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A symmetric random variable is called a Gaussian mixture if it has the
same distribution as the product of two independent random variables, one
being positive and the other a standard Gaussian random variable. Examples
of Gaussian mixtures include random variables with densities proportional to
e~ 11" and symmetric p-stable random variables, where p € (0, 2]. We ob-
tain various sharp moment and entropy comparison estimates for weighted
sums of independent Gaussian mixtures and investigate extensions of the B-
inequality and the Gaussian correlation inequality in the context of Gaussian
mixtures. We also obtain a correlation inequality for symmetric geodesically
convex sets in the unit sphere equipped with the normalized surface area mea-
sure. We then apply these results to derive sharp constants in Khinchine in-
equalities for vectors uniformly distributed on the unit balls with respect to
p-norms and provide short proofs to new and old comparison estimates for
geometric parameters of sections and projections of such balls.

1. Introduction. Gaussian random variables and processes have always been
of central importance in probability theory and have numerous applications in
various areas of mathematics. Recall that the measure ¥, on R"” with density

dy,(x) = Qm)"2%e” X1 %7/ dx is called the standard Gaussian measure and a
random vector distributed according to 7, is called a standard Gaussian random
vector. A centered Gaussian measure on R" is defined to be a linear image of
standard Gaussian measure. In the past four decades, intensive research has been
devoted to geometric properties related to Gaussian measures (see, e.g., the survey
[29]), which have provided indispensable tools for questions in convex geometry
and the local theory of Banach spaces. In many cases, however, it still remains a
challenging open problem to determine whether such properties are Gaussian per
se or, in fact, more general.

The main purpose of the present article is to investigate properties of mixtures
of Gaussian measures and demonstrate that they are of use to concrete geometric
questions.
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DEFINITION 1. A random variable X is called a (centered) Gaussian mixture
if there exists a positive random variable Y and a standard Gaussian random vari-
able Z, independent of Y, such that X has the same distribution as the product
YZ.

For example, a random variable X with density of the form

fx)= Z pj r .
where p;, 0 > 0 are such that ZT: 1 pj = 1, is a Gaussian mixture corresponding
to the discrete random variable ¥ with P(Y = o) = p;. Finite weighted averages
of noncentered Gaussian measures are ubiquitous in information theory and theo-
retical computer science (see, for instance, [1, 16] for relevant results in learning
theory) and are often referred in the literature as Gaussian mixtures. In this paper,
we shall reserve this term for centered Gaussian mixtures in the sense of Defini-
tion 1. Observe that Gaussian mixtures are necessarily symmetric and continuous.
We shall now discuss a simple analytic characterization of Gaussian mixtures in
terms of their probability density functions.

Recall that an infinitely differentiable function g : (0, o0) — R is called com-
pletely monotonic if (—1)"g™ (x) > 0 for all x > 0 and n > 0, where for n > 1
we denote by g™ the nth derivative of g and g® = g. A classical theorem of
Bernstein (see, e.g., [18]) asserts that g is completely monotonic if and only if it
is the Laplace transform of some measure, that is, there exists a nonnegative Borel
measure 4 on [0, c0) such that

(1 fx) = /OO e ™ du(r) for every x > 0.
0

Bernstein’s theorem implies the following equivalence.

THEOREM 2. A symmetric random variable X with density f is a Gaussian
mixture if and only if the function x — f(y/x) is completely monotonic for x > 0.

Theorem 2 will be proven in Section 2. It readily implies that for every p € (0, 2]
the random variable with density ¢ pe_|x ” is a Gaussian mixture; we denote its law
by 11, and by MZ = ,uff’" the corresponding product measure. Another example of
Gaussian mixtures are symmetric p-stable random variables, where p € (0, 2] (see
Lemma 23 in Section 2). Recall that a symmetric p-stable random variable X is
a random variable whose characteristic function is Ee!’X = ¢—¢lf ‘p, for t € R and
some ¢ > 0. Standard symmetric p-stable random variables correspond to ¢ = 1.
In the consecutive subsections, we shall describe our main results on Gaussian
mixtures.
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1.1. Sharp Khinchine-type inequalities. The classical Khinchine inequality
asserts that for every p € (0, 00) there exist positive constants A, B, such that

for every real numbers ay, ..., a, we have
n 1/2 n p\ 1/p n 172
2) A,,(Zaiz) < (IE > aje; ) <B, (Za}) :
i=1 i=1 i=1

where €1, ..., &, € {—1, 1} are independent symmetric random signs. Whittle dis-
covered the best constants in (2) for p > 3 (see [56]), Szarek treated the case p = 1
(see [53]) and finally Haagerup completed this line of research determining the op-
timal values of A, B, for any p > 0 (see [21]).

Following Haagerup’s results, sharp Khinchine inequalities for other random
variables have also been investigated extensively (see, e.g., [5, 28, 31, 42]). In par-
ticular, in [31], Latata and Oleszkiewicz treated the case of i.i.d. random variables
uniformly distributed on [—1, 1] and proved a comparison result in the sense of
majorization that we shall now describe.

We say that a vector a = (ay, ..., a,) is majorized by a vector b = (b1, ..., by),
denoted a < b, if the nonincreasing rearrangements aj > --- > a;, and b} > --- >
b of the coordinates of a and b, respectively, satisfy the inequalities

k k ! $
Z@?ga? foreachk €{l,...,n—1}and ) a; =) "b;.
= = =t A

For a general reference on properties and applications of the majorization order-

ing, see [37]. For instance, every vector (ay, ..., a,) witha; >0and }7_,;a; =1
satisfies

1 1
3) (—,...,—)ﬁ(al,...,an)5(1,0,...,0).

n n

A real-valued function which preserves (resp., reverses) the ordering < is called
Schur convex (resp., Schur concave). The majorization ordering has many equiva-

lent definitions. For example, it is well known (see [37]) that a vector (ay, ..., a,)
is majorized by another vector (b1, ..., b,) if and only if for every continuous
convex function g : R — R we have
n n
“4) Y gla) <) gbi).
i=1 i=1

This is equivalent to saying that the uniform probability measure p, = % Y1 8a
is smaller than up = ,ll >-"_, 8p, in the convex ordering, that is, the property that

f () dpta(x) < f 2(x) dp(x)
R R

for every convex function g : R — R.
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The main result of [31] reads as follows. Let Uy, ..., U, be i.i.d. random vari-
ables, uniformly distributed on [—1, 1]. For p > 2 and (ay, ..., ay), (b1,...,by) €
R”", we have

n p p
Z a;U;| >E

i=l

S (al....a})=<(b},....p}) = E

> biU;
i=1

and for p € [1,2) the second inequality is reversed. In particular, combining (3)
and (5), for any p > 2 and a unit vector (ay, ..., a,) we get

n p
ZaiUi

i=1

p

9’

U+ + U,
Jn

whereas for p € [1,2) the reverse inequalities hold. Inequality (6) along with the
central limit theorem implies that the sharp constants in the Khinchine inequality

(6) ElUi|” <E

SE‘

n 2\ 1/2 n r\1/p n 2\ 1/2
(7) Ap<E Za,’Ul' ) S(EzaiU,’ ) SBp(EZaiUi )
i=1 i=1 i=1
are precisely
'Yp’ pe[laz)’
A, = 31/2 and
b T 1/ n pE[Z,OO)’
(p+1l/rP
(8) 1
31/2
VN T S 172 )
By=\Gprnvr  PE?
’Yp’ p€[2$oo)s

Pl
where v, = ﬁ(%)l/ P is the pth moment of a standard Gaussian random

variable.

Theorem 3 below is an analogue of the Schur monotonicity statement (5) for
moments of Gaussian mixtures. Recall that for a random variable Y and p # 0 we
denote by ||V ||, = (E|Y|?)!/7 its pth moment and ||Y || = exp(E log |Y ). Notice
that since a standard Gaussian random variable Z satisfies [E|Z|” = oo for every
p < —1, a moment comparison result for Gaussian mixtures can only make sense
for pth moments, where p > —1.

THEOREM 3. Let X be a Gaussian mixture and X1, ..., X, be independent
copies of X. For two vectors (ay, ..., ay), (b1, ...,by) in R" and p > 2, we have
= )

n n
ZaiX,- Zbixi
i=1 p i=1 P

whereas for p € (—1, 2) the second inequality is reversed, provided that E| X |P <
Q.

9  (d},....,a}) =< (b},....h}) =
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The proof of Theorem 3 and the straightforward derivation of sharp constants
for the corresponding Khinchine inequalities (Corollary 25) will be provided in
Section 3.

REMARK 4. After the submission of this paper, we learned from C. Houdré
that Theorem 3 had previously appeared in his joint work ([4], Proposition 2.6)
with R. Averkamp. We are grateful to C. Houdré for providing us this reference.

