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A CONSTRUCTION OF THE ROUGH PATH ABOVE FRACTIONAL
BROWNIAN MOTION USING VOLTERRA’S REPRESENTATION

BY DAVID NUALART!' AND SAMY TINDEL?
University of Kansas and Institut Elie Cartan Nancy

This note is devoted to construct a rough path above a multidimensional
fractional Brownian motion B with any Hurst parameter H € (0, 1), by means
of its representation as a Volterra Gaussian process. This approach yields
some algebraic and computational simplifications with respect to [Stochastic
Process. Appl. 120 (2010) 1444-1472], where the construction of a rough
path over B was first introduced.

1. Introduction. Rough paths analysis is a theory introduced by Terry Lyons
in the pioneering paper [13] which aims to solve differential equations driven by
functions with finite p-variation with p > 1, or by Holder continuous functions
of order y € (0, 1). One possible shortcut to the rough path theory is the follow-
ing summary (see [9, 10, 14] for a complete construction). Given a y-Holder d-
dimensional process X = (X (1), ..., X(d)) defined on an arbitrary interval [0, T'],
assume that one can define some iterated integrals of the form

ey XSG, yin) =f dXy, (i) dXu,(i2) - -d Xy, (in),

<up<---<up=<t
forO<s<t<T,n<|l/y]andiy,...,i, €{l,...,d}. Aslong as X is a non-
smooth function, the integral above cannot be defined rigorously in the Riemann
sense (and not even in the Young sense if y < 1/2). However, it is reasonable to
assume that some elements X" can be constructed, sharing the following three
properties with usual iterated integrals (here and in the sequel, we denote by
Skt ={(u1,...,ux):0<uj <--- <up < T} the kth order simplex on [0, T']):

(1) Regularity: each component of X" is ny-Holder continuous [in the sense of
the Holder norm introduced in (11)] foralln < [1/y | and Xi, =X; — X;,.

(2) Multiplicativity: letting (6X™)syr := X5 — X, — X0, for (s,u,t) € S3,7, one
requires

n—1
) XM sur (i1 vin) = Y XpaG, )Xo Gyl -0 ).

ni=l1

Received September 2009; revised June 2010.
1 Supported in part by the NSF Grant NSF0063812.
2Supported in part by the ANR Grant ECRU.
MSC2010 subject classifications. 60H05, 60H07, 60G15.
Key words and phrases. Rough paths theory, fractional Brownian motion, multiple stochastic in-
tegrals.

1061


http://www.imstat.org/aop/
http://dx.doi.org/10.1214/10-AOP578
http://www.imstat.org
http://www.ams.org/mathscinet/msc/msc2010.html

1062 D. NUALART AND S. TINDEL

(3) Geometricity: for any n,m such thatn +m < |1/y Jand (s, t) € S, 1, we have

3) X3 Gty i)XRG ) = D XKL ),
keSh(i, j)
where, for two tuples 7, j, X, 7) stands for the set of permutations of the in-
dices contained in (z, y), and Sh(z, ) is a subset of X7 7) defined by

Sh(i, j) = {0 € X, j); o does not change the orderings of 7 and j}.

We shall call the family {X™; n < |1/y]} a rough path over X (it is also referred
to as the truncated signature of X in [9]).

Once a rough path over X is defined, the theory described in [9, 10, 14] can be
seen as a procedure which allows us to construct, starting from the family {X™; n <
[1/y]}, the complete stack {X™;n > 1}. Furthermore, with the rough path over
X in hand, one can also define rigorously and solve differential equations driven
by X.

The above general framework leads thus naturally to the question of a rough
path construction for standard stochastic processes. The first example one may
have in mind concerning this issue is arguably the case of a d-dimensional
fractional Brownian motion (fBm) B = (B(1),..., B(d)) with Hurst parameter
H € (0, 1). This is a Gaussian process with zero mean whose components are in-
dependent and with covariance function given by

E(B/()Bs() = 3"+ =1t —sP™), 5,1 €Ry.

For H = % this is just the usual Brownian motion. For any H € (0, 1), the variance
of the increments of B is then given by

E[(B,(i)— B;())*]=t—s)*, (s.0)€Sur.i=1,....d,

and this implies that almost surely the trajectories of the fBm are y-Holder contin-
uous for any y < H, which justifies the fact that the fBm is the canonical example
for a rough path construction.

The first successful rough path analysis for B has been implemented in [5] by
means of a linearization of the fBm path, and it leads to the construction of a
family (B, B2, B3} satisfying (1), (2) and (3), for any H > 1/4 (see also [8] for
a generalized framework). Some other constructions can be found in [8, 16, 19]
by means of stochastic analysis methods, and in [21] thanks to complex analysis
tools. In all those cases, the barrier H > 1/4 remains, and it has long been believed
that this was a natural boundary, in terms of regularity, for an accurate rough path
construction.

Let us describe now several recent attempts to go beyond the threshold H =
1/4. One should first quote the interesting paper [15], where a general construc-
tion of a rough path is performed by means of a discretization procedure. However,
the rough path constructed in this reference is only defined on dyadic points, and
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then extended to any real positive number by an abstract analytic result. The com-
plex analysis methods used in [20] also allowed the authors to build a rough path
above a process I called analytic fBm, which is a complex-valued process whose
real and imaginary parts are fBm, for any value of H € (0, 1). It should be men-
tioned, however, that )i[" and JI" are not independent, and thus the arguments in
[20] cannot be extrapolated to the real-valued fBm. Then a series of brilliant ideas
developed in [22, 23] lead to the rough path construction in the real-valued case.
We will try now to summarize briefly, in very vague terms, this series of ideas (see
Section 3 for a more detailed didactic explanation):

(i) Consider a smooth approximation B¢ of the fBm B and the corresponding
approximation B™¢ of B". Clearly B™# satisfies relation (2), but may diverge as
& — 0 whenever H < 1/4. Then, one can decompose B};* as Bj;® = Al;® + C5;°,
where C™¢ is the increment of a function f, namely C5;° = f; — fs, and A™®
is obtained as a boundary term in the integrals defining B™®. As explained in
Section 3, a typical example of such a decomposition is given (for n = 2) by
A% (i1, in) = —BE(i1)8BE,(ia) and C%F(iy, ia) = [ BE(i1) d BE(iz), and in this
case f;(i1,ip) = fé B:(i1) d B/, (i2). Then it can be easily checked, thanks to the
relation C§;° = f; — fi, that C;° — C™¢ — CJ;° = 0 for any (s, u,t) € S3,7. This
means that replacing BY;® by A§;* = B™¢ — C};® does not affect the multiplicative
property (2) of B™¢. On the other hand, the boundary term A};® is usually easily
seen to be convergent as £ — 0 to some limit AY,. Then, the limit AY, should fulfill
the desired multiplicative property, but it does not exhibit the desired Holder reg-
ularity (kH)~. It should also be noticed that AJ;® is not the only function of two
variables sharing the multiplicative property with B™¢. We refer to Section 3 for
further details, but let us mention that another possibility for n = 2 is the boundary
term § X, (i1) X7 (i), which is easily seen to satisfy relation (2).

(ii) The essential point in Unterberger’s method is then the following: carry
out the above program for some given regularizations of the fBm path. Then, it
turns out that there is a choice of boundary terms such that their sum satisfies
the desired Holder and multiplicative properties. This idea has been successfully
implemented in [22, 23], providing an explicit construction of a rough path asso-
ciated to B. However, this construction is rather long and intricate, because the
changes in the order of integration in the multiple integrals are coded by admissi-
ble cuts in some trees associated to multiple integrals. This language, well known
by algebraists [3, 6], numerical analysts [2, 12] and theoretical physicists [4], may,
however, sound difficult to the noninitiated reader.

The purpose of the current paper is to take up the program initiated in [22], and
construct a rough path over B in a rather simple way, using the stochastic integral
representation of the fBm as a Volterra Gaussian process. We know that (see [18],
Proposition 5.1.3, for a justification) for H < 1/2, each component B(i) of B can
be written as

@) B.(0) :/RK(” WdW, (@), 120,
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where W = (W (1), ..., W(d)) is a d-dimensional Wiener process, and where the
Volterra-type kernel K is defined on Ry x R by

1/2—H
K(z,u)ch[G) (t —u)H=1/2

1 _ Loy —
n <§ —H)ul/z H/ wH=320) iy H 1/2dv]1{o<u<z},
u

with a strictly positive constant ¢y, whose exact value is irrelevant for our pur-
poses. Then we show that the simple trick described at point (ii) above can be
applied in a straightforward way using the Volterra representation, leading to a
simple general formula for the multiple integrals B™. To be more specific, let us
describe the main result of this paper.

