The Annals of Applied Probability

2006, Vol. 16, No. 3, 1086-1123

DOI: 10.1214/105051606000000051

© Institute of Mathematical Statistics, 2006

LIMIT VELOCITY AND ZERO-ONE LAWS FOR DIFFUSIONS
IN RANDOM ENVIRONMENT

BY LAURENT GOERGEN
ETH Zurich

We prove that multidimensional diffusions in random environment have
a limiting velocity which takes at most two different values. Further, in the
two-dimensional case we show that for any direction, the probability to es-
cape to infinity in this direction equals either zero or one. Combined with our
results on the limiting velocity, this implies a strong law of large numbers in
two dimensions.

1. Introduction. Over the last 25 years, diffusions in a random medium have
been the object of many studies. They came as a natural way to generalize ho-
mogenization in a periodic medium and model disorder at a microscopic scale; see
[3, 16]. In spite of a large literature (see, e.g., [9-11, 1315, 17-20, 23, 25, 26,
32, 35]), only partial results are known on such basic questions as zero—one laws,
recurrence—transience, the law of large numbers and central limit theorems.

The method of the environment viewed from the particle has been a power-
ful tool in the study of diffusions in a random medium, but many examples fall
outside its scope. Recently in the discrete setting, other methods, for instance
exploring renewal-type arguments, have contributed to a revival of the subject;
see [5, 6, 21, 29-31, 33, 34, 36-38]. It is natural, but not straightforward, to try
to build up on these ideas and make progress in the continuous framework. This
approach has proved successful notably in the ballistic case, that is, when the dif-
fusion has a nonvanishing limiting velocity; see, for instance, [12, 25, 26]. The
present article follows a similar endeavor. We prove in the general framework of
diffusions in a random environment (see below) the existence of a limiting velocity
as well as certain zero—one laws. Corresponding results are known in the discrete
framework; see [22, 34, 37, 38]. Our work is closer in spirit to the last two ref-
erences. It also draws on the renewal structure constructed by Shen [26] which is
more intricate than its discrete counterpart in [33].

Before we discuss our results any further, we first describe the model. The ran-
dom environment is specified by a probability space (2, 4, P) on which acts
a jointly measurable group {r,;x € RY} of P-preserving transformations, with
d > 1. The diffusion matrix and the drift of the diffusion in random environment
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are stationary functions a(x, w), b(x, w), x € R, w € Q, with respective values in
the space of nonnegative d x d matrices and in R?, that is,

a(x +ys Cl)) = a(x, ty(,()),
(1.1)
b(x +y, @) =b(x,tyo)  forx,y eR? we Q.

We assume that these functions are bounded and uniformly Lipschitz, that is, there
isa K > 1, such that for x, y € R weQ,

(1.2) |b(x, ®)| +la(x, @) < K,
. Ib(x, ) —b(y, w)| + |a(x, w) —a(y, w)| < K|x —y|,

where | - | denotes the Euclidean norm for vectors and matrices. Further we assume
that the diffusion matrix is uniformly elliptic, that is, there is a v > 1 such that for
allx,yeRd,weQ:

1 2 2
(1.3) ;Iyl <y-alx,w)y <v|y|.

The coefficients a, b satisfy a condition of finite range dependence: for A C R?,
we define

(1.4) Ha=o0(alx,-),bx,);x €A),
and assume that for some R > 0,
(1.5) H4 and Hp are independent under P whenever d(A, B) > R,

where d(A, B) is the mutual Euclidean distance between A and B. With the above
regularity assumptions on a and b, for any w € 2, x € R¢, the martingale problem
attached to x and the operator

d d
3 Y aij(@)df + Y bi, w)d;

ij=1 i=1

(1.6) Lo

is well posed; see [28] or [2], page 130. The corresponding law Py, on
C (R, R%), unique solution of the above martingale problem, describes the diffu-
sion in the environment w and starting from x. We write Ey , for the expectation
under P, , and we denote the canonical process on C(R4, Rd) with (X;);>0.
Observe that Py, is the law of the solution of the stochastic differential equa-
tion

dX; =o0(X;,w)dpy + b(X;, w)dt,

(1.7)
Xo=2x, Py w-a.s.,

where, for instance, o (-, ®) is the square root of a(-, w) and B is some d-dimen-
sional Brownian motion under Py . The laws Py, are usually called “quenched
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laws” of the diffusion in random environment. To restore translation invariance,
we consider the so-called “annealed laws™ Py, x € R4, which are defined as semi-
direct products:

(1.8) rEPxp,,
Of course the Markov property is typically lost under the annealed laws.

The goal of this article is to show the existence of a limiting velocity as well as
certain zero—one laws for this process. For any unit vector / € R?, denote with

(1.9) Alz{liml-X,=+oo}
—>00

the event that the diffusion escapes to infinity in direction /. We prove a weak
zero—one law saying that for any direction I, Po(A; U A_;) equals either zero or
one; see Proposition 3.6. Then our main result for general dimension d > 1 (cf.
Theorem 3.8) shows the existence of a deterministic unit vector /, and two deter-
ministic numbers v, v— > 0, such that

. X
(1.10) lim — = (v4la, —v-1a_, ), Py-a.s.

t—oo t

When d = 2, we also prove the following stronger zero—one law (cf. Theorem 4.2):

(1.11) forany [ € S!, Po(A)) € {0, 1},
which together with (1.10) implies the following strong law of large numbers:
X
(1.12) When d = 2, there is a v € R? such that Py-a.s., lim =L =v.
t—o00 t

In the context of random walks in ergodic environments, Zerner and Merkl give in
[37] an example, where in the statement corresponding to (1.10) two opposite ve-
locities occur with probability % each. This signals that an independence assump-
tion on the environment is of importance for the validity of the zero—one law (1.11)
or the law of large numbers (1.12). These questions remain open problems when
d=>3.

To prove (1.10), we consider an arbitrary direction / and proceed differently
depending on the value of Py(A; U A_;). In tzh)? oscillating case where Py(A; U

t

A_;) =0, we show in Section 2 that lim;_, o =t = 0, Pp-a.s.; see Corollary 2.6.

The argument relies on the fact that for any direction [ € §9~1,

(1.13) P0<1imsupl R 0) >0  implies Py(A;) > O;
t—oo 1
see Theorem 2.4. The strategy used to derive (1.13) is similar to the article [38] by
Zerner. However, because of finite range dependence and space—time continuity,
the arguments are more involved. Nevertheless, we believe that we achieved some
simplifications, as our proof avoids infinite products of independent processes
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(cf. [38] and equation (13) therein). In the context of random walks in a discrete
mixing environment, an alternative way to handle the oscillating case can be found
in [22].

In order to analyze the case Py(A; U A_;) = 1, we use a renewal structure in the
spirit of Shen [26] (see Section 3), and prove that Py(A;) > 0 implies that on A;,

Po-a.s., lim;_, o l% = v;7. The number v; is either 0 or expressed in terms of a
certain regeneration time t1; see (3.41). As in [26], we construct the successive re-
generation times tx, k > 1, on an enlarged probability space which is obtained
by coupling the diffusion with a suitable sequence of auxiliary i.i.d. Bernoulli
variables; see Section 3.1. The quenched measure on the enlarged space, which
couples the diffusion to the Bernoulli variables, is denoted with ﬁx,w. In essence,
71 is the first time when the trajectory reaches a local maximum in direction /,
some auxiliary Bernoulli variable takes value 1 and from then on the diffusion
never backtracks; see Section 3.2. We generalize the results of Shen to the case
where 0 < Pg(A;) <1 [instead of assuming Py(A;) = 1]; see Proposition 3.4 and
Theorem 3.5. In the discrete setting, couplings were first used by Zeitouni (cf.,
e.g., [36], Section 3), with the purpose to overcome the dependence structure of a
mixing environment. Another important ingredient for an effective application of
the renewal structure is a control on the first moment of / - X,

(1.14) If Po(A;) >0  then Ep[l- X,,|D = o0] < o0,

where 12"0 is the expectation under P x 130,0) and {D = oo} is the event that the
diffusion never backtracks a distance R below its starting point. In the discrete
setting, a related result due to Zerner can be found in [36], Lemma 3.2.5. The ar-
gument we provide here, however, does not require Blackwell’s renewal theorem;
see also the comments preceding Proposition 3.7.

In the last section, we prove the zero—one law (1.11) in two dimensions. Our
strategy is similar to [37] in the discrete case. We consider two diffusion processes
under the law E(Py , X Py, »), where [ -y, > 3L and L is large. We assume
that Po(|l - X;| — 00) = 1 and deduce that the probability of a close encounter of
the two diffusions between 0 and y; vanishes as L — oo; see Lemma 4.1. This
result holds in all dimensions. On the other hand, when d = 2, if we assume by
contradiction that Py(A;) Po(A—;) > 0, we can choose yy, such that for large L, the
two diffusions intersect “between 0 and y;” with nonvanishing probability; see
Theorem 4.2. Then the zero—one law (1.11) follows.

The article is organized as follows. In Section 2 we prove (1.13); see Theo-
rem 2.4. This yields with Corollary 2.6 the main ingredient to prove (1.10) when
Py(A; U A_;) = 0. In Section 3 we recall the coupling construction leading to
the measures 13“0, define the regeneration times 7x, kK > 1 (cf. Section 3.2) and
develop the theorems describing the renewal structure; see Section 3.3. We also
prove a weak zero—one law (cf. Proposition 3.6), as well as (1.14); see Proposi-
tion 3.7. Our main result shows for all d > 1 the existence of a limiting velocity;
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see (1.10) or Theorem 3.8. In Section 4 we prove the two-dimensional zero—one
law (1.11); see Theorem 4.2. In the Appendix we provide for the reader’s conve-
nience the proof of a variation of Theorem 2.7 of [26] stated in Lemma 3.3.

Convention on constants. Unless otherwise stated, constants only depend on
the quantities d, K, v, R. We denote with ¢ positive constants with values changing
from place to place and with cg, c, . . . positive constants with values fixed at their
first appearance. Dependence on additional parameters appears in the notation.

