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1. Introduction

The class of vector autoregressive moving-average (VARMA) models and the
sub-class of vector autoregressive (VAR) models are used in time series analysis
and econometrics to describe not only the properties of the individual time series
but also the possible cross-relationships between the time series (see [36, 41]).
This paper is devoted to the problems of computing and estimating the asymp-
totic variance matrix of the least squares (LS) and/or the quasi-maximum
likelihood (QML) estimators of VARMA models under the assumption that
the errors are uncorrelated but not necessarily independent. These models are
called weak VARMA in contrast to the standard VARMA models, also called
strong VARMA models, in which the error terms are supposed to be independent
and identically distributed (iid). This independence assumption is often consid-
ered too restrictive by practitioners. It precludes conditional heteroscedasticity
and/or other forms of nonlinearity (see [25] for a review on weak univariate
ARMA models).

A process (X¢)iez is said to be nonlinear when the innovation process in the
Wold decomposition (see e.g. [12], for the univariate case, and Reinsel [41] in the
multivariate framework) is uncorrelated but not necessarily independent, and is
said to be linear in the opposite case (i.e. when the innovation process in the
Wold decomposition is iid). Relaxing the independence assumption considerably
extends the range of applications of the VARMA models, and allows to cover
linear representations of general nonlinear processes. Indeed such nonlinearities
may arise for instance when the error process follows an autoregressive condi-
tional heteroscedasticity (ARCH) introduced by Engle [18] and extended to the
generalized ARCH (GARCH) by [5], all-pass (see [3]) or other models display-
ing a second order dependence (see [1]). Other situations where the errors are
dependent can be found in [25], see also [42]. Leading examples of multivariate
linear processes are the VARMA and VAR models with iid error terms. Nonlin-
ear models are becoming more and more employed because numerous real time
series exhibit nonlinear dynamics, for instance conditional heteroscedasticity,
which can not be generated by autoregressive moving-average (ARMA) models
with iid error terms.!

L To cite few examples of nonlinear processes, let us mention the self-exciting thresh-
old autoregressive (SETAR), the smooth transition autoregressive (STAR), the exponential
autoregressive (EXPAR), the bilinear, the random coefficient autoregressive (RCA), the func-
tional autoregressive (FAR) (see [19, 44] for references on these nonlinear time series models).
All these nonlinear models have been initially proposed for univariate time series, but have
multivariate extensions.
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Work on asymptotic results usually focuses on univariate models (see [25]
for a review of this topic). For multivariate models, important advances have
been obtained by Dufour and Pelletier [16] who study the asymptotic proper-
ties of a generalization of the regression-based estimation method proposed by
Hannan and Rissanen [29] under weak assumptions on the innovation process,
Francq and Raissi [20] who study portmanteau tests for weak VAR models,
Boubacar Mainassara and Francq [9] study the estimation of weak VARMA
models, Boubacar Mainassara [6, 7] who studies portmanteau tests and the
problem of order selection of weak VARMA models, Katayama [33] who also
proposes a new portmanteau test statistic for weak VARMA models. In [9], it
is shown that the asymptotic variance matrix of the usual estimators has the
“sandwich” form € := J~'IJ~!, where the two Fisher information matrices .J
and I depend respectively on second and fourth-order moments of the errors
and on the true parameter (denoted, hereafter, ). This proposed asymptotic
variance reduces to standard form Q = 2J~! in the linear case.

In the framework of (Gaussian) linear processes, the problem of computing
the Fisher information matrices and their inverses has been widely studied. Var-
ious expressions of these matrices have been given by Whittle [46, 47], Siddiqui
[43], Durbin [17] and Box and Jenkins [11]. McLeod [39], Klein and Mélard
[34, 35] and Godolphin and Bane [27] have given algorithms for their compu-
tation. For few particular cases of weak ARMA models, the matrices I and J
have been computed by Boubacar Mainassara, Carbon and Francq [8], Francq
and Zakoian [24, 26] and Francq, Roy and Zakoian [22]. The main goal of the
present paper is to complete the available results concerning the statistical anal-
ysis of weak VARMA models, by proposing another estimator of €2, which allows
to separate the effects due to the VARMA parameters from those due to the
nonlinear structure of the noise.

The paper is organized as follows. Section 2 presents the models that we
consider here, and presents the results on the QML/LS estimator asymptotic
distribution obtained by Boubacar Malnassara and Francq [9]. In Section 3
we give expressions for the derivatives of the VARMA residuals in terms of
parameters of the models. Section 4 is devoted to find an explicit expression of
the asymptotic variance of the QML/LS estimator, in terms of the VAR and
MA polynomials, and of the second and fourth-order structure of the noise.
In Section 5 we deduce a consistent estimator of this asymptotic variance. We
describe, in Section 6, how to obtain numerical evaluations of tolerance for the
information matrices J and I up to some tolerance. In Section 7 it is shown
how the standard Wald, LM (Lagrange Multiplier) and LR (Likelihood Ratio)
tests must be adapted in the weak VARMA case in order to test for general
linearity constraints. This section is also of interest in the univariate framework
because, to our knowledge, these tests have not been studied for weak ARMA
models. Numerical experiments are presented in Section 8. The proofs of the
main results are collected in the appendix. We denote by A ® B the Kronecker
product of two matrices A and B, and by vec(A) the vector obtained by stacking
the columns of A. The reader is refereed to Magnus and Neudecker [37] for the
properties of these operators. Let 0, be the null vector of R", and let I, be the
r X r identity matrix.
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2. Model and assumptions

Consider a d-dimensional stationary process (X;) satisfying a structural
VARMA(p, q) representation of the form

P q

AOQXt - Z AOiXt—i = Booet - Z Bol‘et_i, ViteZ = {0, :|:1, e }, (21)

i=1 i=1

where €, is a white noise, namely a stationary sequence of centered and uncorre-
lated random variables with a non singular variance Y. The structural forms are
mainly used in econometrics to introduce instantaneous relationships between
economic variables. Of course, constraints are necessary for the identifiability of
these representations. Let [Ago ... AopBoo - . - Bog] be the d x (p+ ¢+ 2)d matrix
of all the coefficients, without any constraint. The matrix ¥y is considered as
a nuisance parameter. The parameter of interest, 6y, belongs to the parameter
space © C R, where kg is the number of unknown parameters, which is typ-
ically much smaller that (p + q + 2)d?. The matrices Ao, .. . Aop, Boo, - .. Bog
involved in (2.1) are specified by 6y. More precisely, we write Ag; = A;(0p) and
By; = Bj(fy) for i =0,...,pand j =0,...,q, and Xy = X(fy). We need the
following assumptions used by Boubacar Mainassara and Francq [9] to ensure

the consistency and the asymptotic normality of the quasi-maximum likelihood
estimator (QMLE).

A1l: The applications 6 — A;(0#) i = 0,...,p, 8 — B;(¢) j =0,...,q and
0 — X(0) admit continuous third order derivatives for all 6 € ©.

For simplicity we now write A;, B; and X instead of 4;(6), B;(#) and X(6). Let
Ap(z) = Ao — >0 | Aiz® and By(2) = By — >, Biz".

A2: For all § € ©, we have det Ag(z) det By(z) # 0 for all |z| < 1.

A3: We have 0y € O, where © is compact.

A4: The process (e;) is stationary and ergodic.
A5: For all 0 € O such that 6 # 6, either the transfer functions

Ag'BoBy (2)Ag(2) # Agg BooBy, ' (2)Ag, (2)
for some z € C, or
A BoSByATY # Ay BooSoBho Ags -

A6: We have 6, Eé), where (2) denotes the interior of ©.

We now introduce, as in [23] the strong mixing coefficients of a stationary process
Z = (Z) denoted by

az(h) = sup [P(AN B) — P(A)P(B)],
A€o (Zy,u<t),BEo(Xy,u>t+h)

measuring the temporal dependence of the process Z. Denoting by || Z]| the
Euclidean norm of Z.
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AT: We have E||¢;]|**?" < oo and Y5 j{ac(k)} T < oo for some v > 0.

The reader is referred to [9] for a discussion of these assumptions. Note that
(e:) can be replaced by (X:) in A4, because X; = Ae_ol (L)Bg,(L)er and €; =
B(;Ol(L)Ago (L)X, where L stands for the backward operator. From A1l the
matrices Ayg and By are invertible. Introducing the innovation process e; =

Ao_olBooet, the structural representation Ag,(L)X: = By, (L)e: can be rewritten
as the reduced VARMA representation

p q
X — Z Ag) AgiXi—i = ey — Z Agy Boi Byg Aooer—i-
i=1 i=1

We thus recursively define é,(0) for t =1,...,n by

P q
&0) =X, — Y Ay AX i+ Y Ayt BBy Aoéri(0),

i=1 i=1
with initial values éy() =--- = €1_4(#) = Xo = --- = X1_p, = 0. The gaussian
quasi-likelihood is given by

~ . " 1 1 ~r 1~ _ 4-1 1A=
L,(0,%.) = t];[l TN exp{ SE 0%, et(ﬁ)}, Yo = Ay BoXByAS Y.

A QMLE of 6 and ¥, are a measurable solution (é

naie
én 2A:e = in 0 Ee .
(0, Xe) = arg max Ly, (0, Xe)

We use the matrix My, of the coefficients of the reduced form (8.1), to that
made by Boubacar Mainassara and Francq [9], where

Mgo = [AO_OlAm Lo AaolAOP : Ao_oleB&JlAOQ Lo AaolBOqBo_olAOO]-

Now, we need a local identifiability assumption which completes the global iden-
tifiability assumption A5 (but none is implied by the other) and specifies how

) of

this matrix depends on the parameter 6. Let Mg, be the matrix dvec(Mp)/80'
evaluated at 6.

A8: The matrix M 0, is of full rank k.

Under Assumptions A1-A8, Boubacar Mainassara and Francq [9] have showed

the consistency (én — 0y a.s. as n — o) and the asymptotic normality of the
QMLE:

NG (én - 90) A N(0,Q = J 7Y, (2.2)
where J = J(0y, Xc0) and I = I(0y, Xeo), with
J(0,%,) = li 2 o log L, (6, )
o) = B 1 gae BT\ e 4

and

1(0,%.) = lim Var

Jim {%% log Ly, (6, ze)} : (2.3)
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3. Expression for the derivatives of the VARMA residuals

For a univariate ARMA model, McLeod [38] has defined the noise derivatives
by writing

6€t , aet .

