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COUNTERFACTUAL ANALYSES WITH GRAPHICAL MODELS
BASED ON LOCAL INDEPENDENCE!
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We show that one can perform causal inference in a natural way for
continuous-time scenarios using tools from stochastic analysis. This provides
new alternatives to the positivity condition for inverse probability weighting.
The probability distribution that would govern the frequency of observations
in the counterfactual scenario can be characterized in terms of a so-called
martingale problem. The counterfactual and factual probability distributions
may be related through a likelihood ratio given by a stochastic differential
equation. We can perform inference for counterfactual scenarios based on the
original observations, re-weighted according to this likelihood ratio. This is
possible if the solution of the stochastic differential equation is uniformly in-
tegrable, a property that can be determined by comparing the corresponding
factual and counterfactual short-term predictions.

Local independence graphs are directed, possibly cyclic, graphs that rep-
resent short-term prediction among sufficiently autonomous stochastic pro-
cesses. We show through an example that these graphs can be used to identify
and provide consistent estimators for counterfactual parameters in continu-
ous time. This is analogous to how Judea Pearl uses graphical information to
identify causal effects in finite state Bayesian networks.

1. Introduction. While randomized controlled trials are the gold standard for
determining the effects of public health interventions or medical treatments, there
are many situations where such trials are unethical, and it is tempting to turn to
registry data or observational studies for quality assessment of treatments. How-
ever, data from such sources is subject to various selection effects from drop-out
due to underlying health problems to selection of the treatment itself. These prob-
lems have motivated the development of the field of causal inference, including
in particular the area of marginal structural models [24, 25] which have seen ap-
plications, for instance, in HIV cohort studies [28]. The underlying idea is that
observational data can be used to mimic a relevant hypothetical controlled trial or
counterfactual scenario.

In this paper, our primary concern is the possibility of estimating parameters in
a model for the observations from a counterfactual scenario involving a relevant
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hypothetical randomized controlled trial. While the specification of an appropriate
model for the counterfactual observations is an important topic in itself, we will
focus solely on a situation in which such a counterfactual model has been specified
correctly. It is common to re-weight the observational data in order to mimic ob-
servations coming from the counterfactual scenario. This is usually referred to as
inverse probability weighting. Such re-weighting has occasionally been reported
to be too unstable, even inconsistent, for various purposes; see [7]. It is therefore
of great interest to understand when this strategy actually works. We will provide
some rigorous conditions for such re-weighting to be achievable. A similar expo-
sition has not been carried out in the literature before, except partly in [25] and [7].

A probability distribution on the underlying sample space that would govern
the frequency of observations in the counterfactual scenario can be characterized
in terms of a so-called martingale problem. Short-term predictions provide dy-
namical characterizations of the various involved modules. A hypothetical direct
intervention on a module would change its dynamics. The nondirectly intervened
modules on the other hand, should have the same dynamical characterization as in
the factual scenario. Martingale problems have been thoroughly studied in stochas-
tic analysis; to us one would mean that there would exist well-developed tools for
determining the feasibility of the previous re-weighting methods. An immediate
application of these tools yields, for instance, that the probability distribution that
would govern the frequencies of events in the counterfactual situation is unique if
it exists; see Theorem 4 in the Appendix.

If the re-weighting is feasible, is it then at all possible to estimate the parameters
of interest in the counterfactual model from the re-weighted observations? In other
words, are these parameters identifiable? Pearl’s strategy [21] is to take advantage
of graphical structure, in terms of conditional independences, for identification of
causal effects. It was shown in [12, 27] and [10] that this strategy gives a com-
plete theory in the simpler setting of finite state or Gaussian—Bayesian networks.
For more complicated settings, this problem is far from solved. Some results in
this direction for time series were given in [11]. We show that it is possible to
take advantage of local independence graphs for identification of causal effects in
continuous-time settings. Note, as this general problem is very hard, we do not pro-
vide a complete theory for identification of causal effects, only an example which
slightly extends [19].

The idea that the counterfactual situation can be assigned probabilities in a
way that is consistent with a purely observational scheme, is not new. It has also
been considered in the general context of marked point processes in [3, 4, 8,
20] and [25]. We choose a martingale-based approach, similar to [25]. Note also
that graphical models based on local independence and doubly stochastic Poisson
processes were studied thoroughly in [9]. Continuous-time counterfactual inter-
ventions were also considered by Lok in [18]. She considered structural nested
models in continuous time and applied ideas from structural equation modeling to
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survival data. Her strategy differs from ours in that we take a purely nonparametric
point of view, through change of probability measures.

In Section 2 we describe models for the factual scenario. We then proceed in
Section 3 with a description of counterfactual variables and distributions. In Sec-
tion 4, we give a sufficient condition for such a counterfactual distribution to exist,
and also a construction based on martingale methods. In Section 5, we introduce
local independence graphs that play the same role as directed acyclic graphs usu-
ally do in the literature on causal inference. In Section 6, we consider an example
where we can identify consistently estimate controlled direct effects in event his-
tory analysis. Finally, in the Appendix, we summarize some properties of dual
predictable projections and consider uniqueness of counterfactual distributions.

2. The observational regime and autonomous modules. Eventually, we
will consider statistical analyses based on observations of several i.i.d. individ-
uals, but first we will consider models for one “generic” individual. We aim
to investigate complex systems for each individual formed by finitely many au-
tonomous modules that develop and influence each other throughout time. We will
not provide a detailed recipe for building appropriate models, but simply assume a
stochastic model for a generic individual that has some specific properties.

2.1. The underlying probability space and marked point processes. We let V
denote the finite set of modules that form the system of interest. The possible
outcomes of these modules are supposed to be realized on a probability space
(2, F, Q) with some additional structure that we will now describe. Note that
we do not assume that the actual frequencies of outcomes will be governed by
the probability measure Q. This measure will only play a role as a “reference
measure.” The possible “initial” outcomes of each module V are given by the
outcomes of a corresponding random variable Vj. The random variables in this
family, which we denote by V), are mutually independent with respect to Q. The
intital outcome of each V €V occurs at a, possibly unknown, time point 7'(Vy) <
0. The ordering of these time points is assumed to be known. We moreover let

2.1 p(Vo) :={Vy € WIT (Vy) < T(Vo)},

and sometimes refer to this set as the past of Vj.

The outcomes in the follow-up are driven by a multivariate point process N
[13] on a finite time interval [0, T]. Let J denote the mark space of N. This space
is supposed to be Lusin, that is, a Borel subset in a compact metric space, and
equipped with the Borel o -algebra 7. We assume that for every module V, there
exists a Jy € J such that

(2.2) Vi(w) = Vo(w) +/J /Olh(a), s, X)N(w,ds,dx),
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where £ is a bounded process on [0, 7] x J that is predictable with respect to
the filtration generated by N|;, and Vy. We also assume that Vo 1Lo N and
that [[y .y Jv defines a partition of J such that the restricted point processes
{N1s, }vey are mutually independent with respect to Q.

For each subset W := {Vl, cee, Vd} cV, let .7-",W denote the filtration that is
generated by Vj and N|;, for every V € VV and also satisfies the usual conditions;
see [14]. We let 2%V denote the predictable o -algebra generated by }',W [14]. For

notational simplicity, we will also write ]—"tV or 2V instead of Ft{V} or 2V} as
well as F; or & instead of 7 or 2.