2. Oscillations and null directional speed. In this section we first introduce
some additional notation and then we start with the study of the case, where
the trajectory oscillates in some direction / € S?~!. This case corresponds to
Po[A; U A_;] =0 and we will see later that Po[A; U A_;] equals either zero or
one; see Proposition 3.6. The main result is Theorem 2.4: Under the assumption
Pollimsup,_, o, l% > (0] > 0, the trajectories will not backtrack below a certain
level with positive probability and with Lemma 2.5, we deduce that P[A;] > O.
It follows then easily that Py[A; U A_;] = 0 implies zero asymptotic speed in the
direction [ (see Corollary 2.6).

We now introduce some notation used throughout the article. We denote with
N the set of nonnegative integers. The integer part of a real ¢ > 0 and the smallest
integer larger than ¢ are respectively denoted with |7] and [¢]. Let S?~! stand
for the Euclidean unit sphere of R¢ and B(x, r) for the open Euclidean ball with
radius r centered at x. For a < b two reals and [ € S9!, we define

Q21) Supn=xeRya<x-1<b), Bup=xeRba<x-1<b},

the open and closed slabs between a and b in the direction /. If A is a Borel set
of R?, | A| stands for its Lebesgue measure.

For an open or closed set A C RY, we denote with Hy = inf{t > 0; X; € A}
the entrance time into A and with T4 = inf{r > 0; X, ¢ A} the exit time from A.
We will also use the following stopping times measuring absolute and relative
displacements of the trajectory. For u € R,

T, = H{zeRd 1z l>u)s

Tu = H{ZGRd czl<u)>
(2.2)
T, =inf{t > 0:1- (X; — Xo) > u},

T —inf{t > 0:1- (X, — Xo) < u}.

We write (¥7);>0 and (6;);>0 for the canonical right-continuous filtration and for
the canonical time-shift on C (R, RY), respectively.

We turn now to the construction of the objects appearing in Proposition 2.1. We
consider some number L = 3L’ > 3R and define the successive times of entrance
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FIG. 1.

in j(mLJFL/ mL+21") and departure from 8,1, n+1)r) (cf. Figure 1): form € N,

(m) _ py_ (m) __ (m)
2.3) R SenL+L mL+2L))’ S = T8 nenny © eRim) TR
and by induction for k > 2,

R(m) R(m) o 95(’") + S(m) S(m) S](m) S(m) + S(m)

We define, for integer o > 2 (this integer will typically be large in the sequel)

o0
(m) _
2.4) N,/ = ]{2:1 ]]-{Rlim)+1§S]Em)<T(m+a)L<OO}’
=

the number of entrances in 4, (mL+L',mL+2L") after which the trajectory stays at least
one time unit in 8,1, (m+1)L). Moreover, we consider

max{k >1: R,Em) +1< S/Em) < T(m—l—oz)L}a
2.5) kM= if Tontayr <00 and {---} # 2,
0, otherwise;
S(’(tln)) Tnr,
(m) _
(26) hoe - if T(m—l—ot)L < 00, with the convention S Tur,
0, otherwise.

The quantity h((xm) is the time duration, beginning at 7}, , after which the trajectory
does not make “long visits” to the slab /f(m L+L'.mL+2L") anymore. Note that h,(xm)
is nondecreasing in «.

Let us give an outline of the steps leading to the main result of this section, that
is, Theorem 2.4. In Proposition 2.1 we show that a continuous path w satisfying
limsup,_, o, L w(’ ) > 0 has the property that there is a large asymptotic fraction of
slabs among the 8L, (m+1)L)» m = 1, around which the oscillations of w that oc-
cur before reaching a level at a distance oL in direction /, last only some finite
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time % independent of «. An analogous result for a discrete path is stated in [38],
Lemma 3. In the next step, we deduce the existence of an & > 0 such that with
positive probability the following events, later called C,, [cf. (2.20)], happen with
a large asymptotic frequency: on Cy,, the particle at time Hg,, ..., + & is lo-
cated in a narrow slab “to the right of” 8,1 ;n+1)r) and then moves to a level at
a distance oL without backtracking; see Lemma 2.3. Then we extract the crucial
information about the absence of backtracking. In essence for this purpose, we
condition each event Cy, on the information prior to Hg,, .., + /. and transfer
our control on the asymptotic frequency of the Cy,’s, to a control on the asymp-
totic mean of the conditional probabilities. This is done with the help of certain
martingales and Azuma’s inequality; see (2.33). Finally we dominate these con-
ditional probabilities by a sequence of i.i.d. variables under PP, apply the law of
large numbers and conclude that the probability to never backtrack is positive by
letting « tend to infinity. This method bypasses the technique of infinite products
of probability spaces in [38] [cf. (13) therein], which is hard to implement in the
continuous setting.

PROPOSITION 2.1. Let w(-) be a continuous path in R? starting at 0 and
satisfying limsup,_, o, l'”;(t) > 0; then there exists an integer h > 1 such that for
all integers o > 2,

1

. 1
2.7) limsup —— aﬂ{hg”’)(w)gh} > 3
m=

M— o0 M +1

PROOF. We choose § > 0 such that limsup,_, l'”;(’) > §. There is a sequence

(tt)k>1 in Ry tending to infinity such that / - w(#) > &tx. Thus, for all @ > 2,

2.8)  Ti2)p+ar(w) <t for all large enough k (depending on «).

(For the sake of simplicity, we will drop w from the notation.) If we choose M} in-
teger such that ML < %tk <M+ 1)L,k > 1, (2.8) implies that for all integers
o >2,

2(My + 1)L

29 Twm+ar < 5

for all large enough k (depending on «).

If R,Em) +1< S,Em) < Tontayr and since T(p4q)r 1s finite for all m, the path
w spends at least one unit of time entirely in the slab 8,1, (u+1)1) before reaching
level (m + o) L. Hence, for all k large enough, we deduce from (2.9) that [cf. (2.4)
for the notation]

My
2(My + 1)L
(2.10) YN < Torarr < —

m=0
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and
My a—1
> h™ < > Y (Tmtarr — Tur)
m=0 j=0mmoda=j
<M,
@2.11) et
20(My + 1)L

<ali+a)L < 5 ,

for all large enough k. Assume now that (2.7) with real 4 does not hold, that is: for

all & > 1, there is an integer o > 2 such that limsup,,_, o, ﬁ M, Loom gy <3
We can construct inductively ho =1, oy > 2, h; = 6‘%’L oj4+1 > o; using that h(m)
is nondecreasing in o, such that
. . 1
(2.12) foralli > 1 hmsup Z Lo <y <7
M—00 ("l-H 3
On the other hand, (2.11) and the choice h; =
My
(2.13) foralli > 1 1imsup#21 ) <1
- ke 00 Mk+ 1 — {hot,- >h;} — 3

Observe that for all i, k > 1,

I= M, +1 X;)]l hg"j_1<h +1 h(’”) i) +1 h(m) )
m=

O‘H—l}

This inequality together with (2.12) and (2.13) yields
1 1 %

forallizl  g=—r Z L ) )

(2.14)
for all large enough k.

If hgl.") h&’,"jl, the trajectory, after reaching level (m + «;)L, has to return to the
slab J(mLJrL/,mLHL/) and stay in the slab 8,1 (n+1)1) for at least one unit of time,
all this before reaching level (m + «;4+1) L. Therefore we see that

1 < N _ prGm)

i <nim = Neiiy = Nag s

and hence for arbitrary io > 1 and large k, we obtain

M 2.10) 2L

1 .
> Sy = gy 2 Mo 2

ip (2.14)
2
3 = Mk +1

Ot+]

a contradiction. We have thus proved the existence of a real 2 > 1 such that (2.7)
holds. By monotonicity, we can increase 4 to be an integer. [J
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The next lemma comes as a preparation for the main result of this section,
namely Theorem 2.4. If § is any stopping time, we write Sg, k > 0, for the iterates
of §, namely,

(2.15) So =0, NI Sk+1 =S 005, + Sk < o0.

LEMMA 2.2. For every k > 1, let U* be an (F1)i>0-stopping time and
Ay € Fyr. Denote with U,/fl, m > 0, the iterates of U*. If there exist numbers
v1, Y2 > 0, such that

(2.16) forallk>1,x eRY we Q: Peo(Ay) <yre 7k,

then for each € > 0, there is a ko(¢, y1, y2) > 1, such that

M

(2.17) for k > ko, Po-a.s., lim sup Ia, 0Ok <e,
M— o0 M+ 1 mZ:() ¢ Un

with the convention that 1, o GU’/; =0, ifU,’; = 00.

PROOF. Note that 15, o Oy is Fyk l—measurable. The strong Markov prop-
m m+
erty yields for M > 1,k > 1

M
Ex,a,|:exp < Z 1a, OOU/Z)’ Ullf,l < ooi|

m=0
M—1
(2.18) = Ex,w|:exp( Z 1a, © G%)Exuﬁw[exp (Tay)], Ullf,l < ooj|
m=0

M—1
= Ex,w|:exp( Z 1A, o@U’ﬁ)((e — l)PXUk wlA+ 1), Ullf,[ < oo:|
M

m=0

Using (2.16) and iteration, we obtain for M > 1, k > 1,

M
Ex,w|:exp( Z Ia, o@U’ﬁ), Ujlf,, < ooi| < (yle—nk(e -1+ 1)M+1.

m=0
Therefore, using Chebyshev’s inequality, we find
| M-l
Px,w[ﬁ Z Ip, 0 9U’11<1 > 8:|
m=0
< Mpe ke -+ 1" < M(et(e=hyeh),

If k is large enough, the argument of the exponential becomes negative and our
claim follows from Borel-Cantelli’s lemma. [
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In the next lemma with two successive reduction steps, we replace {h&m) < h}
appearing in (2.7) by an event C,, that has the following meaning: At the stopping
time 7,7, + ho, for some ko > 1, the position of the diffusion is located in the
slab 81421/, im+k)1) and after this stopping time, the trajectory reaches level
(m + a) L without going below level mL + 2L’; see (2.20).

