])), defined as the solution to the following
SDE system:

t
ie,N ; e, N
X;° :Xé+/ Uro™ds,
0
¢

Uti’ﬁ'N = Ué +/ Be[X§5 NZ’N}dS + UWti + K;’E’Na
0
Ry = =2 30 (U (X)) (X

o
0<s<t

1,...,N,

i xieN e gp)r 0=
(1.3)
where ME’N = % Zf\; 5(X:,6,N,UZ:,E,N) is the marginal at a given time ¢ of the empirical

measure % Zf\;l d(xieN ive.N fieny Of the N-particles system, according to the two first
canonical coordinates (z(t),u(t)). The drift B.[z;~] is a smoothed version of B[z;~] in
(1.2), with the help of a family of mollifiers ¢.(z) := e %¢(£), for some ¢ € C}(D) such
that ¢ > 0 and [, ¢c(x) dz = 1. Bc[z;~] is defined for all 2 € D and all v in the set of
probability measures on D x R? as

_ Jpxra 0)Be(y)pe(x — y)v(dy, dv)
a fDx]Rd Be(y)de(x — y)y(dy, dv) + €

(z,7) = Be[z;] (1.4)

where S.(y) = ]l{diSt(y78D)>e} cutoffs the support of v from a distance ¢ to 9D.

The existence and uniqueness in law for the solution of (1.3) simply follow from
Girsanov’s transformation and from the wellposedness of the confined Langevin process
(i.e. the case b = 0, see Theorem 2.1 in [3]). This step only requires that D has a
C3-boundary and that the support of 1 is included in D x RZ.

Our main result is stated in Theorem 2.1 below: as the number of particle grows to
infinity and the mollifiers parameter € goes to 0, we prove that the system of particles
(1.3) propagate the initial chaos with a limit law given by the solution to (1.1).

Remark 1.1. About the mean no-permeability condition on 0D: In [3], we prove
that the solution to (1.1) satisfies the so-called mean no-permeability condition: for
x € 0D,

E[(Us - np(Xy))| Xy = 2] =0. (1.5)

Lagrangian stochastic models have been introduced for complex simulation in Computa-
tional Fluid Dynamic (CFD). The mean-Dirichlet boundary condition (1.5) grounds the
stochastic particle algorithm used to downscale simulations in CFD applications (we
refer to [4], [1] and the references therein for further details).

Notice that the particle approximation of (1.5) (with the kernel b(u,z) = u - np(x))
in a neighborhood of dD is still an issue, that seems to require the continuity of the
density of (X, U;) over D. Except in the one-dimensional case studied in [2], and to the
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best of our knowledge, such regularity result is unknown in the PDE literature on trace
problems.

Remark 1.2. About the sequence of passage times on 9D: When D = (0, +00) X
R41, o = 1 and b = 0, the explicit expression of the joint law of (7,,, U,,,n > 1) enables to
control uniformly the confinement process (Ktl Nt e [0,T]). For more general domain,
we compensate the lack of such control by studying the trace problem for the density p.

Notice that the estimate (3.6) in [2] on the upper-bound of P(7, < T') contains a
mistake, claiming that this probability decreases with n uniformly in 7'. This shall be
reformulated as follows: when the initial law i has its support in ((0, +00) x R?~1) x RY,
there exists a constant C(T,mg,3*) depending on T, mg := [ v/vpo(dy,dv) and the
distance 8* = sup{ > 0;supp(uo) C ([3,+00) x R4"1) x R} of the support of g to
({0} x R?~1) x RY, such that, for all n > 5,

1

P(r, <T) < C(T,mo,8") 5 -

(1.6)

This clarification of the constant in front of 1/2" in the right hand side does not impact
the results in [2], as we worked with fixed T'. For completeness we give a short proof of
(1.6) in Appendix A.2.

Notation. €& denotes the set of paths C([0,7]; D) x D([0, T]; R?) x D([0, T]; R?). For all
t € (0,T], we introduce the following sets: Q; := (0,t) x D x RY,

vt = {(t,z,u) € (0,T) x 0D x R% (u-np(z)) > 0},

Sr = {(t,z,u) € (0,T) x 9D x R% (u-np(x)) < 0},

29 = {(t,z,u) € (0,T) x D x R (u-np(x)) =0} .
We set |D| := fD dz. Denoting by dogp the surface measure on 0D, the product measure

onXy := ZJTF UXSUXT is dAs, := dt ® dogp(x) ® du. For a given positive weight function
w on RY, we define the following weighted Sobolev spaces

