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Abstract: In the present paper we consider the varying coefficient model
which represents a useful tool for exploring dynamic patterns in many ap-
plications. Existing methods typically provide asymptotic evaluation of pre-
cision of estimation procedures under the assumption that the number of
observations tends to infinity. In practical applications, however, only a fi-
nite number of measurements are available. In the present paper we focus on
a non-asymptotic approach to the problem. We propose a novel estimation
procedure which is based on recent developments in matrix estimation. In
particular, for our estimator, we obtain upper bounds for the mean squared
and the pointwise estimation errors. The obtained oracle inequalities are
non-asymptotic and hold for finite sample size.
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1. Introduction

In the present paper we consider the varying coefficient model which repre-
sents a useful tool for exploring dynamic patterns in economics, epidemiology,
ecology, etc. This model can be viewed as a natural extension of the classical
linear regression model and allows parameters that are constant in regression
model to evolve with certain characteristics of the system such as time or age
in epidemiological studies.

The varying coeflicient models were introduced by Cleveland, Grosse and
Shyu [4] and Hastie and Tibshirani [7] and have been extensively studied in
the past 15 years. The estimation procedures for varying coefficient model are
e.g. based on the kernel-local polynomial smoothing (see e.g. [28, 8, 5, 12]),
the polynomial spline (see e.g. [9, 11, 10]), the smoothing spline (see e.g. [7,
8, 3]). More recently e.g. Wang et al [27] proposed a new procedure based on
a local rank estimator; Kai et al [13] introduced a semi-parametric quantile
regression procedure and studied an effective variable selection procedure; Lian
[20] developed a penalization based approach for both variable selection and
constant coefficient identification in a consistent framework. For more detailed
discussions of the existing methods and possible applications, we refer to the
very interesting survey of Fan and Zhang [6].

Existing methods typically provide asymptotic evaluation of precision of esti-
mation procedures under the assumption that the number of observations tends
to infinity. In practical applications, however, only a finite number of measure-
ments are available. In the present paper, we focus on a non-asymptotic ap-
proach to the problem. We propose a novel estimation procedure which is based
on recent developments in matrix estimation, in particular, matrix completion.
In the matrix completion problem, one observes a small set of entries of a ma-
trix and needs to estimate the remaining entries using these data. A standard
assumption that allows such completion to be successful is that the unknown
matrix has low rank or has approximately low rank. The matrix completion
problem has attracted a considerable attention in the past few years (see, e.g.,
(2, 14, 19, 23, 16]). The most popular methods for matrix completion are based
on nuclear-norm minimization which we adapt in the present paper.
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1.1. Formulation of the problem

Let (W;,t;,Y;), ¢ =1,...,n be sampled independently from the varying coeffi-
cient model
Y = WTf(t) + ot (1)

Here, W € R? are random vectors of predictors, f(-) = (f1(-),..., fo(-))" is
an unknown vector-valued function of regression coefficients and ¢ € [0,1] is
a random variable independent of W. Let u denote its distribution. The noise
variable ¢ is independent of W and ¢ and is such that E(¢) = 0 and E(£?) =1,
o > 0 denotes the noise level.

The goal is to estimate the vector function f(-) on the basis of observations
(Wi, t;,Y;), i =1,...,n. Our estimation method is based on the approximation
of the unknown functions f;(¢t) using a basis expansion. This approximation
generates the coordinate matrix Ag. In the above model, some of the components
of vector function f are constant. The larger the part of the constant regression
coefficients, the smaller the rank of the coordinate matrix A (the rank of matrix
Ap does not exceed the number of time-varying components of vector f(-) by
more than one). We suppose that the first element of this basis is just a constant
function on [0,1] (indeed, this is true for vast majority of bases on a finite
interval). In this case, if the component f;(-) is constant, then, it has only one
non-zero coefficient in its expansion over the basis. This suggest the idea to take
into account the number of constant regression coefficients using the rank of the
coordinate matrix Ag.

Our procedure involves estimating Ag using nuclear-norm penalization which
is now a well-established proxy for rank penalization in the compressed sensing
literature. Subsequently, the estimator of the coordinate matrix is plugged into
the expansion yielding the estimator f(-) = (fi(-),..., fp(-))T of the vector
function f(t). For this estimator we obtain upper bounds on the mean squared

P [

error %‘Elﬂfi - fi||2L2(du) and on the pointwise estimation error %‘El|fi(t) —fi(®)]
= i=

for any ¢ € supp(u) (Corollary 1). These oracle inequalities are non-asymptotic

and hold for finite values of p and n. The results in this paper concern random
measurements and random noise and so they hold with high probability.

