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Abstract: Consider a non-linear function G(X¢) where X is a stationary
Gaussian sequence with long-range dependence. The usual reduction prin-
ciple states that the partial sums of G(X;) behave asymptotically like the
partial sums of the first term in the expansion of G in Hermite polynomi-
als. In the context of the wavelet estimation of the long-range dependence
parameter, one replaces the partial sums of G(X¢) by the wavelet scalo-
gram, namely the partial sum of squares of the wavelet coefficients. Is there
a reduction principle in the wavelet setting, namely is the asymptotic be-
havior of the scalogram for G(X¢) the same as that for the first term in
the expansion of G in Hermite polynomial? The answer is negative in gen-
eral. This paper provides a minimal growth condition on the scales of the
wavelet coefficients which ensures that the reduction principle also holds
for the scalogram. The results are applied to testing the hypothesis that
the long-range dependence parameter takes a specific value.
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1. Introduction

Let X = {X,}iez be a centered stationary Gaussian process with unit variance
and spectral density f(A), A € (==, 7). Such a stochastic process is said to have
short memory or short-range dependence if f()) is bounded around A = 0 and
long memory or long-range dependence if f(A) — oo as A — 0. We will suppose
that {X;}iez has long memory with memory parameter 0 < d < 1/2, that is,

FO) ~ A2 (N) as A =0 (1.1)

where the short range part f* of the spectral density is a bounded spectral
density which is continuous and positive at the origin. The parameter d is also
called the long-range dependence parameter.

A standard assumption in the semi-parametric setup is

[ = OIS CFO) N Xe (=m,m), (1.2)



Large scale reduction principle and application to hypothesis testing 155

where (3 is some smoothness exponent in (0, 2]. This hypothesis is semi-parametric
in nature because the function f* plays the role of a “nuisance function”. It is
convenient to set

FO) =1 —e 72 (\), A€ (—m,7). (1.3)
Consider now a process {Y; }+ecz, such that
(A%Y), = G(Xy), te, (1.4)

for K > 0, where (AY); = Y; — Vi1, {Xi}iez is Gaussian with spectral den-
sity f satisfying (1.3) and where G is a function such that E[G(X})] = 0 and
E[G(X:)?] < oo. While the process {V;};ez is not necessarily stationary, its
K-th difference AXY; is stationary. Nevertheless, as in [31] one can speak of the
“generalized spectral density” of {Y;}icz, which we denote fg k. It is defined
as

fax(N) =1 —e 72K fa(N), (1.5)

where f¢ is the spectral density of {G(X¢)}ez.

Note that G(X%) is the output of a non-linear filter G with Gaussian input.
According to the Hermite expansion of G and the value d, the time series Y
may be long-range dependent (see [9] for more details). We aim at developing
efficient estimators of the memory parameter of such non-linear time series.

Since the 80’s many methods for the estimation of the memory parameter
have been developed. Let us cite the Fourier methods developed by Fox and
Taqqu [18] and Robinson [23, 22]. Since the 90’s, wavelet methods have become
very popular. The idea of using wavelets to estimate the memory parameter of
a time series goes back to [30] and [13, 14, 15, 17]. See also [2, 3, 6, 4, 7]. As
shown in [16, 2, 29] and [5] in a parametric context, the memory parameter of a
time series can be estimated using the normalized limit of its scalogram (2.15),
that is the average of squares of its wavelet coefficients computed at a given
scale. It is well-known that, when considering Gaussian or linear time series,
the wavelet—based estimator of the memory parameter is consistent and asymp-
totically Gaussian (see [20] for a general framework in the Gaussian case and
[25] for the linear case). This result is particulary important for statistical pur-
pose since it provides confidence intervals for the wavelet-based estimator of
the memory parameter.

The application of wavelet—-based methods for the estimation of the memory
parameter of non-Gaussian stochastic processes has been much less treated in
the literature. See [1] for some empirical studies. In [8] is considered the case of
the Rosenblatt process which is a non-Gaussian self-similar process with station-
ary increments living in the second Wiener chaos, that is, it can be expressed as
a double iterated integral with respect to the Wiener process. In this case, the
wavelet—-based estimator of the memory parameter is consistent but satisfies a
non—central limit theorem. More precisely, conveniently renormalized, the scalo-
gram which is a sum of squares of wavelet coefficients converges to a Rosenblatt
variable and thus admits a non—Gaussian limit. This result, surprisingly, also
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holds for a time series of the form Hg, (X;) where X, is Gaussian with unit
variance and Hy, denotes the go-th Hermite polynomial with go > 2 (see [11]).

The general case G(X;) is expected to derive from the case G = H,,. Namely,
one could expect that some “reduction theorem” analog to the one of [26] holds.
Recall that the classical reduction theorem of [26] states that if G(X) is long—
range dependent then the limit in the sense of finite-dimensional distributions of

Ecnzt]l G(X}) adequately normalized, depends only on the first term cq, Hy, /qo!
in the Hermite expansion of GG. The reduction principle then states that there
exist normalization factors a,, — 0o as n — oo such that

[nt] [nt]
1
—> G)  ad  — Z ) I Hyy (X1,
" k=1

have the same non—degenerate limit as n — o0o. A reduction principle was es-
tablished in [9], Theorem 5.1 for the wavelet coefficients of a non-linear time
series of the form G(X;). In applications, the wavelet coefficients are not used
directly but only through the scalogram. For example, [12] use the scalogram
to compare Fourier and wavelet estimation methods of the memory parameter.
The difficulty is that the scalogram is a quadratic function of the wavelet coeffi-
cients involving not only the number of observations but also the scale at which
the wavelet coefficients are computed. In practice, however, the scalogram is
easy to obtain and one can take advantage of the structure of sample moments
to investigate statistical properties. Its use is well-illustrated numerically in [1]
who consider a number of statistical applications.
The following is a natural question:

Does a reduction principle hold for the scalogram?

In [10] we illustrated through different large classes of examples, that the
reduction principle for the scalogram does not necessarily hold and that the
asymptotic limit of the scalogram may even be Hermite process of order greater
than 2. It is then important to find sufficient conditions for the reduction princi-
ple to hold. In this case, the normalized limit of the scalogram of the time series
G(X:) would be the same as the time series cqyHy, (X )/qo! studied in [11] and
therefore will be asymptotically Gaussian if go = 1 and a Rosenblatt random
variable if gy > 2. In Theorem 3.2, we prove that the reduction principle holds
at large scales, namely if

nj K ;¢ as j — oo, (1.6)

that is, if the number of wavelet coefficients n; at scale j (typically N277, where
N is the sample size) does not grow as fast as the scale factor v; (typically 27)
to the power v, as the sample size N and the scale index j go to infinity. The
critical exponent v, depends on the function G under consideration and may
take the value v, = co for some functions, in which case the reduction principle
holds without any particular growth condition on ~; and n; besides n; — oo
and y; — 00 as j — oo.
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The paper is organized as follows. In Section 2, we introduce long-range de-
pendence and the scalogram. The main Theorem 3.2, which states that under
Condition (1.6) the reduction principle holds is stated in Section 3 with the
critical exponent v, given in Section 4 and examples provided in Section 5. Sec-
tion 6 contains statistical applications. Numerical experiments can be found in
Section 7. The decomposition of the scalogram in Wiener chaos is described in
Section 8. That section contains Theorem 8.2 on which Theorem 3.2 is based.
Several proofs are in Section 9. Section 10 contains technical lemmas. The in-
tegral representations are described in Appendix A and the wavelet filters are
given in Appendix B. Appendix C depicts the multiscale wavelet inference set-
ting.

For the convenience of the reader, in addition to providing a formal proof of
a given result, we sometimes describe in a few lines the idea behind the proof.

2. Long-range dependence and the multidimensional wavelet
scalogram

The centered Gaussian sequence X = {X;}tez with unit variance and spectral
density (1.3) is long-range dependent because d > 0 and hence its spectrum
explodes at A = 0.

The long-memory behavior of a time series Y of the form (1.4) is well-known
to depend on the expansion of G in Hermite series. Recall that if E[G(X()] =0
and E[G(X)?] < oo for Xg ~ N(0,1), G(X) can be expanded in Hermite
polynomials, that is,

G(X)=>)_ —TH,(X). (2.1)

One sometimes refer to (2.1) as an expansion in Wiener chaos. The convergence
of the infinite sum (2.1) is in L*(Q),

¢q = E[G(X)H (X)), q=1, (2.2)

and

22 d4 22
— (_1\9, 7 -5
Hy(w) = (-1)%es — (77 ),

are the Hermite polynomials. These Hermite polynomials satisfy Hy(z) = 1,
Hi(z) = x, Hy(z) = 2% — 1 and one has

eim2/2d17 = q!]]'{q:q/}'

Mmawwmzém@m@>

2T
Observe that the expansion (2.1) starts at ¢ = 1, since
o = E[G(X) Ho(X)] = E[G(X)] =0, (2.3)

by assumption. Denote by gy > 1 the Hermite rank of GG, namely the index of
the first non—zero coefficient in the expansion (2.1). Formally,

go = min{g > 1, ¢, # 0}. (2.4)
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One has then

t = E[G(X)?] < oo. (2.5)

2 S

>
9=90
In the special case where G = H,, whether {H,(X;)}+cz is also long-range
dependent depends on the respective values of ¢ and d. We show in [9], that the
spectral density of {H,(X;)}tez behaves like |A|[~29+(9) as A — 0, where

d+(q) = max(6(q),0) where 6(q) =qd—(q¢—1)/2. (2.6)

We will also let 04 (0) = 6(0) = 1/2. For ¢ > 1, 4 (q) is the memory parameter of
{H,(X})}tez. It is a non-increasing function of ¢. Therefore, since 0 < d < 1/2,
{H,(Xt)}tez, ¢ > 1, is long—range dependent! if and only if

5(g)>0e=d> %(1 —1/q), (2.7)

that is, d must be sufficiently close to 1/2. Specifically, for long-range depen-
dence,

g=1=d>0, ¢g=2=d>1/4, ¢=3=d>1/3, ¢q=4=d>3/8.
(2.8)
From another perspective,

§(q) > 0= 1<q<1/(1-2d), (2.9)

and thus {H,(X;)}iez is short-range dependent if ¢ > 1/(1 — 2d).
Recall that the Hermite rank of G is gp > 1, that is the expansion of G(X;)
starts at go. We always assume that {Hg, (X;)}.ez has long memory, that is,

Q@0 <1/(1—2d). (2.10)

The condition (2.10), with ¢o defined as the Hermite rank (2.4), ensures such
that {V;}iez = {A"XG(X;)}iez is long-range dependent with long memory
parameter

d0=K+5(QQ)E(K,K+1/2). (211)

More precisely, we have the following result which also determines a Holder
condition on the short-range part of the spectral density. This condition shall
involve ¢o defined in (2.11), and, if G is not reduced to cq,Hg,/(go!), it also
involves the index of the second non-vanishing Hermite coeflicient denoted by

¢ = 1inf{g > qo : ¢g # 0}.

If there is no such ¢; we let 4 (q1) =0 in (2.12).

In our context, the values d = 1/2 — 1/(2q), ¢ > 1, constitute boundary values which
introduce logarithmic terms and will be omitted for simplicity. See Remark 3.3.
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Theorem 2.1. LetY be defined as above. Then the generalized spectral density
fa.x of Y can be written as

fax(N) =1 —e 720 f5(N),

where dy is defined by (2.11) and f¢ is bounded, continuous and positive at the
origin. Moreover, for any ¢ > 0 satisfying

¢ <min(B,2(0(a0) = 3+ (@)) and, fao =2, C<23(q),  (212)

there exists a constant C > 0 such that

[f&EN) = F60)] < CFEO) NS, A € (=, m). (2.13)
Proof. See Section 9.1. O

Idea behind the proof of Theorem 2.1. Starting with the regularity of the nuisance
function f* in (1.1), one derives that of f}}q and, more generally, that of f&,
taking advantage of the fact that the terms in the expansion of G(X) in Hermite
polynomials are uncorrelated.

Remark 2.1. The exponent ¢ in (2.12) will affect the bias of the mean of the
scalogram (see (6.6)). The higher ¢, the lower the bias. Since in (2.12), ¢ is
required to satisfy a non-strict and a strict inequality (if g9 > 2), we cannot
provide an explicit expression for (. However, in most cases one has gy = 1 or
04+(q1) > 0 and hence one can set ¢ = min(/3,2(6(qo) — 0+(q1))) which then
satisfies both inequalities in (2.12).

Our estimator of the long memory parameter of Y is defined from its wavelet
coefficients, denoted by {Wjx, j > 0, k € Z}, where j indicates the scale index
and k the location. These wavelet coefficients are defined by

Wik =Y hj(yk —t)Ys, (2.14)
teZ

where y; 1 0o as j T oo is a sequence of non—negative decimation factors applied
at scale index j. The properties of the memory parameter estimator are directly
related to the asymptotic behavior of the scalogram S, ;, defined by

1
Sn, = o > w2, (2.15)
k=0

as n; — oo (large sample behavior) and j — oo (large scale behavior). More
precisely, we will study the asymptotic behavior of the sequence

MNjgy—1
. 1 Jt+u
Snj+u7j+u = Pnjpu,jtu T E(Snj+u,j+u) = niy Z (sz-i-u,k - E(sz-i-u,k)) )
JTU k=0

(2.16)
adequately normalized as j,n; — oo.