— =V, t=1,..., d —=w—j, j=1,...,q,

9, Vi, © p an 9; Ut—j, J q
where ¢; and ¢; are respectively the univariate AR and MA parameters. Let
do(L) =1—=>"  ¢;L" and pg(L) =1 — >  ¢;L". We denote by ¢; and ¢j,
the coeflicients defined by

Gt (2) =Y dn" gl (2) =D @iz [zl <1 for h>0,
h=0 h=0

When p and ¢ are not both equal to 0,let 8 = (61,...,60,,0p41,...,0p1+4) . Then,
it is easily seen that the univariate noise derivatives can be represented as
8et(6‘)
00

= (Ut,l(ﬁ), N ,vt,p(ﬁ), ut,1(9), e ,ut,q(t?))/,

where
vi(0) = =5 (L)ea(0) = =Y drer—n(8), wld) = ¢y (L)ee(8) = Y phee—n(0)
h=0 h=0

and
er(f) = gg ' (L)da(L) X
The subject of this section is to generalize these expansions to the multivari-
ate ARMA case. The reduced VARMA representation can be rewritten as the

compact form
Ag(L)Xt = B@ (L)et(ﬁ),

where Ag(L) = Iy — > % | A;L* and By(L) = I; — > B,L%, with A; =
AgtA; and B; = Ay'B;BytAg. For £ = 1,...,pand ¢/ = 1,...,q, let A, =
(aije), Bp = (bije), ag = vec[As] and by = vec[By]. We denote respec-
tively by
a:=(aj,...,a,) and b:=(b},..., b)),

the coefficients of the multivariate AR and MA parts. Thus we can rewrite
6 = (a’,b’)’, where a € R*' depends on Ay, ..., Ay, and where b € R¥? depends
on Bo, ceey Bq, with kl + k2 = ko. For ’L,j = 1, ceey d, let Mlj(L) and Nij (L) the
(d x d)—matrix operators defined by

My;(L) = By (L)E;jAg ' (L)Bg(L) and  Ny(L) = By (L)Ey;,
where Ej; is the d X d matrix with 1 at position (4, j) and 0 elsewhere. We denote

by A}, and B}, the (d x d) matrices defined by

M;j(z) = ZAfj,hZhv Nij(z) = Zij,hz’hv lz| <1
h=0 h=0
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for h > 0. Take A};, = B;; ), =0 when h < 0. Let the d x d*(p + q) matrix
M(0)=[-Aj_ —A;_, B B;;fq} , (3.1)
where
A} = [Aﬁ,h : Aél,h e AZd,h} and Bj, = [Bﬁ,h : B;l,h e BZd,h}

are d x d® matrices.

The matrix A, (#) is well defined because the coefficients of the series expan-
sions of A, L and B, 1 decrease exponentially fast to zero.

We are now able to state the following proposition, which is a generalization
of a result given in [38].

Proposition 3.1. Under the assumptions A1-A8, we have

6€t (9)
06’

= [Via(0) : -2 Vi p(0) : Ura(0) -+ Uy (0)],

where

Vi(0) = =Y Aj(Ip @ern(0) and U(0) = Bj (I ® e n(0))
h=0 h=0

with the d x d® matrices
h= [Aﬁ,h : A§1,h e Arld,h] and Bj, = [Bikl,h : B§1,h e B:;d,h} .
Moreover, at 8 = 6y we have

Oe
8_95 = Z Ai (Idz(p-i-q) ® et*i) )

i>1

with the \;’s are defined by (5.1).

4. Explicit expression of I and J

The subject of this section is to give expressions for the information matrices I
and J involved in the asymptotic variance €2 of the QMLE. In these expressions,
we isolate what is a function of the VARMA parameter 6, from what is a function
of the distribution of the weak noise e;.

McLeod [38] gave a nice expression for J, for the univariate ARMA model, as
the variance of a VAR model involving only the ARMA parameter 6 (see (8.8.3)
in [12]). Francq, Roy and Zakoian [22] obtained an expression of I involving the
ARMA parameter 0y and the fourth-order moments of the weak noise (e;) (with
their notations, J = A/_A, and I = Af)oI‘OOono where A, depends on 6,
and I's o depends on moments of (e:)). For certain statistical applications,
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recently, Boubacar Mainassara, Carbon and Francq [8] give similar expressions
for 1(#) and J(0) when 0 = 6. Let us define the matrix

M = E{(Idz(p+q) & e£)®2}

involving the second-order moments of (e;). We are now able to state the follow-
ing proposition, which provides a form for J = J(6p, Xeo), in which the terms
depending on 6y (through the matrices )\;) are distinguished from the terms
depending on the second-order moments of (e;) (through the matrix M) and
the terms of the noise variance of the multivariate innovation process (through
the matrix X.q).

Proposition 4.1. Under Assumptions A1—A8, we have
vec J = QZM N @ N} vee S ),

i>1

where the \;’s are defined by (3.1).

We now search similar tractable expressions for I. In view of (2.3), we have

1 n +oo
I= 1 - T, | = T, Y, 4.1
ngroloVar <\/ﬁ; t) h;OOCOV( 6 Tion), (4.1)
where 5
T, = 5 {log det Seo + e;(o)zgolet(e)}ezeo . (4.2)

Note that, the existence of the sum of the right-hand side of (4.1) is a conse-
quence of A7 and of Davydov’s inequality [13] (see e.g. Lemma 11 in [9]). Let
the matrices

Mijn =B ({et_, ® (leprg ®€t—;1)} @ {et @ (lexprg ® €;-3)}) -

The terms depending on the VARMA parameter are the matrices \; defined in
(3.1) and let the matrices

+oo
T(i,j)= > Min

h=—o00

involving the fourth-order moments of the innovations e;. The terms depending
on the noise variance of the multivariate innovation process are in ¥X.o. We now
state an analog of Proposition 4.1 for I = I(6y, Xco).

Proposition 4.2. Under Assumptions A1—A8, we have
+o0 ,
vecl =4 Z L(i, ) ({Ia® Xj} @ {Ia ® A}) vec (Vec Yoo {vecZ ) ,
i,j=1

where the \;’s are defined by (3.1).
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Remark 4.1. Consider the univariate case d = 1. We obtain

4 2
vee J =2 E i@ A\)Y and vecl = — E (i, 5) I @ A}
o
i>1 ij=1

where (i, §) = 3520 E(erer—ier—ner—j—n) and N, € RPT are defined by (3.1).

Remark 4.2. Francq, Roy and Zakolan [22] considered the univariate case
d = 1. In their paper, they used the LS estimator and they obtained

%er(00)\ oy De,(60)\ o
E (78989’ ) = 2;0 A\ and Var{2et(6‘o) 56 } =4 Z (i, NN

i,j2>1

where o? is the variance of the univariate process e; and the vectors \; =
(=i s =D i1 Pi—,) € RPTY with the convention ¢} = ¢f =
0 when i < 0. Let £,(0,%.) = —2n 'logL,(#,%.). In [9], it is shown that
00(0,%.) = 0,(0,%,) 4+ o(1) a.s., where

1 n
0,(0,%,) = - Z {dlog(2m) +log det X + €;(0)S; e, (6) } .

t=1

Using the vec operator and the elementary relation vec(aa’) = a®ad’, their result
writes

B 920,00, o) 1 0%, B
vecJ = vec {]E (W)} = ; vec {E (met (90))} = 22)\1 & )\i

i>1
(%n (90, 280) 1 8et(90)
and veclI = Vec{Var (T zﬁvec Var | 2¢; 20
4 .
g ij>1

which are the expressions given in Remark 4.1.

The following example illustrates that how the matrices I and J are depend
on the terms 0y and terms involving the distribution of the innovations e;.

Example 1. Consider for instance a weak, univariate, ARMA(1, 1) of the form
Xt =aX; 1 —beg 1+ ey,

with variance o2. Then, with our notations, we have § = (a,b)’, 6y = (ag,bo)’,
Ai=a' B =V, \i=(-A7_,B]_ ) = (—a" '), E(¢}) = a3,

—+o0
L(i,j) = Y E(eeicrnerjn) Lo = (i, j)Is

h=—o00
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and N ‘ | | | -
Ay © A = (42, T, —al T )

Thus, we have

veeJ = 22(ag(ifl),—(aobo)i_l,—(aobo)i_l,bg(ifl))/ and
i>1
4 X JHie2  je1yi-1 j—lyi—1 jj+i-2)’
vecl = 0—327(%3)(% y—ap by, —ag by T, bo )7
ij=1

where o is the true value of 0. We then deduce that

1 -1 400 j+i—2 j—1pi—1
T—aZ  T—aobo 4 . ay —a} by
J=2 . 1 and [ = — g (i, 7) D L .
ok ’ gflbzfl bj+172
1—aobo 1-b2 0 —ay 0y 0

ij=1

Thus, in the standard strong ARMA case, i.e. when A4 is replaced by the
assumption that (e;) is iid, it is easily seen that v(i,7) = [E(e7)]*> = of when

1=j and 0 if ¢ # j, so that I = 2J. In the general case we have [ £ 2J. O

5. Estimating the asymptotic variance matrix

In section 4, we obtained explicit expressions for I and J. We now turn to the

estimation of these matrices. Let é, = €;(0,,) be the QMLE residuals when p > 0
or ¢ > 0, and let é; = e; = Xy when p =g = 0. When p+ ¢ # 0, we have é; =0
fort <0andt>n and

P q
o =X1 = A (0n)Ai(0n) X + Y Ay (0,)Bi(0n) By (0n) Ao (0)ér i,
i=1 =1

fort = 1,...,n, with X, =0 for t <0 and Xt = X; for t > 1. Let 260 =
n-! Z?:l é+€} be an estimator of ¥.o. The matrix M involved in the expression
of J can easily be estimated by its empirical counterpart

M” = % Z { (Idz(p-i-q) ® é;)®2} :

t=1

In view of Proposition 4.1, we define an estimator Jyn of J by
vec.J, = ZM" {5\; ® 5\;} vec 2;01.
i>1
We are now able to state the following theorem, which shows the strong consis-
tency of J,.
Theorem 5.1. Under Assumptions A1-A8, we have

Jn — J a.s. as n — .
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In the standard strong VARMA case 0 = 2J-! is a strongly consistent
estimator of 2. In the general weak VARMA case this estimator is not consistent
when I # 2J. So we now need a consistent estimator of I. The estimation
of the long-run variance I is more complicated. In the literature, two types
of estimators are generally employed: HAC estimators (see [2, 40] for general
references, and [26] for an application to testing strong linearity in weak ARMA
models) and spectral density estimators (see [4] and also den [14] for a general
reference; see also [9] for an application to a weak VARMA model). Let

