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RATE OF CONVERGENCE AND ASYMPTOTIC ERROR
DISTRIBUTION OF EULER APPROXIMATION SCHEMES FOR
FRACTIONAL DIFFUSIONS

BY YAOZHONG HU!, YANGHUI L1U AND DAVID NUALART?
University of Kansas

For a stochastic differential equation(SDE) driven by a fractional Brow-
nian motion(fBm) with Hurst parameter H > %, it is known that the existing

(naive) Euler scheme has the rate of convergence n1=2H  Since the limit
H — % of the SDE corresponds to a Stratonovich SDE driven by standard
Brownian motion, and the naive Euler scheme is the extension of the clas-

sical Euler scheme for 1t6 SDEs for H = %, the convergence rate of the

naive Euler scheme deteriorates for H — % In this paper we introduce a

new (modified Euler) approximation scheme which is closer to the classical
Euler scheme for Stratonovich SDEs for H = %, and it has the rate of conver-

gence yn_l,where Y =n?H—1/2 yhen H < %, yn =n//logn when H = %

and y, =nif H > %. Furthermore, we study the asymptotic behavior of the
fluctuations of the error. More precisely, if {X;,0 <t < T} is the solution of a
SDE driven by a fBm and if {X?, 0 <t < T} is its approximation obtained by
the new modified Euler scheme, then we prove that y,, (X" — X) converges
stably to the solution of a linear SDE driven by a matrix-valued Brownian
motion, when H € (%, %]. In the case H > %, we show the L? convergence
of n(X ;’ — X1), and the limiting process is identified as the solution of a linear
SDE driven by a matrix-valued Rosenblatt process. The rate of weak conver-
gence is also deduced for this scheme. We also apply our approach to the
naive Euler scheme.

1. Introduction. Consider the following stochastic differential equation
(SDE) on R?:

t m t .
(1.1) X,:x-i—/ b(Xs)ds—i-Z/ o’/ (Xs)dB{, tel0,T],
0 . 0
j=1

where x e R, B = (Bl, ..., B™) is an m-dimensional fractional Brownian mo-
tion (fBm) with Hurst parameter H € (%, Dandb,o!,...,0™:R? - R? are con-
tinuous functions. The above stochastic integrals are pathwise Riemann—Stieltjes
integrals. If o', ..., o™ are continuously differentiable and their partial derivatives
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are bounded and locally Holder continuous of order § > % — 1 and b is Lipschitz,
then equation (1.1) has a unique solution which is Holder continuous of order y
for any 0 < y < H. This result was first proved by Lyons [14], using Young inte-
grals (see [33]) and p-variation estimates, and later by Nualart and Rascanu [25],
using fractional calculus; see [34].

We are interested in numerical approximations for the solution to equation (1.1).
For simplicity of presentation, we consider uniform partitions of the interval [0, T'],
= %, i =0,...,n. For every positive integer n, we define n(t) =t; when t; <
t<ti+ % The following naive Euler numerical approximation scheme has been
previously studied:

t .
(12) X:l =X +A b(X’):]l(S) dS + Z/ 77(5') /, te [0, T]
This scheme can also be written as

X! =XI 4+ b(XE) (1 — 1) + Zaf — B},

forty <t <ti41,k=0,1,...,n—1and Xg = x. It was proved by Mishura [17]
that for any real number ¢ > 0 there exists a random variable C, such that almost
surely,
sup | X" — X,| < Cen'2H e,
0<t<T

Moreover, the convergence rate n' =2 is sharp for this scheme, in the sense that

ni-1x ? — X;] converges almost surely to a finite and nonzero limit. This has
been proved in the one-dimensional case by Nourdin and Neuenkirch in [18] using
the Doss representation of the solution; see also Theorem 10.1 below. Notice that
while H tends to %, the convergence rate 2H — 1 of the numerical scheme (1.2)
deteriorates, and S0 it is not a proper extension of the Euler—Maruyama scheme for
the case H = 2, see, for example, [7, 12]. This is not surprising because the limit

H— 5 of the SDE (1.1) corresponds to a Stratonovich SDE driven by standard
Brownian motion, while the Euler scheme (1.2) is the extension of the classical
Euler scheme for the 1t6 SDEs. It is then natural to ask the following question:
Can we find a numerical scheme that generalizes the Euler—Maruyama scheme to
the fBm case?

In this paper we introduce the following new approximation scheme that we call

a modified Euler scheme:

_x+/ b(X (s))ds—i-Z/ (7] Xg(s)
(1.3)

+HZ/ (Vo U] (g))( n(s))ZH !
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or
X! =X} +b(X})t —t)+ > ol (X}) (B! — B})

+ (Volol) (X))t — 1)

j=1

’

N~

for any t € [tg, txy1] and X = x. Here Vo/ denotes the d x d matrix

d 9ol _jk
)1<l k<d» and (Volol) = D kel E?xk ok,

( E)x

k

Notice that if we formally set H = % and replace B by a standard Brownian
motion W, this is the classical Euler scheme for the Stratonovich SDE,

t m t .
Xt:x—i-/ b(Xy)ds + :/ ol (Xy) dW)
0 ; 0
Jj=1

_x+/ b(X)ds—i—Z/ o/ (X5)8W/ + - / Z (Valol)(Xy)ds.

In the above and throughout this paper, d denotes the Stratonovich integral, and §
denotes the It6 (or Skorohod) integral.
For our new modified Euler scheme (1.3) we shall prove the following estimate:

(1.4) sup (E|X, — X7|")/P < cy,1,
0<t<T

for any p > 1, where

n2Hi=1/2 1f%<H<Z,
n
= , ifH=3,
(1.5) Vn JTogn 4
n, 1f% <H<1

Note that in (1.4), if we formally set H = %, then the convergence rate is n—1/2,

which is exactly the convergence rate of the classical Euler—Maruyama scheme in
the Brownian motion case. This suggests that the modified Euler scheme should be
viewed as an authentic modified version of the Euler-Maruyama scheme (1.2). The
cutoff of the convergence rate for the Euler scheme has already been observed in a
simpler context in [19]. The Lévy area corresponds to the simple SDE with b =0,
ol(x,y)=(1,0), o2(x, y) = (0, x). In particular, one has Vo/o/ =0, j =1,2
here, that is, no diagonal noise.

The proof of this result combines the techniques of Malliavin calculus with
classical fractional calculus. On the other hand, we make use of uniform estimates
for the moments of all orders of the processes X, X" and their first and second-
order Malliavin derivatives, which can be obtained using techniques of fractional
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calculus, following the approach used, for instance, by Hu and Nualart [8]. The
idea of the proof is to properly decompose the error X; — X' into a weighted
quadratic variation term plus a higher order term, that is,

m_ nt/T] .. k1 S . .
(1.6) X -xr=>Y Y f”(tk)f / 3B, 0B] + R/,
ij=1 k=0 Tk Ik

where |x| denotes the integer part of a real number x. The weighted quadratic
variation term provides the desired rate of convergence in L”.

To further study this new scheme and compare it to the classical Brownian mo-
tion case, it is natural to ask the following questions: Is the above rate of conver-
gence (1.4) exact or not? Namely, does the quantity y,(X; — X;') have a nonzero
limit? If yes, how does one identify the limit, and is there a similarity to the clas-
sical Brownian motion case (see [10, 13])? In the second part of the paper, we
give a complete answer to these questions. The weighted variation term in (1.6) is
still a key ingredient in our study of the scheme. As in the Breuer—Major theorem,
there is a different behavior in the cases H € (%, %] and H € (%, 1).IfH e (%, %],
we show that y, (X; — X}') converges stably to the solution of a linear stochastic
differential equation driven by a matrix-valued Brownian motion W independent
of B. The main tools in this case are Malliavin calculus and the fourth moment the-
orem. We will also make use of a recent limit theorem in law for weighted sums
proved in [3]. In the case H € (%, 1), we show the convergence of y,,(X; — X}') in
L? to the solution of a linear stochastic differential equation driven by a matrix-
valued Rosenblatt process. Again we use the technique of Malliavin calculus and
the convergence in L? of weighted sums, which is obtained applying the approach
introduced in [3]. We refer to [20] for a discussion on the asymptotic behavior of
some weighted Hermite variations of one-dimensional fBm, which are related with
the results proved here.

We also consider a weak approximation result for our new numerical scheme.
In this case, the rate is n~! for all values of H. More precisely, we are able to
show that n[E( f(X;)) — E(f(X}'))] converges to a finite nonzero limit which can
be explicitly computed. This extends the result of [31] to H > % Let us mention
that the techniques of Malliavin calculus also allow us to provide an alternative and
simpler proof of the fact that the rate of convergence of the numerical scheme (1.2)
is of the order n! =2 and this rate is optimal, extending to the multidimensional
case the results by Neuenkirch and Nourdin [18].

If the driven process is a standard Brownian motion, similar problems have
been studied in [10, 13] and the references therein. See also [2] for the precise
L2-limit and also for a discussion on the “best” partition. In the case % < H < %
the SDE (1.1) can be solved using the theory of rough paths introduced by Lyons;
see [15]. There are also a number of results on the rate of convergence of Euler-type
numerical schemes in this case; see, for instance, the paper by Deya, Neuenkirch
and Tindel [4] for a Milstein-type scheme without Lévy area in the case % <H<
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%, the paper by Friz and Riedel [5] for the N-step Euler scheme without involving
iterated integrals and the monograph by Friz and Victoir [6].

The paper is organized as follows. The next section contains some basic mate-
rials on fractional calculus and Malliavin calculus that will be used throughout the
paper, and introduces a matrix-valued Brownian motion and a generalized Rosen-
blatt process, both of which are key ingredients in our results on the asymptotic
behavior of the error; see Section 6 and Section 8. In Section 3, we derive the nec-
essary estimates for the uniform norms and Holder seminorms of the processes X,
X" and their Malliavin derivatives. In Section 4, we prove our result on the rate
of convergence in L? for the numerical scheme (1.3). In Section 5, we prove a
central limit theorem for weighted quadratic sums, and then in Section 6 we apply
this result to the study of the asymptotic behavior of the error y,,(X; — X7') in case
H e (%, %]. In Section 7, we study the L?”-convergence of some weighted random
sums. In Section 8, we apply the results of Section 7 to establish the L?-limit of
n(X;—Xj)incase H € ( %, 1). The weak approximation result is discussed in Sec-
tion 9. In Section 10, we deal with the numerical scheme (1.2). In the Appendix,
we prove some auxiliary results.

2. Preliminaries and notation. Throughout the paper we consider a fixed
time interval [0, T']. To simplify the presentation we only deal with the uniform
partition of this interval; that is, foreachn > 1andi =0, 1,...,n, we sett; = %
We use C and K to represent constants that are independent of n and whose values

may change from line to line.

2.1. Elements of fractional calculus. In this subsection we introduce the def-
initions of the fractional integral and derivative operators, and we review some
properties of these operators.

Leta,b € [0, T]witha < b, and let 8 € (0, 1). We denote by cP (a, b) the space
of f-Holder continuous functions on the interval [a, b]. For a function x : [0, T] —
R, lIxlla,»,p denotes the B-Holder seminorm of x on [a, b], that is,

|xu _xv|

W;a§u<v§b}.
vV—u

1 lap s = sup{

We will also make use of the following seminorm:

@.1) ||x||abﬂn=sup{w;a5u<v§b,n<u>=u}.

e (v —u)P
Recall that foreachn >1andi =0,1,...,n,t = % and n(t) =t; whent; <t <
l‘i—i-%.

We will denote the uniform norm of x on the interval [a, b] as ||x||4,p,00. When
a=0and b =T, we will simply write x|l for ||xlo,7,00 and [|x||g for [|x[lo,7,5-
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Let f € L'([a,b]) and « > 0. The left-sided and right-sided fractional
Riemann-Liouville integrals of f of order « are defined, for almost all ¢ € (a, b),
by

1 t
0= f (t — )% £ (s)ds

and

=" Mo pyas

- ') Ji
respectively, where (—1)% = ¢ and I'(«) = f°° r®=le=" dr is the Gamma
function. Let I, (L?) [resp., Ih (L?)] be the image of L?([a, b]) by the oper-
ator I, (resp., I;" ). If f e 1% (LP) [resp., f € I} (LP)] and 0 < a < I, then the
fract10nal Weyl derivatives are deﬁned as

. o () Cf0) =)
2.2) Do f O = r'd—a) ((t o Y e —seh ds>
and

. (=D @) bfe)y—f(s)
@3 D SO=ra"4 ((b "o ¢ / (s — et s)’

where a <t < b.

Suppose that f € C*(a, b) and g € C*(a, b) with A + p > 1. Then, according
to Young [33], the Riemann—Stieltjes integral [ Lf’ f dg exists. The following propo-
sition can be regarded as a fractional integration by parts formula, and provides an
explicit expression for the integral [ Lf’ f dg in terms of fractional derivatives. We
refer to [34] for additional details.

PROPOSITION 2.1. Suppose that f € C*(a,b) and g € CH(a,b) with
Adu>1.Let A >a and u > 1 — «. Then the Riemann—Stieltjes integral fah fdg
exists, and it can be expressed as

b b 1
(2.4) f fdg=(—1) / DE, f()D\ g, (1) dr,
where gp—(t) = 1(4.p)(1)(g(t) — g(b—)).

The notion of Holder continuity and the above result on the existence of
Riemann-Stieltjes integrals can be generalized to functions taking values in some
normed spaces. We fix a probability space (2,.%#, P) and denote by || - ||, the
norm in the space L? := LP(R2), where p > 1.
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DEFINITION 2.1. Let f ={f(¢),t € [0, T]} be a stochastic process such that
f(@t) e L? forall t € [0, T]. We say that f is Holder continuous of order 8 > 0 in
LP if

(2.5) |5 = f©l, < Clt —slP,
foralls,t €[0, T].

The following result shows that with proper Holder continuity assumptions on
f and g, the Riemann-Stieltjes integral foT f dg exists, and equation (2.4) holds.

PROPOSITION 2.2.  Let the positive numbers pg, A, 4, p, q satisfy po > 1, L+
w>1, % + ql =1 and pop > ﬁ, poq > %.Assume that f ={f(t),t €[0,T} and
g={g(),t €0, T1} are Holder continuous stochastic processes of order |1 and :
in LPOP and LP | respectively, and f(0) € LPOP Letm:0=tg<t) <--- <ty =
T be a partitionon [0, T],and &; :t;—1 <& <t;. Then the sum ZlNzl fEHgt) —
g(ti—1)] converges in LPY to the Riemann—Stieltjes integral fOT fdg as |r| tends
to zero, where || = maxi<;<p |t; — t;i—1|, and equation (2.4) holds.