1.2. Layout of the paper

The remainder of this paper is organized as follows. In Section 1.3 we introduce
notations used throughout the paper. In Section 2, we describe in details our
estimation method, give examples of the possible choices of the basis (Section
2.1) and introduce an estimator for the coordinate matrix Ay (Section 2.2).
Section 3 presents the main results of the paper. In particular, Theorems 1 and
2 in Section 3 establish upper bounds for estimation error of the coordinate
matrix Ay measured in Frobenius norm. Corollary 1 provides non-asymptotic
upper bounds for the mean squared and pointwise risks of the estimator of
the vector function f. Section 4 considers an important particular case of the
orthogonal dictionary.
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1.3. Notations

We provide a brief summary of the notation used throughout this paper. Let
A, B be matrices in RP*! ;s be a probability distribution on (0,1) and 1(-) be
a vector-valued function.

e For any vector € R?, we denote the standard [; and [y vector norms by
[Inll, and ||n|,, respectively.
° H-||L2(d#) and (-, ->L2(d#) are the norm and the scalar product in the space
L2 ((071)761/1) T
o For () = (¥1(),-, ()", we set [[9()]l, = max — sup [¢i(t)]
i=L.P tesupp(p)

and Hw(')”Lg(du) = 1%1%?(1) H"/Ji”Lg(du)

e We define the scalar product of matrices (A, B) = tr(AT B) where tr(:)
denotes the trace of a square matrix.
o Let
min(p,l) min(p,l) 1/2
1Al =" % 0j(A) and [lAflz= ( = UJQ'(A))
be respectively the trace and Frobenius norms of the matrix A. Here
(0j(A)); are the singular values of A ordered decreasingly.
Let ||A]| = o1(A).
For any numbers, a and b, denote a V b = max(a,b) and a A b = min(a, b).
Denote the k x k identity matrix by Ij.
Let (s — 1) denote the number of non-constant f;(-).
In what follows, we use the symbol C' for a generic positive constant, which
is independent of n, p, s and [, and may take different values at different
places.

2. Estimation method

The first step of our estimation method is the approximation of the unknown
functions f;(t) by expanding them over an appropriate basis. This approxima-
tion generates the coordinate matrix Ag. Matrix Ap is estimated using penalized
risk minimization. The estimator of the coordinate matrix is plugged into the
expansion yielding the estimator of the vector function f.

2.1. Basis expansion

Let (¢(+))i=1.... 00 be an orthonormal basis in Lo ((0,1),du), | € N and ¢(-) =
(é1(-), ..., ¢1(-)". We assume that basis functions satisfy the following condi-
tion: there exists ¢y < oo such that

l
l6™ @2 = D los ) < 3 )
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for any [ > 1 and any ¢ € [0, 1]. Note that this condition is satisfied for most of
the usual bases.

We introduce the coordinate matrix Ay € RP*!

with elements
a%j = <fk7¢j>L2(d#)7 k=1,....p, Jj= L.l

For each k =1,...,p, we have
1
l
filt) = 3,a;05(0) + pi (1), (3)

Denote the remainder by p)(-) = (pgl)(-), .. ,pl(f)(-))T. We assume that the
is,
Assumption 1. We assume that the basis satisfies condition (2) and that there
exists a positive constant b such that, for any [ > 1

M0 = v >0 (4)

o0

Often approximation in Lo—norm gives better rates of convergence. In or-
der to get upper bounds on the mean squared error we will use the following
additional assumption:

Assumption 2. There exist by > 0 such that, for any 1 > 1
H pu)(.)‘

Let us give few examples of possible choices of the basis.

<b 17OV 450,

La(dp)

Example 1. Assume that du = ¢(t) dt and function ¢ is bounded away from
zero and infinity, i.e. there exist absolute constants ¢g; and go such that for any
t € supp(p)
91<9(t) < g2, 0< g1 <ga <0 (5)

Denote gj (t) = e?i™it j € 7Z, the standard Fourier basis of Ly ((0,1)). Then,
it is easy to check that ¢;(t) = gj (t)/\/g(t), j € Z, is an orthonormal basis of
L2 ((0,1), g). Moreover, condition (2) holds with ci =gt

For v > 0, consider the Sobolev space W, (0, 1) of functions F' € Ly(0,1) with
the norm HF”%M =7 |w|2 | F(w)[2dw where EF(w) is the Fourier transform
of F. Then, by Theorems 9.1 and 9.2 of [22], one has

Y iPHHE )P < CIIF I, (6)

j=—c0

where C., is an absolute constant which depends on vy only. Assume that for
some A < oo the functions fi belong to a Sobolev ball of radius A, i.e.

max [ fOVe0)|, <4 v>o0. (7)
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Let [ =2N + 1, so that

N

A =3 aleit), a1t =3 aliet),

j=—N l7|>N

where a; = (fx(t)\/9(®), &, (t)). Then, it follows from equations (5), (6) and
(7) that

2
Hp(“(-)Hwégfl SO GrHT | max ST R a2

1,...p

l71>N l71>N
S T e
o e 291%7\72"Y
where N = (I —1)/2 and
2
@y. ‘ < N—@r+1) 4200
Hp () La(g) — v

so that Assumptions 1 and 2 hold.