L*(w;Qr) :=={f : Qr — R; Hf||2L2(w;QT) = / w(uw) f2(t, z,u) dt de du < +oo},

Qr

Vi(w; Qr) == {f € C([0,T]; L*(w; D x RY));

||f||V1(w;QT) = tg%g‘),z(,] Hf(t)HLQ(w;'DX]Rd) + ||Vuf||L2(wQT) < +OO}7

L*(w;55) = {f:5F > Ry ||f\\%2(w;2¥) = /Zi w(w)|(u-np())|f2(t 2, u)dAs, < +00},

T

LXw; D x RY) = {f: D xR = R; || f1I72(0pxmey = /D y w(w) f?(z,u)dz du < +0o}.
X

M(E) denotes the set of probability measures on a measurable space E. When this is
not ambiguous, we will use || ||, for || f||z»(z) with 1 < p < +o0.

2 Main results

Hypotheses. From now on, we assume that the domain D, the distribution pg of
(Xo,Up) and the kernel b in (1.1) satisfy the following hypotheses (H).

H-(i) 0D is a compact C? sub-manifold of R?. The initial measure p has support in
the interior of D x R% and [}, p. [ul*po(dz, du) < +oo. po has a density pg in the
weighted space L?(w; D x R?) with

w(u) = (1+ul?>)2, for some a > (d+3).
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H-(ii) b:R% — R?is a bounded continuous function and o > 0.

H-(iii) There exist P;, Py : R* — R* in L}(R*) such that u ~ /(1 + |u])Po(|u|) +
Po(|ul) € L*(w; R?), and

0 < Py(Jul) < polz,u) < Po(|ul), a.e. on D x R

Notice that (H) are slightly more restrictive than the hypotheses in [3] for the existence
of (1.1): here b is assumed continuous to simplify some weak convergence arguments,
and the weight function w is chosen in order to control [, |ul® /w(u)du.

Theorem 2.1. Assume (H). Let P be the law on £ of (X, U, K) defined in (1.1), and let
P<N be the law of {( XN UHeN K4<N) 1 < i < N} defined in (1.3). Then P<¥ is
P-chaotic; namely, for all {F;,1 <1<k}, k > 2, with F; € C,(C([0,T); D) x D([0,T]; RY) x
D([0, T]; RY)), it holds that

k
lim lim (AoRhe - 0Rhelele oL PN =]][(E,P).

e—0+t N—+oco =1

Let us clarify the wellposedness of the weak solution to (1.1). We summarize the
results obtained from [3] in the following proposition.

Proposition 2.2. The law of the solution (X,U) to (1.1) is unique in the subset of
M(C(0,T);D) x D([0,T);RY)) that admits time-marginal densities (p(t); t € [0,7]) in
L?(w; D x R?). Moreover, (p(t); t € [0,T)]) solves in V;(w; Qr) the PDE

2
Op(t,x,u) +u- Vyp(t,z,u) — %Aup(t,x,u) = — (Blz; p(t)] - Vup(t,z,u)) in Qr,

p(0,z,u) = po(x,u) in D x RY,
v (p)(t, @, u) = v (p)(t, ,u — 2(u - np(z))np(x)) in Tf, o

where v+ (p) and v~ (p) are the trace functions of p, defined in L?(w; ¥%) and L*(w; ¥7)
respectively, and satisfies the following energy estimate

t
oI ey + 02/0 IVup($)| 72 @wipxra) 5 < llpollZe(ipumey (1 + Cexp(CH)), (2.2)

where C > 0 depends only on d, o and ||b||« := max, |b(x)|. In addition, p and its traces
v*(p) admit the following Maxwellian bounds: for a.e. (t,z,u) € Qr,

exp(a—t) (Go(t) * Po(| - 1) () < plt,z,u) < explast) (Go(t) * Poll- )" (w),  (2.3)

and for d\s,. a.e. (t,z,u) € ¥,

exp(a—t) (Go(t) * Po(| - )" (u) <v*(p)(t,2,u) < explayt) (Go(t) * Po(|- )" (u),
(2.4)
where G, (t) is the centered Gaussian density function with variance o*t, * stands for
the convolution product, ay, vy are constants depending only on T, d, o and ||b||- and
are such thata_ <0, a; > 0andvy > 0.

