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Continuity results and estimates for the Lyapunov exponent
of Brownian motion in stationary potential

Johannes Ruef}
Eberhard Karls Universitdt Tiibingen

Abstract. We collect some applications of the variational formula estab-
lished by Schroeder [J. Funct. Anal. 77 (1988) 60-87] and Ruel} [ALEA Lat.
Am. J. Probab. Math. Stat. 11 (2014) 679-709] for the quenched Lyapunov
exponent of Brownian motion in stationary and ergodic nonnegative poten-
tial. We show, for example, that the Lyapunov exponent for nondeterministic
potential is strictly lower than the Lyapunov exponent for the averaged po-
tential. The behaviour of the Lyapunov exponent under independent pertur-
bations of the underlying potential is examined. And with the help of coun-
terexamples, we are able to give a detailed picture of the continuity properties
of the Lyapunov exponent.

1 Introduction

Schroeder (1988) and Ruef} (2014) established a variational formula for the ex-
ponential decay rate of the Green function of Brownian motion evolving in a sta-
tionary and ergodic nonnegative potential. The purpose of this article is to collect
some applications of this variational formula. A special focus is laid on continuity
properties of the Lyapunov exponent. We give counterexamples in the last section
in order to complete the picture.

We consider Brownian motion in R?, d € N. Let P, be the law of standard
Brownian motion with start in x € R on the space ¥ := C ([0, o0), RY) equipped
with the o -algebra generated by the canonical projections, and let E be the asso-
ciated expectation operator. With (Z;);>0 we denote the canonical process on X.

We assume that the Brownian motion is moving in a random potential: Let
(Q, F,P) be a probability space and assume (R?, +) is acting as a group on
viaT:RY x Q > Q, (x, w) = tew. We always assume that X := (Q, F,P, 1)
is a metric dynamical system, which means that 7 is product measurable and
P is invariant under z, for all x € R?. Often P is required to be ergodic under
{zy 1 x € R}, Then X is called ergodic dynamical system. We denote the space
of p-integrable functions on € by L?, p > 1. Any nonnegative V € L' is called
potential throughout this article.
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Let V be a potential. We assume that Brownian motion Z is killed at rate V:
Introduce the Green function as

o0 t
gx,y, ) ::/0 p’(x,y)E;’y[exp{—_/O V(tzsa))ds” dt,

where x,ye R, w e Q, E . y denotes the Brownian bridge measure, and pl(x,y)

is the transition probability density of Brownian motion in R?. g can be inter-
preted as density for the expected occupation times measure for Brownian motion
killed at rate V. Under natural assumptions, the Green function is the fundamental
solution to

1
—EAg(x, L w)+ Vpglx, -, ) =6y,

where 8, denotes the Dirac measure at x € R?, see, for example, (Pinsky, 1995,
Theorem 4.3.8).

If X is an ergodic dynamical system and V satisfies certain boundedness and
regularity assumptions, then it is shown in (RueB, 2014, Theorem 1.2) that the
Green function decays exponentially fast with a deterministic exponential decay
rate called Lyapunov exponent, see also Theorem 1 below.

Deterministic exponential decay has been shown previously, for example, for
periodic potentials by Schroeder (1988), and for Poissonian potentials by Sznitman
(1994). Armstrong and Souganidis (2012) give analogous results in the con-
text of Hamilton—Jacobi—Bellman equations. In discrete space, Zerner (1998) and
Mourrat (2012) establish existence of Lyapunov exponents for random walks in
random potentials.

Measurable functions f on €2 give rise to functions f,, on R¢, called realisations
of f, defined by f,,(x) = f(tyw) for x € R? and w € Q. If fo 1s differentiable for
all w € Q, we call f (classically) differentiable and we denote the derivative by
(Df)(w) := D(fy)(0). Let y € R?. We recall the variational expression as intro-
duced in (RueB, 2014, (1.4)),

Ty (y) :=2}2{F[< IZ§|Z+VdeP’)<¢iEn£y %dﬂj’)}l/z.

Here the space F is the space of probability densities f € L' with the following
properties:

e [Ef =1 and there exists ¢y > 0 such that f > cy,
e f, is differentiable of any order for all w, and supg, | D" f| < oo for n € Np.

The space @, is the space of divergence-free vector fields ¢ € (L")4 such that:

e ¢, is differentiable of any order for all w, and supq, | D" ¢| < oo for all n € Ny,
e Ep=y,and V- ¢ =0 for all w.
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The Lyapunov exponent can be expressed by I'y under the following conditions
on the potential V, see Theorem 1 below:

(1) supg V < oo.
(i) infqV > 0.
(iii) (0, -, w) € C2(R4 \ {0}) for w € ©, Lyg(0, -, w) =0 on R? \ {0}, where
Ly, :=1/2)A -V, forwe Q.
(iv) V,(x) is uniformly continuous in x and w, that is

lim sup sup |V, (x) — V,(0)| =0.
=0 |x|<8 weQ

Slightly more general but more complicated versions of assumptions (ii) and
(iv) are given by RueB3 (2014). That (iv) implies (Ruef3, 2014, (E1)) follows from
homogenisation as outlined in (RueB3, 2014, Section 4.1).

Like in the article of Ruefl (2014) we call a potential satisfying this set of as-
sumptions shortly a regular potential. Note that the convolution of a potential satis-
fying the boundedness conditions (i) and (ii) with a compactly supported, nonneg-
ative, smooth kernel leads to regular potentials, use, for example, (Pinsky, 1995,
Theorem 4.2.5) and (Ruef3, 2014, (4.13)). One has the following representation of
the Lyapunov exponent.

Theorem 1 ((Schroeder, 1988, (1.1)), (RueB}, 2014, Theorem 1.2)). If X is an
ergodic dynamical system and V a regular potential, then for all y € R \ {0}
P-a.s. the limit in the following exists and is given as

1
ay (y) = lim ——Ing(0.ry. w) =Ty (y). (1.1)

In Sections 2—4, we derive properties of the Lyapunov exponent oy from its
variational representation I'y. Among others, we derive a strict inequality ay <
apy and we establish continuity properties of the Lyapunov exponent. We state
the results for the variational expression I'y having in mind that as soon as the
underlying dynamical system is ergodic and the considered potentials are regular
these results do hold by Theorem 1 for oy as well.

Section 5 does not rely on the variational representation for the Lyapunov ex-
ponent. It consists of counterexamples which show, for example, that the Lya-
punov exponent is not continuous with respect to L? convergence of the potential,
1 < p < oo, even for regular potentials.

Notation

At some point, we use notation of Ruel3 (2014) and in order to keep this note
compact we introduce several objects in a short way and refer the reader to the
first two sections of the article of Ruef3 (2014) for more detailed descriptions.
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We denote by S?~! the set of unit vectors in R?. The Lebesgue measure on R¢
is denoted by .Z. We write | - | for the Euclidean norm on R?, d e N.

We need the concept of weak differentiability on X: A measurable function
f:Q — R? is called weakly differentiable in direction i if P-a.e. realisation of
f is weakly differentiable in direction i, and if there exists a measurable function
g on Q such that P-a.s. Z-a.e. g, = 9;(f,). Then g is called the weak derivative
d; f of f in direction i. The weak derivative is uniquely determined P-a.s., and
coincides with the classical derivative if the realisations of f are classically differ-
entiable. We have the differential operator V f = (0; f);, if the weak derivatives in
any direction exist. We introduce

D(®;) := | f € L?: f weakly differentiable in direction i, 3; f € L?}.