2.2. The factual distribution. The actual frequencies of outcomes in the model
are not assumed to be governed by Q, but another probability measure P such that
P « Q and

(2.3) Vo LLp T7IT (Vo) \ (Vo) p(Vo)

for every Vy € V), that is, every Vj is independent w.r.t. its simultaneous variables,
conditionally on the past. We will refer to property (2.3) as contemporaneous inde-
pendence; see [11]. This is useful to us since it provides at least one enumeration

{Vol, ..., V§'} =V such that T(Vé) > T(Voj) whenever i > j and

(24) Ep[f(V)IVo "o Vol = Er[£ (V)P (VE)].

whenever f is a bounded and measurable function and 1 <k <n.

The processes in V are not necessarily mutually independent with respect to P,
but are still sufficiently autonomous for our purpose. As an immediate manifesta-
tion of this autonomy, note that the modules may not “switch” states simultane-
ously P-a.s. The reason is that the processes in V are associated to disjoint subsets
in the mark space J, which cannot occur simultaneously. We will refer to P as the
factual measure. Note, however, as some of the processes in V may be latent, the
factual measure P is also assumed to govern the frequency of events that may be
unobserved.

2.3. The factual likelihood ratio and its factorization. The autonomy imposes
a factorization of the likelihood ratio j—g that will prove to be important to us.
First note that a repeated use of the Radon—-Nikodym theorem provides a fam-
ily {Zé/ }vey of nonnegative random variables such that each Z(Y is .7-"57 (VUV3_
measurable and

v zp(V) dP|r, v
(2.5) Eo[Zy 17 ]=1 and =[] zy. Q-as.
dQl]'—() VEV

There is a similar factorization of %. Let U denote the dual predictable projec-
tion of N with respect to Q onto the filtration F; as in [13]. By Lemma A.2 in the



2166 K. ROYSLAND

Appendix there exists a nonnegative and & ® J-measurable process A such that

T T
EPI:/;/(; h(s,x)N(ds,dx)}:Ep[/J/O h(s,x))»(s,x)U(ds,dx)]

for every bounded and & ® J-measurable process 4. As common practice, we
mostly omit @ from equations in order to be notationally less overwhelming.
We now define the processes

Ut} Jv) = [, M, x)U({t}, dx)

HY(t):=1
=1+ — U1 v)

and
1% ! 1%
(2.6) K, = /JV/O A(s,x) — H" (s)(N(ds,dx) — U(ds,dx)).

By (A.3), we see that that {K Vivey defines a family of local Q-martingales with
respect to the filtration F; such that

2.7) (kY. k" ]=0, Q-as. for V£V
The solution of the SDE
t
(2.8) Zi=Zo+ ) / Z,_dK|
vey /o

defines a Q-martingale with respect to the filtration F; such that
_dPlx
A7’
for every t € [0, T]. This follows directly from [13], Theorem 5.1.
We now obtain directly from Yor’s additive formula [23], Theorem II 38, that

(2.9) z=1] 2.
Vey

0-a.s.

t

where each ZV solves an SDE

t
(2.10) z) =2y +/0 zV dk/.

3. Actions and counterfactual distributions. We assume that we may di-
rectly intervene on a subset of modules A C V' such that their outcomes are
changed. This intervention does not directly affect the outcomes of the modules
in X :=V \ A. The latter set of modules will only be affected indirectly: The
conditional distributions of their short-term behavior, given the past, will remain
the same, while the change of previous outcomes yields a change of the back-
ground these distributions depend on. We will limit our discussion to actions that
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are deterministically dependent on the past. These are sometimes referred to as
conditional actions. Every conditional action will be represented by a measurable
transformation 6 of the generic state space (€2, 7). We think of 6 (w) as the direct
consequence in the “counterfactual universe” where the action 6 was performed.

Whenever P’ is a probability measure on (2, F), we let 6 P’ denote the push-
forward measure over 6, that is, 0 P’(F) := P'(6 ' (F)) for every F € F. When-
ever H is an F-measurable random variable, we let 6* H denote the transformed
variable, where 6* H (w) := H(0(w)) for every w € 2. We assume that 6 is “con-
tinuous” in the sense that the reference measure Q is quasi-invariant with respect
to 0, that is,

(3.1) 00 K Q.

3.1. Actions and counterfactual distributions at baseline. Let V €V and sup-

pose n is an ]-'(}/ -measurable random variable, and 4 is a bounded and ]-'(‘)D W)
measurable random variable. We assume that the outcomes of the not directly in-
tervened part of the system are left invariant by the transformation at baseline, that
18,

(3.2) 6" n=n

for every n and every V € X. We furthermore assume that the action depends de-
terministically on the past outcomes in the nonintervened system, that is, whenever
V € A, then

(3.3) 6*n is 72" measurable

for every 7.
A probability distribution Py on (€2, F) defines a counterfactual distribution at
baseline if, whenever V € A, then

(3.4) Ep,[hn) = Ep,[h6*7],

and, whenever V € X, then

3.5) Ep,[hn] = Ep,[h0*Ep[n|FL Y]]
for every 7.

Equation (3.5) means that the short-term behavior of a directly intervened vari-
able is simply given by the transformed variable. Its outcome is deterministically
regulated by the past. Equation (3.5) means that the conditional distribution of an
outcome of a not directly intervened variable in the counterfactual scenario, given
its past, coincides with the corresponding distribution from the factual scenario.

Note that Pearl’s do(X = x) may also be interpreted as a transformation on
sample space that fixes X constantly equal to x and leaves the remaining variables
invariant. This means that our characterization of probability measures on (€2, F)
that would govern the frequencies of events in our system if we, contrary to the
fact, had applied the hypothetical intervention strategy, is a reformulation of Pearl’s
do-operator on Bayesian networks [21]. The present approach, however, translates
more or less directly to continuous-time settings.
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3.2. Actions and counterfactual distributions in the follow-up period. When-
ever Z is a stochastic process on €2, we let 6*Z denote the process given by the
transformed variables {0*Z;};c[0,7]. We assume that 6* N defines a marked point
process that is adapted to the history {F;};c[0,7].- The action 6 is thought to force
the outcomes N |jo,7)x 4 into the outcomes of 6* N[0, 71x s 4, which will only de-
pend on the strictly previous behavior of the not directly intervened system, that
is, whenever B € J 4, then

(3.6) 0*N;(B) is predictable w.r.t. F;%.

The outcomes of the not directly intervened part of the system are left invariant by
the transformation during follow-up, that is,

(3.7) 0*Nlj0,71xJv = N[0, T1xJx -

We will say that Py defines a counterfactual distribution if it defines a coun-
terfactual distribution at baseline, and if whenever X is process on the form (2.2)
and A is an J;-predictable process of finite variation such that

T T
o[ [ heax] =] [ s
0 0

for every bounded and F;-predictable process /, then

T T
(3.8) Ep, [/ hy dXS} —Ep, [/ hy d@*As} itVex
0 0
and
T T
(3.9) Ep, [/ hsts} — Ep, U hy dQ*XS] itV e A.
0 0

Note that (3.8) means that 6* A defines the compensator of X if V € X, and (3.9)
means that 6* X defines the compensator of X, otherwise. This offers an analogous
interpretation as in the baseline setting. Compensators provide a notion of short-
term behavior, analogously to the previous conditional distributions. The short-
term behavior of a not directly intervened process in the counterfactual scenario,
based on the past, coincides with the transformed short-term behavior from the
factual scenario. The short-term behavior of a directly intervened process is given
entirely by the transformation.

