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CENTRAL LIMIT THEOREMS IN THE CONFIGURATION MODEL
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Universitdt Ziirich and National University of Singapore

We prove a general normal approximation theorem for local graph statis-
tics in the configuration model, together with an explicit bound on the error
in the approximation with respect to the Wasserstein metric. Such statistics
take the form 7 := )", cy Hy, where V is the vertex set, and H, depends on
a neighbourhood in the graph around v of size at most £. The error bound
is expressed in terms of ¢, | V|, an almost sure bound on H,, the maximum
vertex degree dmax and the variance of 7. Under suitable assumptions on the
convergence of the empirical degree distributions to a limiting distribution,
we deduce that the size of the giant component in the configuration model
has asymptotically Gaussian fluctuations.

1. Introduction. Random graphs with a prescribed degree sequence have
been intensively studied in recent years. This is largely because the binomial de-
gree distributions that are automatic in Erd6s—Rényi random graphs do not corre-
spond well with those of many networks observed in applications, making more
plausible null models essential for assessing statistical significance. One of the
first results was obtained by Bender and Canfield (1978), who investigated the
total number of graphs with a prescribed degree sequence. Their result was later
generalised by Bollobds (1980), who made use of the configuration model, this is
a random multigraph (i.e., a graph possibly containing loops and multiple edges),
obtained from a randomly chosen perfect matching of the elements of the set of
half-edges attached to each vertex. The importance of the configuration model lies
in the fact that, conditionally on there being no loops or multiple edges, the result-
ing graph is distributed as a uniformly chosen simple graph with the given degree
sequence.

Under certain conditions on the degree sequence, Molloy and Reed (1995)
showed that the configuration model has a giant component which spans a fixed
fraction of the vertices, in the limit when the number of vertices tends to infinity,
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with the degree distribution converging to a fixed probability distribution. How-
ever, relatively little progress has been made towards understanding the second-
order fluctuations of the size of the giant component. Only recently, Ball and Neal
(2017) were able to take a first step in that direction, by providing an asymptotic
expression for the variance of the size of the giant component, and—by means of
numerical simulations—conjecturing a central limit theorem (CLT).

For the Erdés—Rényi random graph G(n, p), CLTs are readily available for
many graph statistics; see, for example, Rucinski (1988) and Barbour, Karonski
and Rucinski (1989) for subgraph counts, Janson and Luczak (2008a) for the so-
called susceptibility and Pittel and Wormald (2005) and Bollobds and Riordan
(2012) for the size of the giant component, to cite just a few examples. In contrast,
for the configuration model, the literature on CLTs is rather sparse; we are only
aware of the following CLTs: Janson and Luczak (2008b) for the k-core, Angel,
van der Hofstad and Holmgren (2016) for the number of loops and multiple edges
in the infinite-variance case, KhudaBukhsh et al. (2017) for certain statistics aris-
ing from the SI-epidemic on the configuration graph and Riordan (2012) for the
size of the giant component in the barely supercritical case. Riordan’s proof is quite
different from ours. It is based on a careful analysis of the exploration process, and
makes use of the graph being almost critical. Finally, Athreya and Yogeshwaran
(2018) have proved a CLT for additive summary statistics in the subcritical case.
Their proof is based on the martingale CLT and, therefore, also quite different from
ours.

The purpose of this article is to prove a general CLT for statistics which can be
expressed as sums of “local” vertex statistics. By “local”, we mean statistics that
are determined by a limited part of the neighbourhood of a vertex that is close to
the vertex itself—for instance, by the £ closest neighbours with respect to graph
distance, where a suitable rule is used if necessary to choose among neighbours
that are at the same distance from the vertex. Then, as an application of the general
result, we prove a CLT for the size of the giant component in the configuration
model. Following the strategy of Ball and Neal (2017), instead of approximating
the size of the giant component directly, we approximate the number of vertices
in components of size at most n®, for some small 8 > 0, which is asymptotically
equivalent to the number of vertices not in the giant component.

2. Main results. Let d = (dy,...,d,) be such that m :=3"_, d, is even, a
“vector of degrees”, and write dmax 1= maxj<y<, dy. Let G ~ CM(d) be a reali-
sation of the configuration multigraph on n vertices, labelled 1 through n, where
vertex v has degree d,,. For each vertex v € [n] :={1,2,...,n}, let T (v) denote
the rooted component in G containing v, with v being assigned the root label,
making 7 (v) a finite, connected, vertex-labelled and rooted multigraph.

Let h(T) be a real-valued function on finite, connected, vertex-labelled and
rooted multigraphs 7. We are interested in the random quantity

(2.1 Usn=Y_ h(T),

veln]
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and the corresponding centred and normalised version ﬁd,h =WUah—d r)/0dn,
where gy =EUy ; and 63 p=VarUyg p.

2.1. A central limit theorem for local graph statistics. For two distributions F
and G on R, denote by dw (F, G) the Wasserstein distance between F and G; that
is, dw(F, G) := sup scry | [ fdF — [ fdG|, where Fw denotes the set of real
valued functions with Lipschitz constant at most 1. Write N(0O, 1) for the standard
normal distribution. For any multigraph 7, we use |7| to denote the number of
vertices in T .

Let i be a nonnegative function on finite, connected, vertex-labelled and rooted
multigraphs, and let £ > 1. We say that h only depends on the first £ vertices away
from the root, if the following holds. Let 7 and 7" be two finite, connected, vertex-
labelled and rooted multigraphs. Let 7; and 7, be the respective subgraphs induced
by exploring the respective multigraphs, starting with the root, breadth first and,
for each wave of exploration, smallest label first, until at most £ vertices (including
the root) have been explored. If 7, =7, then h(T¢) = h(T)).