Example 2. Consider a wavelet 1 with a bounded support of length Cy and
with v* vanishing moments and choose | = 2 where H is a positive integer.
Construct a periodic wavelet basis ¥y, (), h = —1,...,J —1,i=0,...,2"F — 1,
with 1_10(t) = 1 and ;i (t) = 2"/2(2" — i) for h > 0. As in Example 1, set
¢;(t) = bn.i(t) = ¥n.i(t)/\/g(t) where j = 2" 4+ i + 1. Note that condition (2)
holds in this case with ¢, = g7 Cullv||%.

Then, each function fi(t) can be expanded into a wavelet series

H—1 2"-1 co 2h_1
!
=3 > anatni®, p O =3 D alyonald),
h=-—1 i=0 h=H =0

where ak h.i NG, Uil

Theorem 9 4 of [22] states that for F € W,(0, 1) one has

2k 1
Z 2N gm0 < CYIIF 1y,
h=-—1 1=0

where C., is an absolute constant which depends on ~y only, provided v < ~*.
Then, under assumptions (5) and (7), as in Example 1, Assumption 1 holds. For
example, recalling that H = log, ! and that length of support of ¢ is bounded
by Cy, obtain

2h—1

< 27HEH) max 2h(2y+1) a 2< A0, @)
La(g) — k=1,..., p Z Z | k,h |

2

=
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2" —1
2
[p20)] < @)t Il 272 max 3 2pe 2 I
P h=-1
< A (2791) 7 Cy 1915 l’z”,

where [|9)|loo = sup; |()].

Example 3. Suppose that f;(¢) belong to a finite k—dimensional sub-space of
L2 ((0,1),dp). For example, f;(t) are polynomials of degree less than k. Then,
choosing | = k and an orthonormal basis in this sub-space, we have trivially

pB () =0.
2.2. Estimation of the coordinate matriz

Denoting X = W¢T'(t), we can rewrite (1) in the following form
Y =tr(AgXT) + wTpO(t) + o¢. (8)

We suppose that some of the functions f;(-) are constant and let (s — 1) denote
the number of non-constant f;(-). This parameter, s, plays an important role in
what follows. Note that rank (Ap) < s.

Using observations (Y;, X;) we define the following estimator of Ag:

n

A—argmin{ Z — (X, AP+ A ||A|*}, (9)

where A is the regularization parameter. This penalization, using the trace-norm,
is now quite standard in matrix completion problem and allows one to recover
a matrix from under-sampled measurements.

Using estimator (9) of the coordinate matrix Ay, we recover f(t) as

2.3. Assumptions about the dictionary and the noise

We assume that the vectors W; are i.i.d copies of a random vector W having
distribution IT on a given set of vectors X. Using rescaling, we can suppose that
[W]l, < 1 almost surely. Let E (W WT) = Q and Wax, Wmin denote respectively
its maximal and minimal singular values. We need the following assumption on
the distribution of W.

Assumption 3. The matriz Q =E (W WT) is positive definite.

Let | A7, gy = E ((X, A)?). An easy computation leads to

A7, (e = E (W, Ag(t))?)
=E: (Ew (W, A¢(1))?))

(®u
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and
Ew (W, A6(1))%) = Ew (tr ((46(0)" W W 46(1)))
= Ew (tr (WWTA6(0) (46()"))
_ <EW (WT W), Ag(t) (A ¢(t))T>
= (2. 40(t) (A0(t)").

By definition we obtain

(2400 (A6()") = wum | AS(O]5

Finally we compute
AN, 16y = wimin Br (4613 ) = wmin 14113 (10)

where in the last display we used that (¢;(-))i=1,...,c0 is an orthonormal basis in
L2 ((07 1)7 dﬂ)

We consider the case of sub-exponential noise which satisfies the following
condition

Assumption 4. There ezist a constant K > 0 such that

max Eexp ([&]/K) < e.

For instance, if &; are i.i.d. standard Gaussian we can take K = 1.

3. Main Results

Let
1 1
i=1 =1
where {¢;}7 is an i.i.d. Rademacher sequence. These stochastic terms play an
important role in the choice of the regularization parameter \.

We introduce the following notations:

Cc; 1 log(d)
M =tr(Q) V (lwmax) and n™* = ————[(Ms) V1].
Whin
The following theorem gives a general upper bound on the prediction error for
the estimator A given by (9). Its proof is given in Appendix A.

Theorem 1. Let A > 3||X|| and suppose that Assumption 3 holds. Then, with
probability at least 1 —2/d,
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()

- = 0 - (4 b

min

, cilMlog(d)) co || Aoll? log(d)l}
* n ’ .

Wmin n
(i) If, in addition n > n**, then

Cs\?

2
Whin

R 2
i-af

where d =1+ p.

