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Abstract. In this paper, we prove pathwise uniqueness for stochastic degenerate systems with a Holder drift, for a Holder exponent
larger than the critical value 2/3. This work extends to the degenerate setting the earlier results obtained by Zvonkin (Mat. Sb.
(N.S.) 93(135) (1974) 129-149, 152), Veretennikov (Mat. Sb. (N.S.) 111(153) (1980) 434-452, 480), Krylov and Réckner (Probab.
Theory Related Fields 131(2) (2005) 154-196) from non-degenerate to degenerate cases. The existence of a threshold for the
Holder exponent in the degenerate case may be understood as the price to pay to balance the degeneracy of the noise. Our proof
relies on regularization properties of the associated PDE, which is degenerate in the current framework and is based on a parametrix
method.

Résumé. Dans ce travail, on montre qu’un systeme hypoelliptique, composé d’une composante diffusive et d’une composante
totalement dégénérée, est fortement résoluble lorsque 1’exposant de la régularité Holder de la dérive par rapport a la composante
dégénérée est strictement supérieur a 2/3. Ce travail étend au cadre dégénéré les travaux antérieurs de Zvonkin (Mat. Sb. (N.S.)
93(135) (1974) 129-149, 152), Veretennikov (Mat. Sb. (N.S.) 111(153) (1980) 434452, 480), Krylov et Rockner (Probab. Theory
Related Fields 131(2) (2005) 154—-196). L apparition d’un seuil critique pour I’exposant peut-&tre vue comme le prix a payer pour
la dégénérescence. La preuve repose sur des résultats de régularité de la solution de I’EDP associée, qui est dégénérée, et est basée
sur une méthode parametrix.
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1. Introduction

Let T be a positive number and d be a positive integer, we consider the following R¢ x R¢ system for any # in [0, T']:
{ dX) = Fi(r, X}, X2 dt +o(t, X}, X2)dW,, X} =x, .

dX? = Fp(t, X}, X?) dt, X3 =x2,

where x1, x, belong to RY, (W;,t > 0) is a standard d-dimensional Brownian motion defined on some filtered proba-
bility space (2, F, P, (F;);>0) and Fy, F2,0 : [0, T] x RY x RY - R x RY x M4 (R) (the set of real d x d matrices)
are measurable functions. The diffusion matrix a := oo™ is supposed to be uniformly elliptic. The notation “*” stands
for the transpose.

In this paper, we investigate the well posedness of (1.1) outside the Cauchy—Lipschitz framework. Notably, we are
interested in the strong posedness, i.e. strong existence and uniqueness of a solution. Strong existence means that there
exists a process (X ll, X tz, 0 <t < T) adapted to the filtration generated by the Brownian motion (W;,0 <¢ < T') which
satisfies (1.1). Strong uniqueness means that if two processes satisfy this equation with the same initial conditions,
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their trajectories are almost surely indistinguishable. Here, we show that under a suitable Holder assumption on the
drift coefficients and Lipschitz condition on the diffusion matrix, the strong well-posedness holds for (1.1).

It may be a real challenge to prove the existence of a unique solution for a differential system without Lipschitz
conditions on the coefficients. For example, in [18] Zhang showed that SDE with Sobolev coefficients admits a unique
generalized solution (as Lebesgue almost everywhere stochastic flow, see Definition 2.1 in [19]) under integrability
conditions on the drift, the divergence of the drift and the diffusion coefficient. The case of drift with divergence of
polynomial growth being also handled.

Concerning strong solutions, the first result in this direction is due to Zvonkin. In [20], the author showed that the
strong well-posedness holds for the one-dimensional system

t
Y,:/ b(s,Yy)ds +W,,  Yo=y,te[0,T], (1.2)
0

for a measurable function b in L°°. Then, Veretennikov [16] generalized this result to the multi-dimensional case.
Krylov and Rockner showed in [12] the strong well-posedness for b in Lf;c, p > d and Zhang in [19] handled the
case of non-constant, Sobolev and non-degenerate diffusion coefficient. Finally, when b is a measurable and bounded
function, Davie showed in [2] that for almost every Brownian path, there exists a unique solution for the system (1.2).
We emphasize that this result implies the strong uniqueness, but the converse is not true. Indeed, in such a case, there
exists an a priori set Q' C © with P(Q’) = 1 such that for all @ in €' the solution of (1.2) is unique.

All these results rely on the regularization of differential systems by adding a non-degenerate noise, and we refer
to [6] for a partial review on this subject. The proofs of such results rely on the deep connection between SDEs and
PDE:s (see [1] or [9] for a partial review in the elliptic and parabolic cases). The generator associated to the Markov
process Y is a linear partial differential operator of second order (usually denoted by £) with the transition density of
Y as fundamental solution. As explained by Fedrizzi and Flandoli in [5]: “if we have a good theory for the PDE:

0
§u+£u=¢, on[0,T], ur =0, (1.3)

where the source term @ has the same regularity as the drift, then, we have the main tools to prove strong uniqueness’.

In (1.1), the noise added is completely degenerate w.r.t. the component X 2. This sort of system has also been stud-
ied by Veretennikov in [17] but without considering any regularization in the degenerate direction. Indeed, the author
showed that strong well-posedness holds when the drift is measurable and bounded and the diffusion matrix is Lips-
chitz w.r.t. the non-degenerate component X! and when both the drift and the diffusion matrix are twice continuously
differentiable functions with bounded derivatives w.r.t. the degenerate component.

In this paper, we show that the noise regularizes, even in the degenerate direction, by means of the random drift.
Unfortunately, there is a price to pay to balance the degeneracy of the noise. First, the drift must be at least 2/3-Holder
continuous w.r.t. the degenerate component. We do not know how sharp is this critical value, but it is consistent with
our approach. Secondly, the drift /> of the second component must be Lipschitz continuous w.r.t. the first component
and its derivative in this direction has to be uniformly non-degenerate: this allows the noise to propagate through the
system and then the drift to regularize.

Our proof also relies on regularization properties of the associated PDE, and the aforementioned “good theory” is
here a “strong theory”: a Lipschitz bound on the solution of (1.3) and on its derivative w.r.t. the first component. We
emphasize that, in our case, the generator £ is given by: for all ¢ in Cl*z*l([O, T] x RY x RY, RY )1

1
Ly(t, x1,x2) = ETr(a(t,xl,xz)Dflw(t,xl,xz)) + [F1(t, x1, x2) ] - [Dx, ¥ (2, x1, x2) |
+ [Fa(t. x1,x20) ]| - [ Dy ¥ (2, X1, x2) ], (1.4)

where Tr(a) stands for the trace of the matrix a, “-” denotes the standard Euclidean inner product on RY and where
for any z in RY, the notation D, means the derivative w.r.t. the variable z. Here, the crucial point is that the operator
is not uniformly parabolic.

IThat is, continuously differentiable w.r.t. the first variable, twice continuously differentiable w.r.t. the second variable and once continuously
differentiable w.r.t. the third variable.
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When the coefficients are smooth and when the Lie algebra generated by the vector fields spans the whole space,
it is known that such an operator admits a smooth fundamental solution (see [10]): it is said to be hypoelliptic and
the coefficients are said to satisfy a Hormander condition. The assumption on the uniform non-degeneracy of the
derivative of the drift > w.r.t. x; together with the uniform ellipticity of the matrix o can be understood as a sort of
weak Hormander condition.

This particular form of degeneracy is a non-linear generalization of Kolmogorov’s degeneracy, in reference to the
first work [11] of Kolmogorov in this direction. Degenerate operators of this form have been studied by many authors
see e.g. the work of Di Francesco and Polidoro [4], and Delarue and Menozzi [3]. We also emphasize that, in [14],
Menozzi deduced from the regularization property exhibited in ([3]) the well weak posedness of a generalization of
(1.1). Nevertheless, to the best of our knowledge, there does not exist a strong theory, in the sense defined above, for
the PDE (1.3) when L is defined by (1.4). We investigate it by using the so called parametrix approach (see [8] for
partial review in the elliptic setting).

To conclude this introduction, we just come back to the regularity assumed on the drift of the non-degenerate com-
ponent. In comparison with the works of Veretennikov [16,17], Krylov and Rockner [12], and Flandoli and Fedrizzi
[5], asking for F; to be only in L”, p > d might appear as the right framework. Since the parametrix is a perturbation
method and since we are interested in L°° estimates, we suppose the drift F; to be Holder continuous w.r.t. xj.

1.1. Organization of this paper

Section 1.2 states useful notations. In Section 1.3 we give the detailed assumptions and the main result of this paper:
strong existence and uniqueness for (1.1). In Section 1.4, we expose the strategy to prove this result. It is based on the
regularization properties of the associated PDE which are, in fact, the main contribution of this work. These properties
are given in Section 1.5. Finally, our main result is proved in Section 1.6.

The remainder of this paper is dedicated to the proof of the regularization properties of the associated PDE.

We present in Section 2 the linear and Brownian heuristic. It explains how the proof of the regularization properties
in a simple case works and allows to understand our assumptions and how the proof in the general case can be
achieved. Then, we give in Section 3 the mathematical tools, and the proof of the regularization properties of the PDE
is given in Section 4. This is the technical part of this paper.

1.2. Notations

In order to simplify the notations, we adopt the following convention: x, y, z, £, etc. denote the 2d-dimensional
real variables (x1, x2), (y1, ¥2), (21, 22), (&1, &2), etc. Consequently, each component of the d-dimensional variables
xr,k=1,2is denoted by x4;,/ =1, ...,d. We denote by g(z, X;) any function g(, X,l, X,z) from [0, T] x RY x RY
to RN, N € N. Here, X, = (X,l, th) and then F (¢, X,) is the R? valued function (F (¢, X}, X,2), P, X1, th))*.
We rewrite the system (1.1) in a shortened form:

dX, = F(t, X,)dt + Bo (t, X;)dW,, (1.5)

where B is the 2d x d matrix: B = (Id, Oga ,ga)*. “Id” stands for the identity matrix of My(R), the set of real d x d
matrices. When necessary, we write (Xé’x)tSSST the process in (1.1) which starts from x at time ¢, i.e. such that
X' =x.