1 il

Maijni== > ({et-n @ Iz (prq) @ €t—j—n) } @ {€1 ® (I2(prq) @ €1-3) }) -

n
t=1

To estimate I'(7, j) consider a sequence of real numbers (b, )nen+ such that

104+4v

b, =0 and nb,* — o0 as n— oo, (5.1)

and a weight function f : R — R which is bounded, with compact support
[—a, a] and continuous at the origin with f(0) = 1. Note that under the above
assumptions, we have

bn Y |f(hba)| = O(1). (5.2)

|h|<n
Consider the matrix

Z F(hbo) M iz and Tnz[ﬂ,

hf_Tn
where [z] denotes the integer part of z and where

. 1 n—|h|

Mu ijn = Z ({et h® (Id2 (p+a) ® € i h)} ® {et (Idz(p-irq ® & z)}) :
t=1

In view of Proposition 4.2, we define an estimator I, of I by

too /

vecl, =4 Z f‘n(i,j) ({Id ® ;\;} ® {Id ® 5\;}) vec <vec ﬁ]gol {vec ﬁ)gol} > )

ij=1
We are now able to state the following theorem, which shows the weak consis-
tency of an empirical estimator of I,,.
Theorem 5.2. Under Assumptions A1-A8, we have

I, =1 in probability as n — oo.
Therefore Theorems 5.1 and 5.2 show that
Qn = j;lfnjgl

is a weakly estimator of the asymptotic covariance matrix 2 = J~'IJ~!, which

allows to separate the effects due to the VARMA parameters from those due to
the nonlinear structure of the noise.
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6. Approximation of the information matrices by finite sums

In practice the infinite sums involved in J and I are truncated. This section
concentrates on the choice of the truncation parameter for J and I. Matrix J
is truncated by the matrix J™ and defined by

M
vec JM = 22/\/1 (N, @ N} vec ¥ ).
i=1

The following proposition defines a value of M such that JM be equal to J
up to an arbitrarily small tolerance number . Let the matrix norm defined by
| Al = >_; ; |A(i, 7)| with obvious notations.

Proposition 6.1. Let p be the inverse of the largest modulus of the zeroes of
the polynomials det Ag(z) and det By(z) and let

d(p+
—2d(p + Q)) (wa) 7 —0.5—d(p+q)/ logﬁ'

K=+ o)f (0

For all € > 0, we can therefore choose an integer

o (y/2/27T (1~ VP8 )

M > M, .= —
logp

such that || vec J — vec JM|| < &, where T = | M| and T = || vec X3

Similarly to J, the matrix I is truncated by the matrix I™ of M? terms,
defined by

M
vec IM =4 Z L(i, ) ({Ia ® X} @ {Ia ® \j}) vec (VGC Yoo {veeS ! /) .
ij=1

We now state an analog of Proposition 6.1 for I.

Proposition 6.2. Let

T = max||T(4,5)|, T = Hvec (vec DI {vec DI /) H .
i,5>0

For all € > 0, we can therefore choose an integer

g (/2 ma T - 7/

M > M, .= —
logp

such that || vecI —vec IM| < e.
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7. Testing linear restrictions on the parameter

It may be of interest to test so linear constraints on the elements of 6y (in par-
ticular Ao, = 0 or By, = 0). We thus consider a null hypothesis of the form

HO : Rooo =T

where Ry is a known sg X kg matrix of rank sg and v is a known sg-dimensional
vector. The Wald, LM and LR principles are employed frequently for testing
Hy. The LM test is also called the score or Rao-score test. We now examine if
these principles remain valid in the non standard framework of weak VARMA
models.

Let Q = j_lfj_l, where J and [ are consistent estimator of J and I, as
defined in Section 5. Under Assumptions A1-A8, and the assumption that [ is
invertible, the Wald statistic

Wn = n(Roén — tO)I(ROQRlo)_l(RQén — to)

asymptotically follows a X‘jo distribution under Hy. Therefore, the standard
formulation of the Wald test remains valid. More precisely, at the asymptotic
level o, the Wald test consists in rejecting Hy when W, > Xgo(l —a). Tt is
however important to note that a consistent estimator of the form O=J"1J1
is required. The estimator O =2J —1 which is routinely used in the time series
softwares, is only valid in the strong VARMA case.

We now turn to the LM test. Let éfl be the restricted QMLE of the parameter
under Hy. Define the Lagrangean

L(O,X) = 0,(0) — N (Rob — to),

where A denotes a sg-dimensional vector of Lagrange multipliers. The first-order
conditions yield

8€n Hc /3 Hc

W(G") = ROA, Roen = 1.
It will be convenient to write a = b to signify a = b+ ¢. A Taylor expansion
gives under Hy

B 90n(0n) op(ty —0L,(05) S
0 = Vg T VTE R = i (6 - 05)
We deduce that
ViBofn —x0) = Rovi(f —5) " Rosya%eln) _ gty s

Thus under Hy and the previous assumptions,

VA5 N A0, (RoJ " Rp) T RoQRy(RoJ ' Rg) '}, (7.1)
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so that the LM statistic is defined by

. . R . -1
LM, = nx{(ROJ-le)—lROQRg(ROJ—le)‘l} A

o 8€ c\ 7—1 p/ A 1/ -1 7 laé c
= nor(05)J RO(ROQRO) RoJ 1 Z2(05).

Note that in the strong VARMA case, () = 2J-! and the LM statistic takes
the more conventional form LM’ = (n/2)\'RoJ 'RjA. In the general case,
strong and weak as well, the convergence (7.1) implies that the asymptotic
distribution of the LIM,, statistic is xgo under Hy. The null is therefore rejected
when LM, > Xgo(l — «). Of course the conventional LM test with rejection
region LM, > x?o (1 — «) is not asymptotically valid for general weak VARMA
models. Standard Taylor expansions show that

Vb, —02) Y mIRA,
and that the LR statistic satisfies
2 {log L (B0) — 1og La(05) } 2 2 (0 — 05T (0, — 05)

ol SN RoJ T R ot

LR,
VLM

Using the previous computations and standard results on quadratic forms of
normal vectors (see e.g. Lemma 17.1 in [45]), we find that the LR,, statistic
is asymptotically distributed as > 7 A\;Z? where the Z;’s are iid A'(0,1) and
A1,..., g, are the eigenvalues of

1
Yir = J V2SI Y2, Sir = §R6(ROJ_lRS)_lRoQRS(ROJ_lRS)_lRo-

Note that when Q = 2J71, the matrix Spr = J 2R} (RoJ ' R})) "' Ry J /2
is a projection matrix. Its eigenvalues are therefore equal to 0 and 1, and the
number of eigenvalues equal to 1 is Tr J~™V/2 R} (RoJ ' R)) "' Ry J /2 = Tr I, =
so. Therefore we retrieve the well-known result that LR, ~ Xgo under Hy
in the strong VARMA case. In the weak VARMA case, the asymptotic null
distribution of LR, is complicated. It is possible to evaluate the distribution of
a quadratic form of a Gaussian vector by means of the Imhof algorithm (see [31]).
An alternative is to use the transformed statistic

LR, = (00— 05) ISy J (0, — 65) (7.2)
which follows a xgo under Hy, when J and S’ER are weakly consistent estimators
of J and of a generalized inverse of Spr. The estimator S'ER can be obtained

from the singular value decomposition of any weakly consistent estimator Sir of
SLR More premsely, defining the diagonal matrix A = dlag(/\l, . /\ko) where

)\1 > )\2 - > )‘ko denote the eigenvalues of the symmetric matrix SLR, and
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denoting by P an orthonormal matrix such that Spr = PAP’, one can set

Sip=PA P, A~ = diag (ﬁ\;l, LAZho, .,0) .
The matrix SER then converges weakly to a matrix Sy g satisfying SLr S g SLrR =
SLR, because Sp,r has full rank sq.
The obvious problem with this modified version of the LR statistic is that
Y LR is not invertible in the general situation where sg < ko, which invalidates
the asymptotic x?o distribution and also entails numerical problems in the com-
putation of (7.2).

8. Numerical illustrations

In this section, by means of Monte Carlo experiments, we illustrate the finite
sample behavior of our estimators of the information matrices I and J (here-
after denoted respectively I, and J., where the subscript on I and J denoting
computed) involved in the asymptotic matrix variance €, for strong and weak
VARMA models. We used, the three kernels described in Table 1 below in the
calculation of the estimator of the matrix I.. Let,

s 2[00, - A 0 A
J== —&(0n) ¢ X1 =—E1(0,) ¢ -
5 (e { e
We compare our estimator, of 2, with the standard and the spectral density

estimators Q5P := J=1/SP j=1 (ISP is defined in Theorem 3 of [9]) considered
by Boubacar Mainassara and Francq [9].

8.1. Stmulating models

The structural VARMA (p, ¢) representation (2.1) can be rewritten in a stan-
dard reduced VARMA(p, ¢) form if the matrices Agg and Byg are non singular.
Indeed, premultiplying (2.1) by Ao_ol and introducing the innovation process
e = AaolBooet, with non singular variance Y.y = Ao_olBOOZOB,’JOAaOl/, we ob-
tain the reduced VARMA representation

P q
Xt — Z AaolAOithi = €t — Z AaolBOiB()_olAOOetfi- (81)

i=1 i=1
The structural form (2.1) allows to handle seasonal models, instantaneous
economic relationships, VARMA in the so-called echelon form representation,
and many other constrained VARMA representations (see [36], chap. 12). The
reduced form (8.1) is more practical from a statistical viewpoint, because it
gives the forecasts of each component of (X;) according to the past values of

the set of the components.

The above discussion shows that VARMA representations are not unique,
that is, a given process (X;) can be written in reduced form or in structural
form by premultiplying by any non singular (d x d) matrix. Of course, in order
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to ensure the uniqueness of a VARMA representation, constraints are necessary
for the identifiability of the (p+ ¢+ 2)d? elements of the matrices involved in the
VARMA equation (2.1). In contrast, the echelon form guarantees uniqueness of
the VARMA representation (see also [36]). The echelon form is the most widely
identified VARMA representation employed in the literature. The identifiability
of VARMA processes has been studied in particular by Hannan [28] who gave
several procedures ensuring identifiability.