On (); D(9;) we have the norm || f||v := || fll2 + >_; |19; fll2- In addition to F and
@, we need the following function spaces: Let y € R?, define D, := ﬂidzl D(9;),
and

ID);:ifeLl:fweCOO(]Rd)Va)EQ,sup]D”f]<ooVneNo},
Q

D :={D cD,: D dense in D, w.rt. || - [|v},
Fy:={feDy:Ef=1,3cs >0s.t. f>cyP-as.,|flloo: IV flloo <00},

g::{Fch:erFw I(f)n C Fande> 0s.t.
fo— fwrt. || - ||v and ilgff,, >c IP’—a.s.},

oV :={p e (L) :El¢ - Vw] =0 Vw e D, Ep = y},

Py :={py C P} : ¢y dense in Y w.rt. | - [2}.

Examples

We give two main examples for dynamical systems X = (2, F, P, ) which fit
into our framework. As a special example in Section 5, we encounter the Poisson
line process.

X"T4—the d-dimensional torus T: Choose Q := T, let F := B(T“) be the
Borel o-algebra on T9, and set Ty := w + x(mod 1) for x € R4, w € T¢. With P
being the Lebesgue measure ., the dynamical system X becomes stationary and
ergodic.

Stationary ergodic random measures: Let © := M(R?) be the set of locally
finite measures on (RY, B(R?)) equipped with the topology of vague conver-
gence. Let F be the Borel o-algebra on 2, and set tyw[A] := w[A + x] for
xeRY A e BRY and w € Q. Then for any distribution [P of a stationary er-
godic random measure on (M (R%), F) the dynamical system X becomes an er-
godic dynamical system, use (Daley and Vere-Jones, 2008, Exercise 12.1.1(a)).
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Let W : R? — [0, 0o) be a Borel measurable function and set

V(w) = A{d W(x)w(dx).

Under suitable conditions on W and the random measure, V is a potential. If P is a
Poisson point process with constant intensity this leads to the so called Poissonian
potentials, see (Sznitman, 1998). We denote such a dynamical system where P is
a Poisson point process with constant intensity v > 0 by XP°LV,

2 Elementary properties
We deduce elementary properties of I'y:

Proposition 2. Assume V is a potential. For ¢ > 0, for y € R?,

Cy(cy) =cly(y). (2.1)
Let ¢ > 1, then
r2, <cly. (2.2)
Analogously if 0 < c <1, one has ng > CF%/. In constant potential ¢ > 0, for
yeRY,
LCe(y) =~ 2clyl. (2.3)
" is concave in the following sense: Let A;, 1 <i <k, be positive real numbers s.t.
Zle Ai=1.Let Vi,..., Vi be potentials on 2, then T'Z i > Zf‘:l kini, in

k
. >ie
particular,

k
B EPRAED BN (2.4)

i=1
For sums of a constant potential and some other potential V
rz,>ry+r2 (2.5)
Ifo,(0) :=inf rer E[|V £1?/(8f) + V] > 0, we have for x, y € RY,
Fy(x+y) <Tvx)+Tv(y). (2.6)
'y is monotone in V: Assume V| < V; are potentials, then

Iy,

1

<Ty,. 2.7)
For y e RY\ {0},
7 (y/1y1) = 204(0). 2.8)
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For completeness, we restated (2.1) which is shown in (RueB, 2014, Lem-
ma 3.1). Many of these properties are already established for the Lyapunov ex-
ponent of Brownian motion in Poissonian potential, see, for example, (Sznitman,
1998, Chapter 5). In the discrete space setting of random walk in random poten-
tial, such results are obtained in (Zerner, 1998, Proposition 4). Formula (2.3) for
the Lyapunov exponent of constant potential is well known, a calculation can be
found in (RueB, 2012, (2.9)).

Inequality (2.2) is stronger than inequality oy < cay, ¢ > 1, which one obtains
applying Jensen inequality to the representation of the Lyapunov exponent given
in (RueB, 2014, (1.9)). This here allows to deduce the correct asymptotics given in
(4.9). In the same way (2.4) could be deduced with Holder inequality from (RueB,
2014, (1.9)). The “squared” inequality however is a stronger result.

Inequality (2.8) can be interpreted as a relation between the Lyapunov exponent
and the quenched free energy

1 t
A, (0) _hmsup—lnEo[exp{ / Vw(Zs)ds”.
0

—00

For example, in (RueB, 2014, Corollary 1.4) under suitable assumptions, we could
relate the quenched free energy of Brownian motion with drift A € R? in potential
V to the variational expression oy with an additional “drift term”.

Proof of Proposition 2. For (2.2), note that

IV f1? IV £I?
/ +chd]P’§c/ T + VfdP.

For (2.3) recall the “inverse” Holder inequality: If g, & are measurable, i # 0
P-a.s., then for r € (1, 00),

E[lg)"/ T E[|h) "D "D <E[|gh]]. (2.9)

This follows by an application of Holder’s inequality || f1 f2ll1 < Il fill pll f2llg. 1 <
p.g<oo, p g =110 fi:=Igh'/", =", p=r,q=r/0 = 1).
(2.9) applied to r =2, g := |¢|?, h := f~!, and Jensen inequality give

912
inf —fd]P>>| y|?/2. (2.10)

ped,
Estimate with (2.10)

M2(y)=4i f(/l f|2+ fd[P)(d)e‘ gdﬂ”)

2
> 4c inf inf /MdIP’>2c|y|
feF ¢edy,
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On the other hand, choosing f =1 and ¢ = y in the variational expression for
I'2(y), one has '2(y) < 2c|y|*.
For the inequality preceding (2.4), observe that:

r? =4 inf inf A 'Vflz Vif)dP |¢|2dIP’
$1,,(7) =4 inf A Z +Vif o
\V/ 2 2
> > A4 inf 1nf</| /1 +VideF’>< MdIP’)
- feF gped 8f 2f
=> M3 ().
i
Since the square root is concave and monotone the “non-squared” inequality (2.4)

is valid.
For (2.5) use (2.10), (2.3) and

c+v(y)>4mf{< v f|2+VdeP>¢i€n£y< gdﬂ]})}

2
+4c inf 1nf M dP

feF¢ 2f
> Ty (y) +2clyl.
For (2.6), we argue with the representation of I'y given in (Ruef3, 2014, Propo-
sitions 3.13, 3.15): For f € F, n € S ! let K(f) :=E[|Vf|>/(8f) + Vf] and
H(, f) :=infyep E[|Vw — 0| f]. Then

Cy(x+y)= sup |x+y m| i f[ 2K(/) ]1/2
nesd- f FLH(n, f)
< sup ([, m|+[{y.m) i f[mf) T/Zsrvmwv(y).
pesd-1 f FLH(n, f)
For (2.7) note that E[|Vf|2/(8f) + Vf]E[|¢| /(2 )] is monotone in V for all
! T:(I)E; (2.8) use (2.10) and (2.1). O

3 Inequalities

3.1 Effect of randomness

In (RueB, 2014, Corollary 1.3) as a direct consequence of Theorem 1, we have
seen that

'y <Tgy. (31)

The following theorem is a refinement of (3.1).
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Theorem 3. Let X := (2, F,P,t)and Y := (R, G, P|g, t) be metric dynamical
systems with G C F. Let V be a potential on X. Then with obvious notation,
X Y
Iy =Tgyig)-
Proof. Let ]Ff( , dD;( and Ff , @;’ denote the spaces IF, ®, for the dynamics of X
and Y, respectively. One has F} C F¥ and ®) C ®). Hence,

inf E['vﬂz ¥ Vf] inf E[@]

feFX 8f pe@X L2f
\V/ 2 2
< inf IE[' /1 +E[V|g]f] inf E[ﬂ]
rerr L 8f gy L2f
which shows the statement. O

3.2 Strict inequality

It is natural to ask whether the randomness of the potential has significant effect
on the Lyapunov exponent. The following theorem gives a positive answer to this
question.