In order to obtain upper bounds in Theorem 1 in a closed form, it is necessary
to obtain a suitable upper bound for ||X||. The following lemma, proved in
Section E, gives such bound.

Lemma 1. Under Assumptions 1 - 4, there exists a numerical constant ¢*, that
depends only on K, such that, for all t > 0 with probability at least 1 — 2e~*

)

%] < (UC* + 21)\{?) max{ M

Wmax

cg V1 (t +log(d)) ([K log (ﬂ)} v 1)

n
(11)
where d = p + 1.

The optimal choice of the parameter ¢ in Lemma 1 is ¢ = log(d). Larger
t leads to a slower rate of convergence and a smaller ¢ does not improve the
rate but makes the concentration probability smaller. With this choice of ¢, the
second terms in the maximum in (11) is negligibly small for n > n* where

_ 2¢31 ([K log (ﬂ)} Y 1)2 log(d)

Wmax

M

*

n

In order to satisfy condition A > 3|3 in Theorem 1 we can choose

. (12)

N 495 (c*o—i— 2b\/s—1> M log(d)

Il n

If & are N(0,1), then we can take ¢* = 6.5 (see Lemma 4 in [15]).
With these choices of )\, we obtain the following theorem.

Theorem 2. Let Assumptions 1 - 4 hold. Consider regularization parameters
X satisfying (12) and n > n*. Then, with probability greater than 1 —4/d
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(i)

. 2 2 (s _

A—AOH < Cmax] (o2 + 282D L)) Mo losld),
2 12y nw

¢o 1402 log<d>Z}.
n

Wmin

(i) If, in addition n > n**, then

iz (s« £l Mot

Using A we define the estimator of f(t) as

. A . T N
f6) = (A, 1) = Ao, (13)

Theorem 2 allows to obtain the following upper bounds on the prediction
error of f(t).
Corollary 1. Suppose that the assumptions of Theorem 2 hold. With probability
greater than 1 — 4/d, one has

(a) ¥t € supp(u)

Lo . Clels B 26%s
- B0 - A < T

n

(b) If, in addition, Assumption 2 holds
1o - CB 2B
Igglﬂfi ~ fillLaw < -+ YRRV

where

b2 (s —1)\ M s log(d)
2 - ok
<a + = > pw?nin , if n>n

2 — lu A 2 1 d l
max{(a2+b (S 1)+Z|AO|§> Slsg(d) %H 0”* og() n}, if not.

3
127 Wmin P

min

Proof. We shall prove the second statement of the corollary, the first one can be
proved in a similar way. Let A® denote the i-th row of a matrix A. We compute

< || fit) - 6¢(t)"L2(du) + H (A?J - Ai) (b(t)‘

A+

£i(t) = Alo(o)|

La(dp) La(dp)

0 2

- ’ La(d) "
14
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where in the last display we used that (¢;(-))i=1
Using (14) and Assumption 2 we derive

2b13
E ”fl fZHLg(du) = 1(274_1) +2 HA AOH

Now Theorem 2 implies the statement of the corollary. O

~ 18 an orthonormal basis.

.....

4. Orthonormal dictionary

As an important particular case, let us consider the orthonormal dictionary. Let
(ej); be the canonical basis of RP. Assume that the vectors W; are i.i.d copies
of a random vector W which has the uniform distribution II on the set

X ={ej, 1 <j<p}.
Note that this is an unfavorable case of very “sparse observations”, that is, each
observation provides some information on only one of the coefficients of f(t).
In this case, Q = %Hp, Wmax = Wmin = % and we obtain the following values
of parameters

IV
M=2
p

n* =2K”log® (K p) ¢ log(d) (I A p),
20 \/s — ) (I V p) log(d)

pn

)

A=4.25 (C*o

=Cclsp(lVp) 1og(d).
Plugging these values into Corollary 1, we derive the following result.

Corollary 2. Let Assumptions 1 and 4 hold. Consider reqularization parameter
X satisfying (15), and n > n*. Then, with probability greater than 1 —4/d, one
has

(a) Vt € supp(u)

12 s Cle®lly B, 2b*s
L8 1) - ) < LA 2 200 (10
(b) If, in addition, Assumption 2 holds
1o CB 283
§i§1||fi—fi|\L2(d#) < T+W7 (17)

where

(02 i %) (vp)slog(d), if n>n"

b2 (s —1
(024_%4_[ ||A0|i> (I Vp)slog(d), if not.
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Remarks. Optimal choice of parameter [: The upper bounds given in Corol-
lary 2 indicate the optimal choice of parameter [. From (15) we compute the
following values of I:

==y if 1<p
C ¢ sp* log(d)
and
/ n
5=,|=———— if 1 .
2 C ¢} sp log(d) htep
Let
b2 (s —1)\ pslog(d) 2b% s
_ 2 1
Fl(l) =C (O' + Z2V ) n pl(2,y+1)a
log(d
F(1) = Fi(0) +1 | Agf2 222D,

Fy(l) = C (02+b2(s—1)) I s log(d) 2b% s

2 no T pir
2 s log(d)
a—

*

Fy(l) = F3(1) + 1% || Ao

Let v > 1/2 and consider first the case s p® log(d) = n = sp? log(d) (the symbol
< means that the inequality holds up to a multiplicative numerical constant).
Then, Corollary 2 implies that

1r . Fi(l), if 1<1<10
_z'§1||fi_fi”%ﬂd#)S Fy (1), if If<1<p
" Fy(l), if 1> p.