LEMMA 2.3. Assume that Py(limsup,_, ., l% > 0) > 0; then there exist an
integer ho > 1 and constants L =3L' > 3R, K = K (ho) > 1, such that

(2.19) P0|: inf limsup ! % 1c, > i:| >0,
azK pooo M+ 1~ 12
where
2.20) Con = {X114h0 € Bimr+20 m+x)L)} VTt +ho < Timtayr.}
‘ N QT_,,LIL—I—ho{me*‘ZL/ > Tinta)L } form > 0.

PROOF. With our assumption, Proposition 2.1 yields that for some integer /¢

L 1 1
(2.21) Py| inf limsup W1 Z ]l{hé’")gho} > 3 > 0.

=2 M0 + m=0
In a first reduction step, we want to keep only those slabs 8¢,1 (n+1)r), Where
after time Ty, + ho and before reaching level (m + «) L, the paths do not return to

the inner part 8,1 +1/ mr+21/) of the slab. More precisely we claim that if L’ > R
is large enough, then we obtain from (2.21)

o . 1
222) P [égglzn_fgop M+1 mX_:O1{h¢(xm)§h0,R’o‘9TmL+TmL>T(m+ot)L} = 6:| >0,
where we used the notation
(2.23) R =inf{t > ho:l- (X; — Xo) € [L',2L']}.

Indeed, consider for fixed o > 2, m > 0, a trajectory w starting in 0 and satisfying

hfxm) < hg. If w visits the inner slab /f(mLJrLf,mLHL/) between time T,,;, + ho and
T(m+a)L, then it must exist from the outer slab 8,1 (m+1)r) Within time 1 as oth-

erwise h((xm) becomes larger than /. Note also that by definition, ht(xm) < hg implies
Tin+a)L < 00, Pp-a.s. Hence Pp-a.s. we have

[RY™ < ho, R 0 07,, + Tt < Tinsayr} C QT—mlL(AL/,a) NA{TyL < o0},

where we defined A7/ o = {sup,<; |Xs — Xolofpr > L', R' < TofeLl < 0o}. By the
Markov property and Bernstein’s inequality (see [2], Proposition 8.1, page 23), we
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have for all x € ]Rd, w e,

Px,w[AL/,a] =< Ex,w[R/ < 00, PXR/,w|:Sup | Xs — Xo| > L/i|:|

s<l1

(2.24)

72
< cre 2",

We decompose the indicator-function 1 o) appearing in (2.21) as follows:

{h$" <h

) 1
lim sup W1 1 n;)]l{hé"”sho}

M— o0
. 1
(225) =< li‘zn_f:;lop ﬁ Z ]l{h((,m) S/’lo}]l{R,OngL + T >Tinta)L}
m=0
M
+ lim sup 1 Z ]lAL’,oz o0r,,
M— o0 m=0

In order to apply Lemma 2.2 to the last term of (2.25), since 6. A L'a € Flyimrs
for m > 0, we rewrite the sum in the last term as a double sum running over all
residue classes modulo o and obtain as an upper bound

Z AV 0T(mot+j)3L/ .

With (2.24), we can apply Lemma 2.2 for every j =0, ..., « — 1. The parameter L’
is chosen integer and plays the role of k in the lemma. Moreover we, respectively,
substitute T;%L, ofr;, +TjL and 9T (Ap o) N {Tj31 < oo} for U¥ and Ay, and

use &€ = é Note that Py-a.s., for m > 1, the mth iterate of TrSL/ o QTjL +Tjp is
T(na+j)31 - As the lower bound for L’ provided by Lemma 2.2 only depends on
the constants ¢y, ¢; in (2.24), there exists a constant L’ > R, such that for all o > 2
andall j =0,...,a — 1, we obtain

1
2.26 — li
( ) ” Z: 1m sup

lim sup

M 1
Y Z ILAL,,Q °9T<ma+,~)L < 3 Pp-a.s.
M— o0 m=0

Hence the last term of (2.25) is Pp-a.s. for all integers o > 2 smaller than %. In
view of (2.21), this estimate proves the claim (2.22) of the first reduction step.

In the second reduction step, we would like to keep only those slabs where the
trajectory stays in a big ball during time &g after 7,7 . We claim that there exists a
constant K = K (hg, L) > 1, such that
M

0< Po|: inf limsup
>K M—oo M+ 1

1
2:0 {h((,m) <hy, R/OeTmL +TnL> T(m+ot)L}

m=

(2.27)

1
X ]]-{supKh |X;—Xolobr, , <KL} = T
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Indeed, define A;C = {supsfho | Xy — Xo| > kL}, for k > 1. From Bernstein’s
inequality (see [2], Proposition 8.1, page 23), there exist positive constants
c3(hg), c4(hg), such that

(2.28) P oA} <cze* D" forallx e RY, w e Q.

As before we decompose the indicator-function appearing in (2.22) according to

or lL (A}) and or lL (A}). In view of an application of Lemma 2.2, since o7 }L Ay €

. M .
Flyme» m = 0, we rewrite the sum 3,1, o 07, as a double sum running
over all the residue classes modulo k. As a result

l M
limsup —— 1pr 0071,
M— o0 +1 mZ::O A ‘

2.29
(2:29) k—1 M

Z Lp; © OT iy jyi.-

With (2.28), we apply Lemma 2.2 for every j =0,...,k—1 :QT_; (A N{Tj <
oo} and T/ o Or;, + Tjr play the role of Ax and Uk and we choose & = % in
Lemma 2.2. Py-a.s., for m > 1, the mth iterate of Tkril o0r;, +TjL is T(mk+j)L-

Hence there is a constant K = K (hg, L) > 1, such that for k = K the left-hand
side of (2.29) is Py-a.s. smaller than ﬁ This proves (2.27). We conclude the proof

by noting that {3" < ho, sup,<p, | Xs — XoloOr,, <KL, R 001, > Tn+a)L —
T,u1} is Pop-a.s. included in C,,,. [J

THEOREM 2.4. (d>1). Foranyl € gd-1, Po(limsup,_, l% > 0) > 0 im-

plies that there exists a number ro > 0 such that Po(fierlo =00) >0 and as a
consequence Py(A;) > 0.
(Note that ro only depends on the quantities /g, L, K from Lemma 2.3.)

PROOF. Let us briefly outline the argument: We would like to apply the law
of large numbers to the sum an/’:() 1c,, appearing in (2.19), but the dependence
structure of the sequence (Cy,)m>0 seems to be complicated. Therefore we will
replace this sequence by one that is i.i.d. with respect to P. This will be achieved
by constructing an appropriate martingale and using Azuma’s inequality.

We pick L =3L’, K and hg as in Lemma 2.3. We introduce the following fil-

trations: for integer « > K and j =0,..., a0 — 1,
m Tona+j)L> m=1, 0 0;
230) " mectd)
— T
g’m - fT((m+1)a+j)L/\(T(mol+j)L+h0)’ m Z 0

Recall the definition of C,, (2.20) and observe that for ¢ > K, j =0, ..., — 1,
m > 0:

(2.31) Cn1a+j € 9£1+1 and 9{11 - g’{n - g’iz-H’
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because Tina+j)L < T(m+1a+j)L N Tma+jHL +10) < T(m+1)a+j)L-
We define for j =0,...,a—landn >1

n—1 .
(232) M}’Jl = Z ]]'Cma+j - Eo’w[:ﬂ‘cma+_i |9’1Jn]’ Mé = O'
m=0

By (2.31), M;{ is 9{;—measurable, for n > 0, and integrable. It is a 9{, martingale
under Py, for any w € 2, because Py ,-a.s., for n > 1 we have

EO,w[EC(n—l)aﬂ |9’Zz—1] = Eosw[EO»w[]]‘C(n—l)a+j |gfz—l]|9‘i—l]
Since M,{; has bounded increments Azuma’s inequality (see [1], Theorem 2.1)
applies and we find
M .
Pow| lim —=0|=1 forall j =0,...,a—1.
n—oo

n
Hence for any w € 2, Py 4-a.s.,forallo > K and j =0,...,a — 1,
| — R -
(2.33) limsup 1c,, . ; =limsup Eowllc,,.:19]-
M— o0 M+ 1 I’VlZZO + M— o0 M+ 1 ”12::0 w[ + m]

The strong Markov property yields that Py ,-a.s., fora > K, j=0,...,¢—1and
m=>0

Si1
EO,w[]lCmaﬂ' |9’m] = ]]‘{XT(ma+j)L+h()elm,j7T(ma+j)L+h0<T((m+l)oz+j)L}
(2.34) X Pxyy il Tmatpraar > Tt et L]

< sup Py,w[f(ma+j)L+2L/ > T(m+1)a+j)L ],
ye{m,j

def
where L, j = 8((nat ) L4+2L' (mat j+K)L)-
Therefore, (2.19) together with (2.33) and (2.34) imply that

10{—1
Pl inf — ) li
B 2

(2.35) u
- 1
X Z sup Py o[Timatjyr+20' > Tm+asjL] > ke 0.
m=0Y<In. j
With respect to [P, the variables f, ; &ef SUPyep,, ; Py,a)[f(moz—l—j)L-l—ZL/ >
T(m+a+jL), m >0, are i.i.d. for every j =0,...,a — 1. Indeed the respective

slabs 8 ((maj)L+2L",((m+1)a+j)L) @S m varies are separated by at least 2L’ > R,
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and one applies (1.5), as well as translation invariance. Hence, from the law of
large numbers and from (2.35) we deduce that

inf E[ sup Py,w[sz/ > TO,L]:| > 11—2,

a>K Lyery

and by dominated convergence for & — oo

(2.36) 11—2 < E|: sup Py,w[f"zy = oo]i| < IE|: sup Py,a)[Tie(lKL_2L/) = oo]]
yeloo yelo,o
We define % = KL —2L’. Assume now that Po[f”ierlo = 00] = 0. It follows from
Fubini’s theorem that there is a P-null set I" C €2, such that
for w € T'¢ Px,w[fierlo = OO] =0,
(2.37)
except on a Lebesgue-negligible subset of RY.

