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ON A WASSERSTEIN-TYPE DISTANCE BETWEEN SOLUTIONS TO
STOCHASTIC DIFFERENTIAL EQUATIONS
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In this paper, we introduce a Wasserstein-type distance on the set of the
probability distributions of strong solutions to stochastic differential equa-
tions. This new distance is defined by restricting the set of possible coupling
measures. We prove that it may also be defined by means of the value func-
tion of a stochastic control problem whose Hamilton—Jacobi—Bellman equa-
tion has a smooth solution, which allows one to deduce a priori estimates or
to obtain numerical evaluations. We exhibit an optimal coupling measure and
characterize it as a weak solution to an explicit stochastic differential equa-
tion, and we finally describe procedures to approximate this optimal coupling
measure.

A notable application concerns the following modeling issue: given an ex-
act diffusion model, how to select a simplified diffusion model within a class
of admissible models under the constraint that the probability distribution of
the exact model is preserved as much as possible?

0. Introduction. In this paper, we propose a Wasserstein-type distance on the
set of probability distributions which are solutions to martingale problems. This
distance is defined as the solution to a stochastic control problem which allows a
priori estimates and numerical approximations.

Our motivation comes from modeling issues. In many situations where stochas-
tic modeling is used, one desires to choose the coefficients of a stochastic differen-
tial equation which represents the reality as simply as possible. This typically is the
case in physics when the analytical structure of the model is imposed by physical
laws and, therefore, may present singularities or have a large algebraic complexity
which makes the analysis or the simulation extremely difficult. Different methods
may be used to this end such as smoothing techniques, homogenization, projection
of the coefficients on a space of suitable functions, etc.

The choice of a “good” simplified model should be related to the objective of
the modeling process. In this paper, we consider the case where a diffusion model
with high complexity coefficients is relevant and one desires to simplify it in order
to be able to get theoretical estimates on its probability distribution or to develop
accurate numerical approximation methods with low computational cost.
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A natural way to set the present problem up consists in minimizing a distance
between the probability distributions of a given class of simplified models and the
probability distribution of the “perfect” model. This distance should be small when
the simplified model captures the essential of the target probability distribution.
One therefore needs to consider distances which metrize the weak convergence
topology, for example, the Wasserstein V2 distance defined as follows. Consider
the map da(w, @) := ( fOT lwy — @y|*d u)% and the set of probability measures on
the Polish space (L2([0, T, R%), d»). The Wasserstein distance

(0.1) W2 (P; P) := { inf / /T lws — @52 dsm(dw, dw)}z,
rell(B;P) /2 J0

where TT(P; P) is the set of all the probability distributions 7w on L2 ([0, T'], R%4)
with marginal distributions P and P. This distance metrizes the weak topol-
ogy on the set of probability measures 7 on (L([0,T],R%),d>) such that
E* fOT lws|?ds < oo. Unfortunately, the numerical computation of W? or any
other Wasserstein distance on an infinite dimensional space is impossible. To over-
come this difficulty, we here introduce a Wasserstein-type distance on the set of the
probability distributions of strong solutions to stochastic differential equations. We
show that this new distance has the advantage to be characterized as the value func-
tion of a stochastic control problem, and thus can be computed by discretizing the
related Hamilton—Jacobi—Bellman equation. We emphasize that, for the sake of
simplicity, we limit ourselves to handle with a distance which is a variant of W?2.
One can easily extend our result to many variants of other Wasserstein distances
provided that the Hamilton—Jacobi—Bellman equation (2.3) below admits a smooth
enough solution.

The organization of the paper is as follows. In Section 1, we define the met-
ric W2 and prove first properties of it. In Section 2, we prove that it may also
be defined by means of the value function of a stochastic control problem whose
Hamilton—Jacobi—Bellman equation has a smooth solution. We also exhibit an op-
timal coupling measure solution to a martingale problem. In Section 3, we prove
that the optimal coupling measure can be approximated by means of continuous
or smooth feedback controls. In the Appendix, we prove a few elementary convex
analysis results which are used in the preceding sections.

Notation. In the sequel, My denotes the space of d x d matrices and Id; denotes
the d x d Identity matrix. We denote by C; the set of d-dimensional correlation
matrices:

Cy:= {C € M,; there exist R? valued centered random variables
X and Y s.t.
(0.2) E(XXT) =IE(YYT) =1d,, C=E(XYT)}.
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We denote by Oy the set of orthogonal matrices in My, and we set
SO, = {0 € 0y, det(0) = 1}.

Forany T > 0 and 0 < « < 1, the Holder space Co%([0, T] x RY) is the set of
bounded continuous functions such that ¢ (¢, -) is Holder continuous of order « for
every t in [0, T'] equipped with the norm

I$llo. ;= sup o, )],
tel0,T]

|¢(t,X)—¢(t,y)|)

x,yeRI x#£y lx — y|*

= sup (1909 +
t€l0,T]

Similarly, the Holder space C*/20(10, T] x R?) is the set of bounded continuous

functions such that ¢ (-, x) is Holder continuous of order % for every x in R, We

equip the space

C2([0, T] x RY) := C*/20([0, T] x RY) N c* ([0, T] x RY)
with the norm
olle o = l@llas2.0+ lPllo.a-

Finally, C lJF%’”"‘([O, T] x R9) is the set of continuous bounded functions ¢ of
class C 1’2([0, T] x Rd) with bounded derivatives such that d;¢ and 831_7 xjgb are in

C([0, T] x RY) forall 1 <i, J» < d. We equip this space with the norm

d d
101144 210 = D lloo + D 10x, Blloc + 19ll2.a + D 105 1 ¢ -

J
i=1 ij=1
1. The WZ distance.

1.1. Definition of W2. Denote by 2:=C(0, T; Rd) the d-dimensional canon-
ical space of continuous functions from [0, T'] to R¢. Equipped with the locally
uniform convergence metric, this space is Polish. The canonical filtration is de-
noted by (F5,0 <s < T) and its Borel o -field is denoted by F :=\/g<s<7 Fs.

DEFINITION 1.1. Let P be the set of probability measures P on the d-
dimensional canonical space which satisfy: there exist xq in R? and bounded Lip-
schitz functions u and o with o being uniformly strongly elliptic in the following
sense:

d S
3. >0,¥0 <s < T,V e R, Vx e R, Y (oo (x)T)VEE = Mg,
i,j=1
such that P = P%;7 is the probability distribution of the unique strong solution to
the stochastic differential equation with coefficients p and ¢ and initial condition
X0.
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The definition of the following Wasserstein-type distance on the set P results
from the obvious but important observation that not any coupling measure of
two probability distributions in P can be represented as the solution of a 2d-
dimensional martingale problem. We thus modify the definition of the standard
W? distance by restricting the set of possible coupling measures.

DEFINITION 1.2.  Given two probability measures Pi;” and IP’gO’E belonging

to P, let [T(P*:; PH:7) be the set of the probability laws P on (%2, F®2) which
enjoy the following properties:

(i) On some probability space equipped with a pair (W, W) of independent
Brownian motions and some filtration G, there exist G-predictable processes (C;)
and (D;) taking values in the space of correlation matrices C; and a G-adapted
solution (X¢, X) to the following system of SDEs:

t t _
Xf=x0+fo M(Xf)derfo o (X)(Cy dW s + Dy dWy),
(1.1) . r S
X, =%+ fo (X ds +7(X,) dW,,

where DyDJ +C;CJ =1d; forany 0 <s <T.
(i1) PP is the joint probability law of (X ¢, X) and, therefore, the first and second
marginal distributions of PP respectively are IP)?O’ 7 and IP’;(;U.

We define the map W2 on P x P as follows: Given }P’ﬁfo’a and ng,
3

~ —— T -
(12) W (P PE7) ;={~ inf /f f st—as|2dslp>(dw,da)}
Pefi@ly;PL") /222 Jo

REMARK 1.3. If the process (C;) in (1.1) is predictable w.r.t the (non com-
pleted) filtration of the Brownian motion (W, W), there exists a JF-predictable
map W such that

(1.3) VO<s<T,  Ci=W(s,{(Wg,Wp),0<06 <s})

(see, e.g., Claisse et al. [2], Proposition 10).

REMARK 1.4. When the coefficients u, o, it and o are Lipschitz, it is easy to
prove that for every (C;) the system (1.1) has a pathwise unique square integrable
strong solution (see, e.g., Fleming and Soner [4], Appendix D).