As an application, we derive similar Schur monotonicity properties for vec-
tors uniformly distributed on the unit ball of E;‘ for g € (0,2], which were first
considered by Barthe, Guédon, Mendelson and Naor in [9]. Recall that for a
vector x = (x1,...,x,) € R" and ¢ > 0 we denote |x|l, = Q" 1xi19)Y/4 and
|X ]l = maxi<i<n |Xi|. We also write EZ for the quasi-normed space (R”, || - [I4)
and Bg = {x € R" : ||x|l4 < 1} forits closed unit ball. In [9], the authors discovered
a representation for the uniform measure on B;’ , relating it to the product measures
Mg defined after Theorem 2, and used it to determine the sharp constants in Khin-
chine inequalities on Bé} up to a constant factor. Using their representation along
with Theorem 3, we deduce the following comparison result.

COROLLARY 5. Fixq € (0,2] and let X = (X1, ..., Xp) be a random vector
uniformly distributed on Bg. For two vectors (ay, ...,ay), (by,...,by) in R" and
p > 2, we have

(10)  (a?,....a}) =< (b3,...,0?) = <

p

’

p

n
ZaiX,-
i=1

whereas for p € (—1, 2) the second inequality is reversed.

n
> biX;
i=1

The derivation of the sharp constants in the corresponding Khinchine inequal-
ity is postponed to Corollary 26. Given Corollary 5 and the result of [31], which
corresponds to the unit cube B[, the following question seems natural.

QUESTION 6. Let X = (X1,...,X,) be a random vector uniformly dis-
tributed on B;’ for some g € (2, 00). What are the sharp constants in the Khinchine
inequalities for X?

It will be evident from the proof of Corollary 5 that Question 6 is equivalent
to finding the sharp Khinchine constants for i, where g € (2, 00). We conjecture
that a Schur monotonicity result, identical to the one in (5), is valid.

Remark added in proofs. In the recent preprint [17], Question 6 is resolved
by different methods than those of the present article. In particular, it is shown there
that the sharp constants in the Khinchine inequality for g, where g € (2, 00), are
the same as those for ul2, when p € [1, 00).
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1.2. Entropy comparison. For a random variable X with density function
f :R — R, the Shannon entropy of X is a fundamental quantity in information
theory, defined as

hO0 == [ £00log £ dx = B[ log £ (0],

provided that the integral exists. Jensen’s inequality yields that among random
variables with a fixed variance, the Gaussian random variable maximizes the en-
tropy. Moreover, Pinsker’s inequality (see, e.g., [19], Theorem 1.1) asserts that if a
random variable X has variance one and G is a standard Gaussian random variable,
then the entropy gap A (G) — h(X) dominates the total variation distance between
the laws of X and G. Consequently, the entropy can be interpreted as a measure of
closeness to Gaussianity. The following question seems natural.

QUESTION 7. Fix n > 2 and suppose that Xy, ..., X, are i.i.d. random vari-
ables with finite variance. For which unit vectors (ay, ..., a,) is the entropy of
Y7, a; X; maximized?

The constraint ) 7_, ai2 =1 on (aj,...,a,) plainly fixes the variance of the
weighted sum Y_"_; a; X; and the answer would give the corresponding most Gaus-
sian weights.

The first result concerning the entropy of weighted sums of i.i.d. random vari-
ables was the celebrated entropy power inequality, first stated by Shannon in [50]
and rigorously proven by Stam in [52]. An equivalent formulation of the Shannon—
Stam inequality (see [35]) reads as follows. For every A € [0, 1] and independent
random variables X, Y, we have

(11) h(VAX + /T =1Y) = Ah(X) + (1 — MA(Y),
provided that all the entropies exist. It immediately follows from (11) that if
X1, ..., X, are i.i.d. random variables with finite variance and (aj,...,a;) is a

unit vector, then we have

(12) h(Za,X,-) > h(X)).
i=1

In other words, the corresponding minimum in Question 7 is achieved at the direc-
tion vectors ¢; .

Moreover, a deep monotonicity result in the entropic Central Limit Theorem
was obtained in the work [2] of Artstein-Avidan, Ball, Barthe and Naor. The au-
thors proved that for any random variable X with finite variance and any n > 1 we
have

"o n+1
1 (B ) 2% )
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where X1, X», ... are independent copies of X.

Given inequality (13), a natural guess for Question 7 would be that the vector
(ﬁ, ey ﬁ) is a maximizer for any n > 2 and for any square-integrable random
variable X. However, this is not correct in general. In [7], Proposition 2, the authors
showed that for a certain symmetric random variable X uniformly distributed on
the union of two intervals the Shannon entropy of the weighted sum +/AX| +
/1 —AX> is not maximized at A = %

Nonetheless, for Gaussian mixtures it is possible to obtain the comparison for
Rényi entropies which confirms the natural guess. Recall that for a random variable
X with density f : R — R, and o > 0, o # 1, the Rényi entropy of order o of X

is defined as

o (X) = — 1og<fRf“(x)dx).

l—«
Note that if for some o > 1 the integral of f“ is finite, then A, (X) tends to A(X)

as a — 17 (see [11], Lemma V.3), which we shall also denote by /1 (X) for con-
venience.

THEOREM 8. Let X1, ..., X, be i.i.d. Gaussian mixtures and @ > 1. Then for
two vectors (ay, ...,a,), (b1, ..., by) in R" we have

n n
(14)  (af,....a>) < (b3,....b}) = ha<2aixl-)zha<2b,~x,-),
i=1 i=1

provided that all the entropies are finite. In particular, for every unit vector
(al LA ] an)

n X1+ + X,
(15) h(X)) < h(;ain) < h(T)

Extensions of inequality (15), even for the uniform measure on the cube, appear
to be unknown.

QUESTION 9. Let Uy,..., U, bei.i.d. random variables, each uniformly dis-
tributed on [—1, 1]. Is it correct that for every unit vector (ay, ..., ay)
n
U+ + U,,)
16 h Uil <h| ———)?
(16) (; ai 1) = ( ﬁ

Geometrically, this would mean that, in the entropy sense, the most Gaussian
direction of the unit cube B is the main diagonal.

REMARK 10. Since for every n > 1,

<l 1) < 1 1 )
Ty ey T ﬁ 7---7—50 )
n n n—1 n—1
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the monotonicity of entropy inequality (13) for Gaussian mixtures is a direct con-
sequence of Theorem 8. Furthermore, the same holds true for all Rényi entropies
of order «, where o > 1.

We close this subsection with an intriguing question in the spirit of the well-
known fact that a Gaussian random variable has maximum entropy among all ran-
dom variables with a specified variance. Note that Theorem 8 along with

11 1 1
(1,1,0,...,0)3(1,—,—,0,...,0)z---z(l,—,...,—)
22 n n

imply that for every i.i.d. Gaussian mixtures X, X»,... the sequence
h(Xy + %), n=1,2,...1s increasing and in particular

Xyt .ot X
h(X1+X2)§h<X1+ 2t ”“).

Nz
Thus, the following result should not be surprising.

PROPOSITION 11. Let X1, X»> be independent Gaussian mixtures with finite
variance. Then
a7 h(X1+ X2) <h(X1+G),
where G is a Gaussian random variable independent of X1 having the same vari-

ance as X»p.

We pose a question as to whether this is true in general, under the additional
assumption that X1, X, are identically distributed.

QUESTION 12. Let X, X, be i.i.d. continuous random variables with finite
variance. Is it true that

(18) h(X1+ X2) <h(X1 + G),
where G is a Gaussian random variable independent of X; having the same vari-
ance as X,?

The preceding entropy comparison results will be proven in Section 3.

1.3. Geometric properties of Gaussian mixtures. Recall that a function ¢ :
R" — R, is called log-concave if ¢ = e~V for some convex function V : R” —
(—00,00]. A measure n on R" is called log-concave if for every Borel sets
A, BCR"and A € (0, 1) we have

(19) (A + (1 =2)B) = u(A u(B) .
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A random vector is called log-concave if it is distributed according to a log-
concave measure. Two important examples of log-concave measures on R" are
Gaussian measures and uniform measures supported on convex bodies. The ge-
ometry of log-concave measures, in analogy with the asymptotic theory of con-
vex bodies, has been intensively studied and many major results are known (see,
e.g., the monograph [3]). The Gaussian measure, however, possesses many delicate
properties which are either wrong or whose validity is still unknown for other log-
concave measures. In what follows, we will explain how to extend, in the context
of Gaussian mixtures, two such properties: the B-inequality, proven by Cordero-
Erausquin, Fradelizi and Maurey in [15], and the Gaussian correlation inequality,
recently proven by Royen in [46].

Choosing the sets A, B in (19) to be dilations of a fixed convex set K C R” we
deduce that for every a, b > 0 and A € (0, 1)

(20) nw((ra+ (1= 2)b)K) > p@k)* u®K)' .

The (weak) B-inequality provides a substantial strengthening of (20) for Gaus-
sian measure, under an additional symmetry assumption: for any origin symmetric
convex set K CR", a,b>0and A € (0, 1)

1) Ya(@*b' ™ K) = v, (@K ) 4, (0K)' 7,
or, in other words, the function ¢ > 7, (¢’ K) is log-concave on R. In fact, in [15]

the following strong form of the above inequality was proven.

THEOREM 13 (Strong B-inequality, [15]). Let K be a symmetric convex set in
R™. Then, the function

(22) R" > (t1, ..., tn) —> Ya(A(€", ..., e")K)
is log-concave on R, where A(sy, ..., sp) is the diagonal n x n matrix with entries
STy vy Sp.

