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BEHAVIOR OF THE GENERALIZED ROSENBLATT PROCESS AT
EXTREME CRITICAL EXPONENT VALUES'

BY SHUYANG BAI AND MURAD S. TAQQU
Boston University

The generalized Rosenblatt process is obtained by replacing the single
critical exponent characterizing the Rosenblatt process by two different expo-
nents living in the interior of a triangular region. What happens to that gener-
alized Rosenblatt process as these critical exponents approach the boundaries
of the triangle? We show by two different methods that on each of the two
symmetric boundaries, the limit is non-Gaussian. On the third boundary, the
limit is Brownian motion. The rates of convergence to these boundaries are
also given. The situation is particularly delicate as one approaches the corners
of the triangle, because the limit process will depend on how these corners
are approached. All limits are in the sense of weak convergence in C[0, 1].
These limits cannot be strengthened to convergence in L2(Q).

1. Introduction. Maejima and Tudor [17] considered recently the following
process defined through a second-order Wiener—It6 integral:

/ t
W Zpp =4 [ [ [ =x - x) P ds [BarBan,

where A # 0 is a constant, B(-) is a Brownian random measure, the prime ’ indi-
cates the exclusion of the diagonals x; = x; in the double stochastic integral and
the exponents y1, y» live in the following open triangular region (see Figure 1):

2 A={y,r):—-l<y<—-1/2,-1<y<—1/2,y1+r.>-3/2}.

This ensures that the integrand in (1) is in L?(R?), and hence the process
Zy, 1, (1) is well-defined (see Theorem 3.5 and Remark 3.1 of Bai and Taqqu [3]).

We shall call Z,, ,,(t) a generalized Rosenblatt process. The Rosenblatt process
Z,(t) (Tagqu [31]) becomes the special case

3) Z,0)=2,,0), —3/4<y<-—1/2.

Recent studies on the Rosenblatt process Z,, (¢) include Tudor and Viens [32],
Bardet and Tudor [7], Arras [1], Maejima and Tudor [18], Veillette and Taqqu [33]
and Bojdecki, Gorostiza and Talarczyk [9]. The Rosenblatt and the generalized
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F1G. 1. Region A defined in (2). The three edges of the triangle are named e1, ey and d (diagonal),
while the middle line segment (symmetric axis) is named m.

Rosenblatt processes are of interest because they are the simplest extension to the
non-Gaussian world of the Gaussian fractional Brownian motion.

Fractional Brownian motion By (), 1/2 < H < 1 is defined through a single
Wiener—It6 (or Wiener) integral:

t
BH(t)chRUO (s—x)f_3/2ds}B(dx),

and has covariance
/

4 EBj(s)Bp (1) = %(m”’ PH s — 12,

where C and C’ are two related constants. Fractional Brownian motion reduces
to Brownian motion if one sets H = 1/2 in (4). Fractional Brownian motion has
stationary increments and, for any 1/2 < H < 1, these increments have a covari-
ance which decreases slowly as the lag increases. This slow decay is often referred
to as long memory or long-range dependence. Fractional Brownian motion is also
self-similar with self-similarity parameter (Hurst index) H, that is, By (At) has
the same finite-dimensional distributions as A7 B (¢) for any A > 0. It follows
from Bai and Taqqu [3] that the generalized Rosenblatt process Z,, ,, () is also
self-similar with stationary increments with self-similarity parameter

&) H=yi+yn+2e(/2,1).

We get 1/2 < H < 1 because y1, 2 < —1/2 imply H < 1 and y; + y» > —3/2
implies H > 1/2.

Fractional Brownian motion and the generalized Rosenblatt process Z,, ,, ()
belong to a broad class of self-similar processes with stationary increments defined
on a Wiener chaos called generalized Hermite processes. The generalized Hermite
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processes appear as limits in various types of non-central limit theorems involving
Volterra-type nonlinear process. In particular, the generalized Rosenblatt process
Zy, y,(t) can arise as limit when considering a quadratic form involving two long-
memory linear processes with different memory parameters. See Bai and Taqqu
[3, 5, 6] for details.

It will be convenient to express the generalized Rosenblatt process as follows:

AT
Zyy (1) = 5/]1;2[/0 [(s —xD)H (s —x)
©)
(s — )5 — xz)fc]ds}B(dxl)B(dxz),

where we replaced the kernel A fé (s —x1 )’f (s — xz)ﬁ2 ds by its symmetrized ver-
sion. The process Z,, ,,(t) remains invariant under such a modification.

The goal of this paper is to study the distributional behavior of the standard-
ized Z, ,,(t) (where A in (6) is chosen so that Var[Z,, ,,(1)] = 1), as (y1, y2)
approaches the boundaries of the region A defined in (2).

We show that on the diagonal boundary d, the limit is Brownian motion. On
each of the two symmetric boundaries e¢; and e, of A, the limit is non-Gaussian: it
is a fractional Brownian motion times an independent Gaussian random variable.
We give two different proofs of this convergence, one based on the method of
moments, and one which provides more intuitive insight. We also give the rate of
convergence to the marginal distribution in the preceding two cases.

The situation at the corners is particularly delicate. At the corner (y1, y2) =
(—1/2,—1/2), the limit process is a linear combination of two independent de-
generate chi-square processes. At the other two corners, the limit is a linear combi-
nation of two processes: a Brownian motion and the product of another Brownian
motion times an independent Gaussian random variable. These linear combina-
tions, which depend on the direction at which the critical exponents approach the
corners, will be given explicitly.

We also show that the convergences mentioned cannot be strengthened from
weak convergence to L%($2) convergence, nor even to convergence in probability.

The paper is organized as follows. In Section 2, we state the main results with
proofs in Section 3. In the following three sections, we provide some additional
results: showing that L3() convergence cannot hold, establishing the rate of
marginal convergence on the boundaries d, e and e;, and giving an alternate proof
of the convergence on the boundaries e¢; and e;.

2. Main results. In the following theorems, we let = denote weak conver-
gence in the space C[0, 1] with uniform metric. The multiplicative factor A in (6)
is chosen so that Var[Z,, ,,(1)] = 1. See (21) below for an explicit expression.

We focus first on results concerning the behavior of Z,, ,,(7) as (y1, y2) ap-
proaches the boundary of A in (2), excluding the corners. Theorem 2.1 involves
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FI1G. 2. lllustration of limit taking in Theorem 2.1.

convergence to the diagonal edge d of A, where the limit is Brownian motion. See
Figure 2.

THEOREM 2.1. Let Zy,, ,, (1), (y1,¥v2) € A, be defined in (6) with A =
A(y1, y2) in 21). When y1 + y» — —3/2 with y1,v2 > —1 + ¢ for arbitrarily
fixed ¢ > 0, we have

(M Zy, (1) = B(1),

where B(t) is a standard Brownian motion.

One has y; + y» = —3/2 all through the diagonal d. The corners of the tri-
angle are excluded by the requirement yi, y» > —1 + ¢. Convergence to Brow-
nian motion in (7) is expected heuristically since the self-similarity parameter
H=y1+y+2— 1/2[see (5)], and 1/2 is the self-similarity parameter of Brow-
nian motion.

The next Theorem 2.2 involves convergence to either one of the two sides e
and e> of A. The vertical side e; and the horizontal side e, are parameterized
respectively by (—1/2, v) and (y, —1/2) where —1 <y < —1/2. See Figure 3.

THEOREM 2.2. Let Zy, ,(1), (y1.72) € A, be defined in (6) with A =

A(y1, y2) in (21). When (y1,y2) = (=1/2,y) or (y1,y2) = (v, —1/2), where
-1 <y <—1/2, we have

(8) Z)/l,}/z(t) = WBy+3/2(t),

where By, 13/2(t) is a standard fractional Brownian motion with self-similarity pa-
rameter y + 3/2, and W is a standard normal random variable which is indepen-

dent of By 132(1).
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F1G. 3. Ilustration of limit taking in Theorem 2.2.
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REMARK 2.1. The convergence (8) is more involved since WB, 13/2(f) is
a self-similar process with stationary increments having self-similarity parameter
H =y +3/2¢e(1/2,1), and hence displays long-range dependence. This conver-
gence may be understood heuristically as follows: Z,, ,,(¢) in (1) can be regarded
as an integrated process of a long-range dependent bilinear moving average of
white noise. This bilinear moving average involves a double summation. As the
exponent y; — —1/2, the corresponding summation yields a term which is ex-
tremely persistent, so that it behaves like a frozen Gaussian variable which is in-
dependent of the fractional noise defined through the other summation.

REMARK 2.2. Although intuitively the generalized Rosenblatt processes
Zy, (1) in (1) form a richer class than the Rosenblatt process Z,, (¢) in (3), they
are both self-similar with stationary increments, and hence have the same covari-
ance (4) when 2y = y1 + 2. To show that they are different processes, one can
compare the higher moments, as was done in Bai and Taqqu [4]. The convergence
(8) provides another evidence that there are values of (y1, y») for which Z,, ,, (¢)
is different from Z, (7). Indeed the limit WB,, 3,2(#) has a symmetric marginal
distribution (the so-called product-normal distribution), while the marginal distri-
bution of the Rosenblatt process Z, (¢) is skewed with a nonzero third cumulant
(see (10) and (12) of Veillette and Taqqu [33], or set y; = y» = ¥ in (20) below).

Note that in Theorems 2.1 and 2.2, we exclude the three corners (yi, 1) =
(-1/2,-1/2), (—1,—1/2) and (—1/2, —1). It turns out that the limit behavior of
Zy, (1) at these corners depends on the direction these corners are approached.
Due to the symmetry of Z,, ,,(#) in (¥, y2), it is sufficient to focus on the case
¥1 > y2, that is, we focus on the subregion of A in (2) delimited by line segments
e1,d and m in Figure 4.
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F1G. 4. Illustration of limit taking in Theorem 2.3.

Consider first the corner (y1, y2) = (—1/2, —1). We will approach it through
the line

1
n=——0+1/2) -1,
po—1

which can also be expressed as
vi+yv2+3/2
y2+1
The line passes through the corner (—1/2, —1) and has a negative slope of 1/(p —
1),0 < p < 1. See Figure 4. When p = 0, the line coincides with the diagonal edge

d of the triangle A, which has slope —1. When p = 1, the line coincides with the
vertical side e; of A, which has slope —oo.

THEOREM 2.3 [The corner (y1,y2) = (—=1/2,—=1)]. Let Z,, ,,(t), (y1,72) €
A, be defined in (6) with A = A(y1, y2) in (21). Suppose that yy > y». If (y1, y2) —
(—1/2, —1) in such a way that

)/1+)/2-i-3/2_1 yi+1/2

9 — pe[0,1],
® y2+1 y2+1 eelodl
then

(10) Zy ()= X, (1) := p'2WB(1) + (1 — p)!/?B' (1),

where W is a standard normal random variable, B(t) and B'(t) are standard Brow-
nian motions, and W, B(t) and B'(t) are independent.