160 M. Clausel et al.

There are two perspectives. One can counsider, as in [9], that the wavelet co-
efficients Wj .. are processes indexed by u taking a finite number of values.
A second perspective consists in replacing the filter h; in (2.14) by a multidi-
mensional filter he ;,£ =1,...,m and thus replacing W; ;, in (2.14) by

Wl,j,k - Zhl,j('-)/jk - t)}/tv = 17 ceey My
teZ

(see Appendix C for more details). We adopted this second perspective in [11, 10]
and we also adopt it here since it allows us to compare our results to those
obtained in [25] in the Gaussian case.

We use bold faced symbols W 1, and h; to emphasize the multivariate setting
and let

hJ = {hf,ja l= 15 v 7m}7 Wj,k = {W&jﬁk, l= 1, A ,m},
with
Wik =Y hj(yk— 1)Y= hj(yk—)AXG(X,), j >0,k € Z. (2.17)
teEZ teZ

We then will study the asymptotic behavior of the sequence

_ 1
Sni=— > (Wi, —E[W3,]), (2.18)

adequately normalized as j — oo, where, by convention, in this paper,
W ={W7 (=1,...,m}. (2.19)

The squared Euclidean norm of a vector x = [z1,...,7,]7 will be denoted by
|x|? = 2% + -+ + 22, and the L? norm of a random vector X is denoted by

X2 = (E[1X[2])".

(2.20)
We now summarize the main assumptions of this paper in the following set
of conditions.

Assumptions A. {W,;, j > 1,k € Z} are the multidimensional wavelet coef-
ficients defined by (2.17), where

(i) {Xt}tez is a stationary Gaussian process with mean 0, variance 1 and
spectral density f satisfying (1.3).

(ii) G is a real-valued function whose Hermite expansion (2.1) satisfies condi-
tion (2.10), namely ¢op < 1/(1 —2d), and whose coefficients in the Hermite
expansion satisfy the following condition: for any A > 0

cg = O0((g")%™ )  as ¢ — . (2.21)
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(ili) the wavelet filters (h;);>1 and their asymptotic Fourier transform hoo
satisfy the standard conditions (W-1)—(W-3) with M vanishing moments.
See details in Appendix B.

We shall prove that, provided that the number of vanishing moments of the
wavelet is large enough, these assumptions yield the following general bound for
the centered scalogram.

Theorem 2.2. Suppose that Assumptions A hold with M > K + §(qo). Then
for any two diverging sequences (vy;) and (n;), we have, as j — oo,

8,5l = O (22%0n; /2. (2.22)

Proof. Theorem 2.2 is proved in Section 9.2. O

Idea behind the proof of Theorem 2.2. One decomposes gnj ; further in terms

Sffj_’fzj,’p) as in (8.3) and applies the bounds obtained in part in Proposition 8.1.

It is important to note that Theorem 2.2 holds whatever the relative growth
of (y;) and (n;) but it only provides a bound. This bound will be sufficient
to derive a consistent estimator of the long memory parameter K + 6(qp), see
Theorem 6.1 below.

Obtaining a sharp rate of convergence of the centered scalogram and its
asymptotic limit is of primary importance in statistical applications but this can
be quite a complicated task. We exhibit several cases in [11, 10] that underline
the wild diversity of the asymptotic behavior of the centered scalogram. In
general the nature of the limit depends on the relative growth of (y;) and (n;).
We will show, however, that if n; < *yj’fc, where v, is a critical exponent, then
the reduction principle holds. In this case, the limit will be either Gaussian or
expressed in terms of the Rosenblatt process which is defined as follows.

Definition 2.1. The Rosenblatt process of index d with

1/4<d<1/2, (2.23)
is the continuous time process
" ei(uituz)t _ q — —
Z4(t) = /R mmlrdmgrd dW (ug)dW (uz), t € R. (2.24)

The multiple integral (2.24) with respect to the complex-valued Gaussian
random measure W is defined in Appendix A. The symbol fﬂé; indicates that
one does not integrate on the diagonal u; = us. The integral is well-defined
when (2.23) holds because then it has finite L? norm. This process is self-similar
with self-similarity parameter

H=2de (1/2,1),

that is for all @ > 0, {Zy(at)}ier and {a? Z,(t)}ier have the same finite—
dimensional distributions, see [27]. When ¢ = 1, Z;(1) is said to have the Rosen-
blatt distribution. This distribution is tabulated in [28].
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3. Reduction principle at large scales

We shall now state the main results and discuss them. They are proved in the

following sections. We use £, to denote convergence in law.
The following result involving the case

C
G = ﬁqu Cqo 7£ Oa q0 Z 17

is proved in Theorem 3.2 of [11] and will serve as reference:

Theorem 3.1. Suppose that Assumptions A(i) and A(iii) hold with M > K +
0(qo), where 6(+) is defined in (2.6). Assume that' Y is a non-linear time series
such that AXY = %HQO(X), with qo > 1 and qo < 1/(1 — 2d). Define the
centered multivariate scalogram S, ; related to Y by (2.16) and let (n;) and
(v4) be any two diverging sequences of integers.

(a) Suppose qo = 1 and that (v;) is a sequence of even integers. Then, as
J — 00,

i/ P 2HIS, Es @0, T), (3.1)

where I' is the m X m matrix with entries

2

~

Tpo = 4m(f*(0))? / >IN+ 2pm | 2EF D By ol oo (A + 2pm)| dA,

T pez

1<6,0 <m.
(3.2)

b) Suppose qo > 2. Then as j — o0,

(b) Suppose g J
2
— —2(6 = L C "

”]1 zd’Yj 2( (q°)+K)Sn].,j £ ﬁ F5(0)% Ly, 1 Za(1), (3.3)

where Z4(1) is the Rosenblatt process in (2.24) evaluated at time t = 1,
f*(0) is the short-range spectral density at zero frequency in (1.1) and
where for any p > 1, L, is the deterministic m-dimensional vector

.....

lg(us + - up)|2 2 —2d
L = i duy - - - duy, 3.4
»(9) /Rp g + -+ 2K ll;[l|u | U Uy (3.4)

for any g : R — C.

Thus Theorem 3.1 states that in the case G = Hg,, qo > 1 the limit of
the scalogram is either Gaussian or has a Rosenblatt distribution?. Our main
result Theorem 3.2 states that beyond this simple case, the limits continue to be
either Gaussian or Rosenblatt under fairly general conditions, involving n; and

2This case corresponds to £ = {0} using the notation introduce in (4.1) below.
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7j, namely that n; < 77 as j — oo where v, is a positive (possibly infinite)
critical exponent given in Definition 4.1, see Section 4 for details.

Theorem 3.2. Suppose that Assumptions A hold with M > K + §(qo), where
0(+) is defined in (2.6) and that

d¢{1/2—-1/(29):q=1,2,3,...}. (3.5)

Define the centered multivariate scalogram Sy, ; related to'Y by (2.16). Let (n;)
be any diverging sequence of integers such that, as j — oo,

n; <5, (3.6)

where v, is given in Definition 4.1 below. Then, the following limits hold de-
pending on the value of qq.

(a) If go =1 and vy, even, then, the convergence (3.1) holds.
(b) If qo > 2, then, the convergence (3.3) holds.

Proof. We shall prove in Theorem 8.2, see (8.9), that, under Conditions (3.5)

and (3.6), Sy, ; can be reduced to a dominating term Sggoﬁfo’qo*l) in the sense of

the L? norm (2.20). This dominating term depends only on the term ¢, Hy, (X )/
(qo!) of the expansion of G(X). We can then apply Theorem 3.1 to conclude. O

This result extends Theorem 3.1 stated above, where G was restricted to
G = %qu. While extending the result to a much more general function G,
Theorem 3.2 involves two additional conditions. Condition (3.5) is merely here
to avoid logarithmic corrections, see Remark 3.3 below. Condition (3.6) is re-
strictive only when v, is finite, in which case it imposes a minimal growth of the
analyzing scale v; with respect to that of n;. We say that the reduction princi-
ple holds at large scales. The main interest of having a reduction principle is to
conclude that the same asymptotic analysis is valid as in the case G = %}qu.

Remark 3.1. In practice such a result can be used as follows: If d, G are both
known, v, can be evaluated numerically. We then get a practical condition, albeit
asymptotic, for the reduction principle. See Section 6.3 for an application.

Remark 3.2. The case where G is unknown is much more complicated. In this
case, there is to our knowledge, no practical way to estimate v, nor even the
Hermite rank of the time series. There is, nevertheless, a situation where one
can obtain easily the associated critical index v.. This is when the time series Y
is stationary with K = 0 and G is even. In this case the Hermite rank is greater
or equal to 2 and v, = oo (see Section 5 for more details).

Remark 3.3. The values d = 1/2 — 1/(2q), ¢ > 1, constitute boundary values
which already appear in the classical reduction theorem, see [26]. These bound-
ary values also exist in our context. If d =1/2 —1/(2q), ¢ > 1, one gets similar
results but with logarithm terms. In fact, one can show that if one drops the
restriction (3.5), then the conclusion of Theorem 3.2 holds if

1) n; < 7 (logy;)~*.
2) For any € > 0, logy; = o(n$) as j — ooc.
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The technical condition 2) is very weak and condition 1) is the same as (3.6) up
to a logarithmic correction. We assume (3.5) for simplicity of the exposition.

Remark 3.4. We provided in [10] several examples for which different limits are
obtained. In these examples one does not have (3.6) and consequently different
terms in the decomposition in Wiener chaos of the scalogram dominate and
provide different limits. Since the limits are not the same as when G = Hy,, the
reduction principle does not hold in these cases.

4. Critical exponent

The precise description of the critical exponent given below involves a number
of sequences, in particular, the subsequence of Hermite coefficients cq, ¢ > 1
that are non-vanishing. We denote this subsequence by {cq, }eer where (go)ecr
is a (finite of infinite) increasing sequence of integers such that

q¢ = index of the (¢ + 1)th non-zero coefficient, ¢ € L. (4.1)

Thus the indexing set £ is a set of consecutive integers starting at 0 with same
cardinality as the set of non-vanishing coefficients. We set

Ioz{geﬁ :€+1€£,qe+1—q4:1}, (42)

that is, ¢ and qs11 take consecutive values when ¢ € Iy. The set Iy could be
either empty (there are no consecutive values of ¢/) or not empty. Then we set

lo = {min([o) >0, when Ij is not empty, (4.3)

0, when I is empty.

When ¢ is finite (that is, Iy is not empty), ge, is the smallest index ¢ such that
two Hermite coefficients ¢y, c441 are non-zero.
We define similarly for any » > 0

L ={{eLl:qw1=q+r+1}. (4.4)

which involves the terms distant by r + 1. Finally, we extend the definition of
Ly in (4.3) to any r > 0 by
¢, = min(1,.). (4.5)

We also define
R={r>0:1.#0and 5(r +1) > 0}. (4.6)

Thus r € R describes the gaps r + 1 where H,11(X;) is long-range dependent.
Since by (2.6), 6(r + 1) > 0 is equivalent to r + 1 < 1/(1 — 2d), we have

R c{0,1,...,[1/(1 —2d)] — 1}. (4.7)
Finally, let

Jg = {f eL: 5(Qg+1 — qg) > 0} = {f eL: qr+1 < Qe + (1 — 2d)_1}, (4.8)
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where we used the expression for §(¢) in (2.6). Note that

Ja=J I, (4.9)
rTER
and thus
Jg £ 0= R #£0. (4.10)

We illustrate these quantities in the following example.

Illustration Suppose

c c c c
G(x) = c1 Hi(x) + 3_3; Ha(z) + 4_‘j Hy(z) + 5_5; Hs(z) + ﬁ Hay(x),
where ¢1, c¢3, ¢4, ¢5 and coy are non-zero constants. Then
qo = 1; q1 :37 q2 = 47 q3 = 55 qa = 24 and £ = {071527354}7
Ip={1,2},  ={0}, b = --- = L1y = 0, 1z = {3},
fo = 1,[1 = O,flg = 3.
To determine R we need to involve d. Here gy = 1 so d can take any value in
(0,1/2) to satisfy Condition (2.10) which guarantees that G(X) is long-range
dependent. We need to consider the gaps of size 1, 2 and 19, namely, r = 0,1
and 18. Consequently, by (2.6) and using the fact that §(q) is decreasing,
a) If d € (0,1/4], or equivalently §(2) < 0, then R = {0}.
b) If d € (1/4,9/19], or equivalently §(2) > 0 and §(19) < 0, then R = {0, 1}.
c) If d € (9/19,1/2), or equivalently 6(19) > 0, then R = {0, 1,18}.
Finally, by (4.9), we get for J; the following subsets of £. In Case a): J; =
Iy ={1,2}, Case b): Jy =1y UI; ={0,1,2} and Case c¢): Jg = IpUI U5 =
{0,1,2,3}.

These sets and indices enter in the following definition.

Definition 4.1. The critical exponent is

0, if £ = {0},
00, if gp=1,d<1/4 and Iy = 0,

w, ifgo=1,d<1/4 and Iy # 0,

. Il e gy =1,d > 1/4,1€ Land Jy =0,

min (1_§§i({1}2—1), 2d+1/2—2(;5(4;$18)—5(r+1) re R) 7

if gg=1,d>1/4 and J; # 0,

0o, if go > 2 and Iy = (),

14 200 la)) i g > 2 and 1 # 0.
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The exponent v, depends on d and on the function G through the expansion
coefficient indices (q¢)¢er defined in (4.1). In fact one has

Proposition 4.1. Every possible sequence (qo)eer and every value of d satis-
fying (2.10) give rise to a v. € (0, 00].