Following [22], we will say that a model consisting of a factual scenario, an ac-
tion and a corresponding counterfactual distribution, defines a causal model if the
counterfactual distribution would fit the actual corresponding counterfactual sce-
nario. That Py actually would govern the frequency of observations for this hypo-
thetical scenario is generally not testable, and mostly comes down to the question
of no unmeasured confounding [22].
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4. Construction of counterfactual distributions.

4.1. Construction at baseline. 'We will now construct the counterfactual dis-
tribution in a situation with no follow-up period. The construction is then closely
related to Pearl’s framework [21]. The next result is important and says heuris-
tically that if the conditional probability, given the past, of observing outcomes
that coincide with counterfactually enforced ones are not too small, then there ex-
ists a counterfactual distribution. Equation (4.2) then offers a useful description
of the distribution. Note that this is a measure theoretical version of the truncated
factorization formula from [21], (3.10).

THEOREM 1. [f there exists a nonnegative K € LY (Fo, P) such that

de
(4.1) 4901, _ [Tz, P-as,
dQ|.7'—() VE.A
then
4.2) [1 2 -90I%
VeX

defines a counterfactual distribution on Fy that is absolutely continuous with re-
spect to P|x, and imposes contemporaneously independent outcomes.

PROOF. First note that for every bounded Fp-measurable random variable 7,

o ain 7] =Felragin [178] = el 11 %]

VeA VeXx VeXx

< Ep[nK].

This shows that (4.2) defines a finite measure Py on Fy such that Py < P|x,.
We choose an enumeration Vi, ..., V,, of the variables in X such that j < k

implies that 7' (V;) < T (V). If Vx € X and 7 is a bounded F, WVidIr(Vi)_easurable
random variable, then

(4.3) Eo[o*n 7y =0*Ep[n1FYY],  Q-as.

To see this, we let 1 be an }'(;/ ¥_measurable and bounded random variable and let

12 be an ]—"éj &)_measurable and bounded variable and compute
Eol6*mmlFy" " = Eg[m1 7" " o2
= 0" (Eq[mI 7" )
=0*(Eo[mIF5"™ In2)

\%
= 6" Ep[mnal 72, O-as.
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Equation (4.3) now follows from the monotone class lemma. Especially, this means
that for every k <m,

V...,

44)  Eglo*zF e = 0% B[z FE W) =1,  Q-ass.

and
Eool2y' - 23"] = Eo[07 2" -+ 072 Eglo* 25 17, )]
= Eg[6°2y" 624" '] = Eoo[2y" - 25" ].

That Py defines a probability measure on F follows by induction.

To see that (3.5) and (3.4) are satisfied, suppose Vi € X, and let n, h be bounded

random variables such that 7 is .FOV" -measurable and 4 is .7-'57 Vo) _measurable. We

see that

k—1
Ep,[nh] = EQQK]"[ zovf>nhzovf}

j=1

k—1
=Eg [(H 9*ZOV’>9*hEQ[e*an’<|fév‘~~~’vk.}]]
j=1

k—1
= Eg [(]‘[ Q*Z(;/’)Q*hG*EQ[nZX"|]-"(§’(V")]]
j=1

= Ep,[6*Ep[n|FL™]).
If Vi € A, then

= Ep,[h6*n]. O

4.2. Construction for the follow-up period. Condition (3.1) can be made
somewhat more concrete if the processes, that may be directly intervened on, only
are allowed to jump at a given finite sequence of predictable times. This behavior
is very different from that of Poisson processes. More formally, we assume that
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there exists a bounded and F;-predictable multivariate counting measure U# on
[0, T] x J4 such that
4.5) Nljo.71xs, K U4

for every A € A. We can now show the reference measure Q is quasi-invariant
if the probability of an outcome that coincides with the counterfactually enforced
outcome at short-term is not too small.

PROPOSITION 1. Suppose that 60 is an F-measurable transformation on 2
that satisfies (3.2)-(3.6) and assume (4.5). If there exists a bounded and -
measurable process Y such that:

(1) 6017 < Ql7:
2)

T T
* _ v A
(4.6) LA/() h(s, x)6 N(ahv,a’x)_/JAfO h(s,x)Y(s,x)U"(ds, dx)

Q-a.s. for every A € A and bounded and &7-measurable process h;
(3) there exists a constant ¢ > 0 such that

(4.7) 1—0*N({s}, Ja) <c-(1=U({s}, Ja)),  Q-as.
foreverys € [0, T],
then 60 <K Q.

PROOF.

The integral equation

/;/OTh(s,x)Ue(ds,dx)

= Z /JA /()Th(s,x)e*N(ds,dx)—{— Z /JA /()Th(s,x)UV(ds,dx)

AeA VeX

defines an F;- predictable random measure U % on[0,T]x J.
Let B C J be a measurable subset, and define N2 := [J [z N(ds,dx). If B C
J4 foran A € A and S is a F;-adapted stopping time, then

Eoo[NE —UY(B,[0,1])] = Ego[NZ —0*NE] = Egp[0*NE —6*NE]=0.

This means that N, — U,g (B, [0, t]) defines a local Q-martingale with respect to
the filtration F;. Similarly, if B C Jy, note that

T T
EQQ[/O hstsB}zEQUO Q*hstsB]

T
- EQUO 0*h, dU (ds, B)]

T
= EQQ[/O hy dU% (ds, B)]
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for every bounded and F-predictable process . Now, N ([0, ¢], B) — U ?(10, 11, B)
defines a local 6 Q-martingale with respect to the filtration {F;};¢[0,7]. This means

that
E9Q|:/J /OTh(s,x)N(ds,dx)] = E9Q|:/J /OTh(s,x)Ug(ds,dx)}

for every bounded and & ® J-measurable process /.
We define the processes

A 7 1
Ht,x)=Y({¢,x)—1 SORA L(U({t}, Ja) #1),

t
(A= fJA/O HA (s, x)(N(ds, dx) — U(ds, dx)),

and let ¢ := ZAeAg“A.
By [14], Proposition I 3.13, there exists a &’-measurable and nonnegative
stochastic process y4 such that y4 < 1 and

T T
A _ A 7 A
‘/;A/(; h(s, x)U (ds,dx)_/;A/O h(s,x)y“(s,x)U"(ds, dx)

Q-a.s. for every bounded and &Z-measurable stochastic process /.
A computation shows that the predictable variation process for ¢ with respect
to Q satisfies

€. o)=Y (¢* ¢4,

AeA
_ Z/ / HA(s, x)%y 4 (s, x)(1 — yA (s, ) U (ds, d),
AeA
which is Q-a.s. uniformly bounded. Now, [17], Theorem II.1, implies that the SDE
do Q| r
(4.8) or = ¢+ / e
dQl]-—()

defines a uniformly integrable Q-martingale with respect to the filtration J;. This
means that

Q:=pr-Q

defines a probability measure on (€2, F).
A computation shows that if B C Jy for some V €V, then

4.9) NF —u,(0,1], B) — fot ptd(NB —UB, p) =NE - U’([0,1], B).

