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LARGE DEVIATIONS FOR LOCAL TIMES AND INTERSECTION
LOCAL TIMES OF FRACTIONAL BROWNIAN MOTIONS
AND RIEMANN-LIOUVILLE PROCESSES

BY X1A CHEN', WENBO V. L12, JAN ROSINSKI® AND QI-MAN SHAO*

University of Tennessee, University of Delaware, University of Tennessee and
Hong Kong University of Science and Technology

In this paper, we prove exact forms of large deviations for local times
and intersection local times of fractional Brownian motions and Riemann—
Liouville processes. We also show that a fractional Brownian motion and the
related Riemann—Liouville process behave like constant multiples of each
other with regard to large deviations for their local and intersection local
times. As a consequence of our large deviation estimates, we derive laws
of iterated logarithm for the corresponding local times. The key points of
our methods: (1) logarithmic superadditivity of a normalized sequence of
moments of exponentially randomized local time of a fractional Brownian
motion; (2) logarithmic subadditivity of a normalized sequence of moments
of exponentially randomized intersection local time of Riemann—Liouville
processes; (3) comparison of local and intersection local times based on em-
bedding of a part of a fractional Brownian motion into the reproducing kernel
Hilbert space of the Riemann—Liouville process.

1. Introduction. Let B (¢), t > 0, be a standard d-dimensional fractional
Brownian motion with index H € (0, 1). That is, B (¢) is a zero-mean Gaussian
process with stationary increments and covariance function

E(BY (1)BY ()T = {1t + |s1* — |t — 51?7} 1,

where [; is the identity matrix of size d. B () is also a self-similar process with
index H. The local time L} (BM) of BH (1) at x € RY is defined heuristically as

LY (BH) = ftéx(BH(s))ds, t>0.
0

It is known that L;‘(BH ) exists and is jointly continuous in (z,x) as long as

Hd < 1. By the self-similarity of a fractional Brownian motion, Lj‘(BH) 4
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H
tl_HdL)f/t (BH). In particular,

(1.1) LO(BH) L 1-Hd O (pH)

Our first goal is to investigate large deviations associated with tail probabilities
of L?(BH ). By the scaling given above, we may consider only ¢ = 1. In the clas-
sical case, when H = 1/2 and d = 1, it is well known (see the book of Revuz and

Yor [37], page 240) that L?(Bl/ 2) 4 |U| with U ~ N (0, 1). Consequently,
: -2 0,pl/2 _ 1
algroloa logP{L{(B"/") > a} = —5.
In Theorem 2.1 we prove that for a fractional Brownian motion a nontrivial limit
: —~1/Hd 0 pH
all)ngoa logP{L}(B™) > a}
exists and we give bounds for this limit.

Closely related to the fractional Brownian motion is the Riemann—Liouville
process WH () with index H > 0 which is defined as a stochastic convolution

(1.2) WH(t)zft(t—s)H_l/de(s), t>0,
0

where B(7) is a d-dimensional standard Brownian motion. {W# (*)}s>0 is a self-
similar zero-mean Gaussian process with index H, as is B (), but WH (¢) does
not have stationary increments and there is no upper bound restriction on index
H>0.1If L?(WH ) denotes the local time of W (¢) at 0, then by the self-similarity
we also have

(1.3) LOWH) L 1=Hd Oy Hy,

The relation between W (t) and B (t) becomes transparent when we write a
moving average representation of B (1), t € R, in the form

(1.4) BY(1)=cy / s (=) 1214Bs),
where
(1.5) cg =~2H2"B(1 — H,H+1/2)"'/2,

and B(-, -) denotes the beta function. The analytic derivation of cy is given for
completeness in the Appendix (a different but equivalent form of cy is also derived
in Mishura [34], Lemma A.0.1, by a Fourier analytic method). From (1.4), we have
a decomposition

(1.6) ey BE)y=wi @)+ 2% 1),

where

0
(1.7) zi @) = f [(t — )72 — (—5)7=1/21aB(s)
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is a process independent of W# ().

This moving average representation for fractional Brownian motion was intro-
duced in the pioneering work of Mandelbrot and Van Ness [32] and used exten-
sively by many authors, sometimes with different normalizing constant cg in (1.5)
(e.g., Li and Linde [28] uses I'(H + 1/2)_1 for cy).