On [1,13], F1(1) achieves its minimum at /5. Note that F;(I7) < Fy(l) for any [ €

[I3,p] and Fy(I7) < Fy(l) for any [ > p. Then, for sp3 log(d) = n = sp* log(d)
the optimal value of  minimizing (17) is

=

n
Cc3 sp? log(d)] '
When n > sp? log(d), the Corollary 2 implies that

R, if 1<1<p
), if p<l<ly
1),

1y - )
=S i = fill ) <
pr= (), if 1>13.

I3
Iy

Let

1

o (_Cn \T
> \o2plog(d) '
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On [p,13], F3(l) achieves its minimum at 5 if p3t27 log(d) = n = sp3 log(d)
and at I3 if n > p3+27 log(d). Note that F5(I3) < Fy(l) for any [ € [1,p] and
F3(13) < Fy(l) for any [ > [3. Then, for p3*27 log(d) > n > sp3 log(d) the
optimal value of I minimizing (17) is

Iy =

v
Ccl sp log(d)

and for n > p*727 log(d) the optimal value of [ is

° 7 \oZplog(d) '

Minimaz rate of convergence: For p = 1 the optimal choice of [ in (17) is

i (2274 DB\ T
N a? log(d) '
With this choice of [, the rate of convergence given by Corollary 2 is n" B

Note that for f € W, (0,1) we recover the minimax rate of convergence as given
in e.g. [26].
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Appendix

Appendix A: Proof of Theorem 1

This proof uses ideas developed in the proof of Theorem 3 in [16]. The main
difference is that here we have no restriction on the sup —norm of Ay. This
implies several modifications in the proof.

It follows from the definition of the estimator A that

IS (v (X AY) AL < =37 (X A 4 A Aol
i=1 i=1

which, due to (8), implies
Iy _ i T 0y 4 e i
> ({0 40— Ay + WTpO (1) + &) + Al <

LS (wre ) + &)+ Mo
=1

(18)
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S

Set H=Ag—Aand ¥ = LS (WTpW(t;) + &) X;. Then, we can write (18) in
i=1

the following way

n

1 R
EZ (X, HY? +2(S, H) + M|A]. < Al Ao]]..
=1

By duality between the nuclear and the operator norms, we obtain

n

1 o
EZ (Xi, H)? + M|A]lx < 2SI | H |« + All Aol (19)

i=1

Let Ps denote the projector on the linear subspace S and let S+ be the
orthogonal complement of S. Let u;(A) and v;(A) denote respectively the left
and the right orthonormal singular vectors of A, S1(A) is the linear span of
{u;(A)}, Sa(A) is the linear span of {v;(A)}. For A, B € RP*! we set P4(B) =
PSIL(A)BPSj(A) and PA(B) =B - Pj(B)

By definition, for any matrix B, the singular vectors of Pjo (B) are orthog-
onal to the space spanned by the singular vectors of Ag. This implies that
|40 + Pj;O(H)H1 = || 4o]|, + ||PjO(H)||* Then we compute

Al = HAO +H
= HAO"'Pf&o(H)"‘PAo(H)H* (20)
> [ Ao + P, (H)[|, = [P (H)],
= || 4ol + [P, (E)]|, = Pa, (H)]I. -
From (20) we obtain
loll. = ||4] < IPan (DI, — [P%, ()], - (21)
From (19), using (21) and A > 3 ||3|| we obtain
1 n
=~ (X5 H) < 2|8 [P ag (D], + AP ay ()],
i=1 (22)
)
< I\ P, (B,

Since Pa(B) = Pgi(4)BPs,(a) + Ps,(4)B and rank (Ps,(4)B) < rank(A4) we
derive that rank (P 4(B)) < 2rank (A). From (22) we compute

1 — 5 5 ViR

IS o < D AVaR ), (23)

n<
i=1

where we set R = rank (4p).
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For 0 < r <m = min (p,l) we consider the following constraint set

64 log(d) 1l

e - {|A|2 <L Ml 2 %6\ iog(6/5) n

AL < \/7_"||A||2} (24)
where [|A]|7) 115,y = E ((X,4)?). Note that the condition [|A], < /7 [[A]|, is
satisfied if rank(A) < r.

The following lemma shows that for matrices A € C(r) we have some approx-
imative restricted isometry. Its proof is given in Appendix B.