REMARK 2.3. In Theorem 2.3, the limit X, (¢) is an independent linear com-
bination of the two limits obtained in Theorems 2.2 and 2.1 (edges e; and d), after
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FI1G. 5. Ilustration of limit taking in Theorem 2.4.

setting y = —1 in Theorem 2.2. Note that since y +3/2=—143/2 =1/2, the
fractional Brownian motion B, ;3/2(¢) in Theorem 2.2 becomes Brownian motion
B(1).

Consider now the corner (y1, y2) = (—1/2, —1/2). We will approach it through
the line

1
sz;(y1+1/2)—1/2,

which passes through it and has a positive slope of 1/p, 0 < p < 1. See Figure 5.
When p = 0, the line coincides with the vertical side e; of A, which has slope
~+00. When p = 1, the line coincides with the middle line m, which has slope 1.

THEOREM 2.4 [The corner (yi,y2) = (=1/2,—-1/2)]. Let Z,, ,,(t), (1,
v2) € A, be defined in (6) with A = A(y1, y2) in (21). Suppose that y; > y. If
(v1, y2) = (—=1/2,—1/2) in such a way that

yi+1/2
11 —_ 1
(11) y2+1/2—>'06[0’ 1,
then
Zy (1) = Yy (1)
—1 —1
(12) =t-[(’0+1) + 2/p) X,

V20 + D2+ 2p)!

D' -eyp!
L et —2yp) x)
V20 + D2+ 2p)!
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where X1 and X, two independent standardized chi-squared random variables
with one degree of freedom (with mean 0 and variance 1). The case p =0 is un-
derstood as the limit as p — 0.

REMARK 2.4. Since by (5), the self-similarity parameter H equals y; + y2 +
2, we get that H tends to 1 as (y1, y2) — (—1/2,—1/2). It is known (see, e.g.,
Theorem 3.1.1 of Embrechts and Maejima [12]) that the only self-similar finite-
variance processes with stationary increments having H = 1 are degenerate pro-
cesses. We see this in Theorem 2.4, where the limit is a random variable multiplied
by .

REMARK 2.5. In Theorem 2.4, if p =1, Y, (¢) reduces to 1 X, where X is
a standardized chi-squared random variable with one degree of freedom. Consider
now the standardized Rosenblatt process Z, (¢) in (3). In this case, y1 =y =y,
and thus p = 1, which corresponds to the middle line m in Figure 5. From Theo-
rem 2.4, we conclude that if y — —1/2, then the limit is 7 X . This is consistent
with a previous result of Veillette and Taqqu [33], that the limit is a standardized
chi-squared random variable when ¢ = 1.

REMARK 2.6. If p=0,7Y,() = \/Li(Xl — X»), which has the same distribu-

tion as ¢ (WB), where W and B are two independent standard normal random vari-
ables [see (31) below]. This is consistent with Theorem 2.2, where on the edge e;
the limitis WB,, 13/2. This tends, as y — —1/2,to W-B1(t) = W -B -t =t (WB),
where B is a standard Gaussian random variable.

REMARK 2.7. Theorems 2.1 to 2.4 are consistent with Theorem 3.1 of Nour-
din and Poly [22], stating that the limit of a double Wiener—It6 integral can only be
a linear combination of a normal and an independent double Wiener—It6 integral.

REMARK 2.8. Theorems 2.3 and 2.4 concern the limit behavior of Z,, ,, (t) as
(v1, y2) approaches the corners along some straight-line direction. What happens
if one does not approach the corners following a straight-line direction? Then there
will be no convergence. To see this, consider the case of Theorem 2.3 (a similar
argument can be made for Theorem 2.4). Let

yi+y2+3/2

R = —€ 0,1
ey, v2) S 0,1

parameterize the straight-line direction. Suppose that p(y1, y2) does not converge
as (y1, y2) approaches the corner (—%, —1). Then there are two subsequences of
(v1, ¥2), such that p(y1, y2) of the first subsequence converges to p; and p(y1, y2)
of the second subsequence converges to pp, with p; # p2. By Theorem 2.3, the
corresponding processes Z,, ., (t) converge to two different limits. Therefore, the
original process Z,, ,,(t) does not converge if (1, y2) does not follow a straight-
line direction.
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3. Proof of the main theorems. Since we will use a method of moments, we
state first a cumulant formula for a linear combination of Z,, ,,(¢) at finite time
points. We let «,,(-) denote the mth cumulant. In the following proposition, the
constant A in (6) is arbitrary.

PROPOSITION 3.1.  The mth cumulant (m > 2) of Y 7_, ¢iZy, 1, (i), ¢i € R,
t; €10, 00), equals

n

1

(13) Km (Zazm,nm)) =5 0m=DIA"Cp(y1, y2: 1, 0),
i=1

where

Cn(y1, y25t,€)

t,‘] tim
Z Z cil---c,-m/ dsl---/ dsm
0 0

oe{l,2}"iq,..., im=1
(14)
m YotV 1+1
X l_[ (sj — 8- 1)+ ” B(Vaj’;] +1, —VYo; — VUJLI —1)
J:
Yo +V, 1-|—1
+(jm1 =5y Be, + 1~V — Yor_, — D]
where
b 1 RN
B(x,y):/ (1 =) du:/ w1+ w) ™ dw,
(]5) 0 0
x,y >0,
is the beta function, the sum runs over o = (o1, ..., 0p) witho; =1 or 2, and o’ is
the complement of o, namely, o/ =1 ifo; =2 and o/ =2 ifo; =1,i=1,...,m.
Moreover, oy = o, and so = sp, i =1,...,m.

Proposition 3.1 is an extension of Theorem 2.1 of Bai and Taqqu [4]. We shall
use the following cumulant formula for a double Wiener—Itd integral (see, e.g.,
(8.4.3) of Nourdin and Peccati [20]).

LEMMA 3.1. If f is a symmetric function in L*>(R?), then the mth cumulant
of the double Wiener-Ité integral X = fﬂéz f (1, y2)B(dy1)B(dy») is given by the
following circular integral:

6n(0) =27 o = 1 [ FOr132)f 2 30)
X Ym—15 Ym) f Gm> y1) dy1---dym.

PROOF OF PROPOSITION 3.1. Set

g, y) ==y +x2y1).

>k
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Let
!
hi(x,y) = /0 g(s —x,s —y)ds,

and observe that 4, is symmetric. So using the linearity of the Wiener—It6 integral
and Lemma 3.1, we have

Km (Z cilyy (ti)) = Km (./Rz D_cihy (x1, XZ)B(dxl)B(dXZ)>
i=1 i=l

j=1Li=1

n
=2"tm -1 Y ¢ ---c,-mf dx
. Rm

i1,eensim=1

mn t.
J
X | |/0 g(sj —xj, 87 —xjy1)dsj,
j=1

and hence
n
Km (Zcizyl,yz(ti))
i=1
l n
zi(m—l)!Am > cieciy
1seenrim=1
(16) [1yeesd
fi fim < 71 12)
X dsy-- dsp, / [T0Gs; —xp)h (s —xjpD)F
0 0 R™

+ (55 —x )55 = x,~+1)11]dx>,

where we view the index j as modulo m, for example, x;,+1 = x1.
Then using the notation in the statement of Proposition 3.1, one has

m
I:= [IAW [T1Gj = xR ) = x4 E 4 (55 = x D (55 — xj007 dx
j=1

m
Yo : Yo',
= X /RmH(SJ—XJ>+’(SJ—XJ‘+1)+’dX
j=1

oe{l,2}m

m
Yo : VU/-71
. /Rm]‘[(sj—xj)+f(sj_1—xj)+-’ dx,
j=1

oe{l,2)m
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and thus
mn Yoty +l1
I= > J[l6j—sj—0y 77
oefl,2)m j=1
(17) X B(yaj/._l + 1’ _VOJ' - )/a.;._l - 1)

yoj+y(,q_l+l
+Gj =5y 7T B+ L =ve; = vy — DI,

where we have used the following relation valid for a, b € (—1, —1/2):

/R(Sl — )4 (s2 — ). du
(18) =(s2— s Bla+1,—a—b-1)
+(s1 =) B+ 1, —a — b - 1).

(See Lemma 3.2 of Bai and Taqqu [4].) Substituting (17) into (16), equation (13)
is obtained. [

Note that EZ,, ,, (1) = 0 by the property of Wiener—It6 integral, and hence the
second and the third moments coincide with the second and the third cumulants.
As two special cases of Proposition 3.1, one has the following explicit formulas
for the second and the third moment of the generalized Rosenblatt distribution (Bai
and Taqqu [4], Theorem 2.1).

The second moment of Z,, ,, (1) is

A2
w2(y1, y2) =
T D2+ ) +3)
(19) x[Byi+1L,—-yi—»n—DBpr+1l,—-yi—ypn—-1

+B(y1+1,-2y1 = DB+ 1, -2y2 — D].
The third moment of Z,, ,,(1) is

n3(y1, v2)
B 243
i +rn+2CM ) +5)

(20)

X [ Z B(yo, + 1, Yo — Yo} — I)B(VUI’ +1, VYo = Vo — Y
oefl,2)?

X B(Vaz’ +1, _Vaz’ — Vo3 — I)B(Vol’ + Yoo +2, yaz’ + Vo3 + 2):|
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To standardize Z,, ,,(t), we set ua(y1, y2) = 1. By (19), this determines the
constant A as

AL, y) = + 2 +2)20 + 1) +3)]

(21) x[Byi+1lL,—yi—y2—DB»+1,—yi—py—1
)

1/2

+B(y1+ 1, -2y1 — DB(y2 + 1, =22 — 1)]

3.1. Proof of Theorem 2.1. We will use a result for bounding integral of
powers of linear functions in Euclidean space. First, some notation. Let L{(s) =
(W1,8), ..., Ly, (s) = (wy,,s) be linear functions on R", where (-, -) denotes the
Euclidean inner product. Let

P(s)=[]IL;j&]".

j=1

Set T ={wj, ..., wy}. For any nonempty W C T, define

(22) S(W) =T Nspan{W},

where span{ W} denotes linear subspace spanned by W, and define the quantity

dP,W)=Wl+ Y aj
JwjeS(W)

where |W| is the cardinality of the set W. Then we have the following so-called
power counting lemma.

