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In this paper, we use the framework of functions of bounded variation
and the coarea formula to give an explicit computation for the expectation
of the perimeter of excursion sets of shot noise random fields in dimension
n > 1. This will then allow us to derive the asymptotic behavior of these mean
perimeters as the intensity of the underlying homogeneous Poisson point pro-
cess goes to infinity. In particular, we show that two cases occur: we have a
Gaussian asymptotic behavior when the kernel function of the shot noise has
no jump part, whereas the asymptotic is non-Gaussian when there are jumps.

1. Introduction. We will consider here a shot noise random field which is a
real-valued random field given on R” by

(1.1) X(x)=) glx—xi,m), xeR",
iel

where g is a given (deterministic) measurable function (it will be called the kernel
Jfunction of the shot noise), the {x;};c; are the points of a homogeneous Poisson
point process on R" of intensity A, the {m;};c; are called the marks and they are
independent copies of a random variable m, also all independent of {x;};c;. Such a
random field is a very common model in physics and telecommunications, where
it has many applications [5, 6]. It is a natural generalization of shot noise processes
(n = 1), introduced by Rice [16] to model shot effect noise in electronic devices.
More recently, it has also become a widely used model in image processing, mainly
for applications in texture synthesis and analysis [13].

Geometric characteristics of random surfaces is an important subject of modern
probability research, linked with extremal theory [2, 4] and based on the study of
random fields excursion sets. The excursion set of level ¢ of the random field X in
an open subset U of R” is defined by

Ex(t,U) :={x € U such that X (x) > t}.
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Most of the results are obtained for stationary Gaussian random fields, but recent
works have dropped the Gaussian assumption. In particular, in [1], asymptotics
for the distribution of critical points and Euler characteristics are obtained for a
large class of infinite divisible stationary random fields with suitable regularity
assumptions. Central limit theorem for volumes of excursion sets have also been
considered in [10] for general stationary random fields, including some shot noise
and Gaussian random fields. In this paper, we will be interested in the “perimeter”
of excursion sets of shot noise random fields (we will give the precise definition of
it in the first section), measured as the (n — 1)-dimensional Hausdorff measure of
its boundary

Lx(t,U):=H"""dEx(t,U)NU).

In dimension n = 1, the “perimeter” of an excursion set is the number of crossings
of the considered level; in dimension » = 2 it measures the length of the boundary
of the excursion set; in dimension » = 3 it measures its surface area, and so on.
The shot noise random field is not necessarily smooth or differentiable (this
happens, e.g., when the kernel function is an indicator function), and therefore we
cannot use the framework of Adler et al. ([2] or [1]) to compute its geometric fea-
tures (such as the Euler characteristic or intrinsic volumes). Even in the case where
the shot noise random field is smooth, it may not satisfy the regularity conditions
on the marginal or conditional probability densities of the field and its gradient [7].
As a consequence, we will adopt a different viewpoint, and we will study the
excursion sets via the whole function ¢t +— Ly (¢, U), and not only its value for a
particular fixed 7. A convenient functional framework to define and compute these
perimeters is the framework of functions of bounded variation. Our main tool will
be the so-called coarea formula that relates the integral of the perimeter of all
excursion sets to the integral of the differential of the function. The coarea formula
has been already used in a similar situation by Wschebor [18] and by Zihle in [19]
to obtain a general Rice formula for continuous random fields in dimension d. It
has also been used by Azais and Wschebor in [4] to have a proof of the theorem that
computes the expected number of crossings of a random field as a function of some
of its marginal and conditional probability densities. See also Adler and Taylor
[2], page 283, for a discussion about this theorem. The coarea formula approach
is in some sense a weak approach since we will obtain a formula for almost every
level ¢ (and not for a specific value of 7). But the advantage is that we will be able
to make explicit computations in a situation where the methods of [2] or [1] cannot
be applied. Let us also mention that in our previous paper [8] we started using the
same approach in dimension n = 1, but we worked under a piecewise regularity
assumption more restrictive than functions of bounded variation. We propose here
a much more general setting, allowed for any dimension n > 1. Note also that our
results on the coarea formula only rely on a functional assumption and not on a
distribution assumption. In particular, they are valid for some processes with jumps
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and allow to recover partially some recent results in dimension n» = 1 on Rice
formula for the number of crossings for the sum of a smooth process and a pure
jump process [11] or for piecewise deterministic Markov processes [9]. However,
we focus here on shot noise random fields for which we set convenient assumptions
to ensure the bounded variation, derive explicit computation and obtain asymptotic
regime as the underlying intensity tends to infinity.

The paper is organized as follows: we start in Section 2 to give some nota-
tion and properties of the functions of bounded variation. Then, in Section 3, we
define precisely the shot noise random field and give an explicit computation of
the perimeter of its excursion sets. We illustrate our results with some examples.
Finally in Section 4, we derive two different asymptotic behaviors for the perime-
ters as the intensity of the underlying homogeneous Poisson point process goes to
infinity.

2. Coarea formula.

2.1. The framework of functions of bounded variation. For sake of complete-
ness, we first recall here some definitions and properties of functions of bounded
variation. We will mainly use the framework and notations of Ambrosio, Fusco
and Pallara in [3]. We shall also sometimes refer to Evans and Gariepy [12]. In all
the following £" will denote the n-dimensional Lebesgue measure in R”, and HE
will denote the k-dimensional Hausdorff measure (we will most of the time use it
with k =n — 1 and keep L" for k = n). When there is no ambiguity we will simply
denote dx instead of L"(dx) for the Lebesgue measure in integrals. We will also
use the notation /A to denote the restriction of a measure & to a set A.