But then, for any y € RY weQ,
Frel
Py of ier(,/z = 0]

=P, | T, = X, — Xo < 2
=Py o|T5, =00, sup |X; ol=7
s<l/m
(2.38)
P | T = X, — Xo| > 2
y.o| Ly 2 =00, Sup s ol > 4

s<l/n

< Py,w[Tfa‘,l0 00/, =00] + Py’w|: sup | X5 — Xo| > %O}
s<l/n

By the Markov property, the first term on the right-hand side equals [ra p“(y, x,
%)Px,w[fﬁlo = oo]dx, where p®(y, -, %) denotes the transition density of the dif-
fusion starting in y in the environment w at time 1/n with respect to the Lebesgue
measure. This density exists under the assumptions (1.2), (1.3); see [4], Theo-
rem 4.5. Hence using (2.37), this term equals 0 for all € I'°, y € R?. The second
term on the right-hand side of (2.38) converges to 0 as n — oo by continuity of
the trajectories. And so it would follow that forallw € ', y € R4, Py’w[f"ierlo n=
oo] = 0. But this contradicts (2.36) and hence

(2.39) Po[T™) = 0] > 0.
To show that Py(A;) > 0, we need the following useful lemma:
LEMMA 2.5. Consider | in S*~'. For u,v € R,u < v, define the stopping

times ﬂl’” =inf{t > 1;[ - X; > u} and denote their iterates with ,B,l(’”, k > 0. Then
one has forall x e R¢, w € Q

(2.40) Py o[B" < oo, forallk >0 and T, = 0] = 0.
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PROOF. By the support theorem (see [2], page 25), there is a constant ¢ =
c¢(v — u) > 0 such that for all x € $,v), ® € Q: Py [T, < 1] > c. Then the
Markov property shows that for all x e R, w € Q, k > 1,

ProlBi" <00, Ty =00] < Py [0 < Bt < T,

<P [0<B" <T,Tyo Oyt > 1]
<(1- C)Px,w[o =< ,B]l{’,ul < Tyl
After iteration and letting k tend to infinity, we obtain the claim. [J

We are now ready to finish the proof of Theorem 2.4. We observe that for any
v>0

(2.41) (T_, = o0} C Ay, Py-a.s.
Indeed, we have in view of Lemma 2.5 with —/ in the role of [
Py[AS, T, = 00] = Py[for some u € Z,u < v :,Bk_l’” <ooand T, = 00] = 0.

It thus follows from (2.39) and (2.41) that Py(A;) > 0. O

COROLLARY 2.6 (d > 1). Letle S ' If Po[A;U A_;] =0, then Py-a.s.,

limt_)oo l% == 0.

PrROOF. If Py[A;] =0, Theorem 2.4 implies that lim sup, 1% <0, Py-a.s. The

same argument for —/ implies that lim inf; l% >0, Py-a.s., and the claim follows.
O

3. Limit velocity. The aim of this section is to prove the existence of a pos-
sibly nondeterministic asymptotic velocity; see Theorem 3.8. As a preparation we
need to revisit some of the theorems proven in [26], now in the absence of the
assumption Py(A;) = 1 made in [26]. For this reason we will consider in the fol-
lowing probabilities conditioned on the event that the diffusion is unbounded in
a direction [ or that it escapes to infinity in a direction /. But first we recall the
definitions of the regeneration times t, kK > 1, and the coupling measure ﬁx,w in-
troduced in [26].

3.1. The coupling measure. For x € R and [ € 9!, we consider
(3.1) B*=B(x +9RI, R), U* = B(x +5RI, 6R),

where R is the range of dependence of the environment. See Figure 2.
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F1G. 2.

We denote by A ; the canonical coordinates on {0, 1}N. Further, we let (Bm)m>0
denote the canonical filtration on {0, 1}N and 4 the canonical o-algebra. On the
enlarged space C (R4, RY) x {0, 1}, we consider the following o -fields:

32 zY¥#®8,  wiht>0, and zdéff@)a:a{Uzm}.

meN

On the enlarged space, the shift operators ém, m > 0, are defined so that
O (X., 1) = (Xm+., Am+.). Then from Theorem 2.1 in [26], one has the follow-
ing measures, coupling the diffusion in random environment with a sequence of
Bernoulli variables:

PROPOSITION 3.1.  There exists ¢ > 0, such that for every | € S weQ
and x € R, there exists a probability measure Py on (C(Ry, R x {0, Y, Z)
depending measurably on w and x, such that:

Under ﬁx’w, (X)i>0 is Py -distributed, and the Ay, m > 0,
are i.i.d. Bernoulli variables with success probability €.

3.3)

For m > 1, Ay, is independent of ¥, ® 8,,—1 under lA’x,w. Condi-
(3.4) tionedon Z,,, X.o ém has the same law as X. under ﬁ}}EZw’ where
forye R, )€ {0, 1}, ﬁy)”w denotes the law Isy,w[-l)»o =l

3.5 ﬁx]w almost surely, X; € U* for s € [0, 1] [recall (3.1)].
(3.6) Under P!

X,w?

X is uniformly distributed on B* [recall (3.1)].

We then introduce the new annealed measures on (2 x C(R, Rd) x {0, I}N,
AR Z):

(3.7) PY¥Px P, and E,EExE,,.
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3.2. The regeneration times 1. We follow [26] and [25] to define the first
regeneration time 71. To this end, we introduce a sequence of integer-valued
(Z;)1>0-stopping times Ny, for which the condition Ay, =1 holds, and at these
times the process (/ - X)s>0 reaches essentially a local maximum (within a small
variation). Then 71, when finite, is the first Ny + 1, kK > 1, such that the process
(! - X¢)r=0 never goes below [ - Xy, +1 — R after time N + 1. In fact, the pre-
cise definition of t; relies on several sequences of stopping times. First, for a > 0,
introduce the (¥;);>0-stopping times Vi (a), k > 0 [recall T}, in (2.2)]:

def def
35 Vo(@) = Tyo)+a < 00, Vit 1(a) = Tr(via)+R < 00

where M (t) défsup{l - X;:0<s<t}.

In view of the Markov property [see (3.4)], we require the stopping times
Ni(a),k > 1, to be integer-valued and with this in mind, introduce as an inter-
mediate step the (integer-valued) stopping times Ni(a) where the process X; -1
essentially reaches a maximum:

3 R
N1(a)d:efinf{(vk(a)]:k20, sup |l-(XS—XVk)\<—},
S€lVi, [Vi 1] 2
(3.9)

~ d f ~ A ~
Nis1(@) = NiGR) 005, ) + Ni@), k=1,

By convention we set 1% =0and ]\~Ik+1 = oo if Nk = o0 and then define N (a) as

def . ~
(3.10) Ni(a) =1nf{Nk(a):k2l,kﬁk(a)=1}.
Now we can define the (Z;);>¢-stopping times:
(3.11) SENMER+1,  RYEs +Dods,
(3.12) with D & [7rely.

(By convention we set Ry = 0.) The (Z;);>0-stopping times N1, Sk+1 and Ry
are defined in an iterative way for k > 1:

Neet @ R+ Ni(a) o, withar & M(Ry) — Xg, -1+ R,
(3.13)
def def A
Sk+1 = Nig1 + 1, Rit1 = Sk41+ Dol

(the shift éRk is not applied to ay in the above definition).

For k > 1, observe that on the event {N; < oo}, An, =1 and Sups <y, X, <
XN, -1+ R. Notice that for all kK > 1, the (Z;);>0-stopping times Ny, Sx and Ry are
integer-valued, possibly equal to infinity, and we have 1 < N; < §) < R] < N, <
$H<R=<---=<o0.

The first regeneration time 1 is defined, as in [25] and [26] (see also [33]), by

(3.14) 71 L inf{S; : S < 00, Ry = 00} < 0.
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3.3. Renewal structure and limit velocity. We first develop the main theorems
describing the renewal structure and then present a weak zero—one law, which says
that for any unit vector [, Po(A; U A_;) is either O or 1; see Proposition 3.6. We
then prove finiteness of Eo[l - X7,|D = o] under the condition Py(A;) > 0 (cf.
Proposition 3.7) and derive the existence of a possibly random asymptotic velocity
in Theorem 3.8. We begin with an easy lemma which refines (2.41).

LEMMA 3.2. Foranyl e 84", Py(A)) > 0 < Py(T_g = 00) > 0.

PROOF. In view of (2.41), we only need to prove that Pp(A;) > O implies
Py(T_g = 00) > 0. Assume by contradiction that P()(Tf}le = 00) = 0. Using trans-
lation invariance of P, and Fubini’s theorem, we see that for almost all w € Q

Pyo(T™ =00) =0 except on a Lebesgue-negligible subset of RY.
A calculation similar to (2.38) shows that for almost all @ and every x € R, we

have that Px,w(fie}e n < o0) = 1. The strong Markov property implies at once that
Po,w(fie;:R/z < 00) =1, P-a.s., for all Kk > 1. This contradicts Py(A;) > 0. O

In the sequel, we will use the following additional notation. For any / € §9~!,

(3.15) B déf{supl-xs :oo}.

s>0

From (2.41) and the definition of D [see (3.12)], we have of course for any [ €
Sd—l

(3.16) (D=oc}CA CB,  Pyas.

We will see later that if Py(A;) > 0, then A; = B;, Py-a.s.; see Theorem 3.5.
The next lemma shows that the first renewal time 7 is finite on the event B;, if
Py(A;) > 0.

. LEMMA 3.3. Considerl € S~ and assume Py(A;) > 0; then B C {11 < o0},
Py-a.s., with the notation (3.15).

The proof is similar to the proof of Proposition 2.7 in [26] and is included in the
Appendix for the convenience of the reader.

On the space © x C(Ry,R?) x {0, 1}Y, we introduce the sub-o-algebra § of
A ® Z that is generated by sets of the form

(3.17) {t1=m)N Op_i N{l- Xp—1 > a} N {Xm € G} N Fy,

where m >2,a €R, Op—1 € Zyy—1,G CR? open, F, € HizeRa: 1.2<a+R)}-
Loosely speaking, § contains information on the trajectories up to time 71 — 1
and at time 71 as well as information on the environment that has possibly been
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visited by the diffusion up to time 7; — 1. Note that no information between time
71 — 1 and 7 is included. This is crucial when one exploits the finite range depen-
dence property of the environment with the help of the coupling measure Py, as
we saw already in the proof of Lemma 3.3; see (A.2).