We recall that the canonical Euclidean inner product on R? is denoted by . We denote by GLy4(R) the set of
d x d invertible matrices with real coefficients and by ¢ a measurable function from [0, T'] x RY x R? to R2. Each
one-dimensional component of this function is denoted by ¢;, i = 1,2 and plays the role of one coordinate of F;.
Hence, ¢; satisfies the same regularity as F; given latter. We recall that a denotes the square of the diffusion matrix o,
a := oo*. Subsequently, we denote by ¢, C, ¢/, C’/, ¢” etc. a positive constant, depending only on known parameters
in (H), given just below, that may change from line to line and from an equation to another.

We denote by C!->! the space of functions that are continuously differentiable w.r.t. the first variable, twice con-
tinuously differentiable w.r.t. the second variable and once continuously differentiable w.r.t. the third variable.

The notation D stands for the total space derivative. For any function from [0, 7] x R? x R? we denote by D
(resp. D») the derivative with respect to the first (resp. second) d-dimensional space component. In the same spirit,
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the notation D, means the derivative w.r.t. the variable z. Hence, for all integer n, D is the nth derivative w.r.t. z and
for all integer m the n x m cross differentiations w.r.t. z, y are denoted by D7 D{'. Furthermore, the partial derivative
d/9; is denoted by 9;.

1.3. Main result

Assumptions (H). We say that assumptions (H) hold if the following assumptions are satisfied:
(H1) Regularity of the coefficients. There exist 0 < ,Bij < 1,1 <1i,j <2 and three positive constants C1,Cy, Cy
such that for all t in [0, T] and all (x1, x3) and (y1, y2) in RY x R4
B B}
|Fi(t, x1,x2) = Fi(t, y1,y2)| < Ci(lx1 = 11”1 + x2 = 2l 1),
2
|Fa(t, x1,x2) — Fa(t, y1, v2)| < Ca(1x1 — yil + |x2 — y2IP2),
lo(t, x1,x2) — o (1, y1, y2)| < Co (Ix1 — y1| + |x2 = y21).

Moreover, the coefficients are supposed to be continuous w.r.t. the time and the exponents ,Biz,i =1,2 are

supposed to be strictly greater than 2/3. Thereafter, we set /321 = 1 for notational convenience.
(H2) Uniform ellipticity of oo *. The function oo™ satisfies the uniform ellipticity hypothesis:

IA> LVeeR¥, ATV < [o0*(t, x1,x2)¢] - ¢ < AlCI,

forall (t,x1,x2) €[0,T] x R? x R4,

(H3-a) Differentiability and regularity of x| — F»(-, x1, ). For all (t,x2) € [0, T] x R4, the function F»(t, -, x7) :
X1 Fy(t, x1, x2) is continuously differentiable and there exist 0 < al <landa positive constant Cs such
that, for all (t, x3) in [0, T] x RY and x;, y1 in R4

— 1
|Dy\Fa(t, x1,x2) — D1 Fa(t, y1,x2)| < Calxr — yi|* .

(H3-b) Non-degeneracy of (D1 F>) (D1 F»2)*. There exists a closed convex subset £ C GL4(R) (the set of d x d invert-
ible matrices with real coefficients) such that for all t in [0, T] and (x1, x2) in R24 the matrix D| F» (t, x1,x2)
belongs to £. We emphasize that this implies that

IA > 1,¥¢ eR™, A7Y¢)2 <[(DiF)(D1 Fa)*(t, x1, x2)¢ ] - ¢ < Al¢)?,
forall (t,x1,x3)€[0,T] x RY x R4,

Remark 1. The reason for the existence of the critical value 2/3 for the Holder regularity of the drift in (H1) and
the particular “convexity” assumption (H3-b) are discussed in Section 2. In the following, the sentence “known
parameters in (H)” refers to the parameters belonging to these assumptions.

The following Theorem is the main result of this paper and regards the strong well-posedness of the system (1.1).
Theorem 1.1. Under (H), strong existence and uniqueness hold for (1.1) for any positif T .
1.4. Strategy of proof

Let us expose the basic arguments to prove Theorem 1.1. Existence of a weak solution follows from a compactness
argument. Then, if the strong uniqueness holds, the strong existence follows. The main issue consists in proving the
strong uniqueness.

This works as follows: suppose that there exists a unique C L2110, T1 x R4 x R4, R) solution u = (uj, up)* of
the linear system of PDEs:

{ du, (t,x) + Lu,(t,x) = F,(t,x), for(t,x)€[0,T) x R*, (1.6)

u (T, x) = Opa, i=1,2,
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then, thanks to It6’s formula, for all ¢ in [0, T] we have that
t t
/ F(s. X3)ds = u(r, X¥) — u(0, x) — / Du(s, X¥)Bo (s, X2) dW,.
0 0

Thus, if the functions uw and DuB = (Dju, Opapa)* are Cr Lipschitz continuous, the drift fol F (s, X7)ds is Lipschitz
continuous w.r.t. the argument X*, with Lipschitz constant Cr.

Now suppose that Cr tends to O when 7 goes to 0. Uniqueness then follows by mean of classical and circular
arguments for 7 small enough. Since the strategy can be iterated, one can deduce strong uniqueness on any positive
interval.

The main issue here is then to obtain a strong theory for the PDE (1.6). The problem is that, to the best of our
knowledge, it is not known that this PDE admits a Lipschitz C L2110, T] x R? x R4, R?) solution under our weak
Hormander assumptions. Nevertheless, in our analysis we do not need to obtain the existence of a regular solution,
but only the existence of the Lipschitz bounds for u and D;u depending only on known parameters in (H).

Therefore, we investigate these bounds in a smooth setting. Thanks to assumptions (H), there exists a sequence
of smooth (say infinitely differentiable with bounded derivatives of all order greater than 1) mollified coefficients
(a", F{', F3)p> satisfying (H) uniformly (in n), such that this sequence converges in supremum norm to (a, I, F2).
More details on the regularization procedure are given in Section 1.5 below. In this regularized setting, we know that
the PDE (1.6) admits a unique smooth solution.

Then, thanks to a first order parametrix expansion of the solution u” of the regularized PDE (1.6) (see e.g. [8]), we
show that for 7' small enough there exists a positive constant C7, which is independent of the regularization procedure,
such that the supremum norm of Dju", Dou”", D%u” and Dy D1u" are bounded by C7. We then recover the Lipschitz
regularity of the drift in small time and we obtain strong uniqueness by letting the regularization procedure tends to
the infinity.

1.5. PDE’s results

This section summarizes the PDE’s results used for proving Theorem 1.1.
The mollifying procedure. Let us first detail how the smooth approximation of the coefficients a, Fy, F> works. For
all positive integer n, we set:

Fy(t,x) = sz(t — 5, X = )P} (M5 (s)dyds,

where ¢ (1) = cin®@p(n| - |) and @5 (-) = cane(n| - |) for c1, ¢z two constants of normalization and for a smooth
function ¢ with support in the unit ball. For example ¢ : z € R+ exp(— ﬁ)l]_l; 11(2).

By defining (F|'),>1 and (a"),>1 with the same procedure, it is then clear that for every n the mollified coefficients
a", F{', F} are infinitely differentiable with bounded derivatives of all order greater than 1 and such that

(a", F], F}) — (a, Fi, F), (1.7)

n——+00

uniformly on [0, 7] x RY x RY. Moreover, it is well-seen that they satisfy the same assumptions as (a, F1, F>) uni-
formly in n.

Let us just check the non-degeneracy assumption (H3-b) on Dy F;'. For all positive &, one can find a positive
integer N (8) and a sequence of rectangles (Ry)i<k<n(s) having sides of length less than 6 and a family of points
{(sk, y&) € R, 1 <k < N(8)} such that, for all (¢, x) in [0, T'] x R??:

N(S)
DiF}(t,x) =lim 3 DiFa(t = s, x = 1) / #1 ()¢5 () dyds.
— Ry
k=1

Since Dj F belongs to the closed convex subset &, it is clear that Dy F;)' belongs to £.
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The regularized PDE. As we said, we do not solve the limit PDE problem (1.6). The investigations are done with
the mollified coefficients (a”, F}', F3'),>1 defined above. Let us denote by £" the regularized version of £ (that is the
version of £ with mollified coefficients). We have from Section 2.1, Chapter II of [7] (note that the time dependence
here is not a problem to do so):

Lemma 1.2. Let n be a positive integer. The PDE,
dul (1, x) + Ll (¢, x) = FI'(t,x), for (t,x) € [0, T] x R* w/(T, x) =Oga,i = 1,2, (1.8)

where L" is the regularized version of the operator L defined by (1.4), admits a unique solution u" = (u/, u3)*, which
is infinitely differentiable.

Besides, the terminal condition u” (7', -) = Op2s is very important: it guarantees that the solution and its derivatives
vanish at time 7. Hence, it allows to control the Lipschitz constant of u”* by a constant small as 7 is small. Indeed,
we show in Section 4 that the solutions u”, n > 1 satisfy:

Proposition 1.3. There exist a positive T, a positive 81 3 and a positive constant C, depending only on known param-
eters in (H) and not on n, such that, for all positive T less than T

[ D] + | D2 | + [ DR + [ D1 D" |, < CT.

In order to prove these results, we emphasize that each coordinate of the vectorial solution u of the decoupled
linear PDE (1.8) can be described by the PDE

dul (8, x) + L u; (1, x) = ¢ (t,x), for (t,x) € [0, T1x R* u(T,x)=0,i=1,2, (1.9)

where ¢! : R?? — R denotes the mollified (by the procedure described above) coefficient ¢;: a function that satisfies
the same regularity assumptions as F; given in (H1) (this function plays the role of one of the coordinates of F;).
Therefore, we only have to prove Lemma 1.2 and Proposition 1.3 for (1.9) instead of (1.8).

Since the estimates on the solutions u”, n > 1 are obtained uniformly in » (that is independently of the procedure of
regularization), when we investigate the properties of the solution of the PDE (1.9) in the following sections, we forget
the superscript “n”” which arises from the mollifying procedure, and we further assume that the following assumptions
hold:

Assumptions (HR). We say that assumptions (HR) hold if assumptions (H) hold true and F, F,, ¢1, ¢2 and a are
infinitely differentiable functions with bounded derivatives of all order greater than 1.