LEMMA 3.2 (Theorem 3.1 of Fox and Taqqu [13]). Suppose that
(23) d(P,W)>0

forany W C T which consists of linearly independent w ’s.2 Then

/ P(s)ds < oo.
[071]]1

LEMMA 3.3. The function
G frapi= [ sl = s s ds

is finite and continuous on the domain

(25) D:{(al,...,am):ozi>—1,Za,~+m>1}.
i=1

2Theorem 3.1 of Fox and Taqqu [13] states that it is enough to consider W C T consisting of
linearly independent w;’s with negative exponent ;’s. This is because the nonnegative exponents
a; cannot make the integral f[O, 177 P (s) ds blow up.
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PROOF. We first show that f(«q,...,®,) < oo on D using Lemma 3.2.
Following the notation introduced for the lemma, we have L{(s) = s1 — Sp,
Ly(s)=sy—51,...,Lyu(S) =58, — Sm—1, and hence w; = (1,0, ...,0,—1), wp =

(-1,1,0,...,0),...,w,, =(0,...,0, =1, 1) and T = {wy, ..., Wy }.

It is easy to see that a subset W C T consists of linearly independent w;’s if and
only if |W| <m — 1. When |W| <m — 2, the set S(W) defined in (22) is equal to
W. The condition (23) is satisfied in this case because each «; > —1, and hence

DP,W)=|W[+ > aj>|Wl+ Y (=D=[W|—|W|=0.
Jjiw;eS(W) Jw;eWw
When |W| =m — 1, one has span(W) = T, and hence S(W) = T. Thus, the con-
dition (23) in this case becomes

m
D(P,W)=m—1+4) a; >0,
i=1
which is satisfied in view of (25). Hence, the integral f(«p,...,®;) in (24) is
finite by Lemma 3.2.

To verify the continuity of f(«q,...,ay), suppose that as n — oo, &y, — a :=
(a1, ...,ay). Then for large n, a;, > ot := (1 — &, ..., 0ty — €), Where the small
& is chosen such that e, € D. Denote the integrand in (24) by I(s; ), and re-
call that 7 (s; ¢) is decreasing in every component of a. Hence, when n is large,
I1(s;a,) < I(s;a.).Since I(s; a¢) is integrable, we can apply the dominated con-
vergence theorem to obtain the convergence f(et;,) — f(a) as n — 00, proving
the continuity. [

In the following corollary, the exponents are supposed to be away from the
boundary of the set D defined in (25).

COROLLARY 3.1. Let Cy, C be two fixed constants such that C1 > —1 and
C> > 1. Then the function f(ay, ..., ay) defined in (24) is bounded on the domain

D(Cy,Cr) = {(ah..-,am) ta; = Cp, ) i +mZC2}.

i=1
PROOF. Let M be a large positive constant. Define
Dy (Cy, C2) = D(Cy, C2) N (—o0, M]™

m
= {(Oll,---,otm)icl <q; SM,ZOQ' +m ZC2]-
i=1
Since Dy (Cy, C3) is a compact subset of D in (25), and f(«q,...,ay) iS con-
tinuous on D by Lemma 3.3, we deduce that f is bounded on Dy, (Cq, C3). The
boundedness on D(Cy, C3) follows since f decreases when any «; increases. [
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LEMMA 3.4. Let A(y1, y2) be as in (21), where (y1, y2) € A which is defined
in (2). Then there exits a constant C > 0 independent of y, and y» such that

|A(, )| < C2n + ) + 3]V

PROOF. This is immediate by noting that the beta function B(x, y) defined
in (15) is decreasing in x and in y. Since in addition A is a bounded region, the
beta functions in (21) are bounded from below, and hence the factor with negative
power —1/2 in (21) is bounded from above. [J

The following hypercontractivity inequality for multiple Wiener—Itd integral
(see, e.g., Corollary 5.6 of Major [19] or Theorem 2.7.2 of Nourdin and Peccati
[20]) is useful.

LEMMA 3.5. For any m € Z, there exists a constant Cy, > 0, such that

E|L(A)[" < Cu(E|L(H))"  forall f e L(RF).

Tightness of standardized Z,, ,,(t) in C[0, 1] will follow from the following
lemma.

LEMMA 3.6. Let Z, ,,(t) be as in (6) with A as in (21) and (y1, y2) in the
region A defined in (2). Then there exists a constant C > 0 which does not depend
on yi, 2, such that forall 0 <s <t <1,

E|Zy (1) = Zyy, 9] < Clt = )%,

which implies that the law of {Z,, ,,(t) : (y1, y2) € A} is tight in C[0, 1].

PROOF. Using Lemma 3.5, self-similarity and stationary-increment property
of Zy, ,,(t), one has

4 272
E|Zy, 5, (t) = Zyy 1 D" = C2(B[Zyy 5, (1) = Zyyy 1 (9)])
=Cot =) < Cat = ),
where H .=y +y2+2>1/2and0 <t —s <1.So Z,, ,,(t) by Kolmogorov’s

criterion admits a continuous version. Tightness follows from, for example,
Prokhorov [28], Lemma 2.2. [

We now prove Theorem 2.1. By Lemma 3.6, tightness in C[0, 1] holds. We are

o . o f.d.d.
left to show convergence of finite-dimensional distributions (—). From here on,
we let C and ¢ denote constants whose values can change from line to line.
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f.d.d. T . .
PROOF OF —= THEOREM 2.1. Due to self-similarity and stationary incre-
ments, the covariance of the standardized Z,, ,, (¢) is

24 L 242+ 21+2y2+4
BZy () Zyy s (1) = 3 (272208 2rib2rbd g g2ty s> 0,

which converges to the Brownian motion covariance EB(s)B(¢) =s A t = %(s +
t —|s —t]) as y1 + y» = —3/2. By using the method of moments, it is sufficient
to show that

(26) Kim (Zcizyl,yz(zi)> — 0, m > 3.

i=1

As y1 + y» — —3/2, the factor A(y1,y2) in (21) converges to zero by
Lemma 3.4. It is therefore sufficient to show that for m > 3, and y1, 12 > —1 + ¢,
the factor C,, (y1, y2; t, ¢) in (14) is bounded.

Under the constraints y; + y2 > —3/2 and yy, y» > —1 + ¢ (or equivalently
V1, V2 < —1/2 — ¢), the factors B(Va;,l + 1, =y — Yoi_, — 1) and B(ys; +
L, —vs; — Yoi_, — 1) are bounded by a constant C > O for any o and j. This
is because the beta function B(x, y) defined in (15) is bounded if both x and y stay

away from a neighborhood of 0. Choosing T > max(ty, ..., f;), one then has
Yo +y(, +1
Cari,yit0)| <C > / dsl—[|s]—s] |
oeflzym/10T1"
oty +1
<c Y / ds]‘[|sj—sj_1|yf Yo
oe(lm /O™ Gy

where the last constant C depends on 7', m and ¢.
We now want to apply Corollary 3.1 to establish the boundedness of each of the
term in the preceding sum. Using the notation in Lemma 3.3, we set

oj = Yo, +y‘7//‘—1 + 1.

Recall that y5; and y, | are either y; or y» and y5; + Yo, =11 + y». Now since
. i .
Y1+y2>-3/2and y; > —1 4+ ¢, we have

2y;+1>—142¢, ifa}_1 =0,
o> .
=i+ m+1>-32+1=-1/2, ifol_ | #oj.
Wegeta; > Cp:i=—1+2¢>—1.
On the other hand, when m > 3,
" m 3
Zai+m=m(y1 +y2)+2m2m(—3/2)+2m=52C2 ::§> 1.

i=1
So Corollary 3.1 can be applied to deduce the boundedness of |Cy, (y1, v2; t, €)|
when y1, y» > —1 + ¢, and the proof is thus concluded. [
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REMARK 3.1. Theorem 2.1 involves convergence to a Gaussian process. In
this case, according to the results of Nualart and Peccati [24] and Peccati and
Tudor [26], it suffices to show that (26) holds for m = 4 and n = 1. Focusing on
the fourth cumulant, the covariance structure and the one-dimensional distribution,
however, does not simplify significantly the proof as can be seen by examining the
proof of Theorem 2.1.

3.2. Proof of Theorem 2.2.

LEMMA 3.7. Suppose that « > —1, then for any t1, t2 € R,
/tl /tz lx1 —x2|%dx1dxy = ;(VHWFZ +0|*T? — |1 — 1" )
o Jo (@ + D(ax+2) '

PROOF. Suppose 0 < f1 < rp. The other cases are similar. Then

n 15
f / |x1 —x2%dx1 dxo
0 0

1 t 1 19}
:/ / |x1 — x2|% dx; dxy + / (x2 — x1)%dxydx;
0o JO 0 131
2 1

:—a+2+—
@+ D@+2)"! (@+ (e +2)
1
T (@t D@+2)

2 2 2
(1577 = = (= 1)* "]

+2 +2 +2
[} 4+ 857 = (—t)* . 0

Below the notation A ~ B means asymptotic equivalence, namely, the ratio A/B
converges to 1. We include first a fact about the asymptotics of the beta function
B(:, -) when one of the exponents approaches the boundary.

LEMMA 3.8. Let0 < by < b <oo. Then as a — 0, we have
aB(a, 8) > 1
uniformly in B € [by, b1]. Since the beta functions is symmetric, we also have

aB(B, o) = 1 as « — 0 uniformly in B € [bg, b1].

PROOF. Assume without loss of generality that by < 1 < by. Fix any small
& > 0. Then

& 1
B(a, B) :/ x“*1(1—x)ﬂ*‘dx+/ 11 —x)flax
(27) 0 e
=:I1(a, B; &) + L(a, B; €).
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For I (a, B; €), we have

&
a~le(1 — g)br-1 :/ x ldx(1 =)' < Ii(a, B &)
0

£
< / 2 Vdx(1 =)ol =g 1e¥ (1 — )01,
0

This yields that
1 — )11 < liminf I (a, B,
28) ( &) _aﬁ()l,%lel[lgo,blla 1@ 8.€)
< limsup «ali(a,B,e)<(1— E)bo_l-
a—)O,ﬂG[bo,bl]

For Ir(a, B; €), it is uniformly bounded with respect to o < 1 and 8 as follows:

1
La, B e) < e‘H/ A=x)fTdx =*"1871(1 — &)P

(29) —1;—1 b
<e byl —e).

Combining (27), (28) and (29), we get

(1—e) "< liminf oB(e,B)< limsup aB(a, B) < (1 —g)b0~l,
a—0,6€[bg,b1] a—0,B¢€[bo,bi]

Since ¢ is arbitrary, we get that B(«, ) > l aso — 0. U

The limit «B(c, 8) — 1 as @ — 0 will be used extensively, mostly in the form
B(o, B) ~a~ ! = oo.

LEMMA 3.9. Let WB, 13/2(t) be the process given as Theorem 2.2. We also

include the case y = —1 where By, 13/2(t) = By 2(t) is Brownian motion. Then the

mth cumulant of the linear combination of W By, 13>(t) at different time points is
given by

Km (Z Ci WBy+3/2(ti)>

i=1
(30)

n m/2
Cii Cip 2y+3 2y+3 2y+3
=(m—1>![ > —5— (It PR 1, |77 =y, — 1, 177)

i,ip=1

if m is even, and 0 if m is odd.