To generate the strong and the weak VARMA models, we consider the fol-
lowing bivariate VARMA(1,1) model in echelon form considered in Liitkepohl
([36], chap. 12, eq. 12.1.19)

( §li ) - ( 8 al(g,2) ) ( ﬁ;: )+ ( Z;z )
_( bl(g,l) bl(g, 2) ) ( 2: ) (8.2)

where 6y = (a1(2,2),01(2,1),01(2,2)) = (0.95,2,0) and €, = (€1, €2,¢)" follows
a strong or weak white noise.

8.2. Implementation of the estimating of I. and J.

Let X1,...,X,, be observations of the bivariate VARMA(1,1) process (8.2).
With ours notations, the VARMA representation (8.2) can be rewritten as the
compact form

Ag(L)X; = By(L)es(6),

where Ag(L) =1, — AL and By(L) = I, — BL, with

(50 A (8t ) wim (ol i)

For simplicity, we now write a1, b1 and bs instead of a;(2,2), b1(2,1) and b1(2, 2).
For estimating the asymptotic matrix variance €2, introduced in this paper, we
implement the information matrices I, and J. involved in §2, using the following
steps:
1. Compute the estimates A B by QMLE.
2. Compute the QMLE residuals é; = ét(én) when p > 0 or ¢ > 0, and let
ér =e; = Xy when p=¢g =0. When p+ ¢q # 0, we have ¢, =0 for t <0
and ¢t > n and

& =Xy — A(0n)Xo—1 +B(0n)ér1,

fort=1,...,n, with X; =0 for t < 0 and X; = X; for ¢t > 1.
3. Compute the polynomials inverses
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o L):iAiLi:12+i 0 07) and
; ; 0 aj
ZBL _IQ+Z( bbb )

4. Compute the (2 x 2)—matrix operators, introduced in this paper, defined
by

Moo (L) = By (L) E22 A, ' (L)By(L)

(0 D)= a) 2l i)

1—1
0
+Z_;(b1b§a; Bl bl (a0F — boai=h- 1)>
NQj(L) = B; ( )EQJ, fOI‘j = 1 2

N21(L)_§:(b% 8)LiandN22(L)_i(8 b%)Li

1=0 =0

L' and

where Es; is the 2 x 2 matrix with 1 at position (2,7) and 0 elsewhere.
We are now able to compute the matrices \;(#)’s given in (3.1).
5. We then compute the 2 x 6 matrix

M(0) = [-AG_1 i Bj_4],
with
Aj = [A;Q,h] and Bj, = [le,h : B;Q,h]

and where the 2 x 2 matrices A3, ,, B3, , and B3, , are respectively given,
in the precedent step, by

Mys (= Z Aj, n?"s Noa(z Z B;i, nz"
h=0

Na(z ZBzz hzh 2] <1
h=0
for h > 0. Take AZM = B;Lh = B;Qﬁ = 0 when A < 0. Thus the matrices
Ai(0)’s can be estimated by plugging, using
Ay = )\h(én) = [_A;;q : B 271} )

6. Compute the 9 x 1 matrix: vec.J, Ziwl M N, @ N} vee D!, where
EeO = Zt 1 ét€} is (an estimator of 3.) the empirical variance of
é1,...,en and where M,, =n~ 'S0 {(I3 ® &})®?}.
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TABLE 1 .
Kernels used in the calculation of the matrices I'y (i, 7)

1, iflz|<1

Truncated uniform or Rectangular (REC):  f(z) = { 0 otherwise

1—fal, iflol<1

Bartlett (BAR): f(z) = { 0, otherwise

2(1 — [z])?, if1/2 <|z| <1
otherwise

1 — 622 + 6|z|3, if 2| < 1/2
Parzen (PAR): flz) =

)

7. Define the 9 x 144 matrices estimators

+Ty
Lo(i,j)= Y f(hbn)Mpijn and T, = [a/bs],

h=—T,
where [z] denotes the integer part of = and where

n—|h|
~ 1
Moy ijn = — Z ({ene(Beg ) o{ae (Beé_,)}).

n
t=1

The real numbers (b, )nen- satisfy (5.1) and a weight function f: R — R
is supposed bounded, with compact support [—a, a] and continuous at the
origin with f(0) = 1. With regard to the choice of (b,), a few heuristic
remarks can be made (see, for instance, [10, 15, 26, 30]). When 4 is small
relative to n, a weight f(hb,) close to one is required. Therefore, it is
supposed that (b,) decreases to zero as n tends to oo (see condition (5.1)).
On the contrary, when h is large relative to n, one wants a weight f(hb,,)
close to zero. Therefore, it is supposed that (b,,) does not decrease to zero
too quickly. We used, in this paper, the three kernels described in Table 1
in the calculation of the matrices estimators I',, (i, 7). For each kernel, we
have taken b,, equal to 1/1n(n) which corresponds to the truncation point
T, = [In(n)].
8. Compute the 9 x 1 matrix:

M
vecl, =4 Z f‘n(i,j)({lg N} {L® 5\;}) Vec(vec S {vec f}e—ol}/).

ij=1

8.3. Empirical size

The numerical illustrations of this section are made with the free statistical
software R (see http://cran.r-project.org/). We simulated N independent
trajectories of different sizes n of Model (8.2), first with the strong Gaussian
noise (8.3), second with the two weak noises (8.4) and (8.5).


http://cran.r-project.org/

Estimating asymptotic variance of weak VARMA models 2719

8.8.1. Strong VARMA model case

We first consider the strong VARMA case. To generate this model, we assume
that in (8.2) the innovation process () is defined by

< €Lt ) ~ IIDN(0, I5). (8.3)
€2t

We simulated N independent trajectories of size n = 1,000 of Model (8.2) with
the strong gaussian noise (8.3). For each of these N replications we estimated the
coefficients (a1(2,2),b1(2,1),01(2,2)), using the Gaussian maximum likelihood
estimation method, and we compared estimates of the asymptotic variance 2,
of the QMLE, of standard and modified (sandwich) estimators of 2.

8.3.2. Weak VARMA model case

The GARCH(p, ¢) models constitute important examples of weak white noises in
the univariate case. These models have numerous extensions to the multivariate
framework. Jeantheau [32] has proposed a simple extension of the multivariate
GARCH(p, ¢) with conditional constant correlation. For simplicity, we consider
the bivariate ARCH(1) model. In which, the process (e;) verifies the following
relation ¢, = Hyn, where {n, = (n1,4,72,1)'} is an iid centered process with
Var{n;,} = 1, for i« = 1,2 and H; is a diagonal matrix whose elements h;;

verify
h%l,t () m 0 6%,1&—1
h%u C2 a1 a2 eg_,H '

The elements of the matrix A, as well as the vector (¢1,c2)’, are supposed to be
positive. In addition, suppose that the stationarity conditions hold. Then, we

have
€1, hitg 0 M1t
’ = ’ ’ . 8.4
< €2t ) < 0 hooy > < 72, > (84)

We now repeat the same experiment on two weak VARMA (1, 1) models. We
first assume that in (8.2) the innovation process (e;) is an ARCH(1) model
defined in equation (8.4) with ¢; = 0.3, ¢a = 0.2, a11 = 0.45, as; = 0.4 and
a2 = 0.25. In second set of experiments, we assume that in (8.2) the innovation
process (&) is defined by

( o ) = ( el -2+ 17 ) with ( s ) ~IIDN(0, I2). (8.5)

€2t n2,(|m2,e-1| + 1)t M2t

This noise is a direct extension of a weak noise defined by Romano and Thombs
[42] in the univariate case.

For the estimation of the coefficients, we used the quasi-maximum likelihood
estimation method and we compared estimates of the asymptotic variance €, of
the QMLE, of standard and modified (sandwich) estimators of .
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Estimates of Q(1, 1)
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Fic 1. Comparison of standard and modified estimates of the asymptotic variance 2 of the
QMLE, on the simulated model (8.2)—(8.3). The diamond symbols represent the mean, over
the N = 100 replications, of the standardized squared errors n{ai(2,2) — 0.95}2 = 0.01492

for Q(1,1), n{b1(2,1) — 2}2 = 1.1097 for Q(2,2) and n{b1(2,2)}2 = 1.1743 for (3, 3).

8.3.3. Comments

Figures 1, 2 and 3 compare the standard and the sandwich estimators of the
QMLE asymptotic variance Q. In these Figures, (a), (b), (¢), (d), (e) and (f)
correspond respectively to the box-plots of the estimation of Q% = 2J 1, Q% =
2’]0_1’ QSP _ J_1]SPJ_1’ QBAR _ JC_IIBARJc_l, QREC _ JC—IIRECJC—I and
QPAR _ ngIPARng.

In the strong VARMA case we know that the two estimators, standard and
sandwich, are consistent. In view of the three top panels of Figure 1, it seems
that the sandwich estimators is less accurate in the strong case. This is not
surprising because the sandwich estimators are more robust, in the sense that
these estimators continue to be consistent in the weak VARMA case, contrary to
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Estimates of Q(1, 1)
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Fic 2. Comparison of standard and modified estimates of the asymptotic variance 2 of the
QMLE, on the simulated model (8.2)—(8.4). The diamond symbols represent the mean, over
the N = 100 replications, of the standardized squared errors n{ai(2,2) —0.95}2 = 0.0227 for

Q(1,1), n{b1(2,1) — 2}2 = 1.4865 for Q(2,2) and n{b1(2,2)}2 = 1.7172 for Q(3,3).

the standard estimator (see Figures 2 and 3). It is clear that in the weak Model
(8.2)(8.4) case nVar{by(2,1)—b1(2,1)}? and nVar{b; (2,2)—b;(2,2)}? are better
estimated by the sandwich estimators than by the standard ones (see Figure 2).
We draw the same conclusion for the second weak Model (8.2)—(8.5) case for
nVar{b;(2,2)—b1(2,2)}? (see Figure 3). We draw the conclusion that, the failure
of the standard estimators of €2 in the weak VARMA framework may have
important consequences in terms of identification (see [7]) or hypothesis testing.