The solution of Equation (2.1) and the related notion of trace functions stated in
Proposition 2.2 are understood in the weak (distributional) sense and we refer to [3,
Definition 1.1 and Theorem 3.3] for a detailed existence result formulation. For the sake
of completeness, let us mention that the existence of y*(p) and v~ (p) on ¥F and ¥,
respectively, is directly related to the notion of trace problems for kinetic equations (see
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references in [3]), and their construction is granted by a density argument related to
the solution space Vi (w, @) and the smoothness of 9D. Proposition 2.2 is clearly also
true when the drift B[z;] is replaced by its smoothed version B.[z;], or by a linear and
bounded drift V(¢,z). The combination of Proposition 2.2 with the following corollary
allows to conclude on the uniqueness in law of the solution to (1.1).

Corollary 2.3. Assume (H). For V in L>°((0,T') x D), any weak solution (X;,U;; t € [0,T1)
to

(2.5)
Up = U+ [y V(s,Xs)ds + oWy — 2, (Us— - np(X))np (Xo) 1 x,com),

{ Xi = Xo + [) Uy ds,
admits time-marginal densities (p(t); t € [0,T]) such that p(t) is in L?(w, D x RY) for all
t € [0,T). The traces v"(p) and v~ (p) are in L*(w; ¥7) and L?(w; ¥;) respectively, and
such that for all f; € C.(XF), f2 € C.(X7),

E Zfl(TmeUm)]l{mgT}] :/ (u-np(x)) frt, z,u)y* (p)(t, 2, u)dAs,,
nelN E;
(2.6)
B ZfQ(TanTnvUm)]l{Tn<T}] = _/ (u-np(x))fg(t,a:,u)’y*(p)(t,x,u)d/\zr
nelN Er

Notice that any solution to (1.1) is also a weak solution to (2.5) for the bounded
drift V(¢,2) = Blz; p(t)]. Corollary 2.3 ensures that the time-marginal densities are in
L?(w; Qr) and Proposition 2.2 allows to conclude the uniqueness of P introduced in
Theorem 2.1.

The proof of Corollary 2.3 is postponed in the appendix. The rest of the paper is
devoted to the proof of the propagation of chaos result.

Although we give a particle approximation of the confined Lagrangian model, we
are not able to use such approximation to construct a solution under lighter hypotheses
than (H). In particular, we still have a deep use of the PDE analysis of the Fokker Planck
equation. The main difficulty resides in the uniform integrability result of the density
traces, that we are able to show only with the strong Maxwellian bound tool.

3 Proof of Theorem 2.1

Equipped with the Skorokhod topology, £ is a Polish space. We denote by (B;;t € [0,7])
the filtration associated to the canonical process (z(t), u(t), k(t);t € [0,T7]) of €.

The proof consists in the study of the double limits, first as IV tends to oo, next as ¢
tends to 0. Mainly, we will detail the two following steps:

Proposition 3.1. Assume (H) and fix ¢ > 0. The SDE

t ¢
X5 =Xo+ / Usds, Uf=U, +/ B [X$; uf(s)]lds + oWe + K,

0 0 (3.1)
Ki=-2 (Us- - np(X9)) no (X5 xccopy, p(t) = Law(Xy, Uy),
0<s<t

has a unique weak solution, and we denote by P¢ the law on £ of (X¢,U¢, K¢). Then
{PsN: N > 1} is P¢-chaotic; namely for all k > 2 and all (F;,1 < | < k) of functions in
Co(E),

k
lim (F® - Felele---o1,PN) =[P F). 2
Gin (e Relele ol P) l[[l< JF) (3.2)
ECP 23 (2018), paper 15. http://www.imstat.org/ecp/
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Lemma 3.2. For any converging subsequence of {IP¢; ¢ > 0} (that we still denote by P¢),
the sequence of time-marginal densities {p(t) = P€ o (z(t),u(t))~1;¢ > 0} converges in
L'(Qr) and in L?*(w; Q1) to the time-marginals densities {p(t) = Q o (X;,U;)"1} of the
solution to (1.1), when € tends to 0.

Proposition 3.1 has its analog in [2]. But now, the fact that the jump term is a finite
variation process is not for free in the proof, as it is no more an increasing process.

Notice also that even if we consider constant diffusion process, the mild-equation
tool that we strongly used in [4] and [2] is useless here, as the controls we have on the
semigroup derivative of the Lagrangian process are only for the L?-norm.

3.1 The limit as NV tends to o©

Proof of Proposition 3.1. The wellposedness of Equation (3.1) directly derives from
Proposition 2.2 (replacing B by B¢) combining with Corollary 2.3. We only have to
prove the propagation of chaos result.