PROOF.

n n
Z ciWBy32(t) =W ZCiBy+3/2(ti) =oWZ,
i—1 i=1
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where Z is a standard normal random variable which is independent of W, and

, 12 " 12
o= (Var[ZCiByH/z(ti)D = [E Z Cilcisz+3/2(Zi1)By+3/2(ti2)]

i=1 i1,ip=1

n —1/2
Ci,Ci
=[ > %(|r,-1|2”3+|r,-2|2y+3—ml AR .

i,ip=1 J

using the covariance of fractional Brownian motion. Then note that

31) szl[(WJ—EZ)Z_(WJEZ)z:

where Z7 1= [%]2 and Z3 = [%]2 are two independent x? (chi-squared

random variables with one degree of freedom). The independence is due to the
fact that Z + W and Z — W are uncorrelated. Since the mth cumulant of a X12
variable is 2”71 (m — 1)!, and using the scaling property and the additive property
of cumulant under independence, we have

(@ WZ) = (%) [ (Z3) + (= 1)k (23)]

- (%)m[zm—l(m — DM (=Dm2" e — 1)),

which is equal to O if m is odd, and equal to o™ (m — 1)! if m is even, proving (30).
O

REMARK 3.2. Starting with the X12 characteristic function ¢ () = (1 —

2it)~ V2 it s easy to derive using (31) that the characteristic function of the stan-
dard product-normal distribution W Z is ¢(¢) = (1 + I el

In view of Lemma 3.6, we are left to prove the convergence of the finite-

. . .. . f.d.d.. .
dimensional distributions (—) in Theorem 2.2.

PROOF OF "% IN THEOREM 2.2. By the Cramér—Wold device, we need to
show as y; - —1/2and y» — y € (—1/2, —1) that

n n
Zcz* Zy o (i) £ ZCi WBy 3/2(1).
i=1 i=1
Since > 7, ¢; WB, 413/2(t;) has an analytic characteristic function (Remark 3.2),
its distribution is moment-determinate, and hence we can apply a method of mo-
ments here. In fact, by Theorem 3.4 of Nourdin and Poly [22], only a finite number
of moments are required to prove convergence in distribution.
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The cumulant formula of 7, ¢; Z,, ,, () is given in Proposition 3.1, which
involves the factors A(yy,y2) in (21) (recall that Z,, ,, is standardized) and
Cn(y1, y2; t, ) in (14). Assume m > 2 below.

Examining A(y1, y2), by Lemma 3.8, one can see that as y; — —1/2 and y» —

Vs

AL y)" ~[(r +3/2Qy +2]"?[B(1/2, —y = 1/2)B(y + 1, —y — 1/2)

+B(1/2, -2y — DB(y + 1, =2y — )] "/,
The first two and the fourth beta functions are bounded but the third blows up since
B(1/2,=2y1 = )~ (=21 = D!
as y; - —1/2 by Lemma 3.8. Hence, as y; — —1/2,
Ay, y2)"
(32  ~[(r+3/2Qy +2]"[B(1/2, =21 — DB(y + 1, =2y — )] "/
~ (=2 = DRy +3)" P + D" PB(y + 1 =2y = DT,

which converges to zero.
On the other hand, in the expression of C,,(y1, y2; t, ¢) in (14), the only factors
diverging to oo as y; — —1/2 and y, — y are B(y,/ T L =Ye; = Yo T 1)
J= ! J—
and B(y(,j +1, VYo, — Vo! T 1) and only when o; = aj/._l = 1, because —Yo; —
. i
Vol — 1 = —2y; —1 — 0, and hence the beta functions each diverge like (—2y1 —
i
1)~! by Lemma 3.8. To get the highest order of divergence to 0o, one chooses
o €{1,2}" such that o; = 0;71 = 1 happens as many times as possible.
In the case m is odd,

#joj=o_=1j=1,....ml=m—-1)/2,
,mmax {jioj=0j_1=1 m}p=(m—1)/

because if o} = cr]’._l =1, then ch’- =2, and we therefore cannot have 0| = ch’- =
1. So

(33) Cu(yi,y2it ) ~cB(1/2, =2y — D" D2~ (=29 — )= D/2
which diverges to oo as y; — —1/2. By (32) and (33), when m is odd,

" 1
Km (Z CiZ}’l,)/z(ti)> = 5 (m = DA, y2)" Cn(y1, v2; £, ©
=1
(34) ’
~c(=2y — D2 0.

When m is even, the sequences o for which one has the greatest number of j’s
such that o = O'J/-_l =1is
argmax#{j:o;=0;_;=1,j=1,...,m|
oe{l,2)m

=(1,2,1,2,...,1,2) or (2,1,2,1,...,2,1),

(35)
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and one gets maximally m /2 number of j’s where o; = aj/._ | = 1. The product

of the m /2 contributing beta factors diverge like (—2y; — 1)"/2. But since the
case m even will yield a nonzero limit, we need to keep track of the multiplicative
constants. Because 0 = (1,2,1,2,...,1,2)ando = (2,1,2, 1, ...,2, 1) yield the
same term, one has as y; — —1/2 and y, — y that

Cn(y1,72;t,0)
n

~2(—2y1—1)—’"/2[ Yoo, By +1, -2y —1)"/?

i,...,0ip=1

li Tip
(36) X/ 1/ |Sl—S2|2y+1|S3—S4|2y+1'--|Sm_1—sm|2y+1 ds:|
0 0
=2(=2y1 = D22y +3) 72y + )T 2B(y + 1, =2y — 1"/

n m/2
CiCi 2y+3 243 2y+3
x[ > =5 (It 1775 1,17 — iy — 1, |

i1,io=1

where the asymptotic equivalence ~ in the first line can be justified by the domi-
nated convergence theorem, and the last equality is due to Lemma 3.7.

Combining (13), (32) and (36), one gets as y; — —1/2 and y, — y that for m
even,

Km (Z Ci Zyl,yz (ti))

i=1
(37

n m/2
Ci Ci
—><m—1>![ > %(|z,-1|2”3+m2|2”3—|t,-1—r,-2|2y+3)} :

i1,i2=1

The proof is complete by comparing (34) and (37) with Lemma 3.9. [
We state a byproduct of the preceding proof which will be used in Section 5.

COROLLARY 3.2. Under the condition and the notation of Theorem 2.2, when
m > 4 is even, we have

km(Zy, (1) = (m — DI+ O(—y1 — 1/2).

PROOF. We are focusing here on the marginal distribution, and hence ¢ = 1,
c¢=1and n =1 in (14). To get the rate of convergence O (—y; — 1/2), we need to
expand Cp, (y1, ¥2; 1, 1) to a higher order than (36). Following the preceding proof
of Theorem 2.2, we need to consider the o’s with the second most occurrences of
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0;_y=o0j=1.These o’shave o;_; =0; =1 occurring m/2 — 1 times instead of
m/2 times as in (35). Adding this type of o’s into (36), we have

Cn(r1y2 LD = cpm(=y1 = /D" + O((=p1 — 1/2) "),

where ¢, , is the constant given by (36) witht =1, ¢ =1 and n = 1. By Proposi-
tion 3.1,

km(Zyy 1o (D) = 3m = DIAG1, 72)" Cu (71, 725 1, 1),

So the conclusion follows in view of the expression A(y1, 2)™ in (32). U
3.3. Proof of Theorem 2.3.

LEMMA 3.10. Letty,...,t, > 0, and m > 4 be an even integer. Consider the
function:

151 tm
fwmo=A-~A|m—mﬂm—mﬂm—nmm—mﬂ~
(38)

X X1 = X2 X — X —1|” dx,
where —1 < a,b < 0. Then as (a, b) — (0, —1), we have that

flabiy~@+D™"2 [ (t+ti-1— |t — ti1l).
i=2,4,...m

PROOF. First, assume without loss of generality that #q,...,#, < 1. Other-
wise, one can scale them by a change of variables.

We first derive a lower bound for f(a, b; t). Since each |x; — x;—1|* > 1, one
has by Lemma 3.7 that

fla,b;t) > f(0,b; t)
Lo orti-a
= ]I // i — xi—11° dx; dxi—y
i=2.4,..m70 70
=G+ Do+ T (12—l — ")
i=2,4,....m

~((b+1)7m? ]_[ (ti +tic1 — |t; — ti—1]) asb— —1.
i=2,4,....m

(39)

To get an upper bound for f(a, b; t), we apply the Cauchy—Schwarz inequality
to break the cyclic structure. In particular in (38), view |x; — x,,|?|x3 — x2|¢ as the
integrand, and treat the other factors as the density of measure. We have

(40) fla.b:t) </ fia. b0 fo(a, b b),
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where

I/ m

1
. 2 b b
fl(a,b,t)=/0 dxy--- A dXpm|x1 — Xp | 22 — x117|x4 — x3]7 x5 — x4/ - -

b
X |Xm—1 _xm—2|a|xm — Xm—1|

and
i fm 2 b b a
f(a, b; t)=/0 dx /0 dxm|x3 — x2*x2 — x1”[x4 — x317 |x5 — x4/ - - -

X |Xm—1 = Xm—2|*|Xm — xm—11".
Set
x| =14 hg(x).
Then the integrand in f] can be rewritten as
[1+ haa Ger = x)]1x2 = 1124 = x31°[1+ ha (x5 — x4)] - -
X [1+ hg(Xm—1 — Xm—2)]|1%m — xm_1]”.

Observe that the product of terms involving neither &, nor Ay, equals f(0, b; t).
Hence, one can write

fita,b;t) = f(0,b;t) + R(a, b; 1),

where the remainder R(a, b;t) is a sum of terms each involving at least one h,
or hag. We claim that |R(a, b; t)| = o((b + 1)7"/?). Indeed, let R;(a, b; t) be the
term of R(a, b; t) involving only one h», and no other %,. Using the fact that when
f is a nonnegative function and 0 < x1, x» < ¢, we have

t t—x| 1
fo f(X2—X1)dX2=/ f(x)dxfﬁlf(x)dx.

—X1

Therefore,

|Ri(a,b;t)|

i fm b b b
=, dxy--- A dxmhoa (X1 — Xp)|x2 — x117 x4 — X307+ | X — Xim—1l

4] 3 tm
< / dxi / dxs- [ dxmhaa(1 — xm)
0 0 0
1
Xfl|x2|bdlex4—x3|b~-|xm—mellb
<2(b+1)7!

13 tm 1
@1) X/o dx3---/0 dxmf1h2a<x1)dx1|x4—x3|”---|xm—xm_1|”
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<2+ 17!

3 fm ! 2a b b
< dxg---/o dxm/1(|x1| ) dxilxa — 630 P — Xt |

13
=4[Qa+ D =1]b+ 1)—1/0 dxz - --

tm
b b b
X A dxm|xs — x307|x6 — X517 -+ |Xm — Xm—1]

< <ClRa+ 1D =1+ D2 =0o(l)(b+ 1)~/

Similar estimates apply to the other terms of R(a, b;t), which may involve a
greater number of %, or hy,, and end up converging faster to zero as a — 0. Hence,

fila,bit) < £(0,b; t) +o((b +1)""/?)