Table 2 displays the empirical sizes of the standard Wald, LM and LR
tests, and that of the modified versions proposed in Section 7. We use the
CompQuadForm R package to evaluate the p-values using the Imohf al-
gorithm, 1961). For the nominal level a = 5%, the empirical size over the
N = 1,000 independent replications should vary between the significant lim-
its 3.6% and 6.4% with probability 95%. For the nominal level o = 1%, the
significant limits are 0.3% and 1.7%, and for the nominal level o = 10%, they
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Estimates of Q(1, 1)
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Fic 3. Comparison of standard and modified estimates of the asymptotic variance 2 of the
QMLE, on the simulated model (8.2)—-(8.5). The diamond symbols represent the mean, over
the N = 100 replications, of the standardized squared errors n{ai(2,2) — 0.95}2 = 0.0127 for

Q(1,1), n{b1(2,1) — 2}2 = 0.9673 for Q(2,2) and n{b1(2,2)}2 = 0.5802 for Q(3,3).

are 8.1% and 11.9%. When the relative rejection frequencies are outside the
significant limits, they are displayed in bold type in Table 2. For the strong
VARMA Model I, all the relative rejection frequencies are inside the significant
limits. As expected, for the weak VARMA Models IT and III cases, the relative
rejection frequencies of the standard tests are definitely outside the significant
limits. Thus the error of first kind is well controlled by all the tests in the strong
case, but only by modified versions of the tests in the weak case. Table 3 shows
that the powers of all the tests are very similar in the strong VARMA Model IV.
The same is also true for the modified tests in the weak VARMA Models V and
VI cases. The empirical powers of the standard tests are hardly interpretable
for these weak VARMA Models V and VI cases, because we have already seen
in Table 2 that the standard versions of the tests do not well control the error
of first kind in the weak VARMA framework.
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TABLE 2
Empirical size of standard and modified tests: relative frequencies (in %) of rejection of
Ho : b1(2,2) = 0. The number of replications is N = 1000

Model  Length n Level Standard Test Modified Test
Wald LM LR Wald LM LR~ LR
a=1% 1.3 0.8 1.0 1.6 1.0 1.6 1.6
I n = 500 a=5% 5.0 4.3 4.8 6.1 4.9 6.1 6.1
a=10% 11.3 10.2 11.0 12.1  11.0 12.2 12.2
a=1% 1.5 1.1 1.2 1.3 1.0 1.4 1.3
I n=2,000 a=5% 5.2 4.9 4.5 5.5 5.2 5.5 5.5
a=10% 9.9 9.7 9.7 10.3 9.8 10.3 10.3
a=1% 1.3 1.0 1.2 13 12 13 13
I n=5000 o=5% 4.4 44 44 44 41 43 44
a=10% 8.7 8.5 8.7 8.5 8.6 8.5 8.5
a=1% 4.3 3.7 4.0 2.7 1.7 2.7 1.6
11 n = 500 a=5% 11.2 11.3 11.0 7.0 6.0 7.0 6.1
a=10% 21.1 19.3 20.2 12.0 11.2 11.8 12.2
a=1% 6.3 5.8 6.0 1.5 1.3 1.5 1.3
II n=2000 «a=5% 15.5 15.1 15.2 7.2 6.3 7.2 5.5
a=10% 23.8 23.7 24.1 12.7 116 127  10.3
a=1% 6.4 6.1 6.5 1.0 1.2 1.0 1.3
II n=>5,000 «a=5% 14.6 14.1 14.6 5.3 5.1 5.3 4.4
a=10% 21.0 21.4 21.0 10.6 10.4 10.6 8.5
a=1% 0.1 00 00 22 14 22 16
111 n = 500 a=5% 1.2 0.9 0.8 7.3 5.9 7.3 6.1
a=10% 31 23 2.7 12.0 115 12.0 12.2
a=1% 0.0 0.0 0.0 1.7 1.3 1.7 1.3
111 n=2,000 a=5% 0.7 0.5 0.5 6.7 6.8 6.7 5.5
a=10% 2.7 2.4 2.7 11.2  10.9 11.1 10.3
a=1% 0.0 0.0 0.0 0.8 0.4 0.8 1.3
111 n=5000 o=5% 01 02 0.1 53 A7 52 44
a=10% 1.4 1.3 1.3 10.2 9.9 10.1 8.5

I: Strong VARMA(1,1) model (8.2)—(8.3) with 6y = (0.95, 2,0)
IT: Weak VARMA (1,1) model (8.2)—(8.4) with 6y = (0.95, 2,0)
III: Weak VARMA (1,1) model (8.2)~(8.5) with o = (0.95,2, 0)

From these simulation experiments, we demonstrated that the validity of the
different steps of the traditional methodology of Box and Jenkins, identifica-
tion, estimation and validation, depends on the noise properties. This standard
methodology needs however to be adapted to take into account the possible lack
of independence of the errors terms. Under nonindependent errors, it appears
that the standard tests are generally unreliable while the proposed tests offer sat-
isfactory levels in most cases. Moreover, the error of first kind is well controlled
by the modified versions of the tests. We draw the conclusion that the modified
versions are preferable to the standard ones. Therefore the modified tests of
the present article can be considered as complementary to the above-mentioned
available results concerning the statistical analysis of weak VARMA models.
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Empirical power of standard and modified tests: relative frequencies (in %) of rejection of
Ho : b1(2,2) = 0. The number of replications is N = 1000

Model  Length n Level Standard Test Modified Test
Wald LM LR Wald LM LR~ LR
a=1% 7.8 6.3 6.7 8.7 7.7 8.6 9.0
v n = 500 a=5% 18.7 17.2 18.3 20.2 18.8 20.2 20.3
a=10% 289 26.8 278 30.2 27.9 30.3  30.3
a=1% 33.7 336 338 34.4 33.7 342  34.1
v n=2,000 «a=5% 59.7  60.0 59.8 58.7 59.4 58.8  58.7
a=10% 72.0 71.5 71.8 71.6 71.1 71.7 71.6
a=1% 81.5 81.0 81.6 81.4 81.4 81.3 81.4
v n=>5000 «a=5% 94.2 942 94.3 94.0 94.3 94.0 94.0
a=10% 97.4 973 973 97.0 96.8 97.0 97.0
a=1% 11.0 9.7 104 5.3 4.3 5.1 9.0
\% n=50  a=5% 242 228 234 154 141 155 203
a=10% 354 330 334 24.3 23.1 24.3  30.3
a=1% 39.8 376 39.1 21.4 20.9 21.2  34.1
\% n=2,000 «a=5% 56.6  55.8  56.6 42.2 40.8 42.2  58.7
a=10% 65.7 64.6 64.9 51.9 51.6 51.7 716
a=1% 783 77.8 779 55.2 54.1 55.1 814
\% n=>5000 «a=5% 88.3 88.2 882 76.9 76.9 76.8  94.0
a=10% 92.3 922 922 85.2 85.6 85.2  97.0
a=1% 2.6 1.1 1.9 15.6 14.2 15.5 9.0
VI n = 500 a=5% 10.5 8.5 9.5 33.7 324 33.6  20.3
a=10% 19.2 173  18.7 45.3 44.9 45.3  30.3
a=1% 309 295 30.6 76.2 74.9 76.0 34.1
VI n=2,000 «a=5% 66.4 65.5 66.2 90.3 90.1 90.3  58.7
a=10% 81.4 80.0 812 93.6 93.5 93.6 T71.6
a=1% 90.4 90.5 90.6 99.5 99.2 99.5 814
VI n=>5000 «a=5% 98.5 98.3 985 100.0 100.0 100.0 94.0
a=10% 99.7  99.7 99.7 100.0  100.0  100.0  97.0

IV: Strong VARMA(1,1) model (8.2)—(8.3) with 69 = (0.95,2,0.05)
V: Weak VARMA(1,1) model (8.2)(8.4) with 6o = (0.95, 2, 0.05)
VI: Weak VARMA (1,1) model (8.2)-(8.5) with 8o = (0.95,2, 0.05)

Appendix: Technical proofs

Proof of Proposition 3.1. Because 6’

show that
der(0)  _ . . _
20 = Vici(0) : -+ 1 Vi (0) - Up—a(0) = -+ : Up—g(9)]

h=0

Z [_ b1 (T @ep—p(0) -0 —

hep (Laz @ er—n(0)) :

BZ—I (IdQ ® et_h(ﬁ)) MERICEE B;;_q (IdQ ® et_h(H))}

(a’,b’), Lemmas A.1 and A.2 below
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oo

S [-Any oAb, BiyioBi] T2, ® e, (0)
h=0 h—1 - . h—p * h—1 - . h—q Idzq X et—h(e)

= D 0 (Izprg) ® er-n(0)) .

Hence, at 8 = 6y we have

36
gey Z/\ Id2(p+q) ® e Z) .
i>1
It thus remains to prove the following two Lemmas. (]
Lemma A.1. We have
e (0 )
o ZAM Ly @ ern(6))
h=0
where Ag,h =[A}_ A} 5 A;‘L_p] is a d x d®p matriz.

Proof of Lemma A.1. Differentiating the two terms of the following equality
A@ (L)Xt = Bg(L)et(H),
with respect to the AR coefficients, we obtain

e, (6)

(9aij)g

= -By(L)E;Xi—¢ = —By (L) Ei;j Ay (L)Be(L)er—o(0)
= —Mij(L)et,g(G), 62 1,...,[),

where E;; = 0Ay/0ay; ¢ is the d x d matrix with 1 at position (¢,7) and 0
elsewhere and
er(0) = B, (L)Ag(L)X,.

Then we have

0
et ZAU het—0— h ) (Al)

3aw Y

Hence, for any a, writing the multivariate noise derivatives

8et(6‘)

882 = - [Mll(L)et_g(e) : M21 (L)et_g(e) Ll Mdd(L)et_g(e)]
dxd?
= —[Mu(L): Mor(L) = -+ - Maa(L)] (Ia2 @ er—e(0))
ML) (Ip © e00(0)) = ~M(L)er_o(0) = Vio(6),
where M (L) = [M11(L) : Moy (L) : -+ : Maa(L)], et—¢(0) = I;2 ® er_¢(f) and

Vi_e(6) are respectively the d x d3, d® x d* and d x d* matrices. Hence, we
have

86 =
a = - ZAhet e—n(0 Z Af_rer—i(0) = —ZALeet—k(ﬁ)
k=t

k—{=0
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= =) Aj_eik(0) = Vi),

with Ay_, = 0 when k& < ¢. With these notations, we obtain

6€t(9) s « %
vl > [Ar e k(0) : Af_serk(0) - Af_er x(0)]
k=0 dxd?p
= =D [Ai AL AL (L ®ei(8))
k=0
- Z Ay (Izp @ ei(0))
k=0
where Aj , =[A}_ | : Aj_,:---: Ap_ ] is the d x d°q matrix. The conclusion
follows. O
Lemma A.2. We have
Dei(0) o= oys
T hZ:OBe’h (Ia2q @ e4—n(0))
where By ,, = [Bj,_ :Bj,_,:---:Bj,_ ] is a d x d°q matriz.