The next proposition is a variation on Theorem 2.4 in [26], and provides the
base for the renewal structure presented in Theorem 3.5.

PROPOSITION 3.4. Consider | in S~ ' and assume Po(A;) > 0. Then
for any x € R, any bounded functions f,g,h respectively Z, HieRd:1.7>—R)>
G-measurable, one has

A

E, [f(XTH" — XTI’ )\.rﬁ_.)g (¢} tXrl ]’llBl]

(3.18) R .
= Ex[h|B/]Eo[ f(X., 2.)g|D = 00],

with By as in (3.15) and t, the spatial shift; see the beginning of the Introduction.
[We will later see that A; = By, if Py(A;) > 0; see Theorem 3.5.]

PROOF. We only discuss the salient features of the proof, which is a variation
on that of Theorem 2.4 in [26]. As in the proof of this theorem, it suffices to prove
(3.18) for h = Lz,=m)1F, 10, LixneG)Lii-X,_1>a), Withm >2,a € R, O, €
Zm-1,G C R4 open, F, € %{ZeRd:l_ZSHR}, since (3.17) constitutes a 7 -system.
Note that there is a Om_l € Z,,_1, such that

{t1=m}N Op_1 NB; = 0p_1 N{Dob, =00)N6 (B
= Om-1N6,,'({D =00} N By)
= Ow-1N0,' ({D=00}),

where the last step follows from (3.16). As B; disappears from the calculations, the
rest of the argument is identical to the proof of Theorem 2.4 in [26]; see also [27].
O

On the event {t] < oo}, we define inductively a nondecreasing sequence of ran-
dom variables t; < 00, via

(319) Tt (X A)) B (X 20) + w(Xeygos A1), k> 1

We are able to reconstruct in our context an analogue of the renewal structure of
Theorem 2.5 in [26].

THEOREM 3.5. Consider [ in S~ and assume Py(A;) > 0. Then ﬁo -a.s.,
{D = 09} C A; = By = {1, < o0, for all k > 1} [recall (3.12), (1.9), (3.16)] and
under Py[-|A;], the random variables

def
(3200 7 =2 (X et nai—1) — Xos Xy — Xy Tep 1 — k), k>0,
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are independent. Moreover under 130[-|A1], the random variables Zy, k > 1 have
the same distribution as Zy under f’o[-lD = o0].

PROOF. We use induction over the index n > 0, of the filtration 4, def
o(Zo,...,Zy). From Proposition 3.4 and the fact that o9 C G [cf. (3.17)], we
know that for any C in the product o-algebra on C(Ry, R?) x RY x R, and any
bounded §o-measurable Ay,

(3.21) Eo[1z,ecyhol Bl] = Eolhol Bi1 Pyl Zo € C|D = .

It follows that on B;, 1 is ﬁo—a.s. finite, because ﬁo[rg < oo|B] = ﬁo[rl <
oo|D = oo] =1 by Lemma 3.3 and (3.16). Assume now that for some n > 1,
T, < 00, on By and that for any C as above and any bounded §,_1-measurable
hn_li

(322)  Eo[liz,ecyhn-11Bi] = Eolhu—1|Bi1Po[Zo € C|D = o0].

As above we see that ﬁ()[fn+1 < 00| B;] = 1. We will prove an identity similar
to (3.22) with (n+ 1) in place of n. By the definition of 7,41, §, N{r1 < oo} is gen-
erated by a 7 -system consisting of intersections between events in §o N {7] < 00}
and 0, 19,,,1. With Dynkin’s lemma (see [7], page 447), it suffices therefore to
consider bounded, §,-measurable functions 4, satisfying

(3.23) hp=hy-h,_10 érl, ﬁo—a.s. on {r] < 00},

for some bounded §p-measurable, respectively §,_1-measurable, functions s and
hy—1. Let us now prove the induction step with /4, as in (3.23). By Proposition 3.4,
we have for any C as above

Eo[1(z,,,ec)n|Bi] = Eo[(hn-11{z,ec}) © Oz, ho| Bi]

_ EolholB]
 Py[D=o0]

Let us admit for the time being that

(3.24)
o[Liz,ecthn—11{p=00}]-

(3.25)  hu—11{p=c0} is indistinguishable from a §,_;-measurable variable

and conclude the induction step. It follows from (3.22), (3.25) and the fact Py-a.s.,
{D = oo} C By [cf. (3.16)] that the left-hand side of (3.24) equals

(3.26) Eolho|Bi1Eolhn_11D = 00] Po[Zo € C|D = o).
Replacing C with C(R,, RY) x R¢ x R, we obtain
Eolhn| Bl = Eolho|Bi1Eolhn—1|D = oc].

Inserting this into (3.26) yields Eo[1(z,.,ec}hnlBil = Eolha|Bl1Po[Zo € C|D =
oo]. In other words, (3.22) holds with (7 4 1) in place of n. Note that the induction
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argument shows that if Py(A;) > 0, then ﬁo—a.s., B; C {1} < o0, forall £k >0} and
thus Iso—a.s., By = A; = {1ty < o0, for all k£ > 0}. [We will see later that in fact
130—a.s, A; = {11 < o0}, if Py(A;) > 0; cf. Proposition 3.6.]

It remains to prove (3.25): Observe that ﬁo—a.s., {D =00} = {T_R =00} =
{7~L Rr > 11}. Further it is clear that the last event is included in {D > 11}; see (3.12).
They are in fact equal Py-a.s., because the converse inclusions stems from the
following facts: {D > 1} N {rj = o0} isa 130 null-set by (3.16) and Lemma 3.3,
and {D > 11} N{r; <00} C{T_p>1 — 1}, Po-a.s. But on {1 < o0}, Py-a.s.
l - X¢—145 = 2R, for all s > 0, by construction of t;. Therefore (T_r>11—1}C
{T_R =00} C {T_R > 11}, ﬁ()-a.S.

We thus see that Pp-as., {D = oo} = {D > 11} = {D < 1; — 1}¢ which is
Go-measurable and thus /,,_11{p—cc) is indistinguishable from a §,,_|-measurable
variable. [

PROPOSITION 3.6 (Weak zero—one law, dAZ 1). Foranyl e S§4=1 py(A; U
A_) €{0, 1}. Moreover if Py(A;) > 0, then Py-a.s., By = A; = {t1 < 00}, where
By is defined in (3.15).

PROOF. Assume that Py(A;) > 0, and consider any L > 0. Let Hy, k > 0, be
the iterates of H&,L L © 61 + 1. We claim that Py[H; < oo, forall kK > 0] = 0.
Indeed, using the notation from Lemma 2.5, we see that

Po[{Hy < oo, forall k > 0} N B;]

< Po[ B " < oo, forallk>0and T, = oo}:| —0.
veN

From Theorem 3.5, we know that B; = A;, Py-a.s. and therefore we find
Po[{H; < oo, forall k >0}N B;]=0.

This proves the claim and as L is arbitrary, we see that Py[lim;_, o |l - X;| =
oo] =1, and hence Pyp(A; U A_;) = 1, under the assumption Py(A;) > 0. The
case where Py(A_;) > 0 is treated analogously and the 0—1 law follows. Finally
observe that under the assumption Py(A4;) > 0, we have that 130—a.s., {t1 < o0} =
({r1 <0} N AU ({1 <00} N A_;), where the second set in the union is empty.
Hence {11 < o0} C Ay, ISO—a.s. The converse inclusion follows from Lemma 3.3.

O

The next proposition proves that Py(A;) > 0 implies that / - X, has a finite
first moment under 130[-|D = 00]. In the discrete i.i.d. setting where the renewal
structure is technically less intricate (cf., e.g., [33]) and under the assumption that
[ is a coordinate direction, one can show a stronger result, namely the equality
Eoll - X¢,|D = o0] = Py[D = oo]~L; see, for instance, [36], Lemma 3.2.5. Let
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us now give an outline of the argument we use. We find an L > 0 for which
there is a positive lower bound, uniform in r > 0, for the annealed probability
that the interval [r, r + L] contains one of the [ - X, ,m > 1. This yields a pos-
itive lower bound on the linear growth in M of the expected number of renewal
points [ - X, smaller than M. But by the elementary renewal theorem this linear
growth coincides with Eo[l - X |D = 0o]~1. We thus obtain the desired upper
bound on Eo[l - X1,|D = 00]. Whereas the construction of an L as above is rel-
atively straightforward in the discrete setup, it is somewhat involved in the con-
tinuous setting because of the more delicate nature of the regeneration times. Let
us incidentally point out that the use of the elementary renewal theorem bypasses
the arithmeticity conditions of Blackwell’s renewal theorem used in [36]. This is
an advantage when working with a general direction / (both in the discrete and
continuous setups).

PROPOSITION 3.7. Consider I in S4~! and assume that Py(A;) > 0. Then
there is a constant co > 0 such that if L is large enough, for any r > 0 one has

(3.27) ﬁo[for somem > 1,1- X, €[r,r+ L]|A;] > co,
~ L

(3.28) Eo[l- X7 |D=00] < —.
co

PROOF. We first prove (3.27). Consider any r > 0,0 < § < 1—% and define T =
T+ Rr/4; see (2.2). The heart of the matter is to construct an event E [cf. (3.30)],
forcing the occurrence of some / - X, ,m > 1, in an interval. More precisely we
will show that

(3.29) 130—a.s., on the event E, some [ - X, ,m > 1, belongs to [r, r + 18R],

where E is defined as

R
E:{T<oo, sup | X —X7| < —,
se[T,[T7] 4

(3.30) sup | Xy — Xo — ¥ (s)] oy <38,

0<s<2
Ari42=1,Dof13 = OO},

and ¥ : R, — R is the function

SRls, s <1,

V) =Y spi4(s— D3RI,  1<s<2.