Proposition 2.2 can be proved through a slight modification of Z#hle’s proof in
the real-valued case [34] using Holder’s inequality.

2.2. Elements of Malliavin calculus. We briefly recall some basic facts about
the stochastic calculus of variations with respect to an fBm. We refer the reader
to [22] for further details. Let B = {(B,l, ..., B"),t €[0, T]} be an m-dimensional
fBm with Hurst parameter H € (%, 1), defined on some complete probability space
(2, #, P). Namely, B is a mean zero Gaussian process with covariance

E(BIB)) = 1(t* + 51 — 1 —s™M)s;;, i j=1,....m,

forall s, ¢ € [0, T], where §;; is the Kronecker symbol.
Let ‘H be the Hilbert space defined as the closure of the set of step functions on
[0, T'] with respect to the scalar product

t2H +S2H 2H).

(110,11, Ljo,.s1)2 = 5( — |t —s|

It is easy to see that the covariance of fBm can be written as

t N
ozH// lu — v 2 dudv,
0 JO

where «y = H(2H — 1). This implies that

T T
<w,¢>y=aH/O fo Vudolu — vI* 2 dudv

for any pair of step functions ¢ and i on [0, T].
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The elements of the Hilbert space #, or more generally, of the space H®' may
not be functions, but distributions; see [28] and [29]. We can find a linear space of
functions contained in H®' in the following way: Let |#|®' be the linear space of
measurable functions ¢ on [0, T1' ¢ R such that

2 . l 2H-2 2H-2
160 = ot [ Wulldllin =012y — P2 dudy < .

where u = (uy,...,u;),v= (vi,...,v) € [0, T]. Suppose ¢ € L'/H ([0, TT).
The following estimate holds:

(2.6) Pl < br i@l Lim o1y

for some constant by ; > 0; the case [ = 1 was proved in [16], and the extension
to general case is easy; see [9], equation (2.5).

The mapping 10,/,] X - - X 1{0,5,,] = (B,ll, ..., B{") can be extended to a linear
isometry between H™ and the Gaussian space spanned by B. We denote this isom-
etry by 4 — B(h). In this way, {B(h), h € H™} is an isonormal Gaussian process
indexed by the Hilbert space H™.

Let S be the set of smooth and cylindrical random variables of the form

F:f(le""’BSN)v

where N > 1 and f € C;O(RmXN). For each j =1,...,m and ¢t € [0, T], the
derivative operator D/ F on F € S is defined as the 7{-valued random variable
_j(B.S‘lv"',BSN)I[O,Si](t)v te[os T]'
i=10X;

D/F =

We can iterate this procedure to define higher order derivatives D/!'+/! F which
take values on H®. For any p > 1 and any integer k > 1, we define the Sobolev
space D%? as the closure of S with respect to the norm

k m ) ‘ 5 p/2
||F||£,,,=E[|F|P]+E[Z( S D ,,F”H@,) }

I1=1 \ji,....ji=1

If V is a Hilbert space, D*? (V) denotes the corresponding Sobolev space of V-
valued random variables.

For any j = 1,...,m, we denote by 8/ the adjoint of the derivative operator
D/. We say u € Dom§/ if there is a 8/ (1) € L?(2) such that for any F € D!? the
following duality relationship holds:

2.7) E((u, D! F),)) =E(8' W) F).

The random variable 8/ (u) is also called the Skorohod integral of u with respect
to the fBm B/, and we use the notation 8/ (1) = fOT MISB{.
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Let F € D2 and u be in the domain_ of 8/ such that Fu € L%(2; H). Then
(see [23]) Fu belongs to the domain of §/, and the following equality holds:

(2.8) 8/ (Fu) = F8/ (u) — (D' F, u),,,

provided the right-hand side of (2.8) is square integrable.
Suppose that u = {u,, t € [0, T']} is a stochastic process whose trajectories are
Holder continuous of order y > 1 — H. Then, forany j =1, ..., m, the Riemann—

Stieltjes integral fOT u,dBtj exists. On the other hand, if u € D"?(H) and the
derivative D{u; exists and satisfies almost surely

T T
/ / |Duy ||t —s1*H 2 ds dt < oo,
0 0

and E(HDMH%I/H([O T]2)) < 00, then (see Proposition 5.2.3 in [23]) fOT ut(SBtj ex-

ists, and we have the following relationship between these two stochastic integrals:

T . T . T T .
(2.9) /u,dBtJ:/ u,SB,j+aH/ f Diu |t — s =2 ds dr.
0 0 0 0

The following result is Meyer’s inequality for the Skorohod integral; see, for
example, Proposition 1.5.7 of [23]. Given p > 1 and an integer k > 1, there is a
constant ¢, such that
(2.10) |6 @), < e plluliprrper,  forallu e DEP(HEF).

Applying (2.6) and then the Minkowski inequality to the right-hand side of (2.10)
yields
k
B (”)“p <C| ”u”P”Ll/H([O,T]P)
k

m
+CZ Z || D7v Jlqu||L1/H([0,T]P+1)
=1 ji,....i=1

@2.11)

for all u € DK-P (H®K), provided pH > 1.

2.3. Stable convergence. Let Y,, n € N be a sequence of random variables
defined on a probability space (£2,.%, P) with values in a Polish space (E, &).
We say that Y, converges stably to the limit Y, where Y is defined on an extension
of the original probability space (', %', P’), if and only if for any bounded .7 -
measurable random variable Z, it holds that

(Yn,Z) = (¥, Z)

as n — 0o, where = denotes the convergence in law.

Note that stable convergence is stronger than weak convergence but weaker
than convergence in probability. We refer to [11] and [1] for more details on this
concept.
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2.4. A matrix-valued Brownian motion. The aim of this subsection is to define
a matrix-valued Brownian motion that will play a fundamental role in our central
limit theorem. First, we introduce two constants Q and R which depend on H.

Denote by . the measure on R? with density |s — 7[> ~2. Define, for each
pEL,

Q(p)=T4H/01fpp+1/Ot /psu(dvdu)u(dsdt)

R(p)=T*" /01 /ppH/tl/psu(dvdu),u(dsdt).

It is not difficult to check that for % < H < %, the series ZpeZ O(p) and

> pez R(p) are convergent, and for H = %, they diverge at the rate logn. Then
we set (we omit the explicit dependence of Q and R on H to simplify the nota-

tion)

(2.12) Q=) 0(p), R=) R(p),

pEL PEZ

and

for the case H € (%, %), and

Q — lim Z|p|§n Q(P) _ T4H R = lim Z|p|§n R(P) _ T4H

n—00 logn 2 n—00 logn 2

for the case H = %.
LEMMA 2.1. The constants Q and R satisfy R < Q.

PrROOF. If H = %, we see from (2.12) that these two constants are both equal

to T%H Suppose H € (%, %). Consider the functions on R? defined by op(v,s) =
Lp<v<s<pt1), ¥p(.8) =l{p<s<v<p+1), p € Z. Then

—1 2 (p = V)
p=0 L2(R2, 1)

2 n—l

= 2. ((Mpzvss=pry Lg=vss=q+1) L2@®2 )

p,q=0
— (p=vzs<p+1}, Yg=s=vzg+1) 122, 1))

2 n—l

== (Q(p—q)—R(p— ).
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It is easy to see that the above is equal to

2"—1 j

=3 > (@) = RK)).

j=0k=—j

It then follows from a Cesaro limit argument that the quantity in the right-hand
side of the above converges to 2(Q — R) as n tends to infinity. Therefore, O > R.
O

Let WO/ = (W™ ¢t [0, T1},i <j.i,j=1,...,mand Wi/ = [W'V t e
[0,T]},i,j =1,...,m be independent standard Brownian motions. When i >
j, we define W,O’” = Wto’] *. The matrix-valued Brownian motion (W')1<; j<m,
i,j=1,...,mis defined as follows:

Wit — %(WWI,H)
and
Wil = j‘/_f%(mwl,ij +VRW%J)  wheni # .

Notice that this definition makes sense because R < Q. The random matrix W; is
not symmetric when H < %; see the plot and table below. For i, j,i’, j/ = 1,...,m,

the covariance E(W,ij Wsi J ) is equal to

2
oy (tAs)
2 (RS ir8r + Q8j:8ii0).

where § is the Kronecker function.
In the Figure 1 and Table 1, we consider two quantities for H € (%, %),

2 2
_ % _ %
q—mQ and I"—WR

We see that the values of ¢ and r approach 0.5 and 0 as H tends to %, respectively,
and both of them tend to infinity when H gets closer to %.

2.5. A matrix-valued generalized Rosenblatt process. In this subsection we
introduce a generalized Rosenblatt process which will appear in the limiting re-
sult proved in Section 8 when H > %. Consider an m-dimensional fBm B; =

(B,l, ..., B/") with Hurst parameter H € (%, 1). Define foriy,ir €1, ..., m,

. nt/T] fiy1 . . .
ZROE IO RN A
j=r Y
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0.5 0.55 0.6 0.65
Value of H

F1G. 1. Simulation of g and r.

When i; =iy =i, we can write

2H |nt/T]

z;';%zhm > H(E),
j=1

0.7 0.75

where H(x) = x> — 1 is the second degree Hermite polynomial and éj’.”i =

T-HyH(Bi

Lyl

- B,ij). It is well known (see [20]) that for eachi =1, ..., m, the

process Z ;’ (1) converges in L? to the Rosenblatt process R(t). We refer the reader
to [30] and [32] for further details on the Rosenblatt process.

When i; # i, the stochastic integral f,l/’ (i — Bf;)SBﬁz cannot be written
as the second Hermite polynomial of a Gaussian random variable. Nevertheless,
the process Zﬁ}’iz (1) is still convergent in L2. Indeed, for any positive integers n

TABLE 1
Simulation of q and r

H 0.5010 0.5260  0.5510  0.6010  0.6260
q 0.4990 04763 04580  0.4369 04375
r 9.9868x10~%  0.0256  0.0503  0.1053  0.1400

0.6510  0.7010  0.7260
04522  0.5669  0.7290
0.1845  0.3689  0.6149




EULER SCHEMES OF SDE DRIVEN BY FBM 1159

and n’, we have
E(Z12(1) 2} (1))

lnt/T] n't/T]

, ((k+1)/m)T i i i
=nn Z Z E[/(k/n)T (Bg' — B(k/n)T)(SBs
k'=0

/((k+1)/n/)T(Bl.1 B )cSBiZ]
X — ’
(/)T N (k/n")T s
lnt/T] [n't] T

((k+1)/m)T  p((K'+1)/nT pt s
/.2
=nn'a (dvdu)
" k;, 2 /( /( /(k/n)T/( g

oo Jk/mT '/ T K /n)T

X u(ds dt)

T2
aHf / lu — 4H “*dudv

=cyt s
2172
asn’,n — +oo, where cy = %2113)1) This allows us to conclude that Z:12(¢)
is a Cauchy sequence in L2. We denote by Z!'? the L2-limit of Z.?(¢). Then
Z'2 can be considered a generalized Rosenblatt process.
It is easy to show that

Bl|Z)" — 7] = Clr — 112
and by the hypercontractivity property, we deduce
13 E[|Z0" = Z0[P] = C,lr — 51P 2=

forany p > 2 ands, t € [0, T]. By the Kolmogorov continuity criterion this implies
that Z'''2 has a Holder continuous version of exponent A for any A <2H — 1.

3. Estimates for solutions of some SDEs. The purpose of this section is to
provide upper bounds for the Holder seminorms of solutions of two types of SDEs.
The first type [see (3.1)] covers equation (1.1) and its Malliavin derivatives, as
well as all the other SDEs involving only continuous integrands which we will
encounter in this paper. The second type [see (3.13)] deals with the case where
the integrands are step processes. These SDEs arise from approximation schemes
such as (1.2) and (1.3).

For any integers k, N, M > 1, we denote by Cif (RM; RN the space of k times
continuously differentiable functions f:RM™ — RY which are bounded together
with their first k partial derivatives. If N = 1, we simply write C 1’; (RM),

In order to simplify the notation we only consider the case when the fBm is one-
dimensional, that is, m = 1. All results of this section can be generalized to the case
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m > 1. Throughout the remainder of the paper we let 8 be any number satisfying

% < B < H. The first two lemmas are path-wise results, and they will still hold

when B is replaced by general Holder continuous functions of index y > §. The
constants appearing in the lemmas depend on 8, H, T and the uniform and Hoélder
seminorms of the coefficients. We fix a time interval [z, T'], and to simplify we
omit the dependence on t and 7 of the uniform norm and S-Ho6lder seminorm on
the interval [t, T'].

LEMMA 3.1. Fixt €[0,T). Let V ={V,,t € [t, T]} be an RM -valued pro-
cesses satisfying

t t
3.1 V,:S;+/ [gl(Vu)+UL}Vu]du+/ [gz(vu)+U3Vu]dBu,
T T

where g1 € C,(RM; RM), gy € CJRM; RM) and U' = (U}, t € [1, T1}, i = 1,2,
and S = {S;, € [t, T1} are RM*M _yalued and RM -valued processes, respectively.
We assume that S has B-Hélder continuous trajectories, and the processes U',
i =1, 2, are uniformly bounded by a constant C.

() If U' = U? = 0, then we can find constants K and K’ such that (t —
s)PIBllg <K,t <s <t <T implies

IVils.e8 < K'(IBllg+1) +2[Slp.

(i1) Suppose that there exist constants Ko and K(/) such that (t — s)P|| B|| s = Ko,
T <s <t <T implies

(32) 10210 = Ko(IBIls +1).
Then there exists a positive constant K such that

1/B
(3.3) max{ ||V eo, IV} < KeXBI8™ (15,1 4 1IS]15 + 1).

PROOF. The proof follows the approach used, for instance, by Hu and Nu-
alart [8]. Let Tt <s <t < T. By the definition of V,

t t
34 V,—V,=5, —Ss+/ [gl(vu)+U;vu]du+/ [gz(Vu)+U3Vu]dBu.
S N

Applying Lemma A.1(ii) to the vector valued function f : (u, v) — g2(v) +uv and
the integrator z = B, and taking 8’ = B yields

Vi = Vsl < 1Sllg(t — )P + (llg1lloo + ClIV s.1.00) = 5)
+ K1(llg2lloo + ClIV lls.r.00) | Bllg (¢ — )7
+ Ka(IIV&2lloo + C)IV 5.6 Bl — )%
+ K2l Vlls 00 |U [, g Bllgt — ).