&)

THEOREM 1.1. Let B be a d-dimensional fractional Brownian motion with
Hurst parameter H € (0, 1/2), admitting representation (4). For 2 <n < |1/H],
any tuple (i1, ..., i) of elements of {1, ...,d}, 1 < j<nand (s,t) € So.1, set

Hn,j . .
Bstj(ll9 "'711’1)

. j_l
©) =0/ [ TR GuIK @) = K s.u))

J =1

n
x [T K u)dWy,@ir)---dWy, @in).
I=j+1

where the kernel K is given by (5) and A;? is the subset of [0, t]"* defined by

AT ={(u1, ... un) €10, 11"
wj=min(uy, ..., uy), U1 >--->uj_janduji) <--- <Up}.

Notice that the multiple stochastic integral in (6) is understood in the Stratonovich
sense, and is well defined as a L*>(Q2) random variable as long asn < |1/H . Set
also th(i) = B;(i) — By(i),and for2 <n < |1/H],

n
() BY (i1, vin) = ) By (1, ).
j=1
Then the family {B™; 1 <n < |1/H |} defines a rough path over B, in the sense

that B" is almost surely ny -Hélder continuous for any y < H, and that it satisfies
relations (2) and (3).

As announced above, formula (6) defines in a compact and simple way the (sub-
stitute to) iterated integrals of B with respect to itself. Furthermore, this formula
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also yields a reasonably short way to estimate the moments of BY,, and thus its

Holder regularity. It should be mentioned, however, that our construction is not as
general as the one proposed in [23], though it can be extended to a broad class
of Gaussian Volterra processes. More precisely, the reader can check that the only
properties of the kernel K used in this paper are

IK(t, )| < CL(t —w)" V2 4 w7121 and  |8,K(t,u)| < C(z —u)" 3/

for any H € (0, 1/2) and for some constant C > 0. It is also worth mentioning at
this point that our representation (7) of B™ is adapted to the past of the path B.

It is hard to compare our main result with the one given in [15], due to the ab-
stract nature of the latter. We can, however, say a few words about the relationship
between the processes B™ we have produced and the pathwise ones constructed
in the aforementioned references [5, 8, 16, 21], as well as with the recent objects
introduced in [23].

(i) When 1/4 < H < 1/2, let us denote by B%P (where p stands for pathwise)
the double iterated integral constructed in [5, 8, 16, 21]. Notice that these integrals
all coincide as limit of Riemann sums (a fact which is mentioned in [17]). One has
then to distinguish two situations:

(1) For H = 1/2, a slight extension of our construction also allows to define B>
for Brownian motion, and it is readily checked in this case that B coincides with
the usual Stratonovich double iterated integral.

(2) When 1/4 < H < 1/2, we know that §B™ = §B™P, and it can be seen from
this relation that B™ and B™P only differ by the increment of a function f. This
nontrivial correction term is identified at Section 5. Notice that the correction term
for B3 could be identified as well, but we did not include these computations for
the sake of conciseness.

(ii) For H < 1/4, we shall see that our iterated integrals can be considered un-
der the framework of the rough path constructions by Fourier normal ordering
contained in [23]. As mentioned above, our main result gives a more direct an
elementary (though less general) representation of the iterated integrals. This rep-
resentation only uses direct (as opposed to Fourier) coordinates and is adapted
with respect to the underlying fBm B. All these considerations will be developed
at Section 5.

Here is how our article is divided: some preliminary results, including alge-
braic integration vocabulary, some estimates on the kernel K and It6—Stratonovich
corrections, are given in Section 2. Then the basic ideas of the construction are
implemented in Section 3 on second order iterated integrals. This section is thus
intended as a didactic introduction to the construction, and could be enough for a
first quick glimpse at the topic. Then we give all the details concerning the general
iterated integral definition and prove Theorem 1.1 in Section 4. Finally, Section 5
establishes some links between our integrals and other well established iterated
integrals for fBm.
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2. Preliminaries. This section is first devoted to recall some notational con-
ventions for a special subset (called set of increments) of functions of sev-
eral variables. These conventions are taken from the algebraic integration theory
as explained in [10, 11]. We will then recall some basic estimates on iterated
Stratonovich integrals with respect to the Wiener process, which turn out to be
useful for the remainder of the article.

2.1. Some algebraic integration vocabulary. The current section is not in-
tended as an introduction to algebraic integration, which would be useless for
our purposes. However, we shall use in the sequel some notation taken from this
method of rough paths analysis, and we shall proceed to recall them now.

The algebraic integration setting is based on the notion of increment, together
with an elementary operator § acting on them. The notion of increment can be
introduced in the following way: for an arbitrary real number 7 > 0, a vector
space V, and an integer k > 1, we denote by S 7 the kth order simplex on [0, T'],
and by Cr(V) the set of continuous functions g:Sk,r — V such that g;..,, =0
whenever #; = t;4| for some i < k — 1. Such a function will be called a (k — 1)-
increment, and we will set C,.(V) = Uy~ Ck (V). The operator ¢ alluded to above
can be seen as an operator acting on k-increments, and is defined as follows on
Ck(V):

k1 _
(8) 8:Ch(V) = Cis1(V), Byt = D (=D &y

i=1
where #; means that this particular argument is omitted. Then a fundamental prop-
erty of &, which is easily verified, is that 6 = 0, where 84 is considered as an
operator from C (V) to Cr42(V). We will denote ZC (V) = Cx (V) N Kerd.

Some simple examples of actions of &, which will be the ones we will really
use throughout the paper, are obtained by letting g € C; and & € C;. Then, for any
(s,u,t) € 83,7, we have

) (68)st =81 — & and  (8h)gur = hst — hgu — hus,

and in this particular case, it can be trivially checked that for any g € Cy, one has
88g = 0. Conversely, any h € ZC; can be written as 4 = g for an element g € Cy.
In the sequel of the paper, we shall write for two elements i!, h%2 € C,

(10) B ZEp2 it h'=n?4+z  withze ZCh.

Otherwise stated, h! == h2 iff sh! = Sh2.

Notice that our future discussions will rely on some analytical assumptions
made on elements of Cr(V). Suppose V is equipped with a norm | - |. We mea-
sure the size of the increments by Holder norms defined in the following way: for
g€Cr(V)let

| st
(IT) liglly= sup
: (s,nesyp 1t —sI*

and  Cy (V) ={g €Ca(V); llgll < o0}.
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With this notation, we also set CIM(V) ={feCi(V); I6flx < oo} (notice that the
sup norm of f is not taken into account in this definition). In the same way, for
heC3(V), set

|hsut|
(12) Ially,p= sup ——F—,
e (sau.)eSyp U — sV |t —ul?
(13) Al = inf{z Iill propo—pis h =Y _hi, 0 < p; < M},
; i

where the last infimum is taken over all sequences {#; € C3(V)} such that h =
> _; hi and for all choices of the numbers p; € (0, ). Then || - ||, is easily seen to
be a norm on C3(V), and we set

Cy (V) :={h € C3(V); | hll < 00},

In order to avoid ambiguities, we shall denote by N[ f; Cj-l (V)] the u-Holder norm
(or semi-norm) on the space C;(V), for j =1, 2, 3.

The lemma below, borrowed from [10], Lemma 4, will be an essential tool for
the analysis of Holder-type regularity of our increments:

LEMMA 2.1. Letk >0and p > 1. Let R € Co(RY), with R € Cf(Rl) in the
sense given by (13). If

| Ry 2P
ﬂdudv < 00,
Sor lu — v|*P

then R € C5 (RY). In particular, there exists a constant Cyc p | > 0, such that

NIR: CE@®RH < Cy s / Mdudv Ve
2 = 5D Sor |u — v|Xepta

+ Ce puNTSR; C5(RD].

2.2. Analytic bounds on the fractional Brownian kernel. We gather in this sec-
tion some technical bounds on the kernel K involved in the Volterra representation
of B, for which we use the following convention (valid until the end of the arti-
cle): for two positive quantities a and b, we write a < b whenever there exists a
universal constant C such that a < Cb.

First, a classical bound on K is the following:

LEMMA 2.2. Let K be the fBm kernel defined by (5). Then for any 0 <u < t,
one has

14) (K@, w| <@ —w)I1V2 1012 gnd 19,K (1, u)| < (1 —u)T 372,

The following simple integral estimate on K also turns out to be useful:
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LEMMA 2.3. LetO<v <t <T.Then [} K*(t,w)dw < (t — v)?H.
PROOF. Invoking the bound (14) on K, we have

t t
/ K, w)dwgf [(t —w)=12 1w =122 gy
v v

t t
gf (t—w)ZH_ldw—i-] w "1 qu
v v

< (1 —v)2H 4 (2H — 1),

Furthermore, since a* — b* < (a — b)* forany 0 < b <a and a € (0, 1), we end
up with fvt K2(t,w)dw < (t — v)*, which is our claim. [

We shall also use a slightly more elaborated result on K :

LEMMA 2.4. LetQO<s <t <T,assume H < 1/2 and consider the quantity

o= [ 1K@ = K, unP( [ K200 duz)

where we recall that we have used the convention K (t,u) = K (t, u)10,+)(u). Then
Ise] St —sI*.