THEOREM 2.1. Assume that h only depends on the first £ vertices away from
the root. Then, if 2 < dmax <n'/*,12 <€ <n'/* and m > max{n, 7d> £}, it fol-
lows that

”h”SdZ Zlon ||h||2d2 £8n1/2

max max

3 2
45360, , 7807,

dw (L (Ugp), N0, 1)) <

El

where ||h|| denotes supremum norm.

Theorem 2.1 can potentially be applied to many graph statistics: sub-graph
counts, the number of small components and the susceptibility, to name but a few.
The upper bounds on dpyax and ¢ are largely unimportant, since the bound given
in Theorem 2.1 would typically be larger than 1 if they were violated. Evaluating
the order of the approximation error depends on obtaining lower bounds on the
variance 03’ ;- For the size of the giant component, it is of strict order n; see also
the discussion in Section 4.3.

2.2. Size of the giant component. We now use Theorem 2.1 to prove our sec-
ond main result. For each n > 1, let d™ = (dl(") e d,g”)) be a vector of degrees
on n vertices; let 7 = (7r;) j>o be a probability distribution on the nonnegative inte-
gers. We denote by 7™ := {n~! Yo I[dl-(n) = j],0 < j < n} the empirical degree
distribution of d™. Let the random variable D,, have distribution 7 ™, and let D
have distribution 7. Denote by D* a random variable having the size-bias distribu-
tion of D, that is, P[D* = j] = jm;/ED, j > 1, and note that ED* = ED*/ED.
The following is the main result of Ball and Neal (2017); all limits are to be un-
derstood as n — o0.
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THEOREM 2.2 (Ball and Neal (2017), Theorem 2.1). Assume that:

(1) ED* > 2,

(2) m1 >0,

(3) ED3 < o0,

4) Z(Dy) — Z(D),

(5) ED} — ED3;

(6) there exists B > 0 such that dry (£ (D), £ (D*)) = O(n—P) and such
that |ED, —ED| =0n ),

(7) there exists § > 0 such that dl(&)x =0(n'/4-9).

Let R, denote the size of the largest component of CM(d™). Then there exists a
positive constant b? such that, as n — oo,

Var R;, ~ nb?.

REMARK 2.3. Condition (1) is equivalent to the usual threshold condition
of Molloy and Reed (1995), which guarantees the existence of a giant component
with high probability. Condition (2) ensures that, under Conditions (3), (4) and (5),
with high probability not all vertices are either isolated or part of the same giant
component; if w1 = 0, Var R, may be of smaller asymptotic order than n. Con-
dition (3) is the moment condition of Ball and Neal (2017); Condition (4) is the
condition that the empirical degree distribution converges; Conditions (5) and (6),
respectively, are equivalent to Conditions (a)(ii) and (b) of Ball and Neal (2017);
Condition (7) is Condition (c) of Ball and Neal (2017). Moreover, it is straightfor-
ward to check that Conditions (3), (4) and (5) imply Condition (a)(i) of Ball and
Neal (2017), which is, as is easily verified, redundant there. Conditions (3), (5),
(6) and (7) are required in their current forms in the proof given by Ball and Neal
(2017), and we use their variance asymptotics in proving Theorem 2.4. We also
need something close to Condition (7) to ensure that the bound in Theorem 2.1 is
small. However, the conditions could possibly be relaxed somewhat.

THEOREM 2.4. Assume that the conditions of Theorem 2.2 hold. Let R, de-
note the centred and normalized version of R,,. Then

LRy — N@O,1)  asn— oo.

PROOF. As mentioned in the Introduction, instead of counting the number of
vertices in the giant component, we proceed as Ball and Neal (2017) and count the
number of vertices that are not in the giant component, which is just n — R,, =: S,,;
a CLT for S,, obviously implies a CLT for R,. Let h;(C) be the function that
equals 1 if |C| < ¢ and equals O otherwise; hence, U, := Uy 5, from (2.1) is
the number of vertices in components of size less or equal to £ in G ~ CM(d™).
Under the conditions of Theorem 2.4, it follows from the proof of Molloy and Reed
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(1995), Lemma 11 (see also the discussion after Theorem 2.1 of Ball and Neal
(2017)) that, for any fixed § > 0, the probability that a vertex lies in a component
larger than n%/10 =: ¢, but not in the largest component, is bounded by Cn~2, for

some constant C > 0 independent of #n; hence,
C
(2.2) PLS, # Ul < o

In what follows, C will denote a generic constant that may differ from line to

line, but is always independent of n. Let A, := ES,, and let rr% := Var §,, and

with u,, =EU, and O’nz = VarU,, let
Hn — An

2
a, = , b, =—.
Tn T

Since, under the conditions of Theorem 2.4, 6> ~ 72 (see the discussion after
Theorem 2.1 of Ball and Neal (2017)) and since (2.2) implies |A, — u,| = O(1),
we have

C
lan| < ﬁv
It is a standard exercise in Stein’s method for normal approximation to show
that dw(N(0, 1), N(a, b%)) < |a| + |1 — b%|. Now

Un — An —b (Un_ﬂn)+a
— Yn n»

Tn On

|1 — b2 =o(1).

so that, from the definition of dw,
dw(ZL (1, Uy — M), N(ay, b2)) = budw (L (0, (U — 1n)), N(O, 1)).

Now, let & be a real valued function bounded in modulus by 1 and with Lipschitz
constant at most 1, and let Z have a standard normal distribution. We have

|ER(S,) —Eh(Z)|
< 2P[S, # Ul + dw (L (t; ' (Uy — 2n)), N(an, b2))

+ dw (N(an, b2),N(0, 1))
1 d2 610 d2 58
§C<;+< may o >>+0(1)=0(1).