Proof of Lemma A.2. The proof is similar to that given in Lemma A.1. However,
we will give the derivatives which are different to that in the previous Lemma.
Differentiating the two terms of the following equality

Ay(L)X; = By(L)e(0),
with respect to the MA coefficients, we obtain

e (6)
6bij7g/

= Bgl(L)E'LJBgl(L)Aé’ (L)thf/(e) = B;I(L)Eijet,g/(o)
= Ny(L)er—v(0), 0=1,...,4q,

where E;; = 0By /0b;j ¢ is the d x d matrix with 1 at position (¢,7) and 0
elsewhere. We then have

86,5
) = Biyper-04(0), (A2

h=0
Similarly to Lemma A.2, we have

e (8)
aby,

[Nll(L)et,g/(o) : NQl(L)et,[/ (9) Dol Ndd(L)et,[/ (9)]
dxd?
= N(L) (g2 @ et—¢(0)) = N(L)er—¢ (0) = Up—r (6),
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where N(L) = [N11(L) : Noy(L) : --+ : Ngq(L)] and U;_p are respectively the
d x d® and d x d? matrices. Then, we have

ey ( > N
a'tbzl = Z het 0 — 9) - ZBkie/et,k(o) = Ut7£/ (9),

where B_, =0 when k < ¢'. With these notations, we obtain

8615(9) E * *
8b/ = Z Bk 1€t— k Bk_QGt_k(e) Lo Bk_qet_k(e)]
k=0 dxd2q
= Zsz (Id2q®et—k(9)) 5
k=0
where B;yk =B ,: B - B,*;fq] is the d x d®¢ matrix. The conclusion
follows. O

Proof of Proposition 4.1. Let

0,(0,%)

9
- log L, (6,%,)

1 n
- E {dlog(2m) +log det X, + &;(0)S; " €,(0) } .
n

t=1

In [9], it is shown that £,,(0,X.) = £,(0,%.) + o(1) a.s., where
Z {dlog(2m) + log det X, + €}(0)2, 'e.(0) } .

It is also shown uniformly in § € © that

90,(0,5.)  90,(0,5.)
00 00

+o(1) a.s.
The same equality holds for the second-order derivatives of 0. We thus have

. 62€n(907 E60)
J = nh—E%oJ"’ where J,, = 0000

Using well-known results on matrix derivatives, we have

W DY {aoef 90)} o €¢(fo) A

t=1

where

%&(90) = (8(21 ¢(6o), - 8:910 et(9o)) :



2728 Y. Boubacar Mainassara

In view of (A.3), we have

oe, 90 _ 8et(90) 62 (90)
In = _Z< ! 601 90" + 9000 2eO et(0o)

RACY 0 (@
— 2]E{ aetae/ } 280 ¢+ 2E { aeet(eo)} {89/ (90)} a.s.
by the ergodic theorem. Using the orthogonality between e; and any linear

combination of the past values of e;, we have 2E{9%¢,(6y)/0000'}X e, = 0.
We then have

0 e
J_2E{896t(90) eO 69' (90)}

Using vec(ABC) = (C'®A) vec(B) with C' = I2(,44) and in view of Proposition
3.1, we obtain

_ ey (o) _ Oey(bo) 1
vecJ = QIE{ 20 ® 20 vec X

2Y E{(Ieprg @€i—i) N} @ {(Teprg) © €1_;) Xi} vec 2

i>1

Using also AC ® BD = (A ® B)(C ® D), we have

veed = 23 E{(Iepig ®@e€) ® (Io2(prq) @ €;) } {N ® A} vee B!
i>1
= 23 E{(Lergprg) @ ) AT vee T =23 MAF2 vee 3
i>1 i>1
The conclusion is complete. O

Proof of Proposition 4.2. In view of (4.2), let

T*QL(HE)* 8£(92) iﬁ(@E)/
t — (96‘ t\Y0, ~e0) — (96‘1 e0 39% t\Yy, ~el oty
where
L:(0,%e0) = logdet Xeo + e(0) S e (6).
‘We have

66’ (6‘0) _ (96/ (6‘0) _
T =2 80 Soie(fo) =214 ¢€;(fp) ® :979 vec Y .

In view of (4.1), we have

I = Z COV( {aet(ﬁo)} er, 2 {aeet h(eo)} eoet_h)

h=—o00
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— i (9/ 8/ -1
Z Cov<2{et 80}VGCE€O’ {et h® —= 20 }VecEe(J)

h=—o00
e, '
= 4 Z E({ %o}vecEeo {VecEeO} {et h®%}>.
h=—o00

Using the elementary relation vec(ABC) = (C" ® A) vec B, we have

—+o0
a !/
vecl =4 Z E ({et h® Zteh} ® {e; ® %}) vec (VeCEgol {vecZ;()l /) .

h=—o00

By Proposition 3.1, we obtain

+oo +oo
veel = 4> S E({eln® [Tazprg @€ n) N}
h=—oci,j=1

{61 ® (Ligpra) © €)_i) Xi}) vee (vee B {vee 55}

Using AC ® BD = (A ® B)(C ® D), we have

+oo +oo
veel = 4> Y E({efn® Terprq) @€i_j-n)} {Ta® N}
h=—0c01,j=1

® {e} ® (Iuz(prq) @ €1_;) } {Ia ® Ai}) vec (VGC Yoo {vec Sy /> .

Using also AC ® BD = (A ® B)(C ® D), we have

—+oo —+oo
veel =4 Y > E({ej_1 ® (Iez(pra) @ €tjn) } @ {€} @ (I2(pig) @ €1_;) })
h=—00 i,j=1

({Ia®@ X} } @ {14 @ Aj}) vec (Vec Yo {vec Ee_ol}/>

— 4 Z {[d®)\’}®{1d®)\’}) vec (vecEgol {vecEgol /) ,

7,j=1

where

+oo
I(i,j) = Z E({ei-n® (Lizgprq @ €ijn)} @ {€1 ® (Laz(prq) @ €ti) }) -

h=—o00
The conclusion is complete. O

Proof of Remark 4.1. For d =1, we have

®2
M= E{(I(P+Q) x er) } = 0 I(p1q2,
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where o2 is the variance of the univariate process. We also have

+oo
L(,j) = Z E ({et-net—j-nlprq } ® {etet—iliprg)})

h=—o00

—+o0

== Z E (etet_iet_het_j_h) I(p+q)2 = ’y(i,j)l(p+q)2.

h=—o00

In view of Proposition 4.1, we have

veeJ =2) M{N, @\ }o 2

i>1

Replacing M by 021(p+q)2 in vec J, we have

veeJ =23 {N @A}

i>1

Using (A.4) and in view of Proposition 4.2, we have

4] Ry
vecl = o E L(i,j) {N; @ \j} = oy E v(i,5) I @ N Y
i,j=1 i,5=1

The conclusion is complete.

Proof of Theorem 5.1. For any multiplicative norm, we have

< 23 {fm-n|
|2 = 522 [vee =

The proof will thus follow from Lemmas A.3, A.4 and A.6 below.

Hvec J — vec jn

A2 [Jvee (222 |

+_H/\?ln

+ HMn

Lemma A.3. Under Assumptions A1-A8, we have
Hvec{j\i — )\i(ﬁo)}H < Kp' x 0a.s.(1) a.s. as n — oo,

where p is a constant belonging to [0,1[, and K > 0.

A e (B =)}

Proof of Lemma A.3. Boubacar Mainassara and Francq [9] have showed the

strong consistency of 0, (én — 0y a.s. as n — 00), which entails

b, — 90H = 0q.5(1).

(A.5)
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We have A7, = O(p") and Bj; , = O(p") uniformly in § € © for some p €

[0,1]. In view of (3.1), we thus have supycg || A (0)|] < Kp". Similarly for any
m e {1,...,ko}, we have

< Kph. (A.6)

sup
0co

O (6) H
90,

Using a Taylor expansion of vec \; about 6y, we obtain

dvec \;(07)

89, (én - 90)7

vec 5\1- = vec\; +

where 0} is between 6,, and 6. For any multiplicative norm, we have

. avec N (02) ]| 114
N\ < - 7 — .
Hvec()\l N < H 50 ’ 0, 90”
In view of (A.5) and (A.6), the proof is complete. O

Lemma A.4. Under Assumptions A1-A8, we have
My — M a.s. asn — .
Proof of Lemma A.4. We have
P q
e(0) =X, — > AjTAXy i+ Ay'BiBy'Averi(0)  VteZ. (A7)
i=1 i=1

For any 0 € O, let

Mn(0) = % > {(Lera ®0) 7} and MO) =B {(lngprg) 0 €10) '}
t=1

Now the ergodic theorem shows that almost surely
M, (0) = M(6).

In view of (A.7), using A2 and the compactness of ©, we have
=X+ Z Ci(0) X4, sug 1C:(0)] < Kp'.
; €

We thus have
E sup ||e;(0)]* < oo, (A.8)
0co
by Assumption A7. Now, we will consider the norm defined by: || Z||. = /E|/ Z||?,
where Z is a d; random vector. In view of Proposition 3.1, (A.8) and
SUPgeo ||/\h(9)|| < Kp", we have

8615
sup sup ||\ ( X
sup 2o < L spIn o)l

<oo. (A9)
2

sup {Idz (r+q) ® et(ﬁ)}
2
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Let e; = (e1,-.-,eqt)’. The non zero components of the vector vec M,,(0) are
of the form n=t Y"1 | e(0)e;+(0), for (i,5) € {1,...,d}*. We deduce that the
elements of the matrix dvec M,,(0)/90" are linear combinations of

IR &

t=1

n

By the Cauchy-Schwartz inequality we have

2

86375 i 86Jt
sup < e ( sup {e;
Z@eg{t H J Z {0} % 2 o
1 n 2 1 n 8€t(9) 2
— g sup |le. (0 X — E su
n P 968 H t( )H n P Heg 96"
The ergodic theorem shows that almost surely
2 dejt }H 8et(9)H2
lim — sup [ e; 9J7 < 24/Esup||e:(0 x E .
Jm 2 sup { (6 sup er(0)| B [ sup

Now using (A.8) and (A.9), the right-hand side of the inequality is bounded.
We then deduce that

sup MH = 0q.(1). (A.10)
0O o
A Taylor expansion of vec M,, about 6, gives
veeM,, = vecM,, + %9/()(0 — 6y),

where 6 is between 0,, and 6. Using the strong consistency of ,, and (A.10),
it is easily seen that

vec M,, = vec My, (6,,) — vec M(8y) = vec M, a.s.
The conclusion is complete. O
Lemma A.5. Under Assumptions A1-A8, we have

Yeg = Xeo @.S., AS N — OO.