The intuitive idea behind the construction of E is the following (see Figure 3):
in essence after first reaching level r + R/4 at time T, the trajectory is forced—in
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r r+§

X

il R
Q R Xy T 7

Ty ' [ ! R/

XérTh X142

speed A=1

BX1T1+2

FIG. 3. A realization of the event E [cf. (3.30)] and the corresponding speed of the trajectory.

the next unit of time after [7']—to move SR “to the right” and—in the subsequent
unit of time—to move an additional distance R “to the right.” Then either [7']
coincides with a regeneration time, or as we will see, some time “of type V” [af-
ter suitable time shift, see (3.8)] occurs during the first interval [[T], [T] + 1].
Rounding up this time to the next integer yields [7T] + 1 and the constraints im-
posed on the trajectory during the second unit of time [[7']+ 1, [T] 4 2] as well as
on the Bernoulli variables, ensure that [7T] + 2 is “of type N”; see (3.10). Because
of the no-backtracking condition in E, [T] + 3 is then a regeneration time and we
have a good control on how far “to the right” the trajectory has moved at that time.

We now proceed with the proof of (3.29). Let 7, < [T],m > 0, be the last
regeneration time strictly before [7'], with m = 0 by convention when [T] =0,
which is a ﬁo—negligible event. We define

(3.31) k=sup{n>0:R, 00, + 1, <[T1};

see (3.11), (3.13) for the notation. On the event E, the following two cases can
occur:
(1) Either N1 06, + 1, < [T1], then we claim that

(3.32) Nis100y, + T+ 1=1,41=[T].

Indeed, according to the definition (3.14), (3.19) of 7,41, the first equality
in (3.32) automatically holds if Ry o 6, is infinite. Assume by contradiction,
that Rx4 o é,m < 00. By the definition of k, Ryyj o éfm 4+, > [T] and by

the definition of Ry [cf. (3.11)], the trajectory would have to return to level
« def

ur =1 .AXNk+loérm+Tm+l

Ni4106;, + 7, + 1 < [T and hence with the second condition in the definition

of E,u* <1l X — %. On E, however, after time [T], the trajectory always

— R strictly after time [7]. But under our assumption,

stays strictly above level [ - X771 — g. This contradiction proves that Ry 1 o 0y, is
infinite and hence the first equality of (3.32) follows. The second equality simply
stems from the fact that Ny 06, + 1, +1 < [T] < 1,41 in the considered case.
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(1) Or [T] < Ng410 é,m + 7,,; then we first note that [T = Niy1 0 érm + 1, 1S
ﬁo-negligible as{Arp=1}NEisa 130 null-set by (3.6). We claim that

(3.33) [T143=Tmtl.

To see this, we first determine below a random time N < [T] “of type T, R or N )’
serving as starting point for the construction of a new generation of stopping times
“of type V;” see Section 3.2. With k as in (3.31), we define

,O=Rk Oé[m +Tma _J
jO:sup{jEO:l\_[;SfT]}, N = _jo-

Since on E the trajectory visits a new half plane once it reaches level r + g, there

exists a smallest i > 0, such that V def Vi(a) o é]\'/ + N [where a equals either 3R
or M(p) — X, - I + R according to the type of N; cf. (3.8), (3.9), (3.11), (3.13)],
satisfies

[T <V < (Nig1 00, + ) A(TT+1D)
and
l~X[T" <l - Xy <l-X|'T'|+4R.

Notethat [V]=[T]+1# Njo+1 because /- (Xy1—Xv) > %; see also (3.9). But

the “next” V, namely V' def Viti(a) o éN + N > [T + 1, is reached by definition
of E near level / - X771+ 6R, and [V'] coincides with

Nig100n, + T =[T1+2,

since [ - (Xynq — Xy/) < § and Ar7142 = 1. We obtain that [7] + 3 is the next
regeneration time t,,41, since on E the trajectory never backtracks after [T] + 3.
This proves (3.33).

So far we have shown (3.29) and there remains to prove that the probability
ﬁo[E |A;] is bounded away from 0, independently of r. The claim (3.27) will then
follow. To this end, we observe that

0
~ ~ R
PENA] = E EEo,w[fﬂ =n, sup |l-(X;—X7)|<—,

b T<s<[T] 4

(3.34) sup |Xs — Xo—¥()| 06y <8, Angp2 =1,

0<s<2

Prol D o ria = 000,154 Zy 121 |
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With the Markov property (3.4) as well as (3.6) and the first inclusion in (3.16),
we find that for P-a.e. w

Py.o[D 0043 =00,0, 5 (A))|Zns2]

(3.35) = P} [Dob) =oo]

n+2,@
1
N m / Py’w[D - OO]jl{BanLZ}(y) dy.

We insert (3.35) into (3.34) and use the following facts:

(a) {Ang2 = 1} has probability ¢ and is independent of ¥, ® &,41; see
(3.3) and (3.4).

() o> Pool[TT=n,supyro; 11+ (Xs — X7)| < A, supg<s<2 | X5 — Xo —
W (s) 06, <8,y e BXn+2]is H(zeRd: 7.1<y.1—gR+s)-Measurable [recall the defini-
tion of B*, (3.1)]. w = Py o[ D = 00]is H,cpd. ;.;>y.;— gj-Measurable. Therefore
by the finite range dependence property (1.5) both maps are [P independent.

Moreover from Lemma 3.2, we have that Py[D = oo] > ¢ > 0 and hence we
obtain
PolE N Al ¢

0 ===
|B(0, R)|

> R
X Z[ dyEPo,w[fTT =n, sup |- (Xs—Xp)=<—,
= Jra T<s=[TT 4

sup | Xy — Xo— ¥ (s)|ob, <8, ye€ BX"+2]

0<s<2

x EPy ,[D = 0]

s R
zchEEo,w[fﬂ:n, sup |- (X5 —X7)| < —,
=0 T<s<[T] 4

Px,,,w[ sup Xy — Xo — ¥ (s)| saﬂ

0<s<2

> ecc’ (8, ) Po[T < 00] > ecc’(8, ) Po(A)),

where the constant ¢’(8, y) stems from the support theorem (see [2], page 25).
This proves (3.27).

We now prove (3.28). From Theorem 3.5, we know that [ - (er+1 - Xz),
m > 0, are independent under 130[-|A1] and have for m > 1 the same distribution
as [ - X, under ﬁo[-ID = oo]. Moreover 130[T1 < 00|A;] = 1. Thus the elementary
renewal theorem in the delayed case (see [24], Theorem 3.3.3) can be applied and
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yields
Eo[l- X4 |D =o0]™"
(3.36) .
. . Eolmax{m>1:1-X,, <kL}|A]
= liminf " >

k— o0 kL -
This proves (3.28). [

€0
R

We now turn to the main result in this section, which describes the limiting
velocity of the diffusion process.

THEOREM 3.8 (Limit velocity d > 1). There exist a deterministic direction
Iy € 971 and two numbers V4, v— >0, such that

. Xy
(3.37) Py-a.s., lim — = (v4 14, —v-Ta_, )k,

t—>o00 t

and P(A;, UA_;) € {0, 1}. (If this last quantity is 0, the velocity is 0 and thus the
values of vy, v_ are immaterial.)

PROOF. We first prove that for any fixed direction / € S?~!, there are nonneg-
ative numbers v;, v_;, such that

.- X
(3.38) Pp-a.s., lim — =y ls —v_la .

—>00

If Po(A; U A_;) =0, it follows from Corollary 2.6 that (3.38) holds with v; =
v_; = 0. In view of the weak zero—one law, Proposition 3.6, we only have to
consider the case Py(A; U A_;) = 1. We assume without loss of generality that
P(A;) >0.0n Ay, ﬁo—a.s., T < 00, k > 1 (cf. Theorem 3.5) and we define for
t > 0, a nondecreasing, integer-valued function k() tending to infinity Py-as.,
such that

Th(t) = < Tg(t)+15
with the convention 7y = 0. Observe that on A;, we have f’o—a.s.,
[ Xo — R k(1) - l-X, - RS, CHR —|—3Rk(z)+1.
k(1) Tky+1 k() +1 Tk(r)

By (3.28), the i.i.d. structure of the increments [ - (X — X;,_,), kK > 2, under
130[‘ |A;] (see Theorem 3.5) and the usual law of large numbers, we find

(3.39)

Xy .
(3.40) kli>nolo = Eo[l - X¢,|D = 00] < 00, Pol-|A;]-a.s.

(1) Either Eo[rl |D = 0o] = oo, and then the positivity and the i.i.d. structure
of the increments t; — tx_1,k > 2 (see Theorem 3.5) imply that %Zzzl T —
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Th—] —> 00, 130[-|A1]-a.s. Passing to the limit in (3.39), we obtain in this case
vy =01in (3.38).

(i) Or Eg[t)|D = 00] < o0;
(3.41) )

Eoll - X+ |D = 0]
Eo[ti|D = o0]
If P(A_;) is also positive, then the same argument determines v_;; otherwise we

set v_; = 0. This proves (3.38).
Applying (3.38) to a basis of R?, we obtain

(3.42) X/t — v, Py-ass.,

then we obtain v; = > 0.

where v is a random vector taking at most 2¢ values.

In the next step we show that in fact v takes at most two parallel and oppo-
site values. Indeed, assume that there are v;, vp noncolinear, nonzero vectors with
Polv=1v;]>0,i =1, 2. Define ¢; = h'jﬁ, i=1,2and

lo Eaer + (1 — e,

for o € (0, 1). From (3.42) and (3.38) we see that Py-a.s.,
vely = v, 14, — v, 14, for o € (0, 1).

Therefore if for some o € (0, 1), [, -v; > 0, fori =1, 2, then since 130[1) =v;] >0,
we find
(3.43) Iy - V1 =1y - V.
If we can choose « in a nonempty open interval such that [, - v; > 0,i = 1,2,
holds, we may take derivatives with respect to « in (3.43) and deduce
0=(er —e2)(v1 —v2)
= (e1 —e2)(Jviler — |v2]e2)
= —er-ex)(lvr] + [v2]).
By assumption, |e; - e2| < 1, which produces a contradiction. Let us check that
indeed [ - v; > 0,71 =1, 2, is true for « in a nonempty open interval:
ly 11 >0 <— [y-e1>0 — a>ﬂ,
l1—e1-e
1
ly >0 <— Ilj-eo0>0 — oa<—.
l—e1-e

Both bounds define a nonempty open interval as |e - €3] < 1. As a result, there is
an [, € S9! such that Po[v € RI,] = 1. The application of (3.38) with [, together
with (3.42) completes the proof. [
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4. Zero—one law when d = 2. In this section we prove that in the two-
dimensional case, for any direction [/, Py(A;) is either 0 or 1. Note that this re-
sult combined with Theorem 3.8 implies at once a law of large numbers, that is,
% converges Pp-a.s. to a deterministic velocity, which is possibly 0. Our strategy
is inspired by that of Zerner and Merkl in [37], where they proved an analogous
zero—one law for random walks in two-dimensional i.i.d. environments. Note that
Lemma 4.1 and the beginning of the proof of Theorem 4.2 are valid for all dimen-
sions.