Lemma 2. For all A € C(r)

n

lz <Xi7 A>2 >

n

AL, o — 2617 (g (120102
Lo (I®w) w R

: min
i=1

N~

. 7. 2
with probability at least 1 — %.
We need the following auxiliary lemma which is proved in Appendix D.

Lemma 3. If \; > 3[|X]|
1P, (D), <5 P ay (H)]].
Lemma 3 implies that

1H][ < 6[Pa,(H)I,

< VTZR|H],. >

2 2 [64l1og(d)1 N
(| H 7, e = o 1HIl %, (25) implies that ﬁ € C(72 R) and

we can apply Lemma 2. From Lemma 2 and (23) we obtain that with probability
at least 1 — % one has

1 5 3168c3IR )
SN sy < SWVERIH, + —2— |HI B (ISl (26)

The following Lemma, proved in Section E.2, gives a suitable bound on E ||Zg||:

Lemma 4. Let (&)}, be an i.i.d. Rademacher sequence. Suppose that Assump-
tion 8 holds. Then,

M log(d
E 2a] < 4.6y 212

where d =p+1 and M = tr(Q) V (lwmax)-
Using Lemma 4, (10) and (26) we obtain

(27)

10 Cc
wuinl H|[3 < FAVZR[H], + —— |5
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On the other hand, equation (19) and the triangle inequality imply that
MAL < 21SIHI Al + 2 [Z] 1 Aol + All Ao]l«

and A > 3 ||X|| gets R X
[All2 < |A]l« < 5[[ Aol (28)

Putting (28) into (27) and using rank(Ay) < s we compute

C 21 M log(d) || 4>
I < 52 (m o M ostd) Il

min n

which implies the statement (i) of Theorem 1 in the case when ||H||i2(n®#) >

2 64 1 d)l
co [ Hl3 |/ttt

I H e < co 1H]3 |/ et using (10), we derive
64 log(d) 1

Wmin HHHg < ¢y ”Hl@ log (6/5) n

Then (28) implies

Cey ||Aol2  [log(d)!
w

2
] < o 28
This completes the proof of part (i) of Theorem 1.
C2 S (0]
If, in addition n > 2 %Mlg(d), from (27) we obtain

min

10 Wmin 2
Wmin||H||§§§/\V2R”H”2+ 5 11

and

Cs\?
IH|3 < —5—.

mln

On the other hand, for n > n** (29) does not hold. This completes the proof of
Theorem 1.

Appendix B: Proof of Lemma 2
a4 1r(E(IZR]))?

Set £ = ——
event is small

. We will show that the probability of the following bad

1< )
B:{HAEC( such that nZ} X, A= Al13,mow

1
> §|A|%2(H®H)+g}'

Note that B contains the complement of the event that we are interested in.
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In order to estimate the probability of B we use a standard peeling argument.

64 log(d)l .14 @ = 8. For k € N set

Let v = ¢y Tog(6/5) n

S = {A eC(r): o< ||A||2L2(H®H) < akl/} .

If the event B holds for some matrix A € C(r), then A belongs to some Sy, and

n

Z X“A |A||L2(H®u)

1
§|\AH%2(H®M) +&

1
> §ak_1u+5 (30)
5
= Ea v+E.
For each T' > v consider the following set of matrices
ctr.T) = {A€Ct) : A1, ey < T}
and the following event
A Ly A A >
By =<{3AcC(r,a"y) E; Xi, = HL2H®M) 7% U g

Note that A € Sy implies that A € C(r,a*v). Then (30) implies that By, holds
and we obtain B C UBy. Thus, it is enough to estimate the probability of the
simpler event By and then to apply the union bound. Such an estimation is
given by the following lemma. Its proof is given in Appendix C. Let

1 n
Zr = sup |— X;, A2 —||A
Aec(r,T) ”; - ”L2 (e

Lemma 5.

5 443 10r T2

P(Zr> =T+ —2L (E|Sgl)? | < exp (-Z5

12 Wmin c¢l

where c3 = 1—§8.

Lemma 5 implies that P (Bj) < exp(—%). Using the union bound we
@

obtain

] 2 1 )k
<X exp<—( C3no§(a)u) )
k=1 c¢l
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where we used e® > z. We finally compute for v = ¢, _?jgl((é%g? i

_ 2cznlog(a) V2
R G i B Y )
—1_exp(_2csn(1%#) 1 —exp (—log(d))

This completes the proof of Lemma 2.