Theorem 4. Assume V is nondeterministic and weakly differentiable with
IVV oo < 00. Assume 0 < vpin <V < vmax < 00. Then for y # 0,

Fy(y) <Try(y).

Proof. Without restriction, we consider the set of functions I, instead of I in the
definition of I'y . This is possible by Ruel (2014, Proposition 2.2). Let 0 < p < 00
and choose f), := BV ™7 with B := E[V~P]~!. Then fp € Fy. One has

Vfy=—BpVrlVY,

using the chain rule for weak derivatives, see (Gilbarg and Trudinger, 1983,
Lemma 7.5). Choosing ¢ =y, we get
[V fl?

r3) = 2PE e+ pr}E[fip]

[ 2 IVV]? 14
=2|y]’E ﬁpzévplz +/3V1_”]E[?] (3.2)

[, IVV? -
p 8VP+2+V PAE[VP].

We start considering ¥ (p) := E[VI-PIE[VP]. Y is differentiable on R with
derivative

=2|yI’E

¥'(p) = —E[VI"PInV]E[V?] + E[V'"P]E[V" n V],
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where we used the theorem on differentiation under the integral sign, see, for ex-
ample, (Bauer, 2001, Lemma 16.2). At p = 0 one has

¥/'(0)=—E[VInV]+E[V]E[In V] = —Cov(V,InV).

One has Cov(V, In V) > 0 by FKG-inequality, see, for example, (Rinott and Saks,
1992, Theorem 1.2). Therefore, choosing a constant Cov(V,InV) > C; > 0 one
has for p > 0 small enough,

¥(p) =E[VI=P]E[V?] < E[V] - C)p. (3.3)
On the other hand, there is a constant C, > 0 such that for p > 0,
P’ vVP E[V?] <87 p*vmin > max /Umin) "IV VI3 < C2p*. (3.4)
8Vp+2 — min max min 2 — . .

Estimates (3.2), (3.3) and (3.4) give for p > 0 small
'Y () <2y AEV]= Cip + Cap?),

which for p > 0 small enough is strictly lower than T'Z, () = 2E[V]|y[?, see
(2.3). O

3.3 Perturbation and extension

The potential V may be perturbed by an external input or extended into “new” di-
mensions. Extensions are of interest if one considers for example, random chess-
board potentials, see, for example, Dal Maso and Modica (1986). In the following,
we elaborate a framework for external input and extensions and give estimates on
Lyapunov exponents for perturbed or extended potentials.

Let X := (21, F1, Py, r(l)) and Y := (27, F2, P, r(z)) be metric dynamical
systems of dimensions d; and dj, respectively. Consider some measure P on
(R2,F) = (2 x Q, F1 ® Fp) with marginal distributions P; and P,. We in-
troduce two possible actions on 2:

Extension of X: Define for x = (x1, x3) € R% x R% and w € 2 the action

Tiw:= (1)51%1, rg)wg).

Perturbation of X: Assume d| = d», define for x € R and w € Q

?w:=(tPwr, tPw).

Note that t¢ as well as t? are indeed product measurable actions on the respective
spaces.

If P is invariant under ¥ or t¢, then IP is called a joining of P; and P,. We
denote the set of joinings with respect to 77 by J,(X,Y) and the set of joinings
with respect to 7¢ by J,(X, Y). The product measure P; ® [P, is always a joining
with respect to t# and t°.
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Note that joinings of ergodic dynamical systems are not necessarily ergodic any
more. For example consider the torus X -4, see page 438. On (T x T¢, B(T¢) ®
B(T?), ¥ ® Z) the shift t” is not ergodic.

Joinings are discussed in literature in great extent. Existence and ergodicity of
joinings in general, and the question when the product measure leads to an er-
godic joining are addressed, for example, in (Furstenberg, 1981, Chapter 5,6),
(Cornfeld, Fomin and Sinai, 1982, Chapter 10), (Rudolph, 1990, Chapter 6),
Ryzhikov (1991). However, we want to mention that often in literature actions of
only one transformation or actions of Z on €2 are considered, instead of studying
the action of more general groups.

We recall a result in this direction: The definition of weak mixing for one shift
can be found in (Rudolph, 1990, Definition 4.1).

Lemma 5 (See, e.g., (Rudolph, 1990, Proposition 4.19)). Let ¢ be a measurable
transformatlon of a probability space (Q, F,P). Then ¢ is weakly mixing under

P, if and only if the product ¢ x w of ¢ with any other ergodic transformatzon s
of some probablllty space («Q, F, ]P’) is an ergodic transformation on (S x QFQ
F.PQP).

Here the product of ¢ and v is defined by ¢ x i : OxQ— Qx, (w1, wp) —
(¢ (1), ¥ (@2)). On page 438 we have introduced the ergodic dynamical system
XPoLY “where P is a Poisson point process. We can construct the following exam-
ple.

Example 1. The perturbation or extension of XP°¥ with any other ergodic dy-
namical system is again an ergodic dynamical system under the product measure.

In fact, with (Daley and Vere-Jones, 2008, 12.3.1I) considering bounded Borel
measurable subsets of RY we know that the Poisson point process satisfies (Daley
and Vere-Jones, 2008, 12.3.1(iii)). In particular, according to (Rudolph, 1990, Def-
inition 4.1) any transformation t,, x # 0, is weakly mixing under PP. Therefore,
with help of Lemma 5 the statement follows.

We need some additional notation: With [E; we denote the expectation operator
with respect to P;. We write 'P1 rPe and PP for the variational functional in
order to indicate the underlying dynamical system. 71 : Q1 x Q7 — 2 denotes
the projection onto ;. For y € RY! we set

=10 Ya;,0,...,0) e RO,

The following result studies the effect of external input.

Theorem 6. Let V be a potential on Q2. For any joining P € J.(X,Y), for any
d
yeR%,

P,e, ~ P
l—‘V e(y) = FEEV\mz-](y)'
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If d\ = da, the analogous inequality is valid for any joining P € J,(X,Y).
Note that in fact, I'F1 does not depend on the realisation of E[V |7 = -].

Proof of Theorem 6. We prove the statement for t¢. The same argument works
for 7. Introduce Iy as the set IF for the dynamical system X as defined on page
436. By F,, we denote the set I on €2. Introduce ® ; as the set ®, for X and d>§
as the set @5 on €2, see page 436. We define

F¥:={f €F.: Vo € Q1 3cu, >0s.t f(w,) =col,
. d _
={gpe @S : Vo € Q1 Iy, € RY s.t. (¢i (o, Vizt..d = Yo
Yd; <i§d2:d),'EO}.

4
<

Considering only the first component any f € FX can be identified uniquely with

f €Fy suchthat f = fom.Then |V% f|? = |VT(l f|20m with obvious notation.
Analogously any ¢ € CDX can be identified uniquely with ¢> € <I>l after a prOJectlon

of ¢ onto its first d; components such that (¢;);=1,... (d) o m), L., . Then
|p|? = | o 1| and we get

o M

f|2

=4 inf inf E1|:
feF,; ¢ed>§

= (FEEV|m=.])2()’)~

This shows the statement. O

+E[V | = ]f}El['fﬂ

We use this result to study sums and products of independent potentials.