The verification of the Aldous’s criterion for the tightness of the family {P"; N > 1}
is a straightforward adaptation of Lemma 4.4 in [2]. This ensures that the sequence
of measures {7V = Law(7i“"); N > 1}, for " := £ SN | §(xieon picn iy, is tight
on M(E).

We check that all limit points of {7“"; N > 1} have full measure on the set of prob-
ability measures under which the canonical process (x(t),u(t), k(t); t € [0,T]) satisfies
(3.1). We denote by 7%°° the limit of a converging subsequence of {wva; N > 1} that we
still index by N for simplicity.

Following Lemma 4.6 in [2], it is not difficult to see that, for 7¢*°-a.e. m € M(&) with
(m(t) :==mo (z(t),u(t))"t;t € [0,7]), the process

1 t
wy = — (u(t) —u(0) — k(t) —/ B [z(s);m(s)] ds) , t€ (0,7, (3.3)
o 0
is a R%-Brownian motion under m.
The remaining point is the identification of the jump process k that we detail in the
following lemma.

Lemma 3.3. The three following properties hold true 7<*°-a.e, m € M(E), m-a.s.:
(a) For all jump timest € [0, T] of u, Au(t) = =2(u(t™) - np(x(t)))np(z(t)).

(b) (k(t); t € [0,T]) is a finite variation process, and the related measure |k| on [0, T
satisfies

|k:\(t):/0 Ly > 0 (s) ¢ opy dIkI(s). ¥ £ € 0.7

(c) The set {t € [0,T];z(t) € 0D} is at most countable.

The properties (b) and (c) above imply that (k(t);t € [0,T7]) is a pure jump process.
In addition, since the paths of the process (u(t) — k(t); ¢ € [0,7]) are continuous by
(3.3), the jump times and the jump length of (k(t); ¢t € [0,7]) and (u(t); t € [0,T]) are
a.s. undistinguishable. Therefore (a) ensures that 7¢*°-a.e. m € M(£), m-a.s., k(t) =
=23 gcaci(u(s™) - np(2(s)))np(2(s)) L {z,copy forall t € [0,T].

The uniqueness in law for the solution of (3.1) ensures that all converging subse-
quences of {7¢" N > 1} tend to dp<}, and enables us to conclude on the propagation of
chaos property (3.2). O

Proof of Lemma 3.3. The proof mainly follows the proof of Lemma 4.8 in [2]. We only
need to take care about the point (b) as in the multi-dimensional case, the jump process
k is no more an increasing process.

ECP 23 (2018), paper 15. http://www.imstat.org/ecp/
Page 6/14


http://dx.doi.org/10.1214/18-ECP108
http://www.imstat.org/ecp/

Particle approximation for Lagrangian models with specular boundary condition

ForP, ={p={0<t <...<t; <t};l > 1}, the set of all partitions of the interval
[0,¢], the total variation process related to k is defined as

k|(t) := sup Z|k 1) — k(t)].

PEP: =

First we prove that 7©>-a.e. m € M(E), m-a.s., |k|(T) < 4+o0. We replicate some

arguments of Sznitman [8] and introduce the sets

Fyp = {(:v,ch) € & |k|(T) < M, /0 dist(z(s), D) d|k|(s) = o},
Gl = {m € M(E);m(Far) = 1—n}.

Let us show that for all n > 0, limp/—, 400 7°°(G7,) = 1. Since F)y is a closed subset of
& (see below), G, is closed for the weak topology on M(E). Therefore, by the weak
convergence of {7"; N > 1} to 7,

79 (G1) > limsup 75V (G7,) = limsup Q{7 (Fa) > 1 —n}).
N—+o00 N—+oo

Denoting F7; the complement of Fj; on £, we have

QU{z N (Fu) = 1-n}) =1-QU{m"N(F;) > n}).

Then applying two times Chebyshev’s inequality, and using the exchangeability of the
particles,

1 1
—e,N c < Z . —e,N < 1,e,N .
QUE (Fsy) > ) < L Ba [y, )] < 3B [1KMNr]

Owing to Lebesgue’s monotone convergence theorem, we have

Eq [[KN|r] = sup Z EQ‘ Y2 (Uslf’N : nD(X;vevN)) np(XEN) I 1en oy |

m=0 tm <s<tmi1

And, by the trace representation in Corollary 2.3,

m+1
Eq [IK"“¥|r] <2sup§: [ e s s,
X

m=0

- / [ np (@) P (0N ) (s, 7, u)dsy.