The authors also proved that the same conclusion holds for an arbitrary uncon-
ditional log-concave measure, provided that the convex set K is unconditional as
well (see [15], Section 5, for further details). Furthermore, they asked whether the
weak B-inequality holds for any symmetric log-concave measure and symmetric
convex set K; this is currently known as the B-conjecture. We note that in [48],
Saroglou confirmed the B-conjecture on the plane (the case of uniform measures
on convex planar sets had previously been treated in [36]). Our result in this direc-
tion is the following theorem.

THEOREM 14. Let X1, ..., X, be Gaussian mixtures such that X; has the
same distribution as Y;Z;, where Y; is positive and Z; is a standard Gaussian
random variable independent of Y;. Denote by w; the law of X; and by u the
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product measure (11 Q --- ® Wy,. If, additionally, log Y; is log-concave for each i,
then for every symmetric convex set K in R" the function

(23) R" > (t1, ..., 1) —> u(A(e", ..., e")K)

is log-concave on R".

We do not know whether the additional assumption on the Y; can be omitted, but
we verified (Corollary 30) that both the measure with density proportional to e~ !*I”
and the symmetric p-stable measure have this property for p € (0, 1], whereas they
do not for p € (1, 2). Notice that the corresponding product measures, apart from
w7, are not log-concave. We note that extending the B-inequality to u’;, where
p > 2, is of importance. For instance, it has been proven by Saroglou [47] that the
weak B-inequality for ul, (i.e., the uniform measure on the unit cube B)) would
imply the conjectured logarithmic Brunn—Minkowski inequality (see [14]) in its
full generality. The proof of Theorem 14 will be given in Section 4.

An application of the B-inequality for Gaussian measure is a small ball prob-
ability estimate due to Latala and Oleszkiewicz [32]. For a symmetric convex set
K, denote by r(K) its inradius, that is, the largest r > 0 such that rBS’ CK.In
[32], the authors used Theorem 13 along with the Gaussian isoperimetric inequal-
ity (see, e.g., [3], Theorem 3.1.9) to prove that if K C R” is a symmetric convex
set with v, (K) < 1/2, then

r(K)?
24) Ya(tK) < (2t) 4 v,(K) for every t € [0, 1].
Using Theorem 14 and an isoperimetric-type estimate of Bobkov and Houdré from
[13], we deduce the following corollary.

COROLLARY 15. Let K be a symmetric convex set in R" such that uf(K) <
1/2. Then

r(K)

(25) wi(tK) <t2vo puf(K) for every t € [0, 1].

Our next result is an extension of the Gaussian correlation inequality, which
was recently proven by Royen in [46] (see also [30] for a very clear exposition of
Royen’s proof and the references therein for the history of the problem).

THEOREM 16 (Gaussian correlation inequality, [46]). For any centered Gaus-
sian measure Y on R" and symmetric convex sets K, L in R", we have
(26) Y(KNL)=v(K)y(L).

This inequality admits a straightforward extension to products of laws of Gaus-
sian mixtures.
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THEOREM 17. Let Xy, ..., X, be Gaussian mixtures and denote by |; the
law of X;. Then, for t = 11 ® - - - ® u, and any symmetric convex sets K, L in R"
we have

(27) pu(K N L) = uw(K)u(L).

This theorem implies that the correlation inequality (27) holds for the prod-
uct measure ;L’;, as well as for all symmetric p-stable laws on R", where
p € (0,2) (Corollary 35). In particular, the multivariate Cauchy distribution,
which is a rotationally invariant 1-stable distribution on R" defined as du(x) =
cn(1+ ||x||%)_% dx, satisfies the inequality (27). In [40], Memarian proved par-
tial results in this direction and noticed that such inequalities are equivalent to
correlation-type inequalities on the unit sphere $”~!. We will recap his argu-
ment in Section 5. Let Si_l C 5"~! be the open upper hemisphere, that is,
Sf’fl =8""1N{x e R": x, > 0} whose pole is the point p = (0, ..., 0, ). A sub-
set A C Sfﬁ_l is called geodesically convex if for any two points x, y € A the short-
est arc of the great circle joining x, y is contained in A. Furthermore, A is called
symmetric (with respect to the pole p) if for any x € A, the point x* # x which
lies on the great circle joining x and p and satisfies dg.—1(x, p) = dg-1(p, x*),
also belongs in A. Here, dg.—1 denotes the geodesic distance on the sphere.

COROLLARY 18. Let Si_l C §"! be the open upper hemisphere. Then for
every symmetric geodesically convex sets K, L in Si_l we have

(28) IKNL|-|STY > |K]|-ILI,

where | - | denotes the surface area measure on sn—1,

Finally, we want to stress that one cannot expect that all geometric properties
of the Gaussian measure will extend mutatis mutandis to Gaussian mixtures. For
example, it has been proven by Bobkov and Houdré in [12] that the Gaussian
isoperimetric inequality actually characterizes Gaussian measures. Nevertheless,
it might be the case that there are many more that admit such an extension.

L.4. Sections and projections of B;. The study of quantitative parameters of
sections and projections of convex bodies is a classical topic in convex geometry
(e.g., see the monograph [25]). As a first application, we revisit two well-known
theorems and reprove them using some relevant Gaussian mixture representations.

Denote by H; the hyperplane (1,0,...,0)* and by H, the hyperplane
(1,..., 1)L It has been proven by Barthe and Naor in [10] that for any g € (2, o]
and any hyperplane H C R" we have

(29) |Proj, By | < [Projy By| < |Projy, By

’
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where | - | denotes Lebesgue measure. To deduce this, they proved that for any
€ [1, oo}, if X1, ..., X, are i.i.d. random variables with density
2 7T
(30) fo@) =cqlt|mte ™ 1 eR,

then the volume of hyperplane projections of By can be expressed as

n
ZaiXi

i=1

’

31) |Proj, 1 B! | = g uE

where a = (ay, ..., a,) is a unit vector and « , is a positive constant. It immedi-
ately follows from the characterization given in Theorem 2 that for ¢ > 2 the ran-
dom variables X; are Gaussian mixtures and thus, from Theorem 3 (with p = 1),
we deduce the following strengthening of (29).

COROLLARY 19. Fix g € (2,00]. For two unit vectors a = (ay, ..., a),
b= (by,...,by) in R" we have

(32) (af, o, aﬁ) < (bz, e b,%) = |Proj,. BZ\ > |Proj,. B('}]

We now turn to the dual question for sections. Meyer and Pajor and later
Koldobsky (see [24, 41]) proved that for any g € (0,2) and any hyperplane
HCR"

(33) |By NHy| < |ByNH|<|B;NH|

More precisely, in [41] the authors proved the upper bound of (33) for g € [1, 2)
and the lower bound for ¢ = 1 and posed a conjecture that would imply (33) for any
q € (0, 2); this was later confirmed in [24]. The main ingredients in Koldobsky’s
proof of (33) were a general representation of the volume of hyperplane sections
of a convex body in terms of the Fourier transform of the underlying norm and an
elegant lemma about symmetric g-stable densities. Using a different approach, we
prove the analogue of Corollary 19 for sections.

COROLLARY 20. Fix g € (0,2). For two unit vectors a = (ay,...,a),
b= (by,...,by) in R" we have

(34) (at.....ay) = (bf.....by) = [Bjna*|<|BinbT].

In fact, Corollary 20 will follow from a more general comparison of Gaussian
parameters of sections which is in the spirit of [9]. For a hyperplane H € R" and
a convex body K C R", denote by || - ||[knz the norm on H associated with the
convex body K N H.



2920 A. ESKENAZIS, P. NAYAR AND T. TKOCZ

THEOREM 21. Fix g € (0, 2). For a unit vector 0 € R", let Gg be a standard
Gaussian random vector on the hyperplane 6. Then for every A > 0 and unit

vectors a = (ay,...,a,), b= (by, ..., b,) in R" we have
~MGal?, | =Gy, |
(35) (af,...,a})=<(b?,....b}) = e Binat < Ee BynbL

In [9], the authors used a different method to prove that for any ¢ € (0, 2) and
A > 0 the Gaussian parameters appearing in (35) are maximized when a = e1. As
explained there, such inequalities imply the comparison of various other param-
eters of sections and projections of By, most notably the volume (Corollary 20)
and the mean width. Recall that for a symmetric convex body K in R” the sup-
port function hg : s Ry is defined as hg () = max ek (x, #) and the mean
width is

wK) = [ he®)do®).

where o is the rotationally invariant probability measure on the unit sphere "',
Exploiting the duality between sections and projections, we deduce the following
corollary.

COROLLARY 22. Fix g € (2,00] and let H CR" be a hyperplane. Then
(36) w(Projy, By) < w(Projy By) < w(Projy, By).

The lower bound in (36) was first obtained in [9], where the authors also proved
that for any g € (0, 2) and any hyperplane H € R"

(37) w(Projy By) < w(Projy, By).

Given this result and Corollary 22, what remains to be understood is which hy-
perplane projections of B have minimal mean width for ¢ € (0, 2), similar to the
study of volume. We will provide the proof of Theorem 21 and its consequences
in Section 6.