We below prove that W2 is a distance on P which has the following desirable
property for modeling and calibration purposes: it metrizes the weak convergence
on the space of probability distributions of solutions to SDEs with coefficients
sharing the same L°°-norm and Lipschitz constant. Theorem 2.2 shows that W2
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can be interpreted in terms of a stochastic control problem whose corresponding
Hamilton—Jacobi-Bellman equation admits a unique smooth solution.

We will need the following elementary property of /2. Recall that WW? was
defined in (0.1).

PROPOSITION 1.5. One has

(1.4) W2 (Pl | PET) < W2 (Pl PE7),

xXo xXo

PROOF. The process
t e t
| ccawo+ [ Diaw,
0 0

is a Brownian motion. In view of (1.1), for every Pin 1 (Pﬁfo’a , ]P’gf) the first (resp.,
second) marginal distribution of P is P47 (resp., ]P’goﬁ)). Thus T1(P%;°, IP?O’E) C
P, P70

X0
1.2. W2 defines a metric on P.
PROPOSITION 1.6. The map W2 defines a distance on P.

PROOF. We have to prove the triangle inequality
(1.5) VP.P,PeP,  WEP) < W(E P + W EP).

Consider a probability space which supports three independent Brownian mo-
tions (W;, W;, W,). Let P € TI(P; P)).

Let 1 and o be the coefficients of the SDE satisfied by the process (X,) with
probability distribution P. Consider the new system of SDEs

dXy = pu(Xy)ds + o (Xs)(Cs dWs + Dy dWy),
(1.6) dys = E(Ys) ds + a(ys) dWSa
d&s = E(Xs) ds + g(&s)(gs dWS + Qs dﬂs)’

where QSQI +C SQI = Idy. Denote by E the expectation under the underlying
probability. We obviously have

T 172 T _ 1/2
e [ - x,pas) <6 [0 - X pas]
0 0
T _ 1/2
(1.7) +{E/ |XS—XS|2ds} .
0
Notice that the process W*

t o t
Wt = (/O Qdes+/O Qsdm,OstT>
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is a Brownian motion independent of W. The process

t - t
W= (fo cdes+f0 DdeS,0§t§T>

is also a Brownian motion. Thus on a possibly extended probability space there
exist a Brownian motion B independent of W# and a predictable process C* such
that

t t
szz(/ cdeer/ ngBS,OSng)
0 0

with DF (DT + CF(CH)T = Id,. We thus have

dXg = u(Xy)ds + o (X,)(CEdW?P 4+ DF d By),
dX, = pu(X,)ds +o(X,)dW?.

Successively minimizing the right-hand side of (1.7) w.r.t. (Cy) and (C), and its
left-hand side w.r.t. (CAEI ), allows us to deduce (1.5). O

1.3. Weak topology metrization with W2. 1In this subsection, we need the
notion of a martingale problem. Given a probability P on €2, let F denote the
augmented and P-completed Borel filtration of Q2. As Karatzas and Shreve [7],
Chapter 5, Definition 4.5, we here consider that the definition of a solution P to
a martingale problem involves the P-completed canonical filtration denoted by
(FF,0<s<T).

DEFINITION 1.7. A probability measure P on (€2, F) is the unique solution
to the martingale problem with Borel measurable drift coefficient u, Borel measur-
able diffusion coefficient ¢ and initial condition x if for every real valued function
f of class C*°([0, T] x R?) with compact support,

tf N . 9
ftx) = O.x0) = [ (Zw(xs)a—)f(s,xo) ds
i=1 t

2

0x; 0x;

(s, x5)

1 .
(1.8) -5 > (o (xg)o(xs)T)"
iJ

isa (P, (]-"ZP)) martingale null at time O, and if there is no other probability measure
on (€2, F) satisfying that property.

Given positive numbers A and A, let A4 A be the set of functions u and o,
respectively from R? to R and from R? to My, which satisfy
u| <A, Jo@)| <A, Vx e RY,

(1.9) d
) —pW|+ o) —o(| <Alx—yl,  Vx,yeR%
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Denote by P44 the set of the probability distributions Py, of pathwise unique
solutions to SDEs with coefficients in .44 A and initial condition xo in a given
compact subset K of R¥.

Equipped with the uniform norm topology ||@l|lsc := supg<,<7 |w(t)|, the d-
dimensional canonical space is a Polish space. In all of the following, the weak
topology on the set of probability measures on this space is called the weak topol-
ogy for the Loo-norm.

We will also consider the weak topology for the Lj-norm |w|2 :=
o lo(s)2dsy!/2.

PROPOSITION 1.8. Given A and A, the set P4 p is a compact subset of the
set of probability measures on the d-dimensional canonical space for the weak
topology for the L-norm and also for the weak topology for the Lo norm.

PROOF. To simplify the notation, we here limit ourselves to the case where
the compact set K in the definition of P4 , is reduced to the single point {xo}.

e The first step of the proof consists in proving that the set A4, is compact in the
set of continuous functions for the topology of uniform convergence on com-
pact subsets. The topology of uniform convergence on compact subsets of R¢
is metrizable. From Bolzano—Weierstrass’ theorem, it is thus enough to prove
that every sequence in .44 o admits a convergent subsequence. Let (ux, ox) be
a sequence in A4 A. The maps in A4 5 are uniformly bounded and uniformly
equicontinuous. It follows from Ascoli’s theorem that the restriction of A4 A to
every compact subset of R? is compact for the uniform convergence. Proceed-
ing then by induction, for every n, one can construct a subsequence (i}, o)
of (uk, ox) such that for all n, (uf, o0}') is a subsequence of (/,L’]:_l, o,:’_l) and
(uy,of) is uniformly convergent on {(¢,x)t < T, |x| < n}. It follows that the
diagonal sequence (1, 0,') admits a limit for the topology of uniform conver-
gence on compact sets of R?. Denote (i, o) its limit. It is then easy to see that
(n,0) € AaA-

e The set of probability measures on the d-dimensional canonical space endowed
with the weak topology for the L ,-norm is metrizable and once again we can
apply Bolzano—Weierstrass’ theorem. Let (IP;) be a sequence in P4 . Such a
family of probability measures (IP) is obviously tight for the weak topology for
the Loo-norm (see, e.g., [7], Chapter 2, Problem 4.11). Therefore, there exists
a subsequence (Py)) of (Px) converging to some probability measure [P for
the weak topology for the Loo-norm. For all k, Py) = P#&% with (ug, ox) €
A, a. It follows from the first step of the proof that there exists a subsequence
(ftk, ox) of (uk, ox) converging to (i, o) € Aa, o uniformly on compact sets.

For every k, one has that Py, is the probability distribution of the SDE
with coefficients u; and oy and initial condition xg. Choose a subsequence of
(fig, 6x) with limit (i, o) and pass to the limit in (1.8) for every function f in
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Coo(R?) with compact support. It results that IP is a solution to the martingale
problem with coefficients i and o and initial condition x¢. From the uniqueness
of the solution, we get P = P*?. This proves the compactness of P4 A for the
weak topology for the L -norm.

e By definition of the weak topology, for every bounded continuous function 1 on
(€10, T1,RY), ||00), EF(¢) = limEF¢® (4). For all paths w, @', |@ — |1, <
T|w — o'|L,. It follows that the restriction to C([0, T, R?) of every continu-
ous function i on L»([0, T], Rd) is also continuous on C([0, T'], Rd) for the
uniform norm topology. This proves that P, converges to [P for the weak

topology for the Ly norm. [J
PROPOSITION 1.9. W2 metrizes the weak topology on P A for the L?-norm.

PROOF. In all this proof, we will shortly write “weak topology” instead of
“weak topology for the L?-norm.” To simplify the notation, we again limit our-
selves to the case where the compact set K in the definition of P4 4 is reduced to
the single point {xq}.

The set of probability measures on L ([0, T1,R%) endowed with the weak
topology is a Polish space, thus the subset P4 A is metrizable separable for the
weak topology. Therefore, it is enough to prove that for all (Px)ken, Pin Py o, P
is the limit of P, for the weak topology if and only if W2(Py, P) — 0.

e Step 1.

Let Py € P4 A converging to P for the weak topology. It follows from Propo-
sition 1.8 that the probability measure [P belongs to P4 o. We will prove by
contradiction that Wz (Py, IP) tends to 0.