~b+D [T (ti+tioi— 1t —tiza)
i=2.4,...m

using (39). The same estimate holds for f>(a, b; t). Hence, by (40),
fla.bit) < £0,b;0) +o((b+1)™™/?)

~ b+ 1)""? H (ti +tic1 — 1t — ti—1]).
i=2,4,....m

(42)

Combining (39) and (42) completes the proof. [

LEMMA 3.11. Let X,(t) be the limit process in (10). For m > 3,

n 1 m/2
n P2 (m — 1)![ > cicjy (Il + 1t = It —r,-|)} :
Kim (Zc,-Xp(ti)> = ij=1

i=1

if mis even,

0, ifmisodd.

PROOF. Then because By (¢), B2(¢#) and W are independent,

n n n
Km (Z cixpu,-)) = Km (p”z Y e WB(r,-)) + Km ((1 —p)'? Zc,-B’m)).
i=1 i=1 i=1
Now note that the second term is Gaussian, and thus the caumulants of order higher
than 2 are always zero. Applying Lemma 3.9 (with y = —1) to the first term com-
pletes the proof. [

Now we proceed to the proof of Theorem 2.3. Again by Lemma 3.6, tightness
always holds. We only need to show the convergence of the finite-dimensional
distributions.
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PROOF OF "% IN THEOREM 23. The distribution of Y ciXpt) is
moment-determinate since it is a second-order polynomial in normal random vari-
ables (see, e.g., Slud [30]). One can therefore use a method of moments.

We analyze the asymptotics of the cumulants in (13) with m > 3 and A(y1, y2)
as given in (21) as (y1, y2) = (—1/2, —1). First, by Lemma 3.8,

Ay, y2)"

~ W +r2+3/29"?
(43) x [B(1/2,1/2)B(y2 +1,1/2) + B(1/2, =2y1 — )B(y2 + 1, 1]
~ 0+ 2+ 3/ B(1/2. =2y — DB + 1. H] "

~ 1+ v+ 3/ (=20 — )M+ 1),

—-m/2

which converges to 0.
Now we analyze the asymptotics of the terms of C,,(y1, y2;t,¢) in (14) as o
varies in {1, 2}. When m is even, consider first the two main terms where

c=(1,2,1,2,...,1,2) and o=2,1,2,1,...,2, 1),

1} =m/2. As in the proof of Theorem 2.2,

which correspond to #{j : 0; = | =
(1,2,1,2,...,1,2) in (14) [it is the same for

the corresponding term when o
c=2,1,2,1,...,2,1)]is

o’
]

> ey, B+ L =2y — D)™?B(ya + 1, =2y, — D"/?

til tim
x | dsy- / dsmlsy — s sy — sy P2H
0

|2y1+1 _1|27/2+1

X |Sm—1—Sm—2 |Sm — s

m/2
~(=2n -1~ m/2(72+ 1)—m|: Z Clcj |tl| + |tj| — |t — |):| )
i,j=1

where the last line is due to Lemmas 3.8 and 3.10.
Any other o term in (14) is negligible because it is of order O((—2y; —
D7"(y» +1)7™), where

(45) r=#{jioj=0;_1=1}=#j0;=0;_; =2} <m/2.

Indeed, let us suppose (45) and examine a corresponding o term in the expansion
of the product ]_[ 1 in (14). Call this term P,,. In P,,, there are r factors of

(46) B(yi +1,=2y1 — Ds; —sj_1 |1,
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and there are r factors of
(47) B(ya + 1,2y — D)s; —s;_1 [T,

Since (45) implies that #{j : 0; # crj/._ 1} =m — 2r, there are also m — 2r factors
in Py, which are either

1
(sj — 5D PTBOA+ L -y — 2 — 1)

1
+(5jm1 =SB+ L=y = — 1)
or

1
(sj =5, )P T Ba+ 1L, —n—n—1)

+(sj-1— Sj)ilerZHB(Vl +1L—=vi—n—1D.
These last two expressions are both bounded by

Isj —sj—1" TP B+ 1L, -y == 1)
(48)
+Byi+1,—yi—y—D].

In view of Lemma 3.8, the beta functions in (46), (47) and (48) behave like
(—2y1 — nH~1 (y2 + D~ ! and (y2 + nH-1 respectively. Therefore, the beta func-
tions contribute an order

(21 =D+ DT+ D)) = (22 = DT (g + DT,

The integrand involving [s;j_1 — s; |22%1 contribute an order (y» + 1)™". So the
total order is (—2y1 — 1) 7" (y2 + 1) ™. These arguments can be rigorously justified
by first applying the Cauchy—Schwartz as in (40) to break the cyclic integrand, and
then bound as in (41). Therefore in view of (44), and after also including the case
c=2,1,2,1,...,2,1), we conclude that

Cn(y1, 72;t,0)

(49)
n 1 m/2
~ 221 =) + 1)’"[ > cicj5 (1l + 111 = 11 = m)} :
ij=1
if m is even.
When m is odd, there are at most (m — 1)/2 times of o; = o*J/._1 =loro;=

0;71 = 2. It can be shown similarly that C,, (y1, y2; t, ¢) is of the order

(50) (=2y1 — )~ =D2 0 4 1y,
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which is dominated by the order of convergence to 0 of A(yy, y2)" in (43). Now
combining this fact with (9), (13), (43) and (49), we have when m is even,

Km (Z Ci Zyl,yz (5’))

i=1

m/2
Vi+y2+3/2 ’"/2
(51 N<—> m—1)! § icj3 |tl|+|tjl—|tz—tj|)

y2+1 P

m/2
- P m/2 |:Z CiCj= |tl|+|t]|_|tl_t]|):| >

i,j=1
and when m is odd,

n
Km (Z Cily .y (t,-)) —0

i=1
Now use Lemma 3.11 to identify the limit process. [J

3.4. Proof of Theorem 2.4. We state first a combinatorial result.

LEMMA 3.12. Let o = (o1,...,0p) € {1,2}". Let 0’ = (07, ..., 0,,) be the
complement of o, namely, o/ =1 ifo; =2 and o/ =2 ifo; =1,i=1,...,m. Let
o0 be understood as o, and let o) be understood as o,,. Then for a fixed integer
0<r<m/2,

(52) #oe{l.2y" #joj=0)_ =1} =r]= 2<£”r)

PROOF. If 0j_1 # o}, we say that there is an alternation at j. There are ()
ways to place k alternations. The positions of the alternations determine the whole
o up to the replacement of 1’s into 2’s and vice versa. Hence, there are 2(']':) pos-
sible o’s. To relate k to r, note that the relation o; = a]’._l holds if and only if
0j—1% 0j.Since

r=#{j:oj :0;-_1 =1}=#{j:0j :O'J/-_] =2},
we have
k=#{j:oj#oj1)=#joj=0_=1}+#j:0;=0;_=2}=2r. O
LEMMA 3.13.  Let Y,(t) be the limit process in (12). For m > 3,

n —1 —1ym -1 _ —1ym
Km(zc,-yp(zi))z[(”“) +Qyp) 1"+l + D7 = 2yP) ]

[(p+ 1724 (4p)~1]m/2

()

i=1
(53)
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PROOF. Let

_ e+ +eym
2o 2 o)

_ 4D -ayp
2o )2 o)

b

Because X| and X; are two independent standardized X12 random variables, we
have

Km (Z Ci Yp(h‘)) = Km (Z citi(ap X1+ bPXZ))
i=1

i=1

B (Z Citi> [km(apX1) + kem (bp X2)]
i=1

= (Zciti> (a;” +bZ1)K(X1)
i=1

n m
- 1!
=2m/2(az1 +b;n)(zcili> 7(’/” 2 ) .

i=1

The factor 2"/2 (a;" + bg) can be rewritten as the first factor in (53). O

Note thata+b ~ A+Bfora,b, A,B>0,ifa~A,b~Banda/b~ A, where
A is a fixed number from 0 to co (can be 00), as will always be the case under our
assumptions.

We now prove Theorem 2.4. In view of Lemma 3.6, we only need to show the
convergence of the finite-dimensional distributions.

PROOF OF "% IN THEOREM 2.4. We can use a method of moments again
because the limit ) 7_, ¢;Y,(#;) is a second-order polynomial in normal random
variables. We analyze the asymptotics of the cumulants in (13) with m > 3 and
A(y1,y2) in (21) as (y1, y2) = (—1/2,—1/2). Lemma 3.8 yields

(54) A1 y)" ~[(=y1 —y2 = D2+ (=211 — D7 (=2 — DT,

and C,, in (14) satisfies

n m m
(55 Cumly1,yast.e) ~ (th) > vy —ve =D
i=1

oe{l,2pm j=1

.....
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Letr=#{j:0;,= ]’-_1 =1}=#{j:0;= ]’._1 = 2}. Then using Lemma 3.12,
we can write

> [leve=ve -7

oe{l,2)m j=1

= ) 2 (;”r) (=21 =) (=2 = D) =y =y — 1),
0<r<m/2
Hence by (13), (54), (55) and (56), one has

Km (Z Cj Zy1 V2 (h’))

i=1

(57)
n m
N(m—l)'<ZC,t,> Z (;:_)U(Vlayﬂm,’”)y
i=1 0<r<m/2
where
I G B I o3V Bl O Gt e - el O M
Ulyr,y2;m,r) =

[(=y1 =2 — D724+ (=2y1 — D~ 1(=2y, — )~ 1/2"

As (y1,2) = (—=1/2,—=1/2) and (y1 +1/2)/(y2 + 1/2) — p € [0, 1], in the case
p > 0, some elementary calculation shows

[1/QyP ¥ 1/ (p + DI
[(p+1)"2+ @dp)~11m/2 °

(58) Ulyi,y2;m,r) —

and in the case p =0,

1, if r =m/2 (m must be even in this case),

(59) U()/I’J/2§mvr)_){(), ifr <m/2.

This expression (59) also coincides with the limit in (58) as p — 0. In the argument
below, we omit the case p = 0, which can be either treated separately, or obtained
by taking the limit as p — O.

Seta=1/(2,/p) and b =1/(p + 1). Using the identity (a + b)" + (a —b)"" =
Y 0<r<my2 2(5)a* b™ =", one can write following (57) and (58) that

" (a@a+b)" —(a—b)" (& " m — 1)
Km (Zcizyl,yz(ti)> - (a2+b2)m/2 (;Q’h’) T,

i=1

which is (53). Now use Lemma 3.13 to identify the limit process, completing the
proof. [J
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Additional results. We deal now with the following additional three points:

1. We show that the weak convergence proved in the previous theorems cannot
be strengthened to convergence in L?(£2) nor even in probability.