Corollary 7. Let P =P ® P>. Assume V1, V5 € Ll(IP’) with V| constant in the
second component and V» constant in the first component. Then for y € R%1,

P, IP’
Fvli_vz()’) V1+EV2(y)’ V1 vz()’) VIEVZ(y)

where for the first inequality V1 + V» and for the second V1 V5 is required to be a
potential. Analogous results hold for the action t?.

4 Continuity

In this section, we study continuity properties of the Lyapunov exponent. We con-
sider continuity with respect to the underlying probability measure, continuity with
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respect to the potential and we are also interested in the exact rate of convergence
of the Lyapunov exponent for scaled potentials. In Section 5, we give examples
which show that the continuity results we obtain here are essentially all one can
expect in general. Additional assumptions however should allow to derive stronger
results. Possible enforcements of the prerequisites are, for example, mixing prop-
erties of the underlying probability measure, finite range dependence properties of
the potential, or compactness of the space 2. We show in Section 4.4 that com-
pactness allows to deduce exact results. Both, compactness assumptions as well as
additional mixing or independence properties are studied in literature in compara-
ble situations:

For example, for the time constant in i.i.d. first-passage percolation continuity
has been investigated in (Cox and Kesten, 1981, Theorem 3), see also (Smythe
and Wierman, 1978, Chapter X.4). Recently, continuity of the Lyapunov exponent
of random walk in i.i.d. random potential with respect to convergence in distribu-
tion of the underlying potential has been shown by Le (2013). Models with long
range dependencies are considered, for example, by Scholler (2014). We also want
to refer to (Mourrat, 2012, Section 11) where similar questions are addressed. In
(Rassoul-Agha and Seppéldinen, 2014, Lemma 3.1) continuity of the quenched
free energy of random walk in i.i.d. potential with respect to L? convergence,
p > d, of the potential is established. Continuity of quantities similar to the Lya-
punov exponent is studied, for example, by Bourgain and Jitomirskaya (2002),
Bourgain (2005), Jitomirskaya and Marx (2011), Duarte and Klein (2014) and
You and Zhang (2014). There, compactness is a central feature in order to obtain
continuity properties.

It is immediate to show continuity of the Lyapunov exponent with respect to
uniform convergence of the potential:

Proposition 8. Let V and V' be potentials. Assume V > vpyin > 0 and ||V’ —
Voo < Umin. Then for y € R,

I3 () = T3 M| < [V = V] T3/ Vmin-

Proof. Let £ := ||V/ — V|]oo. Then V/ <V + & < V(1 4 &/Vmin). Now use (2.7)
and (2.2) in order to get the lower bound. The upper bound follows analogously
from V' >V —e > V(1 — &/vmin), (2.7) and the corresponding inequality after
(2.2). g

Consideration of continuity with respect to weak convergence of the potential
as well as continuity with respect to the underlying measure turn out to be more
delicate. While we are able to show upper semi-continuity, see Section 4.2, lower
semi-continuity does not hold in general as indicated by examples given in Sec-
tion 5. This resembles the situation in the articles of Cox and Kesten (1981) and
Le (2013) where the proof of the lower bound was more involved than the proof
of the upper bound.
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4.1 Denseness

In Section 4.2, we study continuity of I'y with respect to weak convergence of
the underlying probability measure P on €2, and we therefore need to introduce
function spaces of continuous functions. Assume §2 is a topological space and F
is the Borel o -algebra. We set

D:={f eD:VneNy D" f is continuous w.r.t. the topology on Q},
F¢:=FND°,
d
@f 1= Dy N (DY)°,
We need the following condition on (€2, F, P, 7):

(T) 2 is a completely regular, first countable Hausdorff space s.t. F is the Borel
o-algebra, P is a Radon measure, the mapping w — T, is continuous for
all x.

In (RueB, 2014, Proposition 2.2) it is shown that if V € L? we may replace the
function spaces in the definition of I'y (y) by any of the sets in § and ‘B3, without
changing I'y (y).

Proposition 9. Assume that (2, F, P, t) satisfies (T). Then D¢ is dense in L>.
Moreover, D¢ € ©, F¢ € § and for any y € R¢ one has DS € By.

Proof. This proof uses the concept of convolution on X, see, for example, (Jikov,
Kozlov and Oleinik, 1994, p. 232) or (RueB, 2014, Lemma 4.4). We need a
“smoothing kernel” k € C2° which is assumed to be an even function, ¥ > 0, and
Jra k(x)dx = 1. We rescale k¢ (x) := s_d/c(x/e) for e > 0.

We start by proving F¢ € §: Let f € IF,,,. Without restriction, assume f < || f]loo
and infg f > 0. Choose § s.t. infg f > § > 0. With (Ruel3, 2014, (4.12), (4.14))
choose ¢ > 0 s.t.

If * ke = fllv <8/3. (4.1)

Define d; := sup; [ |dike|d¥ and set 8, :== /(1 V dg) < §. By Lusin’s theorem,
there exists a sequence of compact sets K, C 2, n € N, s.t. f is continuous on
K, for n € N and P[K,] /1 for n — o0, see, for example, (Bogachev, 2007,
Theorem 7.1.13). The function f|g, can be extended from the compact set K,
to a continuous function g, on whole Q2 s.t. g,k, = flk, and infq f < g, <
Il flloo as it is stated for completely regular Hausdorff spaces in (Bogachev, 2007,
Exercise 6.10.22). Choose ng € N s.t. for n > ny,

: -1
PIK;] <80l flloc)
where K :=Q\ K,. Leta, :=1—Eg, =E[f — g,]. For n > ny,
lan| E[If — gul. K] < I fllccP[K5] < 8¢/3.
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We set

Jn = gn +an.

Then E[ f,,] = 1. Moreover, since § < infg f one has infy,>,, f, > infq f +a, >
8/2 > 0. And also f;, * «; € F, use, for example, (RueB3, 2014, Lemma 4.4).

Moreover, ® — f o, (x)ke(x) is continuous and bounded by || f; || oo |lk¢ |00 foOr
any x. Since 2 is first countable, continuity is equivalent to sequential conti-
nuity, see (Willard, 1970, Corollary 10.5). Hence Lebesgue’s dominated conver-
gence theorem may be applied in order to show that f;, * k. is continuous in .
(“continuity of integrals with respect to a parameter”, see, for example, (Bauer,
2001, Lemma 16.1)). A similar argument together with equality 9;(f, * k;) =
— fn * (0ik¢) shows that D™ f, . is continuous and bounded for any m € Ny. In
particular, f, * k. € F¢.

fn * ke approximates f: Indeed, for n > ny,

”f - fn”Z = ”f —8n—ayll2 < ”f — &nll2 + lax|
< I fllccP[Kj] + 8e/3 <268:/3.
Further, Young’s inequality, see, for example, (RueB3, 2014, (4.11)), gives

I f * ke — fuxuella < f— full2- 4.3)
By (4.1), (4.2), (4.3) we get

If = fasxella <1 f = frela+ N fxke = fuxiela <4
We consider derivatives in an analogous manner: Again with Young’s inequality,

18: (f k) = 8 (fr ko) |5 = [ f 5 BiChee) — S % 8 (k) ||,
Sdellf_fHHZ-

4.2)

4.4)

Hence, (4.1), (4.2), (4.4) imply
”8if — 0; (fn *KE)”Z = ”aif —0;(f *Ks)”z + Hal(f *Kkg) — 0; (fn *KE)HZ
<68/34d.25./3<56.

This proves F¢ € §.