Proof. See Section 9.3. O

The value v. = oo is the simplest case since then the reduction principle
holds whatever the respective growth rates of the diverging sequences (n;) and
(v;) are. This happens for instance when there are no consecutive non-zeros
coefficients (Ip = @) and either go = 1 and d < 1/4 or g > 2 (which implies
d>1/4).

5. Examples

In this section, we examine some specific cases of functions G. We always assume
that G satisfies Assumption A(ii).

5.1. G 1s even

If G is an even function then gg > 2 and Iy = () because the Hermite expansion
has only even terms. Hence v, = oo and the reduction principle applies for any
diverging sequences (n;) and (7;).

5.2. G s odd

If G is an odd function then we have again Iy = ) since the Hermite expansion
has no even terms. But unlike the even case, we may have gy = 1. If it is not
the case, then gy > 3 so that v, = oo and the reduction principle applies for
any diverging sequences (n;) and (vy;). If g0 = 1 and d < 1/4, we find again
v. =00. If go = 1 and d > 1/4, the formula of the exponent v, is more involved
and takes various possible forms, see Section 5.4 for one of the possible cases,
namely Iy =), go = 1 and d(q1) > 0.

5.8. In # 0 and qo > 2

This corresponds to the class studied in Section 3.1 of [10] with the additional
condition &(ge, + 1) > 0 (see (3.3) in this reference). Using this additional
condition, we have d(gq,) > 0 since d(q) is decreasing. Hence 6+ (qe,) = d(qe, ) and

(0(a0) = 0+-(ge,)) _ ; , 40(90) — (gr,))
1-2d 1-2d

4
ve=1+ =14 2(qe, — 2qo)-

This value of v, corresponds to the exponent v defined in (3.4) and appearing in
Theorem 3.1 of [10]. This theorem shows that if the opposite condition to (3.6)
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holds, namely, ’yJ’»’C < nj, then the reduction principle does not apply since the
limit is Gaussian instead of Rosenblatt. We say that the reduction principle does
not apply at small scales. In Theorem 3.2, the reduction principle is proved even
when 4 (g, + 1) = 0, but whether the reduction principle does apply or not at
small scales, namely if ,le{c < nj, remains an open question.

5.4. In=0,q0=1 and 6(q1) >0

The expansion of G contains H; but does not contain any two consecutive
polynomials. This corresponds to the class studied in Section 3.2 of [10] (see
(3.8) in this reference). The exponent v, simplifies as follows. First observe that
0(q1) > 0 implies d4(g1 — 1) > 0, so that ¢; € R, and also §(2) > 0 and hence
d > 1/4. We thus need to focus on the term of v, in Definition 4.1 involving
min. Using (2.6), for the first term in the min

1-264 (1 —1) _ (¢n —1)(1—2d)

24— 1/2 5(2) ’ (5-1)

which corresponds to the exponent v, in (3.10) of [10]. Now focus on the second
term in the min. Take any r € R and consider ¢, defined in (4.5). Note that g, is
the smallest Hermite polynomial index of the expansion of GG such that the next
one appears after a gap equal to r+ 1. There are only two possibilities: (a) either
qe, = qo =1, (b) or qs, > ¢1. In case (a), we have r + 1 =¢qp, 41 —qo, = q1 — 1
and thus
2d+1/2—204(qe,) —0(r+1)  1/2—6(q1 — 1)

5+ 1) RISV
which corresponds to the exponent 14 in (3.10) of [10]. In case (b), using r+1 > 2
(since Iy = 0) and qo, > q1, we get

24 +1/2 - 28, (qr,) = 8 +1) _ 2d+1/2— 26, (q1) - 3(2)
3(r +1) = 32)
a(l-2d) (¢ —1){1~2d)
3(2) 3(2) ’

which already appeared in (5.1). Therefore with (5.1) and (5.2) and Defini-
tion 4.1 of v, for go = 1 and d > 1/4, we get

. — min ((fh -1 —-2d) 1/2-0(q: — 1))
‘ 6(2) (-1 7

which corresponds to min(vy, 1) using the definitions in (3.10) of [10]. Hence
the reduction principle established in Theorem 3.2 under the condition n; < WJ'-/C
corresponds to the cases n; < ;" and n; < v;? of Theorems 3.3 and 3.5 in
[10], respectively. These two theorems further show that when the additional
condition 6(¢g1) > 0 holds the reduction principle does not hold under the oppo-
site condition WJ'-/ ¢ & nj, illustrating the fact that the reduction principle may
not hold at small scales.

(5.2)
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6. Application to wavelet statistical inference
6.1. Wavelet inference setting

Suppose that we observe a sample Y7,...,Yn of Y. Recall that Y has long
memory parameter dg = K + 0(gop). In this section, we assume that we are
given an unidimensional wavelet filter g; satisfying Assumptions (W-1)—(W-3)
in Appendix B (see also (C.1) and (C.6)). Then one can derive the wavelet
estimator

P
do = Zwi log&?ﬂ-, (6.1)
i=0
where wy, ..., w, are weights satisfying
P P
dwi=0 and ) iw; =1/(2log2), (6.2)
i=0 i=0
and (6]2)15 j<i+p denotes the multiscale scalogram obtained from Y7,..., Yy,
1 nj—l
(63)i<j<itp =Sn,j = - Z W7, (6.3)
7 k=0

(see Appendix C for more details). In this setting, (v;) and (n;) are specified as
follows

7 =2 and n; =N277+0(1). (6.4)

As usual in this setting the asymptotics are to be understood as N — oo with
a well chosen diverging sequence j = jnx such that

lim N277 = oo, (6.5)

N —o00

and thus (n;) diverge as N — co. We refer to [20, Theorem 1] for the asymptotic
behavior of the mean of the scalogram

E[67] = C2*7 (1+0(27%)), (6.6)

where C' is a positive constant and ¢ is an exponent satisfying the conditions
of Theorem 2.1. This relation follows from Theorem 2.1, provided that M >
dp — 1/2. Choosing weights such that the conditions in (6.2) hold then yields

p
> wilogE [67,,] = do + O(27Y). (6.7)
i=0

6.2. Consistency

We now state a consistency result.

Theorem 6.1. Consider the wavelet estimation setting (6.1)-(6.5) and suppose
that Assumptions A hold with M > K + 6(qo). Then, as N — oo, dy converges
to dy in probability.



Large scale reduction principle and application to hypothesis testing 169

Proof. By (6.1), we have
. p p 52 . — T [62,.
do— Y wilogE [67,,] =) w; log (1 + U”—W) : (6.8)
=0 i=0 E[63,;]

The numerators in the last ratio are the components of S,, 4.j by (6.3). By The-
orem 2.2 and (6.4), we have

§n].,j =O0p (7_72‘d0 n,‘(l/2—d)) —Op (22(103‘ (N2*j)7(1/27d)) '

J

Hence, with (6.8) and (6.6), we get that

P
do — sz logE [6?-“] = OP((NZ—J)—(l/Q—d))'
i=0

Applying (6.7) then yields
do = dy + Op ((N2_j)_(1/2_d)) +O(2%). (6.9)

The result then follows from (6.5). O

Remark 6.1. We note that this consistency result applies without any knowl-
edge of G or .

6.3. Hypothesis testing

Consider again a sample Y7,..., Yy of Y and suppose now that G is known and
has Hermite rank qo.

Denote by dy the estimator that would be obtained instead of cZO if we had
G replaced by cq,Hg, /(go!). We shall apply Theorem C.1 and Theorem C.2 of
Appendix C. Theorem C.1 (case gy = 1) derives from Theorem 2 of [24] and
Theorem C.2 (case qo > 2) derives from Theorem 4.1 of [11]. We obtain the
following: for conveniently chosen diverging sequences j = (jn), there exists
some renormalization sequence (ux) such that as N — oo,

(L)

un(do — do) = U(d, K, qo), (6.10)
with 12
_ ) (N27) YR if g = 1,
= { (N279)1-2 if o > 2, (6.11)

and where U(d, K, qo) is a centered Gaussian random variable if ¢go = 1 and a
Rosenblatt random variable if g > 2. The precise distribution of U(d, K, qo) is
given in Theorems C.1 and C.2. Beside the chosen wavelet, the distribution of
U only depends on d, K and qq.

As application of the reduction principle in this setting, we use (6.10) to
define a statistical test procedure which applies to a general GG. Let dj; be a given
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possible value for the true unknown memory parameter dy of Y and consider
the hypotheses

Hy:dy = dj, against Hy:do€ (0,K +1/2)\ {d}}.

Here K denotes a known mazimal value for the true (possibly unknown) inte-
gration parameter K. So to insure that the number M of vanishing moments
satisfies M > dy, it suffices to impose M > K. Since G is assumed to be known,
for the given value d, one can define the parameters d*, K* and v defined as
d, K and v, by replacing dy by dj.

Let a € (0,1) be a significance level. Define the statistical test

1 if |do — d
5y = if do = dg| > s (a), (6.12)
0 otherwise.

where sy () is the (1 — a/2) quantile of U(d*, K*,qo)/un-.

The following theorem provides conditions for the test ds to be consistent
with asymptotic significance level «, namely, that its power goes to 1 and its
first type error goes to o as IN goes to oco.

Theorem 6.2. Suppose that Assumptions A(i), (ii) hold with M > K and
that the unidimensional wavelet filter g; satisfies Assumptions (W-1)-(W-3).
Assume additionally that (3.5) holds. Let j = (jn) be a diverging sequence such
that (6.5) holds. Suppose moreover that, as N — oo,

N277 < 20, (6.13)
and that there exists a positive exponent ¢ satisfying (2.12) and

2-0 « Uzivla (6.14)
with un defined as in (6.11). Then, if (3.6) is satisfied, 5 is a consistent test
with asymptotic significance level a.

Remark 6.2. Observe that the different conditions that have to be simultane-
ously satisfied by (jn) can be reformulated as follows:

o limy_ o0 jn = 00 and limy o0 N279V = 0.
o N2V < 2in¢ with
o mn 20 =1,
min(v}, /(1 — 2d)) otherwise.

In particular, one can easily check that since v and ¢ are both positive so is ¢’.
Hence these conditions are not incompatible.

Proof. See Section 9.5. O

Idea behind the proof of Theorem 6.2. Condition (6.13) states that n; < ”y;:
and will insure that the reduction principle holds under Hy. Condition (6.14)
will ensure that the bias is negligible under Hy. These conditions will allow us
through Relation (9.26) to transfer the problem to the case G(z) = Z‘ZT‘;HQO (x)
which was treated in [11].
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7. Numerical experiments
7.1. General setting

We now investigate the performance of the proposed estimation and test proce-
dures based on Monte Carlo simulations. The raw samples, wavelet transforms
and wavelet estimators are generated and computed using the LRD toolbox
documented in [12]. The quantiles of the Rosenblatt distribution are computed
using [28]. Each Monte Carlo simulation mentioned below is based on 1000
independent draws of samples (V;)1<i<n-

We consider two models, both obtained by non-linear transformation of a
sample (X;)i1<i<n generated according to a Gaussian ARFIMA(O0,d,0) ditri-
bution with zero mean and unit variance. In both models we take K = 0 to
simplify the setting.

Model 1 Tn this model, we set Y; = Hy(X;) + 1/(2v/3)H3(X¢). This model is a
particular instance of the example of Section 5.2 with ¢y = 1, hence
dop = d. Let us restrict our experiments to d € (1/4,1/2) so that we fall
in the case investigated in Section 5.4 and thus, using ¢ = 3 and the
computations of Section 5.4, we find v. = (1 — 2d)/(2d — 1/2), which
is decreasing from oo to 0 as d goes from 1/4 to 1/2.

Model 2 Here we set Y; = 1/v2Ha(X;) + 1/(2v/3)H3(X;). This model is a
particular instance of the example described in Section 5.3 with gy =
Qoo = 2. Then d € (1/4,1/2) ensures that dy = §(2) = 2d —1/2 > 0.
Moreover, by Definition 4.1, v, = 1.

For each model and each sample length N, any statistical procedure based on
the statistic do defined in (6.1) raises the question of the choice of the minimal
scale index j and of the weights w;, ¢ = 0, ..., p. We first explain how we choose
7 and then the weights.