Assume that this is false. It follows from the proof of Proposition 1.8 that
there is n > 0 and a subsequence I?’k = PHk:% of [P, such that (ug, ox) is con-
verging to (i, 0) € Ag A uniformly on compact sets, P =P and such that
infy W2 (Pk, P) = n > 0. For every k, let Y¥ and Y be the stochastic processes
taking values in R?, respectively, solutions to

tk—xo—i-/,uk Yk ds—i—/ Uk dWs,
(1.10)
Yt=xo+/ M(Ys)ds+/ o (Yy) dW,.

Using Cauchy—Schwarz and Burkholder—Davis—Gundy’s inequalities, we get

t
E sup |V* — Y, <20 —r)E/ |k (Y5) — (v 2 ds
r

r<s<t

(1.11) +8E/t|ok(YSk) — o (Yy)|*ds.
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As i and oy belong to Ay 4, it follows from (1.11) that

t
E( sup [Yf - ¥,[*) < (40— )+ 16)A2E/ YX — v, ds

r<s<t

t
+4(t — r)IE/r |k (Yy) — 1 (Yy)[* ds

(1.12) + 16E/t|ok(Ys) — o (Yy)|*ds.

We have limg _, oo E{sup,.7 |¥s| > K} — 0. On the other hand, the functions
Wk, respectively o, converge uniformly to u, respectively o, on every com-
pact set of R? and are uniformly bounded on R?. It follows that for all € > 0
there is ko such that for all k > kg, Fr(t) <€ + Mfrt Fr(s)ds with Fi(s) =
Esup, |Y,iC —Y, |2. By Gronwall’s lemma, it comes that Fy(f) < eexp(M(t —
r)). From the definition (1.2) of W2, it follows that W2 (I?’k, P) — 0. This proves
the desired result by contradiction.
e Step 2. N

Let Pt,P in P4 o such that W2(Pi,P) — 0. It follows from (1.4) that
W2 (P, P) — 0. The distance YV metrizes the weak topology, therefore, P is
the limit of P; for the weak topology. [J

2. Interpretation of WZ (P, Pg’a) in terms of stochastic control. This

section is aimed to prove that the value of WP IP’;’U) can be obtained by
solving the following stochastic control problem.

Recall that C; (resp., O4) denotes the space of d x d correlation (resp., or-
thogonal) matrices. For every 0 <t < T, let Ad(t, T) denote the set of admissible
controls between ¢ and T, that is, the set of G-predictable processes on [¢, T'] which
take values in C; and are independent of G;.

Given a time origin 0 < ¢ < T and a control process (Cy) in Ad(z, T') depending
in a Borel measurable way on the initial conditions x and ¥, in view of Remark 1.4
the hypotheses made below (see Theorem 2.1) ensure that there exists a pathwise
unique solution (X§ (¢, x, %), X4(z, x)) to

Xg=x+/t9M(XSC)ds
@1) Vi<6<T. +/t00(Xf)(Cdes+Ddes),

Xg=X+ /tgﬁ(Ys)ds + /IQE(YS)dWS,
where Dy D] + C;C] =1dy for any t < s < T. Choosing the time origin ¢ = 0, we
consider the objective function

T _
(2.2) ]E/ 1X5(0, x, ) — Xg(0,%)|*d0.
0

min
(Co)eAd(0,T)
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The corresponding Hamilton—Jacobi-Bellman equation is the following:

WV, x, %)+ LV, x, %)+ H(t, x,%, V) =—|x — x|,
(2.3) 0<t<T,
V(T,x,x)=0,

where

d d
LV (t,x,%) =Y u(X)dV(t,x, %)+ @ V(t,x, %)

1 d .
+ > Z (00T (x))" ai’xj V(t,x,x)
ij=1
(2.4) +3 > EE®FE®T) 0L V(X %)
ij=1
and
d ..
H(t,x,%, V) = min Y. (eCa®N) o5 £,V x, %),
ij=1
In view of (A.4) below we have
d ..
(2.5) H(t.x,X. V)= min Y (cCa®T) o2 1, Vit x,%).
dij=1 '

We aim to prove: V (0, x,X) coincides with the objective function (2.2) and
with (WZ(IP’“’“; PA-7Y))2 and there exists an optimal admissible control. As ex-
plained in the Introduction, this result can be used to get the numerical value of
W2 (P*:9; PH9) by numerically solving the PDE (2.3), and thus is relevant for the
selection of a simplified model which approximates a given exact model P*:? in P.

The two main results are the following.

THEOREM 2.1. Suppose:

() The functions w, &, o and @ are in the Holder space C*(RY) with
O<a<l.

(ii) The matrix-valued functions a(x) := o (x)o (x)T and a(x) := o (x)o(x)7T
satisfy the strong ellipticity condition

d d ..
B>0VEE ) eRY, Y aVwEE + Y @ EE =lE1P+EP).

i,j=1 i,j=1
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Then there exists a solution V(t,x,X) to (2.3) in CL2([0, T x RY) such that
% is in (1T 2H([0, T] x R¥).

To prove the preceding theorem, we have to face several technical difficulties.
We cannot apply classical results such as, for example, Fleming and Soner [4],
Theorem IV-4-2, because the control is involved in the diffusion coefficient and,
which is a much more critical issue, this coefficient is possibly degenerate (e.g.,
in the 1D-case the optimal control is C; = 1; see Section 2.1 below). We will
circumvent the degeneracy by considering that the 831, x; part is a perturbation of a
strongly elliptic operator.

The next theorem shows that V (¢, x, x) is the value function of a stochastic
control problem for which an optimal control exists.

THEOREM 2.2. Under the hypotheses of Theorem 2.1, there exist a filtered
probability space equipped with two independent standard Brownian motions W
and W and a predictable process (C*, D*) such that there exists an adapted and
continuous solution (X*(t, x, %), X (t,%)) on [t, T] to the system

VZ‘SQST,
X9_x+/ (X3) ds+/ NCEdW,
+ [otxymram,
T o 0
2.6) Xo =7+ / mx)dw / F(X,) dW,,
t t

C} € argmin Z (X¥)co (X)T)ZJ'E))%@V(S,X;k,ys)),
CeCy i,j=1 Y

CH(CYT + D (DY) = 1dy,
which satisfies
T J— —~ —
V(0,x,%) :IE/ IX5(0, x, %) — Xg(0,3)[7 d6 = (W2 (P10 ; PET))2,
0

In addition, there exists a sequence (P*"-°") of solutions to martingale prob-
lems with bounded continuous coefficients u™ and o™ such that

T m m
f/ s — @, 2 dsP*" " (dw. do)
QJO
converges to W2(PH-7; PE-0))2,

We start with examining the one-dimensional case d = 1 which allows simple
arguments and permits to see the difficulties to overcome to obtain the general
statement of Theorem 2.2.
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2.1. The one-dimensional case. Suppose that the functions u, o, a, i, o and
a satisfy the hypotheses of Theorem 2.1. Consider the family of stochastic differ-
ential equations

0 0 _
Vi<O<T, Xi—x +/ w(X¥) ds +/ o (X*) dW,.
t t
Denote by (Xj(t, x)) the corresponding pathwise unique stochastic flows. Under

our assumptions, it is well known (see Kunita [9]) that a.s. the map x — X7 (t, x)
is differentiable for any 6 and for any t <6 < T one has

%X;(r, x)
2.7
= exp(‘/;e (p/ + %(0’)2> (X, x))ds + /19 o' (X}, x)) dWs>.

Of course, a similar result holds true for the flows (Xg(¢,X),7 <6 < T) solutions
to

_ o o
Vi<0<T, X9=)_C+/ ﬁ(Xs)ds—i-/ o(X;)dWs.
t t
Now consider the function
T —_—
V(1. x,%) ::IE/ (X5(t, x) — Xo(t,%))* db.
t

Under our hypotheses, this function is the unique classical solution to the following
parabolic PDE on [0, T'] x R2:

* * * 1 PAVES
oy (r,x,)—c)wz(x)* (X F) F ) S (6, + 500 () S5 (1,1, )
1 9
217 %
+0(xX)T(®)—— (1, x,%) = —(x — %), t<T,

0x 0Xx

VT, x,%)=0.

Notice that

2V*(z ) = 2/TIE[dX*(t )dY(—)]d
dx 0X = t dx ¢ - dx D

In view of (2.7), we thus have

AVA

0
(2.8) Vi, x, X, —(,x,x) <0.
0x 0X
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Therefore, we have exhibited a classical solution V*(¢, x,x) to the following
Hamilton—Jacobi-Bellman equation on [0, 7] x R2:

1 2
8—(t X, x)+u(x)—(t X, x)—l—u(x)—(t x,X)+ o* (x) (t X, X)
32V
—2<x) = S x)
. _ 9?3V
+ CEIP—I?J](CG(X)G(X) dxox
V(T,x,x)=0.