Since the set of bounded and Lipschitz continuous functions characterises conver-
gence in distribution, the claim follows. [J

REMARK 2.5. By conditioning on the multigraph to be simple, results ob-
tained for the configuration model can often be transferred to simple graphs (see,
e.g., Janson (2010)). However, as pointed out by Janson [(2010), Remark 1.4), dis-
tributional limit results cannot be transferred in general, so the question about the
fluctuations of the size of the giant component in simple graphs with a prescribed
degree sequence remains open.
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3. Technical preliminaries. We begin by discussing some technical material
as a preparation for the proof of Theorem 2.1, which is presented in the next sec-
tion. Our main tool is Stein’s method for normal approximation (see Stein (1972)
and Chen, Goldstein and Shao (2011)). In particular, we make use of Stein cou-
plings, for which we refer to Chen and Ro6llin (2010) for a detailed discussion.

3.1. An abstract normal approximation theorem. We say that a triple of ran-
dom variables (W, W/, G) is a Stein coupling if

3.1) E{Gf (W) — Gf (W)} =E{Wf(W))

for all functions f for which the expectations exists. The proof of the following
result is standard; see also Chen and Réllin (2010), Corollary 2.2.

THEOREM 3.1. Let (W, W', G) be a Stein coupling with Var W = 1. Then

dw(ZL(W),N(0, 1)) <0.8,/VarE(GA|W) + E|GA?|,

where A=W — W.

Since Stein couplings are rather abstract, we now present a general construction
that leads to the Stein coupling that is used in the proof of Theorem 2.1. It is not
clear how other couplings that have appeared in the literature could have been ap-
plied. For instance, Stein’s exchangeable pair coupling (see Stein (1986)) requires
a certain linearity condition to be satisfied, which would be difficult to verify here.
The flexibility offered by Stein couplings is thus important. Moreover, the follow-
ing construction, which is a variant of Construction 2A of Chen and Roéllin (2010),
reduces the effort needed in deriving the bounds, because the X; appearing in the
construction need not be centred.

LEMMA 3.2. Let Xi,..., X, be random variables and let U = Y 7_, X;.
Let W =0"1 (U —-EU), where 02 :=VarU < 0o. Assume that, for each i, we can
construct a random variable W] such that X; and W/ are independent and such
that &£ (Wlf ) =L (W). Let I be a random variable uniformly distributed on [n]
and independent of all else. Let

n / /
G =——X;, G =06y, W =Ww;.
o
Then (W, W', G) is a Stein coupling.

PROOF. Indeed,

n

E{Gf(W)}:—éZE{Xif(W)}

i=1
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and

1 & 1 &
E{Gf(W)} === E{Xif(W))} = —— Y EX;Ef(W),
i=1 i=1
so that

E{Gf(W') - Gf(W)} = éZE{m —EX) f(W)} =E{Wf(W)},
i=1

establishing (3.1). O

Broadly speaking, the difference W — W/ measures how much the sum W needs
to be changed in order to become independent of its summand X;. If this difference
is small, the influence of X; on W is weak. Randomizing over the summands, we
can similarly argue that if W — W} is small, then the influence of most X; on W
is weak, indicating that W is a sum of weakly dependent random variables and,
therefore, making a CLT for W plausible.

3.2. Configurations. Instead of working with multigraphs, we follow the stan-
dard procedure and work instead with matchings of coloured balls, where the
colours represent the individual vertices, and the balls represent the half-edges
coming out of each vertex. For simplicity, we represent the colours by the num-
bers in [n], and we represent the labels of the balls by the numbers in [m].
Let d = (d;)1<i<n be a vector of degrees, so that m = ), d; is even. One may
think of balls 1 to d; having colour 1, balls d; + 1 to d; + d» having colour 2, and
so forth. A configuration G on this set of balls is simply a perfect matching of the
balls (note that a perfect matching consists of an unordered set of m/2 nonover-
lapping pairs); denote by Mq(d) the set of all such perfect matchings, and denote
by Up(d) the uniform distribution on Mq(d) (the reason for the “0” in the nota-
tion becomes clear in the next paragraph). Now, in this notation, saying that G is a
configuration random graph CM(d) is equivalent to saying that G ~ Uy(d).

We also need to consider sub-configurations of G, and these may contain un-
paired balls. To make this precise, let C C [n] be a subset of colours. We denote
by G|c the sub-configuration of G restricted to the set of balls which have any of
the colours in C. This comprises the pairs for which the colours of both balls are
in C, together with unpaired balls, with colours in C, whose partners in G have
colour in C¢. Let s(C) be the number of unpaired balls in G|¢. Since in the base
configuration G all balls are matched, we have s(C) = s(C¢). Moreover, denote
by d(C) = (di(C), ...,d,(C)) the degree sequence of length n, now restricted to
the colours in C, so that d,(C) =d, if v € C and d,(C) =0 if v ¢ C. Finally, for
any fixed s, let M (d(C)) denote the set of matchings of the balls having colours
in C, with s balls left unpaired, and denote by U (d(C)) the uniform distribution
on M (d(C)).

The following lemma is a consequence of the uniform distribution on match-
ings.
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LEMMA 3.3. Let C C [n] be a fixed subset of colours, and let G ~ Uy(d).
Then, conditionally on s(C), we have that G|c and G|cc are independent with

(3.2) Gle ~Usc)(d(C)) and Glce ~Uscy(d(CF)).

In other words, the lemma says that, given s(C), the two sub-configurations G|¢
and G|cc are independent and themselves uniformly distributed, but on different
vectors of degrees, and with unpaired balls if s(C) > 0.