2. Proof of Theorem 2 and examples. Here, we establish some initial facts
about Gaussian mixtures, prove the characterization presented in the Introduction
and use it to provide relevant examples.

Let X be a Gaussian mixture with the same distribution as Y Z, where Y is
positive and Z is an independent standard Gaussian random variable; denote by v
the law of Y. Clearly, X is symmetric. Furthermore, for a Borel set A € R we have

P(XeA)=P(YZeA)

(38) ~ o | 2
:/0 P(yZeA)dv(y)zfA/O e 22 du(y)dx,
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which immediately implies that X has a density

/ ——dV(y)
N y

We now proceed with the proof of Theorem 2.

(39) fx)=

PROOF OF THEOREM 2. Let X be a symmetric random variable with density
f such that the function x — f(4/x) is completely monotonic. By Bernstein’s
theorem, there exists a nonnegative Borel measure p supported on [0, o) such
that

(40) f(Wx) = /OOO e ™ du(r) for every x > 0

or, equivalently, f(x) = fooo e’ du(t) for every x € R. Notice that ©({0}) =0
because otherwise f would not be integrable. Now, for a subset A C R we have

P(X € A) :/ /Ooe_’xz du(t)dx = /OO/ e dx du(t)

(41)
e 2y [T = V2tA
dx d/L(f) 0 Yn( )dv(r),

_/ /fAJ_

where dv(t) = ﬁ du(t). In particular, choosing A = R, we deduce that v is a
probability measure, supported on (0, oc). Let V be a random variable distributed

according to v; clearly, V is positive almost surely. Define ¥ = % and let Z be

a standard Gaussian random variable, independent of Y. Then (41) implies that
1 o0
IP’(YZEA):IP’(—~ZGA):/ W2tA)dv(t) =P(X € A),
V2V 0 o

that is, X has the same distribution as the product Y Z. The converse implication
readily follows from (39) and Bernstein’s theorem after a change of variables. [J

Before applying Theorem 2, we first provide some examples of completely
monotonic functions. Direct differentiation shows that the functions e ~%*, x ™% and
(1+x)™%, where @ > 0, are completely monotonic on (0, c0) and a straightfor-
ward induction proves that the same holds for e‘xﬁ, where 8 € (0, 1]. The same
argument implies that if g is a completely monotonic function on (0, co) and 4 is
positive and has a completely monotonic derivative on (0, co), then g o & is also
completely monotonic on (0, co0). Moreover, one can easily see that products of
completely monotonic functions themselves are completely monotonic.

Combining the last example with Theorem 2, we get that for every p € (0, 2]
the random variable with density proportional to e~ ” is a Gaussian mixture. Re-
call that we denote by ), the probability measure with density ¢ pe_|’|p, p >0,
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where ¢, = 2I'(1 + 1/ p))_l, and MZ = /,L;Q?”. Student’s ¢ random variables pro-
vide another example of Gaussian mixtures. Furthermore, it is a classical fact that
symmetric p-stable random variables, where p € (0, 2], are Gaussian mixtures.
For these measures, we can describe the positive factor in their Gaussian mixture
representation. Recall that a positive random variable W with Laplace transform
Ee~'W = ¢~ where « € (0, 1) and ¢ > 0, is called a positive a-stable random
variable. Standard positive a-stable random variables correspond to ¢ = 1; we de-
note their density by g.

LEMMA 23. Fix p € (0,2) and let Z be a standard Gaussian random vari-
able:

(1) If Vp 2 has density proportional to t~1/2g p/2(t) and is independent of Z,
then (2Vp/2)_1/zZ has density c,,e_‘”p.

(i1) If Wy 2 is a standard positive p/2-stable random variable and is indepen-
dent of Z, then 2W, /2)1/ 27 is a standard symmetric p-stable random variable.

PROOF. To show (i), we shall decompose a symmetric random variable with
density ¢ pe_mp into a product of two independent random variables: a positive
one and a standard Gaussian. To this end, denote by @ the measure in the repre-
sentation (40) written for the density ¢ pe_p"p, that is,

2 o0
cpe_xp/ =/0 e " du(r), x> 0.

. 2 S .
Therefore, the Laplace transform of c;l W is e , which implies that c;l W is

a standard positive p/2-stable measure with density g,/2. Now, an inspection of
the proof of Theorem 2, reveals that the positive factor Y in the Gaussian mixture

representation is ¥ = (2V)~1/2, where V has law \/? du(t), so in this case the
density of V is indeed proportional to 1~ 1/2g p/2(1), as required.

On the other hand, (ii) is a straightforward characteristic function computation.
Using the independence of W), > and Z, we get

. 1/2
Ee’ﬁlwpﬂz —Ey

. 12 )
p/zEzelﬁZWP/ZZ =Ee "Wrr ="

’

which concludes the proof of the lemma. [

Lemma 23 will be useful in Section 4. It can be checked by doing further com-
putations that when p = 1:

(i) Let £ be an exponential random variable (i.e., a random variable with den-
sity e "1;-¢) and Z a standard Gaussian random variable, independent of £. Then
the product ~/2£ Z has density %e“”, t € R (symmetric exponential density).
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(ii) Let Z1, Z, be independent standard Gaussian random variables. Then the
quotient Z1/|Z>| is distributed according to the Cauchy distribution with density
———, which is the symmetric 1-stable distribution.

T (14x%)

REMARK 24. It was noted in [10], page 223, that for an infinitely differen-
tiable integrable function f : (0, 00) — R, the function x > f (Vx) is completely
monotonic if and only if x — f (f ) is completely monotonic, where f is the
Fourier transform of f. Applying this to the density cje —11” and then using The-
orem 2 yields that symmetric p-stable random variables are Gaussian mixtures, as
was also proven above.

3. Moment and entropy comparison. For the proofs of this section, we will
use an elementary result of Marshall and Proschan from [38] which reads as fol-
lows. Let ¢ : R" — R be a convex function, symmetric under permutations of its n

arguments. Let X, ..., X, be interchangeable random variables, that is, random
variables whose joint distribution is invariant under permutations of its coordi-
nates. Then for two vectors (ay, ..., a,), (b1, ...,b,) € R", we have
(a17'~~val’l) 5 (blvabn)
(42)
:> ]E¢(a1X1s~“7aan)SE¢(b1X1s“'7an}’l)
or, in other words, the function R” > (ay,...,a,) — E¢d(a1X1,...,a,X;) is

Schur convex. If ¢ is concave, then the second inequality in (42) is reversed, that
is, the function above is Schur concave. This result follows directly from the fact
that a convex (resp., concave) function that is symmetric under permutations of its
arguments is Schur convex (resp., concave), which, in turn, is a consequence of the
following simple property. If a = (a1, ..., a,), b= (b1, ..., b,) € R" then

a=xb <= aeconv{(bs(1)...,bom): 0 isapermutation of {1, ..., n}},

where conv(A) denotes the convex hull of a set A C R” (for details, see [37]).
We start with the comparison of moments of Gaussian mixtures.

PROOF OF THEOREM 3. Fix p > —1, p #0. Let X be a Gaussian mixture
and X1, ..., X, be independent copies of X. Since each X; is a Gaussian mixture,
there exist i.i.d. positive random variables Y1, ..., Y, and independent standard
Gaussian random variables Zi, ..., Z, such that X; has the same distribution as
the product Y; Z;. For ay, ..., a, € R, the joint independence of the Y;, Z; implies
that
p/2

n
YiZi| = =y -E Y

n /2 p
E (Z a?Yi2> z
i=1

where Z is a standard Gaussian random variable independent of all the ¥; and y, =
(E|Z|?)!/P. The conclusion now follows directly from Marshall and Proschan’s
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result (42) since 7 — tP/2 is convex for p € (—1,0)U[2, 00) and concave for p €
(0, 2). Notice that when the exponent 1/ p is negative, the resulting norm becomes
Schur concave. The result for p = 0 is proven similarly. [

The derivation of sharp constants in the corresponding Khinchine inequalities
is now straightforward.

COROLLARY 25. Let X be a Gaussian mixture and X1, ..., X, be indepen-
dent copies of X. Then, for every p € (—1,00) and ay, ..., a, in R we have

n n n
ZaiXi ZaiXi ZaiXi
i=1

i=l i=1

9’

2

(43) A,

=< <B,
2 )4

where
X J—
” “p9 PE(—l,Z), Yp’ pe( 152)3
44) A, =1 X2 and B, = X1l ,
YP’ pG[Z,OO), ”XHZ’ pE[ 700)’

ptl
provided that all the moments exist. Here, Y, = ﬁ(%)lﬂ’ is the pth moment
of a standard Gaussian random variable. These constants are sharp.