(;,x,f)) =—(x — %), t<T,

Observe that here the admissible controls in Ad(t, T) are valued in [—1, 1].
Thus the constant correlation process C =1 (0 <t < T) is admissible. There-
fore, standard verification theorems in stochastic control theory (see, for example,
Fleming and Soner [4], Theorem IV.3.1) lead to

T
V* t, ,_ = 1 E/ XC t, —Y t’ Zde
%0 (Ce)gAlcrll(t,T) ; (Xg (1, %) o(t,x))

Since Xg* (t,x) = X} (t,x) forall ¢, 6, x, the function V* also satisfies

T " o
Ve, x, D) =E | (XS (r,x) — Xp(t, x))*d6
p [

Notice that the probability distribution of (Xg* (t, x)) solves a martingale problem
with coefficients u and o and, therefore, belongs to P. In view of the definition
(1.2), we deduce that

V*(0, x0, x0) = (W2 (P PR7))2,

In the preceding, we have exhibited an optimal control which does not depend
on the solution to the Hamilton—Jacobi—Bellman equation, and for which the cost
function V* is smooth. In the multidimensional case, the situation is not so simple
as we now see.

2.2. The multidimensional case: Preliminaries. For the reader’s convenience,
we recall a classical result in PDE analysis (see, e.g., Ladyzenskaja et al. [10],
Chapter 1V, Theorem 5.1, or Lunardi [11], Theorem 5.1.8).

THEOREM 2.3. If the elliptic operator
A= Zb’ ()8 + 5 Z Y ()05, +c(x)
i=1

with coefficients in C‘;‘ R (0 < a <2, # 1) is uniformly strongly elliptic, the
source term f is in C2°*(RY) and the initial condition  is in C>T*(R?), then the
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parabolic problem on [0, T] x R4,

iB,uzAu—i—f in [0, T] x RY,

9 u@©,)=vy()  inRY

has a unique solution in C1+%’2+°‘([O, T1 x R?). Furthermore, denoting by
-1l %’a(s) the Hélder norm of C2%([0, s] x R%), we have

VO<t<T,

t
(2.10) lulli+g 240 () < KDY ll24« + K(T)/O Ifllg o (s)ds,

where the positive increasing function K depends on the coefficients of A only.
We easily deduce the following corollary.

COROLLARY 2.4. Suppose that the coefficients of A satisfy the hypotheses
of Theorem 2.3. Suppose that the function f satisfies: there exist C > 0, r > 1,
0 <« < 1 such that

vx,x eR4,VO<t,t' <T,
Q1D | fEx| =+ xP),

£ = f( 5 < C(jt =12 + e = [ (1 + 1P + |«'P)"
Then there exists a unique fgmction u(t, x) which satisfies (2.9) and is such that
ut, x):= (lbifx’fz)), is in C't 2212 ([0, T1 x RY). In addition,

VO<t<T,

~ ~ ~ [ ~
(2.12) ldll14+g 240 (D) = KDY ll24a + K(T)/ I fllg,a(s)ds,

where the posmve mcreasmg function K depends on the coefficients of A only and

the functions ¥ and f are respectively defined as U(x) = (l—fl(afl) T and f (t,x):=
f@.x)

(I+]x )

PROOF. Define the differential operator A by

Ap(x) = Alp)(1+ x2)).

(1 +|x]?)r

For some functions »' and & which can easily be explicited in terms of the coeffi-
cients of A one has

A= Zb’(x)axl—i- Zy”(x)axl +Z(x).

l 1
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Notice that the leading coefficients of A are identical to those of A, and thus Ais
strongly uniformly elliptic. Now consider the parabolic equation:

Qii(t, x) = Aii(t, x) + _fux in [0, T] x R?,
(2.13) (14 |x|?)
70, x) = GRS in RY.
1+ [x|)"

In order to be in a position to apply Theorem 2.3, it clearly suffices to prove
that the coefficients b’ and ¢ are in C* (R?) (0 <o <2, # 1) and the function
(ljjr((;cfz))’ isinC2 (R?). We only consider the last function since similar arguments
apply to the other ones.

W.Lo.g. we may and do suppose that |x| < |x’|. Denoting by C any constant

independent of x, x', ¢, ¢/, one has
| f(t,x) = f(r,x)]
@) - fex)) | A+ P = A )

tv
= (1+|x/|2)r (1+|x|2)r(1+|_xl|2)r {f( X)|
/ 11—« / 1127 —1
- 1
< Clx — x| 4 Cy — e AT F DA+ )
(14 |x'|?)"

<Clx" —x|*

We also obviously have
(. x) = Fa.ol <l =12

we have obtained the desired existence and uniqueness

. ~ . u(tx)
Setting (¢, x) := REYEDTE
result. O

REMARK 2.5. Itis well known (see, e.g., Friedman [5], Chapter 1, Section 7,
equation (7.6)) that, under the hypotheses of Theorem 2.3, one has

t
Q14 utn=[ Texooy@©d— [ [ rexsoreodsds.

where T is the fundamental solution associated to the operator A. By using clas-
sical properties of I' (see Friedman [5], Chapter 9, Section 4, Theorem 2 and in-
equality (4.19) and Ladyzenskaja et al. [10], Chapter IV, Section 13) one can check
that this representation also holds true under the hypotheses of Corollary 2.4. We
will not need this property.

2.3. Proofof Theorem2.1. Let ¥ be a function in C'*2-2t% ([0, T] x R%). De-
fine the function v as v(z, x, %) := (T —t, x, X)(1 + |x|® + |x|?). Notice that then
v necessarily satisfies (2.11). The functions 8%51_ v(t, x, x) satisfy the inequalities
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(2.11). Apply Proposition A.8 in our Appendix. It follows that H (7, x, X, v) satis-
fies the inequalities (2.11). In addition, there exists C; > 0 depending on Holder
norms of ¢ and & only such that

H H(t, x,%, (14 |x]? +|x12)7)

VO<t<T, >
I+ |x|* + [x]

. O =Cilvllig21a ).
7,0{

To transform the equation (2.3) into a time forward equation similar to (2.9),
one changes ¢ into T — ¢. Observe that

H(t,x, %, (14 x>+ |7°)7) = H(T —t,x, %, v).
This leads one to consider the following PDE:

H(t, x,%, (14 |x]? +|x12)7)
1+ |x|2 + |x|?

O0<t<T,

V(L x,X) = ZV(I, x,X)+

(2.15) lx — x|?
1+ |x|2 +|x]?

V(0,x,%) =0,

where the coefficients of the differential operator L can be explicited in terms of
those of L by proceeding as in the proof of Corollary 2.4. Set

G Ix — %%
R FTTTEN o

Corollary 2.4 shows that (2.15) has a unique solution denoted by 1;('17) such that

o

H(s,x,%,%, (1+ x> + [X]*)7)

~ ~ t
v a 1) < K(T d
[T @1 1g2000) <KD [ SRR OIS
+ K(T)Cot
~ ~ t ~ ~
(2.16) < K(T)C /O 1911149 24a(s)ds + K (T)Cot,

where K (T) depends on T and the coefficients of £ only.
Let

K= {g e C1H524a ([0, T] x RY);

~ Co ~ ~
V0=t =Tl 21e®) = 2 exp(R(DE) = ).
1

Let ¥ belong to K. In view of (2.16), we get that J(ﬁ) belongs to K.
Let us now prove that the map i is continuous on K. Let v, and 7 in K
such that ||v,, — V|| 149 2+ tends to O when n goes to infinity. Let us show that
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¥ (V) is the unique accumulation point of (y(v,)). Consider a converging subse-
quence (wy) of (¥ (v,)) (such a subsequence exists since K is a compact subset
of C15-2+ ([0, T] x R2)) and let i be such that || — @)1 44 240 tends to 0
when n goes to infinity. Observe that d;w,,, respectively Lw,, converges to 0, W,
respectively £, uniformly on compact sets. In addition, Proposition A.8 implies
mmHaxxUALHM%HM)»wmagmoHux LU+ |x)2 +171%)
uniformly on compact sets. It therefore holds that

s H@x X (x4 XD lx — x|
oyw(t,x,x)=Lw(t,x,x)+ — —,
t ( ) ( ) 1+|x|2+|x|2 1+|x|2+|x|2

O0<t<T,
w0, x,x) =

By uniqueness of the solution to the preceding PDE, we deduce that w = (),
which provides the desired continuity of the mapping .