7.2. Choice of the scale index j

The asymptotic behaviors (Gaussian or Rosenblatt) derived in Section 6.3 hold
only if the bias is negligible (Condition (6.14)) and if the reduction principle
hold (Condition (6.13)), which is summarized in Remark 6.2 using the expo-
nent ¢’. We chose to set j = [logy N/(¢’ 4+ 1)] in our experiments, which neither
guarantees that the bias is negligible nor that the reduction principle holds but
which corresponds to a limit value, sufficiently largely above which both condi-
tions hold. In Tables 1 and 2, we display the obtained values of j corresponding
to particular d’s and N = 22 or N = 2%,

7.3. Choice of the weights w;, 1 =0,...,p

Recall that the weights w; in 6.2 influence the asymptotic variance of do. We
compare two possible choices. First the two-scales regression, for which p = 1 and
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TABLE 1 TABLE 2
Model 1: scale index j depending on d Model 2: scale index j depending on d
and N and N
d=0.3 | d=0.35 | d=0.4 d=0.3 | d=0.35 | d=0.4 | d=0.45
N =212 5 5 7 N =212 8 6 6 6
N=25] 6 6 9 N=25] 10 7 7 7
TABLE 3 TABLE 4

Performances of two-scales regression
estimator (Model 1, N = 212)

|| | bias | std |MSE ||

d=0.3 |-0.0555 | 0.1973 | 0.0420
d=0.325 | -0.0650 | 0.1946 | 0.0421
d=0.35 |-0.1190 | 0.2041 | 0.0451
d=0.375 | -0.0693 | 0.2801 | 0.0832

d=0.4 |-0.0884 | 0.3858 | 0.1565

TABLE 5
Performances of two-scales regression
estimator (Model 1, N = 215)

|| | bias | std |MSE ||

d=0.3 |-0.0340 | 0.0881 | 0.0089
d=0.325 | -0.0885 | 0.1374 | 0.0267
d=0.35 | -0.0418 | 0.1019 | 0.0121
d=0.375 | -0.0460 | 0.1452 | 0.0232

d=0.4 |-0.0412 | 0.2703 | 0.0747

TABLE 7
Performances of four-scales regression
estimator (Model 1, N = 2'2)

I | bias [ std [ MSE |
d=0.3 | -0.0542 | 0.0862 | 0.0104
d=0.325 | -0.0593 | 0.0846 | 0.0107
d=0.35 | -0.0588 | 0.0880 | 0.0112
d=0.375 | -0.0813 | 0.1295 | 0.0234
d=0.4 |-0.1298 | 0.2147 | 0.0629

Performances of two-scales regression
estimator (Model 2, N = 212)

[ [do | bias | std | MSE |
d=0.35 | 0.2 |-0.0464 | 0.3132 | 0.1001
d=0.375 | 0.25 | -0.0682 | 0.3160 | 0.1044
d=0.4 0.3 | -0.0615 | 0.3041 | 0.0961
d=0.425 | 0.35 | -0.0640 | 0.3099 | 0.1001
d=0.45 | 0.4 |-0.0638 | 0.3083 | 0.0991

TABLE 6
Performances of two-scales regression
estimator (Model 2, N = 2'%)

[ [do | bias | std | MSE |
d=0.35 | 0.2 |-0.0272 | 0.1776 | 0.0323
d=0.375 | 0.25 | -0.0335 | 0.1776 | 0.0326
d=0.4 0.3 | -0.0316 | 0.1842 | 0.0349
d=0.425 | 0.35 | -0.0874 | 0.4067 | 0.1728
d=0.45 | 0.4 |-0.0428 | 0.1670 | 0.0297

TABLE 8
Performances of four-scales regression
estimator (Model 2, N = 2'2)

[ [do | bias | std ] MSE |
d=0.35 | 0.2 | -0.0653 | 0.1494 | 0.0266
d=0.375 | 0.25 | -0.0862 | 0.1608 | 0.0333
d=0.4 0.3 | -0.0809 | 0.1566 | 0.0310
d=0.425 | 0.35 | -0.0920 | 0.1559 | 0.0328
d=0.45 | 0.4 | -0.0867 | 0.1596 | 0.0329

the conditions in (6.2) imply wy = 1/(2log2) and wg = —1/(21log2). Second, the
four-scales regression, which corresponds to p = 3, with Abry-Veitch weights.
These weights have been introduced in the seminal paper [29] and provides close
to optimal choice in the linear case, see [12]. Tables 3, 4, 5 and 6 display the
obtained bias, variance, and MSE (mean square error) for Model 1 and Model 2
with sample lengths N = 2'2 and N = 21® = 32768 for the two-scales regression.
We see that the four-scales regression clearly achieves better performances for
both models. Hence, in the following experiments, we set the weights to the

four-scales Abry-Veitch weights.
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TABLE 9 TABLE 10
Performances of four-scales regression Performances of four-scales regression
estimator (Model 1, N = 215) estimator (Model 2, N = 2'%)
|| | bias | std | MSE | || | do | bias | std | MSE ||
d=0.3 |-0.0338 | 0.0402 | 0.0028 d=0.35 | 0.2 |-0.0302 | 0.0811 | 0.0075
d=0.325 | -0.0878 | 0.1112 | 0.0201 d=0.375 | 0.25 | -0.0722 | 0.1026 | 0.0157
d=0.35 |-0.0368 | 0.0425 | 0.0032 d=0.4 | 0.3 |-0.0462 | 0.0891 | 0.0101
d=0.375 | -0.0363 | 0.0619 | 0.0051 d=0.425 | 0.35 | -0.0455 | 0.0831 | 0.0090
d=0.4 |-0.0513 | 0.1289 | 0.0192 d=0.45 | 0.4 |-0.0409 | 0.0856 | 0.0090

7.4. Finite-sample performances for testing do = dj against do # d

We now evaluate the performances of the statistical test defined in (6.12) and
studied in Section 6.3 for testing Hy : dy = df; against H; : do # djj. Recall
that the test statistic is |do — d§|. The threshold sy () yielding the asymptotic
significance level « is derived in Theorem 6.2 under some condition on the scale
index j (see Remark 6.2). In the case of Model 1, the asymptotic distribution is
Gaussian, the rate is uy = (N2_j)1/2 and the asymptotic variance is the same
as for Gaussian processes, so can be computed by relying on the Toolbox de-
tailed in [12]. We display in Tables 11 and 12 the finite-sample rejection rate for
standard values of the asymptotic level &. We can see that the asymptotic anal-
ysis provides an underestimated significance level, which amounts to say that
the variance of the estimator dy is underestimated by its theoretical asymptotic
value. This can be explained by the fact that the asymptotic one is based on
the reduction principle and thus approximates the variance of all non-Gaussian
terms of the Wiener chaos decomposition of the scalogram by zero. These exper-
iments show that this approximation is not so sharp for a finite sample, although
it slightly improves as N grows. The case of Model 2 is more complicated as
it involves a Rosenblatt distribution and more complicated constants, namely
the Ly(Goo) for ¢ = qo,qo — 1 in (C.13) and (C.14). To circumvent the numeri-
cal computation of the asymptotic variance we rely on the following Bootstrap
procedure.

TABLE 11
Rejection rates under Ho for different values of dfj and o for Model 1 with N = 212

I d5 [ 03 [ 0325 ] 035 ] 0375 [ 04 ]
a =0.01 [ 0.0700 | 0.2730 | 0.0750 | 0.0830 [ 0.1290
a =0.05 | 0.1770 | 0.3540 | 0.2320 | 0.1800 | 0.2340
a=0.1 | 0.2420 | 0.4200 | 0.3130 | 0.2670 | 0.3090

TABLE 12
Rejection rates under Ho for different values of dfj and o for Model 1 with N = 215

I d5 [ 03 [ 0325 ] 035 ] 0375 [ 04 ]
a =0.01 [ 0.0730 | 0.0700 | 0.0930 | 0.0730 [ 0.0590
a =0.05 | 0.1780 | 0.1840 | 0.1830 | 0.1590 | 0.1530
a=0.1 | 0.2630 | 0.2460 | 0.2620 | 0.2390 | 0.2150
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TABLE 13
Rejection rates under Ho for different values of di and different levels o for Model 2 and
N=212)
( d [ 01 J o015 ] 02 [ 025 [ 03 [ 035 | 04 |

a=0.01 | 0.3130 | 0.664 | 0.679 | 0.695 | 0.633 | 0.669 | 0.616
a=0.05 | 0407 | 0.689 | 0.707 | 0.721 | 0.667 0.7 0.637
a=0.1 0.480 | 0.726 | 0.738 | 0.75 | 0.694 | 0.735 | 0.669

TABLE 14
Rejection rates under Ho for different values of dg and different levels o for Model 2
N =21%)
[ dg [ 01 [ 015 | 02 [ 025 | 03 [ 03 | 04 |

a=0.01 | 0.318 | 0.4210 | 0.3230 | 0.3860 | 0.4470 | 0.4250 | 0.4250
a=0.05 | 0435 | 0.5110 | 0.4280 | 0.4770 | 0.4840 | 0.4580 | 0.4450
a=0.1 | 0.508 | 0.5760 | 0.4970 | 0.5290 | 0.5430 | 0.4980 | 0.4820

Step 1 We pick m sub-samples of the original time series of 2V~ consecutive
observations, randomly with replacement.

Step 2 For £ =1,...,m, we compute an estimator czo(é) based on the fth sub—
sample (with the same j and weights w; as for afo).

Step 3 We compute the empirical variance vy, of the sample do 0, =1,....m
obtained in Step 2 and set the empirical variance of the full sample
estimate cio to v = 2’L(1*2d3)f}L.

In our experiments we chose L = 3 and m = 50. The factor 2-F(1—24")

relating ¢ to 0y, is inherited from the rate up defined in (6.11) in the case ¢o = 2
under Hy (since we are in the case of Model 2). The threshold associated to the
significance level o is then set by approximating (dy — dif)/v/© as a Rosenblatt
random variable with unit variance. We display a four—scales regression (see
Tables 13 and 14). The obtained rejection rate are again larger than « because
of the approximation of the scalogram by its sole Rosenblatt term in its Wiener
chaos decomposition.

Next we evaluate the power of the statistical test. We focus on the power
function, that is, the power as a function of the true dy for the test corresponding
to the null hypothesis Hy with dj = 0.4 for Model 1 and dfj = 0.3 for Model 2,
data length N = 2'° and significance level o = 0.05. Recall that the test is
based on the reduction principle. In particular, its definition only depends on
the the first term of the Hermite expansion of GG. Hence we found it interesting to
compare the powers of the test procedure, computed for Model 1 and Model 2,
with the powers obtained with data generated by changing the function G of
each of these models into its first Hermite expansion term. So for Model 1, we
compare the power function with the one obtained by directly applying the test
to (Hgy(X¢))t=1,....~, that is to (X;)¢=1,.. ~ and for Model 2, we compare the
power function with the one obtained by applying the test to (Ha(X¢))i=1,...N-
In each case the data length is N = 2'5. The results are displayed in Figures 1
and 2. We also display some ROC curves in Figure 3 for Model 1 and Figure 4
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0.3 0.32 0.34 0.36 0.38 04 042

FIG 1. Rejection rates as a function of do for two data sets: (Xt)i<i<n (blue bottom
curve), Model 1 (red top curve), dj = 0.4, N = 215,

08

06

04

02r N

0 \ \ \ \ \ \
0.15 02 0.25 03 0.3 04 0.45

FIG 2. Rejection rates as a function of do for two data sets: (H2(Xt))1<i<n (blue bottom
curve), Model 2 (red top curve), dj = 0.3, N = 215,

F1G 3. ROC curves for Model 1 and df = 0.4 for three data sets: do = 0.3 (blue top curve),
do = 0.325 (green middle curve), do = 0.35 (red bottom curve). N = 215,
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n n n n
(o] 0.2 0.4 0.6 0.8 1

Fic 4. ROC curves for Model 2 and df = 0.3 for three data sets: dg = 0.15 (blue top curve),
do = 0.2 (green middle curve), dy = 0.25 (red bottom curve). N = 215.

for Model 2. The data length N also equals in each case 2'°. The higher the
curve the better. We see that, as expected, the power increases, as dy goes
away from dj. Moreover, comparing red and blue plots, we see that the power
deteriorates when additional terms are added in the Hermite expansion of G.

8. Decomposition in Wiener chaos

As in [9] and [10], we need the expansion of the scalogram into Wiener chaos.
The wavelet coeflicients can be expanded in the following way:

o0

C
Wik = Wi, (8.1)

where W;qlz is a multiple integral of order ¢. Then, using the same convention
as in (2.19), we have

o0 2
2 _ q () Sq Cq (q) (q )
we- 3 (5) (W) e S W (s
q=1 q’'=2 g=1
where the convergence of the infinite sums hold in L!({) sense.

Each qulz is a multiple integral and consequently so is Sn ;i in (2.18). (Basic
facts about Multiple integrals and Wiener chaos are recalled in Appendix A).

In Proposition 4.2 of [10], we gave the following explicit expression of the
Wiener chaos expansion of the scalogram.

Proposition 8.1. For all j, {W i }rez is a weakly stationary sequence. More-
over, for any j € N, S, ; can be expanded into Wiener chaos as follows

S,..; = Z w2, 2]



Large scale reduction principle and application to hypothesis testing 177

B
S R AN A
q -9 q,q9 ,p

EDIPD PR (p) (p> Snja" (83)

where, for all ¢,¢' > 1 and 0 < p < min(q,q’), S

(a,dp) ;
gy i of the form

S(q q P _ q+q/_2p (gEZZ p)) 7 (8.4)

and where the infinite sums converge in the L*(§)) sense. The function g(q a'5p) &),
E=(&1,. .\ Eqrq—2p) ERITC=22 in (8.4) is defined as follows:

gUP(€) = Du(y{&s + -+ Egrgr—2}) X [TEF P IVFE)L () (60)]

A(p) (51 +ot gqua gquJrl +ot §q+q’72p)a
(8.5)
where f denotes the spectral density of the underlying Gaussian process X and
for any integer n,

nj—l

1 . 1— einju
D,(u)=— ebv = — — (8.6)
n; kZ:O n;(1 —el)
denotes the normalized Dirichlet kernel, and for &, € R, if p # 0,
ij)(&,fz):/( (Hf ) h(K) A+ +N+&)
O+ + 2 — &) AP, (8.7)
and, if p=0,
R (€1.&) = b)Y (€)R (). (8:8)

Sffj_’f]j,’p ) i expressed in (8.4) as a Wiener—It6 integral

g(@:a'p)
ng,J

The random summand

of order ¢ + ¢ — 2p and q + ¢’ — 2p will be called the order of

The limits involved in Theorem 3.1 are those given by the term S(q_f”jqo’qOA)

g
as proved in Propositions 5.3 and 5.4 of [10]. A sufficient condition to get the
reduction principle is that the other terms are negligible with respect to this
term. Theorem 3.2 is then a direct consequence of the following main result:

Theorem 8.2. Suppose that Assumptions A hold with M > K + §(qo), where
0(+) is defined in (2.6) and that (3.5) holds. Define the centered multivariate
scalogram S,, j related to Y by (2.16). Suppose that (v;) and (n;) are any di-
verging sequences of integers. Then Condition (3.6) implies, as j — oo,

gan _ Sgltio;quqofl)H2 < ”S(qr) 140,40 — 1)H ' (8.9)

nj,j
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Proof. Theorem 8.2 is proved in Section 9.4. O

Idea behind the proof of Theorem 8.2. One uses the expansion (8.3). The norms
of the relevant terms are bounded in Proposition 8.3. We then deduce bounds
for the difference [[Sy, ; — Sf:zjofo’qofl)||2 in Proposition 8.4. The main task in
the proof of Theorem 8.2 is to show that these bounds are negligible compared
to the leading term |\s£fj‘ﬁf°’q°_l)|\2 whose asymptotic behavior is also given in
Proposition 8.4.