In order to show D¢ € ® note first, that it is sufficient to show D¢ dense in
D since D C Dy, in the desired way by Ruel (2014, Lemma 2.1). Let w € D,
w # 0 and consider ¢ := (w — Ew)/Q2|lw — Ew|lx) + 1. ¥ € F and we can
apply the previous and get a sequence V,, — ¥ in | - ||v, (¥n)n C FC. Then wy, :=
(Y — D2||lw — Ewl|loo + Ew — w in the desired way and (w;), C D¢. Thus,
D e®.

In order to examine d>§, since D is dense in L? s.t. 3; D¢ ¢ D¢ and 7,D¢ C
D¢, we may apply (RueB3, 2014, Lemma 4.7). Using the fact that the space of
weak divergence-free vector fields with expectation y equals ®¥, use (Ruef, 2014,

(4.18)), we get (D)4 N qD’}‘,’ is dense in d>§‘,’ with respect to || - ||2. Any ¢ € (DN
@7 equals up to an exceptional set some $ € (D)N ®,. This shows @ € P,. U
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4.2 Semi-continuity

Our first continuity result considers also weak L! convergence.

Proposition 10. Let V, V,, n € N, be potentials on Q2. Assume that for all f € F
one has limsup,,_, . E[V, f]1 <E[Vf], then for any y € R,

limsup I'y, (y) < T'v (y). (4.5)
n—oo

Note that as soon as V,, n € N, and V are potentials in L2, in order to obtain
(4.5) it suffices to know that there exists a set Fe § such that for all f € FF the con-
dition limsup,,_, ., E[V,, f] < E[V f] is satisfied, use, for example, (Ruef, 2014,
Proposition 2.2).

Proof of Proposition 10. By definition,
limsupI'y, (y) = 1nf sup 'y, (y).

n—oo m=n

After an interchange of infy,>¢sup,,-, and infscpinfycq, in the variational ex-
pression, the statement follows. U

In order to study continuity with respect to weak convergence of the underlying
probability measure, assume €2 is a topological space: Recall the condition (T)
introduced on page 447.

Theorem 11. Assume (2, F, P, t) satisfies (T) and V is a potential, which is
bounded and continuous with respect to the topology on 2. Let (PP,), be a se-
quence of Radon probability measures on (2, F) such that (2, F, Py, t) is a met-
ric dynamical system for all n € N. If P, — P weakly, then for any y € R?, with
obvious notation,

hmsupF "(y) <TH ().

n—oo

Proof. Let I and ®f , denote the function spaces with respect to IP,. We de-
note with [, the expectauon operator with respect to IP,. Then one has bijective
mappings

F¢— F: frs f:= f/E,[f], and o — @5, p>p=¢ —F,p+y.
Therefore,
lim sup FI‘P;” )
n—oo

v £|2 2.\ 1/2
<2limsup inf inf (En[l /1 +Vf:|En[ﬂD
n—oo fe€F; ¢edy Sf 2f

2 _ 298 1/2
=2limsup inf inf (En[WS? +Vf:|En[|¢E"—¢+y|i|) )

n—oo felF¢ ¢e<I>‘ 2f
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As in the proof of Proposition 10, the latter is less or equal to
V|2 _E 29\ 1/2
2 inf inf (mf sup E,, [' /1 + Vf}Enl[wD . (4.6
JEFC ¢e®$ \n=0m>n 8f 2f

V f is continuous and bounded for f € . So is V f by assumptions on V. Thus,
weak convergence of PP, to PP implies for f € [,

]E,,[lVSJ;P—I—Vf}—)E['z];'z—l-Vf} asn — oo. 4.7

Again weak convergence shows for ¢ € QD; that £,¢ — [E¢ for n — oo. There-

fore, E,[ly — E.¢12/2f)] < 2ming f)~'ly — E,¢> — 0, and we get for
n— oo,

En[ms —En¢+y|2}

2f
191> |y —E.9l> 2¢-(y—Ene) 912
[2f L Y ] [ f} *5)

By Lemma 9 and (Ruef3, 2014, Proposition 2.2), we can substitute the spaces ¢
and <I>§ with the spaces I, @, in the definition of I'y, and we get with (4.6), (4.7),
(4.8),

Vv |2 29\ 1/2
ity o =2 g ({57 - w5 ]) =i

which was to be shown. O

4.3 Scaling

The variational formula also enables to determine convergence rates if scaled po-
tentials are considered.

Proposition 12. Let ¢ > 0 and V be a potential. Let V, := V /n. Then for all
d
y eR?,

I () <n(TZy, () — T2() < 2E[V]]yl- (4.9)

The rate of convergence as in Proposition 12 for scaled potentials has been
investigated previously in the discrete space setting of random walk in i.i.d. inte-
grable potential by Wang (2002) and Kosygina, Mountford and Zerner (2011). If
V is not necessarily integrable the asymptotic behaviour has been recently estab-
lished in the discrete setting by Mountford and Mourrat (2013, 2015). For Brow-
nian motion in Poissonian potential speed of convergence is established by Ruef3
(2012). In the works of Kosygina, Mountford and Zerner (2011), Mountford and
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Mourrat (2013) and RueB (2012) ¢ is assumed to equal zero. Kosygina, Mount-
ford and Zerner (2011) and RueB (2012) determined the speed of convergence to
zero of ay, to equal n~1/2/2E[V]]y|. This coincides with the convergence speed
n—1/2 obtained from (4.9) for ¢ = 0.

Additional assumptions allow to improve these results. For periodic potentials
in Theorem 14, we get exact rates of convergence for more general scalings of
the potential. Proposition 12 is essentially all one might expect in general. This is
illustrated by an example given in Section 5.4.

Proof of Proposition 12. One has n~'T'2,, (y) T2, (y) — T2(y) < 2E[V,] x

|y|?, where the upper bound follows from (3.1) and (2.3), the lower bound from
(2.5) and (2.2). Since nV,, = V this shows the statement. ]

4.4 Continuity on the torus

The results obtained in Section 4.2 can be improved considerably if the underlying
space 2 is assumed to be compact: In the case that X = X! where 2 is the one
dimensional torus, see page 438, we get the following. We abbreviate for f € [y,

. ]2

Theorem 13. Let X = X U1, Let Vu,n € N,and V be potentials such that V,, — V
in LY and V > vpin > 0. Then there is a constant C > 0, depending only on E[V]
and Vin, and there is ng € N such that for n > no, for y € R4,

T, () = T3] < ClIVa = VIlly*-

Proof. Without restriction, we may assume |y| = 1, see (2.1). Let e, := ||V, — V|1
and choose ng such that for n > ny,

£n < (Vmin/2)(V32E[V]+ 1)\

Note that in particular, &, <E[V].
One has by (3.1) and (2.3) for n > no,

Iy, (v) <4E[V]=: Co. (4.10)
We choose a “minimising” sequence ( f;;), C IF such that forn € N,
> | fal?
0,00 2 4E| S+ Vafy [ BU = en. @.11)
n

An application of the “inverse” Holder inequality (2.9) with r = 2 shows

(PN 2
E[ : ]zE[[fn}] , .12)

n
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since E[ f,,] = 1. For n > ng, by (4.10), (4.11), (4.12), (2.10), since E[V,, f,] > 0,
Cy = (8C)'* > E[| £1]]. (4.13)
An application of the fundamental theorem of calculus shows for n > ng, for all

x<yeT!,

y y
) = fuwl =| [ f,ﬁ(t)dt‘ff foldi<C. @14

E[ f,]1 =1, thus, each f, attains the value 1. We get for n large, f,(x) <C;+1=:
C, for all x € T!. Therefore, for n > no,

|E[ann]_E[an]| SCZHVH_VHI- (4-15)
We need an upper bound on B(f,,): By (4.10), (4.11) and (4.15), for n > ny,
2Co > Co + &, = 4E[V,, fu] B(fu) = 4(E[V fu] — C264) B(fu) = 2Umin B(f).