As the set K is convex and compact, we are in a position to apply the Kakutani—
Fan-Glicksberg theorem (see, e.g., Aliprantis and Border [1], Theorem 16.51), and
thus get that the map ¥ admits a fixed point V inK.

We conclude by observing that the function V (¢, x,x) := V(T —t,x,x)(1 +
|x|2 4 |x|?) is a smooth solution to the PDE (2.3).

2.4. Proof of Theorem 2.2. In view of (2.5), one can choose a Borel measur-
able selection C*(s, x, X) such that

d
2.17) C*(s, x,X) € argmin Z o(x)CG(x)T)”E)/%.fV(s,x,)_c))
Ce0y i,j=1 "

(see, e.g., Fleming and Rishel [3], Appendix B). The map C*(,x,
X) is uniquely defined and continuous if and only if for every ¢, x and X, the
matrix (82 V(t x,%))"/ is invertible; see Proposition A.7 below. Proposition
A.7 also shows that then one can explicitly construct the optimal feedback control
(CY) taking values in the set of orthogonal matrices. In addition, Dj = 0 for every
s.

Unfortunately, it seems unlikely that this property holds true except in the one-
dimensional case (see (2.8)) and possibly in very particular multi-dimensional sit-
uations (e.g., when o (x)o (x) =7 (¥)o (x) for all x, X).

In our next section (see Corollary 3.2), we will show that for every m > 0 there
exists a continuous map C™ with values in the set of correlation matrices such that

d
H(s,x,X,V)< ) (0()C" (s, x, )T (@)7)7 85 5 V (s, %, %)
i,j=l

1
(2.18) <H(s,x,x,V)+ —
m
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for all s, x, x. We then consider a continuous function D™ (s, x, x) such that
C"(s,x,x)C"(s,x,X)T+ D" (s, x,x)D" (s, x,%x)T =1d,.

From now on, to simplify the notation we fix the time origin at t = 0 and the
initial conditions at x and X. It follows from the continuity of C"* and Stroock and
Varadhan’s results [13] that there is a weak solution (Yy", Yo, By, By, By, 0<0 <
T) to

0
ngzx-i-/ (Y")ds

+/ (Y")[C™(s,Y]",Ys)dBs+ D™ (s, Y",Y)dBs],
2.19) o
Y9=x+/ n(Ys>ds+/0 (Vs dB,,

B :/O [C™ (5. Y™, V,)dB, + D™ (s, Y, ¥s)dB],
where (B, B) are independent standard Brownian motions. (The process B™ will
be needed in a convergence argument below.)

As the coefficients are bounded, one easily gets that the family indexed by m
of the probability distribution of the vector (Y, Y, B, B, Em) is tight, and any
component Z™ of this vector satisfies

IC,Vm>1Y0<t<0<r<T, E|Z"-Z*<C( —0).

We apply two celebrated results due to Skorokhod (see Krylov [8], Chapter 2, Sec-
tion 6, Lemma 2 and Lemma 3) which assert that there exists a filtered probability
space, a sequence of numbers 1, a process

£:= (X" X, W, W, W),

and a sequence £" := (X", Y", W", wn, W”) defined on this probability space,
such that all the finite-dimensional distributions of &" coincide with the corre-
sponding finite-dimensional distributions of (¥Y", Y,B, B, E”) and &) converges
in probability to &y for every 0 < 6 < T. In addition,

6 _ . _
| o (enler s X2 X dWe 4 D" (5, X2, X aw?]
0

converges in probability to fo o(X *) dW; as n tends to infinity for every 0 < 6 <
T. We emphasize that the process (W, W)isa possibly correlated Brownian mo-
tion.
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Reasoning as in Krylov [8], Chapter 2, Section 6, one easily gets that a.s. for
any0<6<T,

0 0 _ —
Xg:x+/ (X" ds+/0 o(XM)[C™(s, X", X,)dW,
00 +D"(s, X", X _’j)dwf]g,

' Xe_x+/ . ds+/ (X)) dw,
0

Wi = /0 [C"(s, X", X,)dW, + D"(s, X", X.)dW"],

from which

Xe_x—l-/
(221) VYO0<6<=<T,
Xg_x+/ (X)ds—l—/ o (Xy)dWs.

Now, choose a subsequence of (£") (still denoted by (£")) which converges a.s.
and apply It6’s formula to V (0, X, YZ):

V(0, X2, X,) — VO, x,%)
_f (_+Lv)(s,xg,YZ)ds

+ Z / (X2)C" (s, X0 X)& (X0) 025, V (s, X2, XL) ds
i,j=1 '

+/ VoV (s, XL XY o (XT)[CM (s, X7, X)W
+D"(s, X", X,)dW?]

TN

+f ViV (s, X", X5) -5 (X")dW,
=:a"+b"+"+d".
Every function C” satisfies inequality (2.18). Thus we have
0

0 _
b,,—/o H(s, X", X,,V)ds =

from which

Z W 1
an—i-bn:—/(; | XY — X ds—i—o(;).
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Let n tend to infinity. In view of the Skorokhod lemma in [8], Chapter 2, Section 6,
Lemma 3, the sequence of stochastic integrals

f V. V(s, X", X0) o (XM)[C" (s, X", X)) dW; 4+ D" (s, X", X, ) dW?]
converges to
/ Vi V(s X5, X) -0 (XF)dWs.
We deduce that
V(0, X} Xg) — V(o,x,f)+f09|x;<—x|2ds

4 _ — 0 _ _
:/ va(s,X;‘,Xs)-a(X;‘)dWer/ ViV (s, X5, X,) -5 (XY) AWy,
0 0

s

so that the left-hand side is a martingale.

In view of the proof of the predictable representation theorem (see, e.g.,
Karatzas and Shreve [7], Chapter 3, Theorem 4.2, or Revuz and Yor [12], Chap-
ter V, Theorem 3.9) there exists a correlation matrix-valued predictable process
(C/") such that

d - —*

E(X*’ X), =0 (X))C/T(X,).

Now apply Itd’s formula to the martingale
— 0 —
V(. X5 Xp)+ [ X2 = Rids.
0

The finite variation part is equal to

0 _ . _
—/ H(s, X}, X,,V)ds+ Z / (X)) 055, V (s, X5, X5) ds,
O 1
i,j=1
which, in view of (2.5), shows that
d
Creargmin Y (o(XF)Ca X)) 925 V (s, X7, X,)).
CeCy i, j=1 =

Finally, similarly as at the end of the proof of Proposition 1.6, we extend our
probability space to construct a Brownian motion W independent of W such that

t o t
:(/ C;deS—i-/ D;“dWS,Ogth)
0 0

with DY (DT + CF(CHT =1dg and (C}, D) is predictable. We thus have shown
the existence of a solution to (2.6) and are in a position to apply the verification
theorem IV.3.1 in Fleming and Soner [4] to get

V0, x,%) = (W2 (P PE))2,
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2.5. When is a weak solution to (2.6) unique? When the function C*(¢, x, x)
is uniquely determined (see the discussion at the beginning of Section 2.4) and, in
addition, is Holder continuous, then C} = C*(s, X, X,) and one gets the unique-
ness of the weak solution to (2.6) with the following standard argument. Let ¥ be
an arbitrary C*°([0, T'] x R?) function with compact support. Apply Theorem 2.3
with A equal to the infinitesimal generator of (X*, X) and f = 0 and denote by
u the unique smooth solution to the corresponding equation (2.9). It6’s formula
shows that

u(t,x,x) =Ey (X5, x,%), Xr(t,%)),

which implies the desired weak uniqueness.

3. On e-optimal feedback controls. The objective of this section is two-fold.
First, we show that for every € > 0 there exists a continuous control C¢(s, x, X)
taking values in the set of correlation matrices which is pointwise e-optimal:

Vs, x, X,

(3.1)
d .
Y (0)Ce(s, x, HTET)V 05 5 V1,2, %) < H(t,x,%, V) + €.
i,j=1
Second, under an additional hypothesis on o and o, we exhibit a family U, (s, x, X)
of infinitely differentiable maps taking values in the set of orthogonal matrices and
converging in LP-norm to C*(s, x, X) defined as in (2.17).