1.6. Proof of Theorem 1.1

We know from Theorem 6.1.7 of [15] that the system (1.1) admits a weak solution (we emphasize that this result
remains valid under the linear growth conditions assumed on the coefficients). Hence, we only have to prove the
strong uniqueness. Thereafter, we denote by “1” the 2d x 2d matrix:

( Id OWXW) (1.10)

OR‘] x R4 O]Rd xRd

Let (X;,t > 0) and (Y, ¢ > 0) be two solutions of (1.1) with the same initial condition x in R2?. Let u” be the
solution of the linear system of PDEs (1.8). Thanks to Lemma 1.2, we can apply Itd’s formula on u” (¢, X;) — X; and
we obtain

t t
u”(t,Xt)—X,zf [a,u"—l—ﬁu"](s,XS)ds—/ F(s, X)ds +u"(0,x) — x
0 0

t
—I—f [Du"—l]Ba(s,Xs)dWs.
0
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In order to use the fact that 9,u” + L"u"” = F", we rewrite

t

t '
'@, X)) - X, :/ [atu"—i—ﬁnu"](s,xs)ds—i—/ (L—[,")u”(s,Xs)ds—/ F(s, X;)ds +u"(0,x) — x
0 0 0

t
+/ [Du” - l]Ba(s, X)dws,
0
and then,

t t
u”(z,X,)-X,:/ (L‘—E”)u”(s,XS)ds—i—/ (F"(s, Xy) — F(s, X;))ds +u"(0,x) — x
0 0

t
+/ [Du" —1]Bo (s, X;) dW.
0
By the same arguments, we have:

t t
u'@,Y)—Y = / (ﬁ — E")u”(s, Ys)ds +/ (F"(s, Ys) — F(s, Ys)) ds +u"(0,x) —x
0 0

t
+/ [Du" —1]Bo (s, Yy) dW,.
0

By taking the expectation of the supremum over ¢ of the square norm of the difference of the two equalities above,
we get from Doob’s inequality that

E[ sup |Xt—Y,|2] §C{E[ sup |u(r, X,) — ' (z, Y,)]Z]
tel0,T] t€[0,T]

T
+ E[/ |[Du” B](s, X;) — [Du" B](s, Yo llo 1% ds]
0

T
+E[/ (| pu" B +1)|[o(s, Ys) — o s, Xs)]\zds] +R(n, T)},
0

where

R, T) =T (E[ sup [F®,¥) = F@, Yo' | +E[ sup |(£" = £)u"t, v)[]
tel0,T] tel0,T]

+]E[ sup }F(")(t X)) — F(t, X))| ]—HE[ sup |(L" ll)u"(t,X,)]z]).
1€[0,T] 1€10,T]

First, note that from (1.7), for both Y; and X;, we have:

E[ sup [P X0 = F, Xo* |+ E[ sup (£ = £)w' ¢, Xp|*] > 0, asn— oo,
t€(0,T] 1€[0,T]

so that R(n, T) tends to 0 when n tends to +00. Secondly, we know from Proposition 1.3, that there exists a positive
T such that for all T less than 7 and for all 7 in [0, T'], the functions u” and Dju" are Lipschitz continuous in space,
with a Lipschitz constant independent of n. Since Du" B = (D1u", Oga ae), by letting n tends to +o00 and using the
two arguments above, we deduce that for all 7 less than 7T

E[ sup |X, — Y| ]<C(T){ [tesng X, — Y| ]+IE|:/0T|XS—YS|2ds“,

tel0,T]
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where C(T) tends to 0 when T tends to 0. Hence, one can now find another positive 77, depending only on known
parameters in (H), such that strong uniqueness holds for all T less than 7”. By iterating this computation, the same
result holds on any finite intervals and so on [0, 00). O

2. The linear and Brownian heuristic

This section introduces the main issue when proving Proposition 1.3 in a simple case. It allows to understand our
strategy and the role of some of the assumptions in (H). Furthermore, this presents in a simple form the effects of the
degeneracy. By “simple”, we mean that the assumptions (HL) below hold true.

Assumptions (HL). We say that hypotfzeses (HL) hold if (H) and (HR) hold with: F| = Opa, o =1d, for all (¢, x1, x2)
in [0,T] x RY x R4, Fr(t, x1,x2) = Fa(x2) + Tyx1. This implies in particular that for all t in [0, T], I'; belongs to
the convex subset £ of GL4(R).

Under (HL), the SDE (1.1) becomes:

dXSl"t’x :dWS7 th’t’x = X1, (2 1)

AX25 = (B(X2"Y) + T, X ds, X2 = xo, '
forall f < s in [0, T)?, x in R?? and admits a unique strong solution X. We recall that the associated PDE is

Opu; (1, x) + Lu(t, x) = ¢i(t, %), for (r,x) € [0, T] x R*, 2.2)

ui(T,x) =0, i=1,2, ’

where L is the generator of (2.1).

Our strategy to study the solution of the PDE (2.2) rests upon parametrix. This method is based on the following
observation: in small time, the generator of the solution of an SDE with smooth and variable coefficients and the
generator of the solution of the same SDE with fixed (frozen at some point) coefficients are “closed”. The variable
generator is then seen as a perturbation of the frozen generator, which usually enjoys well known properties.

Here, we know the explicit form of the fundamental solution of the frozen generator (which is the transition density
of the solution of the frozen SDE). Especially, we can prove that this fundamental solution and its derivatives admit
Gaussian type bounds. Hence, thanks to the parametrix, we write the solution of the PDE (2.2) as a time—space integral
of some perturbed kernel against this fundamental solution and we can study it.

We emphasize that the choice of the freezing point for the coefficients plays a central role: the perturbation done in
the parametrix has to be of the order of the typical trajectories of the process associated to the frozen operator.

2.1. The frozen system

Kolmogorov’s example. To understand how the frozen system could be, we go back to the work of Kolmogorov
[11] where the author studied the prototype system (1.1). When d = 1, Kolmogorov showed that the solution of
dy}! = dw,,dyY2 = a¥/ ds (a # 0), with initial condition (xj, x2) in R?, admits a density. Notably, this density is
Gaussian and given by, for all s in (0, 7] and (y1, y2) in R2

V3 1, _ 2
p@O,x1,x2;8,y1,2) = 2exp<—§|KS l/z(yl—xl,yz—xz—saxl)*| ), 2.3)

oIS

with the following covariance matrix

o s (1/2)as>
Ko= ((1/2>ocs2 (1 /3>a2s3> : (2.4)

This example illustrates the behaviour of the system in small time: it is not diffusive. The first coordinate oscillates
with fluctuations of order 1/2, while the second one oscillates with fluctuations of order 3/2. As a direct consequence,
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the transport of the initial condition of the first coordinate has a key role in the second one. This observation is crucial
when freezing the coefficients.

The frozen system. As Kolmogorov’s example suggests, we have to keep track of the transport of the initial condition
when we freeze the coefficients. This allows us to reproduce a perturbation of the order of the typical trajectories of
the frozen process. Then, we freeze the system (2.1) along the forward transport 6; ; = (971, o 93’ ), s in [t, T] that
solves the ODE:

d

= (Opa. F2(07,(5)) + T560} ()", 0::(6) =E, 2.5

for a given (t, &) in [0, T'] x R?*? (we emphasize that in the regularized setting this ODE is well-posed). Hence, we
obtain the following frozen system

ol.t, v 1.1,
{dXStXZdWh S 2.6)

dX2 = (Fy(02,(8)) + T XMy ds, X2 =,

for all s in (¢, T]. This is our candidate to approximate (2.1).> Obviously, in order to reproduce the typical trajectories
of the frozen process, the couple of variables (t, &) in (2.5) will be chosen as the initial data (¢, x) of the solution of
the SDE (2.6).

2.2. Existence and Gaussian bound of the density of the frozen system

In this case, the crucial point is the specific form of the covariance matrix E_DZ,. of X'* defined in (2.6). For any s in
(¢, T1, standard computations show that

S < (s—=1) ftsftr I, dudr )

Sy = )
SN T dudr [P Ty du) ([ Ty du* dr

Therefore, the existence and the Gaussian estimates of the transition density of )‘(ff" stem from the control of the
spectrum of ¥, ;. Such an investigation has been already done by Delarue and Menozzi in [3]. The two following
Lemmas shortly describe some of their results that are useful for us. The proofs are not given. For further details, we
refer to Section 3, pp. 18-24 of their paper. They prove that

2.7

Lemma 2.1. Suppose that assumptions (HL) hold, then, a sufficient condition for the non-degeneracy of the variance
matrix X; g, s in (t, T] is given by

det[[';]1 >0 fora.e.relt,s].

In that case, the solution of (2.6) admits a transition density G given by, for all s in (t, T] and y1, y» in R%:

_ - I c—12 2 2
Gt X1, X2, 5, Y1, y2) = det(, ) 1/2exp<—5|2t,/ (i —x1, 72 —mp U5 @) ), (2.8)

1
(Zn)d/z
where

2 S N s
Ty I
my % (x) =x0 + / Iyxpdr + / F(07,.(8))dr,
t t
and where X, s is the uniformly non-degenerate matrix given by (2.7).
From this expression, we can give the following Gaussian type estimate on the transition density of the solution

of the SDE (2.6) and on its derivatives (the Gaussian bounds on the derivatives are not proven in the aforementioned
work, but are proven in a more general case in the proof of Proposition 3.1 below):

ZNote that if 7 > s, we can extend the definition of 6 and suppose that V(v > r) € [0, T12, Ve e R™, Ov,r () =0.
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Lemma 2.2. Suppose that assumptions (HL) hold, then, the transition kernel q and its derivatives admit Gaussian-

type bounds: there exists a positive constant ¢ depending only on known parameters in (H) such that for all & in
R4

N N¥2 N1 = )
|DN DYDY Gt x1, X258, y1, y2)|

( )BN2ENIEN /2 ¢ Iyt —x1/? n ly2 — mtz’;’g(x)|2 2.9)
<(s—t — exp(- ’ , .
=0 s —n2d SP\ TN\ T G—1)

forallsin (t,T], y1, y2 in RY and any N*1, N*2 N1 less than 2.