T

Since y~ (p"“") is bounded in L?*(w;¥7) uniformly w.rt N, and [;. lwno @) g, <

w(w)

Jra 14 g, < 400, we have

w(u)

/ (- np (@) Py~ (07N ) (5, 2, w)dAs,

W s d)‘ET\// (u- (@) ()b~ (P25, 2, u)dAsy < +00.
p3p

It follows that limsupy_, . Eq [|[K"“"|r] < +o00, so that limp;—, o 7 (G},) = 1.
Letting 7 tends to 0, we also conclude that for 7¢*°-a.e. m, m(Upy>oFn) = 1 which
means that |k|(T) < +oo a.s.
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We prove now that F) is closed. Let us consider a sequence {¢" = (z",u", k™),n € N}
in that subset, converging to ( = (z,u, k) in £ according to the Skorokhod topology;
namely (see e.g. [5, Theorem 1.14, Chapter 6]) there exists a sequence {\,,n € IN}
of continuous increasing functions on [0,7] such that for all n, A,,(0) =0, \,(T) =T,
limy,— 400 SUPcfo 7y [An(t) —t| = 0, and

lim sup |C”( (t)) —<¢(t)] =0, andforallt € [0,7] lim |AC"(A.(t)) — AC(t)] = 0.
n—400, te[0,T n——+00
(3.4)
As (3.4) implies that k™ o A\, and Ak™ o \,, converge respectively to £ and Ak uniformly
in [0, T, it further ensures that the sequence of measures d|k" o A, | converges weakly
to d|k| on [0,T]. Indeed, )\, being a time change, let us first remark that the measure
d|k™o\,| coincides with the pushforward measure d(\,,'§|k"|), such that for all s, ¢ € [0, 77,
L HE™) ([s,t]) = || (An(s), An(t)). Since sup,, |k*|(T) = sup,, |k™ o X\, |(T) < M, there
exists a converging subsequence {|k" o A,,|, £ € IN}. From this sequence, let us further
extract a subsequence {|k"Zo\,, |, L € IN} such that sup, 1 [k"* o)\nL k:| < 7z. Then, for
all continuous function f : [0,7] — R, for the partition 0 =t; <t; < --- < tL 1<t =T
of [0, T] such that |t;,+1 — tm| < T/L, we have

/f )kl (s /f K™ 0 A, |(5)

< / f<s>d|k|<s>—if(tm>|k<tm+l>—k<tm>l

L-1
m) [k(tm+1) = K(tm)] = Z ftm) [ Ay, (Bmg1)) — K™ (Any, (tm))‘
m=0

Z F@m) [E™ (Anp (tmg1)) — K™ (A ‘_/ F(s)d[E™ o A, [()]

The first and third terms in the right hand side tend to 0 as L — 400 by continuity of
f. Since the second term is bounded from above by 2max;c(o,r|f(t)|/L, we conclude
that for any converging subsequence of |k™ o \,,| we can extract a subsequence which
converges to |k|. This implies the weak convergence of |k™ o \,,| towards |k|. Next,
since t — n,(t) := dist(z2"(¢),0D) and t — n(t) := dist(x(¢),0D) are continuous and

i m(s)ali|(s) =,
‘ [ woare - [ moarie)

T

JRCLEE

0

/0 n(s)d[K|(s) — / n(s)dIK™ 0 Al (s)| + / n()dIK™ 0 Aul(s) — / ()K" (5)]

The first term tends to 0, by the weak convergence of |k™ o \,,| to |k|. For the second one,
using the change of variable in the second integral

T T T
/O ()K" (5) = / e (A5 (5))) / o () AN 187 (5)

<

T
/0 Qo ()K" 0 M| (5),

we get

s€[0,T]

’ / n()dIE™ 0 An|(s) — / o ()d1E"(5)
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Page 8/14

< ( sup [0 (An(s)) —n(8)|> M


http://dx.doi.org/10.1214/18-ECP108
http://www.imstat.org/ecp/

Particle approximation for Lagrangian models with specular boundary condition

from which we conclude that ‘ fOT n(s)d|k|(s)| = 0, letting n tend to infinity. O

3.2 The limit as ¢ tends to 0

The tightness of {IP¢; ¢ > 0} can be shown by replicating again the verification of the
Aldous’s criterion given in Lemma 4.4 of [2]. The main concern in that step is for the
identification of the limit points. With Lemma 3.2, we easily check that any limit IP° of a
converging subsequence of {IP¢; ¢ > 0} is a weak solution to the (1.1), as it satisfies the
following martingale problem conditions

1) P o (x(0),u(0), k(0)) "' = pp ® 5o, where &, denotes the Dirac mass at 0 on R¢.
(ii) For all t € (0,T], P° o (z(¢),u(t))~! admits the positive Lebesgue density p(t).