(3.5)
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Step 1. In the case U! = U? = 0 (which means that we can take C = 0 and
|U?l5.c.p = 0), dividing both sides of (3.5) by (t — s)# and taking the Holder
seminorm on the left-hand side, we obtain

IVIsep <ISllg+ci(t—s)' P +Kic1|Bllg
(3.6)
+ Kact |V sl Bllg(t — s)P,
where (and throughout this section) we denote

(3.7) c1 =max{C, [Ig1llcos 182ll00s I V&2ll00}-

Take K = (K>c1)~!. Then for any T <s <t < T such that (t — s)?|| Bllg < K,
we have

IV Is.e.p <2lISllg +2c1(t — )P +2Kyc1||Bllg,

which implies (i).
Step 2. As in step 1, we divide (3.5) by (¢t — )P and then take the Holder semi-
norm on the left-hand side to obtain

IVIs.ep < ISIg +c1(14+ 1V ls.r00)(t — )P
+ Kiet(1+ 1V ls..00) 1Blig
(3.8)
+2Ka¢1 |V s pl Bllg(t — 5)P

+ KallV ls.r.00| U, g Bl = ).

If (t — s)P||Bllg < §(Kac1) ™!, then the coefficient of ||V |4 on the right-hand
side of (3.8) is less or equal than % Thus we obtain

IV llse8 < 208l +2¢1 (14 1V lls,1,00) (2 =)' 7

+2K1c1(1+ 1Vlls,,00) 1 Blig

+ 2K Vlsi,00| U, s I Bl (2 = 5)P.
On the other hand, assuming (r — s)P B g < Ko and applying (3.2), we obtain
(3.9) IVIs,e.p <201Slg + Cr(1+11Blg) (1 + 1V ls,1,00),
for some constant C;. This implies

1V ls.r00 < 1Vl 420 = )PS5+ Ci(t = )P (1 + 1Bllg) (1 + [V [l5.1.00)-

Assuming (¢t — s)ﬂ||B||5 < % and (r —s)P < % A % we obtain

(3.10) [Vlls.r,00 < 2| Vs +2[ISllg + 1.
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Take A =[|| Bl|5" min(zzi—, Ko, 7e)1"/# A (35 A 5)'/2. We divide the interval

[z, T]into N = LTZ’J + 1 subintervals and denote by s1, 52, ..., sy the left end-
points of these intervals and sy11 = 7. Applying inequality (3.10) to each interval

[si,siy1]l fori=1,..., N yields
(3.11) IV Ieo <2MF1(S: | +21IS g + 1)

From the definition of A we get
r 1/p
(3.12) N§1+X§1+Tmax(C2,C3||B||/3 )

for some constants Cy and C3z. From inequalities (3.11) and (3.12) we obtain the
desired estimate for ||V || 0.

Ift,s € [7, T] satisfy 0 <t — s < A, then from (3.9) and from the upper bound
of |V]lco We can estimate (‘; ’__S ‘)/fg by the right-hand side of (3.3) for some con-
stant K. On the other hand, if r — s > A, then

|Vt B Vsl
(t —s)P

We can obtain a similar estimate from the upper bound of ||V || oo and from the defi-
nition of A. This gives then the desired estimate for ||V || g, and hence we complete
the proof of (ii). [

<2|[V][A™h

For the second lemma we fix n and consider the partition of [0, T'] given by
=il i=0,1,...,n. Define n(t) =t; if t; <t <t; + L and e(t) = 1; + L if
f<t<ti+L.

LEMMA 3.2. Suppose that S, gi, Ul i =1,2 are the same as in Lemma 3.1.
Let g € C(I0, T]). Let V={V;,t € [t, T]} be an RM valued processes satisfying
the equation

tve(t)
Vi==5; +/ [gl(vn(u)) + Ur;(u) Vn(u)]g(u - n(u)) du
(3.13) °0

tve(r) )
+/( | [82(Vaw)) + Uy Vi1 d Bu.
(T

G IfU '=U? =0, then we can find constants K and K' such that (t —
$)PIBllg < K,t<s <t <T implies
IVIs.e.pn <K' (I1Bllg +1) +2[Slp-

(ii) Suppose that there exist constants Ko and K, such that (t — )| B s < Ko,
T <s<t<T implies

(3.14) 102151 5.0 = Kol Bllp +1).
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Then there exists a constant K such that

1/B
max{[|V oo, [ VIg} < Ke®IBIE" (15,1 4+ 1IS]5 + 1).

REMARK 3.1. The proof of this result is similar to that of Lemma 3.1. Nev-
ertheless, since the integral is discrete, we need to replace the Holder seminorm
Il - lls,z,5 by the seminorm || - |5/, g,» introduced in (2.1).

PROOF OF LEMMA 3.2. Let s,t € [t,T] be such that s < ¢ and s = 7n(s).
This implies s > (7). As in the proof of (3.5), applying Lemma A.1(i) [instead of
Lemma A.1(ii)] yields

Vi — V|
< ISllpt = )% + (110 + ClIV ll5.1.00) 1glloo (¢ = 5)
+ K1 (llg2lloo + IV lls.0.00) | Bllg (¢t = 5)”
+ K3[(IV&2lloo + OV st pn + 1V Ils.00 1 U, I Bllg = )7

Dividing both sides of the above inequality by (r — s)? and taking the Holder
seminorm on the left-hand side, we obtain

IVIspn < 1S + (lg1llco + CIV lls.t,00) 18lloo(t — $)' 7
+ K1(l1g2lls0 + ClIV ll5.1.00) | Bll g
+ K3(IV82lloe + O) IV 5.l Bllp(t — 5)°
+ K3l Vis.00l U5, g | Bllg(t — )P
Step 1. In the case U'=U? =0, (3.15) becomes

(3.15)

IV lls,,8.n
< ISl +cillgloct =)' P + Kier|Bllg + Ksc1llV lls.r,.0 1| Bll gt = 5)F,
where c; is defined in (3.7). Taking K = %(K3Cl)_l, for any 7 <s <t < T such
that (r — s)/gllBllﬁ < K, we have
IV s.pn <20Slp +2¢1lIglloo — $)' P + 2K 1[I Bllg.

This completes the proof of (i).

Step 2. In the general case, we follow the proof of Lemma 3.1, except that we
assume s = 7(s) and use the seminorm | - |5/, ,» instead of || - ||5.,, 5. We also
apply (3.14) instead of (3.2). In this way we obtain inequality (3.9) with ||V |5 s
replaced by ||V |57, ,n» that is,

(3.16) IVils,e,.0 <208l + Cr(1+ 1Bllg) (1 + 11V lls,1,00)
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for some constant C. Inequality (3.10) remains the same,
(3.17) 1Vls,r.00 <2[Vs|+21ISllg + 1,

provided s = 5(s), and both  — s and (r — 5)?| B]|| g are bounded by some con-
stant Cy.
Take A = (Ci/’g | B ||El/ﬂ) A C4. We are going to consider two cases depending

on the relation between A and ZTT
IfA> ZTT, we take N = L#f(mj and divide the interval [e(T), &(T) + N%]
into N subintervals of length %. Since the length of each of these subintervals is

larger than %, we are able to choose N points s1, $2, ..., sy from each of these
intervals such that s; = &(t) and n(s;) =s;, i = 1,2, ..., N. On the other hand,
we have s; 11 —s; < Aforalli =1,..., N — 1. Applying inequality (3.17) to each
of the intervals [s1, s2], [52, 53], ..., [sn—1, sn ], [sn, T] yields

(3.18) IVIler). Too < 2V T (1Ser) | +201SN1p + 1).

From the definition of A we have
(3.19) N=—=<K+KIBlg",

for some constant K depending on 7" and Cy4. From (3.18) and (3.19) and taking
into account that

(3-20) ||V||r,£(r),oo = ||S||1:,e(r),oo =< |Sr| + Tﬂ”S”ﬁ’

we obtain the desired estimate for || V]| so.
IfA< 27T, that is, when n < ZXT <K+ K||B||l13/5, then by equation (3.13) we
have

Vil < Vo)l + 180 = Syoy | + (1 + Cl1Vy ) l1glloo(T/ 1)
+ (c1 + CIVyw ) IBllp(T/n)f
< Au+ Ba|Vyol,
for any ¢ € [t, T], where
An = |S1p(T/n)P +ciliglloo(T/n) + c1| Bl (T /n)?
and
By =1+ Clglloo(T/n) + C|Blg(T/n).
Iterating this estimate, we obtain
IV lle(r).T.00 < 1Se(r)| Bl +nAn By~

(3.21)

1/B
< K(1Se)| + 1S5 + 1)e5 1815
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for some constant K independent of n, where we have used the inequality

B! < oK(U+IBlpn'~F
n — b

and the fact that n < K + K||B ||/13/ P for some constant K. Taking (3.20) into ac-
count, we obtain the desired upper bound for ||V || so.

In order to show the upper bound for ||V ||, 7,5, we notice thatif 0 <r —s < A,
then from (3.16) and from the upper bound of ||V ||, 7,00, We have

1/
IVIles).e.p.n < K(ISc|+ 1ISllg + l)eKlan,g ’

for some constant K. Thus

|Vt_Vs| |Vs(s)_vs|
C—5)F = 1V lles),e,pn + e(s) —5)P

1/B
< K(IS:| + [IS|lg + 1)1l

If t —s > A, we can obtain the upper bound of ||V ||g by an argument similar to
that in the proof of Lemma 3.1. The proof of (ii) is now complete. [J

The following result gives upper bounds for the norm of Malliavin deriva-
tives of the solutions of the two types of SDEs, (3.1) and (3.13). Given a process
P ={P;,t €[t,T]} suchthat P; € DN-2_ for each ¢t and some N > 1, we denote by
25 P the maximum of the supnorms of the functions Py, Dy, Py, ..., DA] 77777 v Pro
overry,...,ry € [7, T], and denote by Zy P the maximum of the random variable

over ro,...,ry € [t,T]. If N =0, we simply write Z; P :7.|-|.’P||oo and 9P =
max (|| Plleo, [ Plg)-

LEMMA 3.3. (i) Let V be the solution of equation (3.1). Assume that g =
g2 = 0. Suppose that U' are U? are uniformly bounded by a constant C, and
assume that there exist constants Ko and K|, such that (t — s)P IBllg < Ko, T <
s <t <T implies
(3.22) 10,5 < Ko(IBllg +1)-

Suppose that S, U, U2 D2 where N > 0isan integer, and D, S; = D, Uti =0,
i=1,2,if0<t <r <T,and suppose that there exists a constant K > 0 such that

1/
the random variables 9y S, QX,UI, PnU? are less than or equal to KeXIBlg

/ 1/
Then there exists a constant K’ > 0 such that Dy'V is less than K’ K NBlg"

(ii) Let V be the solution of equation (3.13). Then the conclusion in (i) still
holds true under the same assumptions, except that in (3.22) we replace |U 2 5.2,
by |U? It .n-
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PROOF. We first show point (i). The upper bounds of || V||« and ||V g fol-
low from Lemma 3.1(ii). The Malliavin derivative D, V; satisfies the equation (see
Proposition 7 in [26])

t t
D,v,:s}”+/ U;D,Vudu+/ U2D,V,dB,
r r
while ¢ € [r vV 7, T] and D, V; = 0 otherwise, where
t t
3.23) SV .= D,S,+U,2V,+/ [D, UV a’u+/ [D,U2]V,dB,
r r

for t € [r v 7, T]. Lemma 3.1(ii) applied to the time interval [r, T], where r > T,
implies that

1/B
max{|| DV lr.7.00 1DV r7.p}) < KeKIPlE" (IS4 SV, 7 5 +1).

Therefore, to obtain the desired upper bound it suffices to show that there exists
a constant K independent of r such that both || S1 ||, 7 o and | SW |, 7 5 are less

1/8
than or equal to K eKIBlS™ Applying Lemma A.1(ii) to the second integral in

(3.23) and noticing that 1Dy U?| 50, ||DrU2||r,T’,3, IVileos IV Ilr,7,p are bounded

1/8 1/8
by KeXIBlIE"  we see that the upper bound of || S| is bounded by KeXIBlg™

On the other hand, in order to show the upper bound for ||.§ M 7,5, we calculate

sh_g»
(t—s)P

using (3.23) to obtain

50 — st o
W <ID/Slr1,p+ (t —5) ﬁfs [DrUu]Vu du

t
+ —s)—ﬂ/ [D, UV, dB,.

Now we can estimate each term of the above right-hand side as before. Taking the
supremum over s, t € [r, T] yields the upper bound of ||.S M) lr,7,8-

We turn to the second derivative. As before, we are able to find the equation of
Dr2| o Vissee Proposition 7 in [26]. The estimates of Drzl r, Vi can then be obtained
in the same way as above by applying Lemma 3.1(ii) and the estimates that we just
obtained for V; and D;V;, as well as the assumptions on S and U ! The estimates
of the higher order derivatives of V can be obtained analogously.

The proof of (ii) follows along the same lines, except that we use Lemma 3.2(ii)
and Lemma A.1(i) instead of Lemma 3.1(ii) and Lemma A.1(i). U

REMARK 3.2. Since S > %, from Fernique’s theorem we know that

KeX1B ”;‘/ﬁ has finite moments of any order. So Lemma 3.3 implies that the uni-
form norms and Hoélder seminorms of the solutions of (3.1) and (3.13) and their
Malliavin derivatives have finite moments of any order. We will need this fact in
many of our arguments.
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The next proposition is an immediate consequence of Lemma 3.3. Recall that
the random variables &y, P and &y P are defined in Section 3.

PROPOSITION 3.1. Let X be the solution of equation (1.1), and let X"
be the solution of the Euler scheme (1.2). Fix N > 0, and suppose that b €
C,ﬁv(Rd, RY, 0 € CZ,VH(R“', RY) (recall that we assume m = 1). Then there ex-
ists a positive constant K such that the random variables Iy X and Py X" are

K18l " N+2(md od
bounded by Ke p for all n € N. If we further assume o € C,/ " (R%, R%),
then the same upper bound holds for the modified Euler scheme (1.3).