We emphasize that the constant ¢ that appears in the exponential in estimate (2.9) does not depend on I', as
suggested by Lemma 2.1. This uniform control is not obvious and is related to the “closed convex” assumption
(H3-b).

If the control is not uniform, Delarue and Menozzi show in [3] (see Example 3.5) that one can find a sequence of
matrix (I'}'),>0 with positive constant determinant such that det[E(')" ] converges towards O as n tends to the infinity.
The crucial point in their example is that the sequence of functions (¢ € [0, 1] — I'{"),>0 weakly converges towards 0.
Hence, to overcome this problem, the authors need some closure for the weak topology. The closed convex assumption
(H3-b) allows them to obtain compactness for the weak topology.

Note that for all s in [¢, T], the mean (x7, mtzfx (x)) of X1 satisfies the ODE (2.5) with initial data (z, £) = (¢, x).
Since this equation admits a unique solution under (HL), we deduce that for all s in [z, T], the forward transport
function defined by (2.5) with the starting point x as initial condition is equal to the mean: 6; ;(x) = m;f (x).

Finally, as we will show in the proof of Proposition 3.1 in Section 3, the transition density g enjoys the following
symmetry property:

Yt <s5,x,9) €0, T xR xR, Dy, q(t,x;5,y) = —Dy,4(t, x; 5, ). (2.10)

This plays a crucial role in the proof of the Lipschitz estimates of the solution u of the PDE (2.2) and of its derivative
Diu.

2.3. Representation of the solution by parametrix

Let £7¢ :=(1/2) Ay, + [152(9,2),(5)) + I'tx1] - Dy, be the generator of the frozen process X. We can write the PDE
(2.2) as

deui (1, %) + L5 u; (t, x) = ¢ (t, x) + (LY — Lyu;(t,x), for (t,x) € [0, T) x R¥,
ui(T,x)=0, i=1,2.

Since ¢ is the fundamental solution of L5 we have, for all (¢, x) in [0, T'] x R?4 that the unique solution of this PDE
reads:

T —_ —_
uit,x) = / fR {0165, = [Falo2) = Bo(62,6)] - Dygai(s, 1))t x:5, ) dyds,
t

fori =1, 2 and for all (7, &) in [0, T'] x R We emphasize that u is the unique solution of (2.2) and does not depend
on the choice of the freezing point “(z, §)”. For every (¢, x) in [0, T'] x R24 we can then choose T as the current
evaluation time and then write

T
ui(t, x) 2/ /RM{@(SJ) — [F2(2) = F2(67,(8))] - Dyyui(s, )}q (1, x5, y) dyds. 2.11)
t

From now on, for every given time ¢ in [0, T], we let T =¢.
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2.4. A priori estimates

In order to prove the bounds of Proposition 1.3, we need to obtain estimates of the supremum norm of the first and
second order derivatives of the u;, i = 1, 2. Having in mind to invert the differentiation and integral operators, we see
any differentiation of u; as an integral of a certain function against the derivative of the degenerate Gaussian kernel g.

As shown in Lemma 2.2, the differentiation of this kernel generates a time-singularity. Each differentiation of the
transition kernel w.r.t. the first component gives a time-singularity of order 1/2 while the differentiation w.r.t. the
second component gives a time-singularity of order 3/2.

The main issue consists in smoothing this singularity by using the regularity of the coefficients assumed in (H)
together with Gaussian decay in g by letting the freezing point £ be the starting point of the process.

Let us illustrate the computations with the worst case in Proposition 1.3, that is, the cross derivative D1 Dou; (which
gives a time singularity of order 2, see Lemma 2.2). In order to invert the integral and the differentiation operators we
have to show that the derivative of the time integrand in (2.11) is suitably bounded. When it is evaluated at point £ = x
we show in the sequel that this is indeed the case. Let (¢, x) in [0, T'] x R fori in {1, 2}, we denote by Z; (s, x), s in
(¢, T1, the time integrand in (2.11). By switching the differentiation and the (space) integral operator we have:

Dx1 DxZIi(Ss x)
= / {¢i(5.9) = [F2(32) = Fa(67,(8))] - Dyyui(s, ¥)} Dy, Dy (2, x; 5, y) dy. (2.12)

R2d

We deal with the right hand side of (2.12). Let us first deal with the first term in the time-integrand. For all s in
(¢, T] we have:

/M @i (s, y1, ¥2) Dy, Dxyq (1, x1, X255, y1, y2) dy1 dys
R
:/I:&Zd((pi(s’yl’ )’2)_¢i(5, yl,925(5)))Dx1szq(tvx1,x2;Ss yls yz)d)’l dyz

+/2d ¢i (Sv ylaezs(é))Dxlezq(tv -xla-x2; S, y1»)’2) dyl dy29
R

where, thanks to the symmetry (2.10) and an integration by parts argument, the last term in the right hand side is equal
to 0. In the sequel, we refer to this argument as the centering argument. Combining this argument and the estimate of
Dy, Dy,q in Lemma 2.2, we have, for all s in (¢, T']:

‘/Zd (9i (s, y1.y2) — ¢i(s. Y1,9,2,X(§)))Dx. Dy, q(t, x1, x2; 5, y1, y2) dy1 dy2
R

Sf {(S — )7 2|i (s y1. y2) — @i (s, y1,9,2,5(§))|
R2d

—x1)? —m>E ()2
c exp(_c<|)’1 xi| N ly2 —m;7" (x)] ))}dm o,

*G—nH s—1 s —1)

where ¢ depends only on known parameters in (H). By using the Holder regularity of ¢; assumed in (H1) we have

‘/RM(S — )7 2|i (s, 1. y2) — @i (5. v1.07,(8)) |a (¢, x1, %255, y1, y2) dy1 dys

B?

SCf {(S—t)_2|y2—9t2,s(€)
R2d

2 _ 202
¢ exp(—c('y1 adl +|y2 mis” Ol ))}dyldyz. (2.13)

=M s—1 s —1)




270 P. E. Chaudru de Raynal

Now, we use the Gaussian off-diagonal decay of g to smooth the time-singularity: by letting £ = x (and then 9t2,s x)=

mt2 f *(x)), for all positive 5, there exists a positive constant C such that?

ly2 = mp i P yi—x12 Iy —mE o) _
_ < C,
( s — 1)~ e\ T\ T T T 3 =

where C depends on 7 and ﬂiz only. Thus, by damaging the constant ¢ in the exponential in (2.13), we obtain the
following estimate:

‘/de(s = 072[gi(s y1.32) = i (5, 31, 07, (0) |4 (¢, 1, %215, 31, y2) dyr dya

<C/( 2382 € /IY1—X1I2+|y2—mz2§x(x)|2 dvid 2.14)
o [ e G G- 0P yrdyz. -

Therefore, by choosing the value of /3? strictly greater than 2/3, the singularity (s — t)_2+3ﬁi2 /2 becomes integrable.
By applying the same procedure (without centering) with the term

[ MF202) = A6, @) D5, ) 353 d,
R
we can deduce that
1D1 Dyt oo < C" (T 382 4 T71436/2) Doy | ). 2.15)

The main problem here is that the supremum norm of Dyu; appears in the bound, so that we also have to estimate
this quantity in term on known parameters in (H) to overcome the problem. It is well seen that the same arguments
lead to

2 2
1Dauilloc < €"(T D2 4 TP Dy o).
By choosing T sufficiently small (e.g. such that C” 'T(=1436)/2 s less than 1 /2) we obtain that
| Dot oo < 2" T 136072, (2.16)

We refer to this argument as the circular argument in the following. By plugging this bound in (2.15) and by applying

the same strategy with Dju; and D%ui, Proposition 1.3 under (HL) follows for 7 less than 7 := (1/(2C”’))2/(_1+3/322).
From this discussion, one can also see the specific choice of the freezing curve as the one that matches the off-
diagonal decay of the exponential in ¢ when & = x.

3. Mathematical tools
In this section, we introduce the ingredients for the proof of Proposition 1.3.
3.1. The frozen system

Consider the frozen system:
dX 3" = Fi(s. 60.0(6)) ds + 0 (s, 6z, (5)) W,

~ ~ G.1)
X3 = [Fa(s, 00,5(8)) + D1 Fa(s, 60,5 (9) (X" = 6] ()] ds

3By using the inequality: Vi > 0,¥g > 0,3C > 0s.t. Vo > 0,069¢~ 1% <C.
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for all s in (¢, T], any ¢ in [0, 7], and for any initial condition x in R24 at time ¢ and any (7,§) €[0,T] x R2d
linearized around the transport (67 s(§))r<s<T defined? by

d
e ®) = F(s,6:5(8)), Orc(§) =§. (3.2)

The following Proposition holds:

Proposition 3.1. Suppose that assumptions (HR) hold, then:

(1) There exists a unique (strong) solution of (3.1) with mean

(mtr,’f)tgsz = (mll,’sr’s’ mlz,’;’s)tgsz’

where

my 58 (0) = x1 +/

t

S

CF(r, 0, 8) dr,
myt (0) =x2+ / | [Fz (.62, (&) + D1 Fa(r, 6z, (§)) (x1 — 62 ,.(8)) (3.3)
t
+ D FZ(r, er,r(‘f)) / F (Ua er,v@)) dv:| dr,
t

and uniformly non-degenerate covariance matrix (X s)i<s<T'

s ( J} 0% (00, (€)) dr [} R (2, £)00™ (16,1 (6)) dr ) G
B EN S 00t 0, EDRE (1L, E)dr [ Rep (1, 8)00 (r, 00 ()R], (1, 8)dr ) '
where:
,
Rt,r(fv$)=|:f D1F2(v»9r,v(€))dv]a t<r<s<T.
t
(i1) This solution is a Gaussian process with transition density:
q(t,x1,x25 8, Y1, y2)
34/2 s 172 lie-12 1 2 2
= Gy (et Z) ™ exp(—z £ 0 =m0y = mi 5 @)’ ) (3.5)
forallsin (¢t,T]. 5
(iii) This transition density § is the fundamental solution of the PDE driven by L™ and given by:
~ 1
L5 = S Tela(t, 00,08) D3 ]+ [F (1, 600(6))] - Dy,
+ [Fa(t. 02,4 (€)) + D1 Fa(t,0:.0(5)) (x1 — 67 ,(€))] - Dy, (3.6)
(iv) There exist two positive constants ¢ and C, depending only on known parameters in (H), such that
qG(t, x1, %255, y1, y2) < Cge(t, x1, %25 5, y1, ¥2), (3.7

4Note again that if ¢ > s, we can extend the definition of 6 and suppose that V(v > r) € [0, T1?, V& € R2, Oy,r(§) =0.
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where
, ¢ Iy =mi P @R lya = mp (o)
qge(t, X1, %258, y1, 2) = mexp<—c< P + (s —1)3 >>
and
|DY DY DN G(r,x1, %015, Y1, y2)| < C(s — ) TBNEENIENRG (1 5y, x5, 31, v2), (3.8)

forall s in (t, T] and any integers N*', N*2, N> less than 2.