Our results are based on L?(Q2) upper bounds of the terms HSgg’?j/’p)Hg es-
tablished in Proposition 5.1 of [10]. To recall this result, we introduce some
notations.

For any s € Z, and d € (0,1/2), set

Ag(a) = ﬁ(ai!)l_zd, Va = (a1,...,as) € N°. (8.10)
i=1

For any ¢,q’,p > 0, define a, 8 and 3’ as follows:

o0 dp) — {r;ain(l —04(q—p) = 04(d' —p),1/2) ip A0 )
5 it p=0,

B(g,p) = max (6+(p) + 6+(q —p) —1/2,0), (8.12)

B'(g,q',p) = max (204 (p) + 4+ (¢ —p) +9+(¢ —p) — 1,-1/2). (8.13)

Notice that for any ¢ > 0, 8(¢q,0) = d4+(¢) and that, by definition of 3, 3", we
have, for all 0 < p < ¢ < ¢/, we have

B'(q,4'sp) < B(g,p) + B(d, ). (8.14)

Define the function € on Z; as

c(p) = {O if for any s € {1,...,p}, s(1 —2d) # 1, (8.15)

1 if for some s € {1,...,p}, s(1 —2d) = 1.

We first recall Proposition 5.1 of [10] where Part (i) corresponds to p > 1 and
Part (ii) to p = 0.

Proposition 8.3. Suppose that Assumptions A hold.

(i) There exists C > 0 such that for for all n,v; > 2 and 1 < ¢ < ¢’ and
1 <p<min(g,¢ - 1),

4 a+q’
ISPy < C"E As(q — p,p) Y2 As(d — pop) 2K

« [n;a(q,q ,p)%@ (9,9",p) + n;1/27§3(q7p)+ﬁ(q 710)] (8.16)

x (log nj)a(q+q/—2p) (log %,)35@')'
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(i) Assume that M > K + max(34+(q),9+(¢')). Then there exists some C > 0
such that for all n,v; >2 and 1 <q < ¢,
’ +q’ _ Fy Fy ’ ’
1525 12 < O Aa (@2 () 2y 2RO (log) )
(8.17)

Note that under Condition (3.5) we have e(p) = 0 for all p > 1 in (8.15).
Thus the logarithmic terms vanish in (8.16) and (8.17). Moreover, if p = 0 then
A2(q,0) = Ai(q), alg,q',0) = 1/2, B(q,0) = d1(q) and B'(q,¢',0) = d4(q) +
04(q"). Therefore, if Condition (3.5) holds, the bounds (8.16) and (8.17) imply
the following common bound

/ a+d’
ISPy < O5 Ag(q — p,p) V2 Aa(d — p.p) V22K
—a(q,q, (9,4, —1/2 ) ,
% [nj (9,9 p)%@ (9,4",p) +n; / 7]l?(q p)+B(q p)]' (8.18)
Consider now the decomposition

Snjﬁj = Sflqjoyfoxqo—l) 4 (gn]‘,j _ S(QO,go,qo—l)) '

nj.J
The following result provides the sharp rate of the first term and a bound on

the second one, relying on Wiener chaos decomposition (8.3).

Proposition 8.4. Assume that Assumptions A hold with M > K + 04 (qo) and
suppose that Condition (3.5) holds. Let (n;) and (v;) be any diverging sequences.
Then, there exists a positive constant C' such that, for all j > 1,

< (90,90,90—1)
San - S’n,]‘,j 2

< C%QK sup [n;a(q,q’yp)vf’(q,q’yp) _i_n;1/2%L_3(z1710)+ﬁ(q’710)]7 (8.19)

(¢,9',p)€Ao

where we denote

Ao ={(q,d',p) : 1 <q¢<¢,0<p<min(q,q¢' -1), cgxcy # 03\{(q0, 90, q0—1)}

(8.20)
Moreover, the two following assertions hold:
(7’) Iqu:1, asj—)oo,
.qo,q0—1 1,1,0 —1/2_2(d+K
1807 e = 185,57 12 ~ € 7 270 (8.21)
where C' is a positive constant.

(”’) Ifqo > 27 asj — 0,

||Sgl¢§ibgqu071)||2 ~ Cn;1+2d,7]?(5(qo)+K)7 (8.22)

where C' is a positive constant.
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Proof. By Proposition 8.1 and (8.20), applying the Minkowski inequality, we
have

The bound (8.18) implies that

lcq| leq] a\ (¢ (a.4",p)
Z ?Fp! ») \p Hsnj,j ll2

= d0.d0—1) lcql leg'l | (@) (4
S, - st <2 3 Bl (1)(7)1s )

I g
(¢,9',p)€Ao T g P

(g,9",p)€Ao
legl leq| 0\ (4" s
=\ X g C™=" Ma(g = p,p)*Aa(d — p,p) "
q q: p)\p
(g,9",p)€Ao

% ,YJZK sup [nj—a(%q ,p),yjﬁ (¢,9",p) +

—-1/2_B(g,p)+B(d",p)
] Y ]
(¢,9',p)€Ao

"

By Lemma 8.6 of [10], the last two displays yield (8.19).

We now prove (8.21) and (8.22). First consider the case where gy = 1. This
asymptotic equivalence (8.21) is related to the convergence (3.1) and follows
from its proof, see e.g. [20]. Since o = 1, we have ¢; # 0. Moreover in Con-
dition (W-3) on the wavelet filters recalled in Appendix B, ﬁgm are functions
that are non-identically zero and which are continuous as locally uniform limits
of continuous functions. Therefore Y7, T7 , > 0 and we get (8.21).

Now consider the case where g9 > 2. The bound (8.22) is then related to
Theorem 3.2((b)) where the weak convergence is stated and follows from its
proof, see [11]. O

9. Proofs
9.1. Proof of Theorem 2.1

The generalized spectral density fg x of Y is related to the spectral density fg
of G(X) by (1.5). By definition of dy, the result shall then follow if we prove
the existence of a bounded function f¢ such that

fa(A) = |1 —e P 7200w0) g (X), (9.1)

and satisfying all the properties stated in Theorem 2.1.
We now prove (9.1). To this end, we consider the following decomposition of
G(X) as the sum of two uncorrelated processes,

C C
GX)=Gi(X)+Ga(X) = Y DHX)+ Y SH(X).
1<q<1/(1—2a) © >1/(-2a) ©

The proof of Proposition 6.2 in [9] shows that G2(X) admits a bounded spectral
density fg,. We first consider the case where G reduces to the term cq, Hy, /qo!-
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Since the two processes Hy, (X) and G2(X) are uncorrelated, one has

2
fa(N) = %fH (N) + fan (V).

We can then set

2
* C * —1i
J&W) = i, (V) + 11— AfRot) £, (N).

Let us check f¢ has the properties stated in the theorem. Relation (9.1) follows
from the definition of f& and fl*{qo' To prove the other properties stated in

Theorem 2.1, we distinguish the two cases g = 1 and g9 > 2. If g9 = 1,
THy =1 f}}qo = f* and then { < (3, one has

|fi1,(\) = fi,(0)] < CIAL, (9:2)

for some C' > 0. If g9 > 2, Lemma 10.1 yields that there exists a bounded
function ff - such that

Jrg (V) = L= 72720 fg (3 (93)
Moreover for any ¢ € (0,2d(q)) such that ¢ < 3, one has
|fi1,(N) = fi,(0)] < CIAL, (9-4)

for some C' > 0. In any case, the boundedness of fq, and the properties of f I*{qo
(equation (9.2) if go = 1 or (9.3), (9.4) if go > 2) then imply that (2.13) holds
in the case G1 = ¢qyHy, /0!, that is if 04 (q1) = 0.

We now deal with the case where H,, has also long memory, namely d4(g1) > 0.
Since the terms Hy(X) for ¢ < 1/(1—2d) are all pairwise uncorrelated, the spec-
tral density of long-range dependent part G1(X) reads as follows

fa = .

|
1<g<1/(1—2d) Eh

We now apply Equation (10.2) of Lemma 10.1 successively to each ¢ < 1/(1—2d).
Hence

2
i c .
fa (A) = [1 - e7A 72 Yo A —e PPy ()
1<q<1/(1—2d)

Since fa = fa, + fa,, we then get (9.1) with

2
C . .
fad) = Do A e PP @ rr ()] 41— e PP f, ().
1<q<1/(1—2d)
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Since |1 — e~ = 0 for A = 0, we have f5(0) = cgofl*{qo (0)/qo!. We now prove
that under Condition (2.12) on ¢, we get (2.13). Indeed,
2
lf&(N) = f&(0)] < ﬁﬁ}k{qo (A) = fir,, (0)]

2
c i
+ § : _‘f|1 - e—1k|26(qo)—26(q)fgq()\)
@ <g<1/(1-2d) *

+ 1= e TP f, (V).

Using the boundedness of fl*{q for any q > ¢, we deduce that for some C > 0
and any g > qi,

- e_i>\|2§(q0)—26(q)f;}q () < C|)\|2t5(¢10)—25(111)7 (9.5)

whereas by Lemma 10.1 applied with ¢ = ¢p, we deduce that for any { €
(0,28(qo)) such that ¢ < 3, one has

i ) = Fir, (0)] < ZIAS. (9.6)

We now combine (9.5) and (9.6) and deduce that for any ¢ € (0,26(go)) such
that ¢ < min(83,26(q0) — 26(¢q1)), one has

[f&(N) = f&0)] < LA, (9.7)

for some L’ > 0.

9.2. Proof of Theorem 2.2

The bound (2.22) follows the same lines as the proof of Proposition 8.4. It is a
consequence of Proposition 8.1, Proposition 8.3, Lemma 8.6 of [10] and of the
following bounds:

alq,q',p) > 1/2—d and equality implies ¢ = ¢+ 1 and p = ¢,
B(g:p) < 6(qo) and equality implies g = qo,
B'(a:4',p) < 20(go) and equality implies ¢ = ¢" = qo.
The two first bounds follow from Lemma 8.3 in [10], and the last one from (8.14).
The equality cases are used to get rid of the logarithmic corrections appearing
in (8.16) and (8.17) since ¢’ = ¢+ 1 and p = ¢ imply e(¢+ ¢ — 2p) = (1) =0
and ¢ = ¢’ = qo implies e(q¢’) = e(qo) = 0. This concludes the proof.

9.3. Proof of Proposition 4.1

We want to show we always have v, > 0. By definition of § and §; in (2.6), we
have §(q) < §(1) = d for all ¢ > 1, and since d > 0, d1(q) < d. With d < 1/2,
this implies that d + 1/2 — 204(qe,) > 1/2 —d > 0 and thus the third line of
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the definition of v, is positive. For the same reason, 1 — 2§, (¢g1 — 1) > 1 — 2d
and the fourth line of the definition of v, is positive. In addition, for any r > 0,
2d+1/2 = 204(qp,.) —6(r+1) > 1/2 —d and §(r + 1) < 1/2 so that, for any
reR,
2d+1/2—204(qe,) — 6(r +1)
d(r+1)

which ensures that the quantities inside the min are uniformly lower-bounded
by a positive value. Finally, for the last line, we separate the cases 0 (g, ) = 0
and 04 (qe,) = 0(qe,). In the first case, we have 4(6(qo) — 9+ (qe,)) = 49(qo) =
2 —2¢p(1 — 2d) and so

4(6(q0) — 9+ (gs,))
1-2d

>1-2d>0,

=2(1/(1 = 2d) - q0) > 0,
as a consequence of (2.10). In the second case, we have 4(d(qo) — d+(qe,)) >
4(6(g0) — 6(ge,)) = 2(qeo — qo)(1 — 2d) and so

4(6(g0) — 6+ (q,))
1—2d

> 2(qe, — qo0) > 0,

which is non-negative by definition of gs,. Hence the last line defining v, is at
least one, hence is positive, which concludes the proof.

9.4. Proof of Theorem 8.2

By Proposition 8.4, it is sufficient to show that the right-hand side of (8.19)
is negligible with respect to the right-hand side of (8.21) if g9 = 1 or to the
right-hand side of (8.22) if go > 2, that is, respectively,

lim n}/Q/yj_gd sup [n-ﬁa(q’ql’p)'yfl(q*qlvp) n n;l/Qvf(qﬁp)Jrﬁ(q’,p)] =0, (9.8)
Jreo (¢.9",p)€A0

lim n}72d7;26(q°) sup [n;a(q7q/,p),yjﬁ/(q7q/,p) + n;1/27@(q7p)+6(q/7p)] —0.
J—ro0 (9,9’ ,p)EA0

(9.9)

We now distinguish the two cases ¢o = 1, qo > 2.