PROOF. We can clearly assume that (ay, ..., a;,) is a unit vector. We will prove
the statement for p > 2; the case p € (—1,2) is identical. The Schur convexity
statement of Theorem 3 along with (3) implies that

X1+ + X, n
(45) H— <|Xaxi| <1xil,.
\/E p i=1 p
Applying this fora; =---=a,—1 = (n — 1)_1/2 and a, = 0, where n > 2, shows

that the quantity on the left-hand side is decreasing in »n and the central limit theo-
rem implies that

n
Yl Xl < D aiXi| <IXlp,
i=1 14
which is equivalent to
. . I1X1p ||
Yo D aiXi| <|D aiXi| < X > aiX;
i=1 2 =1 » 2li=1 2

The sharpness of the constants is evident. []

For the proof of Corollary 5, we need to exploit two results about the geometry
of Bg which are probabilistic in nature. Let Y1, ..., ¥, be i.i.d. random variables

distributed according to u, and write ¥ = (Y1, ..., Y)).
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We denote by S the random variable (3_7_, |Y;[? )1/4. As explained in the In-
troduction, the main ingredient of the proof of Corollary 5 is a representation for
the uniform measure on B(’; discovered in [9] that reads as follows. Let £ be an
exponential random variable (i.e., the density of £ is e"1,- ) independent of the
Y;. Then the random vector

(G )
(ST 4+ &V (4 + &)V

is uniformly distributed on B(’I’. Furthermore, we will need a result of Schechtman
and Zinn from [49], also independently proven by Rachev and Riischendorf in
[45], which asserts that the random variables S and % are independent.

PROOF OF COROLLARY 5. Recall that X = (X4, ..., X,,) is a random vec-
tor uniformly distributed on B;‘ and let Yy, ...,Y,, S and & be as above. For the

reader’s convenience, we repeat the following computation from [9]. Using the
representation described before and the independence of S and %, we get

n n
Za,-X,- Za,-
i=1 i=1

Then, again by independence, E|}"7_, a; %|1’E|S|p =E|>7_,a;Y;|?, and thus

n n
Za,’Xi ZaiYi
i=1 i=1

p p

E

Y

E 2
S

p
:E‘#
(S4+E)1/d

b 1
:Ei
‘(S‘I +&Va

n
a;Y;
—1

p p

P
E E

1 ’ S
= E
E|S|P | (S7+&E)1/a

n
ZaiY,-

i=1

(46) ,

=c(p,q,n)E

’

where c(p, g,n) > 0 is independent of the vector (ay,...,a,). In other words,
the moments of linear functionals applied to the vector X are proportional to the
moments of the same linear functionals applied to Y. In view of Theorem 3 and of
the fact that Yy, ..., Y, are i.i.d. Gaussian mixtures, this property readily implies
Corollary 5. [

Similar to Corollary 25, it is straightforward to deduce the sharp constants for
Khinchine inequalities on Bj.

COROLLARY 26. Fixq € (0,2]andlet X = (X1, ..., Xy,) be a random vector,
uniformly distributed on By . Then, for every p € (—1,00) and ay, ..., an in R we
have

47) A, <B,

p

’

2

n
ZaiX,'
i=1

=
2

n
ZaiXi
i=1

n
ZaiXi
i=1
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where
X _
l 1”[)’ pe(=1.2). Yps pe(—1,2),
(48) Ap=1 IX1l2 and By=1Xilp
Yps pE€[2,00), 1 X112 p »TED

and forr > —1
B(E, M=)\ 1
(49) IXillr = ( —F—L—

B(j. ")

These constants are sharp.
PROOF. The derivation of (48) is identical to the one in the proof of Corol-
n—1
lary 25. To deduce (49), notice that X has density f(x) =cq (1 —|x]9) ¢ 1y <1

where
1 n—1 2 1 —1
c;ll 22/ (1—x7) ¢ dx = —B(—, %>
’ 0 q q
Thus, for every r > 0,

1 n—1 l/r B(ﬂ,w) l/r
il = (200 [ 20 —x0)5 ) = (S )
0

1 n+q—1
B(}, =)
which completes the proof. [J

We now turn to comparison of entropy.

PROOF OF THEOREM 8. Let X be a Gaussian mixture and X, ..., X, inde-
pendent copies of X. There exist i.i.d. positive random variables Yi,..., Y, and
independent standard Gaussian random variables Zi, ..., Z, such that X; has the
same distribution as the product Y; Z;. For a vector 6 = (61, ..., 6,) € R" denote

by Xy the random variable }_"_, 6; X; and by fy the density of X4. Since Xy is
itself a Gaussian mixture, Theorem 2 implies that the function x > fp(/x) is

completely monotonic. Consequently, there exists a measure ity on [0, 00) so that
[o.¢]
fo(W/x) = / e ™ dug(t) for every x > 0.
0

It now immediately follows from Holder’s inequality that for x,y > 0 and A €
(0, 1) we have

ol ox+ (1 —2)y) = fo T e e ™) T dug (1)
< ( [ e da (r))k< [ e d (r))l_A

= fo(WO)  fa(YM'

or, in other words, the function ¢y (x) = — log fy(4/x) is concave.
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Let a = (a1,...,an),b = (by,...,by) € R" be such that (a,...,a?) <
b3, ..., bﬁ). We first consider the case of Shannon entropy, thatis, « = 1. Jensen’s
inequality implies the following well-known variational formula:

50) h(Xp) =E[—log f»(X3)]
=min{E[—logg(X;)]: g : R — Ry is a probability density}.
Thus, using (50) for g = f, we get

h(Xp) <E[—log fa(Xp)] = E|:— log fa (Z b;iY; Zi):|

i=1

() ) )

where in the last equality we used the fact that Z is independent of the Y;. Now,
since (alz, ey a,zl) is majorized by (b, ..., b,zl), the concavity of ¢, along with
Marshall and Proschan’s result (42) implies that

Ey@q (2”: bizYizzz) <Eyg. (Zn: aiZYizzz)
=1 i=1
which, after averaging ovelr Z, gives |
h(Xp) <Eg, (Z a} Yﬁzz) =E[-log fa(Xa)] = h(Xa).
i=1
For the Rényi entropy of orlder o, where @ > 1, we need to prove that

(52) / f:‘(x)dx 5/ f,f’(x)dx.
R R
Notice that, as before, we can write

12
(3) [ 0 dr=Efr (X0 =EgBy 2 1<<Za2Y2) z).

i=1

The concavity of ¢, implies that, since « > 1, the function x — f;‘_l(ﬁ) =
e(1=9%) ig convex, and thus from (42) we get

n 1/2 n 1/2
i=1 i=1

which, after integrating with respect to Z, gives

n 1/2
fRf;‘(x)dx gEf;‘—l((Zb%Yﬁ) z)
i=1

—Efo(X,) = /R £21 @) fy () do.

(54)
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Finally, Holder’s inequality yields

CON ) fj“l(x)fb(x)dx§< [ fc?(x)dx)a;l< [ f;f‘(x)dx)i.

Combining (54) and (55) readily implies (52), that is, the comparison sy (X,) >
he(Xp). U

REMARK 27. We note that a result of similar nature was proven in the work
[57] of Yu, who showed that for every i.i.d. symmetric log-concave random vari-

ables X1, ..., X, the function (ay,...,a,) = h(3_/_,a; X;) is Schur convex on
R". In particular, for every vector (a, ...,a,) € R" such that }-7_, |a;| =1 we
have

(56) h(%ZXi) §h<zaixi) < h(Xy).
i=1 i=1

The main actors in Yu’s argument are the same: the variational principle for en-
tropy (50) and Marshall and Proschan’s comparison result (42) (the log-concavity
assumption is paired up with the linear constraint on the coefficients).

Finally, we proceed with the proof of Proposition 11.

PROOF OF PROPOSITION 11. Let X1, X, be independent Gaussian mixtures
such that X; has the same distribution as the product Y; Z;, for some independent
positive random variables Y7, Y> and independent standard Gaussian random vari-
ables Z1, Z>. Let G be a centered Gaussian random variable independent of X
with the same variance as X;. Notice that X| + X, has the same distribution as
(le + YZZ)I/ZZ, whereas X + G has the same distribution as (le + IEYZZ)I/ZZ,
where Z is a standard Gaussian random variable independent of the Y;. Denote by
f the density of X; + X» and by g the density of X| 4+ G. Using the variational
formula for entropy (50), we get

h(X1 4 X2) =E[—log f (X1 + X2)]
<E[-logg(X1 + X2)] =Ey, 2 Exs [~ logg (Y7 + ¥3)' " 2)].

Since X1 + G is also a Gaussian mixture, as remarked in the proof of Theorem 8,
the function x > —log g(4/x) is concave, and thus

Ey,[~logg((¥ +¥3)"*2)] < ~log g (¥ +EV3)'*2).
Combining the above, we deduce that
h(X1+ X2) <E[- 10gg((Y12 + EYZZ)I/ZZ)]
=E[-logg(X1 + G)] =h(X| + G),

which concludes the proof. [J
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REMARK 28. Inlight of Proposition 11, it could seem that the assumption that
X1, X7 are identically distributed in Question 12 is redundant. However, this is not
the case. Let X1, X» be independent symmetric random variables such that X
has a smooth density f : R — R, and let G be an independent Gaussian random
variable with the same variance as X». A straightforward differentiation shows that
the inequality

h(X1+eX) <h(X;+eG)

as ¢ — 0T is equivalent to the comparison of the fourth-order Taylor coefficients
of these expressions, namely,

axd [ 90tog S dr = EG* [ r O log fa

However, this inequality can easily be seen to be wrong, for example, by taking X

to have the density function f(x) = a2 =it/

N and X, to be uniformly distributed

on a symmetric interval.