Appendix C: Proof of Lemma 5

Our approach is standard: first we show that Zp concentrates around its expec-
tation and then we upper bound the expectation. By definition,

lznj (X;, A) —E(<X A) )

n
i=1

Zp = sup
AeC(r,T)

Note that
[(Xi, )| < Wl )5 1Al < e VI,

where we used ||[W||, < 1 and condition (2).
Massart’s concentration inequality (see e.g. [1, Theorem 14.2]) implies that

15 csnT?
> - < _ .
P(ZT_E(ZT)+912T> _exp( Cil ) (31)

where c3 = %.
Next we bound the expectation E (Zr). Using a standard symmetrization
argument (see Ledoux and Talagrand [21]) we obtain

E(Zr)=E < sup
AeC(r,T)

< 2E< sup

where {€;}"_; is an i.i.d. Rademacher sequence. Then, the contraction inequality
(see Ledoux and Talagrand [21]) yields

E (Zr) §8C¢\/ZJE< sup
AeC(r,T)

n
E Z)

=8¢y \/l]E< sup |<ER7A>|>

AeC(r,T)




472 O. Klopp and M. Pensky

where ¥ = L3¢, X;. For A € C(r, T) we have that
i=1

Al < VrllAl,
_ VAl
- v/ Wmin
rT

Wmin

where we have used (10).
Then, by duality between nuclear and operator norms, we compute

E(Zr) <8¢y VIE sup (R, A)]|
1Al SV/r T /eommin
IrT
<8¢ E([Zz)-
Finally, using
15 IrT 1 8\ 5,  4cilr 2
ST +8 E(ISal) < (=42 ) =T E (|2
ST +8coy| I B(IZaD < (5+5) T+ ot © (I5al)

and the concentration bound (31) we obtain that

5 4dcdir esnT?
Pl Z —T Y < —
<T>12 (| Rn)))_exp( o

min

where c3 = as stated.

5
Appendix D: Proof of Lemma 3
Using (19) we compute
A (141 = 4olly) < 2112 1]

The condition A > 3 ||X||, the triangle inequality and (21) yield

AP, D], — P4 (BD)lL) < SA (RS, (D], + [P ag(F)L)
This implies that
[P, ()|, <5(Pag(H)], -

as stated.
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Appendix E: Bounds on the stochastic errors

In this section we will obtain upper bounds for the stochastic errors ||X||, ||Zr].
Recall that

1 1
Yp= EZEiXi and nz (WT (l )+ Jéz) i (32)
i=1 =1
where {¢;}]—, is an i.i.d. Rademacher sequence.
The following proposition is the matrix version of Bernstein’s inequality in

the bounded case (see Theorem 1.6 in [25]). Let Z1,...,Z, be independent
random matrices with dimensions my X ms. Define

1< T
s

Proposition 1. Let Zi,...,Z, be independent random matrices with dimen-
sions my X mg that satisfy B(Z;) = 0. Suppose that || Z;|| < U for some constant
U and all i =1,...,n. Then, for all t > 0, with probability at least 1 —e~" we

have
1 n
2%

where d = my + mo.

1/2
oz = max H ZE ZZT

)
n n

< 2max{az t + log(d) Ut—l—log(d)},

It is possible to extend this result to the sub-exponential case. Set
U, =inf{K >0 : Eexp (]| Zi||/K) < e}.

The following proposition is obtained by an extension of Theorem 4 in [18] to
rectangular matrices via self-adjoint dilation (cf., for example 2.6 in [25]).

Proposition 2. Let Zi,...,Z, be independent random matrices with dimen-
sions my X ma that satisfy BE(Z;) = 0. Suppose that U; < U for some constant
U and alli=1,...,n. Then, there exists an absolute constant c*, such that, for

all t > 0, with probability at least 1 —e~" we have

Sc*max{az M,U(logg) w}
n

(34 n

n

1
27

i=1

where d = my + mo.

We use Propositions 1 and 2 to prove Lemmas 1 and 4.

E.1. Proof of Lemma 1

Let ¥y = 1ZWT O (t;)X; and Ly = 1252)( Then, we obtain ¥ = £ 40 %s.

In order to derlve an upper bound for HEQH we apply Proposition 2 to

Zi = 6X; = EWioT ().



474 O. Klopp and M. Pensky

We need to estimate oz and U. Note that Z; is a zero-mean random matrix
such that

1Z:|| < |&l [[Wio™ (t)]], = &l || W™ (t0)]|,
=&l IWilly lo" (8|, < l&l ||o" ()],
< |&lep VI

where we used condition (2) and ||[W||, < 1. Then, Assumption 4 implies that
there exists a constant K such that U; < K cg /1 for all i = 1,.

Let us estimate oz for Z = ¢ W¢T (¢). First we compute %iE (Z: Z]):
i=1
1 1
EZE (Z:z]) = gZE (EWio" (t)o(ti)W])
i=1 i=1
(33)
=E ()3 wwT)
=1[Q
where we used E(£2) = 1.
Now we compute ~ i ( )
1 1
E; E (2] Z) EZ: )W Wio" (1))
(34)
- (¢ HIwl;)
tr () I

where we used that (¢;(+))i=1,...c0 Is an orthonormal basis in L ((0,1), du).
Equations (33) and (34) 1rnp1y that

0% < (lwmax) Vr (Q)  and 0% >l wimax.