PROPOSITION 3.1. Let A be a continuous map defined on a paracompact
space E with values in My. For all € > 0 and x € E, let

(3.2) Cc(x):={0 €Cs, TH(0AW)) < inf Tr(CAW)) +e}.
CceCy
The correspondence C is lower hemicontinuous and admits a continuous selector.

PROOF. Let xg € E. To prove that the correspondence C. is lower hemicon-
tinuous at xp, we have to show that the lower inverse image Cf (U) is a neigh-
borhood of xq (cf. [1], Section 16.2), that is, for every open set I/ in C; with
U N Ce(xp) # I, there exists a neighborhood U (xg) of xp such that for any x in
U (xg) one has U NCc(x) # @, that is, there exists a correlation matrix C (x) which
belongs to U and satisfies

Tr(C(x)A(x)) < inf Tr(CA(x))+e.
CeCy
To this end, set S(x) :=infcec, Tr(CA(x)) and choose C(%, xp) in C, such that
Tr(C(%, xo)A(x0)> < S(xg) + %
We also choose an arbitrary matrix C (i4, xg) in the set U N C¢ (xg).
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The set of correlation matrices is convex and U is open, thus there exists n > 0
such that for every 0 < o < n one has that (1 — «)C (U, xp) + oeC(%, xo) belongs
to U N Cy. Choose any 0 < @ < n and then consider the neighborhood U (xg) of
xo defined by

U(xg) := {x e E;

Tr(C(%,x()) (Ax) — AGo))| < %“,

€a €a
|Tr(C (U, x0)(A(x) — A(xp))| < T S(x) — S(xo)| < T}
Finally, set C(x) := C* := (1 — «)CU, x0) + aC (5, xo). Notice that Ctisin U.
It is easy to obtain that

Te(CFA) < S(xo) € = - < () +e,

which is the desired property.

Furthermore, for every x € E the set Cc(x) is nonempty, convex and closed. By
using the Michael selection theorem (see, e.g., [1], Theorem 16.61), we conclude
that the correspondence C. admits a continuous selector. [

COROLLARY 3.2. Forevery e > 0, there is a continuous map C¢(s, x,X) such
that (3.1) is satisfied.

We now show that, under an additional hypothesis on o and o (see Corollary
3.10 below), for any Borel measurable selection C*(s, x, X) satisfying (2.17) there
exists a family U, (s, x,x) of infinitely differentiable controls which take values
in the set of orthogonal matrices and converges to C*(s, x,X) in L”-norm. The
results below do not bring further information, either to the distance W2, or to
its stochastic control representation. However, it may be interesting for numerical
purposes, notably if one is interested in simulating a simplified model by using
a standard discretization method such as the Euler scheme whose convergence
requires the coefficients are at least continuous.

LEMMA 3.3. Let K be a compact subset of R, Let p € [1,00). Let O :
[0,T] x RY — Oy be a measurable map. For every € > 0, there is a simple
map S : [0, T] x R > 0y, S = Z;V:l Oj]IAj where (Aj)1<j<n is a partition
of 10, T1 x R?, such that |S — O|L,0.11xK) < €.

PROOF. Lete' = m, where m is the Lebesgue measure on [0, 7] x
RY. Qyis a compact set, thus there is a finite number of O; € Oy such that Oy C
Uj<n—1B(0;j,€’). The map

N—1
S:=Y" 0la; +1dalir, 77xKc

Jj=l1
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with
Ap:={(s,x) €[[0,T]1 x K|O(s,x) € B(O1,€")}
and
Aj:={(s,x)e[[0,T]x/C— U AkIO(s,x)eB(Oj,e/)}, 1<j<N,

I<k<j—1

satisfies the required condition. [
Recall the following result.
LEMMA 3.4. Every O € Oy admits the following block diagonalization: there

is U € Og such that O =U - D(r,1,0y,...,0;) - UT, where for all r,l € N and
0; € R we have set

1d, 0 o ... 0
0O -I4 0 .- 0

D(r,1,01,...,0;) =] 0 0 Ro, - 0 |,
0 0 0 - Ry

_ (cos(8) —sin(9)>
9'—<sin(9) cos(6) )

LEMMA 3.5. Assume that d is even. For any O € SOy, there are V € Q4 and
(01-)1<% such that 0 =V D(0,0,6y,..., Qg)VT.

PROOF. It follows from Lemma 3.4 that O = UD(r,[,0y,...,0;)UT. The
matrix O is in SOy, thus [ is even, from which r is also even. Notice that
—Idy = R; and Idp = Ry. The result follows. [

Similarly, we get the following result.

LEMMA 3.6. Assume that d is odd. For every O € SOy, there is V € Qg and
(9,~)1<% such that 0 =V D(1,0,64,..., Q%)VT.

A simple computation leads to the next lemma.

LEMMA 3.7. Every rotation matrix Ry can be written

' 0
R9=J<0 e_,'g)-]T,

where J is the following unitary matrix:
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PROPOSITION 3.8. Let S :[0,T] x RY - SO, be a simple map. For
every € > 0, there is a continuous map T :[0,T] x RY — SO, such that
m({(s,x), S(s,x) #T(s,x)} <e.

PROOF. The case where d is even.
Denote by J; € SO, the block diagonal matrix

J 0 . 0
Jii=1--
o --- 0 J

Set
01 0 0
0 -6 0
Dy(01,...,0a):=]"""
2 0 9% 0
0 0 —9[21

It follows from Lemmas 3.4 and 3.5 that
0j=VjJaexpliDo(O)1.....0; 1V}
=exp{V;Ja{iDo(0; 1, .. .,Qj,%)}JdTVJ-T},

where exp(M) := 3 o<, AZ—?
By hypothesis, the map S can be written as S = Z;V:l Oj]IAj , where (Aj)1<j<n
is a partition of [0, T'] x R4 1t follows that

N N
§=Y 0L, = exp{V;Ja{iDo(}.1,.... 0;, )1V,
j=1 j=1

(3.3) =815 Sn,
where §; = exp{Vde{iDo(Qj’l]IAj, ...,GJ. %]IAJ.)}JJVJ.T}. For every measurable
set A, there exist a compact set K; and an open set W; such that K; C A; C W;
and m(W; — K;) < . It therefore exists a continuous function f; with compact
support, 0 < f; <1, such that f; =1 on K; and f; =0 on Wj?.

LetT :=TT,--- Ty, with

T = exp{vjjd{mo(ej,lfj,...,ej’%f,-)}JL}VJT}.

For (s, x) ¢ UlsjsN(Wi — K ), one has T (s, x) = S(s, x). Furthermore, for any
(5.%) € [0, 7] x RY, Hj(s,x) = V;JaliDo (O} f (5. ). ... 0 4 fi (s, D} V]

is an anti-Hermitian matrix (ﬁ}(s,x) = —Hj(s,x)). It follows that T;(s, x) =
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exp(Hj (s, x)) is a unitary matrix and 7 (s, x) is also a unitary matrix for all (s, x).
Note that the matrices (S;)1<;j<y commute but the matrices 7; do not commute.
Moreover, for any (s, x) one has

Jaexp{iDo(0,1fj (s, x), w0 a £, )]
=D(0.0.01fj(s.%).....0; 4 f(s.2)),

where we have used the same notation as in Lemma 3.4. Thus this matrix belongs
to My(R). It follows that the continuous maps 7; and 7' take values in Q4. Fur-
thermore, det(7;(s, x)) = 1 if (s, x) ¢ W;. This proves that 7; and then T take
values in SOy.

The case where d is odd. The proof proceeds similarly as above by using Lem-
mas 3.4 and 3.6. [

We now are in a position to show that any measurable selection C*(s, x, X) in
SO, can be approximated in L”-norm by smooth functions taking values in O.

PROPOSITION 3.9. Let K be a compact subset of R?. Let p € [1,00). Let
0 :[0,T] x R* - SOy be a measurable map. For every € > 0, there is a Coo map
U:[0,T] x RY > Og such that |U — O|L,0,71xk) < €-

PROOF. It follows from Lemma 3.3 and Proposition 3.8 that there is a contin-
uwousmap 7' =T 1> - - - Ty with

Tj(s, x) :==exp{V;Ja{iDo(0),1 fj (s, %), ..., Gj’%fj(s,x))}JJVjT}

such that |T — O|L,(0.71xKk) < 5. Every f; is continuous with compact support
and therefore is the uniform limit of a sequence f;, = fj * ¢, of C*° (R?) func-
tions, where ¢, is a sequence of standard smooth mollifiers. Therefore, for any
large enough n; the map U = U U, --- Uy with

Uj =exp{VjJa{iDo®).1 fjn;s .05 a Fin )} V]
satisfies all the required conditions. [

We now are in a position to get the desired approximation by smooth controls
result.