4. The B-inequality. We start by establishing a straightforward representa-
tion for products of laws of Gaussian mixtures. Let X1, ..., X, be independent
Gaussian mixtures (not necessarily identically distributed) so that X; has the same
distribution as the product Y; Z;, where Y1, ..., Y, are independent positive random
variables and Zi, ..., Z, are independent standard Gaussian random variables.
Denote by v; the law of Y;, by u; the law of X; and by v, u the product measures
VI ®- - Qv, and 1 ® --- ® uy respectively. Then, for a Borel set A C R” we
have

w(A) =P((X1,..., X,) € A)
=P((Y1Z1,.... YuZ,) € A)

(57) 00 00
= [ [T B Z1 i) € A)an ) vt
= YH(A(yl’""yn)ilA)dv(yla"'syn)7
(0,00)"
where A(yy, ..., yn) is the diagonal matrix with entries yp, ..., ¥,. In other words,

W is an average of centered Gaussian measures on R". We now proceed with the
proof of the B-inequality for Gaussian mixtures.

PROOF OF THEOREM 14. Let Xq,..., X, be as in the statement of the theo-
rem and denote by f; the density of Y;. Clearly, the log-concavity of the random
variable log ¥; is equivalent to the log-concavity of the function s — f;(e~*) on R.
Let K C R" be a symmetric convex set and (¢1, ..., ;) € R". Then, by (57) and
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the change of variables y; = ¢~* we have

w(Ae", ..., e")K)

(58) N <o,00)nvn(A(yrle‘%---,y;le’")K)ﬁ(yl)---fn<yn)dy

:/ yn(A(ele”‘, ...,es"+t")K)f1 (e71)- --fn(e_s”)e_zi';ls” ds.
Rn

The B-inequality for Gaussian measure (Theorem 13) immediately implies that the
function

R" x R" 3 (s, 1) —> Yo (A(eM 11, ..., T K)

is log-concave on R" x R". Consequently, the integrand in (58) is a log-concave
function of (s,7) € R" x R" as a product of log-concave functions. The result
now follows from the Prékopa—Leindler inequality (see, e.g., [3], Theorem 1.4.1)
which implies that marginals of log-concave functions are log-concave (see also
[20], Theorem 3.15). [

REMARK 29. An inspection of the proof of Theorem 14 shows that the same
argument also yields the B-inequality for rotationally invariant measures of the
form du(x) = f(||x|l2) dx, where f is proportional to the density of a Gaussian
mixture that satisfies the assumption of Theorem 14.

Checking whether a particular Gaussian mixture X satisfies the assumption of
Theorem 14 might be nontrivial, since one has to know the distribution of the posi-
tive factor Y occurring in its representation. However, by Lemma 23, we know this
factor for random variables with densities proportional to e~ *I” and for symmetric
p-stable random variables, where p € (0, 2). This allows us to determine the val-
ues of p € (0,2) for which the assumption is satisfied, for each of these random
variables.

To this end, denote, as before, by g, the density of a standard positive «-stable
random variable, o € (0, 1). Recall that the positive factor in the representation of a
standard symmetric p-stable random variable is (2W, /2)1/ 2 where W2 is a stan-
dard positive p/2-stable random variable. Thus, the assumption of Theorem 14 is
equivalent to the log-concavity of the function s — g,/,2(e™*) on R. On the other
hand, the corresponding factor in the representation of the random variable with
density c,e!"I" is of the form (2V,2)~!/? where V,» has density proportional to
t~1/2g p/2(t). Therefore, the corresponding assumption in this case is again equiva-
lent to the log-concavity of s > g,/2(e™") on R, since the remaining factor e’/ s
log-affine. If X is a random variable with density g : R — R, the log-concavity
of s — g(e™) is referred in the literature as multiplicative strong unimodality
of X. The multiplicative strong unimodality of positive «-stable distributions has
been studied by Simon in [51], who proved that such a random variable has this
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property if and only if o < 1/2. Combining this with the above observations and
Theorem 14, we deduce the following.

COROLLARY 30. For every p € (0, 11, the product measure on R" with den-

. . lixll? .
sity proportional to e W» and the symmetric p-stable product measure on R"
satisfy the B-inequality for every symmetric convex set K C R".

We now turn to the proof of the small ball estimate for the symmetric exponen-
tial measure (Corollary 15) described in the Introduction. The argument is very
similar to the one in [32].

PROOF OF COROLLARY 15. Let K C R" be a symmetric convex set such that
w7 (K) < 1/2 and we denote by r = r(K) the inradius of K. For a set A C R" and
h > 0, we also denote by A, the h-enlargement of A, thatis, A, = A+hBj. Notice
that for s € (0, 1) we have (sK) N (K)(1—s)r = I, where K¢ is the complement
of K, and thus

(59) HiGK) < 1—ui((K)q_g))-

Now, choose u > 0 such that uf(K) = p1((u, 00)) or, equivalently, u}(K) =
u1((—u, 00)). Bobkov and Houdré proved in [13] that if A C R" is a Borel set and
x € Ris such that pf (A) = 1 ((x, 00)), then for every & > 0 we have

h
(60) pican = (- ﬁw))
Combining (59) and (60), we get

Ky = 1= (-u- (12:/%”, oo))

= 1,
(o ) e,

logs

For 0 <t <s <1, we can write s = t2’ and the B-inequality for x} implies that

(61)

logs logs
M'f(tK)1°g’ 1K) Re <l (sK)

or equivalently

(62)

lo;
PHaK) _ (M’f(sK)>lo—§f-
wiK) ~\wiky )
which, in view of (61), gives the estimate

—1 logt
Ml(tK) < 62\/— lOgTr(K> n

_l
Tog

(K)—t ui (K).



2932 A. ESKENAZIS, P. NAYAR AND T. TKOCZ
Taking the limit s — 17, we finally deduce that
(&)
p(tK) <26 pi(K)
for every ¢ € [0, 1], which concludes the proof. [

REMARK 31. In [43], Paouris and Valettas proved a different small ball prob-
ability estimate for the symmetric exponential measure and any unconditional con-
vex body K in terms of the global parameter §(K) = Var |W | x/m(K )2, where
W is distributed according to u7 and m(K) is the median of || - |[x with respect
to pY. Their result is in the spirit of the work [23] of Klartag and Vershynin. In
the follow-up paper [44], they showed that a similar estimate holds for every un-
conditional log-concave measure and unconditional convex body K with a worse
dependence on B(K). In the particular case of the symmetric exponential mea-
sure, the unconditionality assumption in the suboptimal estimate from [44] can be
omitted, because of Corollary 30.

We would like to remark that Theorem 14 combined with a result of Marsiglietti,
[39], Proposition 3.1, immediately implies the following corollary.

COROLLARY 32. Let u be as in Theorem 14. Then, for every symmetric con-
vex set K C R" the function t — u(tK) is rl—l-concave fort >0, that is,

(63) w((ht + (1 =08 K" = K'Y+ (1= 2yusK)V"
foreveryt,s >0and X € (0, 1).

5. Correlation inequalities. To prove the correlation inequality for Gaussian
mixtures (Theorem 17) we will use Royen’s Gaussian correlation inequality (The-
orem 16), along with a simple lemma for the standard Gaussian measure. Recall
that we write A(y) = A(y1, ..., yn) for the diagonal n x n matrix with diagonal

y=0O1,..sYn)-

LEMMA 33. Let K be a symmetric convex set in R". Then the function t —
Yo (A(t, 1,..., 1)K) is nondecreasing for t > 0.

PROOF. It clearly suffices to consider the case when K has a nonempty in-
terior. We will prove that the function i (x) = logy,(A(e*, 1,...,1)K) is non-
decreasing on the real line. By virtue of the B-inequality for the standard Gaus-
sian measure (Theorem 13), v is concave. To verify that ¢ is nondecreasing, it is
enough to prove that limy_, o ¥ (x) > —o0. Take § > O such that [—§, §]" C K.
For every real number x, we have

¥ (x) > logy,([—€*8, e8] x [=8, 81" 1),
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which, for x — oo, gives
. n—1
xll)ngo ¥ (x) >logV,(R x [-8,8]""") > —o0.

This concludes the proof of the lemma. [J

PROOF OF THEOREM 17. Let u be a product of laws of Gaussian mixtures.
According to (57) for every Borel set A € R", we have

p = [ a0 A ) dun )

for some probability measures vy, ..., v, on (0, 00). Let K, L € R" be symmetric
convex sets. The Gaussian correlation inequality yields

pKAL = [ (ATKNAGT L) A () --dun ()

(64)
- /(o oo)" T (A T K (AG) T L) dvi () -+ dvu ().

Fix y1,..., yu—1 > 0. Lemma 33 implies that the functions y, yn(A(y)_lK)
and y, — y,,(A(y)_lL) are nonincreasing on (0, co0). Consequently, combining
(64) and Chebyshev’s integral inequality (see, e.g., [22], page 168) for the proba-
bility measure v,, we get

M(KOL)Z/

(0,00)"71

(/OOO Yn(A(y)_lK)dvn(yn)>

x ( /0 W(AG) L) dvn(y,») i (31) -+ dvay Ginr).