This shows that for n > ng,
B(fn) < Co/Vmin =: C3. (4.16)
Finally, by (4.11), (4.15), (4.16), for n > ng
|l
8/

n

r2 () > 4E[ 4 an}mfn) —4CyCsen —

>T3(y) — (1 +4C2C3)ey.

The proof of the upper bound is similar: Choose a minimising sequence (g;), C
IF such that for n € N,

2
r2(y) = 41[*:['5;' + Vgn]B<gn) —en. @.17)

As in (4.13) by (3.1) and (2.3), “inverse” Holder inequality, for n > ny,
Eflg,|] = C1.
Thus, as in (4.14) for n > ng, for x € T! one has gn(x) < C,. This shows
[E[Vaign]l —E[Vgal| < CallVa = V1. (4.18)
We have similar to (4.16) 2Co > 4vmin B(gn), in particular,
B(gn) = Cs. (4.19)

Therefore, by (4.18), (4.19) and (4.17), for n > ny,

2 2
| g ]

£, + Vngni|B(gn) < 41[*1[ g

r2 (y) < 4E[ . + Vgn]mgn) L+ 4C2Ce

n n

2 (y) + (1 +4C,C3)ep.
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This shows the statement. ]

As we have an L!-Poincaré inequality on the d-dimensional torus, we can cal-
culate the convergence rate on the torus exactly:

Theorem 14. Let X = X4 and V,, n € N, V be potentials. Assume nV, — V
forn — oo in L' and V is bounded. Let ¢ > 0, then for y € R¢,
n(l"znﬁ(y) — Fg(y)) — 2E[V]|y)? asn — oo.
Proof. Let y ## 0. The upper bound follows from (3.1), (2.3). For the lower, let
ng € N such that for n > ng one has E[nV, ] <2E[V]. By (3.1), (2.3) for n > ng,
Y i=nly, () < 2E[nV,]lyl® < 4E[V]Iy]® =: Co. (4.20)
Choose (f,), C I such that
IVfI?
8f

\V4 2
z4nE[| 8fn|

Wn=4”]i}é£,E|: —l—Vf]B(f)

—I—an]B(fn)— 1/n. (4.21)

n

Therefore, with (4.20) and (2.10), for n > ng, (Co+1/n)/n > Y, /n = 2E[|V f,|?/
(8 £,)1ly|%, which shows

E[Ivgj;;l2

Using “inverse” Holder inequality (2.9) and Poincaré inequality, see (Gilbarg and
Trudinger, 1983, (7.45)), we get forn € N,

] —0 asn — o0. 4.22)

vV ful?
E[%] = E[IV ful]*/8 = ¢, B[1fu — 11]°/8,

where the constant ¢, comes from the Poincaré¢ inequality. Thus, by (4.22)
Ifa—1l1—0  asn— oo. (4.23)

In particular, the set { f,, : n € N} is uniformly integrable, see (Durrett, 1996, The-
orem 4.5.2), and we get for M, :=|nV,, — Vlll_l/2 that
e1n =Elfu, fa=>M,]—0 as n — oo. 4.24)
We may estimate for n € N,
ElnVi ful = E[V(fu A Ma)] = [0V, — V[ M,
> BV ful = IVIIooE[I fu = fu A Mul] = InVa = VI (4.25)

1/2
=BVl = IVIlsot1n — 12V — VII{* = E[V] — £2.0,
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with £2, 1= |V [leo (| fu — L1 +&1.0) + [V, — V[|;/%. Note that by (4.23), (4.24)
and by assumptions on V one has 3 , — 0 as n — 0o. We need control of B( f;,):
Let n1 > ng such that for n > n; one has 1/n < C¢ and &3 , <E[V]/2. Then with
(4.20), (4.21), (4.25) for n > n

2Co > Co+ 1/n > 4E[nV, ful B(fp) = 4([E[V] — e2,,) B(fu) = 2E[V1B(f).
This shows forn > nq,
B(fu) = Co/E[V]=:Cy. (4.26)
Therefore, by (2.5), (4.21), (4.25), (4.26) and (2.10), for n > n1,
n(Cey, () = T2) 2 nlY, ()

IV ful?
8 fu
> 4(E[V] — e2,2) B(f) — 1/n
> 4E[V]B(fy) —4Cie2,, — 1/n
> 2E[V]|y|* — 4C1e2, — 1/n.

z4nE[ + vnfn]B(f,» —1/n

This finishes the argument. U

S Examples

The Lyapunov exponent is semi-continuous in many cases as outlined in Section 4.
We provide examples which show that continuity of the Lyapunov exponent with
respect to weak convergence of the underlying measure, continuity with respect
to L? convergence of the potential, 1 < p < oo, and also a speed of convergence
as the one established in Proposition 12 are not valid in general. This should be
compared to similar models such as random walks in random potential, and we
refer to the discussion in Section 4.

The example we present is built on homogeneous Poisson line processes. In par-
ticular, the underlying probability measure is isotropic, whereas it does not satisfy
a “finite range dependence property”. We start by recalling Poisson line processes
and refer to (Daley and Vere-Jones, 2008, Section 15.3), (Stoyan, Kendall and
Mecke, 1987, Chapter 8) for more detailed descriptions.

5.1 The Poisson line process

Let e; and e, denote the unit vectors in R2. Any (undirected) line £ in R? can
be represented by its angle & with a reference line and its (signed) distance r to
a reference point. We choose as reference line the xj-axis and as reference point
the origin. The angle is measured starting from the x;-axis counterclockwise. The
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distance r is chosen to be nonnegative if £ intersects {te; : t > 0} or if £ is parallel
to ej intersecting {te; : t > 0}. Else, r is chosen negative. This leads to a bijective
correspondence p : £ — C between the set £ of lines in R? and the “representation
space” C:=R x (0, 7). If £ = p~(r, 0) we also simply write £ = (r, 8). Let B(C)
denote the Borel o -algebra on C.

Let © be the set of locally finite measures on (C, B(C)) equipped with the
topology of vague convergence and let F be the Borel o -algebra on 2. We intro-
duce an action of R? on € in the following way: (R?, +) is acting on £ via T~
¢+ £ + x, where x € R2, ¢ C £. This induces an action of (]Rz, +) on C given
by er 1 (r,0) > p(tf(,o_l(r, 0))), where (r,0) € C, x € R2. Finally we introduce
the action of (R, +) on Q as 7, : @ — Q, 1, w[A] := a)[thA], where A € B(C),
w € Q and x € R2. Note that the action 7€ is no simple shift on the cylinder, but
a shear, see (Stoyan, Kendall and Mecke, 1987, (8.2.1)) or (Daley and Vere-Jones,
2008, (15.3.1)) where formulae for directed lines are given. The continuity prop-
erties of tC- obtained from such formulae ensure that t is product measurable
analogous to (Daley and Vere-Jones, 2008, Exercise 12.1.1(a)).

The (homogeneous) Poisson line process is given by the representation p and
the distribution P, of a Poisson point process on (C, B(C)) having intensity mea-
sure v =k - .Z ® p with u the uniform distribution on (0, 7] and « > 0. The
tuple (2, F, P, 7) is an ergodic dynamical system, as outlined, for example, in
(Cowan, 1980, p. 99) and (Miles, 1964, Theorem 1). Moreover, it is isotropic, see,
for example, (Miles, 1964, p. 902).