2. We apply the results of Nourdin and Peccati [21] and Eichelsbacher and
Théle [11] to determine the rate of convergence on the boundaries d and e (or e7).

3. We include an alternate proof of Theorem 2.2 in the spirit of Remark 2.1
which provides further insight on the convergence.

4. No convergence in L2(R). The generalized Rosenblatt process Zy, ,(f)
was defined in (1) [see also (6)]. We have shown weak convergence (convergence
in distribution) for the generalized Rosenblatt process Z,, ,,(t) in previous the-
orems. Is it possible that some of these convergences are actually in a stronger
mode, say, in probability? We provide a negative answer here.

THEOREM 4.1. In Theorems 2.1,2.2,2.3 and 2.4, the weak convergence can-
not be extended to convergence in L*>(2), nor even to convergence in probability.

REMARK 4.1. In fact, it suffices to show that the convergence cannot be
extended to convergence in L?(S2). This is because, on a fixed order Wiener
chaos, convergence in L?(2) and convergence in probability are equivalent. See
Schreiber [29]. Alternatively, to verify the equivalence, suppose that X, is a se-
quence on a fixed order Wiener chaos, and X, converges in probability to X. The
sequence is therefore tight. Then by, for example, Lemma 2.1(ii) of Nourdin and
Rosinski [23], sup, E|X,|? < oo for any p > 0, which entails uniform integrabil-
ity, and hence convergence in L%(Q).

To prove Theorem 4.1, it suffices to show that any sequence of
Zyyy = Zy (D)

as (y1,y2) approach the boundaries is not a Cauchy sequence in L%(Q). Let
(a1, 2) and (y1, y2) be in the region A in (2). Then since Z,, ,, is standardized,
we have

(60) E(Zy),0, — ZVM/Z)Z =2- 2Eza1,azz}/l,)’2-

If (1, @2) and (yy, y2) converge to the same point on the boundary, we may expect
that EZy, .4, Zy,,y, — 1 and hence E(Zg, 0, — Zy,,y,)> — 0, which would prove
Cauchy convergence. We will show, however, that
61 liminf EZ V4 <1
©1) (er1,02),(y1,y2)—> boundary point HO2TVLY2
In other words, we will show that there is no L?(£2) continuity at the boundary.
First, we compute the covariance in (60).
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LEMMA 4.1.
EZO!I,OQZVIJ’Z
= Aar, ) Ay, v +ar+yi + 1 +3) ot +y +p+ 47!
X [Bleeg + 1, —ay —y1 — DB(a2 + 1, —ap — yp — 1)
(62)
+Byi+ 1, —a1—y1 = DB+ 1, —a2 —yp — 1)
+Blax+ 1, —ar —y1 — DBy + 1, —a1 — 2 — 1)
+Byi+1,—ao—y1 — DB+ 1, —a1 —yp — D]

PROOF. We shall use the representation (6) of Z,, ,,(¢) in order to apply the
formula

EL(f)12(8) =2(f, &) 2m2)

for symmetric functions f and g (see (7.3.39) of Peccati and Taqqu [25]). Using
(18), we get

24(a1, @) ' AL 1) T EZay ar Zyy
= Jonp ds /Rz dx[(s1 — xD)Y (s1 —x2)F + (s1 —xDF (51 — x2) ' ]
x [(s2 — X)X (52 — x2) 17 + (52 — x1) 2 (52 — x2) 1]
2
— 2/ ds[(sy — s ajtax+yity2+
0.1P [( )1

xBlai+1,—a1—y1 — DB+ 1,0 —y2— 1)
+ (51— s) P TEITEB () 41—~y — 1)
XxB(yz+1,—a2—y2— 1)

+ (s —s) OB (G 4 1, —ay —yy — 1)
XBla;+1,—a1—y2— 1)

+ (51— s) TR 41—y — i — 1)
xB(ya+1,—aa =y — D]

Since o1 + g > —3/2 and y; +y2 > —3/2, wehave a1+ a2+ y1 +y2+2 > —1.
Since

/[0 1]2(S1 )i ds= /[o 1]2(s2 —sD)fds=@u+ D" wu+2)"!

foru > —1, we get (62). U
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PROOF OF THEOREM 4.1.  Case of Theorem 2.1. By (7), an element of the sec-
ond chaos converges in distribution to a Gaussian. That this cannot be extended to
convergence in L?(2) follows from the fact that {/»( f):fe L?(R?)} is a closed
subspace in L?(S2). Hence the L%(2) limit of a double Wiener—Ito integral must
still be a double Wiener—Ito integral, which means that it cannot be Gaussian.

Case of Theorem 2.2. Let (a1, 02) — (—1/2,y) and (y1, y2) = (—1/2,y),
where y € (—1, —1/2). Assume in addition that the convergence speeds are com-
parable, that is, (a1 + 1/2)/(y1 + 1/2) ~r € (0, 1). Then using (32) withm =1,
Lemma 3.8, and (62), one has

IEIZO,I,O,ZZ,,I,),2
~ (=201 — D'2(=2y1 = D22y +3)(y + DBy +1, -2y — 7!
xQ+2n) 7 G+2n) T 2By + 1, =2y — D(—a1 —y1 — D]
(=201 = D'2(=2y1 — D'/
- (a1 —yi— 1)

~2r' /(1 +r) < L.

Case of Theorem 2.3. When p < 1, the limit in (10) involves a Gaussian com-
ponent, which by the same reason as in “Case of Theorem 2.1 implies that L (£2)
convergence cannot hold. We only need to consider the case p = 1.

We therefore suppose that («q, a2) = (—1/2, —1) and (y1, y2) = (—1/2,—-1)
and that p = 1, that is by (9), that («; + 1/2)/(aa + 1) = O and (y1 + 1/2)/(y2 +
1) — 0. Assume in addition that («; +1/2)/(y1 +1/2) ~ (2 + 1) /(32 + 1) ~r €
(0, 1). By (43) with m = 1, Lemma 3.8, and (62), we have

IEZOH,OQZ},I,V2
~ (a1 + a2 43/ (=201 = D@2+ D21 + 2 +3/2)!/?
x (=2y1 = D2+ D'/?
x (@ +oa2+yi+y+3) (e —y =7
x [+ D'+ (n+ D7

(e + (=201 = D2 (a + D(=2y1 — D'/
(@+1+y+D(-ar—y—1

<[+ D7+ (n+D7]
~2r'2)r +1) < 1.

Case of Theorem 2.4. Suppose that (o1, ®2) — (—1/2,—1/2) and (y1, y2) —
(=1/2,—1/2) and that (a1 +1/2) /(o2 +1/2) ~ (y1+1/2)/(y2+1/2) ~ p, where
p € [0, 1]. Assume in addition that (o1 + 1/2)/(y1 + 1/2) ~ (2 + 1/2)/(y2 +
1/2) ~r € (0, 1). We apply (54) with m =1, (62) and Lemma 3.8. In this case, all
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beta functions in (62) blow up and we get
EZo1.02Zy1.

~ (et —ar — 172 4 (=201 — 1)~ <2y — 17172

x[(=y1 == D72+ (=21 = D7 (=2 — )72 x

| =

21—y =D (—aa =y = )7
+2(—aa—yi = D =1 =y = D7']
. Cr+pﬂL+m)+v+4ﬂp> (1+p)?
(r+1)2 (1+p)2+4p r+p)A+rp)’
which is close to zero if r is small. Thus, (61) holds. [

5. Convergence rate of marginal distribution on the boundaries. Rates of
convergence of the marginal distribution of multiple Wiener-Itd integrals are avail-
able when the limit is Gaussian or is a product of independent Gaussians. We can
thus apply these rates when converging to the boundaries of the triangle, with some
corners excluded.

First, we consider the convergence rate of the marginal distribution in the case
of Theorems 2.1 and 2.3 and the limit being Gaussian. We use the notation A < B,
where A and B are two nonnegative quantities, to denote that there exist constants
¢ < C independent of A and B such that cB < A < CB. Let dtv (X, Y) denote
the total variation distance between the distributions of random variables X and Y,
namely

dry(X,Y)= sup |[P(X€S)—P(YeS)
SeB(R)

’

where B(R) denotes the Borel sets on R.
In Nourdin and Peccati [21] Theorem 1.2, the following result was established.

LEMMA 5.1. Let{F,:y€GC RX} be a family of random variables defined
on a fixed-order Wiener chaos satisfying EF]% =1, where G is an open set of in-
dices. Suppose that the third cumulant k3(F),) and the fourth cumulant k4(F))
converge uniformly to zero as y € G approaches a set E C G (as the distance

between the point y and the set E converges to zero). Then there exits a neighbor-
hood N'(E) of E in R, such that when y € N'(E) N G, we have

(63) drv(Fy, N) < M(F)),
where N is a standard normal random variable and
IEF;,t —3|) = max(|k3(F))|, |[ka(F))|).

’

(64)  M(F,)=max(|EF,




1310 S. BAI AND M. S. TAQQU

FIG. 6. [Illustration of the neighborhood N (D) of D¢ in Theorem 5.1.

REMARK 5.1. Though the theorem was originally stated in Nourdin and Pec-
cati [21] for a sequence {F,} with a discrete parameter n, examining the proof
there one sees that for (63) to hold, one only needs «3(F), ) and k4(F, ) to converge
uniformly to zero, which is implied by our statement of the theorem.

REMARK 5.2. Earlier in [8], the same result (63) was established for the fol-

lowing distributional distance dg (-, -):

(65) dg(X,Y) = sup{|IEh(X) —Eh(Y)
held

b

where U is the class of functions that are twice differentiable with continuous
derivatives satisfying ||h” |00 < 00.

In the case of Theorem 2.1, we considered convergence to the boundary
d through the neighborhood N(D;) N A illustrated in Figure 6. Applying
Lemma 5.1, we get the following.

THEOREM 5.1.  Let Zy, \, = Zy, ,,(1), and let N be a standard normal ran-
dom variable. Then under the assumptions of Theorem 2.1, there exists a neigh-
borhood N (D,) of the diagonal line segment D :={y1 +v> +3/2=0:y1, 2 >
—1+ ¢}, such that when (y1, y2) € N(Dg) N A, we> have

(66) d1v(Zyy 10, N) = (11 + 12 +3/2)32.

3Since A is an open set, N'(Dg) N A does not contain the segment Dy.
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PROOF. Since N is Gaussian, we can apply Lemma 5.1. To do so, we need to
compute the cumulants «3 and x4 which are given in Proposition 3.1. We examine
the relation (13) of Proposition 3.1 with A = A(y1, y») givenin (21),m =1,t =1,
and ¢ = 1. The factor Cy, (1, y2, 1, 1) in (14) is a positive continuous function with
respect to (y1, y2). This can be shown by the dominated convergence theorem as
in Lemma 3.3. Under the assumption of Theorem 2.1, the parameter (y1, y») is
restricted away from boundary. So Cy, (1, ¥2, 1, 1) is bounded below away from
zero and bounded above away from infinity, and so are the factors in (21) except
[2(y1 + y2) + 31'/2, which goes to zero as y; + y» — —3/2. We get

67)  km(Zyp) <AL )" <+ +3/2"7 m=3.