Let U be an open subset of R". A real-valued function f € L' (U) is said to be
a function of bounded variation in U if

V(f,U):= sup{/ fdivpdx|p € CCI(U, R"), [¢lloo < 1} < 400,
U

where C 61 (U, R"™) denotes the set of continuously differentiable R"-valued func-
tions with compact support in U. We will denote by BV(U) the space of func-
tions of bounded variation in U. An equivalent definition ([3], pages 117-120)
of feBV(U)isthat f e LY(U) is such that its distributional derivative (i.e., its
derivative in the sense of distributions) is representable by a finite Radon measure
in U, that is,

/f(x)8—¢(x)dx=—/ ¢ (x)D; f(dx) Vo € C°(U,R),VI=1,....n
U 0x] U

for some R"-valued measure Df = (D1 f, ..., D, f). Its total variation is the pos-
itive Radon measure denoted by ||Df|| and defined by

IDFIE)= sup Y | Df(Ex)

PeP(E) pek

’
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for all measurable sets £ C U, with P(E) the set of finite or countable partitions
P = (Ep)rek of E into disjoint measurable sets Ey, and where || Df (Ey)|| denotes
the Euclidean norm (in R") of Df(Ey). Let us note $"~! the unit sphere of R".
According to the polar decomposition, which follows from Radon—Nikodym the-
orem (see Corollary 1.29 of [3]), there exists a unique §"—1_valued function vy
that is measurable and integrable with respect to the measure || Df|| and such that
Df =|Dfllvy. And we also have

V(f,U)=IDfIIU).

In particular, according to Evans and Gariepy ([12], page 91), when f:U C R" —

R is Lipschitz, then it is differentiable almost everywhere, and in this case if
we denote V f(x) = (;—){:(x), cee, %(x)) € R" the gradient of f at a point x,

and |V f(x)| its Euclidean norm, then Df = VfL", | Df|| = |V fIL" and
v =V f/IV [, so that

VLD =IDFIW) = [ [V (0] dx.
One can define a norm on BV (U) by

2.1 I fllBvw) = L f Ly + IDFICU),

so that (BV(U), || - llpv(v)) is a Banach space ([3], page 121).

The framework of functions of bounded variation is of special interest to study
the perimeter of a set because of the following definition and property. Let E be
an L"-measurable subset of R". Then for any open subset U C R", we say that E
is a set of finite perimeter in U if its indicator function g is of bounded variation
in U. In this case, we define the perimeter Lg(U) of E in U as V(xg, U), that is,

Lg(U):= sup{/ divpdx|p e CH{U,R"), [|¢]loo < 1}.
E

The term “perimeter” meets here its usual sense in dimension n = 2 as “the length
of the boundary.” Indeed, it can be shown (see [3], page 143) that for all sets E
with piecewise C! boundary in U and such that H*~1(3 E N U) is finite, then by
Gauss—Green theorem the distributional derivative of xg is Dxg =v rH" Y /JE,
where v is the inner unit normal to E, and that

Le(U)=H""YQENU).

Let f € BV(U). For t € R, we can consider the excursion set (also sometimes
called “upper level set” or “superlevel”) of level ¢ of f,

Ef(t,U):={x € U such that f(x) > t}.

Then for £'-almost every t € R, the set E¢ (¢, U) is of finite perimeter in U. We
will denote its perimeter in U by L 7 (¢, U). Moreover, the function t — L (¢, U)
belongs to L' (R), and we have the coarea formula,

2.2) ||Df||(U)=/RLf(t, U)dt.
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The proof of this formula can be found in [3], page 145, or also in [12], page 85.

Now, in order to use this formula, we need to be more explicit about the point-
wise properties of f and the decomposition of its distributional derivative Df. Let
us recall that f is said approximately continuous at x € U C R" if

23) tim o~ [ 17 = o]y =0,
p—0 By (x)

where B, (x) is the Euclidean ball of radius p and centered at x. The set Sy of

points where this property does not hold is a £" negligible Borel set called an

approximate discontinuity set; see [3], Proposition 3.64, page 160. A point x € S

is called an approximate jump point of f if there exist f*(x), f~(x) € R and

vr(x) € $"~! such that fr(x) > f~(x) with

tim p" [ [f0) = fH@)|dy=0 and
p—0 BY (x,vy(x))

lim p™" | |f() = f~(0)]dy =0,

p—0 By (x,vf(x))
where B[‘f (x,v) [resp., Bp_ (x, v)] denotes the half-ball determined by v € sr=1
thatis, {y € B,(x), (y — x, v) > 0} [resp., {y € B,(x), (y — x, v) <O}]. The set of
approximate jump points is denoted by J ¢, and itis a Borel subset of S r. Moreover,
by the Federer—Vol’pert theorem ([3], Theorem 3.78, page 173), since f € BV(U),
the set S¢ is a countably H"~_rectifiable set with H"~1(S r\Jr)=0and

Df LI =(f" = f)veH" 1 20;.

By the Radon—Nikodym theorem, the distributional derivative Df can be decom-
posed into the sum of three terms (see [3], page 184),

Df=VfL + (f* = f)wH" ' 2Jp + D Y.
These three terms are defined in the following way:

e D?f:=V fL"is the absolutely continuous part of the Radon measure Df with
respect to the Lebesgue measure £”. And moreover, V f is here the approximate
differential of f; see [3], page 165 and Theorem 3.83, page 176.

e D/f:=(ft— f_)VfH"_llJf is the jump part of Df.

e The last term D€ f is the so-called Cantor part of Df. It has the property to
vanish on sets which have a " ~! finite measure.