PROOF. We first consider the process X, the solution to equation (1.1). The
upper bounds for || X[l and || X||g follow from Lemma 3.1(ii). The Malliavin
derivative D, X, satisfies the following linear stochastic differential equation:

t t
(3.24) DrXt:a(Xr)—i-‘/. Vb(Xu)D,Xudu—i-/ Vo (X,)D, X, dB,,
r r
while 0 <r <t <T, and D, X; = 0 otherwise. Then it suffices to show that

KiBlg"
(3.25) sup Iy (D, X) <Ke B,
rel0,T]
for M = N — 1. We can prove estimate (3.25) by induction on N > 1. Set §; =
o(X,), Ul = Vb(X;) and U? = Vo (X,). Applying Lemma 3.1(i) to X we obtain
that U? satisfies (3.22). Therefore, Lemma 3.3 implies that (3.25) holds for M = 0.
Now we assume that

1/
sup Zy (D, X) < KeX1Bls
rel0,T]

for some 0 < M < N — 2. It is then easy to see that

1/
D (UY) Y Dy (U V Dy (5) < KM 1Pl

taking into account that b € C év R RY, 0 e C év +1(Rd : R9), which enables
us to apply Lemma 3.3 to (3.24) to obtain the upper bound of the quantity
SUP,¢[0,7] Dy+1(DrX).

The estimates of the Euler scheme and the modified Euler scheme and their
derivatives can be obtained in the same way. We omit the proof, and we only point
out that one more derivative of o is needed for the modified Euler scheme because
the function Vo is involved in its equation. [J

4. Rate of convergence for the modified Euler scheme and related pro-
cesses. The main result of this section is the convergence rate of the scheme
defined by (1.3) to the solution of the SDE (1.1). Recall that y,, is the function of
n defined in (1.5).
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THEOREM 4.1. Let X and X" be solutions to equations (1.1) and (1.3), re-
spectively. We assume b € C;(Rd; RY), o € C,‘,‘(Rd; RA*™)_ Then for any p > 1
there exists a constant C independent of n (but dependent on p) such that

sup E[|X! — X, |’/ <y,
T

0<t<

PROOF. Denote Y := X — X". Notice that Y depends on n, but for notational
simplicity we shall omit the explicit dependence on n for ¥ and some other pro-
cesses when there is no ambiguity. The idea of the proof is to decompose Y into
seven terms [see (4.7) below] and then study their convergence rate individually.

Step 1. By the definitions of the processes X and X", we have

)]s

t
Y, = /O [b(X,) — B(X") + b(X") — b(X",

+ Zl /0, [07(Xs) — o/ (X") + 0/ (XT) — af'(Xg(s))] dB}]
iz

m t
o 2H-1
a HX;/(; (Voo /) (X)) (s = n(s)) ds.
j=
By denoting
i P i 1

. 1 .
o{(s):/o Vo/!(0Xs+ (1 —6)X")do,

we can write

t m t . . t
Yt=/(; b1(s)Y; ds—l—Z/O alj(s)stst +/(; [b(X?)—b(XZ(S))]ds
Jj=1

m o . | . o
+ ZI/O [G-/(Xg) —o’ (X:r;(s))]stJ —H 2:1/0 Ud(S)(s . W(S))ZH_lds,
j= =

Let A" ={A},t €[0, T]} be the d x d matrix-valued solution of the following
linear SDE:

t mo et .
(4.1) A?=1+/ bl(s)Afds—i—Z/ ol (s)A"dB!,
0 . 0
j=1

where [ is the d x d identity matrix. Applying the chain rule for the Young integral
to 'Y A}, where I'/, t € [0, T'] is the unique solution of the equation

t m ot : .
(4.2) =1 —/O I'7bi(s)ds — Z/O o (s)dB],
j=1
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fort € [0, T], we see that '} A} = ATT'} =1 forall t € [0, T]. Therefore, (A?)_l
exists and coincides with I'}'.
We can express the process Y; in terms of A} as follows:

t
o= [ AT — b(X )] ds
m t . ; .
@3 # 32 [, AL ) = (X ]

—HZ/ AlTo, (s) s—n(s))zH !

The first two terms in the right-hand side of equation (4.3) can be further decom-
posed as follows:

4 . . .
| o (x2) = o/ (X )] B
- /t APT"b] (s)(s — n(s)) d B
(44) +Z / AITIod () (B — Bl,)) dB]
+/ AT (5)(s — n(s))*" d B]

=1 ;) + Z I ji(1) + 1s (D),
i=1

where
bl(s) = f Vol (OX7 + (1—0)X" )b(X") o,
I (s) = / Vol (0X! + (1 —0)X1 )0’ (XI) d6,
of(s) = / Vol (X" + (1 - 6)X,) Zaé(s)de
and -

AL [T — bl )]s

t ) .
4.5 =A" /0 F?b3<s>[b(xz<s))( —1(s)) +Zo’ n) (Bl = Bj)
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Z o} (s) n(s))ZH:| ds

j=1

l\)lv—‘

+

=111(t) + Z Lo, j (1) + 113(2),
=1

where b3(s) = fol Vb(OX?+ (1 —-60)X" ))do. We also denote

n(s)
2H— 1

(4.6) Is (1) = —HA’;/O | o (s)(s —1n(s))
Substituting equations (4.4), (4.5) and (4.6) into (4.3) yields

m m m m m
@7 Y=In+)Y hoj+Iln+Y b+ Y Lji+y L+ Is;.
j=1 j=1 jri=1 j=1 j=1
Step 2. Denote by (A");, i =1,...,d, the ith columns of A”. We claim that
(A™); satisfy the conditions in Lemma 3.3 with M =d, t =0, U! = b (1),
U = 0 /(1) and N = 2. We first show that U? satisfies (3.22). Taking into ac-
count that b € Cj 3RAERY), o € C?(Rd, R4xm) it suffices to show that both X
and X" satisfy (3.22). This is clear for X because of Lemma 3.1(i). It follows from
Lemma 3.2(i) that there exist constants K and K’ such that (t — s)?| B|| =K,
0<s <t <T implies
I X" Ny p.n = K'(IBlIg +1).
Notice that
X7 = X510 _ | XF = XZol 1 XG) — XY
(t—s)F = (t—e@)f  (e(s) —9)F
| X" — X7
< Xl’l e(s) §
— H Hs,t,ﬂ,n + E(S) —g
for t,s:t > e(s), where we recall that e(s) = tx+1 when s € (t, tx+1]. Therefore,
to verify (3.22) for X" it suffices to show that

[ X" 5.5 < K'(IBllg +1)
for s,t € [y, ty+1] for some k. But this follows immediately from (1.3). On the

other hand, the fact that 25U Iand 2,U? are less than K eK”B”llﬁ/ﬂ for some
K follows from Proposition 3.1, and the assumption that b € Cg (R%: R, o €
Cl‘)1 (R4; R4*m) where 25 and 2, are defined in Section 3.

In the same way we can show that the columns of I'"* satisfy the assumptions of
Lemma 3.3. As a consequence, it follows from Lemma 3.3 that

1/
(4.8) DA DT < KeKIBlg
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Step 3. From (4.8) and from the fact that b € C;(Rd; R?) and o € CZ‘(R‘Z;
R4*my it follows that

(4.9) E(1n@)|")"? <cn™' and E(|[Lz0)|)"? <cn™?H.

Notice that n~! and n=2# are bounded by ynfl. Applying estimates (A.4)

and (A.5S), inequality (4.8) and Proposition 3.1, we have for any j

E( a0 <cn™t,  E(L;0")"" <cn,
(4.10)
E(|Iy;(1)|")"? <cn=2H.

Now to complete the proof of the theorem it suffices to show that for any j,

E(Y" 1,5, () + I5,j(t)|p)1/p < Cynfl. For any fixed j we make the decom-
position

m

(4.11) 213,j,i+15,j=E1,j+E2,j+E3,j,
i=1

where

Ey j(t) =AY} Z/ ([0 (s) - 7 (Volo')(Xp)](Bi — By ,) dB].

t o . . .
Ep j(t) = A} Z/o T (Val o' ) (X5 5) (Bs — Bys)) dBY

2H1
)

9

— HA"[ F”(s)cro ($)(s —n(s)

B30 = HAT [[ (T, = T2ad s = ()" ds

Applying (4.8) for the quantities ||A"|lo and ||[I'"||g, it is easy to see that
E(|E3,j(t)|”)1/” < Cn'2H=P for any % < B < H. On the other hand, applying
estimate (A.15) from Lemma A.5 to E ;, we obtain E(lEl,j(t)lp)l/p < Cnl—3#p
for any % < B < H. Notice that the exponents n' ~2#=# and n'=3# are bounded
by y,~ ! if B is sufficiently close to H.
Taking into account the relationship between the Skorohod and path-wise inte-

gral, we can express the term E» ; as follows:

m_|nt/T] IAL s
(4.12) Eyj()=A}Y Y Fp - ’/ 8B.SB!,

i=1 k=0 i
for t € [0, T'], where F” ] F”(Vafa )(X”) and we define t,41 = (n + 1)%.
From (4.8) and Proposition 3.1, we have

i, J ; 1/
(4.13) max{|F;""|, i) < KeKIBlg

ritt
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Hence, applying estimate (A.8) from Lemma A.4 to E; (), we obtain
E(lEZ’j(t)V’)'/P < Cyn_l. The proof is now complete. []

The following result provides a rate of convergence for the Malliavin derivatives
of the modified scheme and some related processes. Recall that 8 satisfies % <
B <H.

LEMMA 4.1. Let X and X" be the processes defined by (1.1) and (1.3), re-
spectively. Suppose that o € Cg(]Rd; R&*™M) b e Cg(]Rd; RY). Let p > 1. Then:

(i) There exists a constant C such that the quantities ||DsX; — Dy X['| p,
| D, DsX; — Dy DX\ p, || DuDy Ds Xy — Dy Dy D5 X ||, are less than Cn'=2P for
allu,r,s,t €0, T]andn € N.

(ii) Let V and V" be d-dimensional processes satisfying the equations

t m r . .
Vi=Vor [ ACXoVadut+ Y [ X0 X VadB],
2

t m t . .
Ve =Vo+ [ A XDV dut Y [ F (X XDV dB],
=1

where fi € C3(R?Y x R4 R and f € CH(R? x RY; RY*4). Then there exists
a constant C such that the quantities ||V; — V/*|| p, [|1DsVy — Dg V|| p, [|Dy DgV; —
D, D;V/'||, are less than Cnl—2p forallr,s,t € [0, T] andn € N.

REMARK 4.1. The above results still hold when the approximation process
X" is replaced by the one defined by the recursive scheme (1.2). The proof follows

exactly along the same lines.

PROOF OF LEMMA 4.1. (i) Taking the Malliavin derivative in both sides
of (4.3), we obtain

D(X, = X7) = [ DATTH0(X?) — b(X; )] ds

+ Z[ (AT o/ (X)) — o/ (X)))]dB]

+ Z: AT (o7 (X™) — UJ(Xn(r)))

- H Z/ [AIT?o (s)](s - n(s))ZH !
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Proposition 3.1 and equation (4.8) imply that the first, third and last terms of
the above right-hand side have L”-norms bounded by Cn!=2#. Applying esti-
mate (A.16) from Lemma A.5 to the second term and noticing that || X| s and
sup,co.77 | Dr X || g have finite moments of any order, we see that its L”-norm is

also bounded by Cn!=2A.

Similarly, we can take the second derivative in (4.3) and then estimate each term
individually as before to obtain that the upper bound of || D, Dy X, — D, D; X} ||, is
bounded by Cn'—2#.

(i1) Using the chain rule for Young’s integral we derive the following explicit
expression for V; —

vy = / YT (fi (X, Xs) — f1(Xg, XP)) VI ds
(4.14)
+Z/ T (] (X X — £ (Xe, X)) VB

where Y = {Y;, t € [0, T']} is the R*4_yalued process that satisfies
t m . et . .
=1+ [ A X Tids+ 3 [0 X0 dB!.
—
Lemma 3.3 implies that there exists a constant K such thatforalln e N, u,r,s,t €

[0, T'], we have

K|B|y*
(4.15) max{Yy, Dy Yy, D, Dy Yy, D, D, DY, } < Ke* 1Pl

Therefore, applying estimate (A.4) to the second integral in (4.14) with v =0 and
taking into account the estimate of Lemma 4.1(i), we obtain

V—V*| <cn'"?,
P

Taking the Malliavin derivative on both sides of (4.14), and then applying esti-
mates (A.4) from Lemmas A.3 and 4.1(i) as before, we can obtain the desired
estimate for ||DyV; — DgV/"||,. The estimate for || D, D;V; — D, D;V/"||,, can be
obtained in a similar way. [l

We define {A;, ¢ € [0, T']} as the solution of the limiting equation of (4.1), that
18,

t m t . .
(4.16) Ar=1 +/ Vb(X)Asds + Z/ Vo/(Xs)AsdB].
0 — Jo
The inverse of the matrix A, denoted by I';, exists and satisfies

t m t . .
=1 —/ I;Vb(X,)ds — Z/ I''Vo/(Xs)dB].
0 : 0
=1
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It follows from Lemma 4.1 that if we assume that o € C 2 (RZ: RI*m) and b €
Cg (R?; R?), then the estimate in Lemma 4.1(ii) holds with the pair (V, V") being
replaced by (I';, I'") or (A;, A?),i=1,...,d, where the subindex i denotes the
ith column of each matrix.

5. Central limit theorem for weighted sums. Our goal in this section is to
prove a central limit result for weighted sums (see Proposition 5.5 below) that will
play a fundamental role in the proof of Theorem 6.1 in the next section. This result
has an independent interest and we devote this entire section to it.

We recall that B = {B;,t € [0, T']} 1s an m-dimensional fBm, and we assume
that the Hurst parameter satisfies H € ( ] Forany n > 1 we set t; = n , j

0,...,n.Recall that n(s) =t if txy <s < tk+ 1. Consider the d x d matrix-valued
process
RN ) le+1 i i i ..
g, =y"2/z (B — B,y 5))8 B, 1 <i,j<m,
k=0

where we denote {r} = [ % | for7 € [0,T) and {T} =1,_1.
PROPOSITION 5.1. The following stable convergence holds as n tends to in-
finity
(E", B) > (W, B),

where W = {W;,t € [0, T} is the matrix-valued Brownian motion, introduced in
Section 2.4, and W and B are independent.