Proof. (i) First of all, note that, under (HR), the ODE: [d/ds]0; s(§) = F (s, 07 5(&)), 67 :(§) = & admits a unique
solution and that (3.1) admits a unique strong solution X. By rewriting (3.1) in integral form and by plugging the
obtained representation of X'in X 2 itis easily seen that the expressions of the mean (3.3) and the variance (3.4)
follow from the stochastic Fubini Theorem and standard computations. The uniform non-degeneracy of (fl,,s) t<s<T
arises from assumptions (H) and Proposition 3.1 in [3].

(i1)—(iii) These assertions result from standard computations.

(iv) For all s in (¢, T'], we know from Proposition 3.1 in [3] that the matrix f),’s is symmetric and uniformly non-
degenerate. Besides, from Proposition 3.4 in [3] there exists a constant C depending only on known parameters in (H)
such that for all s in (z, T1, for all (x, y, &) in R* x R?¢ x R,

—[E 1 =m0,y = miEE ) ] [(n =m0, va = miE (0) ]

(= mis @) = N [ m @ = mi @\
= =072 " (5= -0 -2 )|
Fori, j=1,2,let [it_’sl],',j denote the block of size d x d of the matrix f);sl atthe i — 1)d+1, (j — 1)d + 1 rank.
We can deduce from (3.4) that there exists a positive constant C depending only on known parameters in (H) such

that (we also refer the reader to Lemma 3.6 and to the proof of Lemma 5.5 in [3] for more details), for all s in (¢, T],
for all ¢ in R?:

£, ¢l = =07l
=018+ B ] 6l =€ =n72el, (3.9)
[0 ],0¢] =€ =n7)el,

hence, f]t_ ! has the same structure as K 4—_1t in (2.4).
Now, we compute the derivatives w.r.t. each component and estimate it with the help of (3.9). Let ( < s, x, y) in
[0, T]2 x R x R2d  we have:

|szé(t’x1,x2§5a)’1»)’2)|
=(- [ts]21(y1 mtvg(x)) [tsl]zz(yZ m”E(x)))é(t,xl,xz;s,yl,yz)‘

& . €
<C(s— t)—3/2<‘ (1 — - ilttjl/;x» ‘()’2 m;’ ;3/2()6)) Dé(t,m,m; 5 310 32)

<C'(s =) 724, x1,x25 5, 31, y2).
Note that the symmetry D,,q (¢, x1,x2; s, ¥1, ¥2) = —Dy,q (¢, x1, x2; 5, ¥1, ¥2) holds. Now, we have
Dy, G (1, x1, %235, 1, 32)|
= |( [ tv]l 1(y1 m,s E(x))+2[ tv]1 z(YZ_mzs E()C)))fi(t X1,X2; 8, yl,y2)|

<C(s —1)724.(t, x1, x2; 5, y1, y2).
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Unfortunately, the transport of the initial condition of the diffusive component in the degenerate component breaks
the symmetry and Dy, g (¢, x1, x2; 5, y1, y2) # —Dy,q(t, x1, X2; 5, ¥1, ¥2). Indeed

Dyt x1, 355, y132) = (2[E ] (01 = micF 00) = 2[5, 5 (02 = mii 5 )
=25 L [(Res @ ) (1 = my 7 (0)]
= 2[5, [(Res (1. 8)) (y2 = mi & () ]) G (1, 1. x5 5. 31, y2).
Since the term Ry (£) is of order (s — f) (this is the transport of the initial condition from time 7 to 5), we deduce that

(1 —mpy ¥ (x)) N (2 —my o (x0)
(s =)'/ (s —1)3/2

| Dy, G (2, x1, %255, y1, y2)| < C(s — t)—1/2{

R m,ﬁ(x)) (yz—m”‘f(x» _ _
s -2 BT q(t,x1,x2;8,y1, y2)

< C'(s =07 2Ge(t, x1, X215, Y1, y2).
Finally,
D Gt x1, %255, y1,30) = (=2[E )], Dy (x) = 2[5 L Dyt (x)
=22, o [(Res(2.8) Daymy 7 (0]
—2[Z L o[(Resta, ) DxymyyE (0])dt, x1, %25 5, y1, ¥2)
+ (_Z[EZsl]l,l(yl m, s g(’C)) 2[= lsl]l 2 (v2 - mt s E(x))
=2 B[ (Res@ ) 1 = mi5 )]
—2[£71, L [(Res (@.©) (v2 = mp 5 0))]) 42,01, 3215, 31, 32).
Note that, from (3.3) we have Dy, m} % (x) = (Id, Ry ;(z, £))*, so that,
|DE Gt x1, %255, 1, y2)| < C(s =)' Ge(t, x1, X2 5, Y1, y2).
The other derivatives can be deduced from these computations and estimate (3.8) follows. O

Remark 2. From this proof, one can deduce that the symmetry Dy,q = —D,,q holds. Therefore, by an integration by
parts argument, for all t in [0, T], all s in [t, T] and y1, x1, x2 in RY,

/dDX2f?(t,X1,X2;S,y1,y2)dy2=0~ (3.10)
R

This argument is very useful in the sequel.

3.2. Definitions and rules of calculus

We introduce some definitions and rules of computations that will be useful in the following section. Let us begin by
the following definition:

Definition 3.2. For all ¢ in R*? we denote by A(¢) the perturbation operator around ¢ acting on any function f from
[0, T] x R% as follows:

V(s,y) €[0, TIx R*,  A@)f(s,y) = f(s,¥) — f(5,0),



274 P. E. Chaudru de Raynal

and for j = 1,2, we denote by AJ (¢) the perturbation operator around ¢ j acting on any function f from [0, T] x R
as follows:

Vs, y) €0, TIx R*, ANQ) f(s,y1,y2) = £ (5,31, &) — f(5, L1, 82,

and

V(s,y) €10, TIx R¥,  A%(Q) f (s, y1,32) = f(s,y1,¥2) — £(5, V1, 2)-

Especially, the notation Aj(g‘)yj stands for y; — ¢;.

Given this definition we can give a generic centering argument, as introduced in Section 2.4 in the linear and
Brownian heuristic:

Claim 3.3. Let g be the function defined by (3.5) in Proposition 3.1 and let f and g be two continuous functions
defined on [0, T'] x R4 Forall N', N? in N, forallt < s in [0, T]2, x in R* and Cin R24 ywe have that:

(a)
D' DY’ /de £(5.)q(t. x:5.y)dy = DY DN’ /de AQ)f(s, 1)t x5, y)dy,  if Ny + Ny >0,
(b)
pY' DY’ /de £(s.9)d(t, x;5.y)dy = DY DY’ /de A2 f (s, 1)t x5, 0)dy, if N2 >0,
(©

1 2 ~
pY'p¥ [R AL F 6, 86 M 55, ) dy
1 2 ~ .
—pN'p¥ fRM(Al({)f(s, D) (A2(0)g(s. 1))t x: 5.y dy.  if Ny > 0.
Proof. Let f and g be defined as in Claim 3.3 and let # < s in [0, T]2, x in R?, We have, by Definition 3.2:

1 2 - 1 2 ~
DY DY /def(s,ym(r,x;s,y)dy: DY DY /RMA(;)f(s,y)qa,x;s,y)dy

1 2 ~
+DY D [ 6,07 s dy,

for all ¢ in R?“. The last term in the right hand side is equal to 0 since it does not depend on x after integrating. This
concludes the proof of (a). Now, we prove (c). For all ¢ in R24 we have

1 2 ~
DY DY /RM(AIG)J‘)(S,y])g(s,yl,yz)q(t,x1,xz;s7y1,yz)dy1 dy,
1 2 ~
=D} DY A;M(Al(of)(&YI)(AZ(f)g)(S»YI,)’Z)Q(I,XI,X%Sa)’1,)’2)(1)’1 dy,

N' N2 1 ~ .
+ Dy, Dy, 2d(A (&) f)(s, yg(s, y1,82)q (1, x1, %23 5, y1, y2) dyr dya.
R

By using differentiation under the integral sign Theorem, (3.10) (since N? is positive) together with an integration by
parts, the last term in the right hand side is equal to 0. Finally, assertion (b) follows from the same arguments. This
concludes the proof of the Claim. O



Strong existence and uniqueness for degenerate SDE with Holder drift 275

3.3. Representation and differentiation of the solution of the PDE (1.9)

Lemma 3.4. Suppose that assumptions (HR) hold, then, for all x in R*? and t in [0, T the solution u = (u1, u2)* of
the PDE (1.9) can be written as

T
ui(t,x) = EU ¢i(s, Xi) — (L—[:’f)ui(s,)?;’X)ds} (3.11)
t

T
/ / @i(s, y)q(t, x;s,y)dyds
t JRA
T 1 ) i
_/ /2d ETr[A(Qt"Y(E))a(S’y)Dylui(S’y)]‘I(t»XQS’Y)dde
/ f Qts(é) Fi(s, y)] Dylui(s,y)}c}(t,x;s,y)dyds

/ / A(Brs () Fas. ¥) — Dy Fa(s. 015 (E)) A (605 ))31] - Dyt 5. )G (1, x: 5., y) dy ds

T ;
= Z f f H (5.9, 615 (6))G (¢, x3 5, y) dyds (3.12)
t R2d

4 T
::Z/ T/ (s, x)ds (3.13)
j=1""

for all & in R*? . It is infinitely differentiable on [0, T] x R??.