2.2. A general coarea formula. In our framework, we will be interested in
functions that have no Cantor part in their distributional derivative (we will mainly
study piecewise C! functions). These functions have been introduced by De Giorgi
and Ambrosio to study variational problems where both volume and surface en-
ergies are involved, and they are called “special functions of bounded variation.”
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Their set is denoted by SBV(U), and it is a closed subset of (BV(U), || - llavw));
see [3], Corollary 4.3, page 213.

As we already mentioned in the Introduction, our viewpoint will be to study
the function r — L ¢(¢, U). The coarea formula (2.2) only provides the integral of
t — Ly(t,U) on R, and we will extend it to the integral of t — h(t)L s(t, U) on R
for any bounded continuous function /. This is the aim of the following theorem.

THEOREM 1. Let U be an open subset of R", and let f:U — R be a function
in SBV (U). Using the notation and definitions of the previous section, its distribu-
tional derivative is given by

Df=VfL +(f*— fvH" 124y,
while
IDFI=IVFIL  + (fT— f)H " 20y
Let h:R — R be a continuous and bounded function. Then
/ h(t)L¢(t,U)dt
R

*(

ST 1
:/ h(f )|V Ff)|dx + (/ h(s)ds)?-l (dy).
U JenU N f=(y)

PROOF. Let h:R — R be a continuous and bounded function. Let us first
assume that there exists an & > 0 such that 4(¢) > ¢ for all t € R. We define for all
telR,

H(@) = Ath(s) ds.

Then H is a C! diffeomorphism from R to R. It is strictly increasing, and since
H'(t) = h(t) for all t € R is bounded, it is also Lipschitz on R.

Now, let u be the function defined on U by u = H o f. Then by the chain-rule
(see [3], page 164 and Theorem 3.96, page 189) we have that u € SBV(U), its
jump set J, = Jy and its derivative is given by

Du=(ho )VFL +(Ho fT—Ho f )M 12Uy
Then by the coarea formula (2.2), we have that
/ L,(s,U)ds
R
= || Du|(U)

= [ @)Vl ds + / H(f* () — H(f~ ) H"™ (dy)

*(

VNG 1
_/ (x) |Vf(x)|| dx + (/ h(s)ds)?-[" (dy).
JrNU NI = (y)
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But for all s € R, we have that E,(s,U) = Ey(H™ I(s), U) where H~! denotes
the inverse of the C! diffeomorphism H. And thus for all s € R, we also have
that L, (s,U)=Lys(H™ I(s), U). Then by the change of variable ¢t = ~I(s) (see,
e.g., [17], page 153), we get

/Rh(t)Lf(t, U)a’t:/RLu(s,U)ds

FOO)|V )| dx + h(s)ds | H" " L(dy),
= (] o o)

which is the announced formula.

In the general case, when /4 is not strictly positive, we simply apply the above
formula to &1 = 1 4 sup(h, 0) and to i = 1 + sup(—*h, 0), and then we have it for
h = h1 — hy, which ends the proof of the theorem. [

3. Shot noise random fields. Let (2, 4,P) be a probability space, and
® = {(x;, m;)}ics be a Poisson point process on R" x R4 with intensity AL" ® F,
with F a probability measure on R?. Let g:R” x R? — R be defined such that
for F-almost every m € R the function gm = g(-,m) belongs to SBV(R"). From
Section 2, it follows that for such m € R?

Dgm=VgnLl"+ (g — 8p)ve, "' L1,
and

lgmllBv@®n) = llgml L1 @y + [1Dgm | (R")
= lgmlizt@®ey + 1VEmll 1 (wry +/J (& () = g M)H" ™' (dy)
8&m

< +00.

Under the assumption that

G.1) [ Ngmllz1 e Fdm) < +oo,
R4
one can define almost surely the shot noise random field
(3.2) Xo =) Tugm:
iel

as a random field in LIIOC(R”), where Ty, g, (X) 1= gm, (x — x;).
In the sequel we will also consider ®; = & \ {(x;,m;)} for j € I and its asso-
ciated shot noise random field
Z Txi 8mi -

i€l;i#]
Throughout the paper we make the stronger assumption that

(3.3) |, Vmllavize F @dm) < +oc.
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3.1. Regularity of the shot noise random fields. 'The aim of the following theo-
rem is to show that the shot noise random field inherits the regularity properties of
the kernel functions g,,. The general idea is that if the kernel functions are special
functions of bounded variation, then so is locally the shot noise. The theorem also
gives the decomposition of its distributional derivative.

In the following, we will need the functional spaces LlloC (R™) and SBVoc (R™).

We recall that they are defined by the following: a function f belongs to Ll (R")

loc
[resp., SBVioc(R™)] if and only if it belongs to LY(U) [resp., SBV(U)] for all
bounded open subset U of R".

THEOREM 2. Under assumption (3.3), one can define almost surely (a.s.) in
LllOC (R™) the two shot noise random fields

ch = Z ‘L’xi 8m; and VXQD = Z T)Ci ng, .

iel iel
Moreover, a.s. Xo € SBV o (R"™) with
DXo=VXoLl"+(X§— Xg)vxoH" ™ Ly,

and for H"~! almost every y € J Xo» there exists a unique (xj,m;) € ® such that
y€J; =Xj+ Jeu, and

B4 XEO) =108 )+ X, () and Xg(y) =1y,8, () + Xa, ().