After iteratively applying Chebyshev’s inequality to vy, ..., v,—1 we finally de-
duce that

KD = [ (80T K) () duy ()

(0,00)

o B AO T L A0 dv )

= pn(K)p(L),

which is the correlation inequality (27). O

REMARK 34. Similar to the B-inequality, an inspection of the proof of Theo-
rem 17 reveals that the same argument also gives the correlation inequality for ro-
tationally invariant probability measures of the form du(x) = f(||x||2) dx, where
f is proportional to the density of a Gaussian mixture.
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Recall that a function f : R" — R, is called quasi-concave if for any ¢ > O the
set A; ={x e R": f(x) >t} is convex. Writing

f(x):/ooolA[(x)dt, x eR,

one can immediately see that if a measure u satisfies the correlation inequality (27)
for any symmetric convex sets K, L C R" then for every symmetric quasi-concave
functions f, g : R" — R we have

65) [ Sosmdwz [ e [ ewduw.

Correlation inequalities of the form (65) were treated by Koldobsky and
Montgomery-Smith in [27] for another class of functions when p is a general
symmetric stable measure on R”. Recall that the law u of a random vector X
in R” is called a symmetric p-stable measure if every marginal (X, a), a € R",
is a symmetric p-stable random variable. It is a well-known fact (see, e.g., [55],
page 312) that symmetric p-stable random vectors X = (X1, ..., X,;) in R" are in
one-to-one correspondence with finite measures m x on the unit sphere S”~! such
that

n n
(66) Eexp(i.X:Ianj)=exp<—/Sn_l -X:IQJXj
Jj= Jj=

for every ay, ..., a, € R. We will argue that the correlation inequality (27) holds
for the law p of any symmetric p-stable random vector X in R”. Assume first that
the corresponding measure my on $”~! has a finite support, namely supp(m x) =
{y1,..., ¢}, and let Y be a standard £-dimensional symmetric p-stable random
vector with independent coordinates. In this case, one can find 6y, ...,6, € R¢
such that X ; has the same distribution as (Y, 6;) or, in other words, X is a linear
image of Y and the correlation inequality (27) immediately follows. For a gen-
eral measure my on S"~!, there exists a sequence of finitely supported measures
my that converges to my in the weak™ topology (e.g., by the Krein—Milman the-
orem) which means, by (66), that the corresponding p-stable random vectors X,
converge to X in distribution. Note that to prove the correlation inequality (27)
for a symmetric p-stable measure © on R”, it suffices to consider the case when
K, L CR" are convex polytopes, which are sets whose boundaries are contained
in a finite union of affine hyperplanes. However, any affine hyperplane is of u-
measure zero, since the one-dimensional marginals of u are p-stable, thus contin-
uous. Therefore, the convergence in distribution concludes the proof of the follow-
ing corollary.

P
de(x))

COROLLARY 35. Let i be a symmetric p-stable measure on R". Then for
every symmetric convex sets K, L C R" we have

(KN L) = pw(K)p(L).
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This corollary implies inequalities of the form (65), analogous to the ones
proven in [27]. It also implies that the multivariate Cauchy distribution, defined
as du(x) =c,(1 + ||x||%)_% dx, satisfies the correlation inequality (27). Notice
that this also follows from Remark 34. In [40], the author showed that this is actu-
ally equivalent to Corollary 18. We reproduce his argument below.

PROOF OF COROLLARY 18. Consider the hyperplane R*~! = R"~! x {0} C
R” and let S C R” be the sphere of radius 1 centered at ¢, = (0, ..., 0, 1). Denote
by S the open lower hemisphere of S, thatis, S = {x € S : x, < 1}, and define a
bijection ¢ : S — R"*~! by the formula

(67) q(x) = the point of R"~! which lies on the line joining x to e,.

One can easily check that closed arcs of great circles on S; are mapped to line
segments on R”~! and vice versa, which immediately implies that geodesically
convex sets in Sy are in one-to-one correspondence with convex sets in R"~!.
Moreover, since ¢(0) = 0, symmetry in R"~! agrees with geodesic symmetry in
S.. Denoting by u the push-forward under ¢ of the normalized surface area mea-
sure on Sy, we get that for every r > 0, u satisfies the identity
M(FBS_I) _ |BSn—1(arctanr)|,
1S+

where Bg:.—1(6) is a spherical cap of radius 6 on §"=1. A simple computation
for the volume of spherical caps along with the rotational invariance of p shows
that p is precisely the law of the multivariate Cauchy distribution on the hyper-
plane R"~!. Therefore, for two symmetric geodesically convex sets K, L C S,
the multivariate Cauchy correlation inequality for the symmetric convex sets
q(K), qg(L) € R"~! implies that

|K NLJ|
5~ e ND)=paK)ng(L)
K| |L|
K)) - L)=— —
z u(q(K)) - wla (D) = 1o

which completes the proof of the corollary. [

REMARK 36. It is a straightforward consequence of Theorem 17 that the
product probability measure 1, with density c';je_”x I satisfies the correlation in-
equality (27) for every p € (0, 2] and n > 1. It turns out that this is the exact range
of p > 0 for which this property holds. To see this, take § > 0 and consider the
symmetric strips

Ks={(x,y)eR?:|x —y| <8} and Ls={(x,y) eR?:|x +y| <8}
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on the plane. We will show that M%(Kg NLg) < ,uf,(Kg)uf,(La) for p > 2 and
small enough § > 0. Indeed, a straightforward differentiation yields that the Taylor
expansions of these two quantities around 6 = 0 are

2
u2(Ks N Ls) =4c26% +0(8%) and  u3(Ks)u?(Ls) =4c22' 7 8% +0(6°)

2
and since 1 < 2'77 for p > 2, the correlation inequality (27) cannot hold for
small enough é§ > 0. A computation along the same lines together with Remark 34
prove that a similar behavior is exhibited by the rotationally invariant probabil-

ity measures with densities proportional to e~ Il they satisfy (27) if and only if
p € (0,2].

REMARK 37. After the submission of this paper, we learned from J. Zinn
about the works [33] and [34] of Lewis and Pritchard on measures supporting
correlation inequalities (27). In [33], the authors proved, among other things, that
the uniform probability measure on any convex body K in R” does not support a
correlation inequality, even though we now know that this holds for the uniform
measure on a hemisphere, where usual convexity and symmetry are replaced by
geodesic convexity and symmetry (Corollary 18). In [34], they showed that any
rotationally invariant measure p on R” which supports a correlation inequality
must satisfy

/ 513 1 (x) = oo
Rn

for some constant a > 0. The computation mentioned in the last sentence of Re-
mark 36 is also a consequence of their result. We are grateful to J. Zinn for provid-
ing us these references.

6. Sections and projections of B;’ revisited. In this section, we derive the
comparison results for geometric parameters of hyperplane sections and projec-
tions of the balls B;’ described in the Introduction. First, let us explain how the
comparison of the aforementioned Gaussian parameters (Theorem 21) implies the
comparison of volume (Corollary 20) and mean width (Corollary 22), follow-

ing [9].

PROOF OF COROLLARIES 20 AND 22. Fixgq € (0,2) andleta = (ay, ..., a,),
b= (by,...,b,) € R" be unit vectors such that (a%, R a,zl) < (bz, e bg). Recall
that G, G are standard Gaussian random vectors on the hyperplanes a* and b=,
respectively. According to Theorem 21, for every A > O we have
—xGall? —xIGpl?

I Hq LSE Gyl

n nApL
e By Na e Bqﬁb .
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Integrating this inequality with respect to A and any measure i on (0, c0), we
deduce that

© —AIGall?, 0 —AIGpl%,
Ef e B““d(k)<E/ O A,
0
which, by Bernstein’s theorem, is equivalent to the validity of the inequality
(68) ]Eg(” G ”Bnma ) = Eg(”Gb ” BnﬂbL)

for every completely monotonic function g : (0, c0) — R. In particular, choosing
g(s) =579 we get that

EllGallgnn,. <EIGo 5

BiNal — BrnbL>

provided that 0 < o < n — 1 so that the integrals are finite. Integration in polar
coordinates now shows that for every 0 < o <n — 1 we have

69 / e—gde<f 0172 | doy(0),
(69) o 105 doa @ < [ 10155, don(©)

where o,, 0} are the rotationally invariant probability measures on the unit spheres
S (al), S (bL) of the hyperplanes at and b+, respectively. Letting « — n — 1 in
(69) now implies that

70 / 01"+ do, (0 </ 0117+ doy,(6).
(70) sty 1N iasdoa @ = | 1010, dow(®)

However, for every symmetric convex body K in R, the radius of K in the di-
rection 6 € ™! is px () = sup{t >0:10 e K} = ||0||;1 and integration in polar
coordinates gives

K o m=1drdo = 1 01" do
&=/ . ardo=— [ 615",

where we denote by df integration with respect to the usual Lebesgue measure on
§™=1_ Equivalently, after rescaling we get
) [, 1enmao@ =L
N |By'|

which, combined with (70) gives that |B] Na*| < |B} N b*| and Corollary 20
follows.