9.4.1. Proof of Theorem 8.2 in the case gy = 1

In this case, we need to show that Condition (3.6) implies (9.8).
By Lemma 8.3 (4) in [10], we have, for all 0 < p < ¢ < ¢', 8(¢,p) + (¢, p) <
04(q) + 64+(¢"). We may thus write
sup Sup ,Y;H(ZIHM(‘I')
(¢,4",p)€A0 (9,4’ ,p)EA0

sup{st(9)+51(q'): 1<q<d’, (q.9")#(1,1)
S'Yj { }7

p)+8(d,
,Yjﬁ(q p)+B(q",p) <
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since for go = 1, the triplet (g0, go,q0 — 1) = (1, 1,0) is excluded from Ajg. Using
Lemma 10.2, we obtain, as j — oo,

sup 7’LJ ")/] j Y5

~1/2_B(a.p)+B(d p) _ 0(nf1/2 2d), (9.10)
(¢,9',p)€A0

Inserting this in (9.8), we only need to show that (3.6) implies

lim ngl‘/QWIQd sup n;a(qu’,p)wf’(qu’,p) —0. (9.11)
Jee (a,9',p)EAo
Observe that, by definition, a(q,¢’,p) < 1/2. We shall therefore partition Ag

into Ag = A1 U Ay, where

A ={(q,4',p) € Ao : a(q. ¢, p) =1/2}
A2 = {((Lq/ap) € AO : Q(Qaqlvp) < 1/2}

Since «a(q,q¢’,p) = 1/2 for (¢,q¢’,p) € A1, we get with (8.14) that

sup n;a(q7q/,p)7f/(q7q/,p) < sup nj—l/27j6(q7p)+6(qﬁp) — 0 (”;1/2%2'd) 7
(9,9’ ;p)EAL (9,9’ ,p)EA0
as j — oo by (9.10).

If Ay = () we conclude that (9.11) holds. By Lemma 10.4, we note that Ay = ()
if and only if d < 1/4 and Iy defined by (4.2) is an empty set. Hence, from now
on, we assume that As # (), that is, either d < 1/4 and Iy # 0, or d > 1/4. Tt
only remains to show that, under these conditions, (3.6) implies

lim n1</27j72d sup  n

J

| —a(a,q'p) B (a:d".p) _ (9.12)
J—oo (¢:9',p)EA2

75
To compute the sup, we first optimize on p, then on ¢’, and finally on g.

Optimization on p By Lemma 10.3, if (¢,¢’,p) € Ay for a given (¢, ¢’), then
a(q,q',p) is minimal and '(q, ¢/, p) is maximal for the largest possible p, which
corresponds to p=q — 1 if ¢ = q and to p = ¢ if ¢ > q. For such a p, we have,
ifg=¢,

a(g.q',p) = alg,q,q — 1) = min(1 — 2d, 1/2),
and if ¢’ > g,

alg,q,p) = alg,q',q) = 1/2 = d:(¢' — q).

Since being in Ay implies a(q,q’,p) < 1/2, we must have 1 — 2d < 1/2 (that is
d>1/4)if ¢g=¢ and §(¢' —q) > 0 if ¢ > q. To separate the cases ¢ = ¢’ and
q # q', we define

L if d <1/4,
T M@ ga—1):qg=2,¢,#£0) ifd>1/4.

and
Aso ={(q,4',q0) : ¢ > q>1, cqcyy #0,0(¢" —q) > 0}.
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Note that in A3 1 we set ¢ > 2 to avoid (¢,¢,¢ — 1) = (1,1,0). Recall that the
indices of the non-zero coefficients ¢, are labeled as gp, see (4.1). Then

{(Q7q7q_1)q227 Cq#o}:{((ﬂaQbQZ—l)ZKEE,KZ 1}7
and, similarly,
A2,2 = {(qfaqf’aqf) : gagl € Ev 0<i< éla 5((]2’ - QZ) > 0}

Defining
A; = sup nf1/2+5(‘1@’*qe),yﬁl(%y%’vw) (9.13)
J @) J J
where the sup, , is taken over (¢,¢') € £? such that ¢ < ¢ and §(qe — q¢) > 0,
and

B; = Sl;p,yjl?’(qeyqz,qefl)7 (9.14)

where the sup, is taken over all £ € £ such that £ > 1, we thus obtain the two
following assertions.

e If d < 1/4, the sup over Ay can be restricted to Ass. This gives

—a(a,q'p) B (2,4 :p) = A, (9.15)

sup n V5

(¢,9',p) € A2

e If d > 1/4, the sup over Ay has to be performed over As; and Ass. This
gives

sup n;a(q’q,’p)yf,(q’q,’p) = max (n; "7*B;, A;) . (9.16)
(a,9",p)€A2

Optimization on ¢’ We only need to consider A; since B, corresponds to
¢ = q. For A;, optimizing on ¢’ means optimizing on ¢ in the sup of (9.15).
We know from Lemma 10.3 that, for each ¢, a(qe, qer, q¢) is non-decreasing and
B'(qe, qer, qe) is non-increasing as ¢’ increases, hence the sup, , is achieved when
¢ =0+ 1 and thus a(qe, qer, q¢) < 1/2 implies
sup nj—l/2+6(qz+1—qz),yjﬁ/(qz,qul,qe) if Ty 40,
Aj = ( ledg (917)
0 otherwise,

where Jy is defined in (4.8). When J; = (), the sup in (9.13) is taken over the
empty set. We use the convention supy(...) = 0.

Optimization on ¢ We deal separately with the cases

(a) d < 1/4.
(b) d > 1/4.
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The case (a) is the simplest since in (9.15), B; does not appear. Recall also that
we have Iy # () in this case since we assumed As # (). The optimization on ¢ here
amounts to optimize A; on ¢ in (9.17) in the case Jq # (). Observe that when
d<1/4,6(r) =0 for all r > 2, see (2.6). Thus the condition §(ge+1 —g¢) > 0 on
¢ € Jg is equivalent to ge11 = g¢ + 1, in which case 0(q+1 — qe) = 6(1) =d >0
and Jg = Iy. Hence,

—1/24d_p’ 1 —1/24+d_26 d—1/2
Aj = sup n; /2+ ’Vf (qe.qe+1,q0) _ sup n; /2+ " +(ge)+d—-1/ :

Lely Lely

where we used that 8'(qe, q¢+1, q¢) = max(254(qe) +d—1/2,—1/2) = 264 (q¢) +
d — 1/2, see (8.13). This sup is achieved for the smallest ¢ since 4 is non-
increasing. Recall that the smallest ¢ in I is denoted by ¢o in (4.3), thus,

_—1/24d_264(qey)+d—1/2
Aj = n; 5 .

Now, we note that in case (a) with gy = 1, v, in Definition 4.1 takes value

L d+1/2- 26 (a)
‘o d

Hence Condition (3.6) implies
- 26 —d—1/2
ny 2y A = iy a0 o),
With (9.15), we obtain (9.12) and case (a) is complete.

We now turn to the case (b), that is, we assume now that d > 1/4 and
show that (9.12) holds under Condition (3.6). Optimizing B; on ¢ amounts to
optimizing the sup in (9.14) on £ € £ with £ > 1. Note that 8’ (q¢, qe,qe — 1) =
max (204 (qge —1)+2d—1,-1/2) = 264 (q¢ — 1) + 2d — 1 which is non-increasing
as { increases. Hence the sup in (9.14) is achieved for £ = 1 and thus

B; = 7]2_6+(Q1—1)+2d—1' (9.18)

Note that in this case v, in Definition 4.1 takes value

1-26 —1 .
2d+—(1q/12 : if Jg =0,

Ve = . 1-92§ 1—1 . 2d—|—1/2—25+(qh)—5(7"+1) .
min (ﬁ,g&%( 5ot 1) if Jg # 0.
(9.19)

In both cases, we have v, < (1-2d4(¢1—1))/(2d—1/2), and thus Condition (3.6)
implies, as j — o0,

—2d_—1/2+2d —1/242d_254 (q1—1)—1
j2dnj /2+ B; =n; /2+ " +(1—-1) =o(1).
If Jg = 0 so that A; = 0 in (9.17), we thus obtain with (9.16) that (3.6)
implies (9.12). Similarly, if J; # (), which we now assume, it only remains to
prove that (3.6) implies

lim 7?7214, = 0. (9.20)

j—o0
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Using (9.17) and that £'(qe, qet1,9¢) = max(204(qe) + 1/2 + 6(qe+1 — qe) —
1,1/2) = 264 (q¢) 4+ 6(qe+1 — q¢) — 1/2, we have

*1/2+5(qe+1*qe),y?5+(QZ)+5(qe+1*qe)*l/Q' (9.21)

Aj = supn; i

Ledg
Optimizing on ¢ here means optimizing this sup on ¢ € J;. To do so, we partition
Jg as in (4.9) and, by the definition of I, in (4.4), we have, for all £ € I,

—1/2+6(qe41—qe) | 26+ (q0)+0(qer1—qe)—1/2 _ —1/2+5(r+1) 204 (qe)+0(r+1)—1/2

Since § is non-increasing, we get with Definition (4.5) that, for all r € R,

—1/246 — 26 5 —qy)—1/2 —1/2+6 1) 26 5 1)—1/2
sup n; /2+6(qe+1 qz),yj +(q0)+d(aer1—q0)—1/2 _ n; /2+6(r+ ),yj +(qe,)+o(r+1)—1/ _
lel,

Hence, by (9.21) and (4.9), we get that

l'/QVJ'_QdAj _ maxnj(r+1)725+(qzr)+5(7‘+1)—1/2—2d'

n
J reR J

Now, since we are in the case Jq # (), v, in (9.19) satisfies v. < (2d + 1/2 —
204(qe,) —0(r +1))/(6(r + 1)) for all r € R and recalling that R is a finite
set (see (4.7)), we see that (3.6) implies (9.20). The proof of the case go = 1 is
concluded.

9.4.2. Proof of Theorem 8.2 in the case qy > 2

In this case, we need to show that (3.6) implies (9.9).

Recall that in Assumptions A include Condition (2.10) and thus ¢ > 2
implies d > 1/4. Hence we have 1 — 2d < 1/2 and since moreover for all ¢’ >
q > qo and 0 < p < g, we have 8(q,p) + 8(¢',p) < 26+ (q0) = 26(qp), we obtain
that

1—2d, —26(qo)

lim n;~ "y, sup n

—-1/2_B(ap)+B(d"p) _ 0.
j=oo 7 (¢:4',p)€ Ao

Vi

This correspond to the second term between brackets in (9.9) and we thus only
need to prove that (3.6) implies

lim n1-_2d7;25(q°) sup nfoz(qu’,p)wf’(qu’,p) —0. (9.22)
Jeo (9,9 ,p)€Ao
Let us partition Ag into Ag = U?_; A;, where
A = {(¢,dp) € Ao, ¢ =4 = q},
A2 = {(¢,4,p) € Ao, 4= ¢ > qo},
As = {(¢,d,p) € Ao, ¢ > q+2},
Ay = {(¢,d,p) € Ao, ¢ =q+1,p<q—1},
As = {(¢,¢,p) € Ao, q=p, ¢ =q+1}.
We shall prove that for i = 1,2, 3,4,
lim nj;—zd,yj—%(q@ sup nj—a(q,q’,p),yf(q,p)+ﬂ(q',p) -0, (9.23)

J—roo (q,¢' ,p)EA;
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and that, when I defined as in (4.2) is not empty, (3.6) implies

(g0) sup nf‘l(qeyqﬂrl,qe),y@’(qe1qe+1,qz) —0. (9'24)

: 1-2d,,—26
lim 7n "%y, y

Jj—ro0 L€l

Since #'(¢,q',p) < B(q,p)+pB(q',p) and As = {(qe, qe+1,qe) : £ € Iy}, we indeed
have that (9.23) and (9.24) imply (9.22) and the proof will be concluded.

The limit (9.23) can be deduced for i = 1,...,4 from Lemma 8.3 of [10].
More precisely this lemma implies the following facts (recall that d > 1/4).

1. For all p = 0,...,q90 — 2, we have «(qo,q0,p) > 1 — 2d and 25(qo,p) <
20(qo), which implies (9.23) for i = 1 since (go, go, o — 1) is excluded from
Ao.

2. Forallg>¢g+1and p=0,...,¢g— 1, we have a(q,q,p) > 1 — 2d and
28(q,p) <264 (qo + 1) < 25(qo), which implies (9.23) for i = 2.

3. For ¢ > qo, ¢ > qg+2and p=0,...,q, we have a(q,q¢’,p) > 1 — 2d and
B(q,p) + B(d',p) < 6+(q0) + d+(qo + 2) < 25(go), which implies (9.23) for
1= 3.

4. For ¢ > qo and p = 0,...,q — 1, we have a(¢,q + 1,p) > min(3/2(1 —
2d),1/2) > 1 —2d and B(q,p) + B(q + 1,p) < d1(q0 + 1) + (o) < 20(qo),
which implies (9.23) for i = 4.

Hence we obtain that (9.23) is valid for ¢ = 1,...,4. If Iy is empty, the proof
is concluded. We now assume that Iy is not empty, so that ¢y is finite, and it
only remains to show that Condition (3.6) implies (9.24). Observe that, for any
q > qo, we have a(q,q+1,¢9) =1/2—d and f'(q,q+ 1,q) = 204+(¢) +d—1/2 is
non-increasing as ¢ increases. Hence over ¢ € Iy, a(qe, q¢e + 1, q¢) is constant and
B'(qe, qe + 1, q¢) is maximal at £ = £y, where it takes value 26, (qq,) + d — 1/2.
We conclude that
1-2d,,—26(q0) —alqeqet1qe) B/ (aeqe+1,qe) _1/2—d_ d—1/2-2(5(g0) =0+ (ae,))

n; 75 Sup 1, 7 n; 75
lely

Note that in this case v, in Definition 4.1 takes value

4(5(g0) — &+ (ato))

c:1
ve=1+ 1—2d

Thus Condition (3.6) implies (9.24) and the proof is finished.