Remark 3. We emphasize that the solution “u” does not depend on the choice of the freezing data “(t,&)”. Above
we chose to set T =t when the solution u is evaluated at time t. We keep this choice from now on.

Proof of Lemma 3.4. Thanks to Lemma 1.2 the PDE (1.9) is well posed and can be rewritten as

i (. x) + LTS ui(t,x) = —(L = L7 )u;i(t,x) + ¢i(t. x),  (t,x) €[0,T) x R¥,

, (3.14)
Mi(Tsx)ZOa l=1,2,

for all (z, ) in [0, T] x R??, so that (3.11) follows from Feynman—Kac representation. Equality (3.13) follows from
the definition of § in Proposition 3.1. Next, given a positive &, we have for all (¢, x) in [0, T'] x R?,

T
uit.x) = / E[ i (s X) — (£ — £78)us (s, X1%)] ds

t+e

t+e _ »
+ / E[s (s, K%)= (£ — £78 )i (s, X-%)] ds.
t

Under (HR), the coefficients of £, £75 and the functions ¢i, u; are smooth (Lemma 1.2). From classical regularity

results on the solution of the SDE (2.6) (see e.g. [13]) we can deduce that the solution is infinitely differentiable
under (HR). O

We now derive a representation formula for the derivatives of Ilj ,i=1,2,j=1,...,4, that involve a differen-
tiation w.r.t. the degenerate variable. This allows us to handle the singularity of the derivative of the kernel ¢ (see
assertion (iv) in Proposition 3.1) as done in Section 2.4 (centering argument).
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Lemma3.5. Lett <T inRt. Foralliin{1,2},all (s, x) in (t, T]1x R* and all integer n the terms DY, DXZIij (s, x),
j=1,...,4, can be written as:

D" DT (s.x) = /R (0,5 ©)8 (5, V)2 Dy 535, ) dy (.15)
and
Dzl Dx2Il'2(S"x)
1
=-7 fde {Tr[[A2(9,,S(E))a(S, y)]Dg,Mi(S, ]
d

Z[—az (s, y)} [A%(61.5(8)) Dy, ui (s, y)]}Djzl Dy, (t, x5 s, y)dy

=1
5 Z f H(6r.s®)ar (s, )] - [A% (01,5 ©)) Dyyui s, ]} D, D (%fm, xis, y)) dy,  (3.16)
where “a;.” denotes the Ith line of the matrix a, and
Dy, Dy, T (s, x) = — /R N2 ©)Fi(s, )] Dyyis, )
+ A0 @) Fi(s, ] - [A%(01.56) Dyyi (5, H]}DY, Dy (e, 335, y) dy, (3.17)
and finally:
Dy Dy, T (s, x) = — /R N s ©) Fas, 9) = DiFa(s,00,5©) A (01,5 @) 1] - [A%(01,5©) Dysui(s, )]

+ [A%(01.5(E)) Fa(s, y)] - Dy,ui(s, y)} DY, Dy (t, x5's, y) dy. (3.18)

Proof. Representation (3.15) is a direct consequence of assertion (b) in Claim 3.3. Next, we deal with (3.16). By
using first the decomposition A = A! + A? and then by integrating by parts, we have

1
s x) =—3 / {Tr[[Az(et,s(@)a(s, D3, ui(s. y)]
R2d -

d

Z[ H6:.5(8))ar s, y)} Dy ui(s, y)}é(t,x;s, y)dy

1=
0
+1 Z / (0 ))ar 9] D5, ) x5 3) .

Note that, for all / in {1, ...,d}, [0/dy1 1A' (0,5 (&))ay. (s, yl,st(S)) = [d/dy1]a; (s, yl,GIZ’S(E)). We conclude by
differentiating and then by applying assertion (c¢) in Claim 3.3 with f =a and g = Dyu;. This gives (3.16).

By using again first the decomposition A = A! + AZ, assertions (3.17) and (3.18) are immediate consequences of
assertion (c) in Claim 3.3. This concludes the proof of Lemma 3.5. O

We conclude this section with the following definition:

Definition 3.6 (The centered integrands). When differentiating at least once the terms Ij j=1,...,4, wrt. the
degenerate variable “x,”, Lemma 3.5 allows us to identify the ’H] Jj =1,3,4, defined in (3.12) with the zntegrand of



Strong existence and uniqueness for degenerate SDE with Holder drift 277

(3.15), (3.17), and (3.18) respectively. In the same spirit we use in that case the notation ’Hl.z to denote both the sum of
the two integrands appearing in the representation (3.16) of Dy, Dx2Il.2 and the integrand defined in (3.12).

When we identify the 7-[1] j=1,...,4, with the integrand of (3.15), (3.16), (3.17) and (3.18) respectively, we will
call them the centered integrands.

4. Proof of Proposition 1.3
4.1. From intermediate gradient estimates to Proposition 1.3

We here give the intermediate estimates that allow to prove Proposition 1.3. In the following, u; denotes the ith
component of the solution # = (11, u2)* of the linear system of PDE (1.9). The following arguments and Lemmas
hold fori =1, 2.

Since the representation (3.13) of each u; involves its derivatives, we prove Proposition 1.3 by using a circular
argument (see (2.16)). We recall that for any function from [0, T'] x R4 x R? we denote by D (resp. D) the derivative
with respect to the first (resp. second) d-dimensional space component. We first show that

Lemma 4.1. Suppose that assumptions (HR) hold. There exist a positive T4.1, two positive numbers 84,1 and 84,1 and
a positive constant C, depending only on known parameters in (H), such that

(i) 1D3uilloo < TH1C(1 + | Dautj]|oo)s

(i) | D1tti oo < T*1C(1 + | Dot ||oo),

for all T less than T4.1. We recall that D1 denotes the derivative with respect to the first d-dimensional space compo-
nent.

Then, we estimate the gradients that involve the derivatives w.r.t. the degenerate variable “D,”. To this aim, we
differentiate the representation (3.13) and we estimate it. Thanks to Proposition 3.1, we know that this differentiation
generates the worst singularity in the time space integrals. As shown in Section 2.4, we can use the regularity of the
coefficients assumed in (H) in order to smooth this singularity. But in this more general case, we also have to use
the regularity of the solution itself. Notably, we need to estimate the Holder regularity of D,u;. Hence, we prove the
following sort of Holder estimate on Dyu;:

Lemma 4.2. Suppose that assumptions (HR) hold and let

| Dou;(t, wi, wz) — Dau; (t, wy, wh)|
M(Dou;, T) = sup /3 B2 B2 T
wi wyFw)eRY,1€[0,T] |wa — w2|7’/ + (w2 — wy |2 + [wy — wy |1+ [wy — wy|

4.1
for some positive number y . There exist a positive T4, a positive constant C and a positive number 842, depending
only on known parameters in (H), such that for all positive y strictly less than 3 inf{,Blz, ,322} -1,

M(Dau;, T) < CT*2(1+ || Dauilloo + | D1 Daui llsc),
forall T less than T4,.

This allows us to obtain the following estimates

Lemma 4.3. Suppose that assumptions (HR) hold and let n in {0, 1}. There exist a positive T43(n), a positive number
84.3(n) and a positive constant C (n), depending only on known parameters in (H) and n, such that:

H Dy Dou; HOO < C(n)T54.3(n)’
for all T less than T33(n).

Finally, we can deduce Proposition 1.3 from Lemmas 4.1 and 4.3. (|
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4.2. Intermediate gradient estimates: Proofs

4.2.1. Proof of Lemma 4.1
We first show assertion (i). Let (¢, x) belong to [0, T] x R% | from the representation (3.13) in Lemma 3.4 we have:

4 T
D} ui(t, x) =ZD§1/ T/ (s, x) ds. (4.2)
j=1 !

As done in the Section 2.4 we have to obtain a suitable bound on the D%Iij in order to estimate D%ui. Thanks to
assertion (a) in Claim 3.3 applied on the integrand of Df] Iil we have for all s in [, T']:

4
S D2 T (s, x) = / A (65 €)1 5, WD 41, x: 5, )] dy
i=1 RZd

1
- /R A5 ©®)ats, WD} uits [P, x:5, 0] dy

- /R A[B 6 @) Fi65, 0] Dy, I[P x5, )] dy

- fR N[O ©) Fals, y) = DiFas, 0,(6), 67,E) A (61,6E)n ] [Dyi (s, ]}

X [D)%I q(t,x;s, y)] dy. 4.3)

Note that by using the fact that A = A! 4 A2, a Taylor expansion of order 0 with integrable remainder of the
mapping Gt{s &) Fa(, Qt{s (€), ) around y; in R? and (H3-a), we have that:

V(s.y2) € (1. TIx RY,  |[A(615 () Fals. y) — D1 Fa(s. 61.0(6)) (A (Brs () y1)] - Dyytts (5. )|
< Cl1 Dot oo (| A2 (611 )32 + | AL (610®)) 31| ). (4.4)

From Proposition 3.1, we know that for all s in (¢, T] and y in R24, |D§lc}(t, x;8, )| <C'(s —t)’lcjc(t, x;s8,y).By
plugging this estimate in (4.3), together with the regularity of the coefficients assumed in (H) and (4.4), we obtain that

4 2 ) i ﬂf
2 4J Moo =1 _ nG-1/28] Al(@,s(f)))’j !
;DMI[(S,X) <C'(s—1) /de{;{(s D) G
12| A 05 (5))y,
2 G122 )Y
+ [ Drui | o (s = )Y (s —0)U-172)
D1 oo(s — =128 | AL Crs €y

Al
(s=0)U-1/2 }
B

A(6:.5(€)y2 4 (s — n+ah2

(s —1)3/2

Al 0,5y

. _ 3632
+||D2uz||oo|:(s )72 (s —0)l/2

“I

Set & = x, we now use the Gaussian off-diagonal decay in g, (see the computations in Section 2.4 for more details):

X qc(t, x;s,y)dy.