Girsanov’s Theorem [14], Theorem III 1.21, implies that

EQ[/J /(;Th(s,x)N(ds,dx)] = EQ[A /OTh(s,x)Ue(ds,dx)}
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for every bounded and & ® J-measurable process 4. Finally, [13], Theorem 3.4,
implies that there exists only one probability measure which has U % as a dual
predictable projection for N. Therefore 6Q = 0 < Q. U

The next result is important and says that if the probability of observing an
outcome that coincides with the counterfactually enforced outcome at short-term
is not too small, then there exists a counterfactual distribution for the follow-up
period. The counterfactual distribution can then be obtained by re-weighting the
factual distribution, that is, Ps < P. Note that (4.12) provides a continuous-time
analogy of the truncated factorization formula for Bayesian networks [21], (3.10).

THEOREM 2. Suppose that the conditions of Theorem 1 are satisfied and that
there exists a bounded and &?-measurable process Y such that:

(1
T T
(4.10) f / h(s, x)0*N(ds, dx) =/ / h(s,x)Y (s, x)A(s,x)U(ds, dx)
Ja JO Ja J0

P-a.s. for every A € A and bounded and &?-measurable process h;

(2) there exists a constant ¢ > 0 such that
(4.11) 1 —0*N({s}, Ja) <c(l —Ar-U({s}, Ja)), P-a.s.
foreverys €[0,T].

Then there exists a counterfactual distribution Py such that Py < P. We also
have that Py < 00 and

(4.12) X, =[] 2.
VeX

where ZV is the process defined in (2.10), defines a 6 Q-martingale with respect to
the filtration {F;} that satisfies the SDE

t
(4.13) X, =[] zy + Zf X, dK)
Vex vex’0
and
dP,
(4.14) 0 _ x,.
doo

PROOF. We follow the proof of Proposition 1 and define the processes
A-U({t}, Ja) —0"N({1}, Ja)
1= -U({t}, Ja)

A ! A
g = /JA/O GA(s, x)(N(ds, dx) — .- U(ds, dx)),

§:=) &h

AeA

GAt,x):=Y({t,x)—1—

I(A-U({t}, Ja) #1),
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By [14], Proposition I 3.13, there exists a &?-measurable and nonnegative
stochastic process y4 such that y4 < 1 and

T T ~
f/h(s,x)k(s,x)U(ds,dx):/ / h(s, x)y(s, x)U%(ds, dx)
Ja JO Ja JO

Q-a.s. for every bounded and &7-measurable stochastic process /.
A computation shows that the predictable variation process for & with respect
to P satisfies

(E.6) =) (£ &Y,

AeA
t ~
=3 [ ] GM ey (1 =y s 0) 0% ds. ),

AeA’Ia 0

which is Q-a.s uniformly bounded. Now, [17], Theorem II.1, implies that the SDE
d Pyl !

4.15 W, = —I—f Ws_d
(4.15) t AP\, , Vs &s

defines a uniformly integrable P-martingale with respect to the filtration F;. This
means that

defines a probability measure on (€2, F).
The integral equation

T
(4.16) /J/O h(s, x)v?(ds, dx)

T T
4.17) =/JX/O h(s,x)k(s,x)U(ds,dx)+/JA/() h(s,x)0*N(ds,dx)

defines a predictable and nonnegative random measure v? on [0, T] x J such that

B ' Ur-({s}, J)—v?({s}, J)
ft—f,/o(”s’x)‘l‘ =% -U{s}, J)

x I(A-U({s}, J) # 1)>N(a’s,dx) —1-U(ds,dx).
We obtain from [13], Theorem 5.2, that

T ~ . 9 }
EPQ[Lf() h(s,x)N(ds,dx)}—Ep(,[/J/O h(s, x)v’(ds, dx)

for every bounded and & ® J-measurable process #; that is, Py defines a coun-
terfactual distribution.
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We may compute that
ACh = /, P (s, )N ({5}, dx) — 0*N({s}, Ja)
A

+(U({s}, Ja) —0*N({s}, JA) (U ({s}, Ja) # 1))
x (U({s}, Ja) = N({s}, Ja))
and that

Agj‘:/] Y (s, x)N({s}, dx) — 6*N({s}, Ja)

+ (U({s}, Ja) —0*N({s}, Ja) I (> - U({s}, Ja) # 1))
x (U({s}, Ja) — N({s}, Ja)).

We moreover define a process x as follows:

e A5 AL ~
X "QTQH 1(Ag #—1).

One can show that x only jumps at the jump times of U and that Ay is uniformly
bounded. This means that the SDE

do 0| r, 1 t
(4.18) = —+f mTs_dx
t dQ|].‘O Agélzg 0 s s

defines a P semi-martingale with respect to the filtration F;. Note that Ag; = —1
implies that A, = —1, so

(4.19) CH+1E, x1+x =6, P-as.
Yor’s additive formula [23], Theorem II 38, then implies that
dPy| 7,

t
(4.20) o0 = + /0 s dEs.

dP|F,
This implies that W = p7r, and hence
Ep,[h]=Ep[hWr]=EglhZrprnr]l= EgolhZrmr]

for every bounded and JFr-measurable random variable 4, so Py < 6Q. Fi-
nally [13], Theorem 5.1, shows that the likelihood ratio 5; é is given by the
SDE (4.13), and hence Yor’s additive formula provides identity (4.12). [

Note that since Py < 6Q = 62Q, the counterfactual distribution Py is actually
invariant with respect to the action 6, that is,

4.21) 0Py = Py.
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5. Local independence.

5.1. Identifiability and short-term dependence. A causal effect is identifiable
if it can be uniquely obtained from the factual distribution of the observable vari-
ables. This is generally very hard to determine and may also require further para-
metric assumptions. We show that it is possible to take advantage of graphical
structure, in terms of local independence graphs, to do this. Such graphs are useful
when deciding in which situations causal effects are identifiable, and also which
factors we might adjust for.

We will say that V € V is locally independent of a subset B C V at baseline,
conditionally on V' C V, if the conditional density of Vp, given the past, does not
depend on the baseline information from B. More precisely, for every integrable
and }'(Y -measurable random variable 7, there exists a random variable 7 that is

]_—57(‘/)0(\/ \B) ]_-g(V)ﬁV

-measurable and such that if % is -measurable, then

(5.1 Ep[nh]= Epl[nhl].

A process V €V is locally independent of B C V during follow-up, condition-
ally on V', if for every process X on the form (2.2), there exists an .E{V}Uv \B_

predictable process A with finite variation such that

T T
(52) Ep[/o hsts]=Ep[/0 hsdAs}

for every bounded and ]-',{V}UV/—predictable process h. If V is locally independent
of B, conditionally on ), both at baseline and during follow-up, we will say that
V is locally independent of B, conditionally on V. This will sometimes be written
B - V|V'. A local independence graph is a directed graph G = (V', ) for V' C V
such that the absence of an arrow from a subset B C V' to a process V € V' means
that B - V|V'. Note that local independence graphs are also refered to as local
independence graphs (see [1, 9]) and were introduced in [26].