3.3. Truncated components. The key assumption in Theorem 2.1 is that the
function & only depends on the first ¢ vertices away from the root. It is there-
fore enough to explore the component for each vertex breadth first, up to the
point where ¢ vertices have been explored—we denote this truncated component

by Te(v).

ALGORITHM A.

1. Let j <1, let Cy < {v}, and let §1 < Gl{y).
2. If j = ¢ or if the sub-configuration S; has no unpaired balls, then proceed to
Step 7.

3. Among all the unpaired balls in §;, take the one with the smallest ball label
from the colour with the smallest colour label among the colours closest to v,
reveal its partner, and denote by w the colour of that partner.

.Letj<«—j+1.

. LetCj <~ Cj_1U{w}, and let S§; < g|cj.

. Return to Step 2.

. Let T¢(v) <= &, and stop.

N O\ A

REMARK 3.4. A few comments are in order.

. With |7, (v)| denoting the number of colours in T;(v), we have |T;(v)| < £.

. At any stage j in the algorithm, each of the unpaired balls in S; is paired
(from the viewpoint of G) with a colour not yet in S, since by the definition of
sub-configurations, once a new colour is added, all loops and all pairings with
colours already in the configuration are automatically revealed.

3. It is not difficult to see that 7;(v) contains unpaired balls if and only if T (v)

contains strictly more than £ vertices.

4. Under the assumptions on £, it is clear that 2(7 (v)) = h(7T;(v)); hence

Usn=Y_ h(Te()).

ve(n]

N =

REMARK 3.5. We need to be able to condition the configuration G on the
realization of Ty (v), or rather on the set of colours in 7;(v) along with the number
of unpaired balls in 7;(v). To shorten notation, we let &, denote the set of colours



1054 A.D. BARBOUR AND A. ROLLIN

contained in 7¢(v). Then, in order to construct the couplings of Lemma 3.2, we
shall use statements of the form

(3.3) L (Glec|Ev. 5(E0)) =Usie,) (d(E])),

which is the analogue of the strong Markov property, but which does not follow
immediately from Lemma 3.3. However, (3.3) can be rigorously established, and
has in fact been used implicitly in the literature many times. We refer to Rozanov
(1982) for the general theory of stopping sets; to establish (3.3), we refer in partic-
ular to Rozanov (1982), Lemma 1, page 75.

3.4. Stein coupling. We proceed to construct the Stein coupling necessary for
the proof of the main theorem. In order to shorten notation, we consider n, £ and
the degree sequence d to be fixed, and throughout the remainder of the article, we
let &, denote the set of colours contained in 7;(v) as before; in particular, note
that |&,| < £.

Let G ~ Up(d). Let Xy, = h(T¢(v)) for every v € [n], and let W = 3, () Xo-
Consider v as being fixed for now. Starting from G, we construct a new configura-
tion G, in such a way that G/, is independent of 7;(v) and, therefore, independent
of X,. We establish independence by showing that the conditional distribution of
the graph G, given 7;(v), does not depend on 7¢(v); specifically, we now show
that we have .Z (G, |T;(v)) = Z(G).

We start with the sub-configuration G|gc. By (3.3), G|ge contains s(§,) unpaired
balls, which, conditionally on 7T;(v), are uniformly distributed among the balls
in Q|55. We can thus add all unpaired balls from G|g, into g|§5, and pair them
with the partners that they were already paired with in G; denote the resulting
sub-configuration by G .

In order to add the remaining balls to g;,o, we proceed step-wise, one pair at a
time. In what follows, we will make random choices; so denote by B, a suitable
source of random numbers (e.g., B, could just be a sequence of independent uni-
form random variables), in such a way that the choices made are a deterministic
function of B,.

Let K, denote the number of pairings among the remaining balls, and,
if K, >0, repeat the following procedure K, times (if K, = 0O, there is noth-
ing to be done). The result is a sequence G, (. G, |, ..., G, g, with the property
that the matchings in g;ﬁ « are uniformly distributed among all matchings between
the respective balls; in particular, Q;, K, "~ Uy (d), irrespective of Ty (v).

Constructing Q;’kfrom g;’k_l for1 <k <K,. Among the balls not in Ql/),k_l,
pick a pair of matched balls. Independently of all else, toss a coin that shows
heads with probability 1/(m —2(K, — k) — 1) and that shows tails with probability
(m—2(Ky—k)—2)/(m —2(K, — k) — 1). If the coin shows heads, add the two
balls to g;, «—1» Mmatch them with each other and denote the resulting configuration
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by G, - If the coin shows tails, pick one ball from gv «—1 uniformly at random,
call it I and call its partner J, and break up the bond between I and J. Add one
of the balls to be added to Qv’ «—1 and match it with 7, and then add the remaining
ball to g;, «—1 and match it with J; denote the resulting configuration by g;), x

It is not difficult to convince oneself that the matchings in each g; , are uni-
formly distributed. Assuming that they are for G , |, we add a pair of balls, and
leave them paired with probability 1/(m —2(K, — k) — 1); this is exactly the prob-
ability that two randomly chosen balls are matched in Qv’ . Otherwise, we match
each of the two balls with a ball randomly chosen from Q{)’ «—1- The way to do this
is to pick a random pair from g;, x_1- break it up, and pair the two balls individually
with the balls that have just been added.

We need to keep track of the colours involved in the construction. Let H, de-
note the union of the colours of the balls / and J picked in the steps 1 <k < K,;
that is, H, consists of the colours of all the balls used in applying the above con-
struction. Then define 5, := &, U H,,. Note that &, is a deterministic function of G,
whereas 7, is a deterministic function of both G and B, ; moreover, (3.3) also holds
if &, is replaced by 5, throughout.