We will use the following notation: for every environment w, we consider two
independent diffusions, called X, and Y,. Stopping times with superscript 1, re-
spectively 2, refer to X, respectively Y.. We define for w € Q, x, y € R? the prod-
uct measure P;‘fy = Py x Py, as well as Py y = EPffy. We recall that the first
entrance time in a set B is called Hp; see above (2.2). For every w € Q,x € R4
we write

4.1 r(x,w) =Py ol - X; — 00).

The basic idea is to first show that under the assumption Py(A; U A_;) =1, the
two diffusions starting, respectively, in 0 and yr, with / - y; large, are unlikely to
visit a same small ball located between their starting points; see Lemma 4.1. On
the other hand, when d = 2, if we assume that Py(A;) Po(A—_;) > 0, we can choose
yr such that for large L, the two diffusions intersect “between 0 and y;” with
nonvanishing probability, thus leading to a contradiction; see Theorem 4.2.

Lemma 4.1 relies on the fact that for every w, r(X;,w) and r(Y;, w) are
Py ,-martingales by the Markov property, and they converge to 14,, Py -a.s.
Loosely speaking, X. and Y. cannot meet in a region between their respective
starting points if they are far apart, because r(X;, w) and r(Y;, ) would have
to approach 1, respectively 0, in the same region.

LEMMA 4.1 (d > 1). Consider | € S~ and assume Po(A; U A_;) = 1. Then
for any sequence yr, L > 4R, satisfying | - y; > 3L, we have

“4.2) Lli_)moo Poy, [there exists 2 € 8(L 1.y, —1): H};(Z’R) < 00, Hé(Z’R) < oo] =0.

PROOF. The considered set in (4.2) is measurable because it suffices to con-
sider a countable, dense subset of §(; ;.y, —1) in the union, since we use entrance
times into open balls. For any integer L > 4R, its probability is bounded from
above by

PO[EIZ €81y ~L): Hé(Z’R) <oo, sup r(y,w)< %}
yeB(z,R)
4.3)

+ Py, [Elz €L iy —L): Hé(Z’R) <oo, sup r(y,w)> %i|
Y€B(z,R)
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By Harnack’s inequality (see [8], page 250), we have infycpi r)yr(y, ) >
CSUPyep(z R) r(y, w) and since Pp(A;UA_;) = 1, the expression in (4.3) is smaller
than

1
PO[EIZ €8Iy —L): H}}(Z’R) <oo, sup r(y,w)< -, Al]
yeB(z,R) 2

+ Po[Tp—r <00, A_]
4.4)

. g2 : ¢
+ PyL [HZ € /S(L,lyL—L) . HB(Z,R) < 00, yeér(lgR)r(y, Cl)) 2 E, A_[}

+ Py, [T™ g <00, Al
The second and last terms converge to 0 as L — oo. The first term is smaller than

L—-R
1
POI:H{ZE/S(L—R.I;VL—L-O—R) : r(z,a))<1/2} < OO, Al’ TL_R > 216 ]

4.5)

+ P [T < L= R}
0| IL-R = YAl
where K, defined in (1.2), denotes a uniform bound on the drift. From the mar-
tingale convergence theorem we know that lim;_, o ¥ (X;, @) = 14,, Py »-a.s. This
implies that the first term of (4.5) tends to 0 as L — oo since Py -a.s.,
L—R |
{__ <H <00, Al}

K {z€8(L—R 1y, -L+R) 1 T(Z,0)<1/2}
1
C{ inf (X5, o) <=, lim r(XS,a))zl}.
s>(L—R/2K) 2 s—o0

The second term of (4.5) tends to 0 by Bernstein’s inequality (see [2], Proposi-
tion 8.1, page 23). Using translation invariance, the third term in (4.4) is treated
similarly. [

THEOREM 4.2 (d =2). For any directionl € st

(4.6) PolA;] € {0, 1}.

PROOF. Assume by contradiction that Py(A;) Po(A—;) > 0. For any integer
L > 4R, we denote with ['y the probability in (4.2) and recall that R is defined
in (1.5). We claim that there exists a sequence y;, > 3L, with L > 4R such that
4.7) liminfI"; > 0.
L—o00
This with (4.2) yields a contradiction and Theorem 4.2 will follow. We already
specify that y; - [ = 3L 4 22R. The component orthogonal to / will be chosen
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in Lemma 4.3 below; see (4.28) and (4 31) In the first step we will use inde-

pendence to separate the inner slab J§ L = /S(L+13/2R I-y,—L—13/2R) from the half-
spaces {x € R:x.1<L) and {x € Re:x-1>1- yr, — L}. To achieve this, we
use the coupling measure P‘“ starting at x for the direction / on the enlarged

path-space C (R, Rd) x {0, 1}N; see Section 3.1. For the direction —/, we denote
the coupling measure starting at y with P, ,,. We introduce the product measure

ﬁ;‘jy =P X ﬁy’w. The Bernoulli variables, respectively, associated with X. and

Y. are called 1! and A2, and I-C’x,w()h1 =1)= f’y,w(kz =1)=¢. Forany L > 4R,
we define the events

-~ R
DIZ{TLYIBLI<T£C#1’ sup ‘XS—XTrel,l‘f_},
Tzel,lfsfrTzel,l-l L 2
(4.8)
D2 _ Trel,Z < Tre1,2 su ‘Y _ Y- ‘ < 5
=11-L R p sTAfE =5

Trel 2< <|—Trel 2-|

and recall that Ty, denotes the exit time from J4; . For any L > 4R, we have the
following lower bound for I';, obtained by controlling the trajectories of X. and Y.
ina symmetric way before we (almost surely) send them into the inner slab 74§,
by requiring )‘rT 1 ,. toequal 1 [cf. (3.6)]:

rTie"
I, >EPC [D' AL =1,D% 12 ., =1, 3z €T5,
— » YL [TL rs
1 2) 1 A
4.9) HB(z,R) OG[TL1]+1 < TJ/SL o 9|—TL1-|+1,

2 N
HB(Z,R) (¢] e[fiei,Z 141 < Tj)SL o 6 rel 2—|+1]

With property (3.4), the latter expression equals

2 f 1 12
(4.10) e’EEG, [D', D ,g(a),xrm,lfr reﬁ)]
where for w € Q, u, v € R?, we have defined
g(w,u,v)
@.11) = B BT 32 €08, HY L gy 0 < Ty, o6,

HB(Z R)001<Tj/3 091].

Using the fact that under P u »» X1 1s uniformly distributed on the ball B¥ = B(u +

9RI, R), and accordingly under PU »» Y1 1s uniformly distributed on the ball BY def

B(v —9RI, R) [cf. (3.6)], we obtain from (4.11), forany w € Q, u, v € R4,

@12) g = o [ h,x 3 en 1 egy dxdy,



1116 L. GOERGEN

where forw € Q2,x,y € R4, we have defined

For x € /5(L+(15/2)R,L+(21/2)R) and y € /g(l~yL—L—(21/2)R,l~yL—L—(15/2)R), w =
h(w,x,y)is Hqyg, C H B AR sdR) -measurable. On the other hand, the map

X ~Y arel,
wr PY, [D', D> xeB M1 yeB ™)
1S H( cRd: 1.2<l.x—TR)U{zeRY : [.z>1.y+7R) Measurable. Hence, when we insert (4.12)
into (4.10), finite range dependence [see (1.5)] yields

82

L= B0, R
(4.14) ’

1 Xy 2 =Ygl 2y
X Po[D',xe B "i|Py, [D*,ye B "-L '|Eh(w,x, y)dxdy,

where the double integral in fact is only over /3(L+(15/2)R L+Q21/2)R) X
/3(1 -y —L—Q21/2)R,1-yp —L—(15/2)R)- This stems from the definition of B” and B"
and the fact that on the event D', L — § <I- [Tﬂ <L + and simi-

larly on D? for Y[Trel 29 Observe that for any x € 5(L+(15/2)R,L+(21/2)R),y €
L

5(1.yL—L—(21/2)R,1~yL—L—(15/2)R), we have

(4.15)  Eh(w,x,y)=1—EP® inf X, — Y| zzR]

Y [OfngjlgL,OgthfgL

Using a discretization with cubes of side-length N/ of the sets X[O,leg ) and

L
Y T2, 1 and with the help of finite range dependence, we see that (4.15) is larger
AL
than

(4.16) e, y) &P, x Py[ inf X, — Y| < R]

1 2
OgssTm,OstsTw

In view of (4.14) and (4.16), we have thus obtained the following lower bound for
the initial probability: for any L > 4R,

e2cPy[T-g = 00] Py[ Tg = oc]
|B(0, R)|?

X // p{(B(x —9IR, R))uy; (B(y — yL +9IR, R))fz(x,y)dxdy,

L=
4.17)

where

(4.18) ;Lj(-)zpo[xwe.ml] and M;(-):PO[Y[TEHHDZ],
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with D', D? defined in (4.8) and where the positive constant ¢ is a lower bound
for Pz,w[SUPTLgsngL] |XS - XTLI = %]Pz’,w[supfil‘ﬁyf[fid |Xs - XfLLl = g],
stemming from the support theorem (see [2], page 25).

The conclusion of the proof relies on the following lemma.

LEMMA 4.3 (d =2). If Po(A;) Poy(A—;) > 0, then there exists p € (0, 1), such
that for any integer L > 4R, there are two measurable sets A*, A~ C R? and a
point yp € R2, with [ - yr > 3L, for which

(4.19) fz(x, y)>p whenever x € AT and yeA™

and
(4.20) /A+ MZ(B(X —9I[R,R))dx > p, /A* wy (B(y —yrL +9IR, R))dy > p.