Given time points {7 (Vy)}v <y at baseline and a local independence graph G =
(V, £), we can pick a linear ordering of V) that satisfies (2.4) and therefore yields
(5.3) Vi p (V) V... Vi FROD
for every i < n. Property (5.3) is known as the ordered directed Markov Property
and was shown to be equivalent to the local directed Markov property in [16],
Theorem 2.11. This means that Bayesian networks and local independence graphs
are two descriptions of the same structure when the nodes correspond to single
variables. Note that local independence graphs, where the nodes are allowed to be
families of variables or processes, are allowed to be cyclic.
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5.2. Measurability of intensities. Local independence during the follow-up is
closely related to the measurability of intensities.

LEMMA 1. Suppose that V is locally independent of B at baseline, condition-
ally on V', then B - V|V’ if and only if there exists a nonnegative and V1YV \B._
measurable process 1.V such that

54) Ep |:—/]V /(;Th(s,x)N(ds,dx)] =FEp [/;V /()Th(s,x)kv(s,x)U(ds,dx):|

{(viuy

for every bounded and & -measurable process h.

PROOF. If there exists a process 1V as in (5.4), then B - V|V’ follows di-
rectly. Conversely, suppose that B - V|V’ and let D C Jy be a measurable subset.
Now, NtD := N([0, t], D) defines a processes on the form (2.2), so there must exist
a corresponding predictable increasing process AP of finite variation such that

T T
EPU hstSD} = EPU hsdAf,)]
0 0

for every bounded and }}{V}le—predictable process h.

The Radon—Nikodym theorem now provides an F{V}
nonnegative process AP) such that

T T
(5.5) EPUO hstsD:|=Ep|:/(; hsA§D>U(ds,D)]

/
UVAB_measurable and

for every bounded and ]-',{V}UV/—measurable process h.

Since J is a Lusin space, we may construct a nonnegative and VIV’
measurable process AV that satisfies (5.4) as a limit of processes that are finite
linear combinations of processes on the form f - Jp, where D is a measurable

f{V}UV \B

subset in Jy, and f is a bounded F; -measurable process. [

5.3. Markovian factorization property. The local Markov property implies the
Markovian factorization property; see [21], (1.33) and [16], (2.10). We will now
see that a local independence graph yields a similar factorization for the follow-
up period. We use the following notation from graph theory: whenever V €V, let
cl(V) C V denote the set formed by V and its parents in G.

THEOREM 3. If G = (V, &) is a local independence graph with respect to P,

then there exists an Fy 1) -adapted P-indistinguishable version of each process
ZV from Theorem 2.9 where

z=1[2". Pas
Vey
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PROOF. Let fga(‘/) = \/V/Gpa(V) fg/, and .7:(():1(‘/) = \/V’ECI(V) .7:3/, and let

dP| _pa
vV = Pl .
dQ|fga<V>
Now
1%
(5.6) PIJ_.SK\/) LY'- Q|fgl<V>,

so there exists, by the Radon—Nikodym theorem, an fgl(v)—measurable random
variable Z(‘)/ such that

5.7 Pl v =2YY"V -0l aw.
(5.7) |f01<V> 0 Q|f01<V)
We then have, for every bounded and measurable function /, that
Ep[h(Vo)lFy ) = Ep[h (Vo) FY* ] = Eg[h(Vo) 2 | 7]
= Eo[h(Vp) Z |F{™].

The contemporaneous independence at baseline and a simple monotone class ar-
gument shows that

538) Evln) = Ez|n [] 2|
Vey
for every bounded and JFp-measurable random variable 7.
For the follow-up, note that by Lemma 1 there exists a nonnegative and Z2°(V)-
measurable process A" such that

T T
Ep [/JV/O h(s,x)N(ds,dx)] =Ep [/Jv/o h(s,x))»v(s,x)U(ds,dx)}

for every bounded and &7-measurable process /.

We may now form K", ZV and Z as in Theorem 2.9 using A" instead of A.
Following the short argument in [6], Theorem II T12, we see that any other choice
of a nonnegative and &?-measurable process A that satisfies the previous equation
would necessarily give

T
(5.9) /J/O I1(A(s,x) #1Y(s,x))N(ds,dx) =0,  P-as.

This means that the corresponding versions of the process K" from (2.6) would
be P indistinguishable. Furthermore, this also means that the version correspond-
ing to AV provides an F; 1) -adapted solution of the SDE (2.10) which is P-
indistinguishable version from Z". [0
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6. An example: Controlled direct effects. We now illustrate how local inde-
pendence graphs can be used to identify causal effects by an example with cancer
patients. Suppose each patient is offered one of two different surgical treatments,
ay or ap. The patient is subject to an examination after surgery where some mea-
surements are taken. These measurements might depend on the chosen surgical
procedure and some underlying health condition that is not directly observed. Af-
ter the surgery, the patient is given further treatment in order to prevent relapse. The
chosen post surgery treatment strategy might depend on the surgical procedure and
the measurements.

We consider a generic model for the patients in this scenario. The relevant
outcomes are provided by the family of random variables V = {W, A, L, K, B}.
As in Section 2, we consider a probability measure Q such that these variables
are independent and a probability measure P that governs the frequency of out-
comes in the factual scenario and such that P < Q. Let the random variable A
denote the choice of surgery, let W denote the latent health condition, let L take
the value of the measurements after surgery, let K denote the post surgery treat-
ment strategy and let B denote the status of relapse. We furthermore assume that
T(W)<T(A) <T(L)<T(K)<T(B) and that the following local independen-

cies are satisfied:
AT LT T w
&\
B

How much of the treatment effect is due to the choice of surgical procedure
alone, that is, not due to the choice of post surgery treatment? Pearl [21], Sec-
tion 4.5.3, showed that it is possible to identify the controlled direct effect from
surgery on the risk of relapse, even without any observations of W. We rephrase
his argument slightly:

PROPOSITION 2. If6*K is fé‘-measurable, 0*A is constant, L, W and B are
O-invariant, there exists a constant ¢ > 0 such that

(6.1) P(A=6"A)>0 and P(K=0"K|A=06*A,L)>c,  P-as

and h is a bounded and measurable function, then there exists a unique counter-
factual distribution Py such that Py << P and

6.2)  Ep[h(B)]=6*Ep[0*Ep[h(B)F M NIF),  Po-as.
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L,A,K,B)

Let Fo:= .7-"({) and suppose that Z® is a nonnegative and Fo-measurable

random variable and Z* is a nonnegative .7-"64 -measurable random variable such
that

Ep[hBF ] = Eq[h(B) 2P |7 M)
Ep[h(L)|1 7] = Eolh(L)Z"|Fy]
P-a.s. Now,
(6.3) Ep,[H]= Ego[HZ"Z5]

for every Fo-measurable random variable H , that is,

dPylz .. .
(6.4) SR _grys,
00|z,

PROOF. Note that (6.1) means that (4.1) is satisfied, that is, we obtain a coun-
terfactual distribution Py from Theorem 1.
Whenever /41, hy are bounded and measurable functions, then

Ep,[h1(B)ha(L)] = Ep[Woh1(B)ha(L)]
= Ep[WoEp[h(B)|F{ " FIh(L)]
= Ep,[Ep[h(B)IFS 5L Tn(L)]
= Ep, [0*Ep[R(B)IFS N FIR(L)] by (4.21).