Finally, let G,, : ! = gv K, which is the configuration obtained after all balls have
been put back. As mentioned before, conditionally on 7;(v), G, is distributed
as Up(d); hence, g; is independent of 7;(v), and hence, independent of X, since
the latter is a function of 7y (v).

Now, for each w € [n], let ’72;” (w) denote the truncated component of w in g;,
that is, the truncated component obtained by applying Algorithm A in G, starting
with w; let

1 v
W, = an <Zh7(w) Md,h)-

Since W, is independent of X, and has the same distribution as W, we apply
Lemma 3.2 to obtain a Stein coupling (W, W/, G).

4. Proof of Theorem 2.1. As a first step, we show that K, — £ is bounded
with high probability, uniformly in v € [n], as long as dmax? grows no faster than
a small power of m.

LEMMA 4.1. Fork>1andm > 8k Vv {),

d2k €2k
P[KUZZ—I-k—l]SI;%
In particular, if m > n,

2k p2k

[P)[K >0+ k—1forsomeve [n]] < kr‘nax
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PROOF. At Step 3, Algorithm A reveals the partner of an unmatched ball;
there are at most £ — 1 of pairings revealed in this manner. In addition, at Step 5,
other pairs may be revealed; if w denotes the colour of the partner revealed at
Step 3, then some of its remaining d,, — 1 balls may be paired with unpaired balls
having the previously chosen colours. At any stage, there are no more than dp,x £
unpaired balls. The chance of any two given balls being paired is at most 1/(m —
2¢ 4 1), and the chance that any k given sets of two balls are each paired is at most
{]_[IJ‘-: (m—=20—-2j+ 3)}~1. Hence the expected number of k-tuples of matched
pairs in T¢(v), other than those revealed at Step 3, is at most

() !
ko JTT om—20—2j+3)

diaxl\" 1
"\ 2 ) Ko m—20—2j+3)

< i
T KI2M[TS (=20 —2j +3)
de £2k de EZk

max max

< b
T kmRR TS (1= 20/m —2j/m+3/m) ~  klm*

the fact that 2% ]_[’;:1(1 —2¢/m —2j/m + 3/m) > 1 follows from the fact that,
under the given assumptions, (1 —2¢/m —2j/m + 3/m) > 1/2. The two claims
now easily follow. [J

In what follows, we define the event A by

4.1) A:={K, <t+6forallve [n]},
and write

. d16 516
4.2) y :=P[A] < I;gl?;ﬂ ,

where the upper bound in (4.2) follows directly from Lemma 4.1 with k = 8.
4.1. Bounds on intersection probabilities.

LEMMA 4.2. Let G ~Uy(d), and assume that a random set of colours a has
been obtained, perhaps using G, but in such a way that

L(Glacler, s(@)) = Uy (d(€)).

Then, for every v € [n],
2dmax|a| (€ — 1)

4.3) P&, Na # Do, s(@)] < Iyea + .
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and

2dmax|o|(£ — 1)

4.4) E{l& Nal -

o, S((X)} 5 EIUEO[ +

whenever m > 2dmax (|| + £). Similarly, we have

2dmax|a| (3¢ +11)

4.5) PpynNa#9,A
m

a, S(a)] < Lyea +

and

2dmax|a|(3€ + 11)

(4.6) E{ny, Na|la
m

a,s(@)} < G+ 12)Iveq +

PROOF. Note that the event {£, N o # I} happens either if v € ¢ or if v ¢ &
and, during the exploration of 7;(v), a ball whose partner is to be revealed in
Step 3 of Algorithm A is an unpaired ball in G|,c, since then the partner is of a
colour in «. If v € «, the bound is trivial; so, assume v ¢ «. Before the exploration
starts, colour v is already considered explored, and since there could be loops, the
pairings of up to dmax balls could have been revealed. If there are still unpaired
balls at this phase, the exploration process starts. At this point, the probability
that a specific ball is unpaired in G|y is at most s(a)/(m — dmax|®| — dmax), SO
the first ball whose partner is to be revealed has at most this probability of being
an unpaired ball in G|qc. If the process continues, the next ball whose partner is
to be revealed has a probability of at most s(a)/(m — dmax|| — 2dmax) of being
unpaired in G|qc, and so forth. The process continues for at most £ — 1 steps, so
that the probability of a ball being unpaired in G|, never exceeds

“ s(@) _25(@) _ 2]

m — |o|dmax — dmax( —1) = m — m
if m > 2dpnax (| + £ — 1). Hence, whenever v ¢ «,

o S(O[)} < 2dmax|a (£ — 1)

E{l& Nal -

and (4.4) follows; bounding probabilities by expectations, (4.3) also follows.

In order to bound (4.6), we proceed in a similar manner. The bound is immediate
if v € a, since |n, Na| < |&| 4+ 2K, < £+ 2(£ + 6) on the event A; SO we now
suppose that v ¢ o. We have |, Na| = |&, Na| + |[(ny \ &) Na|. The expectation
of |&, N| can be bounded by (4.4), so we only need to consider the expectation of
the latter summand on the event A. So, assume that 7;(v) has been explored. We
now repeatedly perform the swapping of paired balls K, times. Each time that a
swapping is performed, we could pick a colour from « in one of two ways: either
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we pick a ball from G|yc which is unpaired in G|,c, or we pick a ball directly from
G|q- The probability of the former is no greater than

s(a) < 2s(a) < 2dmax o
m—dmax(la|+£€) = m — m ’

whenever m > 2dpax (|| + £) (note that more and more pairs are being put back
now, so that the denominator is in fact increasing), and the probability of the latter
is no greater than

dmax | < 2dmax|ct|
m — dmax (la| +€) — m ‘

Since, on the event A, we have K, < ¢ + 6, we deduce that the expected number
of balls from G|, being reached is no greater than