9.5. Proof of Theorem 6.2

The fact that the test &5 is consistent follows directly from the consistency
statement in Theorem 6.1 and the fact that (uy) is diverging.

To show that the test s has asymptotic confidence level «, it suffices to show
that when dy = dfj (null hypothesis), we have

UN(JO — do) (—>L) U. (925)
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We first observe that under the conditions on j = (jn) of the theorem, the

convergence (6.10) involving dy holds, see [11].
The computations of Section 5 in [11] allows us to specify (6.9) as

do — do = L(272%IS,,, ) + op (272%7S,,, ;) + O(27%),

where L is the linear form

2d1
L(z1,...,2p g w2 "% 2,

where the Welghts (w;) have been defined in Section 6.1. The same linearization
holds for do — do with S..,.; replaced by S(qo 90,90=1) , so by subtracting, we get
S, y S(quuﬂ]o 1)’) +op (

do — do = do — do + 27240 [OP ( nj.j S;J 190,00~ 1)’)}
+0(27%). (9.26)

Using (6.13), which corresponds to (3.6) under Hy, we can apply Theorem 8.2

so that
S( 0,90,90 — 1)H )

I (90,90,90—1) __
SnJ J S"J 2J =or 35

With (9.26), we get

do—do—do—do-‘rOp (2 2doj

S(Qo q0,q0—1) H )+O C])

Since uN(JO — dy) converges in distribution, it remains to check that

||S§Z°Jq0 a0 1)||2 = O(1) and un2~% = o(1). By the definition of uy in (6.10)
and since v; = 27, dy = K + §(qo) and d(1) = d, the asymptotic equiva-
lences (8.21) and (8.22) in Proposition 8.4 can be written as

”Sntjojqo ,q0—1) ”2 ~C U;V122d0j-

The bound un||ng°’]q°’q° Y, = 0(1) follows under Hy. Finally the bound
un2~% = o(1) follows from the bias negligibility condition (6.14). Hence we
get (9.25), which concludes the proof.

10. Technical lemmas

The next lemma give an explicit expression of the spectral density of H,(X) for
g < 1/(1 —2d) and is a refined version of Lemma 4.1 in [9]. It is used in the
proof of Theorem 2.1.

Lemma 10.1. Let q be a positive integer greater than 2. The spectral density
of {Hy(Xe)}eer is
T, =@ (f*---xf), (10.1)
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where f denotes the spectral density of X = {X¢}eez. Moreover if in addition
q <1/(1—2d) the function f}; in

Fr, () =1 —e 2720y (X), (10.2)

q

is bounded on A € (—m,m) and for any ¢ € (0,20(q)) such that ¢ < 3, where 8
has been defined in (1.2), one has

|fi1,(N) = fi, (0) < LIS, (10.3)
for some L > 0.

Proof. The explicit expression (10.1) of fx, has already been given in Lemma 4.1
in [9]. Moreover in the same lemma, we also already showed that f}ﬁlq defined
by (10.2) is a bounded function. We then only need to prove that (10.3) holds
for some L > 0. We prove the result by induction on q.

Assume first that ¢ = 2. By assumption on f* and definition of 3, we know
that for some C' > 0 and any ¢ < f3

[f*(0) = f2(0)| < CINS. (10.4)

Since fm, = 2f * f, we then apply the second part of Lemma 8.2 of [9], with
B1 = P2 = 2d, g = g5 = f* (using the notations of that lemma). We see
that Condition (66) of Lemma 8.2 of [9] is satisfied provided that ¢ < /5 and
(< P14+ P2—1=2d+2d—1=2(2) (which are necessary conditions of the
lemma). Hence for some L > 0, one has

|fi2,(\) = fii, (0)] < LIA.

If we now assume that ¢ > 2, we can also apply the second part of Lemma 8.2
of [9], with 81 = 20(g — 1), B2 = 2d, g] = f};,_, and g5 = f* which allows us to
proceed by induction. O

Lemmas 10.2 to 10.4 are used in the proof of Theorem 8.2.
Lemma 10.2. Let 61 be the exponent defined in (2.6). One has

sup {67 (q) +67(¢): 1 <q <4, (¢,¢) # (1,1)} < 2d. (10.5)

Proof. For any (g,q’) in the considered set, one has ¢ > 1 and ¢’ > 2. Since §
is non-increasing, we get 61 (¢)+01(¢) <o (1)+01(2) =d+(2d—1/2)+ < 2d
since d < 1/2. Lemma 10.2 follows. O

Lemma 10.3. Let a(q,q',p) and B'(q,q',p) be the exponents defined in (8.11)
and (8.13) respectively, for 0 < p < q < ¢'. Then the following facts hold:

(i) a(q,q',p) is non-decreasing as q or ¢’ increases and is non-increasing as
P INCreases.
(ii) B'(q,q',p) is non-increasing as q or q' increases.
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(iii) On the set {(¢,¢',p) : 0 < p < ¢ < ¢, alq,q',p) < 1/2}, B'(¢.4',p) is
non-decreasing as p increases.

Proof. The facts (i) and (ii) directly follow by observing that 1 is a non-
increasing function. Now suppose that a(q,q’,p) < 1/2. It follows that p # 0
and 04 (¢—p) > 0 and §4 (¢’ —p) > 0 since otherwise 4 (¢—p)+9d4+(¢' —p) <1/2
which implies a(q,q’,p) = 1/2 in the case p # 0. Now, when ¢, (¢ — p) > 0 and
d+(q¢" — p) > 0, we have in the definition of 3’ that

max(d(q —p) +0(¢' —p) —1,-1/2) if 64 (p)

B'(a.q4'p) = N
$©9,P) = max(d(q) +(q’), —1/2) if 64 (p) > 0.

The second line comes from the fact that 26(p) + d(¢ — p) + (¢ —p) — 1 =
0(q) +d(q"). Now it is clear that 3'(q, ¢, p) is non-decreasing as p increases. [

Lemma 10.4. Let a(q,q’,p) be the exponent defined in (8.11) for 0 < p <
q < ¢'. Then we have a(q,q',p) € (0,1/2] and the three following assertions
hold:

(i) For any q>1, a(q,q+1,q) =1/2—d < 1/2.
(i) If d < 1/4, then for all1 < ¢ < ¢ and 0 < p < min(q,q — 1) such that

q #q+1, we have a(q,q',p) = 1/2.
(ii) If d > 1/4, then for all ¢ > 2, a(q,q,q— 1) =1—2d < 1/2.

Proof. Assertion (i) follows by applying (8.11), since 64 (0) = 1/2 and 64 (1) = d.

Suppose that d < 1/4. If p = 0, a(q,¢’,p) = 1/2 for any ¢,q" by (8.11). Let
now p > 1. Let (q,¢") be such that 1 < ¢ < ¢/, 0 < p < min(g,¢’ — 1) and
¢ # q—+1. Then either ¢ = ¢’ > p+1 (first case) or ¢’ > ¢+2 and ¢ > p (second
case). Then by Lemma 10.3(i), we have in the first case

a(g,q,p) 2 e(p+1,p+1,p) = min(1 - 2d,1/2) = 1/2,
since d < 1/4. In the second case, Lemma 10.3 (i) implies
a(q,q',p) Z a(p,p+2,p) = min(1/2 - 6,(2),1/2) = 1/2,

since d < 1/4 implies 04 (2) = 0. This proves Assertion (ii).
To obtain Assertion (iii), we remark that

a(g,q,¢g— 1) =min(l — 2d,1/2) =1 —-2d < 1/2,
since d > 1/4. O

Lemma 10.5. Consider a sequence {q¢, £ € L} with L a set of consecutive
integers starting at 0. Let v.(d) be as in Definition 4.1 for all d € (1/2(1 —
1/q0),1/2), so that (2.10) holds. Then the following assertions hold:

(i) If qo = 1, v.(d) is non-increasing as d increases.
(i) If go > 2, v.(d) is non-decreasing as d increases.
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Proof. We first consider the case o > 2. In this case, either Iy = ) and v.(d) =
00, or Iy # () and v, is a continuous function taking values

1+ =1+2(q, —q0) if 5(qe,) >0,

=1-2q +2/(1—2d) otherwise.

4(6(q0)—9(qey))
ve(d) = 1—2d

L+

Hence we obtain (ii).
We now counsider the case go = 1. In this case, with the convention a/0 = oo
for a > 0 the following formula can be applied in all cases:

o (1=26 (1 —1) 2d+1/2—26,(qe,) —S(r+1)
Ve(d) = min ( (5:(2) , (5(:—1— 1 r e 'R>

This comes from the fact that if d < 1/4, we have 64(2) =0 and R C {0} with
equality if and only if Iy # (). Let us denote

7%2{14—(]@4_1—(]@:@65},

so that R = RN {r : §(r + 1) > 0}. Since 2d + 1/2 — 26, (qs,) — 6(r + 1) =
2(d—04(qe,)) +(1/2=5(r+1)) > 0 we get using the same convention as above
that
C(1=260(q1—1) 2d+1/2—26,(qe,)—0(r+1) -
(d) = ) - : R,
v = min (2555 D) re

where now the set R does not depend on d. To prove (i), we thus only need to
show the following two assertions (setting ¢ = g1 — 1 and then p = r + 1 and
q=qr,)
(a) For any given positive integer ¢, (1 —204(q))/d+(2) is non-increasing as d
increases,
(b) For any given positive integers p and ¢, u(d) := (2d + 1/2 — 26,(q) —
d(p))/d+(p) is non-increasing as d increases.
Assertion (a) follows from the fact that §(g) is increasing with d for any given
¢ > 1. Finally, we need to prove Assertion (b). Take some integers p,q > 1 and
denote p(d) as in (b). If 4 (p) = 0, which is equivalent to d < 1/2(1 — 1/p),
p(d) = oco. Now p(d) is continuous over d > 1/2(1 — 1/p) and takes value

1/2+42d  1/2+ (¢—1)(1 —2d)>
dp+(p—1)/2" dp+(p—1)/2

Since the two arguments in the min are decreasing functions of d over d >
1/2(1—1/p), we conclude that (b) holds. The proof of the lemma is achieved. O

1u(d) = min <

Appendix A: Integral representations

It is convenient to use an integral representation in the spectral domain to rep-
resent the random processes (see for example [19, 21]). The stationary Gaussian
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process { Xy, k € Z} with spectral density (1.3) can be written as

™ ei)\lf*l/2(/\) _

X, = /ﬂ M L2 (N)dW (N) :/ e dw(\), ¢eN. (A1)

. |
This is a special case of

i(g) = / o)A (), (A2)

where /1/17() is a complex—valued Gaussian random measure satisfying, for any

o~ o~

Borel sets A and B in R, E(W(A)) = 0, E(W(A)W(B)) = |AN B| and

o~ =

W(A) =W(-A).
The integral (A.2) is defined for any function g € L?(R) and one has the isometry

E(T(g)) = /R lg(2)[2da.

~

The integral I(g), moreover, is real-valued if

We shall also consider multiple Ito—Wiener integrals

"

@) = [ 90 AT () AT )

where the double prime indicates that one does not integrate on hyperdiagonals
Ai = £, 1 # j. The integrals I,(g) are handy because we will be able to expand
our non-linear functions G(X}) introduced in Section 1 in multiple integrals of
this type.

These multiples integrals are defined for g € ﬁ(Rq, C), the space of complex
valued functions defined on R? satisfying

g(—x1,...,—xq) = g(z1,...,2q) for (z1,...,24) € RY, (A.3)

ol i= [ lotars. o)l dor +-day < o (A4)
q
Hermite polynomials are related to multiple integrals as follows: if X =

Jg 9(x)dW (z) with E(X?) = [;|g9(2)]*dz = 1 and g(z) = g(—x) so that X
has unit variance and is real-valued, then

1"

10 =167 = [ gl @) -aW(a,). (A5)
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Appendix B: The wavelet filters

The sequence {Y; }+cz can be formally expressed as
Y, = AiKG(Xt), teZ.