PROOF. Let U be a bounded open set of R”. First, note that by Campbell’s
formula,

B(X Iewem v ) = [, [ 15 enllavioyhdyFam)

iel
=3[, [ (15l + 1y Denll W) dy Fdm).
By Fubini’s theorem and by the translation invariance of £", we have

_ n
[I\Qd/lé” ||Tygm||L1(U) dyF(dm)—E (U) [l‘{d ||gm||Ll(Rn)F(dm)

Moreover, recalling the notation yy to denote the indicator function of a set V, we
have

L, 15 Denl@)dy = [ 1Dl = dy

_ / XUy @) Dgnl(dx) dy
R xR"

= L (U)|| Dgn|l(R"),
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by Fubini’s theorem and the translation invariance of £". It follows that

J— n .
E(; ||Tx,'gm,'||BV(U)> =AL"(U) A{ad g | B F(dm) < +o0.
l
Hence, almost surely > ;¢ [T, &m; lBv(v) < +00. Since (SBV(U), || - llpv)) is
a Banach space, it implies that X¢ = Y";c; Ty, gm, is almost surely in (SBV(U),
I - lsv(v))- Now, let us identify DX . First, remark that >, [Ty, &m; lBv(v) <
+oo implies that

Sle Vemlian + ¥ [ (tu gt () — T, )Y~ (dy) < +o0,
iel iel ijié’mi nu

so that the vectorial Radon measure
- -1
Z Txi ngl EnéU + Z(Txi gn—i’;, - Txi gm,' )er,- 8m; %n éUmthi gm;

iel iel
is well defined. By uniqueness of the Radon—Nikodym decomposition, we get
(3.5) VXoLl"Zy = erngmiﬁ”éU,
iel

36 (Xg = Xg)vxo H' ™ Zuny,

= Z(Txi gnt, - Txi gn_’li)vtxi gml- Hn_léum‘]‘fxi 8m; :

iel
Note in particular that the last equality implies that
c
Sy (U N Jxe N (U J,Xl_gml) ) —0,
iel

where for a set S, S¢ denotes the complement of S.

For a fixed point (x;, m ;) € ®, let us remark that since X and x; gm; are both
in SBV(U), we also have Xo; =Xo — Tx;8m; € SBV (U). Analogously, we get

c
-1
H" (Uﬂ]x¢j N ( U J,xigmi) ) =0.
ieliid ]
Note that when y € Jregm; N Sk, MU, we obtain that y € Jx, with (3.4) sat-

isfied. Therefore, it suffices to pr(jve that the set of points in U that belong to
Ujel(-]ij gm; N SXq)j) is 1"~ ! negligible. We have

E(Hn_l (U(thjg’"j N SX¢i) N U))

Jjel

< E(Z H ! (Jz;m, N Sxg, N U))

jel

< /d/ E(H"~(Js,q, N Sxy N U))Adx F(dm),
R n
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by Mecke’s formula; see [6]. Now, using Fubini’s theorem, for F-a.e. m

f E(H" ! (Jrrg, N Sxe NU))dx = IE(/
n x¢ﬂ

since Jy g, =X + Jg, for all x € R". But L"(y + J,,,) = L"(Jg,,) = 0 for all
y € R", which implies that H"~ 1(Uje, er gn; N SXcl> N U) = 0 almost surely.
Finally, we complete the proof using the fact that R" is covered by a countable
union of bounded open sets so that a.s. X¢ is in SBV o (R"). O

£+ J,mm"—l(dy)),

Under assumption (3.3), X¢ is well defined a.s. as a function in SBV(R"), but
we can also consider X ¢ as a real random field indexed by R”. More precisely, let
us define

Dy = {x € R" such that X¢(x) =) _ T, gm, (x)} N S%y-
iel
Note that the convergence in LIOC(R”) implies that a.s. £"(Dg) = 0 so that

E(L"(Dg)) = 0. Moreover, for U a bounded open set in R", by Fubini’s theo-
rem, one has

E(L"(DS N U)) = fU P(x € DS) dx = P(0 € DS) L™ (U),

where the last equality comes from P(x € Dg) = P(0 € Dg,), by stationarity of
the point process {x;};es. It follows that for all x e R", P(x € Dg) =0 and a.s.
X € SX<I> and X¢(x) =) ;c; Tx; &m; (x). The same remark may be apphed to VXo

since L' (Svx,) =0as VXg € LllOC (R™). This allows to compute the finite dimen-
sional law of the random field {(X ¢ (x), VX (x)); x € R"} itself. In particular, the
shot noise random fields have the nice property that their characteristic function
is explicit; see, for instance, [6], Chapter 2. More precisely, in our framework, the
shot noise field {(X¢(x), VX (x)); x € R"} is stationary, and therefore the joint
characteristic function of X¢ (x) and V X ¢ (x) is independent of x and is given for
allu e R and all v € R" by

¥ (u, v) i= E(e "X+ VXe(0))

_ exp( /d/ (e e+ 0. Ven () _ )dyF(dm))
R n

In the following we will also simply denote ¥ () = ¥ (u, 0) = E(e!*X*()) the
characteristic function of X (x). Let us also mention that the real random vari-

ables X (x), ad)§¢ x),..., ?(T:’(x) are integrable with

3.7

E(Xo(x)) =A/ f gn(y)dyF(dm) and

B w) = [ [ S gy ram)



ON THE PERIMETER OF EXCURSION SETS 531

forall [ =1,...,n, implying that |V Xg¢|| is also integrable. Moreover, under the
additional assumption that

/d/n gn(»)?>dyF(dm) < +o0o and
(3.8) REK

/Rd/H;n | Vgm0 | dyF(dm) < +o0,

X

the real random variables X ¢ (x), o

with

(x),..., %(x) are also square integrable

Var(Xe(x)) = A /R ) /R ) gn(y)2dyF(dm) and

Var(a;i;p (x)> = )L/Rd/Rn<%(y))2dyF(dm),

foralll=1,...,n.