PROOF. According to the fact that K (¢, u) = 0 whenever u > ¢, we obtain the
expression

Ky t
I =/0 (Kt up) — K(s,ul)ﬁ(/ul K2<z,uz>duz) duy

t t
+/ K2(t,u1)</ KZ(t,uz)dm)dul::Islt-l—lft.
N Ul

Let us bound now the first of those terms: thanks to Lemma 2.3, one can write
futl K2(t,uz) dus < (@t - u1)*H . Moreover, for 0 < u < s the bound (14) on
0; K (¢, u) yields

(15) |K(t,u) — K(s,u)| = < (s =12 (¢ —yyH-172,

t
/ oy K (v, u)dv
N

and thus, putting these two estimates together, we obtain
N
1l < / (s —w)H=12 — (¢ — iy H=V22(s — u)2H gy,
0
Performing the changes of variable v=s —u and y = v/(t — s), we end up with

s/(t—s)
1L < (r — )t fo [(1 4+ y)H=12 _ yH=U22(1 4 )2 gy,
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Furthermore, it is easily checked that fooo[(l + y)H_l/2 — yH_l/z]z(l + y)2H dy
is a convergent integral whenever H < 1/2, which gives the desired bound for 7.

The term I2 is in fact easier to handle, and we leave those details to the reader for
the sake of conciseness. Then, the estimates on I, and 7?2 yield our claim. [J

Finally, the following related integral bound also turns out to be an important
estimate for the analysis of nth order iterated integrals:

LEMMA 2.5. Suppose that 2kH < 1. For A > 0, set
A
Ba= /0 D B G O N
Then sup . Ba < o0.

PROOF. We can write 84 < aa + y4, with

0
oA :[) [yH—l/Z —(1 +y)H—l/Z]yZ(k—l)H-i-H—l/Zdy’

A
Va =/(; YH=12 Z (1 4 ) H-12 (A — y)H-1/226=DH g,

One can check easily, as in the proof of Lemma 2.4, that a4 is finite as long as
2kH < 1. On the other hand, an obvious change of variables yields

1
(16) ya= A% [T ha)(1 =122 gy,

where the (positive) function &4 is defined on Ry by hy(y) = y#~1/2 — (% +
y)H=1/2 We now use two elementary estimates

yH=3/2
) a0 =y

1
ha(y) < (E _H

and we obtain

ha(y) =ha()*Hhy(y)! =28
1 1 2kH
< <(_ _ H)_yH—3/2) y(H—l/Z)(l—ZkH)
2 A

B ey (1-20H=1/2

A2kH ’

where cy k = (% — H)?H  Plugging this bound into (16), we get

1
ya < cH,k/O (1 — )12y =H=172 gy,

This last integral being finite, our claim is now proved. [
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2.3. Contraction of Stratonovich iterated integrals. An important tool in our
analysis of iterated integrals will be a general formula of [t6—Stratonovich correc-
tions for iterated integrals. This kind of result has already been obtained in the
literature, and for our purposes, it will be enough to use a particular case of [1],
Proposition 1, recalled here for further use. Note that we need an additional nota-
tion for this intermediate result: we set dY for the Stratonovich-type differential
with respect to a process Y, while the It6-type differential is denoted by dY.

PROPOSITION 2.6. Let Y = (Y(1),...,Y(n)) be a n-dimensional mar-
tingale of Gaussian type, defined on an interval [s,t], of the form Y,(j) =
fS” Yo (j)dWy (i) for a family of L?([s, t]) functions (Y (1),...,¥(n)), a set of
indices (i1, ..., i,) belonging to {1, ...,d}" and where we recall that (W (1), ...,
W (d)) is a d-dimensional Wiener process. Then the following decomposition holds

true:
n

1
Z n—k Z Jst (V).

/ AYy, (i) - --dYy, (in) =
S<uUp<--<up<t k=1n/2] veDk

In the above formula, the sets Dﬁ are subsets of {1,2}* given by

k
Dﬁ: {v:(nl,...,nk); an :n},
j=1
and the It6-type multiple integrals Jg; (v) are defined as follows:
Ja) = [ 124, (1) -+ 02, (K),
SSup<--<up <t

where, setting le=1 n; =m(j), we have
Z()=Y(imyp)  ifnj=1,

and
Zu(j) = ( |RZCGEAT) dv)lom)_l:imw ifn;=2.

The previous It6—Stratonovich decomposition allows us to bound the second
order moment of iterated Stratonovich integrals in the following way:

LEMMA 2.7. Letg € L?([s, t]). Consider the Stratonovich iterated integral

1;(<o>=f TT @) dWa, ) -~ dWa, Gin).
s<u1<~--<u,,<tl.:1
Then
2 ! 2 "
(17) ELI" () ]§C< / o) du) ,

where the constant C depends on n and the multiindex (i1, ..., i,).
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PROOF. By Proposition 2.6, we can decompose the Stratonovich integral
I}' (¢) into a sum of It6 integrals

n

1
I5(p) = Z =k Z Jst (v),

k=[n/2] veDk

and it suffices to consider each It6 integral Jg;(v). Then we proceed by recurrence
with respect to k, with the notation of Proposition 2.6. Suppose first that ny = 1.
Then,

t
Jye(v) = f Tou W) 3 W (i),

where v/ = (n1,...,nx_1). As a consequence,

t t
E[Jy(v)*] = / E[Jsu (v))*lp()*du < sup E[J,(v')?] f ow)*du.
s s<u<t s
On the other hand, if ny = 2, then Jy, (v) = [! Jo, V")oW)? du, with v"" = (ny,
...,nE_2), and again

; 2
E[J; (W] < sup E[Jm(v”f]( f so(u)zdu) .

sS<u<t

k
By recurrence we obtain (17), where C = (ZZ:W2J %)Z. Il

3. Iterated integrals of order 2. In this section, we will define the element
B2 announced in Theorem 1.1. The study of this particular case will (hopefully)
allow us to introduce many of the technical ingredients needed for the general case

in a didactic way.

3.1. Heuristic considerations. Let us first specify what is meant by an iterated
integral of order 2: according to the definitions contained in the Introduction, we
are searching for a process {Bfr (i1,12); (s,1) € So.1, 1 <iy,ip <d} satisfying:

(i) the regularity condition B2 e ng (Rdz);
(i1) the multiplicative property

(18)  8B2,(i1,i2) =Bl (i1)BL, (i2) = [Bu(i1) — By (i1)1[B:(i2) — B (i2)],

which should be satisfied almost surely for all (s, u,#) € S3,7 and 1 <ijy,i; <d;
(iii) the geometric relation, which can be read here as:

) B2 (i1, i2) + B2 (i, i1) =BL (i1)BL (ip),
(s,0) €S, 1 <iy,ir <d.
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In order to construct this kind of element, let us start with some heuristic con-
siderations, similar to the starting point of [22]: assume for the moment that X is a
smooth d-dimensional function defined on [0, T']. Then the natural notion of iter-
ated integral of order 2 for X is obviously an element X2, defined in the Riemann
sense by

K20y, in) = f X, (i1) dXop (i2)
SSu1=up=t

(20) .
_ / (X (i1) — Xy (i1)]d X0 (i2).

We shall now decompose X2 into terms of the form A% and C? as explained in
the Introduction. In our case, this can be done in two ways: first, equation (20)
immediately yields

o2 /: 122 ~2,2
Xst (i1,02) = Ay~ +Cy
with

A A t
A22_ X (1)8Xy (i),  CZP— / Xu(i1) dXu(i2),
)

where we have called those quantities A22 and €22 because they involve incre-
ments of the second component X (i») of X. Notice now that C22 s the increment
of a function f defined as f; = fé X, (i1) dX,(i2). Hence, according to conven-

. e S, . N ZCy R . . . ..
tion (10), one can write X2(11 ,02) =2 A22, By inverting the order of integration in
u1, uy thanks to Fubini’s theorem, we also obtain

2 . . 121 ~2,1
X (1, 02) =A5 +C5;
with

A ~ t
A2 5X, ()X, G),  CE'=— / Xu(i2) dXu i),
5

and thus Xz(il ,02) Z6 A2L

Let us go back now to the case of the d-dimensional fBm B. If we wish
the iterated integral B> we are constructing to behave in a similar manner as a
Riemann-type integral, then, by the Chen property, one should have §B? = §A%?,
fori =1, 2, that is,

.. Z2C .. Z2C
B2(i1,in) =2 A% and B2(i1, i) =2 A%,

with Af,’z = —B;(i1)6 By (i2) and Af;l = 8By (i1) B¢ (i2). This means in particular,
according to the fact that §| z¢, = 0, that both A% and A%? satisfy the multiplica-
tive relation (18), as it can be easily checked by direct computations. However,
this naive decomposition has an important drawback: the increments A>! and A%2
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only belong to CJ, instead of Cg ¥, for any y < H (this point was also stressed in
[22]).