Furthermore, applying (68) to g(s) = e_“ﬁ, where § € (0,1] and A > 0, we
have

~ 4Gl
e

—ananW

B{jNa 1 < Ee
Since both sides, as functions of A > 0, are equal at A = 0 we deduce that their
derivatives at A = 0 also satisfy the same inequality, that is,

EIGyI50 -, <ElIGall’]

B! nbLt = B! Nat
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for every B € (0, 1]. Choosing 8 = 1/q and integrating in polar coordinates yields
(72) f 1011 grpt dop () < f 101l gt doa (6).
S(bl) q S(al) q

Recall that for a symmetric convex body K in R™, the polar body K¢ of K is
definedtobe K° ={x e R" : (x, y) <1 forevery y € K} and if || - || ko is the norm
associated with K° then ||0|| ko = hk (@) for every 6 € §"~1. Moreover, recall the
standard polarity relation (see, e.g., [54], Proposition 2.6) between sections and
projections, namely that for every convex body K on R and every hyperplane H,
(73) K N H = (Projy(K?))’.

Combining (72) with (73), we deduce that if g* > 2 is such that é + qi* =1, then

(74) w (Projp,1 (Bys)) < w(Proj,. (By«))-
In particular, for every hyperplane H C R" we obtain
w(Projy, (By+)) < w(Projy (By:)) < w(Projy, (Byx)),

where H; = (1,0,...,0)* and H, = (1,..., 1). This concludes the proof of
Corollary 22. [J

We finally proceed with the proof of Theorem 21.

PROOF OF THEOREM 21. Fix ¢ € (0, 2). For a hyperplane H = a~, where

a={(ay,...,a,) € R"isaunit vector, let G, be a standard Gaussian random vector
on a' and denote by H (¢) the set
(75) H(e)={x eR": |(x,a)| <e&}.

To proceed, we will need a representation from [9], Lemma 14, for the Laplace
transforms of |G, ||j’9nﬁ y that reads as follows. For every A > 0, there exist con-
q

stants o (g, 1), B(g,A) > 0 and c(q,r,n) > 0 such that for every hyperplane

H=ata= (ai,...,ay) € $"=1 we have

_)"”Ga”qn 1
76 E BgNH — (g, A, n) lim —u” , (H(¢e)),
(76) e c(g, hom) im o=y ; (H(e)

where the probability measure 14, on R is of the form

(77) dpg 1 (t) = e~ @D =@ g

and /LZ \ = M?’i An immediate application of Theorem 2 yields that i, ; is the

law of a Gaussian mixture. Thus, by (57) there exists a probability measure v =
v(g, A) on (0, co) such that if A C R" is a Borel set, then

waW= [ wam 4o

(0,00)
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where v, = v®". Notice that for the symmetric strip (75) we have
n
>y <.

Jj=l
that is, A(y)_l H (¢) is also a symmetric strip of width (Z" 1 a; yz) 1/2¢ . Conse-
quently, the rotational invariance of the Gaussian measure 1mphes that

n —1/2
(78) g (HE) =2 \v(<2a}y}) e) dvu (),
,00 j=1

where W (s) =

A 'H(e) = {x eR":

f fo e —*/2 gx. Combining (76) and (78), we deduce that

1 g MGl _ ] 2
cg, hym)~h = lim — (000)n Za e ) dv,(y)
-1/2
:'/(OOO)n dg ((Za ) 8>dvn(y)
! . -1/2
2.2
= )2 dv
= /(O,oo)n(;a,y]) n ()

1 n 12
=—F a2Y2 ,
V21 (Z:] / j)

where Y1, ..., Y, are i.i.d. random variables distributed according to v. To verify

the assumptions of the dominated convergence theorem for the swap of the limit

and integration in the second equality, it sufﬁces to check that (Z" | a? yJZ)_l/ 2¢
f

Fatou s lemma,

that is,
—1/2 |
/W(Z“ ) o = o

M Gall%
=~27c(q, »,n) " 'Ee 1Galagom <00

Now, since 7 — +~1/2 is a convex function on (0, 00) and Y1, ..., ¥, are i.i.d. ran-
dom variables, Marshall and Proschan’s result (42) implies the comparison (35),
as required. [

We note that the crucial identity (78) can also be proven in purely probabilis-
tic terms. Let X1, ..., X, be i.i.d. random variables distributed according to g
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and take i.i.d. positive random variables Y1, ..., Y, and standard Gaussian random
variables Z1, ..., Z, such that X; has the same distribution as the product Y; Z;.
Then we have
n n 1/2
w5 (H(e)) :EYPZ< Y a;Y;z;| < e) :EYPZ<|Z|<Z aJZ-YJ-Z) < s>
j=1 j=1

n —-1/2 n —1/2
:Ey]P’Z<|Z| < (Zafyj?) g> zzE[\p((Za?Y}) e>:|
j=1 j=1

where Z is a standard Gaussian random variable, independent of the Y;.

REMARK 38. A similar approach also yields a direct proof of Corollary 20.
The crucial ingredient in this case would be an identity from [41] and [8] instead of
(76). It is proven there that for every g € (0, 00), there exists a constant c(g, n) > 0
such that if H C R" is any hyperplane and H (¢) is defined by (75), then

(79) {Bq NH|=c(q,n) 81_1>n01+ guZ(H(e)),

where g is the measure on R" with density proportional to e~ 1¥17 Since this
measure is also a product of the laws of i.i.d. Gaussian mixtures, the preceding
argument works identically.

In [26], Koldobsky and Zymonopoulou investigated extremal volumes of sec-
tions of the complex £,4-balls By (C), which can also be treated by the approach
presented above. From now on, we will adopt the obvious identification of C”
with R?" without further ado. We will denote by (-, -) the standard Hermitian inner
product on C" and for a vector ¢ € C" we will write ¢* for the complex hyper-
plane orthogonal to ¢. Recall that for a vector z = (x1, ¥1,.-.,Xn, Yn) € R?" we
denote

n 5 1/q n 1/q
Izllencc) = (Z(sz +yJ2-)q/ ) = (Z |Zj|q> :
j=1

j=1
where z; =x; +iy;, and B;‘(C) ={zeR>: ||z||g;((c) <1}. Let H, =& be any

complex hyperplane such that |£;] = --- = |,| and H; = nT be such that 5 j=
0 for j > 2, where & = (§1,...,&),n=1,...,n,) € C". In [26], the authors
proved that for any g € (0, 2) and any complex hyperplane H € C” the inequalities

(80) |B;(C)N Hy| < |By(C)N H| < |B;(C) N H, |

hold true. We will sketch an alternative proof of their result, similar to the proof of
Theorem 21. For a complex hyperplane H = ¢+, where ¢ € C”, and ¢ > 0 denote
by Hcyi(¢) the cylinder

(81) Hey(e) ={ze€C": |(z, )] <&}
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One can prove (see also [41], Corollary 2.5) that there exists a constant c(g, n) > 0
such that for every complex hyperplane H C C" we have

1,
(82) |By(©) N H|=c(q.m) lim ) (Hep(e)).

where the measure ‘Cg on R?" is of the form

_\n 2 2v\q/2
dzy (x,y) =cye Lj= (v dx dy.

. 2 :
Writing e = JoT e " du(r) for some measure u, we deduce that the density
of 7 can be written in the form

e Z?zl (X]2~+,V_%)q/2 — / e 2ot (sz'+y]2-) dpn (1),
(0,00)"

where 1, = 1®". Therefore, an application of Fubini’s theorem and a change of
variables implies that there exists a measure v on (0, oo) such that for v, = vV®"
and for every Borel set A € R?* we can write

(83) A= [ (A1) T A) du (),
(0,00)"
where each coordinate of y = (yy, ..., y,) is repeated twice. Notice that the image

A(yl’ Y1, ---5 Yn yn)ichyl(S) = {Z eC":

n
D 4ivizi| < 8}
j=1
is still a cylinder in C" with radius (Z’}Zl 1< |2 yJZ.)_l/ 2¢. Thus, the unitary invari-

ance of complex Gaussian measure and a simple calculation in polar coordinates
implies that

—1
1 n
B4) Vo (AGL Y1 - Y )~ Heyi()) =1 — exp(—i (Z |;j|2y§) 82>.
j=1

After interchanging limit and integration in (82) and using (83), (84) we deduce
that

n -1
|BI(C) N H| = C(qz’”) Joror (Z |z,~|2y,2~) dv, ()

j=1

n -1
S oS
j=1

where Y1, ..., Y, arei.i.d. random variables distributed according to v. This yields
(80) as well as a more general comparison result, similar to Corollary 20, by a
direct application of Marshall and Proschan’s result (42).
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We note that, in view of Ball’s theorem from [6], a Schur monotonicity result for
the volume of sections of B; cannot hold in any fixed dimension n > 2 and g large
enough. Similarly, according to Szarek’s result from [53], the same can be said for
the volume of projections of Bj for values close to ¢ = 1. Finally, we want to stress
that a careful look in the previous works [10, 24] and [26] reveals that, even though
not stated explicitly, the Schur monotonicity for the volume was established there
as well. The new aspect here is the replacement of representations which were
Fourier-analytic in flavor by others that exploit the rotational invariance of the
Gaussian measure.
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