AL K

This shows that Ep,[h (B)l}"OL] =0*Ep[h1(B) I]-'é }] Py-a.s. Moreover, note

that

Ep,[ha(L)] = Ep, [0*Ep[ha(L)| 7" ]]
= Ep, [0*Ep[ha(1)|F3]]
=0*Ep[ha(L)|FJ],  Po-as.

Combining these computations, we obtain

Ep,[h(B)] = Ep,[Ep,[h(B)|Fy]]
= Ep,[6*Ep[h(B)|F-*]]
= 0*Ep[0*Ep[h(B)|Fy K] 1A]

Py-a.s. for every bounded and measurable function /.
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To see that equation (6.3) is satisfied, note that by the monotone class lemma,
Ep[H]=60"Ep[0*Ep[H|FS N7
= 0*Eo[0*Eo[HZ®) F{ " 28 74
= Ego[Eo[HZ"| 7" ")24]
= Ego[HZ®Z"). O
If we consider actions 61 and 6> such that 07A = a; and 0] K = 67K, Q-as.
then the relative direct risk of relapse is given by
Po(B=1) Epl0;Ep[h(B)|F"" A =a]

{A,L,K} :

(6.5) =
Pp(B=1) " Ep[o3Eplh(B)FS " A= ar]

6.1. Incomplete observations and time dependent treatments. We have not
yet taken into account that the patient observations could be censored during the
follow-up period. There might be several reasons for such censoring. This might
be due to the end of study period, drop-out due to the underlying health or because
of other reasons. The risk of having an observed relapse will typically be smaller
than the risk of having a relapse. We will work in the framework of event history
analysis in order to provide a reasonable effect measure subject to such incom-
plete observations. This will also allow us to consider time dependent post surgery
strategies K.

6.1.1. A dynamic model. We proceed with the previous setup, but where B
and K are represented by processes and every patient may be censored during the
follow-up period. The factors A, L and W are as in the previous example. B is
represented by a counting process that jumps from O to 1 at the time of the event.
The censoring of the individual is represented by a counting process C that jumps
from O to 1 at the time of censoring.

We suppose that the baseline treatment A may be of two different types; hence A
takes value in {0, 1}. Moreover, we suppose that additional post-surgery treatment
is given to the patient at the jumps of the counting process K. This treatment may
be given recursively, but only at a series of F;-predictable times; that is, (4.5) must
be satisfied. We furthermore suppose that 6* K is constant for every s P-a.s. and
suppose that By =0, Ko =0and Co =0 P-a.s.

Let Ti,...,7, denote the potential post-treatment times, and let U, tK =
> I(T; <t). The counting process UX is predictable and vtK = fé P(AK; #
0|Fs—)dU SK. By Theorem 2, we see that there exists a counterfactual distribution
if P(A=060*A) > 0 and there exist ¢, ¢ > 0 such that

(6.6) 1 —c1P(AK;=0|Fs—) < A0*K; < P(AK #0|F-)

for every s P-a.s.
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We suppose that the following local independence graph is satisfied with respect
to the factual distribution P:

SN
\B

Especially, this means that the short-term behavior of the censoring may not de-
pend on other variables than A.

74

6.1.2. Restriction to Aalen’s additive hazard model. 1If we assume that the
event process satisfies Aalens’s additive hazard model [2], it is actually possible to
identify, and also consistently estimate the direct effect from surgery. Every out-
come after the time of censoring is supposed to be unobserved. In addition, we
assume that we are not able to observe the variable W.

We consider the censored process

. t

B; .= By —i—/o (1—-Cs_)dBy
and let ]}, denote the filtration that is generated by A, K, L, C and B. Furthermore
let Y; denote the factual “at-risk” process, that is, ¥y = I (B;— = C;— = 0). We

assume that there exist measurable and bounded functions ¥°, X, ¢! and ¥4
such that

T ~ r 0 A L - K
©6.7) Ep[ /0 hsst}zEp[ /0 hYs (W0 + A2 + Lyl + Koy )ds}

for every bounded and F -predictable process /.
We are now able to identify the controlled direct effect from surgery. Note that
this is just a slight variation of the model considered in [19].

LEMMA 2. Ifo! and o? are two .7-"64 \Y fté -predictable processes such that

T t T
EP[L/ hthexp(/ K_Swsts)dt]:Ep[/ hta,ldt],
0 0 0
T t T
Ep[/ hthexp</ K_SwSde)dt]:Ep[/ h,o,zdz]
0 0 0
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for every ]-'(')4 ’B’C-predictable and bounded process h, then

T
EPG |:/(; gthde:|

(6.8) . 1
(o
= Ep, [/O g,Y,<¢? + 1/;}9*0—’2 +0* Ay + G*Ktwf() dt]

t

for every ]—}B’C-predictable and bounded process g.

SKETCH OF PROOF. By Theorem 1, there exist an fé“—measurable random
variable WOl and an .7-"(‘)4 KL _measurable random variable WO2 such that

d P,
dPylr, wiw?  and 60

dPlz, 070 dP| 1. -

If Hy is ]-"({“ -measurable, I:Il = Ep[H; |.7-"6‘] and Hj is f&—measurable, then
(6.9)  Ep[HiHyl=Ep[HiHyW,] = Ep[HiHaWy] = Ep,[H) Ha].

Similarly, let 4 be a bounded and ;-predictable process, and let u % := ¥, (0 +
Ay + Lyl + K, yK), and note that

T r T
Epg[/o hsst}:Ep/O hSdBSWT}

r 07T T
5| [ hsws_st}+Ep[/ hsd[B,W]s}
LJO 0
- T
=Ep/ hsWs_sti|
LJO

r T
=Ep / hSWS_Mfds]
LJO

r T
—=Ep / hsufdsWT} by [14], Proposition I 3.14
LJO

T
= Ep0|:/0 hsufds]

One can show that there exists an intermediate probability measure P on Fr
such that:

o))
Pyly, K P K Plg,.

(2) For every bounded and Borel-measurable function #:
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h(A)] = h(6*A), P-as.;
h(L)|F3, 1= Ep[h(L)|F4T;
h(Ko)|Fg "1 = Eplh(Ko)|Fo "1

Ep
Ep
Ep
E5[h(Bo)|F3 "X 1= Ep[h(Bo) | FJ B K.

— — = —

(3) Whenever & is a bounded and ]:"t—predictable process, then:

T T 5
Eﬁ[./o hSst] :Eﬁ[/o hgg ds];

e if uX and € are F;-predictable processes such that

T r T
EP[/ hsdKq :Ep/ hsudesK},
0 J LJO

T b r T
EPU hydCy :Ep/ hsudef],
0 LJO

then

LJ0
T 7 r T c c
E,;[O hy dCy =E;,/O hs i dUS].