The study of the asymptotic behavior of the scalogram of {Y;}.cz at differ-
ent scales involve multidimensional wavelets coefficients of {G(X¢)}tez and of
{Y,}1ez. To obtain them, one applies a multidimensional linear filter h;(7),7 €
Z = (h; (7)), at each scale index j > 0. We shall characterize below the multi-
dimensional filters h;(7) by their discrete Fourier transform:

h —iAT 1 T iAT

h;(\) = %hj(ﬂe A€ [-mm], hy(r) = %/_th()\)e)‘ A\, T € Z.
(B.1)

The resulting wavelet coefficients W i, where j is the scale index and k the

location are defined as

Wk =Y hij(yk—t)Y; = > hi(y;k—t)AKG(X,), j>0,ke€Z, (B.2)
tez tez
where v; T 0o as j T 00 is a sequence of non—negative scale factors applied at scale
index j, for example v; = 27. We do not assume that the wavelet coefficients
are orthogonal nor that they are generated by a multiresolution analysis. Our
assumption on the filters h; = (h; () are as follows:

W-1) Finite support: For each ¢ and j, {h; ¢(7)},ez has finite support. Further
L e Support 7,
there exists some A > 0 such that for any j and any ¢ one has

supp(hj.e) C vi[—A, A. (B.3)

(W-2) Uniform smoothness: There exists M > K, a > 1 and C' > 0 such that
forall j >0 and X € [—m, 7],

O} 2 [y Al

oy < S At
IS G e

(B.4)

By 27-periodicity of /f\zj this inequality can be extended to A € R as

1/2 M
~ : NS\
B < 00 1734 }L+M-
(1 + 5 {AH)
where {A} denotes the element of (—m, 7] such that A — {\} € 27Z.
(W-3) Asymptotic behavior: There exists a sequence of phase functions ®; :

(B.5)

R — (—m, 7] and some non identically zero function ha such that

lim (v, %h;(7;'A)) = hoo(V), (B.6)

Jj—+o0

locally uniformly on A € R.
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In (W-3) locally uniformly means that for all compact K C R,

sup ”y;l/zflj(ﬂy]fl/\)eiq)f()‘) — ﬁoo()\) — 0.
AEK

It implies in particular that floo is continuous over R.
A more convenient way to express the wavelet coefficients W , than in (B.2)
is to incorporate the linear filter A=% into the filter h; and denote the resulting

filter h{". Then

W= bk - 0G(X,), (B.7)
teZ
where ik . R
W) = (1 - e ™) Fh;() (B.8)

is the discrete Fourier transform of h;K), see [10] for more details.

Appendix C: The multiscale wavelet inference setting

We state here two theorems that are used in Section 6 to derive statistical prop-
erties of the estimator of the memory parameter dy. This parameter is obtained
from univariate multiscale wavelet filters g;. Since, Theorem 3.2 applies to mul-
tivariate filters h; which define the multivariate scalogram S,, ;, we explain in
this appendix the connection between these two perspectives.

We first give some details about the definition of the estimator of the mem-
ory parameter. We use dyadic scales here, as in the standard wavelet analysis
described in [20], where the univariate wavelet coefficients are defined as

Wik =Y g;(2k — )Y, (C.1)
teZ

which corresponds to (2.14) with v; = 27 and with (g;) denoting a sequence of
filters that satisfies (W-1)—(W-3) with m = 1. In the case of a multiresolution
analysis, g; can be deduced from the associated mirror filters.

The number n; of wavelet coefficients available at scale j, is related both to
the number N of observations Y7, ..., Yy of the time series Y and to the length
T of the support of the wavelet 1. More precisely, one has

n;=0279(N-T+1)-T+1]=2"IN+0(1), (C.2)

where [z] denotes the integer part of x for any real 2. Details about the above
facts can be found in [20, 24].
The univariate scalogram is an empirical measure of the distribution of “en-

ergy of the signal” along scales, based on the N observations Y7,...,Yy. It is
defined as )

13 .

0]2 =— Z Wﬁk, j>0, (C.3)

J k=0
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and is identical to Sy, ; defined in (2.15). The wavelet spectrum is defined as

o? =E[o

: N =E[W?,] forall k, (C.4)

J Js

where the last equality holds for M > K since in this case {W;,k € Z} is
weakly stationary.
To define our wavelet estimator of the memory parameter dy, we are given

some positive weights wo, ..., w, such that
P P 1
ng—Oand gzwi 3Tog(2)
We then set )
do = Z w; 10g(Tj+4)- (C.5)
i=0

To derive statistical properties of this estimator, we apply Theorem 3.2 using
a sequence of multivariate filters (h;);>o related to the family of univariate
filters g; in a way indicated below.

We first give an example and consider the case p = 1. To investigate the
asymptotic properties of cZO, we then have to study the joint behavior of W;_, 1
for u = 0,1. Recall that j — 1 is a finer scale than j. Following the frame-
work of [24], we consider the multivariate coefficients W, = (W, 5, Wi_1 2k,
W;_1,26+1), since, in addition to the wavelet coefficients W} ; at scale j, there
are twice as many wavelet coefficients at scale j — 1, the additional coeffi-
cients being W;_1 21, Wj—1,2r+1. These coefficients can be viewed in this case as
the output of a three-dimensional filter h; defined as h;(7) = (g;(7), gj—1(7),
gj—1(7 + 2771)). These three entries correspond to (u,v) below equal to (0,0),
(1,0) and (1, 1), respectively, in the general case below.

In the general case, each h; is defined as follows. For all, j > 0, u € {0,...,5}
and v € {0,...,2" — 1}, let £ = 2" + v and define a filter hy ; by

hej(t) = gj—ul(t +277"), teL. (C.6)

Applying this definition and (C.1) with v; = 27, we get

Wjuwzukro = 3 he;(2k — )Y,

tez
These coeflicients are stored in a vector W i = [W; ke, say of length m =
2P —1,
Wf,j,k = Wj*U,Q“k‘F’U; (=2"+v= 1527"'7m7 (07)

which corresponds to the multivariate wavelet coefficient (2.17) with h;(¢) hav-
ing components hy ;(t), ¢ = 1,2,...,m defined by (C.6). This way of proceeding

allows us to express the vector [67_, —07_,Ju=0,.._p—1 as a linear function of the

.....

vector gnj ; defined by (2.16), up to a negligible term. We can then deduce, as
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in Section 6, the asymptotic behavior of do of the multivariate scalogram §nj g
using (C.5).

We now indicate the asymptotic behavior of the univariate multiscale scalo-
gram in the case G = H,, since it will be needed in Section 6. We state the
results separately for go = 1 and for ¢y > 2.

We first consider the case gy = 1:

Theorem C.1. Suppose G = H,, with go =1 and that Assumptions A(i), (it)
in Section 2 hold. Set v; = 27 and let {(g;);>0, goo} be a sequence of univariate
filters satisfying (W-1)—(W-3) with m =1 and M > d+ K. Then, as j — oo,

02 ~ f*(0) L1 (goo) 229005, (C.8)

where Ly has been defined in (3.4). Let now j = j(N) be an increasing sequence
such that j — oo and N277 — oco. Define nj, 67 and o3 as in (C.2), (C.3)
and (C.4), respectively. Then, as N — oo,

~2
1/2 [ 95—u fidi d
{nj <a]2. _1>} {QS‘)}WO’ (C.9)
)= u>0 -

u

where Q49 denotes a centered Gaussian process with covariance function

A7 22(d+K)|u’7u\7max(u,u’) /71'
B Ly (/9\00)2

with for allm € Z and X € (—7,7),

Cov(QW, Q') |Doou—w (N2, (C.10)

™

Doom(N) = Y I 421l 2 e, (X + 2m0) G0 (A + 270) oo (27 (A + 270)),
LET

and N
em(f) _ 27m/2[6712 mv§7 v = O, Co9m _ 1]T.

Proof. We first observe that the proof of formula (4.5) in Theorem 4.1 of [11]
remains valid in the case gy = 1. This yields (C.8).

We now prove the convergence (C.9). To do so we adapt the corresponding
proof of Theorem 4.1 of [11] done for gy > 2. From [11] (see equality (9.5)), we
have

)

2v 1
~ n; —
52 g2 = Snjyj(2"+v)+Op(0?_u/nj,u), u=20,...,p—1,

Jj—u J—u
v=0

Tj—u

where we denoted the entries of the multivariate scalogram S,,, ; in (2.16) as
[?nm (0)]¢=1,....m- In addition, we also proved in Section 9 of [11] that the multi-
variate filters h;(¢) involved in the definition of the multivariate wavelet coeffi-
cients, defined by (C.6), satisfy the assumptions of Theorem 3.2 of [11]. We can
then apply Theorem 3.2(a) of [11] which provides the asymptotic behavior of
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the multivariate scalogram S, ;. Using the equality (9.6) of [11] relating Ezm
and g as,
hé,oo()\) _ 2—u/2/g\OO (2—u)\)ei2’“v)\,

we then deduce that as j — oo,

{n;/22—2(]—u)(d+K)Snj)j(2u +U)} QN(O,F),

where (we denote A\, = A + 2pm),

T _ o2(utu)(d+K
L u,o)(urwry = 22T DGO, i

— (7 (0))? 22K

o S e [P

T |peZ

and (u,v) (resp (u',v")) take valuesu =0,...,p—1 (resp v’ =0,...,p—1) and
v=0,...,2% =1 (resp v’ =0,..., o' 1). We showed in [11], Relation (9.4),
that as j — 00, nj/nj_, ~ 27*. Using also (C.8), which implies that o7 , ~
75(0) L1(Gs0) 22(3 W(d+K) a5 j — oo, and following the proof of Theorem 4 1
of [11], we get

ou_q
1 . _ _
{nl/Q DS sn].,j(2“+v)} L N(0,T),

S R Rt u
with
2v_12% 1
Fu,u’ = (f* ( )2L1 (300 )2 Z Z l—‘(u v),(u,v") (C.11)
v=0 v'=
92(utu)(d+K—1) 2771 2w -1
B (f (0))2L1 (oo )? ~ MZ F2“+v2“ +v
47722(“+“ )(d+K—1)
T LiG=)
/” e 712“ < 3 Go (2790,) G0 (27 A )2 027 00y 2d/\
v= 0 v'=0 |pEZ [Ap 2D 7
(C.12)
and where u,u’ = 0,...,p — 1. Thereafter, we follow the same lines that in the

proof of [24, Theorem 2]. Assume for example that v’ > u. We have to estimate

’ 2
2% —12% —1

Z Z Z|/\ |- 2(K+d)’\ (27 )m (2 mv—27" v')A, 7

v=0 v'=0 |pEZ
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which reads Zf;:gl Guw v (N) with

2% —1
Gu,u’,v’ ()\) _ Z Z ei(27“v—27” v ))\pgu,u’(2_u)\p)

v=0 |p€Z

where gy (&) = [29¢|72EHDG (€)oo (24~ E). We now observe that Gy s o
is a 2m-periodic function and write p = 2%q + r with r € {0,...,2% — 1}. Hence
(Ap = A\ + 2% x 27 and *™ if v is integer),

2
2%—1(2%—1
Gu,u/,v/()\) = Z Z ei(2*uy72*u v A, ZefiQH—u U,Qﬂqgu,u’ (27u/\r + 27Tq)
v=0 | r=0 qEZ
2u_ 1|21 2
= Z Z el2 U)\Thu,u',v’ (27u/\7ﬂ) ,
v=0 | r=0
with 0
u u’ v’ Z 6712 271'q+§) /(5 + 27Tq)
qEL
Hence

2U_12%—12%—1

G N = D D 3 &2 20 (27N R (27 A).

v=0 r=0 r'=0

Observe that if r # 1/
2v—1

Z ei27“'u27r(r77"’) =0,

v=0
whereas in the case r = r’ this sum equals 2*. Hence

2% —1

Gu,u’,v’()\) =2 Z |hu,u’,v’ (2_u)\r)|2-

As in the proof of [24, Theorem 2], we apply Lemma 1 of [25] with g = Ay ur or|?,
v = 2" and get

T

T 2% —1
G o (V)N = 2u/ (Z g (2752 )d)\

—T —T

:22“/ 1P v (N) P

We then deduce that

o' 1 = [2v -1
S [ Guawir =2 [ R |
v'=0 YT v'=0

—T
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Using (C.11), the definition of Gy, . and the last display, we deduce that

— 47r22<u+u’><d+1< 1) w20
Fu,u/ - Ll( / Z |h’uﬁu/ﬂ)/()\)
T w/'=0

B 47T22(u+u )(d+K—-1) y 22u274u(d+K)

Ll(ﬁoo)2
2
. Z / D |02 NG (1) (2N dA
v/=0 g€z
B 471'22(“ —u)(d+K)—2
L1(g0)?
2
55 / D gl I R () (2R | A
v’ =0 qEZ
For v/ € {0,...,2% — 1}, we write v/ = v + k2% ~* with v € {0,...,2% % — 1}
and k € {0,...,2% — 1} and transform the sum in v’ into a sum over v and k.
We obtain

_ 2(u’ —u) (d+K)—2u’ 2“ 12t -1
Fuyu/ _ 471'2 Z /
L1(90)? —

x e i2 T (vkk2t ’“Wﬁw(Aq)gm@—w—u—uq)

|)\ | 2(d+K)

qEL

dA.

. _iou—u’ 1 _ou—u’ s 2% —1 —i
Since e 712" " V' Aa = 712" " vAaeTikA apd S 7 le7 A2 = 2%, one has

471'22(“/ —u)(d+K)—u' 2u7u’

e L1(§)?
_ 2
2w v
> [ Sl e g )T
T g€z
Define now for any m € Z, the vector
em(6) =27m/2[l2 "y =0,...,2m -1 .

We then recover (C.10) which concludes the proof. O

The case go > 2 has been considered in [11, Theorem 4.1]. We recall it here.

Theorem C.2. Suppose G = Hy,, qo > 2 and that Assumptions A(i), (i) hold
with qo > 2. Set v; = 27 and let {(g;);>0, 9o} be a sequence of univariate filters
satisfying (W-1)-(W-3) with m =1 and M > §(qo) + K. Then, as j — oo,

02 ~ qo! (£%(0)) Ly, (o) 220+, (C.13)
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where Ly, has been defined in (3.4) for any p > 1. Let now j = j(N) be an

increasing sequence such that j — oo and N2779 — oco. Define n;, sz and 0]2 as
in (C.2), (C.8) and (C.4), respectively. Then, as N — oo,

1ooa [T fidi d Lyo—1(9)
ni~ =t 1 = {2<2 T s Zd(l)} . (C.14)
Ujfu >0 qO'qu(gOO) u>0
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