Our construction diverges from [22] in the way we cope with the regularity
problem mentioned above. Indeed, we start from the following observation: invok-
ing the representation (4) of B, one can write

AZ? = —B(i})8 By (i)

- —/ K(s,ul)dWm(il)/ [K (1, u2) — K (s, u2)] d Wi, (i2)
R R

== [ KK ) = K (s, u2)1dWay () d Wy 1),

where we recall that the stochastic differentials d W are defined in the Stratonovich
sense. In the same way, we get

A% = [ K@) = K, un)IK (6 02) dWay () d Wi i),

The idea in order to transform A% !, A%2 into C; ¥ increments is then to replace the
integrals over R? above by integrals on the simplex, as mentioned in the Introduc-
tion. Namely, we set now

@) BY'(1.i2) = / [K(t,u1) — K(s, un)]K(t, u2) dWy, (i1) dWy, (i2),

uy<up
22) BY(1.i2) = —/ K(s,u)[K(t,u2) — K(s,u2)1dWy, (i1) dWy, (i2),
Uy <u
and notice that these formulas are a particular case of (6) for n = 2. We shall see
that Bz’l(i 1,i2) and B2’2(i 1,i2) are elements of ng, but they do not satisfy the
multiplicative and geometric property anymore. However, it is now easily con-

ceived, by some symmetry arguments, that the sum of these last two terms do
satisfy the desired algebraic properties again. Indeed, we set now

(23) B2 (i1, i2) = B%' (i1, i2) + B2 (i1, i),

and we claim that B2 is a ng (]Rdz) increment which fulfills relations (18) and
(19). The remainder of this section is devoted to prove these claims.

3.2. Properties of the second order increment. It is obviously essential for the
following developments to check that B2 is a well defined object in L?(£2). The
next proposition asserts the existence of B2, as a L2 random variable for all s, ¢ in

the interval [0, T'].

PROPOSITION 3.1. Let H < 1/2, (s,t) € So.7 and Bft be the matrix valued

random variable defined by (23). Then Bft(il, i) € L3(; Rdz) and E[|B§t|2] <
(t —s)*H,
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PROOF. Assume first i; % ip. We shall focus on the relation E[(ﬁf,’l(i 1
i2))?] < (- $)*  the bound on ﬁf;z being obtained in a similar way. Now
Stratonovich and Itd-type integrals coincide when i1 # i», and according to ex-
pression (21) we have

E[BZ' (i1, 12))%]

= [K (1, un) Lo, (ur) — K (s, u1)djo.u1)]

Uy <up
x K2(t, u2) 10,17 (u2) duy dus,

which is exactly the quantity /Iy, studied at Lemma 2.4. The desired bound follows
from Lemma 2.4.

Let us now treat the case i; = i = i, still concentrating our efforts on the in-
equality E[(ﬁf;l (i,1))?]1 < (t — 5)*" . In this context, Proposition 2.6 yields the
decomposition ﬁfgl(i, i) =M + Vg, with

My, =/ [K (1, u1) — K (s, un)]K (1, u2) dWe, () 9 We (),

1 t
Vy = 5/0 (K (t,u) — K (s, K (t, u) du,

where we stress the fact that Vi, is a deterministic correction term. It is thus ob-
viously enough to obtain the bounds E[Mszt] < (t — 5)* and VSZ, <t —s5)*H
separately, the first of these bounds being obtained by evaluating I;; in Lemma 2.4

again. As far as Vj; is concerned, we make the decomposition
1 rs t
Vs = 5/ [K(t,u) — K(s,u)]K(t,u)du +/ K(t, u)za’u.
0 s
The second term is bounded by a constant times (¢ — s)>f by Lemma 2.3. For the
first term we use the estimate
K (t,u) = K(s,w)| S (0 =)* (s —u)~H712,

which trivially finishes the proof. [J

By standard arguments (see [20]) it can be proved that the estimates in Proposi-
tion 3.1 imply that B2 € C2H~(R").

We are now equipped with the continuous version of B? exhibited in the last
proposition, with which we will work without further mention, and we are now
ready to prove the algebraic relations satisfied by our second order increment.

PROPOSITION 3.2. The increment B? defined by (23) satisfies relations (18)
and (19).
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PROOF. Recall that we are now dealing with a continuous version of B2. In
fact, one can easily modify the arguments of [20] in order to get a continuous
version of the pair (B!, B?). This means that it is enough to check relations (18)
and (19) for some fixed0<s <u <t <T.

Let us then verify (18) for s, u,t € [0, T] such that s < u < ¢. It is readily seen,

by writing the definitions of B%' (i1, i2), B21(i, i) and B2 (i}, i), that

sB2LGy,in) = / (K (u,uy) — K(s,up)]

uy<uy
X [K(t,u2) — K(u, uz)]dWy, (i1) dWy,(i2),

the right-hand side of this equality being well defined as a L? random variable
(a fact which can be shown similarly to Proposition 3.1). Along the same lines, we
also get

SB22(iy, in) :/ [K (u,uy) — K(s,up)]

=2
X [K (£, u2) — K (u, u2)1d Wy, (1) d Was (i),
and thus
8B, (i1, i2) = 8BZ1 (i1, i) + 8B2a (i1, i2)

o) MISCADES S)
X [K(t,uz) — K(u,u2)1dWy, (i) dWy, (i)

=B}, (i1)B, (i2),
which is relation (18).

As far as relation (19) is concerned, reorder the integration indices in (21) in
order to get

ﬁfgl(iz,h):f Kt u)[K(t, uz) — K (s, u2)1dWy, (i1) d Wy, (in).

Uy <u|

Add this expression to (22), which yields
B} (i2.i1) + B3 (i1 i)

(24) = [K(7,u1) — K(s,u2)]

uy<ui
X [K(t,u2) — K (s, u2)1dWy, (i1) d Wy, (i2).
Exactly in the same way, we get
BZ! (i1, i2) + B2 (2. 1)

(25) = [K(7,u1) — K(s,u2)]

uy<up

x [K(t,u2) — K (s,u2)]dWy, (i1) dWy, (i2).
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Putting together equations (24) and (25), our claim (19) is now readily checked.
O

Finally, let us close this section by giving the proof of the announced regularity
result on B2.

PROPOSITION 3.3.  The increment B? is almost surely an element ofcgy (]Rdz),
foranyy < H.

PROOF. Consider a fixed Holder exponent y < H. The proof of this result is
based on Lemma 2.1, which can be read here as N [B2; C;y (Rdz)] < A+ D, with

|B§v|2p 1/2p) 2. 22y o d?
A—(/SZdeudv) and D—N[6B,C3 (R )]

Let us first deal with the term D above: we have seen that B satisfies the multi-
plicative property (18), which can be summarized as §B> = § B® 8 B. Furthermore,
B eCi’(Rd) forany y < H,and thus, forany 1 <ij,ip <dandO0<s<u<t<T

6B, (i1, i2)| = |8 By (iD)|18 Bus (i2)| < N?[B; C] (R 1w — 5|7 |t — ul?.

In other words, the quantity ||8B2||y,y defined by (12) is almost surely finite, and
according to definition (13), we obtain that D is also almost surely finite.

We will now show that A is finite almost surely when p is large enough, by
proving that E[A] < oco. Indeed, invoking Jensen’s inequality we obtain

E[|B2 |27] 1/2p)
E[A] < (/ $dudv>
Sur lu— v|drpta

EP[IB2 |2 1/2p)
5 </ Mdudu) s
Sor lu—v[trrta

(26)

where we have used the fact that B2 belongs to the second chaos of W, on
which all the L? norms are equivalent. On the other hand, Proposition 3.1 gives
Ep[|B5v|2] < lu — v|[*?H | and plugging this inequality into (26), we obtain that
E[A] is finite as long as p > 1/(H — y). U

In conclusion, putting together the last two propositions, we have constructed
an element B2 which satisfies the properties (i)—(iii) given at the beginning of the
section, for any H < 1/2.