Admax|a| Ky < Admax|a| (€ + 6)

m m

from which, when adding the last term of (4.4), (4.6) follows. Using once again
expectations to bound probabilities, (4.5) also follows. [J

COROLLARY 4.3. Under the conditions of Lemma 4.2, and assuming that
dmax > 2, that £ > 12 and that m > max{n, 2dm.x(|a| + £)}, we have

Y PlE,Na#o
4.8 =l

o, s(a)]

n 2dmax|a|(€ — Dn
m

< laf < 2la|dmax¥;

n

Y E{l&Nnal

4.9) =l

o, s()}

2d ¢ —1
< tlal+ ma"'“}lf " 3laldmat:

n

Y Plpna#2,A
4.10) =

o, ()]

< o] < 8|at|dmax?;

| 2dmax|a|3¢+ 1Dn
m

Y E{lm Nallala, s(@))
4.11) v=l

2d 3¢ +11
< (304 12| 4 o BEFIDR 6t
m
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We also need the following Efron—Stein type variance bound; see Chen, Gold-
stein and Rollin (in preparation).

LEMMA 4.4. Let w be a uniform permutation on [m], let B= (Bq,..., B,)
be a sequence of i.i.d. random elements taking values in some suitable space, and
let f(m, B) be a real-valued function. Let 11, ..., T;y—1 be independent transposi-
tions, also independent of all else, where t; transposes j and a randomly chosen
integer in the set {j, ..., m}, let B’ be an independent copy of B, and for 1 <i <n,
let B = (By,...,Bi_1, B/, Bi, ..., By). Then

m—1

Var f(, B) < — Z E(f(w, B) — f(tj, B))?

j 1

1 .
+5 2 E(f (. B) ~ f(m. B'))%.
i=1

The appearance of the particular transpositions in the lemma comes from using
a well-known construction of uniform random permutations; see Knuth (1969).

4.2. Completing the proof of Theorem 2.1. Using these preliminary results,
we can now bound the two terms appearing in Theorem 3.1.

Bounding E|GA?|. The bound

h
.12) Gl =~ |h(Te(w))| < I
O’d,h O,

is straightforward. Now, it is easy to see that we can write

(4.13) — > (W(TL () = h(Te(w))),

Udh weo,

where

Qv :={w:& Nny # T}

Put in words, Q, is the set of those colours whose truncated components are po-
tentially affected when changing the underlying graph from G to G,. We empha-
size “potentially” here since, even if we have T¢(w) # 7, (w), it is still possible
that ~(Te(w)) = h(7,"(w)).
Note first that we have the crude bound |A,| < 2no,; }11 [I2]], so that, using (4.2),
4n*||h Py <4llhll3dr1n6ax€16
3 .

(4.14) E{|G|A%Iac) < <
T h 8!”4‘7d,h
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For the main part, we observe that
Al
f’d h
AP S

= ZZP[Swﬁﬂv#QSwﬂﬂv#gf‘

Gdh w=1w'=1

E{A7I4} < E{1Qy*1a}

(4.15)

Enlarging the set with which &,, is allowed to overlap, we have
PlEw Ny # D, & Ny # D, A]
E{I[sw/ N Ew Uny) # Q]I[sw Nny # Q]IA}-

Noting that |&,| < £ and |ny| < £ 4 2(£ + 6) < 44, the latter on the event A and
for £ > 12, we now apply (4.8) to the right-hand side of (4.16) twice, once for
o =&, Un, and once for o = n,. Hence, the double sum on the right-hand side of
(4.15) becomes

(4.16)

Z Zp[gwﬂnv?é@’sw/mnv#@aA]

w=1w'=1

4.17) =< 2dmax? ZE{EwUnvu[éwmnv#@]lA}
w=1

< 10dmax > Y E{P[&y N1y # @, Aln, s(0)]} < 80dp, £*

w=1

(this line of argument is frequently repeated in the calculations that follow). Thus,

(418) {10714} < 80d2, %,
which yields
1< 01 A13d2. 4n
E{IGIA2I4) = = Y E{|G,|A214) < I ||3max ’
n v=1 Gd,h
hence

max max max

= 126 7 8nS 453603 ,

E{|G|A%} <

h|Pd2, 1% <320 4414 z6)< h|1Pd2, 1%

if max{dmax, £} <nl/*.

Bounding VarE(GA|W). In order to bound VarE(GA|W), note that we
can generate the random configuration G by means of a uniformly chosen ran-
dom permutation ;w of [m] by pairing balls 7 (1) and 7(2), pairing balls 7 (3)
and 7 (4) and so forth. But also note that the same configuration can be generated
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by more than one permutation: For example, both (7w (2), (1), 7(3),...,7(m))
and (w(3),7(4),7(1), 7 (2),w(5),...,w(m)) represent the same graph. More-
over, recall that in the construction of G|, we encode the choices made in Al-
gorithm A by By, ..., B,. With this in mind, we define

Xy =h(Tew).  Xp%=h(T W),

and we write Q7 'Bv instead of Q, (and we do the same with other quantities) to

make the dependence on 7 and B, explicit. Now, with B = (B4, ..., By), write
1
E(GAl|r, B) = Z X7 Y (X[ —XDP) = ——f(m. B),
dhv 1 weQﬂBv Od.h

so that we can apply Lemma 4.4. For 1 <i < j <m, let m;; = mt;;, where t;; is
the transposition switching i and j. Now, it is clear that