Note that by [13], Proposition 4.3, there exists an ﬁA’L’B—adapted P-martingale
& such that

dP9|]_.A4,L,B,C
Br=—T1 [B,E]=0
dPl}.A,L,B,C
T
and
(6.10) YE:Yexp(—/b*K,Wfdr).
0

Bayes’s formula with predictable projections shows that

6.11 ee [ vonas) =gl [ v % a
wnff sl e

for every bounded and }"tA ’B’C—predictable process /. Now,

T T
Ep, |:/(; thsts] = Eﬁ[./o thstsET}

T
= };|:/(; ES—LhSYSdS]
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T Gsl

—E; [/ Es_hSYs—zds} by (6.10)
0 o
T O’l

:E};|:/0 thsa—izdsaT]

T le
= Epe |:‘/(; thsU—‘zdSi|

N

for every bounded ]:IA’B ’C-predictable process /i, which implies that (6.9) holds.
O

6.1.3. Consistency of the modified sequential G-estimator. We are now able to
show that the modified sequential G-estimator suggested in [19] is uniformly con-
sistent, also when we consider a time-dependent mediating treatment K. Let 61, 6,
be two actions as in the previous proposition, but where ;A =0 and 65A =1

and consider corresponding ftA’B’C—predictable processes ! and y? as the frac-
tions in (6.11). Furthermore, we assume that our observations consist of the event
histories for n independent equally distributed individuals, following the current
generic model. We will also slightly misuse the notation and let N, from now on,
denote the corresponding counting process that is aggregated over the n indepen-
dent individuals.

LEMMA 3. Let \/179, \TIA, UL and UK denote the usual additive regression es-
timators of Aalen, let Y := YEYC and define
t
vy + fo py dVf

9’

v B "B Vl
M; := N, —/0 w; ds, v, :=<y’2>, I, =
t

t
‘Pf‘+/0 pi — pedWrt

H; :=diag

H; :=diag

3

Zt =

N
sy
Il
N
|’*]
)
|
N
L
AR
N
!
oy
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z8 = (zI Hy 7, )"'2I H, and
T, :=/ zf’_dzvs—/ zZH K, dUk,
0 0
We have that

(6.12) lim P(sup|r, T za):o
t<T

for every § > 0.

PROOF. Note that

o~ t T t T o~
(6.13) Ft—Ft:/ ZH dn; —/ ZH K, duk —

(6.14) _f ZH ZH dN; +/ ZH VK dwK
(6.15) +f0 zH i, +/0 zH K, d(wk - §K)
lIJO
(6.16) +/ zH(z,. Ly )d —T.
\I’L
Let

1 0
V= .
( -1 1 )
We have that VTZ I'H_7Z,_V =S5,_where S;,_isa2x2- diagonal matrix. More-

over, (ZsfH _Zy ) '=vs,_vT.
Note that | f; ZH dM, |% is Lenglart dominated by Tr(f; ZZ dM,) and

Tr< / zH d]\;ls>
0 T

T
=/ Te(z!_H,_ 7, ) "' zT_H,_diaguH,_Z,_(z]_H,_Z, )"
0

ds

T
1. ..
5/0 Tr(2! Hy-Z,-)~" || diag uHs |lop ds.

which converges in probability to 0. By Lenglart’s inequality [14], we obtain that
JoZ H_dM; converges uniformly to 0 in probability with respect to P.
Since

lim P(sup|ZSKS| zS) =0 and Ilim P(supllZ\sKsl ZS) =0,
§—00 Ky §—00 Ky
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and WK converges uniformly in probability to WX we also have that
t ~ t ~
f ZHK,_d(wX —0K) and f (zH —zP)Kk;_avk
0 0

converge uniformly in probability to O w.r.t. P. This shows that (6.15) converges
uniformly in probability to O w.r.t. P as well.
We have that

iHi_L’;_(l — A i1 Hf—Lé_(l — A
H _1] i=1 S " 1 H_ (1 — A
zZH L, =vs;! ) =V l .
. .  H Li Al
ZHI_le_Al s—s—
- P H{_Al

The law of large numbers implies that ZSH_ Lg_ converges in P-probability to
VY (s). Now, (6.16) equals

t
(6.17) / ZH Ly —Vy(s)dwr
0
and
t
Ep [sup/ ZH Ly —Vy(s)dwk }
t 0

(6.18) -
= [ Eell@ Lo = Vyso)]vt s

Therefore (6.16) converges uniformly in probability w.r.t. P.
A computation shows that | [; Z — ZH dNy], is Lenglart dominated by

B (= Appd  HL (- Al

” V “ 1 f Z‘ - i / o - - i / o
0 j Zi Hs—(l_Ai) Zi Hs—(l_Ai)

H; ZH _A JMs H; J _A J/Ls
Zi Hsl—Ai Zz
This process converges uniformly in probability to 0, so we see that (6.14) also

converges uniformly in probability to 0. This means that I' — I" converges uni-
formly in probability to 0, so I' actually converges to I" in the similar sense. [J

+

S.

The cumulative Py,-hazard of B is given by

t
(6.19) Al = /O YO +0F Ay + 07 KK + youl ds.

Since stochastic integrals are continuous with respect to uniform convergence
on compacts in probability, we see that
=5) =0,

dT o
/(1 0FA, QKS_)(dwK) Ay

11m P (sup
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that is, we obtain a consistent estimator of Afi . A consistent estimator for the
controlled direct effect of A on B is given by the second component of I".

7. Discussion. The primary concern in this paper is the possibility of estimat-
ing parameters for the counterfactual situation from the observational data, given
that the counterfactual model is correct. This comes mainly down to whether the
counterfactual probability is absolutely continuous with respect to the factual prob-
ability and whether the counterfactual parameters of interest are identifiable. The
previously mentioned related works by Arjas and Parner, [3] and [4], construct
counterfactual probability distributions by piecing stochastic intervals together as
in [13], Section 3. Unlike Parner and Arjas, we take a more martingale oriented
approach, also based on the seminal paper [13]. This enables us to apply directly
already well-established methods from stochastic analysis and martingale theory.
In fact, surprisingly much causal inference can be well understood in terms of mar-
tingale measures, Bayes’s rule and Girsanov’s theorem. This approach translates
directly the problem about data re-weighting into a thoroughly studied problem
in the literature, that is, whether the stochastic exponential of a local martingale
defines a martingale, see [17] and [15].

Another difference from the work of Arjas and Parner is that we consider an
explicit intervention in terms of a transformation 6 on sample space. While not
being absolutely necessary, it still provides additional clarification, as it makes the
notion of counterfactual outcomes more explicit, or perhaps even demystified. The
notation do(X = x), [21], is simply interpreted as the measurable transformation
on the sample space that forces every outcome of X into x and leaves the remaining
observations unchanged. When the action becomes more complex than just forcing
a variable into a fixed value, this interpretation becomes even more appealing.

The introduction of the transformation 6 sheds some light on another aspect:
One may in fact think of a causal inference problem as a stochastic control prob-
lem, or a decision problem, where the assumptions about the model are kept as
modest as possible. The main objective in stochastic control theory is to find an op-
timal intervention strategy and compute the corresponding expected payoff. Causal
inference appears as a special case of this, in the sense that there one mostly con-
siders only one intervention strategy, namely the transformation 6, and aims to
compute the expected payoff.

One is often confronted with latent factors in epidemiological settings. This
lack of information typically yields nonidentifiable effects. In special situations,
one can use graphical arguments to ensure identifiability of counterfactual param-
eters and also provide exact formulas for these. Such examples are the back-door
formula, front-door formula and sequential back-door formula [21], Section 3.3.1,
3.3.2,4.4.3 and [11]. We show that we may take advantage of the local indepen-
dence graphs to identify causal effects in event-history analysis.