(iii) For all f € C?(R??), the process

f(@(t),u(t) = k(1)) = f(2(0),u(0)) — /0 (u(s) - Vaf(z(s),uls) — k(s))) ds

¢
- [ 10 0060 Tus (6 00) = k61 + G () o) — k(o) s
(3.5)
is a continuous P’-martingale w.r.t. the canonical filtration (B;;t € [0, T]).

(Indeed, as observed in [2], (i4i) is a direct consequence of the following convergence

lim limsup/ lp; (z + hyu+3) — pi(z,u)|dedu =0, ¥Vt e (0,T], (3.6)
[R[:16]=0 c0t JDxRA

that can be immediately deduced from Lemma 3.2.)

(iv) P%-a.s., the set {t € [0, T]; z(t) € D} is at most countable, and for all ¢ € [0, 7],

k()= =2 ) (u(s™) - np(a(s)np(@(s))La(s)com)

0<s<t

since we can reproduce all the arguments of Lemma 3.3., applying Corollary 2.3 again.

Proof of Lemma 3.2. The existence of the time-marginal densities (p°(¢); ¢t € [0,T]) in
L?(w; Qr) follows immediately from Corollary 2.3. Adapting Proposition 2.2 to B¢, p¢
satisfies in V; (w; @Qr) the analog of the Fokker-Planck equation (2.1), replacing B by B€.
Thus we observe that, for all e > 0, R := p¢ — p satisfies in V; (w; Q1)

2
R+ u- VR — %AuRE ==V (Be[;p]p° — Bl; plp) in Qr,

R¢(0,z,u) =0 inD x R,
YR (t, z,u) = v (R)(t,2,u — 2(u - np(z))np(z)) inTF.

Therefore, applying [3, Lemma 3.8] with B = B.[-; pc], q(t,z,u) = v (R)(t,z,u — 2(u -
np(2))np(2)), g = (Bel:; p] = Bl5 pl) - Vup), forall € (0,T],

t
1RO iy + 0% [ IVuRC) s 0
0

- / (Bl 10 — Bliplp) - (RVwo + WV, BY) + 0 / (L) (B2,

t t

ECP 23 (2018), paper 15. http://www.imstat.org/ecp/
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Since |Ayw(u)| + |[Vww(u)| < C(a, d)w(u), using Young Inequality, it follows that
2 o? [ 2
IR O 22(pxray + 5 [ IVuR()|72(0;pxra) ds
2 Jo
bl oo
< (Ctadlll + o>l + ) LB — @7

# (4 g ) [ 1006) (Bl () = B D) s

Now, observe that, according to the Maxwellian bounds in Proposition 2.2, we can define
finite positive constants

M = sup </ w(v)|p(t,z,v 2dv) and m := inf (/ t,x,v dv),
(t,2)€(0,T)xD \JRd (©)le ) (£,2)€(0,T)XD \ Jrd L )

with m > 0 and M < oo, from the Maxwellian bounds and H-(iii). Then

t
[ 1006) (B3 750 = B o) e ds< 3 [Belos p(5)] — Blos pls)) da ds.
0 (0,6)xD
By setting p(t,z) := f]de (t, 2, u) du bp (t,x) = Jgablw)p(t,z,u)du, p(t,x) :=
Jga P (t, 2, u) du and bpe(t,z) = fle ¢(t,x,u) du and for * the convolution product,
we have

Bel; p*(t)] = Bl p(t)] = (;:5 *(fgﬁb;( ) (tf ?e - bpp((tt’;;
< * (Bep©) (t,x) — € +¢e*ﬂeb7p€t,l‘)7%(t’x)

(
= e b0t 77 (0) + 0 Pl 7) ot )
_ e x (Bebp ) (t,2) ase (mp B) (t,2) 1 o
(be (Bep )( .’L‘) Te < p(t .’L‘) + ﬁ(tl‘) (¢e * (BF (bp *bp)) (t,:z:))
c* (Bp) (t:3)  ((t.x) = de * (Bep)(t.x) — €\ | e * (Bbp)(t,x) — Bp(t, x)
" ¢e (Bep©)(t, ) + € ( p(t, ) > * o(t,x)

which gives

Y

/ |B.le: p°(5)] - Ble; p(s)]? dvds
(0,t)xD

_ Sl
<=

/( e |p€(8,x,u)—p(s,m,u)\2 dudxrds + T,
0,t)xDx

for 7c := [|ge * (Bep) — Pl 22 ((0.0yx 1) +m||¢e*(ﬁebp) bpl|72((0.1yxpy +t|Dle. Coming back
to (3.7) and using Gronwall’s inequality, it follows that

||R6(t) H%/l(w;Qt < 07;7

for C independent of e. Since p is in L?(w;Qr) and lim. ;o 3 = 1 a.e. on D, 7, tends to 0
as ¢ tends to 0. Hence lim._,¢ HREHVI(MQT) =0. 0