PROOF. From inequality (A.8) in Lemma A.4 it follows that

k—j\?
(5.1) E(!EZ—E?A\“)SC( J)»

n

for any j < k. This implies the tightness of (E", B).
Then it remains to show the convergence of the finite dimensional distributions

of (E", B) to that of (W, B). To do this, we fix a finite set of points r1, ..., 7 41 €
[0,T] such that 0 =ry <rp < --- <rpy1 < T and define the random vectors
By =By, — By,....,B,, ., — B;;), E] = (E’ﬁ2 - E'rll,..., E;’LH — E;’L) and
W =Wy, = Wr, ..., W, — W, ). We claim that as n tends to infinity, the
following convergence in law holds:

(5.2) (87,BL)= (W, Byp).

For notational simplicity, we add one term to each component of &7 , and we define

. {rie1}
(5.3) O] (i, j) =B — LN oph = Z &
{ri}
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forl <I<L,1<i,j<d,where

. Tk+1 . . .
S RRCE A

k

Then Slutsky’s lemma implies that the convergence in law in (5.2) is equivalent to
()G, j),1<i,j<d,1<I<L,BL)= (WL, Bp).

According to Peccati and Tudor [27] (see also Theorem 6.2.3 in [21]), to show
the convergence in law of (®7, By ), it suffices to show the convergence of each
component of (8" , Br) to the correspondent component of (W, By,) and the con-
vergence of the covariance matrix.

The convergence of the covariance matrix of ®7 follows from Propositions 5.2
and 5.3 below. The convergence in law of each component to a Gaussian distribu-
tion follows from Proposition 5.4 below and the fourth moment theorem; see [24]
and also Theorem 5.2.7 in [21]. This completes the proof. [

In order to show the convergence of the covariance matrix and the fourth mo-
ment of ®, we first introduce the following notation:

D ={(s,t,v,u):ty <v<s<tgyi,u,t€[0,T]},
(5.4)
Diyky ={(s,t,v,u) ity SV S <tpyp1s thy SUST<lg, 41}

The next two propositions provide the convergence of the covariance
E[O7 G, j)O7 @, j)] in the cases [ = 1" and [ # I’, respectively. We denote
ﬂk/n(s)zl[tk,lkJrl](S)-

PROPOSITION 5.2.  Let ®] (i, j) be defined in (5.3). Then
v -7
5.5  E[O](.j)Ori. )] — aﬁ,%(mﬁ/aﬁ/ + 085811,

as n — +00. Here §;;: is the Kronecker function, oy = H(2H — 1) and Q and R
are the constants defined in (2.12).

PROOF. The proof will involve several steps.
Step 1. Applying twice the integration by parts formula (2.7), we have

E[67(i", ))O] G, )]
(5.6)
{ri41} .
=ah v Y /D D, D] @} (i', j ) u(dvdu)u(dsdt),
k={ri} = %
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where we recall that {¢t} = L"th fort € [0,T) and {T} =t,—1, and Dy, is defined
in (5.4). Since

D, D! e} (W', j)
(5.7)

{ri+1}

=vn Y (1 B/n ()8 j78iir + Vit () By )8 i1 8i1),
k=t

the left-hand side of (5.5) equals

{ri+1}

o2y S /D (g 10 B (018185
k

k,k'={r;)
+ Lp ) (O Bi yn )8 8 jr Y (dv du) ju(d's )
= oy, (G188 + G28i8;j1).
In the next two steps, we compute the limits of ynzGl and ynsz as n tends to

infinity in the case H € (%, %) and in the case H = % separately.
Step 2. In this step, we consider the case H € (%, %). Recall that

Q(P)=T4H/01/ppH/Ot‘/:,u(dvdu),u(dsdt)

— n*H f w(dvdu)p(ds db),
D

k' k' +p
which is independent of n, where the set D, i, is defined in (5.4). We can express
ynzGl in terms of Q(p) as follows:

{ri+1}
)/,12G1=n4H_1 Z udvdu)u(dsdt)
kk'={r}  Pr

1 {rivi}={r} dr}=pIAlr}

= > > Q(p)

p={ri}—{ri+1} K=({r}-p)vin}

= ) Y(P»ow),

p=—00
where

—P)A - —-p)V
v (p>=({rl+l} P) {rl“n} (e} = ) {rl}1[{r1}—{r/+1},{rz+1}—{r1}](P)-

The term W}' (p) is uniformly bounded and converges to w as n tends to infin-

ity for any fixed p. Therefore, taking into account that Z‘,’f:_oo 0(p)=0 < o0,
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the dominated convergence theorem implies
Ti41 — 1]

2
nll>nc}o Vn Gi= T Q )
Similarly, we can show that
hm y2G2 = WR.

Step 3. In the case H = Z’ we can write

{ri+1}

2
dvdu)u(ds dt
v2G lognka /D p(dv du)(ds di)
1 {rip1}={r}  {rie1}
= o o)
EM ptr—tr K =(r)
1 0 —p—1  A{rp}—{r} {riv1}
_nlogn{ > Z + > > Q(p)
p=lr)—{r+1) K'={r) p=1  K={ri1}—p+1
=G +Gs.

Taking into account that Q(p) behaves like 1/|p| as |p]| tends to infinity, it is

then easy to see that G2 converges to zero. On the other hand, recall that O =
lim,, s 4 5o % This implies that G 11 converges to g(rl+1 —r7). This gives

the limit of y,; >G1. The limit of ynsz can be obtained similarly. [

PROPOSITION 5.3. Letl,l’ € {1,..., L} be such thatl #1'. Let ®" be defined
as in (5.3). Then

(5-8) lim E[©7(i", /)07 (. /)] =

n—oo

PROOF. Without any loss of generality, we assume [’ < [. As in (5.6) we have

VI+1
E[O7 (", /)0 (. D] =afyvn Y / D.D]@L(i’, j')u(dvdu)u(ds dr).
k={r;}
Taking into account (5.7), we can write
CAGNICAEN]
{riga} rrgd

a2 Y Z f (1101 (0181851

k={ri} k'={ry}
+ 1111 (0 B yn ()8 78 } i (dv du) ju(ds dt)
= Ot%_])/nz(élajj/&'if + 628]'1'/5,']'/).
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In the case H € (l, é) we have

{rig1} {rvgad

Gy =n*"1 Z > L, M 100 Bien (v duyu(ds )
k={ri} k'={ry}

1 {ric}—={rp} lrp i Inlrie1d=p)

= Y > Q(p)

M p=tr—try ) K=({r)—p)Viry)

Z 7 (p)Q(p),

where ®7(p) is equal to

max{({ry+1} — p) AMrig1} — (i} — p) vV {r]}, 0}
n
The term @} (p) is uniformly bounded and converges to 0 as n tends to infinity for
any fixed p because [ < [’. Therefore, taking into account that ) 7 =00 Q(p) =
QO < 00, the dominated convergence theorem implies that Y, 2G| converges to zero

as n tends to infinity. Similarly, we can show that y,; 2G, converges to zero as n
tends to infinity.

In the case H = %, since

Lirpy =ty W=t 1 (P)-

{ris1} {rva}

Z Z/ p(dvdu)p(ds dr)

M =ty k=) Pk

1 {rie}={ryy lrp i dndrii}=p)

= > > Q(p),

ninn ) K= —pvir)

we have

{riv1}={rp} A{re1}—p

.G < > > 0
nlnn
p={r}—{rp 1} K'={ry}
0
< 1 .
< Y (p+1DO(p)

p=-n

Noticing that Q(p) = 0(‘;7'), we conclude that ynzél < & This shows that

ynz(N?l converges to zero as n tends to infinity. In the same way we can show that
ynZGz converges to zero. [J

The following estimate is needed in the calculation of the fourth moment of
®7j (i, j) in Proposition 5.4.
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LEMMA 5.1. Let H € (%, %]. We have the following estimate:

n—1

> (Brayns Brayn)r Brayns Brsyn) (Brs /s Brayn) 1 Bry s Brajn) 2
ky.ky k3. ks=0
< Cn_2yn_2.

PROOF. Since the indices k1, k2, k3, k4 are symmetric, it suffices to consider
the case k1 < k» < k3 < k4. By definition of the inner product we have

Z (Bki/ns Broyn) 1 Bra yn> Brsn) 1 Brs/ns Brayn )+ By /ns Brajn) 1

T8H n—1 n—1 n—1 n-—1

=WZ > 2 > (ke =k 1P+ ko =k — 1P
k

1=0ko=ky k3=k ka=k3

— 2lky — ki |*)
x (Jk3 — ko + 127 kg — ko — 1121
—2lk3 — ka|*)
x (ks — k3 + 12 + kg — ks — 112H
— 2lky — k3|*")
x (kg — ki + 112 4 kg — ky — 122
— 2lkq — ki [*).

Denote p; = ki1 — ki, i =1, 2, 3. Then the above sum is bounded by

n—1
cn'=8 N ptAT2p A p 2 (py 4 py + p3)?

p1,p2,p3=1
which is again bounded by

n—1
1-8H 2H-2 2H-2 4H—-4
Cn Yoo piT e

P1,p2,p3=1

In the case H € (%, %), the series 223_211 ng s convergent. When H = %, it is

bounded by C logn. So the above sum is bounded by Cn~47—1 if % <H< % and
bounded by Cn~*logn if H = %. The proof is complete. [J

The following proposition contains a result on the convergence of the fourth
moment of @f1 @ j-
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PROPOSITION 5.4.  The fourth moment of ®} (i, j) and 3E(|O} (i, DIP? con-
verge to the same limit as n — 00.

PROOF. Applying the integration by parts formula (2.7) yields
E[©] (. /)*]

{ri+1}

=a% v, Z/ [Di D]/ [0, ) ]|u(dvdu)u(ds dr)
k=(r1}

{ri+1}

=i 3 [ El(3676. 0, D[] )]
k={ri}
+60] i, )/ [0}, ))]
x DL [0, H]}]u(dvdu)u(ds dt)
= 61 +§2.

Since D} D] [®7(i, j)]is deterministic, it is easy to see that G1 = 3E(|O (i, j)|*)*.
We have shown the convergence of E(|@£, @, ) 12) in Proposition 5.2. It remains to
show that G, — 0 as n — 0.

Applying again the integration by parts formula (2.7) yields

{rig1}
Go= e} 3 / D, D}{D{[e} . NIDL[E} . )
kk'= Dy xDys
x u(dv' du')u(ds' dt")u(dvdu)u(ds dr).
Using equation (5.7) we can derive the inequalities

{rig1}
Grzbadyrt > [ (Bun®Bua ) nwB ()
k! =) Dk D
+ Biyn () Bryn (') B 10 ) Brr 1 (1) }
X u(dv'du')u(ds' dt')u(dvdu)u(ds dr)

{ri1}

<2ahyy Y. (Bum B Bu s Bem) o Brjns B yn)a

kK =(r)
X (Bh'/ns B/ /n)H

The convergence of G» to zero now follows from Lemma 5.1. O

We can now establish a central 11m1t theorem for weighted sums based on the
previous proposition. Recall that ; n = t"“ (Bl — k)8 st ,k=0,...,n—1and

L _
n,n — O.
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PROPOSITION 5.5. Let f ={f;,t €0, T1} be a stochastic process with val-
ues on the space of d x d matrices and with Holder continuous trajectories of
index greater than % Set, fori, j=1,...,m,

1L
W (0= fy G
k=0
Then, the following stable convergence in the space D([0, T]) holds as n tends to
infinity:

[ya¥n (1), €[0,T]} — {(/Ot ff’desij> .t €0, T]},

I<i,j<m

where W is a matrix-valued Brownian motion independent of B with the covari-
ance introduced in Section 2.4.

PROOF. This proposition is an immediate consequence of the central limit

result for weighted random sums proved in [3]. In fact, the process lll,i’j (1) satisfies
the required conditions due to Proposition 5.1 and the estimate (5.1). [

6. CLT for the modified Euler scheme in the case H € (%, %]. The fol-

lowing central limit type result shows that in the case H € (%, %], the process
vn (X — X'™") converges stably to the solution of a linear stochastic differential equa-
tion driven by a matrix-valued Brownian motion independent of B as n tends to
infinity.

THEOREM 6.1. Let H € (%, %], and let X, X" be the solutions of the
SDE (1.1) and recursive scheme (1.3), respectively. Let W = {W;,t € [0, T']}
be the matrix-valued Brownian motion introduced in Section 2.4. Assume o €
C 2 (R R*™MY and b € Cg (R4; RY). Then the following stable convergence in the
space C([0, T]) holds as n tends to infinity:

(6.1) {yn(X: — X}'), 1 €[0,T1} = {U;, 1 €10, T1},

where {Uy, t € [0, T} is the solution of the linear d-dimensional SDE

' moer .
Ut:/ Vb(Xs)Usds-i—Z/ Vo!(X,)Us d B!
0 . 0
j=1
(6.2) N
t .. ..
+ > / (Volol)(Xs)dWi.
0

i,j=1

REMARK 6.1. It follows from [13] that when B is replaced by a standard
Brownian motion, the process 1/n(X — X™) converges in law to the unique solution
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of the d-dimensional SDE

m
dU; = Vb(X)Uydt + Y Vo' (X,)U; dB]

j=1
(6.3)
T Joi ij
+\5 Z (Vo/lo')(X,)dW,
Jii=1
with Uy = 0. Here W/, i, j =1,...,m are independent one-dimensional Brown-

ian motions, independent of B. To compare our Theorem 6.1 with this result, we
let the Hurst parameter H converge to % Then the constant R will converge to 0,

and “—\/’%«/ O — R converges to \/g . This formally recovers equation (6.3).
REMARK 6.2. The process U defined in (6.2) is given by

mn t . ..
(6.4) U= /0 AT5(Volo')(Xg)dWY tel0,T],
i,j=1

where we recall that A is defined in (4.16) and I is its inverse.

PROOF OF THEOREM 6.1. Recall that ¥; = X; — X}'. We would like to show
that the process {y,Y:, B;,t € [0, T]} converges weakly in C([0, T']; RA+my) 1o
{U;, Bs, t €10, T1}. To do this, it suffices to prove the following:

(i) convergence of the finite dimensional distributions of {y, Y;, By, t € [0, T]};
(i1) tightness of the process {y,, Y;, By, t € [0, T']}.