Proof of Lemma A.5. We have Seg = ,,(0,,) with 2,,(8) = n~ 131, e;(8)e}(6).
By the ergodic theorem

$,(0) = Xe(0) := Eer(0)er(0), a.s.
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Using the elementary relation vec(aa’) = a ® a, where a is a vector, we have
veeXeg =n 300 e(0n) ® €(0n) and vec Xy, (6p) = nt Y7 e(B) @ e(bp).
Using a Taylor expansion of vec Yo around 6y and (2.2), we obtain

~ o 1 i 86,5 86,5 1
VGCEBO = vecEn(90)+EZ{ ®W+W®6t}(9 90)+OP <ﬁ>

t=1

Using the strong consistency of 0,,

)

su 8et(6‘)
beb 00

E sup [|e;(0)]|* < oo and
0co
it is easily seen that

vec Yoo — vec Ye(0p) = vec X, a.s.

The conclusion is complete. O

Lemma A.6. Under Assumptions A1-A8, we have

-1 -1
Yoo — X,y a.5. asn — oo.

Proof of Lemma A.6. For any multiplicative norm, we have

|2 =] =[5 (B = mo) 2] < 5] [0 - Zeo 12
In view of Lemma A.5 and |2 ;|| < oo (because the matrix ¢ is nonsingular),
we have

f]gol - EgolH —0 a.s.
The conclusion is complete. O

Proof of Theorem 5.2. Let the matrices
hj=({uei}e{uel}), ry=({uoXxie{lox}),
N N ~ !

Ay = <vec > {vec Egol} ) and A = (vec D {vec Egol}/) .

For any multiplicative norm, we have

HvecI

< 4 {[[PGd) = Tt 145 vee Acol
ij>1

[

Jrec (80 = Beo) -

[vec Agol|

# [t 2
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Lemma A.3 and ||\;|| = O(p") entail

HVGC Aij — vec Aij

< fweefras -2 e wei)|

+ ’ VGC{(Id ®N) ® (Id @ (A - /\j))}H
< Kp' X 0q.4(1).

We also have ||A;|| = O(p*7). In view of Lemma A.6 and ||| < oo, we have

R /

{Vec Ee_ol}
R /

{Vec (2;01 — E;})} H —+0 a.s.

We consider the white noise “empirical” autocovariances

HAeo — Aco

| < (33 -53))|

T |vee s ’

1 n
Le(h) = - Z ey, for 0<h<n.

t=h+1
For k. k',m,m' =1,...,00, let
(kK = Z E ({etfk e} {er—n—w ® €t7h}/) .
h=—o00

In the univariate case Francq, Roy and Zakoian [21] have showed (see the proofs
of their Lemmas A.1 and A.3) that sup, 4~ [I'(¢,£)| < co. This can be directly
extended in the multivariate case. The non zero elements of I'(7, j) are of the
form

o0

> E(eitlivt—i€ist-n€i-n—j), for (i1 iz, iz ia) € {1,...,d}".

h=—o00

We thus have

sup
ij>1

E (€iyt€ipt—iCist—h€ist—h—j)

< sup ||T(i,7)] < 0. (A.11)
iG>
h=—o00

7,71

We then deduce that sup; ;> [|[T'(i,5)|| = O(1). The proof will thus follow from

Lemma A.7 below, in which we show the consistency of f‘n(z, j) uniformly in i
and j. O

Lemma A.7. Under Assumptions A1-A8, we have

sup
0,J

T, (i,7) — I‘(i,j)H — 0 in probability as n — oo.
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Proof of Lemma A.7. For any 0 € O, let

n—|h|
Mnij,h(e) = % Z ({ew/f—h(e)@(lzﬂ(p-i-q)®e;—j—h(0))}
t=1

@ {et(0) ® (Iaz(piq) @ €14(0)) }) -
By the ergodic theorem, we have

Muiin(0) = Miin(0) =B ({ei-n(0) ® (Lo ® ci—j-n(0))}
@ {e}(0) ® (Iuz(prq) @ €r_i(0))}) a.s.

A Taylor expansion of vec M,, ij,h around 6y and (2.2) give

~ n ij 2 1
vee My, i = vec My ijn + Ovec My ijn (0n —00)+0p | — ).
o0’ 9 n

In view of (A.11), we then deduce that

8vec/\/ln ij,h

BT <00, a.s. (A.12)

lim sup sup
N0 i>1 |h|<n

By the ergodic theorem, (2.2) and (A.12), for any multiplicative norm, we have

. ) ovec My iinll 114
sup su ec ( My ijn — M < lim sup sup ||—————22\1110,, — 6
sup sup [vee (Mo sin = Misa )| < lim sup sup | =55 of
1 1
+0p (g) = Op (%) . (A.13)
We have
+T’7l
Pl /) ~T(d) = 3 F0b) (Mo iin = Muin)
h=—T,
+Ty
+ ) {fhby) = I Mg — > Mg
h=—T), |h|>T,

By the triangular inequality, for any multiplicative norm, we have

sup f‘n(ivj)_r(ivj)H < g1+ 92+93,
i,5>1
where
g1 = sup sup Mnij,h—Mijth > 1 (hba)],

i,j>1|h|<n |h|<T,

g2= Y |f(hbn) =1 | Mynl and gz = Y [Muzall.

|h|<Tn |h|>Ty
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The non zero elements of M,;;, are of the form E(e;, t€iyt—i€ist—h€ist—h—j),
with (i1,i2,43,74) € {1,...,d}*. Now, using the covariance inequality obtained
by Davydov [13], it is easy to show that

|E (€4, t€int—iCist—h€ist—h—j)| = |CoV (€ t€int—isCigt—h€ist—h—j)]
< Ka¥/t) (p).
We then deduce that
[Mjnll < KaZ/EH) (n). (A.14)

In view of A7, we thus have g3 — 0 as n — co. Let m be a fixed integer and
we write go < s1 + s2, where

su= D 1f(hba) =1 [Mial and s2= > |f(hba) = 1| [ Mzl

|h|<m m<|h|<T,

For |h| < m, we have hb,, — 0 asn — oo and f(hb,) — 1, it follows that s; — 0.
If we choose m sufficiently large, so becomes small, using (A.14) and the fact
that f(-) is bounded. It follows that go — 0. In view of (5.2) and (A.13), we
have

1
g1 < — sup sup
bn i,7>1 |h|<n

. 1
M ijh — Mij,hH O(1) =Op <m> = 0p(1),

since nb2 — oo, in view of (5.1). The conclusion is complete. O

Proof of Proposition 6.1. For i,5 € {1,...,d}, let A;'kj,h =A¥, for0O<h<M

~ N iJ:h
and Aj; , = Ogxq for h > M. Similarly, we defined B, , and A,. We have

vecJ —vecJM = QZ {M ()\ﬁl DN, — A ® X%) vec Y}
h=1
+M (% ® /N\;I) vec Ee_ol} :
Recall that the polynomials
Ap(z)=1,— ZAizl and By(z) =1 — Z B,z
i=1

i=1

with Al = AalAl and Bz = AalBlBO_lAO
By A2, the zeroes of Ayp(z) and By(z) are of modulus strictly greater than
one:
det Ag(z)det By(z) = 0= |z| > 1.

Thus,
Al (z) = Z Apz" and B,'(z) = Zthh.
h=0 h=0
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Consequently each the d? elements (rational function of |z|) of A, '(2) and
B, '(z) are in the form

1
e E dhzh with |dp| < (b + l)k_lﬁh
k f— )
Hizl(l - piz) h=0

for all |z| <1 and if

where p is the inverse of the largest modulus of the zeroes of the polynomials
det Ag(z) and det By(z).
We thus have

max {[[ A, B} < d*(p +q)(h+ 1)*7" < Kop"/? and ||\ < K1p"/?

(A.15)
with
-9k ko _
kO _ d(p+q), KO _ dQ(p+q) (1Og_0) D —0.5—ko/logp and Kl _ d4(p+q)2Ko.
D
We then obtain
|[vec J — vec JM|| < 2 Z [M][IX, @ X, | [|vee 25|
h=M+1
K \?
< 27T Z [N, < 27T (W) pM+L
h=M+1 P
and the result follows. O

Proof of Proposition 6.2. The proof is similar to that given in Proposition 6.1.
However, we will give the expression which are different to that in the previous
Proposition. Let

T = max ||T(4,7)|, T = Hvec (vec e {vec DI /) H .
i,j>0

Using (A.15), we then obtain

|[vec —vecIM|| < 4m Z 1T, ) [{1a @ N} @ {Ia @ Aj}||
i j=M+1
K 2
< 47 d°T Z N[N || < 471d°T (7_11/2) pMTt
i,j=M+1 P
and the result follows. O
Acknowledgements

I would like to thank the editor and the reviewer for helpful remarks and Julien
Yves Rolland for his assistance on the simulation studies.



2738

Y. Boubacar Mainassara

The work was partially supported by a BQR (Bonus Qualité Recherche) of
the Université de Franche-Comté.

References

1]

AMENDOLA, A. and FrRAaNCQ, C. (2009). Concepts and tools for nonlinear
time series modelling. Handbook of Computational Econometrics, D. Belsley
and E. Kontoghiorghes (eds), Wiley.

ANDREWS, D. W. K. (1991). Heteroskedasticity and autocorrelation
consistent covariance matrix estimation. FEconometrica 59, 817-858.
MR1106513

ANDREWS, B., Davis, R. A. and BrReIDT, F. J. (2006). Maximum like-
lihood estimation for all-pass time series models. Journal of Multivariate
Analysis 97, 1638-1659. MR2256234

BERK, K. N. (1974). Consistent autoregressive spectral estimates. Annals
of Statistics 2, 489-502. MR0421010

BOLLERSLEV, T. (1986). Generalized autoregressive conditional het-
eroskedasticity. Journal of Econometrics 31, 307-327. MR0853051
BOUBACAR MAINASSARA, Y. (2011). Multivariate portmanteau test for
structural VARMA models with uncorrelated but non-independent er-
ror terms. Journal of Statistical Planning and Inference 141, 2961-2975.
MR2787759

BOUBACAR MAINASSARA, Y. (2012). Selection of weak VARMA models
by modified Akaike’s information criteria. Journal of Time Series Analysis
33, 121-130. MR2877612

BOUBACAR MAINASSARA, Y., CARBON, M. and Francq, C. (2012).
Computing and estimating information matrices of weak ARMA models.
Computational Statistics and Data Analysis 56, 345-361. MR2842343
BOUBACAR MAINASSARA, Y. and FrRaNcq, C. (2011). Estimating struc-
tural VARMA models with uncorrelated but non-independent error terms.
Journal of Multivariate Analysis 102, 496-505. MR2755011
Bounappioul, C. and Roy, R. (2006). A generalized Portmanteau test
for independence of two infinite-order vector autoregressive series. Journal
of Time Series Analysis 27, 505-544. MR2245711

Box, G. E. P. and JENKINS, G. M. (1976). Time Series Analysis: Fore-
casting and Control. 2nd ed., Holden-Day, San Francisco. MR0436499
BROCKWELL, P. J. and Davis, R. A. (1991). Time Series: Theory and
Methods. Springer Verlag, New York. MR1093459

Davypov, Y. A. (1968). Convergence of distributions generated by sta-
tionary stochastic processes. Theory of Probability and Applications 13,
691-696.