A Appendix

A.1 Proof of Corollary 2.3

From the Riesz Representation Theorem, it is sufficient to check that for all ¢ € (0,77,
there exists some constant C' > 0 such that

‘EQ [\/w(Ut)w(Xt,Ut)} ‘ < Ol s2pxmey, forally € LA(D x RY). (A1)
ECP 23 (2018), paper 15. http://www.imstat.org/ecp/
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Without loss of generality, let us assume that 1) is nonnegative. Then
Ve (Un) b (Xe, Up)] = /D Fa [VaTu(Xe, U)| (X, Uo) = (w,u)| po(, w)dadu
<1l [ o [Ve@w(X:, U] (X Uo) = (z0)] - Poful)dadu
DxR? |D‘
= |[PollIDIEq | Z:Veolwrw(ye, vo)|

where (y,v) is defined as

t
yr = Yo +/ vids, vy =Vo+ Wi =2 > (ve- - n(ys))np (ys) Ly, com),
0

0<s<t

with (Yo, V) distributed according to \Cgl Ii OPf\ﬁl) du, and where Z; = exp(— fo (5, ys)dW,—

W fo |V (s,ys)|?ds). The couple (y;,v;) is then distributed according to the density
law h(t,u)dzdu = %(Gg(t) * ﬁl‘; ‘Hl))du Indeed, one can easily check that h is a so-
lution to the Fokker-Planck equation (2.1) in L?((0,7) x D; H*(R%)) N Vi (w; Q) with
B = 0. The combination of Propositions 4.1 and 4.2 in [3] (in the case B = 0) gives
Qo (y¢,v¢) "t = h(t,u)drdu. Applying the Cauchy-Schwarz inequality, we get

Eq {\/ U (Xe, U ] < |D| exp “V“ooT}\/E D2 (ye, 02)]

< C\//Dled P2 (x, u)w(u)h(t, w)dz du.

Observing that w(u) < 27! (w(u — v) + w(v)), for all u,v € R%, we get

w(w)h(t,u) < 2071 (/ w(u — )Gy (t,u —v)Po(|v|)dv + / w(V)Gy(t,u — U)P0(|v|)dv>
R4 R4
<2°710(a)
with C(a) = [|wGs(t, )|l | Pollr + |Go (¢, -)||so]|wPol|1, that allows to conclude on (A.1).
Now we prove the probabilistic interpretation of trace integrals in (2.6). We consider

the unique solution p in V; (w; Q7) and v*(p) in L?(w; ¥3), of the following weak Fokker-
Planck equation starting from pg: for all t € (0, 7], ¢ € C2°([0,t] x D x R?), we have

[ o)y o) btz ) s, + [ (@) y (o) sz, 0)605,7,0) dis,

= — / o(t,x,u)p(t, z,u) de du + / #(0, 2, u)po(x,u) de du
DxR4

Dx R

2
—l—/ (85¢ +u-Vep+V - -V,0+ (;Auqb) (s,z,u)p(s,z,u)dsdx du

(A.2)
and such that vi(p) satisfy the Maxwellian bounds (2.4) (see [3, Proposition 3.14]).
Then it is straightforward to check that p(¢) is also the density of (X;,U;) using the
identification by mild-equation used in [3, Proposition 4.2]. Now applying It6’s formula
to E[¢(T, X1, Ur)], combining with (A.2), one has

E Z (d)(Sva: Us- — Z(Us* : nD(Xé))nD(Xé)) - ¢(S,Xs, Us*)) 1{XSESD}

0<s<t

= [ (@) () w)o(ssm ) dhsy + [ (e no (@)1 (9) (s, )l ) .
Er Er
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Using the density between C°(D x RY) and C.(D x R?) and the surjectivity of the
application ¢ € C.(D x RY) — qb]ZT € C.(Xr), we conclude on (2.6).