We first show (i). Recall the decomposition of Y; given in (4.7) and (4.11),
and recall the estimates obtained for each term in the decomposition of Y;. Since
the other terms converge to zero in L? for p > 1, from the Slutsky theorem
it suffices to consider the convergence of the finite dimensional distributions of
{Vn Z’J’?:l E; (1), By, t €0, T}, where E3 ; is defined in Theorem 4.1 step 3. Set

(6.5) FlJ = AIT"(Volo')(X?) — AT (Vo/ o) (Xy).
It follows from Lemma 4.1 and Remark 4.1 that

sup (”Fli’j”p v ”DSFI‘I.’]‘”p v ”DrDsti’j”p) <cn' 7,

r,s,t€[0,T]
Denote

m |nt/T]

~ . fk+1 S . ;
(6.6) Eyj=A/) ). Ftk(Vafa’)(X,k)/ 8B.SB,
i=1 k=0 fe
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for 7 € [0,T), and Ez,j(T) = FEVz,j(T—). Then applying Lemma A.4 (A.9) with
F'J defined by (6.5), we obtain that

Yal E2,j(t) = E2 j0)] , < Cyun™"n' =2,
which converges to zero as n — oo since 8 can be taken as close as possible to H.

By Slutsky’s theorem again, it suffices to consider the convergence of the finite
dimensional distributions of

m
6.7) [yn Y E2j@),Bi1€0,T] ]
j=1
Applying Proposition 5.5 to the family of processes f,i’j =T,(Volo)(X,), we
obtain the convergence of the finite dimensional distributions of

[yn Y TiEs (1), Bt €0, T]}

j=1
to those of {I"; Uy, B;, t € [0, T']}. This implies the convergence of the finite dimen-
sional distributions of

m
{yn > Ey (), Bt €0, T]}
j=l1
to those of {U;, B;,t € [0, T']}.
To show (ii), we prove the following tightness condition:

(6.8) su;l)E(]yn(Xt — X)) = va(Xs — X;’)\4) <C(t— )

Taking into account (4.7) and (4.11), we only need to show the above inequality
for y, 111, anlz,j, Ynl13, VnIZ,j, Vn14,ja VnEl,j, ')/nEQ’j and VnE3,j- The tightness
for the terms y,, 111, v, 113 and y, E3 ; is clear. Now we consider the tightness of
the term I ;. We write

t . .
L j(t)— D j(s) = (A" — A;’)/O T7b3(s)(s —n(s))d B}

t . .
+/ ATTb) (u)(u — n(u))dB].
N
Then it follows from Lemma A.3 (A.4) that

t , .
B (a7 = &2) [ TI6 ) = n@) dB][Y) = Ca - ) E]a"]})'"

<C(t—s)*.

Lemma A.3 (A.4) also implies that the fourth moment of the second term is
bounded by C(r — s)*#. The tightness for vYal12,j, vula j, YnE1,j, vaE2j can
be obtained in a similar way by applying the estimates (A.5) and (A.4) from
Lemma A.3, (A.15) from Lemma A.5, and (A.8) from Lemma A.4, respectively.

O
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7. A limit theorem in L? for weighted sums. Following the methodology
used in [3], we can show the following limit result for random weighted sums. The
proof uses the techniques of fractional calculus and the classical decompositions
in large and small blocks.

Consider a double sequence of random variables ¢ = {¢x ,,n € N, k=0,1, ...,
n}, and for each ¢ € [0, T'], we denote

Lnt/T]
(7.1) gn(®) =D lin.

k=0

PROPOSITION7 1. szA> 1 —ﬁ where0<,8 <l.Letp>1landp',q >1
such that % ri , =1 and pp’ > 3, pq’ > 5. Let g, be the sequence of processes
defined in (7. 1) Suppose that the following condztlons hold true:

(i) foreacht €0, T1, gn(t) = z(t) in LP9;
(i) forany j,k=0,1,...,n we have

E(|gu (kT /n) — gn(GT/m)|"7) < C(k — j1/n)"""

Let f = {f(@),t € [0,T]} be a process such that E(||f||§p/) < C and
E(lf(0)|p”/) <C. Then foreacht €[0,T],

nt/ T} .
(7.2)  F'(t):= Z F )k —>/O f(s)dz(s) in L? as n — oo.

k=0

REMARK 7.1. The integral fé f(s)dz(s) is interpreted as a Young integral in
the sense of Proposition 2.2, which is well defined because f and z, as functions
on [0, T'] with values in LPP" and LPq,, are Holder continuous [conditions (i) and
(ii) together imply the Holder continuity of z] of order 8 and A, respectively. Recall
that the Holder continuity of a function with values in L? is defined in (2.5).

REMARK 7.2. Convergence (7.2) still holds true if the condition E(|| f ||§p /) <

C is weakened by assuming that f is Holder continuous of order § in LPP'. The
proof will be similar to that of Proposition 7.1.

PROOF OF PROPOSITION 7.1. Given two natural numbers m < n we consider

the associated partitions of the interval [0, T'] given by #; = kTT, k=0,1,....n
and u; = %, [=0,1,...,m. Then we have the decomposition
lmt/T] lmt/T|
(7.3) F'(t)= Z F@) Y aat+ Y. D [F@) — fu)]n
kel () 1=0 kelu()

where I, (1) :={k:0 <k < [ 5], 1 € [us, us41)}.
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Because of condition (i) and the assumption that E(] f (t)|””/) <C forallre
[0, T'], the first term on the right-hand side of the above expression converges in
L?, as n tends to infinity, to

lmt/T]

> fplzuien) — z)].

=0

Applying Proposition 2.2 to f and z we obtain that the above Riemann—Stieltjes
sum converges to the Young integral fé f(s)dz(s) in L? as m tends to infinity. To
show convergence (7.2) it suffices to show that

lmt/T | p
(7.4) Jim SUPE< S [f @) = fF@)]gkn >=0-
eN 1=0 keln()

Notice that k belongs to I,,,(I) if and only if u; <t < e(u;41) and . < n(¢).
Recall that e(u) = tx41 if tx <u <txy1 and n(u) =t if ty <u < fr4+1. As a con-
sequence, we can write

lmt/T |
XY [fm — Fud]gin
1=0 kely()

lmt/T |

Z f £5) = f(an)]dga(s),

where a; = u; and by = e(uj+1) A (n(t) + %). By the fractional integration by parts
formula,

[f(s) = fla)]dgn(s)
(ar,b1)

(7.5)
= (1" f D2, [£(5) = f(@)] DL [gn(s) — galbi—)]ds

where we take « € (1 — A, B8). By (2.2), it is easy to show that

B

DS L [f(s) = fap] o flps = apf=

=< r(l-a) )/3
=Clflpm*™
On the other hand, by (2.3) we have
D4y [8a(5) = gu(br)]|

_ L 1gn(s) — gn(bi—) B gn(s) — gn(u)
CIRCED / —ope

(7.6)

(7.7)

du
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We can calculate the integral in the above equation explicitly.

/bl gn(s) — gn(u) du

(M _ S)Z—oz
_ bi gn(s) — gn(u)

= 5 du
es) (U —s5)==¢

(7.8)

t

= Y 2 — ga®)] / - 52 du

k:teele(s),by) Tk

[ =) = (g1 — )71,

= Z [gn(s) _gn(tk)]

k- tx€le(s),br) -«

Substituting (7.6), (7.7) and (7.8) into (7.5), we obtain

\ / [£(s) — f(a)]dga(s)
(ar,by)

by
< ClLflpm® " [ 71D} Tgn(s) — gatr=]|ds
ay

Tk+1
<Clflgm** Y / DL [gn(s) — gulbi—)]| ds
k:teeln(ar),br)

Tk+1
<ClIflpm*™® 3 |ga(t) — galbi—)| f (b — )% ds
k: trelnar),by) T

+Cl fllgm*P > |gn (1) — 8n (1))

k,j:n(a)<tx<tj<by

X /tk+1 [(7) — ) = (fj41 —5)* 1ds.
17

k

We denote the first term in the right-hand side of the above expression by A; ; and
the second one by A ;.
Applying the Minkowski inequality, we see that the quantity

p) 1/p
Lmt/T]

Tk+1
cn LY B 1len 0~ ai ") [ - ) as

1=0 k:treln(a),by) &

lmt/T]

(7.9) E( > Al
=0

is less than

’
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so by applying the Holder inequality, condition (ii) and the assumption
E(lf ||§p ) < C to the above, we can show that quantity (7.9) is less than

lmt/ T

5 It 1 a1
Z Z (b — 1) / (b —s)* 'ds
173

=0 k:teeln(ar),br)

(7.10) Cm® P

Since
N tk+1 a—1
S -wt | -9 tds
k:teeln(ar),by) lk
1 T Ao Tk+1
= —<—) + > (b1 — 1) (b —5)*""ds
an k: xeln(a),bi—T/n) tk
1/T Ao T _
=(3) X Gewie-n
n n k:treln(a)),bj—T/n)

At
LY T e
T a\n nm

<Cm™ 7%,
where in the second inequality we used the assumption that ¢« > 1 — A and the

fact that the number of partition points {tx,k =0, 1,...,n} in [n(a;), by — %) is
bounded by %, the estimate (7.10) of (7.9) implies that

lmt/T ] P\ l/p lmt/T |
(7.11) IE( > A ) <Cm* P Y mH<cm' P50
=0 =0

as m tends to 0o0.
Using an argument similar to the estimate of quantity (7.9), it can be shown that

the quantity
» 1/p
Lmt/T]

Clm*=F " > o — 11+

=0 k,j:n(a)<tp<tj<b

Lmt/T]

> Ay
1=0

18 less than

x /tk“[(tj — ) —(tj41 — )" ]ds|.
1)

k
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The summand in the above can be estimated as follows:

Tk+1
> e —t;1* f () —)* " = tjr — )% '] ds
k

k,j:n(a)<t<tj<b

n/T a+A
ex()

m\n
[ a—1 a—1
+ > lte — ¢} [(t; — )" = (tjp1 — ) ]ds
k,j:n(a))<tiy1<tj<b i
n/T o+A T 2 B
= C_<_> + C<_) > st — 1141 = s 1)* 7
m\n n .
k,j:n(a)<tgy1<tj<b
n/T oa+A
< C_<_> + Cn—2n2—x—a Z (] —k— 1)05—2+)L
m\n .
k,j:na) <tgy1<tj<b
n (T\*t* n Ym
E C_<_> + Cn—znZ—A—a_ Z(p _ l)a—2+)u
m\n m
p=2
<Cm™@*,
Therefore, we have
lmt/T] P\ 1/p mt/T]
E( Z An ) =Cm* P Z m™** >0 as m — 00.
=0 =0

The above convergence and equality (7.11) together imply convergence (7.4). The
proof is now complete. []

This result has the following two consequences.

COROLLARY 7.1. Let B ={B;,t € [0,T]} be an m-dimensional fBm with
Hurst parameter H > 3 /4. Define

.. Tk+1 . .
é-li{n: /tk (B;_ 117(3))535,

fori,j=1,....mand k=0,...,n — 1, where we recall that ty = % Set also
thn=0.Let A= %, and B, p, p', q’, f satisfy the assumptions in Proposition7.1.
Then

\nt/T| - P
> fwgl, — fo f()dz?  inLP?,
k=0

where Z' is the generalized Rosenblatt process defined in Section 2.5.
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PROOF. To prove the corollary, it suffices to show that the conditions in Propo-
sition 7.1 are all satisfied here. We have shown in Section 2.5 the L? convergence
of g,(t) = Z,Er':té Tl ;‘,ijn to Z,. This convergence also holds in L? due to the equiv-
alence of all the L”-norms in a finite Wiener chaos. Applying (A.8) in Lemma A .4
with F =1 and taking into account that y,, = n when H > %, we obtain condition

(i1) in Proposition 7.1 with A = % ]
The following result will also be useful later.

COROLLARY 7.2. Let B ={B;,t € [0,T]} be one-dimensional fBm with
Hurst parameter H € (%, 1). Define

Te+1
(7.12) Cen = /, (s — n(s)) dB,

k
fork=0,...,n—1.Setalso ¢, =0. Let » = H, and B, p, p, q’, f satisfy the
assumptions in Proposition 1.1. Then for each t € [0, T],
nt/T] T
Y f@n 5 [ F@dB,
k=0 2o

in L?, as n tends to infinity. This convergence still holds true when we replace the
above ¢y, by

~ Te+1
{k,n = / (Bs — BTI(S)) ds.

Ik

PROOF. As before, to prove the corollary it suffices to show that the conditions
in Proposition 7.1 are all satisfied here. Let us first consider the convergence for
Ckon- Set

[nt/T]
gn(t):=n Z Ckons

k=0

where ¢, is defined in (7.12). Condition (ii) follows from estimate (A.4) in
Lemma A.3 by taking F =1 and v = 1. The covariance of the process g, is given
by

t t
E(g0 (g (1)) = atgnn’ /0 /O (= 1 @) (v — 1 (0)) 10t dv)

T* L 2H-2
— —OlH/ / |lu —v| dudv
4 0 Jo

T2
= —1t
4

2H
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as n,n’ — oo, which implies that g, (¢) is a Cauchy sequence in L?. Here na(t) =

%i when %i <t< %(i + 1) and n,/ () = %i when %i <t< %(i + 1). In fact,

we can also calculate the kernel of the limit of z,, (). Suppose that ¢, € H satisfies
gn(®) = 8(¢pn(t)). Then for any ¢ € H,

T prn()
(nu. V)2 = nay /0 /0 (= n (@)Y )l — vPH 2 du dv

T
— E(Tlf, 10,1 %

as n — +oo. This implies that the kernel of the limit of g, (¢) is %l[o, 115 in other
words, the random variable g, (¢) converges in L? to %B,.
The convergence result for g:k,n can be shown by noticing that
- Ti+1 T Tit1
Gen= [ (Bo= Byods =By~ By~ [ (s = n)dB.
173 Ik

This completes the proof of the corollary. [

8. Asymptotic error of the modified Euler scheme in case H € (% ,1). The
limit theorems for weighted sums proved in the previous section allow us to derive
the L?-limit of the quantity n(X; — X}') in the case H € (?T’ 1).