Vi >0,3C,c >0 st V(s,y)e(,T]x R%. |A[(9t,s(x))yl|'(c}c(t,x; S, Y)
<Cs ="t x5, y) (4.5)
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for / =1, 2 and where C and c depend only on known parameters in (H) and on «. Hence, by integrating w.r.t. the
space variable we have:

4
> DI T!(s.x)
j=1

2 . .
sc’”{Z{@—r)‘*U‘/zwz’ + (6 =072 4+ (s = 0'2) | Dhui]| .+ (s = DYV2E N Dy oo}
j=1

_ 2 1_
+ (s =2 4 (s — @ V) I Dau oo § -

So that we can inverse the differentiation and integral operators in (4.2) and then deduce that
2 1 1 2
| Diuil . = €"{(T22 + THO2) 1 Dyuill o + (T772 + T¥12) | D oo
1 2
+ (T2 + 172) | Dfui | + TP 7> + TF2).

Then, by setting 7:1("-) =sup{T > 0, such that C"”"(T'/? + T3/%) < 1/2} we deduce the assertion (i) for all T less than

7;1(_? from a circular argument (see (2.16)). The proof of the second statement (ii) can be done by the same arguments.
This concludes the proof of Lemma 4.1. (]

4.2.2. Proof of Lemma 4.3
Let (¢, x) belongs to [0, T'] x R24_ We have from representation (3.13) in Lemma 3.4 that, for all » in {0, 1} and all
positive ¢

4 T
DngxZui(t,x)=ZD;'lD,Q/ T/ (s, x) ds. (4.6)
i=1 !

Again, we look for a suitable bound on the DY, DX2Il.j in order to estimate DY, Dy,u;. Thanks to representation (3.12),

we know that the derivatives DY, D ,Z;] can be written as the integral of some function against the derivative of the
degenerate Gaussian kernel §. Since from Proposition 3.1 we have that for all s in (¢, T] and y in R??

DI Dy(t,xi5,y)| < Cls — ) O 24.(1,x;5,y), 4.7)

we use the regularity of the coefficients together with the regularity of the solution u; and its derivatives to smooth the
time singularity appearing in (4.7), as done in the previous subsection and in Section 2.4.

Hence, we first give a bound on each centered integrand ”H,J of D;’l DxZI,-j , j=1,...,4, given by Definition 3.6.
For all 5 in (¢, T], y in R? we have, from the regularity of the coefficients assumed in (H), that:

2
HL (5, 9. 60,5 )| < C|A2(6:,5(8)) y2 | . 4.8)
Then, we recall that from Mean Value Theorem (MVT) we have

|A%(6,,5(€)) Dy, ui (s, ¥)| < D1 Daui o | A2 (61,5 (8)) 2|, 4.9)

so that

[H (5,3, 615 ))| < C'{[| DYui | oo | A% (B1.5©)) y2
+ D1 Dot oo (| A2 (61,5 (E)) v2| + | A (61,5 E)) 31| | A% (6r.5(8)) y2]) }- (4.10)
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By the same way, we get that

143 (5. 3. 65 )| < C" {1 D1t oo A2 (61,5 ©)) y2 |

+ |D1 Dot lloo| A (6,5 (€)) 1 !"11 |A%(0,,5(&))y2|}- (4.11)

And finally, since we have from Lemma 4.2
|A2(6:,5(8)) Dy,ui(s, y)|

< M(Daui TY(| A2 (615 ) y2 | + | 22605 ©)) 32| + | A2(61.5(8)) 32| + | A2(61.5 () 2

), (412)

where M (Dju;, T) is defined by (4.1) we have from the regularity of the coefficients assumed in (H) and (4.4) that
| (5,7, 61,56))]
< C" 1Dt o | A2 (61,5 (6)) y2 |
+ M(Dauy, Y| A (61,5 ) |
X (| A2(00,5®) 2| + | A2(01,4©)) 32T + | A2(6,5©) 2| + [A2(61.5)) 2] ). @.13)

Finally, let us recall from Proposition 3.1 that for all (s, y) in (¢, T] x R2d

0
D Dy 5= (1, x3 5, y)| < C"(s =)~ H 24,1, x5 s, y), (4.14)
yu
forall/in {1,...,d}. .
Now, we can plug together some of the above estimates in the corresponding D;}l DXZIZ.J ,j=1,...,4, defined in

Lemma 3.5. By using (4.7) with (4.8) (resp. (4.11) and (4.13)) in (3.15) (resp. (3.17) and (3.18)), estimates (4.7) and
(4.14) with (4.10) in (3.16), by letting next £ = x and by using (4.5) in all these terms, we can deduce that for all s in
@ T]

4
Z D} Dy, T/ (s, x)
j=1

< / {(s = )BE=D=m/2 4 (5 — )=/2(| D2y + I1D1 Do o)
RZ(!

+ D1t lloo(s — NCF=D=D/2 1| Dy Dy oo (s — 1)1 =72
+ M(Dauy, T)(s — )~ @2 ((s = )2 4 (s = )P12 4 (s — )P 4 (5 — 1))
+ 1Dt lloo(s = )PV g (1, x5, y) dy. (.15)
Then, we have from Lemma 4.2 that for all T less than 735:
Vy st 0<y <3inf{p, B3} — 1, MDu;, T) <" Taz(1+ | Dautillo + | D1 Dot |l o). (4.16)

So that we can inverse the differentiation and integral operators in (4.6). Hence, by plugging (4.16) in (4.15) and by
choosing n equal to 0, after integrating in time, we deduce from a circular argument (as described in (2.16)) that there
exist two positive numbers 7:{_3(0), 843(0) and a positive constant C, depending only on known parameters in (H),
such that

I Dautilloo < CT*3O(1 + || Dy Doui o), (4.17)
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for all T less than 713(0). Next, by letting n be equal to 1 in (4.15) (recall that Lemma 4.2 hold for all 0 < y <

3 inf{ ,3]2, /322} — 1 and that 3 inf{ ,3]2, ,322} > 1 so that all the time-singularity are integrable), by using the same arguments
as in the case n = 0 together with (4.17), we can show that there exist two positive numbers Ta3(1), 843(1) and a
positive constant C’, depending only on known parameters in (H), such that

| D1 Dauj||oo < C'TH3 0D,

for all T less than 743(1). This conclude the proof for n = 1. The case n = 0 follows from plugging this estimate in
(4.17). O

Remark 4. Note that the estimate on supremum norm of Dau; (i.e. when n = 0) could be obtain without Lemma 4.2,
by bounding the left hand side of (4.12) by the supremum norm of Dou;.

4.2.3. Proof of Lemma 4.2
From (3.13) in Lemma 3.4, Lemma 4.3 and Remark 4, for all (¢, x1) in [0, T] x R4 and x, # 7o in R4 we have:

| Daui (. x1,x2) — Doui(t, x1, 22)|

=

4 T . .
> f DT/ (5. x1,x2) — Doy T/ (5. 31, 22) ds|. @.18)
=1

We recall that the Ii] ,j=1,...,4, depend on the freezing point & = (&1, £&)* of the process which started from
(x1,x2) and (x1,z2) at time f. Here, we choose the same freezing point “£” for the two processes (with different
initial conditions).

Then, we split the time interval w.r.t. the characteristic scale of the second component of the system (3.1) in
order to study the perturbation on each interval. Hence, we set S = {s € (¢, T] s.t. |xp — z2]| < (s — )32} and 8¢ =
{s €, T]s.t |x2—z2] > (s —)3/?}. We have for all s in (¢, T]:

4
Y DT (s.x1,x2) = Do, T (5, %1, 22)
j=1

4
=3t [ 10,00, 02, 6)
R2d

j=1

X (Dxyq (1, X1, %28, Y1, y2) = D, 4 (t, X1, 225 8, y1, ¥2)) | dyi dys
4 .
+;lsc /RZJ{H‘/ (5, v1, y2. 61 (6), 62,(6))
X (D, G(t,x1,x2; 5, y1,¥2) — D2, G (t, x1, 225 8, y1, y2)) dy1 dyz
= Py(S) + Py (S°). "

where the 7—[[] ,j=1,...,4, are given by (3.12). We now bound the first and the second sum in the right hand side of
the last equality above.

Estimation of Ps(S) on (¢t, T]. As a first step, we bound the first sum in the right hand side of (4.19). At the end of
this part, it is proven that:

Claim 4.4. Foralls in S, y1, y» in RY, the following inequality holds:

|DayG (2, x1, %25 5, Y1, ¥2) — Dy G (8, X1, 225 8, Y1, y2) |

<C(s—0) O 2G.(t, x1, %255, y1, y2) %2 — 22|73, (4.20)
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where ¢ and C depend only on known parameters in (H) and where 0 <y < 3. Moreover

d . d -
—Dyq(t, x1,x2; 8, y1,y2) — —— D7, q(t, x1, 2255, y1, y2)
dyu dyu
< C'(s =" HVRG0 @ xp 32 y y2) e — 227, (4.21)
foranyl=1,...,d, where ¢’ and C' depend only on known parameters in (H) and where 0 <y < 3.
On the other hand, Lemma 3.5 allows to choose the Hl] ,j=1,...,4, appearing in P, (S) as the centered integrands

(see Definition 3.6). So that this term is similar to the term studied in the proof of Lemma 4.3. In fact, the only
difference with the terms in the proof of Lemma 4.3 (when n = 0) is that the integration is now against the perturbed
differentiated kernel defined by the left hand side of (4.20) or (4.21):3 in comparison with (4.7) and (4.14), we “loose”
a y /2 in the time-singularity in the estimation.