(4.19) E(f(, B) — f(nij, B))” =E(f (%, B) — f(m13, B))®

(unless i =2k + 1 and j = 2k + 2 for some 0 < k < m, in which case the ex-
pectation on the left-hand side vanishes, since the transposition does not affect
the underlying graph). Hence, it is enough to bound the right-hand side of (4.19).
Adding and subtracting corresponding terms, we have

f(@, B) — f(m13, B)
eI SIICRP GRS 3PN SN E GNP

v=1 wngva v=1 weQﬂB By
= Z (X7 —x7=) Y (xn—xp™)
weQy
n
oam( L p-xpt) - X (xp-xp™)
v=1 we QB weQ13 B
n
PN (X
v=1 weQn” By
n
_ Z Xﬁ” Z (XZ}’BU _ XZI&BU)‘
v=1 weQﬂB By

Letting x be the set of colours of the balls 7 (1), 7 (2), 7(3) and 7 (4), we obtain

420) E{(f(r, B) — f (13, B))*1a} < 4|hI'E{(R} + R} + R} + R}) 14},
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where the event A is as in (4.1) and where

Ri=) I[x n&; #a]lo)

v=1

’

n
ko= Ylor o 0p |

v=1

Ry=Y" > Ixn& #2],

v=1 weQ’UT’B“

Ri=3 3 U@ #7070 Wl

v=1 weQ’,f’B“

(note that for R3 and R4, we have replaced 713 by 7w and vice versa, since the two
random permutations are exchangeable). We now proceed to bound the four error
terms individually. In order to keep the formulae short, we abbreviate multiple
sums suchas 3 ) _; > _ to >, ,, where it is understood that summation always
ranges from 1 to n.

We begin with some preliminary calculations involving x. First, let G be the
configuration generated by 7 as before, and let the set of colours o be a function
of G (but not of 7 directly). Let E(«) denote the set of edges incident to «, and let
E={{r),7(2)}, {m(3), 7(4)}}. Then x N £ T if EN E () # . Hence, since
a given edge has probability 1/(m/2) of being represented by {m (2i — 1), 7 (2i)}
forany 1 <i <m/2, and since |E|(«)| < dmax|c|, we have

(4.21) P[X Na 75 ®|g] < 2|Ol|dmax _ 4|Ol|dmax.
o m/2 m

We also need to bound probabilities of the form

Plx Nay # @, x Naz # 9G],

for pairs of colour sets «p, ap as above. To this end, let E>(ag, o) denote the
set of edges in G that join a vertex in «] to one in «y, and define E(aq, a2) 1=
Ei(o1 Nap) U Ey(aq, ap). Then note that

422 Ilx Na1 #9, x Nag # ]
' <I[E C Ei(a1 Ua)] +1[EN E(a1, a2) # 2]

Now it is easy to see that

_ maxloy Uaa)? _ 5d3lon Uas?

~(m/D(m/2-1) m?

’

423)  P[EC Ei(@ Um)|G]
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and that

P[E N E(a1, a2) # D|G] <E{|EN E(a1, ®)||G)
(4.24) 4
< n—1(|E1(oz1 Na)| + |Ex(ar, e)]).

Note, in particular, that (4.9) implies that, for any 1 <v <mn,

(4.25) Y E|E (Ew N&)| < dmax Y Bléy N &y < 3d2, 6%

w=l1 w=1
then, taking « to be the set of all colours joined to &, in G, so that || < dmax?,
(4.9) also implies that

(4.26) > E|Ex(Ew, &)| < 3day 0.

w=1

In similar fashion, using (4.11), we also have

n n
@.27) Y EIEi(nw M)l <40dpa 2, Y ElE2(nuw, ny)| < 40d5,, €.

max max
w=1 w=1

Bound on E{R714}. First, write
=>"1[x N&T #I[E] NP £ 2].
v,w

Then, using (4.22)—(4.24), we have

E{R714}
—E Y Ixnel#o)[xner £oI[En N0 £ o]
x [[eX nyplBr £ 214
200243
= —=E Y. Il Ny # 211E N0y # D11a

UU ww

+ E Y (E1(E] NEY)| + | E2(6] . €))IEw N1y # 2]

UU ww

X 1[§w Ny # D14

Much as for (4.17), we use inequality analogous to (4.16) to show that the first
term yields at most

20dr2na,(1222144d2 o < 2880nd;, £°

max ’
m
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where we also used that n < m. For the second term, again using inequalities in
the spirit of (4.16), we have

—E Z (|E1(E] NED)| + |E2(E], &) DIEw Ny # D1M[Ew N1y # D11 a

'UU ww

3456nd* . (0
< —Zl44d%ax€“E |Ev(&) &N+ |E2(8), &0} < ———,

m

where the last line follows from (4.25) and (4.26), and the two bounds combine to
give

6336nd* . 00
(4.28) E{R>I,} < %

Bound on E{R31,}. First, note that
I[we 07 P AQT>P]
< ([x N &g # 2] +10x Ny ™ # SIS Nl # 2]
+ (I[x NETE £ @] +1[x N T3 B 2 G))I[E73 N T3P £ o],

Hence, using the inequality (a; + - - - +ay)? < k(a% 4+ 4+ a,%) and the exchange-
ability of = and 3,

E{R314}

= E(Z L ([x N &L # 2] +1[x NnlP £ 2])

x [[eX N8 £ o]
+ (I[x NEZS # @] +1[x Nnf>Pe £ 3]

AR 7 % 01])

2
<8E(ZIXD$ + oI[eT ﬂn”B“;:é@]IA>

2
+8E(ZI x N8y £ gI[er nprBr ;é@]IA)