THEOREM 8.1. Let H € (%, 1). Suppose that X and X" are defined by (1.1)
and (1.3), respectively. Let Zi i, j=1,..., m be the matrix-valued generalized

Rosenblatt process defined in Section 2.5. Assume o € Cg (R R¥*™) and b e
C}(RY; RY). Then

n(X,— X" - U,
in L?(2) as n tends to infinity, where {Uy, t € [0, T} is the solution of the follow-
ing linear stochastic differential equation:

J— t — m t . PR— .
U, =/ Vb(Xs)Usds—i—Z/ Vo (XU, dB]
0 N 0
j=1

m t . . .
+ Volol)(Xs)dZY
Z | (valat
(8.1)

T ! T [t
+§A (Vbb)(Xs)ds—i—E/O (Vbo)(Xs)dBs

T M et . .
- Vo/b)(X,)dB/.
+2j2::]/0(o)(.) J
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PROOF. Recall the decomposition ¥; = X; — X} given in (4.7) and (4.11). We
have shown that n13(t), nls j(t), nEy j(¢t) and nE3_j(t) converge in L? to zero
for each ¢ € [0, T']. It remains to show the L” convergence of nlyi(t), nli (1),
nl j(t) and nkj ; g) and identify their limits.

Step 1. Recall Ej j(1) is dgﬁned in (6.6). It has been shown in the proof of
Theorem 6.1 that n(E3 (1) — E3 j(2)) converges to zero in L?. On the other hand,
applying Corollary 7.1 to nE3 ; () yields

~ n t A ..
nEs (1) — > :/ ATs(Volo!)(Xs)dZY  inLP.
. 0
i=1

Therefore, nE; j(t) converges in L?, and the limit is the same as nEz, j(@®).
Step 2. Denote

- Lnt/T] . 41N .
hi=A Y TW(Voib)(Xy) f (s — n(s)) dBJ.
k=0 k

for ¢t € [0, T'] [as before, we define ¢, = %(n + 1)]. Applying Corollary 7.2 to
nh, (1) yields

~ T ! . .
nl j(t) - E/ AT5(Vo/b)(Xs)dB]  inLP.
0

We want to show that nl> ;(r) and n1~2, j(¢) have the same limit in L”. Write
n(l,j(t) — I, ;1))

t . . .
(8.2) = n/o (ATTEDS (s) — ATsby(5)) (s — n(s))d B!

t . ) .
+n /0 Ad(TsBi () = Ty (Vo) (X o) (5 — n(s)) d B,

where b} (s) = [y Vo (0 X+ (1—60)X,(s))b(X,s)) d6. Tt suffices to show that the
two terms on the right-hand side of (8.2) both converge to zero in L”. The conver-
gence of the second term follows from estimate (A.16) of Lemma A.5. Lemma 4.1
implies that the L”-norms of [A} F;‘bé (s) — A,Fsl;é (s)] and its Malliavin deriva-
tive converge to zero as n — 00. So applying Lemma A.3 (A.4) with v =1 and
Fy =AY F?bé (s) — A;Fslgé (s), we obtain the convergence of the first term.

Step 3. Following the lines in step 2 we can show that nl; ;(t) converges in L?
to

T ! : :
* / ATy (Vbo!)(X,)dBi.
0

Instead of (A.4) and (A.16) in step 2, we need to use estimates (A.5) and (A.15)
here.
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Similarly, it can be shown that n/{; converges in L? to
T t
3‘/ AT (Vbb)(X;)ds.
0

Step 4. We have shown that n(X; — X}') converges in L” to U,, where we define,
foreacht [0, T],

_ nooet o .. T rt

U, = Z / A,rs(vafal)(xs)dz;1+§f AT (Vbb)(X,) ds
L5 0 0
i,j=1

T [t T &t . ,
+5/o AtFS(Vba)(XS)dBS—kE;/O AT (Voib)(Xy)dB].

The theorem follows from the fact that the process U satisfies equation (8.1). [J

9. Weak approximation of the modified Euler scheme. The next result pro-
vides the weak rate of convergence for the modified Euler scheme (1.3).

THEOREM 9.1. Let X and X" be the solution to equations (1.1) and (1.3), re-
spectively. Suppose that b € Cg R4 RY), 0 € CZ‘(Rd; RI>™)_ Then for any func-
tion feC g (RY) there exists a constant C independent of n such that

©.1) supT|E[f(X,)] —E[f(x")]|<Cn.

0o<t<

If we further assume that b € C*, o € C and f € C*, then for each t € [0, T, the
sequence

WELF X))~ E[F(X])]}.  neN.

converges as n tends to infinity, and the limit is equal to the sum of the following
two quantities:

2 m
o2 T toptopt D L
D) jZ::lA /0 /O E{D, D!V f(X))A:Ts(Va'a")(Xy)]}

9.2)
X |u — s|2H_2|s — r|2H_2dudsdr

and

ZE{Vf(XI)A,[/t [ (Vbb)(Xs)ds + /l I's(Vbo)(Xs)dBy

2 0 0
9.3) mo

+ 2/ FS(Vcrjb)(Xs)dBSj”.
j=1"°
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PROOF. We use again decompositions (4.7) and (4.11) of ¥; = X; — X}, t €
[0, T'], and we continue to use the notation there. Given a function f € C g (]Rd ),
we can write

WEL 0]~ BLP O =0 [ BLV(Z0)nao,

where we denote Zg =0X;+(1-0)X;,0<t<T.

Step 1. In this step, we show that supg., <7 |E[Vf(Zf)Y,]| < Cn~!, which im-
plies (9.1). From estimates (4.9) and (4 .10) it follows that this inequality is true
when Y is replaced by 111, 113, I12,j, I2,j or I4 j. Therefore, it suffices to show
that [E[V f(Z))E; ()] <Cn~! fori =1,2,3 and j = 1,...,m, where E;;(t)
are defined in Theorem 4.1 step 3. Consider first the term i = 2 The use of expres-
sion (4.12) and an application of the integration by parts formula yield

E[V f(Z])Eq,; ()]

m nt/T] Bt AL s
E|:Vf (ZHAY > F"”f t 53;335}
k

i=1 k=0
tkI Nt
E[// / DDV f(Z0)ArF ]
Tk

X u(dudv)u(ds dr)i|,

9.4)
nt/T)

m
g Y

i=1 k=0

where we recall that F;" L =TIy (Voo (X ). [As before, in the above equation

we set t,+1 = —(n + 1).] Therefore,

0 k+1 U Ll pt
B[V £(2°)Es; ()] |<cZ/ /O/Zk /Ou(dudv)u(drds)

SCn_

For the term containing E ; we can write
E[Vf(Z0)E ()] ZEU H""I (B! Bf](s))stJ},

where H""/ =V f(Z8) AP 6] (5) — I (Voo (X2 )]. An application of
the relation between the Skorohod and path-wise integrals (2.9) yields

t .. . . .
EU H (B — B,’m))dBS/}

_oeH/f J(H™" (B! — BZ(S)))]|s—u|2H_2dsdu
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T pt . ..
=O(H/ / E[D] H"" (B{ = B ))]ls — ul*" " ds du
+ozH/ f I 15,51 ()8 |5 — w2 ds du
= A1+ Aj.

By the integration by parts we see that A is equal to

T prt pT rs . . ..
a%{/ / / / E[DLD] H"" 11,559 v — 2725 —u|* 2 dv dr ds du.
o Jo Jo Jo
Using SUp, . |IE[D£ D,f Hf’i’j]| < Cn~P for any % < B < H we obtain

9.5) |A| <Cn~ 178,

On the other hand, it is easy to show by the definitions of I'”, X" and X that
the quantity [F”aj’i(s) F"(S)(Vajai)(X” S))] can be expressed as the sum of
integrals over the interval [n(s), s]. So by applying (2.9) and integration by parts
we can show that |E[H;" i 1l < Cn~!, which implies

(9.6) |Ay] < Cn2H

From (9.5) and (9.6) we conclude that |E[Vf(Zf)E1,j(t)]| <cCn L. Finally, for
the term containing E3 ; we have

t P
E[V f(Z])Es ;)] =/0 E[J™](s — n(s)* L ds,

where an,i HVf(ZG)A”(Fn(S) F?)UOJ (s). By expressing the term (F:}’(s) —
') as the sum of integrals over the interval [5(s), s] and then applying (2.9) and
integration by parts, we can show that sup;¢o 7 E[J""/] < Cn~!. This implies

9.7) B[V f(Z%)E5 ;()]| < Cn?H,

which completes the proof of (9.1).

Step 2. Now we show the second part of the theorem. From estimates (4.9),
(4.10), (9.5), (9.6) and (9.7) we see that the expression n fol IE[Vf(Z?)Y,] df con-
verges to zero as n tends to infinity when Y; is replaced by I13(¢), 14, (1), E1 (1)
or E3 (t). Therefore, it suffices to consider n fol ]E[Vf(Zf)Yt] d6 when Y; is re-
placed by the remaining terms in the decomposition of Y;.

Consider first the term E (), and denote

Gil = DiD][V f(X) AT (Volo') (X)),
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It is clear that

m |_nt/Tj

oz 3 Y / /l B / / G ju(du dv)u(ds dr)

i,j=1 k=0
///G;Jrv 2H 2| |2H_2dsdvdr,

almost surely. Therefore, by the dominated convergence theorem, the expectation
of the left-hand side of the above expression converges to the expectation of the
right-hand side, which is term (9.2). From Lemma 4.1, we have

9.8)

1D} DIV £ ()AL FiT] = DLDI[V (X ATy (Voo (X1,
<cn'~28,
which, together with equation (9.4), implies that n Z’j’-’:l E[Vf (Z?)Ez’ j ()] con-
verges to the same limit as the expectation of the left-hand side of (9.8).
The results in steps 2 and 3 of the proof of Theorem 8.1 imply that the terms
nEIV £(ZO) L ()], nE[V £(Z0) 112, (t)] and nE[V f(Z9) \ I, j(t)] converge

to the second, third and fourth term in (9.3), respectively. For example let us con-
sider nE[Vf(Zf) Z’j’?:l I, j(t)]. We have shown in Theorem 8.1 that

T t . .
nl j(t) — EAt/ I's(Vo'b)(Xs)dB]
0
in L? for any p > 1. So it follows from the Holder inequality that

B[n9 £(Z0) 20~ VX3 A [ T(Taib) x| 0

as n — 00. The other two terms can be studied in similar way. This completes the
proof of the theorem. [l

REMARK 9.1. Theorem 9.1 may be used to construct a Richard extrapolation
scheme with error bound o(n~1).

10. Rate of convergence for the Euler scheme. In this section, we apply our
approach based on Malliavin calculus developed in Section 4 to study the rate of
convergence of the naive Euler scheme defined in (1.2). Our first result is the rate
of the strong convergence of the naive Euler scheme. As we will see, the weak rate
of convergence and the rate of strong convergence are the same for the naive Euler
scheme. We still use X" to represent the naive Euler scheme (1.2). This will not
cause confusion since we will only deal with this scheme in this section.
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THEOREM 10.1. Let X and X" be the processes defined in (1.1) and (1.2),
respectively. Suppose that b € C g R RY) and o € Cg (R4; RY*™) Then for each
p>1,we have

n*=1 sup ]E(|Xt—X;’|p)1/p§C.
1€[0,T]

If we assume b € Cg (R?: RY) and o € CZ‘(R‘{; RI*™MY then as n tends to infinity,

T2H1m

n2H_1(Xt -X})— / A5 (Vo af)(X )Vds,

where A is the solution to linear equation (4.16) and I'y = A; 1, and the conver-
gence holds in L? for all p > 1.

PROOF. WeletY; = X; — X}, t € [0, T]. Then as in the proof of Theorem 4.1,
we can derive the decomposition of Y;

t
Y :A?/o ng3(s)[b(XZ(s>)( —n(s)) +Z°’ ns) (By — n@))}ds
m t . .
+ Z/ AIT"b3(s)(s — n(s))d B}
=170

+ Z / Ao '(s)(B;'—B;'y(S))dBSf

i,j=1
= 11(t) + 1) + I3(1) + 14(1),

where A", ', bé (s), 021 !(s) and b3(s) are the same terms as those defined in
the proof of Theorem 4.1 with the scheme X" replaced by the classical Euler
scheme (1.2).

It is clear that ||I; (), < C n~'. On the other hand, estimates (A.4) and (A.5)
of Lemma A.3 imply that || Io(¢)||, < Cn~! and ||I5(t)||, < Cn~!. Finally, as in
the proof of (A.15) in Lemma A.5 we obtain || 14(1)]|, < Cn'=2H  This completes
the proof of the first part of the theorem.

Applying the integration by parts to I4(¢) yields

t .
/OA;’F" (s)(Bi — Bl ,)) dB!
t .. . . .
=/0 AIT"04" (5) (B! — Bl )5 B]

t t ) .. .
+aH/0 /0 D![AIT}od" (s)](B! n(s)) (ds dr)
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t t ..
+5ij0‘H/(; /o AT} 03" ()1 (s),51(r)pe(ds dr)
.7l 2 3
= A )+ AZ() + A 0).
From (A.8) we have ||A}(t)]|, < Cy, . Applying (A.5) with F, replaced by
t . ..
[ Ditarriad ol P 2ar
0

we obtain ||A,%(t) lp < Cn~!. So it suffices to identify the limit of nZH_lAg (¢) in
LP. It follows from Lemma 4.1 and Remark 4.1 that

| AFTI oS (5) = AT (Volod)(Xy)|, < Cn' 2.
2H—1A§l

Therefore, n (1), and the quantity

t t . )
I’l2H—l /(; /0 AT (VO-JO-J)(XS)I[Y](S),S](’”) |r _ S|2H—2 ds dr
converges to the same value in L”. The theorem now follows by noticing that

t ot o
n2H—1/O /0 AT (Vala) (X)) .1 (D) — s|*H 2 ds dr

1 ! , (s = n(s)*~!
:n2H 1/0 AIFS(VOJOJ)(XS)TCZS
T2H71 t o
— f AT s(Vo'lo’)(Xy)ds,
2 Jo

in L? forall p>1. O
As a consequence of the above theorem, we can deduce the following result.

COROLLARY 10.1. Let X and X" be the processes defined in (1.1) and (1.2),
respectively. Suppose that b € Cg(Rd; RY), o € Cg(Rd; RA*mY gnd fe Cg(Rd).
Let A be defined in (4.16). Then we have the following LP-convergence as n — oo
forall p>1:

2H—1 m

4 . .
— X [ VoA (valal) ) ds.

j=1

(X - f(XD)]—

PROOF. We can write
2H-1 a1 ! 0
w I 00) = 0] =2 ([ V(2 an ) (xr - x0).

where we denote Z? =0X;+ (1 —-0)X},t€[0, T]. Then the result follows from
Theorem 10.1, the convergence of X} to X; and the assumption on f. [J
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The above corollary implies the following weak approximation result:

nli)m nZH_l{E[f(Xt)] —E[f(X])]}
TzH 1 m

= / [VF(X)ATs(Volol)(X,)]ds

APPENDIX

A.1l. Estimates of a Young integral. In this section, we give an estimate on
the pathwise integral using fractional calculus.