The maximum in (64) is then «3(F) ). Combining this with (63), we get (66). [
From (67) and (63), it is the third cumulant that determines the rate of con-

vergence in the case of Theorem 2.1. When (yy, y») is allowed to be close to the

corner (—1/2, —1), that is, in the case of Theorem 2.3 when p = 0, we will show
that the fourth cumulant may come into play in the rate of convergence.

THEOREM 5.2. Let Zy, y, = Zy, y,(1), and let N be a standard normal ran-
dom variable. Then under the assumptions of Theorem 2.3 when p = 0, that is
when

(68) v =12~y +1,

there exits a neighborhood N of (—1/2, —1), such that when (y1,y2) € N N A,
we have®*

69)  drv(Zy 0. N) < (11 + 12+ 3/ + D71+ L. ).
as (y1, y2) = (—=1/2, —1), where

L, ) = (=31 — 1/~ = (a + 1)~

(70) _ e —-1/2 —-1/2
=o((=r1 = 1/27'%) or o((a+ D7),

PROOF. First in view of (9) with p =0, we have
Vi y) =0 +n+3/22nm+ D7 =0 as (1) = (=1/2,-D).
By (13), (43), (50) with m = 3, and (68), we get for the third cuamulant
K3(Zy ) X (71 = D2+ 2 43/ 0n + D72

(71)
~V(yi, ).

4 As before, since A is an open set, A’ N A does not contain the limit point (—1/2, —1).
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By (51) with m = 4 and also (68), we have for the fourth cumulant

J/1+)/2+3/2>2 Viy y)( Yi+yv2+3/2 >1/2
—=—) ~Vy,
2 +1 (= —1/2)(»2+ 1D

K4(ZV1,V2) = (
(72)
=V v2) Ly, v2).

Since max(x, y) < x 4+ y for x, y > 0, we get
max[k3(y1, v2), ka(y1, y2) | < V(y1, y2)[1 + L(y1, 12)].
We thus apply Lemma 5.1 to get (69). At last, note that (68) entails that

- -y —1/2
L.y =(n—-1/27"2 1- ——"=
v+ 1

=o((=r—=1/277) o o((n+17'"). 0

REMARK 5.3. In view of Remark 5.2, Theorems 5.1 and 5.2 also hold if the
distance dtv (-, -) is replaced by the distance dg (-, -) defined by (65).

REMARK 5.4. The rate of convergence to zero in (69) is always slower than
that of (66), which is expected since the corner (—1/2, —1) also belongs to the
non-Gaussian boundary.

REMARK 5.5. From (71) and (72), one has

K4(Zy, )
€3(Zy,,y)

=Sy = 1D = 4+ D =L, ),

which is the term (70) appearing in (69). Note that (—y; — 1/2)_1 > (o + H-!
when (y1, y2) € A. Therefore, in the case of Theorem 2.3, the fourth cumu-
lant plays a role in determining the rate of convergence as follows: if the fourth
cumulant converges much slower compared with the third cumulant, that is, if
L(y1, y2) — o0, then this will slow the rate of convergence in (69); if L(y1, y2)
is asymptotically bounded, then both the third and fourth cumulants behave like

Vv, v2).

Now we consider the marginal convergence rate in the case of Theorem 2.2 (see
Figure 3). This theorem involves a non-Gaussian limit. For two random variables
X and Y, we define the Wasserstein distance between their distributions to be

dw(X,Y) = sup{|Eh(X) — Eh(Y)|},
hel

where L is the class of 1-Lipschitz functions [k € L if |h(x) — h(y)| < |x — y|].
The following result follows from Eichelsbacher and Théle [11].
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LEMMA 5.2. LetY = Z1Z, where Z;’s are two independent standard normal
variables and let F = I3(f) be an element on the second-order Wiener chaos with
EF2? = 1. Then there exists a constant C > 0 such that

(73) dw(F,Y) < C(1 4 t3(F)? = Lia(F) + e (F))'/2.

PROOF. By Proposition 1.2(iii) of Gaunt [14], the distribution of Z;Z; is the
symmetric Variance-Gamma VG(1, 0, 1, 0), thatis, VG(2r, 0, 1/A,0) withr = 1/2
and A = 1. Inserting these values of r and A in Theorem 5.10(b) of Eichelsbacher
and Thile [11] gives (73). U

Using the preceding result, we get the following bound for the convergence rate
as (y1, y2) approaches the boundary e.

THEOREM 5.3. Let Zy, y, = Zy, ,,(1),and let Y = Z1Z, be as in Lemma 5.2.
As

(1, 72) = (=1/2,y), —l<y<-1/2,
we have
(74) dw(Zy,. . ¥) = O((=y1 = 1/2)'2).
PROOF. Following the proof of Theorem 2.2, one has by (34) that as
(r1,v2) > (=1/2,y),
(75) K3(Zyn) = O((=11 = 1/2)'?).

On the other hand by (37), we have the convergence «,,(Z,, ,,) — (m — 1)! form
even. So k4(Zy,,,) = 6 and k6(Zy, ,,) — 120, and hence

1+ £63(Zy, 1) = 364(Zyy ) + Th5K6(Zyy70) = 1+0 =2+ 1=0.

We thus need to study the rate of convergence of the even-order cumulants x4 and
ke. It follows from Corollary 3.2 that

Ka(Zy, ) = 6+ 0(—y1—1/2),

k6(Zy, 1) =120+ O(—y; — 1/2).
The proof is complete by plugging (75) and (76) in (73). U

(76)

Recently, Arras et al. [2] obtained the rate of convergence when the limit is
Zl.qzl o; X; where X;’s are standardized chi-square random variables with one de-
gree of freedom. Applying this result (Theorem 3.1 of Arras et al. [2]) to the
convergence of (y1, ¥2) € A to the corner (—1/2, —1/2) in the context of The-
orem 2.4, they obtained as y; — —1/2 that

dw (Zyy 1, Yo (D) = O((=11 — 1/2)'/?),
where Y, (1) is as in Theorem 2.4. See Example 3.2 of Arras et al. [2].
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6. A constructive proof of Theorem 2.2. The method-of-moments proof of
Theorem 2.2 gives little intuitive insight of the convergence. Motivated by the ob-
servation made in Remark 2.1, we give an alternate proof of Theorem 2.2. The
proof is based on discretization which removes the singularities at s = x; and
s = xp of the integrand in (1), so that one is able to interchange the integration
orders between fﬂéz -B(dx1)B(dx,) and fot -ds. Then one uses the triangular ap-
proximation described at the end of the proof.

The proof is based on several lemmas. We use below the notation (s, x)n to
denote:

7 (s, x)h =

_ Y
([NS] IE]NX]+1> I{[Ns] > [Nx]}, y <O.
Define also
[s —x]% = (s —x+2/N)I{s >x+1/N}
(78)
< (s,x)% <@ —-x)I{s>x}=(s —x)’j_.

Let Z,, ,,(t) be asin (1), and let

79 ZV 0 =Ax(n, 1) / / (s, 1) (5, 12) 2 dsB(dx)B(dx2),

where the Brownian measure B(-) is the same as the one defining Z,, ,, (), and
where Ay (y1, y2) is chosen such that IE‘,ZV1 yz(l)z =1.

LEMMA 6.1. Foranyt > 0, we have

(80) lim limsup  E|Z,, ,, @) —

®)|* =0.
N=00 (4 yp)—>(~1/2,y)

Vl V2

PROOF. We take for simplicity that t = 1, while the other cases can be proved
similarly. Note that

E’Zyl,yz(l) — Vl yz(l)\ =2-2EZ,, ,,2(1)27/l yz( ).
So we need to show that

B0 i, B D202

Indeed, using the symmetrized kernel in (6), we have

1 1 1 1
Znn(Z) (1) = S A0 )5 An (i, 72)2! /R dxidx /0 /0 dsy ds;

(82) x [(s1 —x)H (s1 = x2) 2 + (51 —x) P2 (s1 — x) 1]

x [(s2, 1)K (52, x2) %2 + (52, 1) (52, x2) ]
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By definition,
AnGr, y) 72
- %/01 /01 dsidsy /R dxydxa[(s1, )} (s1. %) + (s1. 1) (51, x2) ]

x [(s2, x1) K (52, x2) %2 + (52, x1) K (52, x2) W/ .
Applying the second inequality of (78) to (82), and using the normalization
AN (y1, y2), we have

1 _ A(yr1, v2)
EZ,, »,()ZY (1) > ZA(y1, v) AN (v1, v2)2AN (v1, y2) 2 = ——222
v iy 2 AN(Y1, ¥2)

So (81) follows from the next lemma. [J

LEMMA 6.2. Let the normalizations A(y1, y2) and AN (y1, y2) be as in (21)
and (79). Then

A b
(83) lim im A0
N—00 (y1,y2)—~>(=1/2,y) An(¥1, ¥2)

where —1 < y1, vy < —1/2.

PROOF. By the second inequality of (78), we have

(84) ANy, ) 2 < Ay )T

By the first inequality of (78), we have

AN, y2) 7
1 o1l
> — ds1d
> 2/0 /0 s1ds>
(85) X /};{2 dxy dxa([s1 — x115 [s1 — x21%¢ + [s1 — X115 [s1 — x21%)

x ([s2 — x115 [s2 — 2215 + [s2 — x1 157 [s2 — x21%))
= Pn(y1,v2) + On (Y1, v2),

where

Py(y1,v2) =2 dsidsy /R[Sl —x11% [s2 — x11% dxi

O<sy<so<l

» ¥2
X /R[M —x2]y [s2 — x2]y dx2
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and

On(r.y2) =2 dsidsy | [s1 —x1ly[s2 — x11y dx
R

O<sy<sy<l
X /R[Sl — x21%[s2 — x21% dxa.

In the integrals over R, the exponents of Oy alternate where as those of Py are
the same. Note that for «, 8 € (—1, —1/2) and 0 < 51 < 52 < 1, we have

A;{[sl —x]1%[s2 —x]gdx
s1—1/N
:/ (51 — X +2/N)%(s2 — x +2/N)P dx
(86) =/Ooo(u+3/1v)°‘(sz—s1+u+3/N)ﬁdu

< /Ooou“(u +s52—s1)P du
=(2—sD“PTBl@+1,~a— -1,
after setting u =s; —x — 1/N. Thus, the term Qy from (85) satisfies
ON(L 1) S22 +2n+3) 7 Qr +2n + 47!