5.2 Discontinuity with respect to the underlying measure

Some additional notation is needed: Let R > 0, x € R?, and let ¢ be a line in R2.
We denote by Br(x) the closed ball with centre x and radius R, and we introduce
stripes Qr(£) given by
Or(0) :={yeR*:d(y,£) < R}.

By Hg(x), we denote the entrance time of Z into Bg(x), thatis Hg(x) := inf{t >
0: Z; € Br(x)}. We introduce the exit time of Z from Qr(£) by tg(¥) :=inf{t >
0:7Z; ¢ OQr(®)}. Then Hgr(x) and tg(£) are stopping times with respect to the
canonical filtration of (Z;);, see, for example, (Karatzas and Shreve, 1991, Prob-
lem 1.2.7).

The potential we consider is defined as follows: For w € 2, let [w] be the support
of w. If F is a subset of R? and w € €2, we introduce the intersection of F with the
lines of w by [w] N F := Uze[w](F N ,o_l(z)). Letc, M >0 and R > 0. We define
the potential V : Q2 — [0, 00),

V(w) =V gm(@):i=c+ M- 1izecaa1nBr0)=2) (@), (5.1
which equals M + ¢ outside of stripes of radius R along the lines of w, and which
equals c inside these stripes.

We show the following: Let A, be the principal Dirichlet eigenvalue of —(1/2) A
in the unit ball in R2.
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Theorem 15. For any D > 0 there is Ry > O such that for k > 0 one has Py-a.s.
forall ¢ >0 and forall y € S,

1 Hi(uy)
sup sup limsup——lnEo[exp{—/ (VC,R,M)w(Zs)ds”
u 0

R>RyM>(0 u—>ox

<+2c+ D.
We may choose Ry =4/ 2/D + 1.

5.2)

Recall, that by (2.3) the right side of (5.2) equals a.(y) + D.

This result contradicts continuity of the Lyapunov exponent with respect to
weak convergence of the underlying probability measure: The convolution with
an even and smooth function g : R?> — [0, 00) of support suppg C Bg /2(0) and
Jr2 8(x)dx =1, see, for example, (RueB, 2014, Lemma 4.4), leads to a regular
potential W := Vj 2r.1 * g < V1 g1 for which the Lyapunov exponent exists and
can be expressed as follows: P, -a.s. the limit in the following exists and equals

) 1 Hi(uey) P
lim ——lnEO[exp{—/ Ww(Zs)ds” =y, (e1),
0

u—0o0 u

see (RueB, 2014, (1.9)). With Theorem 15 for D = («a2(e1) — a1(e1))/2, there is
R > 0 such that
supays (er) < supayt . (en) <ailen) + D <aalen) =aplen,  (5.3)
k>0 k>0 ’

where 0 is the zero measure on C. On the other hand note that P, — 8¢ weakly as
k& — 0. Such convergence follows, for example, with help of Laplace transforms of
Point processes, see (Daley and Vere-Jones, 2008, (9.4.17), Theorem 11.1.VIII).
This together with (5.3) shows discontinuity as stated.

We start with an estimate on the travel costs along stripes which is analogous to
(Sznitman, 1998, (5.2.32)). Let £y denote the x;-axis.

Lemma 16. Let R >0,¢c>0and u > R. Then

Eo[exp{—cHg(ue1)}, tr(£o) > Hr(ue1)] > Cexp{—u/2(c + 22/ R?)},

where C > 0 is a constant.

Proof. For any ¢ > 0, with Girsanov’s formula, see (Karatzas and Shreve, 1991,
Theorem 3.5.1, Corollary 3.5.13),

Eolexp{—cHg(ue1)}, tr(£o) > Hgr(uey)]
< Ri|

2
:exp{—ct}Eo[exp{—%el-Z,—th—t}, sup |Zs| <R] (5.4)

0<s<t

> exp{—ct}P0|: sup |Zs — %uel

0<s<t
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We abbreviate B := {supy-,, |Zs| < R}. Note that Eo[Z;|B] = 0, since —Z 4z
and Z € B if and only if —Z € . An application of Jensen inequality shows, that
(5.4) is greater or equal

2

exp{—cr}exp{—%a - EolZ:|B] — Lz‘—t}Po[B]

2 2
= exp{—ct — M—}PO[B] > Cexp{—ct L )»zl/Rz}
2t - 2t ’

where for the last estimate we used (Sznitman, 1998, (3.1.53)). The choice ¢ :=

u/\/2(c + A2/ R?) shows the statement. O

In order to prove Theorem 15, we need to construct a path such that travelling
along this path is relatively cheap for the Brownian motion. Therefore, a great part
of this path should lie in regions of low potential. This forces the path to follow
closely the lines of the Poisson line process. On the other hand, the path should
not be too long. A path following mainly the lines and “exceeding” the Euclidean
distance only logarithmically can be found in the articles of Aldous and Kendall
(2008) and Kendall (2011). For our purposes, it suffices to find a path with linear
“exceedance”.

Proof of Theorem 15. For any direction y € S' we need to have a “suitable”
line leading into this direction: Let ¢ denote the complex number (0, 1) € C. For
y € S!, for ¢ € (0, 7/2) we introduce the event A(y, V) € F consisting of those
w € 2 for which there is a line £ = (r, 8) € [w] such that the angle between £ and
y, measured from y counterclockwise, is in [r — ¥, ), and £ N {e', t > 0} # @.
Set €2 := ﬂ0<w<ﬂ/2 rTyeSl Ay, ).

For all « > 0 one has P,[Q21] = 1. In fact, for any y € S! and v e (0,m/2)
one has P.[A(y,¥)] = 1. This can be verified by considering the distribu-
tion of the intersection points and angles of the lines £ € p_l[a)] with a fixed
line, see, for example, (Miles, 1964, Theorem 2). Recognise, that for i €
(0,7/2) and for 0 <t < /4 one has A(ye',¥) D A(y,y/4). Thus, if we
divide the interval [0,27) into a finite number of intervals [ = [xg, Xk+1),
k=1,...,k of same length xx41 — xx < ¥/4, x1 =0, Xip1 = 2w, we get
PelNyest AW, ¥)1 = Pl g A€, /4] = 1. For all y € S! the events
ﬂye 51 A(y, ) are monotone increasing as v increases. Therefore, looking only
at a countable number of angles (Y,),, ¥n — 0 as n — oo, we even have

P [21] =Py [mneN ﬂyeSl A(y» Yu)l=1.
Let w € 1. Let D > 0 and define

Ro:=4v’y/D +1.
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Figure 1 We see a small sector of R2. The only line of w passing this sector is £y, . The emphasised
line segments illustrate the path y from 0 to uey through p| and py. Z is observed until hitting
B1(p1), then until reaching Br(py) “forced” to stay in the region Qg(€y) of low potential, and
thereafter until hitting By (uey).

Let R > Ry and ¢, M > 0, and let the potential V = V.. g » be given as in (5.1).
Define ¢1 := /2c + 242/(Ro — 1)2, &2 := ac(er) + D/2, and

@ :=min{arctan(D/(16a.4+m(e1))), arccos(¢1/42) .

Note that by (2.3) 0 < ¢1/¢2 < 1, and therefore ¢ € (0, 7 /2).

We restrict ourselves in the following to the case y = ¢;. By rotation invariance
of the law of Brownian motion, the same argument shows the statement for any
yeSh

Let u > R+ 1. We construct a path y starting in 0 and leading to ue; as follows,
see Figure 1. We start the path in O in direction of e; until hitting a line ¢, =
(r,0y) € [w] of angle 0, € [r — ¢, ). Such a line exists by choice of w € Q; C
A(ey, ¢). We denote the intersection point by p;. The path now follows the line
£, until the intersection of £, with the line {ue| + se; : s € R}. We denote this
intersection point by p». Then the path follows this vertical line until hitting ue;.