=8E Y  I[xng&l #ol[xNEL #02]
(4.29) v, w,w’
T B /

x 1[eX N B £ SNI[E7, Nl ™ # 214
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+ 8E Z I[x ﬂnZ’B”, + o[x N "B £ 7]
(4.30) v, v, w,w’
n,B

x I[X N8 £ o\I[e7, N, ™ # B]l4.
We now use (4.22)—(4.24), together with inequalities such as in (4.16), to give
By
S E{I[x n&l # o)l[x NEL # o[e] NP £ SI[EL Nl " # o]14)

v, v

20d2,. 6> 4
: ZE{(T + (| E1w NEw)| + [ B2 swo}))

<Ay N (G Uw Uny) # D10y N (Ew U &) # @]IA}

20d2, 0% 4
= E{% + E(|El(;§w ﬂéjw/)’ + ‘El(éw» %_w/)|)}768dr%1ax£4’

this last using (4.10) twice. Now sum over w and w’, using (4.25) and (4.26), to
give a contribution to E{R% 14} from (4.29) of at most
8 270,336nd4
(202 €7 + 1242, €2 + 1202 £) 7682 4 = " max
m m
The term in (4.30) is treated analogously, using (4.27) in place of (4.25) and (4.26),
giving a further

£6

8 737,280nd* 16
2 (320 + 160 + 160) 144d* €6 = Mlmax
m m
so that
1,007,616nd* ¢°
4.31) E{R%IA}S N max ‘

m

Bound on E{R% 14}. For this term, we have

E{R314}

n n 2
=532 3 tlxneg £ oheg o 211
v=1 w=l1

<E Z I[x N&y # SN x NEy # SNEw Ny # S[Ey Ny # SN 4.

v, v, w,w’
This is the term in (4.29), but without the factor of 8, giving
33,792nd%  0°
<"

max

(4.32) E{R314} .
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Bound on E{Ril A}. Inorder to bound E{Ri 14}, note that

[we o7 P& # &7 "]

<1[&5 NP £ 2)([x NEY # 2]+ 1[x N0 P # 2]),
so that

2

E(R}4) < (le N % 2liallx & £ 2]+ 1x nnp £ o))
2
§4E<ZI[§” NnmBr £ G NET # @]1A>

2
+4E<ZI [6X N By £ B[} NplBe # @]1A> .

This is half the sum of the quantities given in (4.29) and (4.30), and hence yields

503,808 £
(4.33) E{R2I,} < M max
m

Substituting (4.28), (4.31), (4.32) and (4.33) into (4.20) gives
6,206,208 ||k |*nd* . £° ||h||4nd4 g6

max max

E{(f(m, B) — f (13, B)) 14} < ——— - <o

The calculation on A€ is based on the crude bound

| f (T, B)| < 2n®|h)%,
together with (4.2), giving

E{(f Gr. B) = £ (13, B))'Lac} < 16n* [ |[*y
16n4”h”4d16 ¢16
<

max
- 8!m’
4, 14 416 12
- 121" nd k€ dmax

x
- 2520m m2n’

Thus, for dipax < n'/4 and m > n, we have
4. 4 16
171" nd gyt

(4.34) E(f(r. B) = f (i3, B))® < =t

For the second sum in Lemma 4.4, we have

s - pr ) =xi( X (a-xpt - X (p-xi®),

7w, By
weQy Y weQl By
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so that

£ Gr.B) = £, B)| <2001 03|+ |07 ).

Hence, using exchangeability to replace B, by B,, we deduce that

E{(f (. B) = f(m, B") 14} < 16]IAI1'E{|QuI 14},
and, using (4.18), this gives

max max

320
E{(f(r. B) = f(m. B*))*Ia} < 16111 *80d5, " < = Al diar .

where we used that dpa.x > 2 and £ > 12. Then, since |f(71 B) — f(m, BY)| <

4n|lh||?, it is immediate that

16n2||h||4d16 £16

max
8!m

16 4 44 8 dllnzaxg8 16 4 4 16
=< g“h” dmax(Z 7 < o0 8!128 ”h“ maxZ

E{(f(w, B) — f (7, B)) Iac} < 16n%||h|*y <

where we used that max{dmax, £} < n'/*. Hence,

1
(4.35) B(fGr, B) = £(m, B')” = {o Il .

Substituting these bounds into Lemma 4.4, we obtain that

1
Var f(r, B) < ——n| h||*d* 0'°,

~ 4021 max
and hence that
h||2d?, €8
/—VarE(GAIW _\/_” | max ’
63(7d n

completing the proof of Theorem 2.1.

4.3. The variance ajh. By substituting f(w) =1 and then f(w) = w into
the Stein coupling (3.1), it follows that Var W = E{G A}. Recalling the definitions
(4.12) and (4.13) of G, and A,, it then follows that

(4.36) ofp= —nE{h(n(l)) > (T (w)) — h(n(w)))},

weQg

where [ denotes a randomly chosen vertex in [#]. Under asymptotic circum-
stances in which the expectation in (4.36) remains of order O(1) as n — o9,
this yields a variance ad ;, of order O(n). Broadly speaking, such circumstances
are those in which the value of h(T¢(v)) is not much influenced by vertices far
from v. As far as the accuracy in Theorem 2.1 is concerned, it is advantageous
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to have n™~ crd ;, bounded below as n — oo. This is equivalent to requiring that
the expectation in (4.36) does not tend to zero as n — oo, which might usually
be supposed to be the case. If, however, h(7;(v)) := I[d, = k] for some k, then
h(T}(w)) = h(T¢(w)) for all v, w, and the expectation would be exactly zero—
as it has to be, since the number of vertices of any given degree k is fixed in the
model. So, in practice, this condition has to be checked.
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