4. General case. The aim of this section is to prove Theorem 1.1 in its full
generality. Recall that we define our substitute B™ to nth order integrals in the
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following way: for2 <n < |1/H |, any tuple (i1, ..., i,) of elementsof {1, ..., d},
l1<j<mnand(s,t)eST,set

BL (i1, in)
. j_l
27) =(—=1)/7! /n 1—[ K(s,u)[K(t,uj)— K(s,u;)]
A} 1=1

n
x [ K@ u)dWa,(i1) - dWy, (in),
I=j+1

where the kernel K is given by (5) and A;? is the subset of [0, ¢]* defined by

A ={(u1,...,un) €[0,11";
uj=min(uy,...,uy),uy>--->ujyanduji] <--- <uy}.

The 1-increment B™ is then given by

n—1
(28) BYGir, .. i)=Y Bg (i1, ... ).
j=1

It is obviously harder to reproduce the heuristic considerations leading to this
expression than in Section 3.1. Let us just mention that the same kind of changes
in the order of integration allows us to produce some l-increments similar to
A%1 A22 Then the reordering trick yields some terms of the form ﬁ?,’J . After
observing the form of several of these terms, the general expression (27) is then
intuited in a natural way.

Notation: in order to write shorter formulas in the computations below, we use
the following conventions in the sequel, whenever possible:

(i) A product of kernels of the form I—[?:1 K (tj,u;) will simply be denoted
by ]_['Jl-:l K+;, meaning that the variable u; has to be understood according to the
position of the kernel K in the product.

(i1) In the same context, we will also set §K,; for a quantity of the form
Kt ,uj)—K(s,uj).

(iii) Furthermore, when all the 7; are equal to the same instant 7, we write
[Tj_ Kt uj) = K2

(iv) Finally, we will also shorten the notation for the increments of the Wiener
process W, and simply write d W for 1—1’}':1 AWy, (ij).

All these conventions allow us, for instance, to summarize formula (27) into

(29) B (i), i) = (= 1) /A KEUTVsK KETD aw.
J
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4.1. Moments of the nth order integrals. As in Section 3.2, an important step
of our analysis is a control of the second moment of B™. This is given in the fol-
lowing proposition.

PROPOSITION 4.1. Forn < L%J, let B}, be defined by (28). Then for (s,t) €
Sa.17, we have

E[|B"|’] < C(t —s5)™"H,

for a strictly positive constant C.

PROOF. Thanks to decomposition (28), it suffices to show that for any fixed
family of indexes iy, ...,i, €{l,...,d}and forany 1 < j <n — 1, we have

E[BY (i1, ....in1<C(t — 521,

Invoking now expression (27) for B™/ and decomposing the integral over the re-
gion A; appearing in the definition of B/ (i1, ..., i,) into sums of integrals over
the simplex by means of Fubini’s theorem, it suffices to show an inequality of the

type

(0 EIQM1=Ca—™"  with 0y = [ 8Ky [ Ke dW.

O<uy<--<up<t i=

Notice that in the expression above, we made use of the notation introduced at the
beginning of the current section, and for i =1, ...,n, we assume 7; = s or . We
concentrate our efforts now in proving (30).

Let us further decompose Q into Q = Q! + 02, where

Q;t=/ K2"dW and
S<U < <Up<t
@31

n
8K [ [ KrydW,
i=2

2
Qst =

/(.)<u1 < <up<t,u]<s
as in the proof of Lemma 2.4. Notice that in Q!, we have assumed that 7; = ¢ for
all i, since otherwise this term vanishes. Moreover, the term Qg, can be handled us-
ing the properties of the multiple Stratonovich integrals established in Lemma 2.7,
and applying the estimate obtained in Lemma 2.3. This yields easily the relation
E[(Q;)*1 S (t —s)*H.

; 2 : 2 _\ywn J
Concerning Qf;, one can write Oy, = > B;; where

n
8K [] Ky dW.

/(;<M<~--<uj<s<uj+1<~--<u,,<t i=2

J_
Bst -
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Notice that in the above equation 7; =¢ if i = j + 1, ..., n, since we have again
B, = 0 otherwise. Each term B;, can thus be written as the product of two factors:
B}, = CJ,D},, where for j > 2

) J
cl, :/ 8Ky [| Ky dW
O<uj<--<uj<s i

and
Dl = K& aw,
S<Ujp1<-<Up<t

and for j = 1, C} = [§ K, dW and D, is given by the above formula.

The random variables C, and D/, are independent, and E[(Dsjt)z] can be
bounded easily like E[(Qél,t)z]. Hence we obtain

(32)  E[(B})Y=E[(CHHEN(D!,)*] < CE[(CI)21(t — )2 DH.

In order to bound the second moment of C,, we express this factor as a sum
of It6 integrals by means of Proposition 2.6. To do this, we give up for a moment
our convention on products of increments, and we define, for u € [0, s] and [ =
2,..., j, the processes

Yu(1>=f0"[1<(r,v>—K(s,vﬂdWU(i]) and Yu(z>=f0"1<(n,v>dwv<iz>.

Then, the processes {Y;(/); 0 < u < s} are Gaussian martingales and
cl, :f dY,, (1) dY,,(2)---dY,, ().
O<up<--<uj<s

Thus, a direct application of Proposition 2.6 yields

) J 1
Ch= ) 2F > Jos(v),

k=1j/2] ueDf
where

J0s(v)=/ 8Zu, (1) - 324, (K),
O<uy<--<up<s

for v = (ji, ..., jx). Thus, setting Y"1, j; = m(h), we have Z(h) = Y (imn)) if
ju =1, and Z,(h) = (Y (m(h) — 1), Y ()} if jo =2 and imgy-1 = imn.
where (-, -) designates the bracket of two continuous martingales. We are going
to estimate E[Jos(v)z] using a recursive argument. This will be done in several
steps.
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Step 1: suppose ji, jk—1,---, j1 = 2. Then j = 2k, and we can assume that i, =
im—1 form=2,4,..., 2k, otherwise Jos(v) = 0. The term Jy,(v) is deterministic
and it can be expressed as follows:

Je) = [ K ) = KK ()

k

x [ [ K (w1, un) K (tan, un) duy - - - dug.
h=2

As a consequence, owing to (14) and (15), we have

k
(33) | Jos ()| < € oM T 2 duy -+ duy,
O<uy<---<up<s h=2
where
_ _ - H—1/2
ol =16 — w2 — (¢ —u) " —u) T2 T
and
_ H—-1/2
o =[(s —up) ™12 4 uy TP,
Moreover, the integral of ]_[],2:2 <pfi) is easily bounded: indeed, we have
k
/ 1_[ %(3,) duy---duy
UL <Up<--<UK<S p 5
k
=/ [T — )™= + (up — un) =2 R duy - dug
UP<Up<-<UK<S p_r
k
<C [0 = un)®™ ="+ (un —up)* " duy - - duy
[ul?s]k_l h=2

< C(s —uy)** DA,

with the convention uy4; = s. Therefore, plugging this inequality into (33) and
making the change of variables s —u; = v and y = .=, we get
ullf-l—l /2

[J0s )] = Cfosus —up) = —up) " —un P+ ]

X (s — ul)z(k_l)H duy

S
:Cf [WH12 (¢ — 5 4 ) H-V2H=172 4 (5 — ) H=1/2)
0

% U2(k—l)H dv
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wm [ w1 H—1/2
—C(t—s) /0 =12 (1 4 )12

H-1)2 s H=21 Sacvm

S I
t—s

We are now in a position to use Lemma 2.5 with A =s/(f — 5), and we obtain

(34) [ Jos )| < C (¢t — 5)*H,

which implies that Jos(v)? < C (¢ — 5)%/", owing to the fact that 2k = ;.
Step 2: suppose that jir = 1. Then Proposition 2.6 gives

Jos(v) =/ 02y (1)---0Zy,_ (k — DK(tj, ur) dW,(i;)
O<uy<--<up<s
and

ElJoy (1)?] = /0 E(o (")) K (. u) du

< /s E(Jou V) ((s — ) =1 4?71 qu,
0

with v/ = (ji, ..., jx—1). This relation allows us to set an induction procedure, as
we shall see later.

Step 3: suppose that ji, jk—1, ..., jb+1 =2 and j, = 1, where b > 2. We assume
that i,,(n) = immn)—1 for h =b 41, ..., k. Here again, Proposition 2.6 implies

Jos(») =/ 8Zu,(1)- 324, (D)
O<uj<--<up<s

k

x [T K@nawy-1.un)K (tmay un)duy -+ - dug,
h=b+1

and Fubini’s theorem yields

Jos (V) = /0 " Jouy VYK (S 14) G (tt) d Wy (imei)-

with v = (ji,..., jb—1), and where

k
G(up) =/ [T K(tma—1.un)
O<up<upy)<---<ug<s h=b+1
X K(tm(h), up) dupsr - - - dug.
As for the previous bound (34) we obtain

|G (up)| < C(s — up)>®DH,
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Therefore

E[Jos(v)?] = fo E[Jou, (V) 21K Ty )G (up)* duy

<c f ElJou, )210Gs — up)? =" 4+ 2115 — up) €D oy,
0

Notice that the above inequality includes the inequality obtained in Step 2, which
corresponds to the case b = k.