LEMMA A.1. Let z={z,t €[0,T]} be a Holder continuous function with
index B € (0, 1). Suppose that f:RA™ — R is continuously differentiable. We

denote by V, f the l-dimensional vector with coordinates g—){, i=1,...,1, and
by Vy f the m-dimensional vector with coordinates ail}; -, i=1,...,m. Consider

processes x = {x;,t € [0,T]} and y = {y;,t € [0, T} with dimensions | and m,
respectively, such that ||x|lo,r,g and ||yllo,7,p,n are finite for each n > 1, where
B’ € (0, 1) is such that B’ + B > 1. Then we have the following estimates:

(1) foranys,t €10, T] such that s <t and s = n(s), we have

t
‘/ f(xr, yn(r))dzr =< Kl sup |f(xr’ yn(r))|||zllﬂ(t _s)'B
s

rels,t]

+ Kz sup [V f Gorps Y X lls.e prllzll g2 — )PP

ri,r€ls,z]

+ K3 sup |V f @yl prallzligt — )P HF
ri,r€Els,t]
where the K;, i = 1,2, 3, are constants depending on B and B’
(ii) if the function f only depends on the first | variables, then the above esti-
mate holds forall 0 <s <t <T.

PROOF. Take o such that B/ > o > 1 — B. Let s,t € [0, T] be such that
s =n(s) and s <t. Applying the fractional integration by parts formula in Propo-
sition 2.1, we obtain

(A.1)

t
< / D2, £ Gors o) || D12y — 200 dr.
S

(xrs yn(r)) dz,

By the definition of fractional differentiation in (2.3) and taking into account that
o+ B — 1> 0, we can show that

(A.2) |D!=%(z, — z0)| < Kollzllp(t —r)* TP~ s <r<t
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where Ko = m On the other hand, using (2.2) we obtain
|Dg+f(xr7 yn(r))|
1 [lf(xr,yn(r))l +a/r LfCers Ynay) — S (Kus Yna)| du }
T —-a) (r —s)“ s (r —u)et!
1
= ' —ow)
(A.3)
X [ sup ‘f(xh )’r)(r))|(r —5) *
rels,t]
r L
+a sup Ifo(xrl,yn<r2))\llxlls,t,,s/f r —u)? ' du
r1,r€Els,t] s
" @) = n@)?
basup (9, F ) Il [ T dul.
r1,reEls, t]| e | St (r — M)O"H
Inequalities (A.1), (A.3) and (A.2) together imply
t
/ f(xh yn(r))dzr
N

1 t .
: m/s [ sup | f CGery )| (r — )™

rels,t]

+oa sup |fo(xr],yn(rz))“lx”s,t,ﬁ/

ri,r€ls,z]

xf (r—u)ﬂ/fafldu

+o sup ‘Vyf(xrl,yrz)“lyns,t,ﬂ’,n

ri,r€ls,t]
/r In(r) — n)|¥ ]
e — = du
s (,. _ M)oH—l
x Kollzllg(t —r)* P~ ar

< K1 sup | £,y |lizllg(t — )P

rels,t]

+ Ky sup |V f Gorys o) [Ix 50 prllzll g (2 — )PP

r1,12€[s,1]

+ K3 sup |V f G ye) 19 lls.e prnllzll gt — $)PHP

r1,12€[s,1]

and

o T@th) . _ g aT@+BT(E —at]) _
where K1 = Korgrn, K2 = Korgargrprng—a» K3 = KoKirgg

K4 is the constant in Lemma A.2. This completes the proof.
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LEMMA A.2. Let B, B’ and o be such that B’ > o > 1 — B. Then for any
s,t € [0, T] such that s < t, s = n(s), there exists a constant K4 depending on o,
B and T, such that

NORNY'% ,
f (t — r)@+h-1 / () u’;i’i)ll dudr < Kq(t — 5)P*F'.

PROOF. Without loss of generality, we let T = 1. Note that when n(s) = s <
t<n(s)+ %, the double integral equals zero. In the following we will assume
t>n(s)+ %

We first write

_ B
/(z Pyt 1/ In(r) —nu)l dudr

u)a+1

t n(r) _ B
. (t—r)a+ﬁ_1/ [n(r) —n(u)| dudr
n

n(s)+1/n &) (r—u)et!
-1 _ B
_f ryath- 1(/’7(” +/’7(” /”)In(r) n(u)ll dndr
<v>+1/n nr—1/n Jnes) (r —u)*t
=J1+ .

On one hand, notice that in the term J, we always have r — u > %, and thus
n(r) —n() <r —u+ + <2(r —u). Therefore,

t n()=1/n 28" — ;)P
2 </ (f—r)a+ﬂ_1/ 2w dudr
1 1

(9)+1/n ®) (r —u)t!
< K(t —s)PtF
On the other hand,

t n(r) _ B’
J1 :/ (t —r)*th-l / Mdu dr
n n

(s)+1/n —1/n  (r—u)*tl

§Kn_ﬁ/(t—s)“+ﬂ_1/t [ ! — ! ]dr
ns)+1/nL(r—n@E)*  (r—n0)+1/n)*

, 1
<Kn P —s)th- 1/ —;
n@)+1/n (r —n(r)*

et @O H 1M =& +1/m) oy
1/n

<knP@—

<K@t —s)PtF.

The lemma is now proved. [J



EULER SCHEMES OF SDE DRIVEN BY FBM 1201

A.2. Estimates for some special Young and Skorohod integrals. In this
section we derive estimates for some specific Young and Skorohod integrals. We
fix n € N and consider the uniform partition on [0, T'].

LEMMA A. 3 Let B={B;,t €0, T]} be a one-dimensional fBm with Hurst
parameter H > 5. Fixv>0and p > +. Let F = {F;,t € [0, T} be a stochastic
process whose tra]ectorles are Holder continuous of order y > 1 — H and such
that F; e DY4, t € [0, T, for some q > p. For any p > 1 we set

Fip= sup (IFll,VIDsFll,).
s,t€[0,T]
Then there exists a constant C (independent of F) such that the following inequal-
ities hold forall 0 <s <t <T:

ft Fy(u—nu)"dB

(A4) <Cn Yt —s)"F p,

p

(A.5) <Ccn -9,

p

t
/ Fy(By — Byw))du
s

PROOF OF (A.4). Applying (2.9) we can decompose the Young integral as the
sum of a Skorohod integral plus a complementary term,

t
/ Fo(u— ()" dB
(A.6) - / (= ()’

—l—ozH// (u—n(u))vDrFu|r—u|2H_2drdu.
s JO

It follows from (2.11) that the L?-norm of the first integral of the right-hand side
of (A.6) is bounded by Cn~"(t — s)HFl,p. On the other hand, from Minkowski’s
inequality it follows that the L?-norm of the second integral is less than or equal to
Cn™"(t — s)F1,p. These estimates imply (A.4) because (t —s) < (t — s)yAT1-H,

O

PROOF OF (A.5). Ifr—s< %, we can write

t t
| R = Byupdu| < [1Fu(BL Byl du
N p N

<C sup |Flln H@t—s)
t€[0,T]

<C sup |Flln "t —s"
t€[0,T]



1202 Y. HU, Y. LIU AND D. NUALART

where the first inequality follows from Minkowski s inequality and the second one
from Holder’s inequality. Suppose that t — s > - Applymg Fubini’s theorem for
the Young integral, we obtain

t t e(v)
/ Fu(By — Byy) du = f < / 1. @) Fa du> dB,.
K n(s) v

Applying (A.4) with v = 0 we obtain

t e(v)
/ (/ 15, q(u) Fy du) dB,
n(s) \Jv

This completes the proof of (A.5). [J

<C(t—n)"n"'F,
p

<Ct—sn7"F .

LEMMA A4. Let B= {B,,t € [0, T']} be an m-dimensional fBm with Hurst

parameter H > 5 Fix p> +. Let F = {F;,t € [0, T]} be a stochastic process

such that F; e D4, t € [0, T] ,forsome q > p. Forany p > 1 we set

Fp= sup (IFl,VIDsFll,VID,DsFillp).
r,s,t€[0,T]

Set also

F,= sup (|Ft|v|DsFt|V|DrDsFt|)-
r,s,t€[0,T]

Then there exists a constant C (independent of F) such that the following holds
forall0<s<t<T,i,j=1,...,m

lnt/ T fa1 AL

(A8) S R / 535;533 <Cy (= 9" 2 Ry
k=lns/T| Vs p
Lnt/ T} k1A o
(A.9) Y Fy f 33;534 <cn @t -s)"Fy,.
k=lns/T| Vs p

PROOF. Using (2.8), we can write

Lnt/T] e IAt pu
> F / /l SB!SB)
k

k=|ns/T| leVs

(A.10) _f Fyu (B n(u))(SBj

+O{H//O Der,](u)(B 77(14)) (drdu).
s
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Applying (A.5) to the second integral of the right-hand side of (A.10) with F,

replaced by fo D/ F, na)|r —u | =2 dr (notice that here we do not need the Holder
continuity of the integrand for the Young integral to be well defined) yields

t T .
f() D}{FU(M)( n(u))lu(drdu)
S
T
(A.11) -9 F, sup |r—u|2H*2dr
uel0,T]

<cn 't -9,

This implies both estimates (A.8) and (A.9).
Applying (2.8) to the first summand on the right-hand side of (A.10) yields

t .
| Fu(Bl~ Biy,)oB]
(A.12) *
t u X . t T u . .
=/ F,8B,8B] +01H/ {/ D;Fu,u(drdv)}(SB,j.
n(u) s 0 Jn)
Now we apply (2.11) to the second term of the right-hand side of (A.12), and we

obtain
t T ru . .
f {/ D;Fuu(drdv)}SBL{
K 0 Jnu) p
T ru
(A.13) <Chk, l[w](u)/ / wu(dr dv)
0 Jn) LYVH([0,T])

<CF,n 't —s)".

Again, this inequality implies both estimates (A.8) and (A.9).
It remains to estimate the term /; ; := f I o) Fud BlS BJ It follows from (2.11)
that

1 £s.cllp < CF2,pHl[s,t](u)l[n(u),u](v)||L1/H([O,T]2)
<CFn (-5

which completes the proof of (A.9).
To derive (A.8) we need a more accurate estimate.
Meyer’s inequality implies that

1 L5, 1lp < C[| [ X5, ) X pn ). () Fu || 120 ||p
+ 5.1 @) X1y, (V) Dy Fu | 303 [,
+ [ s,11 ) Ly ) Dy Dy Foy [ 4|, ]
< CIFullp | 115,01 @)U )1 () [ g2
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Therefore, to complete the proof, it suffices to show that

1145001y, () 32
t pt pu u
(A.14) :a%//f / w(dvdv')u(dudu')
s Js JIn’) In(u)
<(t—9)y, >

1
n’

t pt pu u
/ / / / wu(dvdv' dudu’)
s Js @) In@)

l_nt/TJ [k/ 1 tk+1 u/ u

/ ! / / / u(dvdv' dudu’)
k= L s/T| 7% 173 tyr Jig
\_nt/TJ n

Teyptl flet1 pu' pu , ,
5 f / / wu(dvdv' dudu’)
\_ns/ij 1 —nletp e Tlkp Tk

Inthe case t — s >

|_I’ll/TJ n—1

=~ 3 3 0p)

k=|ns/T] p=1—n
<C(t—5)y, ",

where we recall that Q(p) is defined in Section 2.4, and inequality (A.14) follows.
Inthecaset —s < l, we have the raw estimate

L on
wu(dr dr' du du wu(du du 7l (t—y)
n’) n(u)

(=5 <t — )y

So (A.14) is also true for this case. The proof of the lemma is now complete. [

LEMMA A. 5 Let B={B;,t €0, T]} be a one-dimensional fBm with Hurst
parameter H > 5 Suppose that F ={F;,t €[0,T}, G ={G;,t €[0, T]} are pro-

cesses that are Holder continuous of order 8 € (2, H). Then there exists a constant
C (not depending on F or G) such that forall0 <s <t <T,v >0,

t
/ Fu(Gu - Gn(u))(Bu - Bn(u))dBu

(A.15) _— ,
<C(IFlloc +1IFNp)GlplBlgn (t—s)
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and

t
fs Fu(Gy — Gy (i — n(w))" dB,

(A.16) 12 p
<C(IFllsc + IFlIp)IGlIgll Bl gn (r—s)".

PROOF OF (A.15). We assume first that s,¢ € [t, fxr+1] for some k =
0,1,...,n—1. By Lemma A.1(ii),

t
/ Fu(Gy — Goyuy)(Bu — Buwy) dBu
S

<Ky sup |Fu(Gy — Gy)(By — By)|IBllg(t —s)P

uels,t]
2 28
+ Ky sup [|F(Gy, — Gy)|IBlIg( —s)
uels,t]
(A.17) 2
+ | Fu(By — By)|IGIg | Blig(t — 5)
+[(Gu = G )(Bu — B)|IIFllgl Bllp(t — 5)*]
< Cip(F,Gn P (1 — )P,

where kg(F, G) = (| Flleo + IFlIp)IIGllg ||B||lzg. In the general case, we can write

t
/ Fu(Gu - Gr](u))(Bu - Bn(u))dBu
s

e(s) Lnt/T] tk+1 t
- 2 [ [ )FuG = Ga) (B = By dB,
N

ke=lns/T 417 % n)
nt/T]
< Cxg(F,Gn™ % |:(8(s) —)P -0+ > (T/n)ﬂ:|
k=|ns/T|+1

< Cip(F, G)n™P[(e(s) — 5)" + (1 —n ()" + (n(®) — e(5))n'~P]
< Ckp(F, Gn' (1 —5)F,
where the first inequality follows from (A.17). O
PROOF OF (A.16). This estimate can be proved by following the lines of the

proof of (A.15) and noticing the fact that (« — n(u))" has finite v-H6lder seminorm
on (t, ty+1) foreachk=1,...,.n—1. O
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