3.2. Perimeter of the excursion sets. We consider the excursion set of X¢ de-
fined as previously by

Ex,(t,U)={x € U such that X¢(x) > t},

as well as Ly, (¢, U) its perimeter in U. According to Theorem 1, when 7: R — R
18 a continuous and bounded function, one has a.s. the coarea formula

/ h(t)Lx, (t, U)dt
R

X3(

) -1
=/ h(Xe()|VXex)|dx + (/_ h(s)ds)?—[” (dy).
U IxeNU \JXG ()

By (3.4), the jump part rewrites as

X5 |
/ (/ h(s)ds)?—["_ (dy)
JxeNU \JX5 ()

T g D+Xo ()
(3.9) = ([T sy ds Jeaw

ijgrjz—j ) 1
= / ( / h(s +Xo, (y))ds)?—l" (dy).
ecjom; MU AT

We compute the expectation of the jump part of the coarea formula in the next
proposition.
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PROPOSITION 1. Let h:R — R be a continuous and bounded function. Then

X5
n—1
5[, o, Hras ) am)

m<>
_AE”(U)//J (/g ’ (s+ch(O)))ds)?-l”_l(dy)F(dm).
8

m(Y)

PrROOF. From Mecke’s formula (see [6]), taking the expectation in (3.9), we
get

E( /, - ( /X }iy()y) h(s)ds)?—[n—l( dy)>

— rvgm(y)Eh ¥ 1V o dF
/”XRdf] ﬂU(L ( (S+ @(Y))) S) ( y) X ( m)

xem v 8m (V)

g )

8&m

)
(/ E(h(s + Xo(x +))) ds)’Hn_l(dy))deF(dm),
NU—x) \J gm (y)

by translation invariance of H"=!, Moreover, by stationarity of X¢, for all s € R
and x, y € R,

E(h(s + Xo(x +))) =E(h(s + X0(0))).

By Fubini’s theorem, integrating with respect to x, this last integral is equal to

AE"(U)/ / / s +X¢(O)))ds7-[”_l(dy)F(dm),
-]m &m(y)
which is the announced result. [J

We can now give our main result about the mean value of the perimeter of
the shot noise random field. It is a direct consequence of the coarea formula of
Theorem 1, when taking for A the function A(t) = e and of the computation of
the expectation of the jump part of the coarea formula given in Proposition 1.

THEOREM 3. Let X be a shot noise random field given on R" by (3.2) and
such that assumption (3.3) is satisfied. For all t € R, let us denote

Cxo (1) =E(Lx, (t. (0, )™)).

Then the function t — Cx, (t) belongs to L' (R), and its Fourier transform is given
forallu e R,u #0 by

Cxo () =E(" O VXo(0)])

+E(eiuXd>(0)).£/ / (eiug;g(y) _eiug;(y))/anl(dy)F(dm)’
u JRAJJ
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and for u =0, we have

Cx,(0) =E(V(Xo, (0, D))

=E(|VXa)])+2 fR , /J (8m (¥ = & M) A"~ (dy) F (dm).

A direct consequence of Theorem 3 is the following corollary that gives a Rice
formula in a weak sense (i.e., for almost every level ¢) and includes the “jump
part.”

COROLLARY 1. Under the assumptions of Theorem 3, and if we moreover
assume that the random variable X ¢ (0) admits a probability density on R, denoted
by t = px4(0)(t), then for almost every t € R we have

Cxo() =E(|VX0(0)|[|X0(0) =1)pxy ()

gGh ) -
+)‘f / / Pxo0) (& —s)dsH" ™ (dy)F(dm).
Rd ‘,gm gZ(Y)

PROOF. Note that since X¢(0) admits px, ) for density, we may define the
positive measurable function

C(1) :=E(|[VXa0)[|Xe(0) =1) pxe)(1)

gm () -
+ )»/ / B px¢(0)(l‘ — S)dSH (dy)F(dm),
R4 ng gm(y)

for almost every ¢t € R. Moreover,

Jcwar=Eqvxe@ 2 [ [ (570~ gu)H~ @nFiam

< E(IVX0O)) +2 [, lgnlaveen Fiam) < +oo.

by assumption (3.3). Then we may compute its Fourier transform and find C =
C Xo- The result follows from the injectivity of the Fourier transform. [J

Let us quote that sufficient conditions for X ¢ (0) to admit a probability density
are given in Section 3.2 of [7].

3.3. Some particular cases. In order to have explicit formulas for the mean
perimeter Cyx, (t) = E(Lx, (¢, (0, 1)")), we need to be able to compute the two
terms of C X4 (1) 1n the formula of Theorem 3. We will give in this section many
situations in which the computations are doable. The first case is the one of piece-
wise constant functions g,,, since in this case the first term vanishes. The second
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case is when E(||VX(0)]|?) is finite, because we are then able to use the joint
characteristic function of X¢(0) and VX¢(0) to have an explicit formula for the
term E(e!“X* ||V X4 (0)||). This will be the aim of the next section.

Let us start with the piecewise constant case. When the functions g, are piece-
wise constant, then VX ¢ (0) = 0 a.s., and therefore we simply have

~ . A . -
Cx, (1) =E(elqu>(0));/Rd/J (ezug,*,,'(y) —el”g’"(y))H”_l(dy)F(dm).