Applying Proposition 2 we derive that for all ¢ > 0 with probability at least
1—et

(i +log(d)) K co VI (t+1og(d)) log (f - )

M
[Z2 < ¢* max : (35)
n n

where M = tr(Q) V (lwmax)-
One can estimate ||X1]| in a similar way. We apply Proposition 1 to

Z; = Wl pW(t) X,
=W pW(t,)Wio" (t:).
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We begin by proving that

E (WTp<l> (t)W¢T(t)) —0.
Let W = (w1,...,wp). The (m,k)-th entry of WTp)(#)WaT (t) is equal to

!
( )(t) Wy, Ok (t). By definition pg-l) (t) = f;(t)— .gla?iqﬁi(t) and we compute

% l
ws; P
=1 P

(i 0on0) =5 (5560 - S ontr)

~& (5060 - Edantion)
= a]Qk — a?k =0
since (¢i(+))i=1,... 00 is an orthonormal basis. Therefore,
E (2 w; pi (1) wa <t>) — S Ew (w; wnEe (o) or (1))
=0
Next we estimate U. Note that p()(t) has at most s — 1 non-zero coefficients.

Then, Assumption 1 and |||, < 1 imply that t—almost surely (WTp(l)(t))2 <
b (s—1)

75— and
1Z:|| < (W p ()| [[Wig™ (£:) |
bep/l(s—1)
= l—’y.
Let us estimate o for Z = (W7 p()(t)) W@ (t). First we compute 2 3" E (Z; ZF):

i=1

%iE (2:2]) =E ((WTp(l)(t))2 W¢T(t)¢(t)WT)

~ & (ool 2w ((W7500) ww)).

‘We obtain
2 b (s—1
Ew <(WTp(l)(t)) WWT) < % E(WwT)
where we used WW7T > 0. Finally we obtain

1 n
EZE (Z:i2])

=1

b2 (5 — 1) Wiax [

<
> 127

. (36)
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Now we compute = Y- E (Z] Z;):
i=1

Iy T7) =R, On)
n;E(ZZTZl) E ((WTp (t)) ¢(t)WTW¢T(t)>
= ((Wh000) W (00" ().

Using E(|W|[3) = tr(2) and E; (6(t)¢” (t)) = I, we obtain

1 To
ﬁ;E (27 z))

< b2 (s—1)

B tr(92). (37)

Equations (36) and (37) imply that

b2 (s —1)

2
oz < 12

[tr(2) V (I wmax)] -

Applying Proposition 1, we derive that for all ¢ > 0 with probability at least
1—et

[Z1]] <

(38)

)

205 — 1 o M+ og(d)) ey VI (t + log(d))

el n n '
The bounds (38) and (35) imply that for all ¢ > 0 with probability at least
1—2et

)

i1 < (oo + %Vlj) max{ M (¢ + log(d))

n

cs V1 (t+log(d)) ([K log( K )} \/1)

Wmax

n

as stated.

E.2. Proof of Lemma 4

The proof follows the lines of the proof of Lemma 7 in [17]. We use Proposition 1
with Z; = €; X;. As in the proof of Lemma 1, we obtain U = v/ and 0% =
(tr(2) V (lomax(£2))). Set M = (tr(2) V (lomax(£2))), then Proposition 1 implies
that for all ¢ > 0 with probability at least 1 —e™*

M (t +log(d)) VI(t +log(d)) } . (39)

(IZr]l §2max{ ,

n n
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Set t* = M —log(d) so that ¢* is the value of ¢ such that the two terms in (39)
are equal. Note that (39) implies that

t2n
< - < t*
P(||Zr| > t) dexp{ 1 } for t<t (40)
and
P(|Xg| >t) <d p{——t } fi t>t* (41)
ex or .
r - 2\/2 -

We set 11 = 57, 12 = 2L\ﬁ By Holder’s inequality we derive

oe(a)\ 1/ (2105(d))
E|x| < (E|Za|**®) .

Inequalities (40) and (41) imply that

400 1/2log(d)
(]E IIERIIQIOg(d))l/zlog(d) = /JP (HERH > tl/(ﬂog(d))) dt
0
+oo +o0 1/21og(d)
< d/ exp{—tl/log(d)l/l}dt—i—d/ exp{_tl/(Qlog(d)y2}dt
0 0

_ _ 1/(2log(d))
< Ve (log(dpy =T (log(d)) +2log(d) v > =T 21og(d))) .

(42)
Recall that Gamma-function satisfies the following inequality
T(z) < (g)m_l for x> 2, (43)
(see e.g. [17]). Plugging (43) into (42) we compute
E|Sa| < Ve ((log(d))s@y; o8O g1-tox(d
i 2(10g(d))210g(d)y;2log(d)>1/(210g(d)) '
Observe that n > n* implies v1 log(d) < v7 and we obtain
2elog(d) (44)

E|Sg] </ ———.
141

We conclude the proof by plugging v1 = 47 into (44).
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