A.2 Proof of the P(7, < T)’s upper bound (1.6)

On the probability measure P, , endowed with a Brownian motion (By; t > 0), we
consider the Langevin process

t
xt:y‘f‘/ usds, u; =v+ By,
0

with y # 0, and the sequence of passage times
=inf{r,-1 <t <T;a; =0}, forn > 1, 70 = 0.

From the expression of P, (7, € dt,|u,| € dz) given in Theorem 3, in Lachal [6], we
obtain that, for any n > 2,

Py .(mn <T)

d +oo g +o0 9 2+ 9
/ dt/ s/ Z/ dug(t — s,y,v;0, u)exp( %) (A3)
+oo +oo
v sinh(7y) (Auz 3 ysinh(my) . rduz
) Uo WK”<T) tl /O WK’V(T)‘”
where

2 2 2
9(0,y,v;0,u) = 2v3 ( Oy Oyv 72(11 ;U )) cosh(

2 P~ e (3y+0v)>

92

and K;,(a) = f0+°° exp {—a cosh(t)} cos(yt) dt is the modified Bessel function. We then

work with the expression in (A.3), using the following tricky identity, successfully used
for similar computation in Profeta [7]:

sinh(7y) = smh( 3 ) (40 h2( 3 ) - 1) . (A.4)

Assuming now that n > 5, for the first integral in (A.3), from (A.4), we have the decom-
position

Foo sinh(m 4uz Y i 4uz sinh(ZY)
/O MK (—)dy = / VKin(—) = i Y
0

2 cosh(%L))n—1 s 2n—3 s ~cosh(FL)n=3
. (A.5)
1 Feo 4uz, sinh(7F)
~ on—1 VK i (— ) — 7t -
2n=1 f, s ~cosh(7)"~
Furthermore, for all £ > 2, a > 0, we have (see [7], page 168)
+oo sinh(%Y)
) 3 7 g
/(; Y l’Y(a’)COSh(%)k Y
oo oo sinh( %)
- inh( (f h9) / in(y0) 32 g ) de.
/0 asinh(0) exp a cosh(0) ( ; sin(7y )cosh(%)k‘ v
Since |sin(v0) igfﬁ%z) | <1, and cosh > 1, assuming k > 2, we have
+oo sinh( %) too dy 3
/0 sin(y )cosh(%)k fy’ _/0 cosh(%L) 2’
ECP 23 (2018), paper 15. http://www.imstat.org/ecp/
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and since sinh > 0 on R,

+o0 inh (™Y +o0
/0 va(a)m d’y‘ < g /0 asinh(6) exp ( — acosh(f))dd = g exp(—a).

By taking a = % > 0 in the preceding expression and coming back to (A.5), we deduce

that N .
/ v sinh(7y) . (4u7,z) | < 8 duz .
o  (2cosh(7F))n—1 2n—1 s

Therefore, coming back to (A.3), as

+o0 . +oo
/ exp(—@)exp(—%) dz < exp(—%)/ exp(—%) dz < /s,
0 u

we haVe
v Tn : t - g , Y, U5 U, .
Y, mn 37'('2 \/g Yy

Let us now bound the integrals.

—+oo
/ g(t_83y7v;07u)du

_ V3 6y 6yv 202
T a(t—s)2 eXp(‘ (t—s® (t—s)?2 (t—s))

Foo u? U —s)v —2u — s)v
<[ e (= ) (e (OIS o (FHEEEZI )

B 61> 6yv 202 (By + (t — s)v)?
~ ot _sp exp - t—sp (t-s2 (t—s))eXp( 5t — 5)? )

V3 3(y + (t—s)v)Q)

= V= (-

2

so that,
3(y+ (t— s)v)z)

]Pw(Tnﬁsznswz/ /fm P(- 5o

S - \f v)2
(o [ ) e (- M

T | tv)?
< BV L exp (- B
2n=472\/21 Jo Vi3 2t

Since 3* = sup{f > 0; supp(po) C [B, +0)
y+tv > B —t| > % > 0 and

5
T 2 TAS— )2 T
1 t 2f] 1 1
—exp(*m)dtﬁ/ |‘—exp<73(5) )dt+/ . —=dt
0o Vit 2t% 0 Vi3 8t3 T/\zﬁ Ve

V2T 1 1 1 V2T |v]

<V —-—= .
SVvar 2\ ra g VT = Vapr \ 2

N———

This estimate implies that, for some constant C > 0,

V2T |v]
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and further we obtain the desired upper bound (1.6),

P(r <T) = [ Pyl < Doy, dv) < SE70L),
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