EXAMPLE 1. We consider a shot-noise process X¢ in R? made of random
shapes; that is, we assume that n = 2, that the marks m are given by m = (8, r)
with 8 > 0, r > 0 and with the distribution F' given by F(dm) = Fg(dp)F,(dr)
(having thus 8 and r independent). We also assume that the functions g,, are of
the form g, (x) = Bxk, (x) for all x € R2, where for each r, K, is a compact set
of R? with piecewise smooth boundary and such that the mean perimeter and the
mean area, respectively, defined by

p=| H'Y(O9K,)F.(dr) and a= / L£*(K,)F,(dr)
R, R,
are both finite. Then in this case, we have
- Fgw)—1 ;-7
YueR,u#0, CXq; ) = Aﬁ&eka(ﬂ;(w)—l)’
iu
where Fg(u) = [ e Fg(dp):

In particular if B follows an exponential distribution of parameter © > 0, then
F, g(u) = and then

n— lu’
Cxo () = A\p—— ! i)/ (u—iu)
—ll/t

We recognize here (thanks to tables of Fourier transforms!) the Fourier transform
of a noncentral chi-square distribution, and we thus have

forae.r e Ry, Cxo(t) = Aupe M 0 (2/apat),
where Iy is the modified Bessel function of the first kind of order O that is given
forall t € R by Io(t) = L [ "% df.
Another r explicit and 51mple case is when 8 =1 a.s., which implies that F, g(u) =

“ Then C X4 (1) 1s the product of two Fourier transforms: one of a Poisson dis-
trrbutron and one of the indicator function of the interval [0, 1]. Therefore we get

_ak
Ap—k! e

We illustrate this result on Figure 1 where we show a sample of a shot-noise pro-
cess made of two indicator functions of squares.

VkeN, forae.t € (k,k+1), Cx, () =
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10 12 14 16 18

FIG. 1. We show here on the left a sample [in the square domain (0, 2000)2] of a shot noise process
made of two indicator functions of squares of respective side length 60 and 200, and with respective
probability 1/2; with a Poisson point process intensity A =2 - 1074, In the middle we show the
boundaries of some of the excursion sets. And on the right we plot the empirical distribution of the
perimeter of the excursion sets as a function of the level, together with the expected values of these
perimeters (red stars).

3.4. Link with directional derivatives. In the general case, when the func-
tions g, are not piecewise constant, we need to be able to compute the term
E(e/“X*© ||V X4 (0)|). In order to have an explicit formula for it in terms of the
characteristic function of the shot noise [i.e., given by (3.7)], we will first prove
the following proposition.

PROPOSITION 2. Let X and Y be two random variables, such that X is real-
valued and Y takes values in R", n > 1. Let ¢ be the joint characteristic function
of X and Y given by

Yu e R, Vv e R", ¢ (u, v) ;= E (X1
Assume that E(||Y ||*) < +00. Then
Yu e R,
E(e"“"uYn)
400
= / / ¢(u 1v) + ¢ (u, —1v) — 2¢ (u, 0)) dtH" " (dv),
27‘[60,,_1 gn—1

where w,_1 is the L~ measure of the unit ball of R" .

PROOF. We first use the well-known identity

1
I¥li=3 / (v, V)| H ! (dv).
wn—l Snfl

Now, for any y € R, we have that
—1 ptoo 1

— — (" e — 2)dt=M/+ool(l—cos(t))dt=|y|.
rJo 2 T Jo 12
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We can use this identity for each (v, Y), integrate on v € §”~!, multiply by e/*X
and finally take the expectation. Then, since for any ¢ and y in R, we have |e/’Y +
ey — 2]/t < min(4/12, y?), and since E(||Y||?) < 400, we obtain by Fubini’s
theorem that

E(e™X Y1)

—1 too 1 juX+it(v,Y)
— An71£ t_Z(E(elu 11V )

2T w1
+ E(eiuX—iI(U,Y)) _ 2E(eluX)) dt%n_l(dl)),

which is the announced result. [

EXAMPLE 2. We give here an example of the use of Proposition 2 in the
particular case of radial functions g,,. To have simpler formulas, we will com-
pute only the total variation of the field. We assume here that n = 2, that the
functions g, are “cone” functions (with no jumps) given by g, (x1,x2) = (1 —

m,/ xl2 + x%) XB(0,1/m)(x1, x2), and that the marks m € R are distributed with the
['(3, 1) distribution. In this case, the characteristic function of V X ¢ (0) is given by

¥ (0, v, v2)

A ; 2,2
:exp(_/ / (e—tm(lel-i-vzxz)/( X{+x3) 1)m26—m dxi dX2dm>
2 Jr,.JB©,1/m)

2 1
_ exp(&/ /- nf /m (e—im(vlcose—i—vg sinf) l)mZe—mrdr do dm).
2Jr.Jo Jo

Therefore, for any v = (v, 12) € S! and any t € R, we have ¥ (0, tvy, tvp) =
¥ (0,1,0), and we can further compute

A 27 pl/m . )
¥ (0,1,0) = exp(E/ / [ (e7imicosY _ \m2e™™r dr d6 dm)
rR.Jo Jo

A 2 R
= exp(—/ / (e7imicost _ 1)e™™ 4 dm)
4 Jr, Jo
A [27 1
Sy I
4Jo \1+ircosf

VIR Sy S e, N, |
2 " 2Jo 1++12cos26 2 2J/1++¢2
Finally, by Theorem 3 and Proposition 2 we can compute the expected total varia-
tion of the shot noise random field in (0, 1)2, and we get

E(V(Xo. (0. 1)) =E(|VXs0)])
—1 p+oo

1
= t—z(w(o, 1,0) 4+ ¥ (0, —,0) — 21/(0, 0, 0)) dt
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dt

o~ ()2 f"’oo oOT)/2 _ L0m)/@N/1417)
12

7/2 1 — ((A7)/2)(cosa—1)
_/ da.