Step 4: suppose that jk, jk—1s---s jb+1 =2, jb =L, jo—1, jb—2s -+ Jet1 =2
and j. =1, where 2 < ¢ < b. We assume also that i) = i;nn)—1 for h =c +
1,...,b—1,b+1,..., k. By the same arguments as in Step 2 we obtain

ElJo:(v)*] = € EJou, ()11 (up — ) =1 621

O<uc<up<s
X (”b — uc)4(b_C)H[(S _ uh)ZH—] + u]%H—l]
X (s — Ltb)4(k_b)H ducduyp,

with v/ = (Jj1, ..., je—1). Replacing uin] by (up — ue)*" ! and integrating with
respect to uy yields

E[Jo.(v)] < C /0 TElJo, ()211(s — ue)? 2 4 u2H1

X (S _ uc)4(k*C)H+2H duc.

Step 5: iteration scheme. Iterating the argument in Step 4, we reduce the size
of V" until we obtain a multiindex of length r such that v/ = (1,2,...,2) or v/ =
(2,2,...,2), with j.+1 =1, and we obtain an estimate of the form

E[Jo; ()] = C/s E[Jo. (v)*1[(s — w)* =1 4+ u2H=1)
0
(35)
X (s — u)ZHZLrHj’ du.

Suppose first that v = (1,2, ..., 2). Then,

Jos (V') =/0 (K (t,u1) — K(s,up)]
<U < <Up<U

.
x [T K (=1 un) K (tminy» un) dWa, (1) duy - - - duy,
h=2

and by Fubini’s theorem

Jos(v’)=f0“[l<(r,u1>—K(s,m)]F(ul)qul(il),
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where

-
F(uy) = f [T K (-1, un) K (tmny, un) duz - - - du,.
Uy <uz<--<up<w 5
As in the proof of (34) we get
|Fup] < Clu—up> =DM,
Therefore,

E[]OS(V/)Z] < C/OM[(t — ul)H71/2 (s — MI)H71/2]2

(36)

x (u—u)* D gy, .

Substituting (36) into (35) yields, after integrating in the variable u,
E[J()A(U) 1< C/ H 17z _ (s — u)H_l/Z]z(s — u)z(-i_l)H du.
Performing the changes of variables v =s —u and y = v/(t — 5), we end up with

. s/(t—s) .
ElJo; ()] < C(t — 5)2H fo [(1 +1)H=1/2 _ yH=1/212 2G=DH g

(37) .
<C(@t—s)H,

where the last step is obtained thanks to a slight variation of Lemma 2.5.
If v/'=(2,2,...,2), then we proceed as in Step 1 and we obtain

a1 =€ [l a2 = (¢ =) 1)

(38) x [ —u)=172 4712

x (u—up)?VH gy,

Substituting (38) into (35), integrating first in the variable # and using the same
arguments as in Step 1 we obtain also the estimate

(39) E[Jos(1)*1 < C(t —5)2/H.

Step 6: conclusion. Our bounds (37) and (39) on Jo;(v) yield the same kind of
estimate for the term CSJ, Thus relation (32) gives B S(— $)2*H This estimate
can now be plugged into the definition (31) of Q2, then in the definition of Q,
which leads to our claim (30). The proof is now complete. [
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4.2. Proof of Theorem 1.1. Before we prove our main theorem, we need a last
elementary technical ingredient, which relies on the notational convention given at
the beginning of the current section.

LEMMA 4.2. Forn>3,j=2,...,n—1and0<s <t <T, set
My = k®UDsk k20T
Recall that for an element M € Cy, M is defined by (9). Then

. j—1 ' |
SMg,! =— Z Kfz’(m—l)aKsuKf(J—l—m)gKutha(n—,)

m=1

n—j )
+KEUVsK, Y KM VsK, K2,
m=1

The relation still holds true for j € {1,n} and n = 2, with the convention K®° =1
and §K®0 = 0.

PROOF. This proof is completely elementary, and included here for the sake
of completeness, since it uses heavily the notation of Section 2.1.

First, if a, b, c are 3 increments in Ci, and if we define N € C; by Ny =
asdbg;cy, then a simple application of Definition (9) gives

O Nsur = —0agsudbysc; + asdbsydcy; .

Our claim is thus proved by applying this relation to « = K®U=D, b =K, ¢ =
K®("=7 and observing that [§ K ®']y, = Zi;:l K?(p_l)(SKs,Kt@(l_p). O

PROOF OF THEOREM 1.1. The structure of the proof is the same as in the
second order case of Section 3.2: we first reduce the algebraic relations (2) and (3)
to the case of some fixed s, u, ¢ by standard considerations. Then we first focus
on (2).

Step 1: proof of the multiplicative property (2). Fix (s, u,t) € 83,7. Recall that
ﬁ?,’] is defined by (29). Therefore, invoking Lemma 4.2, SB™J is given by

SN, . .
8By, (i1, ..., in)

Jj—1 .
(40) =(=1)/ /An Z K?(m_l)5KsuK,;@(]_l_m)SKmK?(n_j) dW

jm=1

n—j ]
F D[ KREUTDK, Y RS VSK KT aw.
A"

J m=1
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On the other hand, set Z;,; = ZZI_ :11 B{iB. ™. One can easily check that

n—1 np n—ny

Zow =33 S BUABL ™M

ni=lk=1 h=1
n—1 nyp n—n

(41) =Yy (_l)k—i-h/ KE*-DsK,, KOm—K+h-Dsg
ni=1k=1 h=1 Ag,n(n1)

x K2 g,
where Ay ;(n1) is the set defined by
Apn(n) = A" x A7
={(Ur, .o up) U <Upg <o <Upp, Uk <Uf—1 < -+ <UJ,
Un+h < Unj+htl <0 <Up,Upj+h <Up+h—1 < <Up +1}.

‘We want to show that (41) and (40) coincide.

In order to follow the computations below, it might be useful to keep in mind
an illustration of the coordinate ordering on a set of the form Ay j;(m), for which
an example is provided at Figure 1 (note that the ordering between u,, and u,, |
is not specified).

Notice that on the set Ay ,(n1) N {ur < uy,+,} the minimum of the coordinates
is uy, and on the set Ag ;(n1) N {up,+n < ux} the minimum is u,, 4. Define

Ap (1) = A () N {ug <un,n) and AR (n1) = Agp () O {tn,1n < ug).

Consider now the decomposition Z = Z' + Z2, where

n—1 n; n—ny

i k+h k—1 —k+h—1
Zy= Y Y X D[ KEEDsK, K DsK,,
ni=lk=1 h=1 kn (1)

x K2 gy

We fix j and we try to compute the contribution of Z: ., on the set A’ fori=1,2.
This contribution will be the sum of the integrals on the set A'} N A};’ (1), for each

k=1,...,n;,h=1,...,n—njandforeachn; =1,...,n—1.
1 k m m+l m+h n

F1G. 1. Coordinates ordering on Ay ,(m).
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Notice first that the intersection A;? N A,l< ,(n1) is nonempty only if k = j,
h=1and u,, <u,,+1 which also implies j <n;. Moreover, in this case we have
A}J (n1) M{up, <up,+1}= A;?. In this way we obtain that the contribution of Zslm
on A’} is

n—1
GRS /nK?<i—1)51{suK§<"1—f)5Ku,K?("‘"l‘1)dW
ni=j°

(42) ‘
= (—1)/! Zf K8UVsK, KEmVsK, k2" aw,
A"

m=1""J
where we have used the simple change of variables n; — j = m — 1. In the same
manner, on the set A:f N A,%’h(nl) we have k =ny, n; + h = j, which also implies

ny < j — 1. Therefore, the contribution of Z2,, on A’ is

j=1 |
@3) =Y /A KEMDsK,, KOsk, K2 aw.

ni=1 J

One can now easily verify that the sum of (42) and (43) is equal to the term (40).

It remains to prove that the contribution of Zg,, to the set (| j A’}-)" 18 zero.
For this, observe that (; A’;)C can be split into slices Dy p 5 of the following
form: for 1 <k < p <n — 1, we assume that uy < up_; < --- <uj and uy <
Ugy) <---<upbutuy,>upi. Suppose alsothat 1 <h <n— p and that u, is
the minimum of the coordinates u 1, ..., u,. Then, for Dy , , to be a subset of
U21=1 Uk.n Ak,n(n1), we need the further condition upip < tpypr1 <--- <uy
and upp <upyp—1 <--- <upyr. With all these constraints in mind, it is easily
seen that Dy , 5 corresponds to two possible choices of set Ag ;(n1). Indeed, we
have

Dy, p.n = Akn(p) = Agn+1(p — 1).