(87) xByi+1L,-yi—y2—DBn2+1,-y1—»m—1)
=0()

as (y1, y2) = (—1/2, y). The other term Py in view of (78) and (86) becomes
Pn(y1,v2)

o
=2 dsldszf (u+3/N) (s —s1 +u+3/N)"du
0

O<sy<sy<l1
(0,0]
x/ (U +3/N)"(s2 — 51+ 1 +3/N)" du.
0

Now in the second integral, use (1 + 3/N)"2 > (s — s; +u + 3/N)?2, and in the
third integral, replace u by u(s, — s1) and then factor s — s1. One gets

Pn(y1,v2)
o0
>0 ds, dsz/ (52— 51 4 u + 3/N)? du
0

O<sy<sy<1

2+l [ole] 3 Y2 3 VZd
X (50 — 51)°"2 / (u—l—i) <1+u—|—7) u.
(52 =51) 0 N(s2 —s1) N(s2 — s51)
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Since ]Ooo(sz — 81+ u—+ 3/N)2V1 du = (=2y| — DNy — 51 + 3/N)2V1+1, one
has

Pn(y1,72)
> 2(=2y — 1)~ / dsi dsy(sy — 51+ 3/ N+ (55 — )22

O<sy<sy<l1

0o 3 2 3 Vzd
O (TSN P N o)
/0 ( N(s2 — s51) N(s2 —s1)

=: Ry(y1, 72)-

(88)

As (y1,v2) = (—=1/2,y), we have

(=2y1 — DRy (y1,12) = 2 dsydsy(sy —s1)?r !

O<syi<sm<l1

x/()oo(u—i-ﬁ)y(u—i-m—kl)ydu.

As N — oo, by the monotone convergence theorem, the right-hand side of the
preceding line converges to

0
2 dsidsy(sy —s1)?T! / u (u+ 1) du
0

0<s;<s2<1
=Qy+3) 'y +D7'B(y + 1, -2y — D).
On the other hand, from (32) with m = 2 we have
89 AW1.y)?~ (=21 =Dy +3)(y + DB +1. -2y = D7\
Hence,

(90) Ay, v2)* Ry (y1, v2) = 1.

lim lim
N—o00 (y1,72)—=(=1/2,y)
Combining (85), (87), (88) and (90) yields

Ay, )2
liminf  liminf (”—)’2)2 > 1.
N—oo (y1.72)—>(=1/2,y) AN(¥1, ¥2)
This with (84) yields (83). O

We will now interchange the integrals [ - ds and ff&z -dx1 dx2, and write

/ t
2 0 =Anono) [ | [[sox0l BB ds |
1)

t /
—avtnem [[| [ 60l 6oibanB@m [as as.
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by the stochastic Fubini theorem (see Pipiras and Taqqu [27], Theorem 2.1). It
applies since

t
2
92) /0 '/RZ[(s,m)p (s, x2) %] dx1 dxp ds < o0.
Relation (92) follows from the following lemma.
LEMMA 6.3. Foranyy € (—1,—1/2),t >0and N € Z,, we have

sup (s, x)i}/ dx < oo.
sel0,t] /R

PROOF. In view of (77),

1 [Ns]—[Nx]+1\?
/R(s,x)i,ydxzﬁ'é( ) I{[Ns] > [Nx]}d(Nx)

N

o0
— N—ZV—I Z ([NS] —i+ 1)2}/ — NZV—I Zk—z]/ < 00
—oo<i<[Ns] k=2

since y < —1/2, where we set k = [Ns] —i + 1. Since the last expression does not
depend on s, the conclusion of the lemma holds. [J

By the product formula of Wiener-Ito integrals (see, e.g., Nourdin and Peccati
[20], Theorem 2.7.10), the process Z N (t) in (91) can be rewritten as follows:

Y1L,Y2
Z)I/\:’n(t) =An(1,72)
t
X/o UR“’XO%B(CIW/H;(S’xz)ﬁB(dxz)

—IEA‘Q(S,xl)%B(dxl)A‘%(s,xz)ﬁB(dxz)} ds.

Note that by the scaling property of Brownian motion, for j =1, 2,
Xp(s) = /R(s, x) ¥ B(dx)

_ /R([Ns] [Nx]+ 1) JI{[Ns] > [Nx]}B(dx)

N
fdd y;—1/2 Z (INs]—i+1)"g;,

—o0<i<[Ns]

.. . f.d.d.
where ¢;’s are i.i.d. standard normal random variables, and dd means equal
in finite-dimensional distributions. Hence (recall that the Hurst index
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H=y1+y+2),

t
z) 0" Ay ) fo (XY ()XY (5) —EXY ()X ()] ds

[N1]
93) = AvGL NS [, )Yy, (1) — EYy, (0) Y, ()]

n=1

+ Rn(t, y1, v2),

where
o0
(94) Yymy= Y. (n—7e=) i"en
—oo<i<n—1 i=2
is a linear stationary sequence and
Rn(t, v1,v2)
95)  =Ay(i. )N (Nt [N1])

X (Yy, (INt]1+ 1)Y,,([Nt]1 + 1) = EY,, ([Nt] 4+ 1)Y,, ([Nt] + 1)).

We first show that this preceding remainder term is negligible.

LEMMA 6.4.

(96) lim limsup  ERwn(t, y1,12)>=0.
N=00 (y1,p2)—>(=1/2,)

PROOF. Since Nt —[Nt] <1 and Y, (n) is stationary, we can write

ERN(t, y1, v2)?
< N2 An(n1, v2)*[EY,, (0)2Y,, (0)* — (EY,, (0)Y,,(0))*].
‘We have
o o
97)  EY,, (0)Y),(0) =) "™, EY,, (0)* = i*", ji=1,2.
i=2 i=2

By the diagram formula (see, e.g., Janson [16], Theorem 1.36), we have for jointly
centered Gaussian variables (Y7, Y>) that IEYI2 Y22 =2(EY »)? + EYIZIEYZZ. Ex-
pressing this as IEJY12Y22 — (EY1Y»)? = (EY 1Y) + EYIZ]EYZ, one gets

ERN(t, y1, v2)*

o0 2 o0 o0
<N Ay, V2)2[<Zi7‘+)’2> + (Zi2”‘) (Zizmﬂ-
i=2 i=2 i=2

(98)
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The first and last sums remain bounded as (y1, y2) — (—1/2, y), but this is not
the case for the second sum. Since the function x?"! is decreasing, we have for any
integer k > 0,

[ee] o
(—2y1 — D7 Lk 4-2)7 ! :/2 (x + k)™ dx§/2 (x + k)" x" dx

o0 o0 00
(99) < Z(l‘ + R < Zizm S/ 2 gy
i=2 i=2 1
=(2n-n"".

In particular, Z;’izizm explodes like (—2y; — 1)~ as y; — —1/2. This, how-
ever, will be compensated by Ax(y1, y2)2, since by (83) and (89), we have

An(y1, v2) ~ A(y1, v2) < (=2y1 — 1) as (y1, ¥2) — (=1/2, y). Hence, (98) im-
plies

limsup NP ERy(t, y1,12)? < 00,
1, y2)—>(=1/2,y)

which entails (96). [
The following lemma is key.

LEMMA 6.5. Let Y, (n) be as in (94). As (y1, y2) — (=1/2,y), one has the
following joint convergence in distribution:

(A(y1, y2) Yy, (n), Yy, (”));11\1:1 < (oy W, Y, (”));jzvzl’

for any N € Z., where W is a standard normal random variable which is inde-
pendent of Yy, (n), and

(100) o, =Qy +)HV2(y + DBy +1, -2y — 1)71/2

PROOF. Since (A(y1,y2)Yy,(n),Y,, (n)),/l\’:1 is always a centered and jointly
Gaussian vector, we only need to show that its covariance structure converges to
that of (o}, W, Y), (n))ﬁ’:l. Let us first compute the covariance of A(y1, y2)Y,,. By
(89) and (99), we have for m > n (similarly for m < n)

E[A(y1. v2) Yy () A(y1. y2) Yy, (m)]
= A(y1, Y2)°E[Y, (0) Yy, (m)]
~Qy+3)+ DBy +1,-2y = D=2y = DY (i +m — )i
i=2
~Qy+3)(y + DBy + 1, -2y = )7 =07,
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Since the limit is independent of 7, the limit process is indeed a fixed Gaussian
random variable, say o, W.

We now focus on the cross-covariance between A(y1, y2)Y,, and Y,,. We have
for m > n (similarly for m < n) that

E[A(1, y2) Yy, (0)Yy, (m)]
(101) ~[@y +3)(y + DBy + 1, =2y — )1 (=2y1 — D]'/?

o0
X Z(i +m—n"i’¥ -0,
i=2

because Y 2, i~1/2+Y < co. Thus, we have asymptotic independence. Finally, as
¥2 — v, the covariance structure of the second term Y,, converges to that of Y,,.
The proof is then complete. [

The following convergence of normalized sum of long-memory linear process
to fractional Brownian motion can be found in Giraitis, Koul and Surgailis [15],
Corollary 4.4.1, which was originally due to Davydov [10].

LEMMA 6.6. Let Y, (n) be as in (94). Then as N — o0

[N1]
—y— f.dd. _
Z) @) =N Y v, ) = 0, By ysp@),

n=1

where o), is as in (100) and B, 13/2(t) is a standard fractional Brownian motion
with Hurst index y + 3/2.

We are now ready to combine the last few lemmas into an alternate proof of
Theorem 2.2.

PROOF OF THEOREM 2.2. Tightness still follows from Lemma 3.6. To
prove the convergence of the finite-dimensional distributions, namely, to prove
that

fd.d.
Zyyy(t) — WByy3p s (y1,2) = (=1/2,p),

it is sufficient to show that the following triangular approximation relations hold
(see, e.g., Lemma 4.2.1 of Giraitis, Koul and Surgailis [15]):

lim limsup  E|Z,, ,, (1)

N—o0
y1.72)—>(=1/2,y)
(102) o .

A(y1, v2)
— PPN 0 = Ry )| =0,

AN(y1, v2)
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A1, 72) N f.d.d. N
m[zy,,m(t) — RNt y1, )] = 0y, WZ) (1)
(103)
as (y1,72) > (=1/2,y),
f.d.d.
(104) oy WZ) (1) =5 WBy130(1)  as N — oc.

The convergence (102) follows from Lemmas 6.1, 6.2 and 6.4. For the convergence
(103), we have by (93), Lemma 6.5 and (101) that

Ay, v2) (N
———\Z, ., () — Rn(t, y1,¥2)
AN(J/l,)/z)[ Viy2 vty

(V1]
=N [AG, v2) Yy, ()Y, (1) —EA(y1, y2) Yy, ()Y, ()]

n=1
f.d.d [ve]
SN o, WY, () — 0] =0, WZD (1),
n=1

Finally, (104) follows from Lemma 6.6. [
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