SlIl o

This last integral is related to Bessel functions, and this is not a surprise since
Bessel functions are involved in systems that have cylindrical symmetries.

EXAMPLE 3. We consider a shot-noise process in R?> made of a determin-
istic function with random amplitude. More precisely, we assume that n = 2
and that the marks m are in R (i.e., d = 1) with the distribution F(dm) given
by the exponential distribution with parameter 1 so that F(u) = L We con-

sider the function g(x) = g(x1,x2) = e "1 xgr, (x1) X[0,17(x2) and gm =m X g.
Note that ¢ € SBV(R?) with Jo = ({0} x [0,1]) U (Ry x {0}) U (R4 x {1})

and Vg(xq,x3) = (_e(;xl)XR+ (x1) x0.17(x2). It follows that the joint characteris-
tic function of X¢(x) and VX ¢ (x) is given by

400 1
W, v, v2) = exp(x [ [ Fea—w) - 1ay dyz)
=(1—iw—v))™"

Now, we notice that here the gradient Vg is nonzero only in the x; direction, and
that moreover it is always nonpositive in that direction. Therefore we have

] . X
E(etuXd>(0) ”VX(I)(O) ”) = —E(éluxd)(o)@) = %(u 0,0
X1

=21 —iuw) L

By Theorem 3, it remains to compute the second term corresponding to the jump
part to get an explicit expression for Cy, . In this example, for u # 0, we have

1 . o
_u /Rd/J (elugnt(Y) _ emg'”(y))/)'-[n_l(dy)F(dm)
8m

Fu)—1 +00 F(ue™) — 1
_Fw-1 +2/ Fue =1,
u 0 u
Therefore,
~ log(1 —i
Cxy ) = 20(1 — i)+ — 22 0L =1 (i
u

The second term corresponds to the Fourier transform of the function

_2_)“ ! r—1 _—s _
f(l)—F(k)XR+(l)/()S e (k(x) —log(s))ds
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2 4 6 8 10 12 14 16 18 20

FIG. 2. In this figure we show a sample of the shot noise random field of example 3 (exponential
in the horizontal direction, with random amplitudes). The sample here (left image) is shown on the
square domain (0, 10)2, and we have taken i = 4. In the middle we show the boundaries of some
of the excursion sets, and on the right we plot the empirical distribution of the perimeter of some
excursion sets as a function of the level (blue circles), together with the expected values of these
perimeters (red curve) given by formula (3.10).

where k is the logarithmic derivative of the I" function, and thus finally we get
Aot

(3.10) forae.teRy,  Cxo(t)= foan T F(0).

This example is also illustrated by Figure 2, where we show a sample of such
a shot noise random field together with the empirical and the theoretical expected
length of its excursion sets.

4. Asymptotic Gaussian behaviour. We assume in this section that

2
fRden g2 (y)dyF(dm) < +oo.

As the intensity A of the Poisson point process goes to infinity, it is well known
(see, e.g., [14] or [15]) that the shot noise random field converges (after normal-
ization) to a Gaussian random field. More precisely, if we denote by X, the shot
noise field defined by equation (3.2) with a homogeneous Poisson point process
{x;i}ics of intensity A, then the random field Z, defined by

X5.(x) = A [[ gm(y)dyF (dm)
N

converges, in the sense of finite dimensional distributions, to a stationary Gaussian
random field B of mean 0 and covariance function E(B(x)B(0)) = [[ gn(y —
x)gm(¥)dyF(dm). The aim of the following theorem is to give the asymptotic
behavior of the mean perimeter of the excursion sets of Z, as A goes to infinity.
It shows in particular that when there are no jumps, we have a finite Gaussian
asymptotic whereas when there are jumps, the mean perimeters are not bounded
anymore and behave like v/A.

4.1) VxeR',  Zy(x)=
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THEOREM 4. Let Z; be the normalized shot noise random field defined by
equation (4.1). Assume that the functions g, satisfying condition (3.3), also satisfy
the following conditions:

o= f/ g2 (y)dyF(dm) < +oo, 02 = // ||ng(y)”2dyF(dm) < +00,
and
f/(g,;t(y) — 8 (I8 O]+ |8 M~ (dy) F(dm) < +o00.

Then we have two different asymptotic behaviors:

(a) If there are no jumps, that is, if [[(g () — g, (Y)YH* Y (dy)F(dm) =0,
then as A goes to +00, we have for any fixed u € R,

1 2 2

I -2y 2 a1
e / [t anF avE@mme @)
+ o(1).

(b) If there are jumps, that is, if [[ (g (v) — g, (Y)H" " (dy) F(dm) > 0, then
as A goes to 400, we have for any fixed u € R,

Cz,(u) = ﬁe_”zaz/z[

Cz, (u) =

[[ Ventordxram)
+ //(gnt(y) — g;(y))H”—l(dy)F(dm)} + o).

PROOF. Let us denote = [/ g, (y) dyF(dm), and let us recall that
E(X;(0)) =Ax and Var(X;(0)) :A// g2 (y)dyF(dm) = ro?,
and for all v € "1,
E(fo, VX, 0) =1 [ [ v, Vgn () dy Fdm) =: dguv (v)
and
Var({v, VX5, (0))) = & / f (v, Vem())f dyF(dm) =: 203 (v).