Going back now to the expression (41) of Zj,;, it is readily checked that the two
contributions, respectively, on Ay ,(p) and Ay p4+1(p — 1), yield two terms with
opposite sign, which cancel out in the sum.

Step 2: proof of the geometric property (3). Fix n,m such thatn +m < |1/y ]
and let (s, 7) € Sz, 7. Consider the product

n m
=3 > (=D ( /A K?”‘”SKHK,@("‘“dW)
j=1h=1 j

J

x </ K?(h—l)aKs,K?<m‘h>dW),
Aj
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where we have used notation (29) and where we recall that the sets A? and A} are
defined by

A?:{ue[O,t]":uj<uj_1<---<u1,uj<uj+1<---<un},
={vel0,1]" vy <vp—1 < <UL VL <Vpg] <+ <Up}.

The product of the two Stratonovich integrals can be expressed as a Stratonovich
integral on the region A;’. x A}' with respect to the differential

qul(il) v ‘qu,l(in)del(jl) v dem(]m)

We will make use of the notation z = (u, v), where zo, = uy, fora =1, ...,n and
Zg =Vgq—pfora=n+1,...,n+m. Asin Step 1, the region A’} x AJ' can be first
decomposed into the union of the disjoint regions D; , and E; j, corresponding,
respectively, to the additional constraints {u; < v} and {u; > vy} (notice that this
decomposition is valid up to the set {u; = v}, whose contribution to the stochastic
integral is null).

Consider first the case {u; < v,}. On D; ; the minimum of all the coordinates
Z¢ 18 zj. Then Dj j can be further decomposed into the disjoint union of the sets

+m .
D}T,h,l ={ze€[0,t]"™:zj < Zajppy <0 < Zaps
AR Zﬁ”*]+l+m7h}
MW {Znth < Zuth—1},

where

T[(l’ "'5n+m) = (a17 ’aj+h—2’ jvﬂl’ »,Bn—j—i—l—l-m—h)

runs over all permutations of the coordinates 1, ..., n+m suchthatn(j+h—1) =
J and:

(i) a1,...,aj4p—2 is a permutation of the coordinates 1,...,j — 1 and n +
1,...,n+ h — 1 that preserves the orderings of the indices 1,...,j — 1 and n +
I,....n+h—1.

(i1) B1, ..., Bu—j+1+m—n 1s a permutation of the coordinates j + 1,...,n and
n—+h,...,n -+ m that preserves the orderings of the indices j +1,...,n and n +
h,....n+m.

Notice that « is the inverse of a shuffle since it splits an ordered list into two
ordered sublists. The same remark applies to 8.

Moreover, D; ; can be also be decomposed into the disjoint union of the sets

7 n+m .
D5y, ={z€l0,1]"2j <Zajyy < <Zay;
Zj < Z'Bl <0< Z,anjer—h}

N {zZnth < Znth+1}s
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where

ﬁ(ly ,n-l—m) = (C(l, ---5Olj—|—h—17ja:81’ ---,IBn—j—I—m—h)
runs over all permutations of the coordinates 1,...,n +m suchthat 7 (j + h) = j
and:

(i) ai,...,aj4p—1 is a permutation of the coordinates 1,...,j — 1 and
n+1,...,n + h that preserves the orderings of the indices 1,...,j — 1 and
n+1,....,n+h.

(i) B1, ..., Bu—j+m—n is a permutation of the coordinates j +1,...,n and n +
h+1,...,n+ m that preserves the orderings of the indices j + 11,...,n and

n+h+1,....,n+m.
Then, on the set D; , we write

K?(j—l)(ngth@(nfj)ng(h—nSK”Kt@(m—h)
— K?(j—l)ngtK?(n—j)K?(h—l)K;g(m—h-i-l)

_ K?(j—l)ngtK?(”*/)Kstgth@(mfh)’
and the integral

Ij,h = /D Ks®<j_l)8Kst K,®(n_j) K?(h_l)5Ks,Kt®(m_h) AW
J.h
can be expressed as the sum [; , = ] A Lo with

jh_Z/ hl( 1)J+h 2

j+h—2

x [1 K. za)8Ku(z))
=1

n—j+14+m—h

x [ K@ zg)dW., (1) -dW,,,,, (ingm)
=1

and
=X [, 0
7h2

j+h—1

x 1 K5 2a)8Kau(z))
=1

n—j+m—nh

x [] K@zp)dW. 1) dW,,,, (ntm)-
=1
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Let us handle first the term I e : consider the permutation o =~ Vofl,...,n+
m whichmaps ay,...,aj4p2 1nt0 I,....,j+h—2and By, ..., By—jti+m—n Into
j+h,...,n+m, with the additional condition o (j) = j 4+ h — 1. If we make this
permutation in the coordinates of I;fh we obtain

_\j+h—2
I] h /I;n-km ( 1)

ih—1NMzv <z}

j+h-2
x [ KG.208Ks(zj4n-1)
=1

n+m
x [] K@ z)dW,, (ky)---dWe,,,, knsm),
I=j+h
where k1, ..., ky4, 1S a permutation of the indexes i1, ..., iy, j1, ..., jm defined

by k¢ =igif 1 <o(f) <nand k¢ = js¢) if n +1=<0() <n -+ m, and where
v, 1) are defined by

v=min{i > j+h:ki € {ji,..., jm}},
n=max{i <j+h—2:ki €{ji,.... jm}}
In the same way, we can consider a permutation o = 7 ~! in the coordinates z;
whichmaps ay,...,jpp—rinto 1,..., j+h—1and By,..., By jym—p into j +

h+1,...,n+m,and o (j) = j +h. If we make this permutation in the coordinates
of I, we obtain

- 1y +h—1
Ijah /14’l+m ( 1)

j+h {Zu>Zq}

j+h—1

x [1 K(s.208Kg(zjrn-1)
=1

n+m
x I K@z)dW,kp)---dW,,,, knym),
I=j+h+1
where again ky, ..., k,4, 1S a permutation of the indexes iy, ..., iy, ji,..., jm de-

ﬁnedbykg=ig((g) iflfa(ﬁ)fnandkg=jg(g) ifn+1<ol)<n+m,and
where v, 1 are now defined by

v=min{i > j+h+1:k € {ji,..., jm}},

n=max{i <j+h—1:k €{ji...., jm}}

When we sum these integrals over all permutations o of the above type, that is

o =n"'oro =7""!,and also over j and &, we obtain D_iesh(. ) Bner l(k

)
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kn+m), where

BY ™k k)

n+m

= /A (D!

p=L.k 6{11

p—1
x n K(s,z))6 K (zp)
I=1

n+m

x [ K@ z2)dW, (k) ---dWs, ., Kntm).
I=p+1
In a similar manner we could show that the sum of the integrals over E; ; give
rise t0 Y7 csh(r. ) BY ™2k, ... kngm), for k=1, ..., m, where
B?t_‘_myz(kh cees kn+m)
n+m

p=Lkpe{ji,-csjm}” P

p—1
x 1_[ K (s,z))6 K (zp)
=1

n+m
x [ K@ z)dWe, (ky)--dW.,.,,, Kknsm).
I=p+1
Taking into account the two contributions B%™! and B%"™™2  the proof of the

geometric property is now easily finished.

Step 3: proof of the regularity property. As in Proposition 3.3, the fact that B"
belongs to C;l Y for any y < H is an easy consequence of the moment estimate of
Proposition 4.1, plus a simple induction procedure.

Indeed, assume that BX € C]gy((Rd)@’k) for any k <n — 1. Then Lemma 2.1

gives here that N[B™; C5” (R?] < A+ D, with

|BR, |27 1/2p) o
A:</s W‘l”d”) and D =N[sB"; C;" (R)].
2,T -

Furthermore, since we have seen that B™ satisfies the multiplicative property (2),
then D is easily shown to be almost surely finite thanks to our induction hypothe-
sis. Finally, the quantity E[A] can be bounded along the same lines as in Proposi-
tion 3.3, except that Proposition 4.1 is used instead of Proposition 3.1. [J
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5. Relationship with other iterated integrals. This section is devoted to a
comparison of the rough path above fBm we have just constructed with other ex-
isting iterated integrals. We first treat the case of canonical (or pathwise) integrals
defined in [5, 9], focusing on the double iterated integral case. Then we shall try
to replace our construction into the general context of Fourier normal ordering as
introduced in [23].

5.1. Comparison with the canonical double iterated integral. Consider 1/4 <
H < 1. We wish to compare B2 defined by (23) with the increment B2P, where

(44) B3P = / d By, (i1) dBu, (i2)
s<ui<unr<t

is interpreted in the following way:

OIf1/2<H<1, Bf,’p is defined in the Young sense (or equivalently in the
Stratonovich sense of Malliavin calculus—see [18]).