COROLLARY 3.10. Suppose that o and & are such that one can choose
C*(s,x,X) in SOy satisfying (2.17) for all s, x, x. Then there exists a family
Uc (s, x, X) of infinitely differentiable maps which take values in the set of orthog-
onal matrices and converge to C*(s, x,x) in L?-norm.
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4. Conclusion and perspectives. We here have proposed a Wasserstein-type
distance on the set of the probability distributions of pathwise unique solutions to
stochastic differential equations. We have proven that this distance is characterized
as the value function of a stochastic control problem, and thus can be computed by
discretizing the related Hamilton—Jacobi—Bellman equation or by approximating
optimal feedback controls.

For the sake of simplicity, we have limited ourselves to handle with a distance
which is a variant of YW2. One can easily extend our approach to many variants of
other Wasserstein distances provided that the Hamilton—Jacobi—Bellman equation
(2.3) admits a smooth enough solution. For example, the function |x — X|? can be
replaced with a function p such that for some integer p the map %
class C2H*(RY).

Our result opens the way to design practical methods to optimally choose a sim-
plified diffusion model within a wide class of diffusion models close to a perfect
but complex one, that is, to choose a model which minimizes the W2 distance to
the probability distribution of the complex one. We plan to address this issue in a
future work.

is of

APPENDIX: EXTREME POINTS IN THE SET OF CORRELATION
MATRICES AND AN OPTIMIZATION PROBLEM OVER ORTHOGONAL
MATRICES

The goal of this section is to prove the linear algebra results we needed in the
preceding sections, notably the convexity of the set C; and the characterization
of its extreme points, and regularity properties of our optimization problem over
orthogonal matrices. The first proposition is classical.

PROPOSITION A.1. The set C, is convex.

PROOF. LetCjand Cpbein Cy,andlet C =aCi+ (1 —a)Cr with0 <o < 1.
Let X1, Y} be R? valued random variables as in (0.2) such that C; = E(X,Y IT ). Let
(X3, Y») independent of (X1, Y1) as in (0.2) such that C; = E(XZYZT ). Finally, let

Xo = aX| ++/1—aXs and Y, := JaY| + /1 —aY>. We have E(X,Yq) =
aCi+ (1 —a)Cr=and E(X, X)) =EY,Yd)=1. O

Now let us recall the definition of extreme points.

DEFINITION A.2. A point C in a convex set C is extreme if
Jdoa €0, 1],3Cy,C2 € C,
C=aCi1+(l—-a)C, = C=C; or C=0(,.

Before characterizing the extreme points in C4, we need to prove several tech-
nical lemmas.
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LEMMA A.3. Let U be an orthogonal matrix. The matrix C belongs to Cg if
and only if CU (resp., UC) belongs to C,.

PROOF. Let C € C,4. Let X,Y be RY valued random variables as in (0.2).
Let Y =UTY, CU =E(XYT). From (0.2), it follows that E(YYT) = UTU =Id,.
Thus CU and U C belong to C,. The converse implications follow from the equal-
ity UUT =1dy. O

LEMMA A.4. For every matrix C in Cq, there is a matrix R in Cg such that
Id;=CT7C + RTR.

PROOF. Let C bein C; and X = (X;)1<i<a» ¥ = (¥;)1<j<q be as in (0.2).
Let V be a 2d dimensional vector subspace of the set of real valued random vari-
ables containing the random variables X; and Y;, 1 <i, j < d. The orthonor-
mal set (X;)1<j<q (for the scalar product (x,y) := E(x - y)) can be extended
into an orthonormal basis (e€;)1<;j<2q4 of V with ¢; = X; for all 1 <i <d. Thus
Crj = (ex,Y;) for all 1 <k,j <d. Let R := (R ;) with Ry ; := (eq+k, Y})
forall 1 <k,j<d. Thus Y; =} 4<4Ck jex + Rk jeqtk. From the equality
E(YYT)=1d,, it results that Id; = CTC + RTR. O

LEMMA A.5. The unit matrix 1d; is an extreme point in Cg.

PROOF. Let Cj and Cy bein Cy. Let 0 < « < 1 be such that
(A.1) Idg =aCi+ (1 —a)Cy,
from which
(A.2) d=a*Tr(C]C1) + (1 — @)* Tr(C] C2) + 2a(1 — @) Tr(C] C2).
For any 8 € R, the second-order polynomial function

B = Tr((BC1 + C2)T(BC1 + C2))
is positive. Therefore,
(Tr(CTC2 4 CIC1))? <4Tr(CTC) Tr(CIC).

Notice that the left-hand side is equal to 4(Tr(C ITCZ))Z. We thus have shown that
(A3) (Tr(CTC2))* < Tr(CTCy) Tr(CICy).

Now observe that Lemma A.4 implies that Tr(CTC) < d for all C in Cy. It thus
follows from (A.3) that the above equality (A.2) holds true only if Tr(ClTCZ) =
Tr(C{Cy) = Tr(C} C2) = d. Again applying Lemma A.4, we get C{C; = C]C, =
Id;. In view of (A.1), we also have

Idg = (@C1 + (1 =) Co) (aCr + (1 — ) Ca)T,

from which C{C; + C]C =2Idg4. Thus (C{ — C;)(C| — C3) = 0, which implies
that C1 = C3, from which we get C; = C, =1d4 by again using (A.1). U
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PROPOSITION A.6. The extreme points in Cg are in Qg.

PROOF. Let C be an extreme point in Cy.

Step 1: Reduction to the case of diagonal matrices CTC. The matrix CTC is
symmetric, and thus there exists an orthogonal matrix U such that UTCTCU is
diagonal. It follows from Lemma A.3 that C is an extreme point in Cy if and only
if CU is an extreme point in Cy;. Thus without loss of generality, one can assume
that CTC is a diagonal matrix.

Step 2. The eigenvalues of CTC are all between 0 and 1. From Lemma A.4,
there is a matrix R such that Id; = CTC + RTR. As we now suppose that CTC
is diagonal, the matrix RTR is also diagonal. Furthermore, both matrices are non-
negative. Therefore, the eigenvalues of CTC are all between O and 1.

Step 3. The largest eigenvalue of D := CTC is equal to 1. Permutation matrices
are orthogonal matrices. Possibly replacing C by C P where P is a permutation
matrix (which is allowed by Lemma A.3), one can thus assume D1 > Dl for
all i. As it is easily seen that the null matrix is not an extreme point in Cy, it
suffices to assume that 0 < D'"! < 1 and exhibit a contradiction.

Let o :=,/Dj,1. Let X, Y be as in (0.2). Let (e;) and R be as in the proof of
Lemma A .4. Set

(ei, Y;)

Y= Z [ ei +vyjledti, Yj)é’d+i],
I<i=<d
where y; > 0 is chosen such that

(CTC)J/ iy
T +y}RTR) =1.

As (IE(YYT)) k= 2iC —|— YiYk i R Rk and the matrices CTC, RTR are
diagonal, we get (E(YYT)) = Id,. It follows that the matrix C = E(XY) =

belongs to Cy4. Thus C is a nontrivial convex combination of C and the null matrix.

Step 4: Induction. The matrix C being an extreme point in Cy, all the eigenval-
ues of the matrix CTC are equal to 1. We proceed inductively w.r.t. the dimension
of C. Notice that it follows from Step 3 that CTC = I| ford = 1.

Assume that C is an extreme point in Cy4 for d > 2. In view of Step 3 and 1 =
D11 =(C7C)y,1,onehasthat 1 =3 | ; 4(e;, Y1)2. From E(Y; YlT) =1, it follows
that Y| belongs to the d-dimensional vector space Eg spanned by (e;)1<i<a- Let
(¢i) be an orthonormal basis of E4 such that ¢; := Y;. Let X := (&) and C :=
E(XYT). The matrix C is equal to UC where U is the orthogonal matrix associated
to the change of basis from (e;)1<j<n t0 (€;)1<i<n, thus C is an extreme point in

C,. Ase; =Y, we have
A 1 0
¢=(o w):
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where the matrix M necessarily is an extreme point in Cz_1. It then remains to
apply the inductive hypothesis. [

We now characterize the solutions to the minimization problem we are inter-
ested in.