We divide the journey of the Brownian motion into three different parts, see also
Figure 1: Define stopping times

H® := Hr(p2) 0 Op,(py) + Hi(p1), H® := Hi(ue)) o Oy + H?,

where © denotes the shift on the pathspace X, that is ©; ((Ws)s>0) = (Ws++)s>0
forweX,t>0.Let A:={tr({)) 0 O, (p,) > Hr(p2) 0 Op,(p,)}. We estimate
and split the integral:

Hi(ueyp)
Eo[exp{—/o Vw(Zs)ds}]

H®
on[exp{—/O Vw(Zs)ds},.A]
(5.5
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Hi(p1) H®
= Eo[exp{—/o Vo(Zs)ds —/ Vo(Zs)ds

Hi(p1)
176
—/ Vw(Zs)ds},.A].

H®

The potential V is bounded by ¢ + M, and on A for H|(p;) <t < H @ we have
Vw(Z;) = c. All considered stopping times are Pp-a.s. finite. Thus, an application
of the strong Markov property, see (Karatzas and Shreve, 1991, Theorem 2.6.15),
shows that we can bound (5.5) from below by

Eo[exp{—(c+ M)H, (pl)}]xegl(fpl) E.[exp{—cHgr(p2)}, tr(€}) > Hr(p2)]

(5.6)
x inf Ey[exp{—(c+ M)H;(ue)}].
X€BR(p2)

We start estimating the middle term of (5.6): Since u > R 4+ 1 we have |py —
pil=u/cos(r —0),) > R+ 1. For x € Bi(p1), we set x := x — p;. Since R > 1
we have Br(p2) D Br—1(p2 +x) and Qr(¢,) D Or—1(£, + x). Therefore, for
x € Bi(p1),

E,[exp{—cHRr(p2)}, Tr(£;) > Hr(p2)]
> E[exp{—cHr—1(p2 + %)}, Tr—1(¢y + X) > Hr_1(p2 + X)].
£, + x leads through x and through x + p> — py. The law of Brownian motion
is invariant under translations and rotations. Thus, Lemma 16 applied with radius

R — 1 shows for R > R that the middle term in (5.6) can be bounded from below
by

Cexpl—Ip2 — pily/2¢ + 232/ (Ry — 1)?). (5.7)

In order to get a bound on the last term of (5.6), let a, := utan(w — 60),) —

|p1]. Note that 0 < tan(r — 6),) < tang, and a, ~ utan(xr — 60, ) as u — oo. Note

also that a, = |py — ue1| if a, > 0. Let ug > R + 1 such that for u > ug one has
d(Br(p2),uer) < 2ay and

1 4da,
- In Eo[exp{—(c + M)H(2aye1)}] < 7ac+M(€l) <8(tanp)acym(er),

where the first inequality is a consequence of the existence of the Lyapunov expo-
nent for constant potential. Then for u > ug the last term of (5.6) can be bounded
from below by

Eolexp{—(c + M)Hi Qae1)}] = exp{~Su(tan p)acy(en)}.  (5.8)

Since the first term in (5.6) only depends on w, since |py — p1| =u/cos(wr —
0,) < u/cosgp, we get with (5.6), (5.7) and (5.8) for R > Ry and for u > uy,

1 Hj(uey)
limsup——lnEo[exp{—/ Vw(Zs)ds”
0

U— 00 u

< J2(c + 12/ (R — 1)2)/ cos ¢ + 8(tan ¢)cre v (e1)
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which is lower or equal «.(e1) + D by the choice of ¢. U

5.3 Discontinuity with respect to the potential

A slight modification of the previous setting also shows, that the Lyapunov ex-
ponent cannot be continuous in general with respect to L?-convergence of the
potential, 1 < p < oco. Extend C to C:=Cx [0, o). Let Q be the space of locally
finite discrete measures on C provided with the topology of vague convergence
and let F be the Borel o- -algebra. Let P be the law of a homogeneous Poisson
point process on 2 with intensity measure .Z ® u ® .. Then R? is acting on C
via IXC 1 (r,0,5)—~> (rf(r, 0), s), where x € R?. This again leads to an action T of
R2 on Q as before, under which P is invariant and ergodic.

For 0 < k let @, be the mapping from Q2 to  defined as follows: We may
represent discrete w € € as sums of Dirac measures: » = Y ; 8(r;.6,.51)» see, for
example, (Daley and Vere-Jones, 2008, Proposition 9.1.1II). We define for discrete
w € Q2 the mapping

Ceiw=) Swost Do S0i-
ieN ieN:s; <k
Then &, (P) =P,
We introduce for w € €2 and for «, R > 0 the potential

Ve r(@) := V1 g1 0 Dy ().
Forall 1 < p <oo and R > 0, we have \A/,(,R — 21in L”(}IA”) as k — 0. Indeed,

E[12 = VerIP] =P[{w € @ : [®r(0)] N Br(0) # 2]

=P, [{w € Q:[0] N Br(0) # 2] 5.9)
=P [{we Q:o[[-R, R] x (0,7]] #0}] |

=1- 672KR

-0 ask — 0,

since for discrete w € Q2 one has [w] N Br(0) # & if and only if w[[—R, R] X
(0, w]] # 0. On the other hand as after Theorem 15 let WK = Vior10®,) * g,
then W, is a regular potential such that W, < \A/,(, R- In order to clarify dependence
on w we introduce

H(uep)
a(u,U, cu)::—lnEo[exp{—/ Uw(Zs)ds”,
0

where u > 0, where U is some potential on 2 or €2, and where w € Q or w € ,
respectively. Then with (RueB, 2014, (1.9)) and by Theorem 15 applied to D :=
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(ax(e1) —aq(er))/2, there is R > 0 such that we have for « > 0 P-a.s.,

1 A 1 o
oy (e1) = lim —a(u, Wy, w) <limsup —a(u, Vi g, )
K U—>0o y u—oo U

1
=limsup —a(u, Vi g1, Pc(®)) <ai(e1) + D < az(ey).

u—oo u

This, continuity of the convolution, see, for example, (Ruef3, 2014, (4.11)), and
(5.9) show discontinuity.

5.4 Untypical scaling

The previous example can also be used to show that in general convergence of a
sequence of potentials (V) to zero such that there is a potential V withnV,, — V
in L? for some 1 < p < oo does not guarantee /nay, (e1) — v2EV.

We consider (fz, F , I@’, 7) and define for b, n € N the potential

~ 1 A
Vb = ;Vl/,,zlm = Vi/nbn,1/n © Py/p2-

Then for 1 < p < oo, for b € N, one has nVn,b — 21in L? as n — o0o. Indeed, as
in (5.9), E[|n‘7n,b —2|P1= ]P’l/nz[{a) € Q:wl[[—bn, bn] x (0, ]] # 0}], thus,

E[|nV,p—2/P]=1—e 207" (5.10)

as n — 00. On the other hand, set Wn = f/n,z * g where g is given as after The-
orem 15. Then W, is a regular potential and W,, <V, 1. Theorem 15 applied to
D, :=4./ > /(n — 1) shows for R =n, P-a.s.,

1 3
Vnag, (er) < +/nlimsup —a(u, V1, ®)
n M

u— 00

i 1
= /nlimsup ;a(u, Vijnni/ms @2 (@) < V2 +/nD, < ax(er)
u—00
for n large enough. This, continuity of the convolution, and (5.10) show untypical
scaling.
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