DEN HanNN, W. J. and LEVIN, A. (1997). A practitioner’s guide to robust
covariance matrix estimation. Handbook of Statistics, 15, C. R. Rao and
G. S. Maddala (eds), 291-341. MR 1492705


http://www.ams.org/mathscinet-getitem?mr=1106513
http://www.ams.org/mathscinet-getitem?mr=2256234
http://www.ams.org/mathscinet-getitem?mr=0421010
http://www.ams.org/mathscinet-getitem?mr=0853051
http://www.ams.org/mathscinet-getitem?mr=2787759
http://www.ams.org/mathscinet-getitem?mr=2877612
http://www.ams.org/mathscinet-getitem?mr=2842343
http://www.ams.org/mathscinet-getitem?mr=2755011
http://www.ams.org/mathscinet-getitem?mr=2245711
http://www.ams.org/mathscinet-getitem?mr=0436499
http://www.ams.org/mathscinet-getitem?mr=1093459
http://www.ams.org/mathscinet-getitem?mr=1492705

[15]

[16]

Estimating asymptotic variance of weak VARMA models 2739

DUCHESNE, P. and ROy, R. (2004). On consistent testing for serial correla-
tion of unknown form in vector time series models. Journal of Multivariate
Analysis 89, 148-180. MR2041214

DUFOUR, J.-M. and PELLETIER, D. (2005). Practical methods for mod-
elling weak VARMA processes: Identification, estimation and specifica-
tion with a macroeconomic application. Technical report, Département
de sciences économiques and CIREQ, Université de Montréal, Montréal,
Canada.

DurBIN, J. (1959). Efficient estimation of parameters in moving average
models. Biometrika 46, 306-316. MR0114283

ENGLE, R. F. (1982). Autoregressive conditional heteroskedasticity with
estimates of the variance of the United Kingdom inflation. Econometrica
50, 987-1007. MR0666121

FaN, J. and YAO, Q. (2003). Nonlinear Time Series: Nonparametric and
Parametric Methods. Springer Verlag, New York. MR1964455

FrANCQ, C. and RAIss1, H. (2007). Multivariate Portmanteau test for au-
toregressive models with uncorrelated but nonindependent errors. Journal
of Time Series Analysis 28, 454-470. MR2355317

Francq, C., Roy, R. and ZAKOIAN, J.-M. (2003). Goodness-of-fit
tests for ARMA models with uncorrelated errors, Discussion Paper
CRM-2925, Centre de recherches mathématiques, Université de Montréal.
http://www.crm.umontreal.ca/pub/Rapports/2900-2999/2925. pdf.
Francq, C., Roy, R. and ZAKOIAN, J.-M. (2005). Diagnostic checking in
ARMA models with uncorrelated errors. Journal of the American Statistical
Association 100, 532-544. MR2160557

Francq, C. and ZAKOIAN, J.-M. (1998). Estimating linear representa-
tions of nonlinear processes. Journal of Statistical Planning and Inference
68, 145-165. MR1627612

FraNcq, C. and ZAKOIAN, J.-M. (2000). Covariance matrix estimation of
mixing weak ARMA models. Journal of Statistical Planning and Inference
83, 369-394. MR1748016

FraNcqQ, C. and ZAKOIAN, J.-M. (2005). Recent results for linear time
series models with non independent innovations. Statistical Modeling and
Analysis for Complex Data Problems, Chap. 12, P. Duchesne and B.
Rémillard (eds). Springer Verlag, New York, 241-265. MR2189539
Francq, C. and ZAKOIAN, J.-M. (2007). HAC estimation and strong
linearity testing in weak ARMA models. Journal of Multivariate Analysis
98, 114-144. MR2292920

GopoLPHIN, E. J and BANE, S. R. (2006). On the evaluation of the
information matrix for multiplicative seasonal time series. Journal of Time
Series Analysis 27, 167-190. MR2235843

HANNAN, E. J. (1976). The identification and parametrization of ARMAX
and state space forms. Econometrica 44, 713-723. MR0479509

HANNAN, E. J. and RISSANEN, J. (1982). Recursive estimation of mixed of
Autoregressive Moving Average order. Biometrika 69, 81-94. MR0655673


http://www.ams.org/mathscinet-getitem?mr=2041214
http://www.ams.org/mathscinet-getitem?mr=0114283
http://www.ams.org/mathscinet-getitem?mr=0666121
http://www.ams.org/mathscinet-getitem?mr=1964455
http://www.ams.org/mathscinet-getitem?mr=2355317
http://www.crm.umontreal.ca/pub/Rapports/2900-2999/2925.pdf
http://www.ams.org/mathscinet-getitem?mr=2160557
http://www.ams.org/mathscinet-getitem?mr=1627612
http://www.ams.org/mathscinet-getitem?mr=1748016
http://www.ams.org/mathscinet-getitem?mr=2189539
http://www.ams.org/mathscinet-getitem?mr=2292920
http://www.ams.org/mathscinet-getitem?mr=2235843
http://www.ams.org/mathscinet-getitem?mr=0479509
http://www.ams.org/mathscinet-getitem?mr=0655673

2740 Y. Boubacar Mainassara

[30] HoNG, Y. (1996). Consistent testing for serial correlation of unknown form.
FEconometrica 64, 837-864. MR1399220

[31] ImuOF, J. P. (1961). Computing the distribution of quadratic forms in
normal variables. Biometrika 48, 419-426.

[32] JEANTHEAU, T. (1998). Strong consistency of estimators for multivariate
ARCH models. Econometric Theory 14, 70-86. MR1613694

[33] KaTAYAMA, N. (2012). Chi-squared portmanteau tests for structural
VARMA models with uncorrelated errors. Journal of Time Series Anal-
ysis 33, 863-872. MR2991904

[34] KLEIN, A. and MELARD, G. (1990). Fisher’s information matrix for sea-
sonal moving average models. Journal of Time Series Analysis 11, 231-237.
MR1064439

[35] KLEIN, A. and MELARD, G. (2004). An algorithm for computing the
asymptotic Fisher information matrix for seasonal SISO models. Journal
of Time Series Analysis 25, 627-648. MR2089188

[36] LUTKEPOHL, H. (2005). New Introduction to Multiple Time Series Analy-
sis. Springer Verlag, Berlin. MR2172368

[37] MacNus, J. R. and NEUDECKER, H. (1988). Matriz Differential Cal-
culus with Application in Statistics and Econometrics. New-York, Wiley.
MR0940471

[38] McLEOD, A. I. (1978). On the distribution of residual autocorrelations in
Box-Jenkins models. Journal of the Royal Statistical Society B 40, 296
302. MR0522212

[39] McLEoD, A. I. (1984). Duality and other properties of multiplicative
seasonal autoregressive-moving average models. Biometrika 71, 207-211.
MRO0738345

[40] NEWEY, W. K. and WEST, K. D. (1987). A simple, positive semi-definite,
heteroskedasticity and autocorrelation consistent covariance matrix. Econo-
metrica 55, 703-708. MR0890864

[41] REINSEL, G. C. (1997). Elements of Multivariate Time Series Analysis,
2nd ed., Springer Verlag, New York. MR1451875

[42] RoMANO, J. L. and THOMBS, L. A. (1996). Inference for autocorrelations
under weak assumptions. Journal of the American Statistical Association
91, 590-600. MR1395728

[43] SippIQUI, M. M. (1958). On the inversion of the sample covariance matrix
in a stationary autogressive process. Annals of Mathematical Statistics 29,
585-588. MR0095568

[44] Tong, H. (1990). Non-linear Time Series: A Dynamical System Approach,
Clarendon Press Oxford. MR1079320

[45] VAN DER VAART, A. W. (1998). Asymptotic Statistics, Cambridge Univer-
sity Press, Cambridge.

[46] WHITTLE, P. (1953). Estimation and information in stationary time series.
Arkiv for Matematik 2, 423-434. MR0O060797

[47] WHITTLE, P. (1963). On the fitting of multivariate autoregressions and the
approximate canonical factorization of a special density matrix. Biometrika
40, 129-134. MR0161430


http://www.ams.org/mathscinet-getitem?mr=1399220
http://www.ams.org/mathscinet-getitem?mr=1613694
http://www.ams.org/mathscinet-getitem?mr=2991904
http://www.ams.org/mathscinet-getitem?mr=1064439
http://www.ams.org/mathscinet-getitem?mr=2089188
http://www.ams.org/mathscinet-getitem?mr=2172368
http://www.ams.org/mathscinet-getitem?mr=0940471
http://www.ams.org/mathscinet-getitem?mr=0522212
http://www.ams.org/mathscinet-getitem?mr=0738345
http://www.ams.org/mathscinet-getitem?mr=0890864
http://www.ams.org/mathscinet-getitem?mr=1451875
http://www.ams.org/mathscinet-getitem?mr=1395728
http://www.ams.org/mathscinet-getitem?mr=0095568
http://www.ams.org/mathscinet-getitem?mr=1079320
http://www.ams.org/mathscinet-getitem?mr=0060797
http://www.ams.org/mathscinet-getitem?mr=0161430

	Introduction
	Model and assumptions
	Expression for the derivatives of the VARMA residuals
	Explicit expression of I and J
	Estimating the asymptotic variance matrix
	Approximation of the information matrices by finite sums
	Testing linear restrictions on the parameter
	Numerical illustrations
	Simulating models
	Implementation of the estimating of Ic and Jc
	Empirical size
	Strong VARMA model case
	Weak VARMA model case
	Comments


	Appendix: Technical proofs
	Acknowledgements
	References