When the counterfactual effect is possibly unidentifiable, one may try to com-
pute upper and lower bounds for this. This can also be thought of as a control
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problem where “the nature” is allowed to control the latent factors in order to
maximize or minimize counterfactual effects. This corresponds to an optimization
problem under constraints. The latent variables may only be altered in such a way
that the observable factors maintain the same joint distribution and also such that
some given directed graph constantly defines a local independence graph. Let S
denote the set of counterfactual distributions corresponding to these constraints.
The “causal effect” would then be sandwiched by infpcs Ep/[n] < Ep,[n] <
suppres Eprinl.

The set S may have a somewhat complicated geometry. If one instead considers
the convex hull, we obtain other, not necessarily, tight bounds.

inf Ep[n]<Ep[nl< sup Eprnl
P’econv(S) P" econv(S)

These bounds may be computed by allready developed linear programing tech-
niques. This approach was for instance taken in [5], but is likely to generalize to
more complicated continuous-time scenarios as well.

APPENDIX

Uniqueness of counterfactual distributions.

LEMMA A.1. There exists at most one counterfactual distribution Py on Fgy
that imposes contemporaneously independent outcomes.

PROOF. LetTy,..., T, be an enumeration of {T (V)}y¢y such that j < k im-
plies T < Ty.

Assume that P’ and P” are two counterfactual distributions that have contem-

. . Vi .

poraneously independent outcomes and 7 is an F" -measurable random variable.
Let {X;}; be an enumeration of {V € X|T(V) =T} and let {A;}; be an enu-
meration of {V € A|T (V) = T1}. Whenever {h;}; and {g;}; are two families of
bounded and measurable functions, then

Ep: [Hhi(Xi)ngl(Aj)} =Ep [nhi(Xi)]EP/ [ng(Aj)}
i j i i
= HEP/[hi(Xi)]EP’[ng(Aj)]
i J
= l_[Epu[hi(X,-)]Ep//[ngj(Aj)]
i J
= Epr [1_[ hi(Xi)i|EP” [H gj(Aj)]
i J
= Epf/[nhi(Xi)ngj(Aj)]'
i J
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This shows that if 1 is a bounded random variable that only depends on the infor-
mation at Ty, then Ep/[n] = E pr[n]. We continue with an induction argument and
assume that E p/[n] = E pr[n] for every bounded and random variable 7 that only
depends on {V € V|T (V) < Ty} and aim to prove that this also holds if 1 depends
on the information at time 7. Let {X;}; be an enumeration of {V € X|T (V) = T},
and let {A;}; be an enumeration of {V € A|T (V) = Ti}. Whenever {/;}; and {g;};
are two families of bounded and measurable functions, then

EP/[thi<xi)1f[gj<Aj>}
i J

= Ep | nEm | [Thcxo| 7 | TTo% 4]
i J

= Ep|n[TEn it )]0 4))|
i J

= EP// nl_[EP//[hl(Xl”Fé’(Vl)]HQ*gJ(A])}
- J

— Epn nEP//[l_[hi(X,-) fé’””]]‘[@*gj(Aj)}
i l. ;

=Epr[n][[hi(X)]]s; (Aj)]
L : j

1

This proves the induction hypothesis, that is, Ep/[n] = Epr[n] whenever n de-
pendson {V e A|IT(V)<Ty}. O

THEOREM 4. There exists at most one probability measure on Fr that simul-
taneously satisfies (3.4), (3.5), (3.8) and (3.9).

PROOF. Recall definition (4.16). (3.8) and (3.9) imply that

(A.l) Ep, |:/J /OTh(s,x)N(ds,dx):| =Ep, [/; /(;Th(s,x)ve(ds,dx)].

Now [13], Theorem 3.4, implies that there exists at most one probability measure
on JFr that coincides with Py on Fq and satisfies (A.1). [

Dual predictable projections.

LEMMA A.2. Let U denote the dual predictable projection of N with respect
to Q onto the filtration F;.
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(1) If h is a bounded and 22" measurable processes, then

/J /O.h(s,x)U(ds,dx)

defines an ftv -predictable process of finite variation.
(2) If h and h' are bounded and &? ® J measurable processes, then

(A2) [/JV /O.h(s,x)U(ds,dx),/JV, /O.h’(s,x)U(ds,dx)] —0,

(A3) [/JV /O'h(s,x)U(ds,dx),/J

Q-a.s. whenever V.# V',
(3) There exists a nonnegative and & ® J-measurable process A such that

T T
Ep |:/ / h(s,x)N(ds, dx)] =Ep |:/ / h(s,x) (s, x)U (s, dx)]
J JO J JO
for every bounded and & ® J -measurable process h.

/O'h/(s,x)N(ds,dx)] )

V/

PROOF. The integral equation
T T
(A4) // h(s,x)NV(ds,dx):/ / h(s,x)N(ds,dx)
J JO Jy JO

defines a multivariate point process NV with mark space J which only jumps at
marks in Jy. [13], Theorem 2.1, provides a dual predictable projection U" of NV
with respect to the reference measure Q onto the filtration 7-',‘/.

Let /& be a bounded and & ® J measurable process. [14], Theorem I 2.2.ii and
a monotone class argument provides a bounded and &Y -measurable process 1"
such that

h(,)=Eg[h(,)IF],  Q-as.

Now,

EQ[/; /OTh(s,x)U(ds,dx)] =Ep :/J /OTh(s,x)N(a’s,dx)]

_ T -
_ 1%
=Ep _/J/o h(s,x)N (ds,dx)_

T
:EQ_/J/O h(s,x)N" (ds,dx)

S .
:EQ_/JfO s 00" (s dv)|

o ]
:EQ_fJfO h(s,x)UV(ds,dx)_
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which proves the first claim.
To prove (A.2), let W C Jy and W' C Jy be measurable subsets and consider
the corresponding counting processes

NY :=N([0,], W) and NY :=N([0,1], W'
and let
UY :=uU(0,1],W) and UY :=U([0,1], W).
Following [13], Proposition 2.3, we see that
AUY = Eo[ANY|F,_] and AUY =Eo[ANY|F,_],  Q-as.

Now,

0<Eo[[uY,u"],]= EQ[Z AUSWAUSW’]
s<T

<> EQ[AUSWAUSW/] by Fatou’s lemma
s<T

= Z EQ[EQ[ANSW|‘FV*]EQ[ANSW/|‘7:S*]]
s<T

=) Eo[AN) AN}
s<T

=0,

so[UV,UY']1=0, 0-as.
Whenever f and f’ are bounded and F;-predictable processes, we have

(A.5) [/O fstsW,/o' f;dUsW’] :/0' fifld[uY UV, =0, Qs

Equation (A.2) is therefore satisfied in the special case with 7 = f - xw and i’ =
f+ xw. The general case now follows from an application of the Monotone class
theorem. Equation (A.3) follows from an almost similar argument.

For the last claim, let v denote the dual predictable projection of N with respect
to P onto the filtration F; and note that v << U since P < Q. The existence of A
then follows directly from [13], Theorem 4.1. [
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