Since Z; = (X, — )\[,L)/\/X, the function é’\zA is related to the function 6)()\ by
the relationship

~ 1 . ~
o= it (1)
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And therefore, for u £ 0, we have

~ 1 .
Cr,(u) = ﬁE(e’”(XA(O)_“W‘/XHVXA(O) )

+ VAR (e X1 0=V
e W/NRGE ) _ i /D) gy ()
X
/ / iu/vx

and when u = 0, the expected total variation of Z, is

H* ! (dy) F(dm),

E(V(Zx, (0, )"))
=Cz(0)

_L + o n—1
= (VX)) + V7 ff (€5 () — g2 ) H ™~ (dy)F(dm).

We have then two cases, depending on whether there are jumps or not.

We first consider case (a), when there are no jumps, which means that
[ (gt () — g, ONH"~(dy)F (dm) = 0. Then for F-almost every m, the func-
tion g, is such that its distributional derivative is given by Dg,, = Vg, L". And
since g, € L' (R"), we necessarily have Jrn Vgm(x)dx = 0. [Indeed, a way to see
this is to consider the function € R+ [gn gm (x + fw) dx for any vector w € R”.
This function is constant equal to [ g,,, and therefore its derivative at r = O that
is equal to fpa(w, Vgu(x))dx is equal to 0.] We then have, using the result of
Proposition 2 and the change of variable r — 1/+/2,

~ 1 .
Cz, (1) = ﬁE(e’”(X*(O)’M)/*/X“VXA(O) )

tuﬂf/ /-i—oo 1( (L t_v>
B 2rwy—1 Jsn—1 \/X’\/X

rn( o gp) ~ (50 aran

where

u 1 i ()R X5.(0)+i (t//2) (v,V X5.(0))
WA( ) E( i (u/~V2)X), Py )
NZRRVAY

On the one hand, using formula (3.7) for v, we have for any fixed ¢, u and v,

—tuu«/—w ( u tv) s i 02/2 2o (v)/2'
f \/7 A——+00
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And on the other hand, using the fact that le’* + e — 2| < min(4, x2) for any x
real, we get

() el ) - (50)
< min(4, tz%lE((v, VXA(O))Z)).

Now since E((v, VX (0))) =0, we have E((v, VX;,(0))?) = Var((v, VX, (0))) =
Aa% (v) < Aa%. Therefore, we can use the dominated convergence theorem and
obtain

e 2622

~ +00 1
Cz(w) — / f (2e°VW/2 _2) dt dy
A—+00 27Twn 1 Jsn1

el 2622

wn 1«/5/5" 1,/Uv(v)dv

which completes the proof of case (a).

For case (b), when there are jumps, which means that [/ (gm ) —8,0) x
H' 1(dy)F (dm) is strictly positive, then [[ Vg, (x)dx F(dm) is not necessarily
equal to O anymore. In this case, we will consider C z, (u)/ Vi, and we will show
that it converges to a finite strictly positive limit. To begin with, we use again
Proposition 2 and the change of variable 7 +— ¢ /X, to have

1 .
_E(elu(XA(O)_“)‘)/\/X” VX, (0) H)

»
et +00 ] Wt
B 2nwn i /s 1/ ( <ﬁ7>

+W(%,—%> %(\a ))dtdv

Now, on the one hand, for any fixed ¢, u and v we have

u tv
—lu/l.\/_w ( ) s ol 02/2+ttuv(v)
\/_ A ) A—>+4o00

On the other hand, we have
I//(u tv)_H//(u tv) 21/f(u 0)‘

< min(4, ﬂ;—zE«v, VXA(O))z)).

Now, here E((v, VX;(0))?) = Var((v, VX5 (0))) + E((v, VX3 (0)))? = 103 (v) +
A2y (v)2. Therefore, we can again use the dominated convergence theorem and
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get
1 : _
XE(emxum “W‘/XHVXX(O)H)
e U 02/2
— / / ”“V(”) + e ity () _ 2)dtdv + o(1)
27'[6()” 1 Jsn—l
e U 02/2

=—/ v dv + o(1)

2wn-1

=~ UZ/ZH// ng(x)dxF(dm)H +o(l).

For the jump part, we use the inequality

FUNDED) _ D)
- ) —8,(»)
N (&) — g ()
|ue]

T ot
< 2[( g = gmM) (g DM+ g M)

and the fact that
E(eiu(Xk(O)qu)/«/X) L, puio2
A—+00

to obtain, thanks to the hypothesis in the statement of the theorem, that

. i/NNgh ) _ i/ A)gn ()
(e O [ € - /jx H'~\(dy) F (dm)
4.2)

=72 [[ (g0 = g I @) Fam) +o(). 0

Using additional assumptions on the order-three moments of X; and VX, it
is possible to obtain bounds of convergence for Cz, (#) in a way similar to the
technical result of our previous paper [7] in the framework of smooth functions g, .

EXAMPLE 4. Assume we are considering a shot noise random field on the
plane (i.e., n = 2) and such that there are no jumps. Then if we denote for i, j =1
or2,

A‘Qd/];g agm( )T( x)dxF(dm),

2 0x;

then

1
¢ _
2. (u) A——+o0 2J_
This shows that we have a weak convergence of Cgz, (t) to the formula for the

length of level curves in the Gaussian case (i.e., exactly the formula obtained
through Rice formula and probability density functions of Gaussian fields in [4]).

u 02/2/ \/y11c0s20+y2251n 6 + 2y12cos6sinf do.
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