MJLF Wy are defined in (4.18).

PROOF. Choose ¢5 € S with ey -1 =0. Leta, e R, k=1,2,3, be respective
%—quantiles of the “second marginal” of MJLF, chosen to be the smallest number
such that ,uJLF(Rl + (—o00, arler) > ’;i. Let by e R, k =1, 2, 3, be the correspond-
ing quantiles for u; . Define Ay = [ax—1, akl, Bx = [br—1, bi], k = 2, 3. Choose
i, j €{2,3} such that |A;| = min(|A2|, |A3]), |B;| = min(|B>|, |B3|). We define
for integer L > 4R,

421) AT =[L+BR L+3R]l+ai_1 —U,a;+Ule,
422) A =[-L—3R —-L—-BRI+[bj_1 —U,bj+Ulex + yL,
where U = Y2R (half the side-length of a square fitting into a ball of radius R)

and where we recall that y; -e; = 3L +22R. The component yy, - e will be chosen
below (4.28). It is easy to check that

fA+ wi(B(x —9IR, R))dx

>4U%uf([L—3R+U,L+3R - U]l +lai-1,ailez)
>U?,
where we recall that the first marginal of MJLF is supported by 5(L_ R/2,L+R/2)- The
same lower bound holds for [, np (B(y —yL +9IR, R))dy. This proves (4.20).
We next show (4.19). Adding the following two inequalities a3 — a; >

2|A;l, b3 — by > 2|B|| yields (a3 + b3) + (—ay — by) > 2|A;| + 2|B;|. Therefore
at least one of the two following inequalities must hold:

(4.23) az + bz > |A;| +|Bjl, case I,
(4.24) ar + by < —(A;|+|Bj), case II.
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Let us now examine case I. We derive a lower bound for fz(x, y) defined in
(4.16) by producing a crossing of the trajectories of X and Y in a way that
brings into play D' and D? [defined in (4.8)]. This allows us to use the mea-
sures uzL, u; and their quantiles to estimate the crossing probability. For L > 4R,

x € 8(L+15/2)R,L+21/2)R) and y € 8(1.y, —L—(21/2)R,I-y,—L—(15/2)R)"

h(x,y) > Py x Py [D Xy e2>y e+ R,

R
su |X—X()—9ZRS|09 rel, 1 E_,
sfll) ’ ’—TL -l 2
(4.25)
DZ,Y -ep>x-ep+ R,

7751

R
sup |Ys — Yo — (— 91RS)|09|—Tr512 _51|

s<l1

Indeed, on the above event (see Figure 4), the set F 4 def [L + 13R, L +

2—21R]l—|—(—oo, ez-x+7]e2 is connected to the line {z € R2:].7 =l-yr —L—1—23R}

by a part of the trajectory of X., that leaves the slab J8; = 8(1.4.(13/2)r, yL—L—(13/2)R)

through the ‘right” boundary without entering the set #4§, def [yr — %R,

vy — L — 2 R]l + (—00,e3 -y + 2]82 containing y. This part of the trajectory
divides the set I8, \ F#48, and gives rise to two connected, unbounded compo-
nents, the lower one containing y. As the trajectory of Y. leaves the slab J&
through the “left” boundary without entering F#4, it has to intersect the part of
the X.-trajectory separating the two connected components.

So we can bound h(x y) using the conditional measures ,uL wy . Indeed
with the support theorem (see [2], page 25) and translation invariance, it follows

L+9R

N 1S

.

=4

oy —L— 2L L 13
L+ L+ZR lyp,—L—%4R lyp,—L-LR

FIG. 4.
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from (4.25) that
fi(x, y) > cPo[T7h = 00] Po[TE! = oc]
x g R+ ((y = x)e2 + R, 00)ez)uup (Rl + ((x = y)ez + R, 00)ez).

If we choose y;, - e; such that forall x e AT,y e A~

4260 (y—x)-er<a3+20%a and (x —y)-er < by +2U s,

then we obtain forallx e AT,y € A™:
h(x,y) = puj (Rl + (a3 + R, 00)e)uy (Rl + (b3 + R, 00)er),

with p = cP()[f"ieIle = oo]Po[TIreel =o00] > 0, by Lemma 3.2.
It remains to be checked that (4.26) is possible for suitable yy, - e and that

) liLminf,u;f(IR{l + (a3 + R, 00)ez) > 0,
—00

42 ~
.27 (i) liLminf,uz(Rl + (b3 4+ R, 0)ez) > 0.
—00

We first see from (4.21) and (4.22) that (4.26) is satisfied forall x € AT, y € A~ if

yvo-ex+bj+U—a;_1+U=<az and
(4.28) -
ai+U—yr-e2—bj_1+U =< bs.

Hence we have to choose y, - ey in [a; —bj_1 — b3,a;—1 — bj + a3], which is
possible since (a; —a;—1) + (b; —bj_1) < a3 + b3 in case [ see (4.23).
Finally let us check (4.27). For any L > 4R, we have [cf. (4.18)]

3R ~
(4.29) MZ(RZ + (a3 + R, OO)ez) >chy |:XTL -ex>az+ DR T < T_R],

using the support theorem and the strong Markov property. The function x —

Py ol X1, -0 >az+ %R, T; < T_g] is L,-harmonic in the box (—3TR, 3TR)I +
(=R, 2U + 3R)e>. Thus, Harnack’s inequality (see [8], page 250) implies that for

some constant ¢ > 0, the left-hand side of (4.29) is bigger than

- 3R ~
CEP(2U+2R)e2,w[XTL -ep>as+ DR T < T—Ri|

transl. inv.

R -
(4.30) cP()[XTL -er>az — 7 T < T_R:|

> cPo[Xr1,1- €2 > a3| D' Po[D'],

and finally the support theorem and the definition of a3 yield

Lemma 3.2

1 (R4 (@3 + R, 00)ez) > cPo[T-g=00] ~ > 0.
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This proves (4.27)(i). We show (4.27)(ii) in the same way. In case II [cf. (4.24)],

crossings are produced by requiring instead X rprelly €2 < Y- e2— RandY el
L —L

ey < x-ey — R in (4.25). Moreover yy, - ez has to be chosen in such a way that for
alxe AT, ye A,

4.31) (y—x)-e2>a;—2U and (x—y)-ex>b;—2U.

These conditions are satisfied when y; - e> € [a1 +a; — bj_1,a;—1 — bj — b1],
which is nonempty under (4.24). The rest of the argument has to be adjusted ac-
cordingly. This completes the proof of (4.19).

We have now proved (4.7) and as noted before Theorem 4.2 follows. [J

APPENDIX

We now give the proof of Lemma 3.3.

PROOF OF LEMMA 3.3.  Define the event Ag = {supg—;<; I/ - (X5 — Xo)| >
g}. The support theorem ([2], page 25) shows that there is a constant ¢ > 0, such
that Py ,(Ag) < 1 —c, forall x e R, w € Q.

On the event By [cf. (3.15)], for any a > 0, all the stopping times Vi (a), k > 1,
are finite [recall (3.8)]. For simplicity, we drop a from the notation. Define Ay =
{Vi < 00, SUPY, <5 <[V, ] Il (X5 — Xv)| > %}. On the event B;, Nj is finite Py-a.s.,
because for n tending to infinity,

n n—1
Po[ N Ak} < EEo,w|: [12a van,w[AO]} <(1-o""=30.
k=1 k=1

With the help of the strong Markov property, we obtain iteratively
Py[Ny < oo forall k > 1|B;]=1.

The next step is to observe that on the event B;, Ny is finite lA’o—aA.s. Indeed, for any
n > 1 using independence of A ; and F; ® 4| with respect to Py ,, [cf. (3.4)], we
obtain

P.[B; N {N; = 00}]

< Po[Ny < 00,5, =0, forall m <n]

=2130[1\~/m <o00,A5 =0, forallmfn—l,Nn=j,kj=O]
jeN —
€EF;®8;-1 €4

induction n
1—-8)"—0 asn — oo.

Again, by the strong Markov property, we see that on the event By, if Ry < oo,
then Niy1 = Ni(ax) o Og, + Ry is finite. a; is not time-shifted in the formula
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for Niy1 [recall (3.13)]. The assumption Py(A;) > 0 and Lemma 3.2 ensure that
Py(D = 00) > 0. In the next step we show that since Py(D = oco) > 0, the path
cannot backtrack a distance R after time Ny + 1 for every k > 1

ﬁo[{Rk <o} N B < ﬁ()[Nk <o0,Do éNk-H < OO]
(A.1) N ~ ~
=EPy,o[Nk <00, Py, [Py} ,[D <oel]l.

The last equality follows from (3.4). From (3.6), we see that for any x € R weQ,

ﬁxl,w[ﬁ))a,w[D < OO]] Py,a)[D < ooldy.

1
1B, B /B
Inserting this expression into (A.1), we find that for k > 1

Po[{Ri < 00} N By)
(A.2)

1 / A X
<——— | E[Pyo[Nk <00,y € B*M]P, ,[D < c0]]|dy.
|B(0, R)| [ Y |

The random variable w +— f’oyw[Nk <00,y € BXNk] is measurable with respect
to H(;:;.1<y.1—4R), because of [27], equation (3) therein, and the fact that for any
m > 1, there is a U,, € Fn @ 8—1, with Uy, C {sup,,,, [ - X; <1 -y — TR},
such that {Ny < o0,y € BXNi} = Um>1Umn N {Xy = 1}. The random variable
wt> Py o[D <oo]l=1- Py,[D= oo] is measurable w.r.t. Hiz: z1>y.1—R)- Thus
we can use the finite range dependence property (1.5) and obtain

Pol{Rx <00} N Bl < Po[Ni < 0] Po[D < <]

< Py[Ri—1 < 0] Py[D < c]

induction k
Py[D < o] —0 as k — oo.

We conclude that ﬁo[for some j > 1:N; < Rj = 00|B;] = 1, or in other words:
Polti <oo|Bi1=1. O
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