() If H=1/2, Bf,’p corresponds to a Stratonovich integral with respect to
Brownian motion.

(iii) When 1/4 < H < 1/2, B?;p is defined by a limiting procedure in [5, 9],
but is also shown in [5] to correspond to a Stratonovich integral in the Malliavin
calculus sense.

In all those cases, BZP can thus be defined thanks to Malliavin calculus tools,
and is also thought of as the canonical double iterated integral for B. We shall
keep this definition in mind in the sequel, and refer to [18] for further definitions
of Malliavin calculus. Notice that “p” in in our notation B2P stands for pathwise.

Our comparison result for double iterated integrals can be read as follows:

PROPOSITION 5.1.  Consider a d-dimensional fBm B with Hurst index 1/4 <
H < 1. Let B? be the increment defined by (23), and B*P defined by (44). For 0 <
b<a<t,set Yy (a,b) = f; K, a)dy,K (v,b)dv. Then for H € (1/4,1) \ {1/2},

we have B2 —B%P = §f, where f: R, — RY is the process defined by
fi(ir,12)

(45) = Vi (u2, u1) dWy, (i1) dWy, (i2)

O<uy<up<t
- Wit 42) AWy (1) AWy (i),
O<ur<u <t

In particular, f(i1,i2) =0 if iy =iy. For H = 1/2, one gets the relation BZ —
B2P = 0.

REMARK 5.2. Consider the antisymmetric parts B> and B*P¢ of B? and
B2P, respectively, considered as matrix-valued increments. These objects are usu-
ally referred to as Lévy areas of B. Then it is readily checked that B>¢ — B2P-@ =
Sf as well.
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PROOF OF PROPOSITION 5.1. It is easily shown, thanks to Proposition 3.2,
that B? = §B2P. We thus know that B2 — B>P = § for a certain function f € Cj.
Furthermore, a possible choice for f (unique up to constants) is simply

_ 2 2,p
ft —BOz _BOz :

We shall try to simplify the latter expression, and distinguish 3 cases:

Case 1: H = 1/2. In this situation the computations differ slightly from the case
1/4 < H < 1/2, since in K;(u) = 1j9,;(«) instead of the expression given by (5).
However, the relation B> — B2P = is easily verified directly.

Case 2: 1/2 < H < 1. We treat this situation first, since it is technically simpler
than the rougher case H < 1/2. The kernel K is given here by [18], equation (5.8),
instead of (5), but still satisfies a relation of the form (14), which allows to translate
many of the bounds in Section 3. In particular, both increments B>P and B? are
well defined. However, when H > 1/2 we cannot assume §f := B> — B2P lies

in Clzy, since Lemma 2.4 cannot be applied anymore (additionally, f € ny would
mean f = Constant). We shall thus only work with f € Ci’ .

In order to find an amenable expression for f, decompose again B(z)t into IA}(Z);I +
ﬁg’tz. Thanks to the fact that K (0, -) = 0, it is then easily seen from equation (22)
that ﬁg;z = 0. Thus, reading (22) in our particular situation yields

(46) B2 (i1, in) = f Ky 1) Ky (u2) dWo, (1) d W, (i2).

uy<uy

For H > 1/2, a suitable expression for Bg;p, obtained by means of a Fubini-type
arguments, is

t t
Bg}p(il,i2)=fo (f 3va(u2)Bu(i1)dv>quz(iz)
uz

t
_ ( / avK,,(uz)Kv(ul)dv) AW, (i) d Wi, (i2)
[0,£12 \JujVuy

. 1 2
i=Jy+ Iy,

where

t
sh= ( [ avawz)Kvwl)dv)dWm(il)quz(z'z),
O<ui<ur<t \Juy

t
2= ([ kK dv) dw, i) dWis i
O<up<ui<t \Juy

Owing to a simple integration by parts argument, we have

t t
f avawz)Kv(u])dv:Kt(unKz(uz)—/ Ko(u2)3u Ko (u1) dv,
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and hence
T =/ [K(t, u)K(t,uz)
O<uy<upy<t

t
-/ Kv<u2)av1<v<u1)dv]dWm(il)quz(iz)
uy

—B2(i\, in) —/

O<ui<up<t

(/ui Kv(uz)ava(ul)dv> AWy, (i1) dWy, (i2).

Gathering all the expressions we have obtained so far and recalling our notation
Yi(a,b) = [ K(v,a) 3,K(v,b)dv for 0 < b < a < t, the proof of (45) is now
readily completed.

Case 3: 1/4 < H < 1/2. Many of the computations of Case 2 can be reproduced
here, and we will just outline the main differences.

Since H < 1/2, Lemma 2.4 and the results in [5, 9] assert that f is an element
of ny in the current situation. Moreover, (46) is still valid for H < 1/2, so that we

only have to find an alternative expression for Bg;p.
Thanks to expression (5.29) in [18], one can write

2p.. . ! ) .
BOtp(ll ,12) =,/O [Kz*B(ll)]uz dWy, (i2) := Lél't + Lgl’
where

t t
Ll — /O ( / avKumz)aBuzv(il)dv)quz(m,
us

t
L?t :/0 K:(u2) By, (i1) dWy, (i2).

Then the same kind of arguments as for Case 2 (Fubini-type relations and integra-
tion by parts for K) yield L!, = LI} + L!2, with

st

L, =/0 t[Kt(uz)SKzu(ul) — Y (up, u)1dWy, (i1) dWy, (i2),
<ui1<up<

Ly = Wi (e, u2) d Wy, (i1) d Wiy (i2).

O<up<uy<t

It is also easily checked that
= K2 Ky 1) AW, (1) d Wi (i2).
O<uj<up<t

Recalling then Bg;p(z’ 1,i2) = LI} + L2 + 1.2 we end up, after some elementary
algebraic manipulations, with expression (45). U
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5.2. Comparison with the construction by Fourier normal ordering. It is im-
possible to reproduce here the elegant formalism on which [23] is based. We will
thus just content ourselves with giving some hints on the possibility to link our
construction with the general Fourier normal ordering program described in the
latter reference.

One of the starting points in [23] is that any iterated integral with respect to a
function X can be encoded by a tree whose vertices are decorated by {1, ..., d}
if X is R?-valued. A Hopf algebra structure is usually added to this set of trees
after the pioneering work of Connes and Kreimer [4], the resulting structure being
denoted by H.

In case of a smooth function X, consider X"(iy, ..., i,) defined by (1) in the
Riemann sense. Let also o € X, be a permutation of {1, ..., n}. When one wishes
to express X" (ix (1), - - -, lg(n)) in terms of integrals involving the indices iy, ..., i,
in this exact order, one is naturally led to use operations on trees and forests, en-
coded in the Hopf algebra structure alluded to above. After a huge amount of
formalization explained in [23], this allows us to write, for 0 <s <t < T,

(47) X5 (i1, ovin) = [(xx 0 8) * xx1(Ty),

where T, designates the trunk tree of order n decorated by iy,...,i,, Xy is a
character defined on H, S stands for the antipode operation characteristic of Hopf
algebras and x is a certain convolution product defined on H. Notice that the equiv-
alent of decomposition (47) in [23] involves some so-called skeleton integrals,
which refer to Fourier transform techniques. Our character xy is defined in direct
coordinates, in concordance with the Volterra-type representation we have chosen.

Still in case of a smooth function X, a further analysis of the terms xy allows the

decomposition (valid for a multiindex (j, ..., j,) assimilated with its associated
trunk tree)
(48) XxUts - dn) =Y I(T%),

oEY,

where T? is a forest called permutation graph (see [23], Lemma 1.5). This kind
of decomposition is the one which has to be generalized to nonsmooth situations.
In our context, I;(T?) is obviously a Wiener multiple integral weighted by the
kernel K, whose generic form is given by

L= | [T Ka, () dWe, ().

o(l)<"<Ug(n) j=1

where each a; = s or t according to the permutation graph under consideration.
The algorithm set up in [23] in order to cope with nonsmooth situations basically
replaces the integrals I;(T¢) for any T having more than two vertices by some-
thing smoothed in Fourier coordinates. Our approach is simpler (and rougher), in
the sense that we replace all those integrals by 0. We are thus just left with the
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permutation graph T°° corresponding to og: (1,...,n) — (n,..., 1), which is the
only one containing trees reduced to a root (see [7] for further explanations). It can
then be shown that, reading [23], Lemma 3.6, in this context leads to our definition
(28) of the multiple iterated integral with respect to B. In a sense, our construction
is thus included in the broader context of [23]. Nevertheless, let us insist on the
fact that we provide a simple and direct alternative approach to the problem.
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