Hence, we can use the same arguments as the ones of Lemma 4.3 to bound Ps(S): by using estimates (4.8), (4.10),
(4.11), (4.13) together with (4.20) or (4.21) in s(S) and next by letting £ = x together with (4.5) we deduce that

P(S)] < C'(s =) — )2 4 | Dus || + 11 Dot oo
+ ID1uilloo(s — ) >PD2 41Dy Do oo (s — 1)P1/2
+ 1 D2t lloo(s =)D

+ M(Dour, TY(s — )15 2((s — 1772 4 (s — 2 4 (5 — /2 1 (s — 132) Y g — 2712,

forall y < 3inf(,3]2, ,322) — 1. By integrating in space and by using Lemma 4.1, we obtain that there exists a positive
number § i_z, depending only on known parameters in (H), such that:

T
/ P5(S)| ds < C"T%2(M(Daui, T) + | Datilloo + | D1 Datti [l oo + 1)
t

2 2
x (Ix2 = 221" + |x2 — 2212 + %2 — 22/P1 + |32 — 22), (4.22)

for all y <3inf(B7, 83) — 1.
Estimation of P.(S¢). As a second step, we bound the sum P (S€) on (¢, T] in (4.19). Note that

Zl&f HY (5. 31, 2.0} (6). 02,(8)) Duy (1. x1, 3215, y1. y2) dy1 dys (4.23)

—lel/ " (5, 71,32, 6. 5(8), 67 (§)) D2, G (¢, x1, 225 5, y1, y2) dyr dys (4.24)

and that for all s in S¢ we have:
1< =07l -2, (4.25)
On the one hand we bound the right hand side of (4.23). Again, thanks to Lemma 3.5, we can identify the ’HZJ ,

j=1,...,4, appearing in this term as the centered integrands (see Definition 3.6). And again, by proceeding exactly
as in the proof of Lemma 4.3 when n = 0 (the restriction of the time integration on the set S¢ is not a problem to do

5 And that the time integration is done on the set S.
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$0), we obtain that this term is bounded by the right hand side of (4.15). By using (4.25), we deduce that

4
2 1se /H; A (5231,32,00,(6),07,(©) Dy g (1, x1, 3235, 31, y2) dyr dya
j=1

<C(s —0)7?{(s =) UBD2 4| Dy | + 11D1 Daui o
F 1D 11 [l (s — ) 3TPD2 4Dy Dot | oo (s — 1) P12
+ [ Dauilloo(s — 1> #2172
+ M(Doui, T)(s =72 (s = 02 (s = P12 4 (s = )2 4 (s = )Y2) 1z — 2272 (4.26)

On the other hand, we have to deal with the term (4.24). The crucial point here is that the frozen transition density
is evaluated at point z» but frozen along the transport of x; (since we already chose & = x). This is because we took the
same freezing point for the two solutions with different initial conditions. Hence, we have to re-center carefully each

integrand 7—[{ ,J=1,...,4, in order to use the Gaussian off-diagonal decay in g for smoothing the time singularity.
Indeed, in this case, for all s in [¢, T'] and y, in RY, this off-diagonal decay is |y, — m,zf (x1,22)].
Hence, as we did in Lemma 3.5, we have to re-center the integrands around (thS (x1, 52))t< s<T, for some §2 in

R% with the help of Claim 3.3 and then choose éz = z». For notational convenience we write z» instead of 52 as from
now. Let

1se /RM H (s, v1, 2.0, (6), 07(£)) D, G (1, x1, 225 5, Y1, y2) dy1 dys
=1/ (s, x1, 22)1se, 4.27)

for j =1,...,4. Below, we re-center each integrand of fl.j (s, x1,22)1s¢, j =1,...,4, and we estimate it.
Bound of fil (c, x1, z2)1gc. We deduce from assertion (b) in Claim 3.3 and (4.25) that:

|Z} (5, x1, 22)1se

sG6-07” /Zd A% (0r,5(22)) @i (5, ¥1. ¥2) D2, G (1, x1, 223 5, y1. ¥2) dyy dyalxo — 2]/,
R
Then, by using estimate on D,,g from Proposition 3.1, regularity of ¢; under (H) a

~ 2
|7} (5. x1, 2)1se | < Clge(s — 1) PUPIHVIR |5y — 973, (4.28)

for all positive y strictly less than 3,81.2 — 1.
Bound offi2 (s; t,x1,22)1gc. We first split this term as:
T (s, x1, 22)1se

1

=—3ls /R (A% (miS (o 22))a(s, ) D3 i (5, 3)] Dy (1, 31, 2235, 9) dy

1 i
—5lse /de e[ (a(s, y1.mp ¥ (x1.22)) — a5, 61.6(6))) D2 i (5. )| Dy (1. x1, 223 5, y) dy.

By applying assertion (b) in Claim 3.3 on the first term in the right hand side, by integrating by parts (see the proof of
Lemma 3.5) the second term in the right hand side and then by applying assertion (c) in Claim 3.3 we get:

I (s, x1. 22)1se

1 T
=—§f 156/ {Tr[(Az(m;:E(xl,Zz))a(S,)’l,yz))Dglui(S,)’l,yz)]
t+e R2
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4
- Z([a—az.(s, yi,mys (xi, zz))]
=1 Lo

. [Az(mijf(xl, 22)) Dy, ui (s, y1, yz)])} x [D2,G(t, x1,22; 5, y1, y2) | dy1 dya2 ds

d T
1
iy / 1se / {[cu.(s,yl,m?;:s (61.22)) — ar. (5.6, (£, 62,(6))]
21:1 t+e R2d

ad -
: [Az(m:f(.Xl, ZZ))D)’lui(sv Y1, y2)] X I:EDQ‘](I’XL 22;8, 1, y2)i|}d)’1 dyzds'

Therefore, from the estimates on the derivatives of ¢ from Proposition 3.1, by using MVT (4.9) and the regularity of
a from (H) together with estimate (4.5) and by integrating next in space we obtain that

|Z7 (s, x1, 22)15e

< C'1se{ (| DTui|| o (s = 7772 + D1 Dot lloo (s — )77/%) [x2 — 22|77

_ 2, s
+ ID1 Dot oo (s — )2 |mpl ¥ (x1, 22) — 02,(6)

5, (4.29)

by using next the estimate (4.25) in the first term on the right hand side. This holds for all y <?2.
Bound of Il.3 (s, x1, z2)15c. By using the definition of A% and then assertion (c) in Claim 3.3, this term can be
centered as follows

I (s, x1. 22)1se = —1ge [de{[A2(m;jf(x1,Zz))F1 (s, y1.y2)] - [Dy,ui (s, y1. y2)]
+[Fi(s, yimplt (61, 22)) = Fi(s, 6, ,8),02,8)]
A% (7l (1, 22)) Dygui (s, yi, )]} D2y (1, x1, 225 5, y1, y2) dyi dya.

Now, thanks to the regularity of F| assumed in (H), if we apply the estimate on the derivative of g from Proposition 3.1,
MVT (4.9) and estimate (4.25), we obtain that

|Z7 (s, x1, 22) 15|
_ _ B2 1_
< C"1se{(ID1ui oo (s — ) P APIHY /D2 44Dy Do |l oo (s — ) P12 xy — 2073

2
+ D1 Dauilloo | mpE (x1, 22) — 67,(8) |1} (4.30)

forall y < 3,812 — 1.
Bound of ff (s, x1, z2)1se. From representation (3.13), by using the definition of A? and then by centering the term
Dyu; thanks to assertion (¢) in Claim 3.3 we can write

T (s, x1, 22)Lse
=—1sc [RM{[Az(mijf(xl, 22))Fa(s, y1, y2)| - [ Dy ui (s, y1. y2)]

+[Fa(s, yiomit® (x1,22)) = Fa(s, 6} (6),02,(6)) — DiFa(5,6] ,(£),62,(6)) A (61.5(5)31]

21, -
[ A% (myg *(x1.22)) Dyyui (5. y1, y) |} D2, Gt x1, 225 5, y1, y2) dy1 dys.
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By using the regularity of the coefficients from (H), (4.4) and estimate on D,g from Proposition 3.1 and (4.25) we
have:

|ZH (s, x1, 22)1se

_3(1—82 2.,
< C"se{IIDaui oo (s — ) >VBHVII 2y — 273 4 M(Douz, T)[|myt (x1, 22) — 62,(5)]
_ 1 2 2
+ =072 (1 — 2P+ o — 22/ + v — 221”2 + o — 220) ]} (4.31)

forall y < 3,8]2/2 — 1.
Now, note that from the definition (3.3) of m,

2,t, 2
Vselt,T], myy™ (x1,22) — 67 (x) =22 — x2.

Hence, by letting £ = x in (4.28), (4.29), (4.30) and (4.31) and combining the resulting estimates with (4.26), we
deduce that there exist a positive constant C"” and a positive number 87 ,, depending only on known parameters in
(H), such that:

T
/ |Ps(8)]ds < ol OB (M(Daui, T) + | Dauillco + | D1 Dautillo + 1)
t

2 2
x (Ix2 — 22" + x2 — 22172 + %2 — 2211 + |x2 — 221), (4.32)

for all y <3inf(B7, #3) — 1.
“Holder estimate” on Dyu;. Finally, by plugging estimates (4.22) and (4.32) in (4.18), we deduce that there exist
a positive constant C and a positive number 847, depending only on known parameters in (H), such that:

| Daui(t, x1,x2) — Daui(t, x1,22)| < CT*2(| Dati o + | D1 Dot oo + M(Daui, T) + 1)
2 2
x (Ix2 = 22" + |x2 — 2212 + [x2 — 2211 + |32 — 22]).
A circular argument concludes the proof of Lemma 4.2. (]

Proof of Claim 4.4. Let (f <s, x,y) in [0, T]* x R* x R??, by using MVT and the Gaussian estimate of ng from
Proposition 3.1 we have:

|(D2g)(t, x1, %23 5, Y1, y2) — (D2g) (1, X1, 223 5. Y1, y2)|

< sup |(D3q)(t, x1,x2 + p(x2 — 22)i 5, y1, y2)| Ix2 — 22|
pe(0,1)

<C'(s =07 sup Ga(t,x1,x2+ p(x2 — 22)5 5, y1, ¥2) Ix2 — 22, (4.33)
pe(0,1)

where ¢ is a positive constant depending only on known parameters in (H). Note that on S:

sup Gz (t, x1, %24 p(x2 —22)5 5, 1, y2) < C"4c(t, x1, %23 5, Y1, 2). (4.34)
pe(0,1)

Combining (4.33) and (4.34), we obtain:
|(D2g)(t, x1, %235, Y1, y2) — (D2g) (1, X1, 223 5. V1. y2)|
<C"(s — ) Ge(t,x1, X238, y1, y2) X2 — 22l

Rewrite |xa — 22| = |x2 — 22|'77/3|xa — z2|7/3. Since |x — 22| < (s — )%/ we have |x2 — 22| < (s — 1)3/277/% x
|x2 — z2|7/3 and (4.20) follows.
The second assertion follows from the same arguments. ([
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