PROPOSITION A.7. Forany A € My, one has

A4 inf Tr(OA) = inf Tr(OA).
(st oof, THO4) = juf THOA)

In addition, the minimization problem

(A.5) inf Tr(OA)
0e€0y
admits a solution O* = —Q~ where Q is an orthogonal matrix such that A =

(AAT)% Q. Furthermore, the solution is unique and equal to —A~! (AAT)% if and
only if A is invertible.

PROOF. The preceding proposition combined with Proposition A.1 and a clas-
sical result in convex optimization (see, e.g., Hiriart-Urruty and Lemaréchal [6],
Chapter III, Proposition 2.4.6) implies (A.4).

We now turn to the second part of the statement and start with examining the
case where A is invertible. It then exists a unique representation A = SQ with
S symmetric definite positive and Q orthogonal. This representation is given by
S=(AAT) and Q == S~'A = (AAT)"> A. Thus A = SQ. The matrix S is sym-
metric definite positive, and thus there is a diagonal matrix D with strictly positive
diagonal terms (;)1<;<¢ and an orthogonal matrix U such that § = U DU -1

Thus Tr(OA) = Tr(OUDU'Q) = Tr(DU~'QOU). The map O —
U~'QOU is a one-to-one map from O, to O,. Thus the problem is reduced to
compute minpco, Tr(O D), where D is the diagonal matrix with strictly positive
diagonal terms (A;)1<i<d-

Notice that Tr(OD) = "1 <; <, Ai O''. As the matrix O is orthogonal, we have

}0”|§(Z{0i1’|2)%51.

It follows that Tr(O D) > — ; A;. Furthermore, the equality is satisfied if and only
if O = —Idy. Thus O* is a solution to the minimization problem (A.5) if and only
if U=1Q0*U = —1dy, that is, if 0* = —Q~' = —A~1(AAT)2.

We now treat the case of noninvertible matrices A. Then the decomposition
A = SQ with § symmetric semidefinite positive and Q orthogonal exists but is not
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unique. The matrix S is nonnegative but nondefinite and we have A; > 0. There-
fore, O* = — Q*1 is a solution but is not the only one. Indeed, observe that S can
be written as

_ D 0 1
ey

for some d — k diagonal matrix D and orthogonal matrix U. Let V be a k x k
orthogonal matrix different from Id;. Set

— Idg—x O0Y\, _
Q::U( %" V)U 0.
We bothhave A=SQand Q # Q. O

PROPOSITION A.8. Assume that the d x d matrix-valued function A on R?
satisfies

0<y<1,Vr,yeRY A —AD)| < K@, »lx —yl7,

where |M]| = (Tr(MM™)WY? and K(x,y) is a given symmetric function.
Given any nonempty subset M of the unit ball of My, the map Ty(x) =
infoepr Tr(O A(x)) satisfies

| Ta(x) = Ta(y)| < K(x, y)lx —y|”.
PROOF. Forall O in M and x, y in RY, it obviously holds
ITt(OAM)) = Tr(OA()| < K (x, )|x = yI7,
from which
inf Tr(UA(x)) <Tr(OA(y)) + K (x,y)|lx — y|”.
UeM
We deduce
inf Tr(U A < inf Tr(OA K (x, — .
inf 1(UA(x)) < Jnf r(OA®y)) + K (x,y)|x —yl

We then get the desired result by exchanging x and y. [

Acknowledgment. We thank an anonymous referee for having pointed out
that an inequality in the original proof of Theorem 2.1 was questionable, which
led us to modify an argument in this proof.



(1]
(2]
(3]
(4]

(5]

(6]

(7]
(8]
(9]

(10]

(1]

[12]

ON A WASSERSTEIN-TYPE DISTANCE 1639

REFERENCES

ALIPRANTIS, C. D. and BORDER, K. C. (1999). Infinite-Dimensional Analysis, 2nd ed.
Springer, Berlin. MR1717083

CLAISSE, J., TALAY, D. and TAN, X. (2016). A pseudo-Markov property for controlled diffu-
sion processes. SIAM J. Control Optim. 54 1017-1029. MR3488161

FLEMING, W. H. and RISHEL, R. W. (1975). Deterministic and Stochastic Optimal Control.
Springer, Berlin. MR0454768

FLEMING, W. H. and SONER, H. M. (2006). Controlled Markov Processes and Viscosity So-
lutions, 2nd ed. Stochastic Modelling and Applied Probability 25. Springer, New York.
MR2179357

FRIEDMAN, A. (1964). Partial Differential Equations of Parabolic Type. Prentice-Hall, Engle-
wood Cliffs, NJ. MR0O181836

HIRIART-URRUTY, J.-B. and LEMARECHAL, C. (1993). Convex Analysis and Minimization
Algorithms. 1. Grundlehren der Mathematischen Wissenschaften 305. Springer, Berlin.
MR1261420

KARATZAS, I. and SHREVE, S. E. (1991). Brownian Motion and Stochastic Calculus, 2nd ed.
Graduate Texts in Mathematics 113. Springer, New York. MR1121940

KRYLOV, N. V. (1987). Nonlinear Elliptic and Parabolic Equations of the Second Order. Math-
ematics and Its Applications (Soviet Series) 7. Reidel, Dordrecht. MR0901759

KUNITA, H. (1984). Stochastic differential equations and stochastic flows of diffeomorphisms.
In Ecole D’été de Probabilités de Saint-Flour, XII—1982. Lecture Notes in Math. 1097
143-303. Springer, Berlin. MR0876080

LADYZENSKAJA, O. A., SOLONNIKOV, V. A. and URAL’CEVA, N. N. (1968). Linear and
Quasilinear Equations of Parabolic Type. Translated from the Russian by S. Smith.
Translations of Mathematical Monographs, Vol. 23. Amer. Math. Soc., Providence, RI.
MR0241822

LUNARDI, A. (1995). Analytic Semigroups and Optimal Regularity in Parabolic Problems.
Progress in Nonlinear Differential Equations and Their Applications 16. Birkhiduser,
Basel. MR1329547

REVUZ, D. and YOR, M. (1999). Continuous Martingales and Brownian Motion, 3rd ed.
Grundlehren der Mathematischen Wissenschaften 293. Springer, Berlin. MR1725357

[13] STROOCK, D. W. and VARADHAN, S. R. S. (1979). Multidimensional Diffusion Processes.
Grundlehren der Mathematischen Wissenschaften 233. Springer, Berlin. MR0532498
CMAP, ECOLE POLYTECHNIQUE INRIA
91128 PALAISEAU 2004 ROUTE DES LUCIOLES
FRANCE BP 93
E-MAIL: jocelyne.bion-nadal @polytechnique.edu 06902 SOPHIA ANTIPOLIS
FRANCE

E-MAIL: denis.talay @inria.fr


http://www.ams.org/mathscinet-getitem?mr=1717083
http://www.ams.org/mathscinet-getitem?mr=3488161
http://www.ams.org/mathscinet-getitem?mr=0454768
http://www.ams.org/mathscinet-getitem?mr=2179357
http://www.ams.org/mathscinet-getitem?mr=0181836
http://www.ams.org/mathscinet-getitem?mr=1261420
http://www.ams.org/mathscinet-getitem?mr=1121940
http://www.ams.org/mathscinet-getitem?mr=0901759
http://www.ams.org/mathscinet-getitem?mr=0876080
http://www.ams.org/mathscinet-getitem?mr=0241822
http://www.ams.org/mathscinet-getitem?mr=1329547
http://www.ams.org/mathscinet-getitem?mr=1725357
http://www.ams.org/mathscinet-getitem?mr=0532498
mailto:jocelyne.bion-nadal@polytechnique.edu
mailto:denis.talay@inria.fr

	Introduction
	The W2 distance
	Deﬁnition of W2
	W2 deﬁnes a metric on P
	Weak topology metrization with W2

	Interpretation of W2(Pµ,sigmax; Pµ,sigmax) in terms of stochastic control
	The one-dimensional case
	The multidimensional case: Preliminaries
	Proof of Theorem 2.1
	Proof of Theorem 2.2
	When is a weak solution to (2.6) unique?

	On epsilon-optimal feedback controls
	Conclusion and perspectives
	Appendix: Extreme points in the set of correlation matrices and an optimization problem over orthogonal matrices
	Acknowledgment
	References
	Author's Addresses