We will show that paths of Z (¢), away from ¢ = 0, can be matched with
functions in the reproducing kernel Hilbert space of WH (1) (Proposition 3.5,
Section 3.2). This and the independence of ZH (1) from WH(¢) will allow us
to show that large deviation constants of tail probabilities of L?(WH ) and of
L(l)(c;llBH )= c‘;IL(l)(BH ) are the same (Theorem 2.2). In this context, we also
want to mention Theorem 3.22 of Xiao [42], who established bounds for tail prob-
abilities of the local time L(1) of the general Gaussian processes in the form
1

5@ log{LY > a) < —C,

—C; <liminf : log{Ly > a} < limsup
a—>0o0 qb(a) a—00
and raised a question on the existence of the limit (Question 3.25, [42]). Further,
we cite the paper by Baraka, Mountford and Xiao [4] for some similar tail estimate
of the local time of multi-parameter fractional Brownian motions.
Next, we will consider p independent copies BIH ®,..., B;I (t) of a standard

d-dimensional fractional Brownian motion B (¢). Throughout this paper,
pr=p/(p—1)

will stand for the conjugate to p > 1. Our next and main goal is to investigate
large deviations for intersection local time afl () of B{I (),...,B II,{ (t), which is a

random measure on (R™)” given heuristically by
p—1
™ (4) :/A [T 80(BY (s — B (s 00)ds1 -+ dsp, A (RP.
j=1

Quantities measuring the amount of self-intersection of a random walk, or of mu-
tual intersection of several independent random walks, have been studied inten-
sively for more than twenty years; see, for example, [9, 10, 13, 19, 25, 26, 33].
This research is motivated by the role these quantities play in quantum field theory
(see, e.g., [14]) in our understanding of self-avoiding walks and polymer models
(see, e.g., [21, 31]) or in the analysis of stochastic processes in random environ-
ments (see, e.g., [2, 15, 16, 20]). In the latter models, dependence between a mov-
ing particle and a random environment frequently comes from the particle’s ability
to revisit sites with an attractive (in some sense) environment. Consequently, mea-
sures of self-intersection quantify the degree of dependence between movement
and environment. Typically, in high dimensions, this dependence gets weaker, as
the movements become more transient and self-intersections less likely. Investiga-
tion of large deviations for intersection local times is closely related to asymptotics
of the partition functions in above models.
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There are two equivalent ways to construct a’ (A) rigorously. In the first way,
a’(A) is defined as the local time at zero of the multi-parameter process

X(t1,...,tp) = (B (1) — B (1), ...,

Bl ((tp-1) = Bl (1p)).  (t1.....1p) € R

More precisely, consider the occupation measure

(1.8)

pa®) = [ 1a(Bf 1)~ B so).....
Bl \(sp-1) = Bl (sp))dsy -+~ dsp,  BCRIPTD,
By Theorem 7.1, as Hd < p*, there is a density function afl (A, ") of pa(-) such
thatif A =10, 7] x --- x [0, 1,], then af([0,11] x -+ x [0, tp], x) is jointly con-

tinuous in (71, ..., 1, x). We define afl(A):=afl(A,0).
For the second way of constructing o (A), write for any & > 0

P
(1.9) aSH(A)z/Rd/A1_[1p€(B;1(Sj)—x)ds1 - dspdx,
j:
where p, are probability densities approximating §p as ¢ — 0. Notice that
all(A) =fAh8(BfI(s1) — By (s2)..... B} | (sp—1) — BJl(s,))ds) -+ ds)

— )hg(x)ozH(A,x)dx,

Rd(pfl
where
p—1 p—1
he(xy, ... ’xp—l) = [l;d pe(—x) 1_[ ps(Z Xk — x)
j=l1 k=j
is an probability density on R??=1 approaching 8 (x1, ..., x p—1)ase— 0%,

By the continuity of afl (A, x), lim,_, o+ af’ (A) = a¥ (A) almost surely. Ap-
plying Proposition 3.1 to the Gaussian field given in (1.8), the convergence is also
in £™ for all positive m. This way of constructing o (A) justifies the symbolic
notation

H : H
o (A)=,/Rd/AJ.E[180(Bj (sj) —x)dsy - dspdx.

In the special case p =2 and Hd < 2, Nualart and Ortiz-Latorre [35] proved
that ozf([O, t1] x [0, t2]) converges in L2 as ¢ — 01, with

(1.10) pe(x) = Qem) ™ exp(—|x|*/2e).
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For the Riemann—Liouville process W (¢) an analogous construction of the
intersection local time

p—1
j=1

P
— Heoy +yp
_A‘Qd‘/;‘jl:[l%(Wj (sj) —x)dsy -+~ dspdx, AcC (RN,

can be done under the same condition Hd < p*.
By the self-similarity of B (¢) and WH (1), for anyt >0

(1.11) «H ([0, 11P) L (p=Hdp=D o H ([0, 1]P)
and
(1.12) aH ([0, 117) L p—HAP=DgH ([0, 117).

Finally, we would like to discuss this research in a more general context
of Markovian versus non-Markovian structures. Naturally, most of the existing
results on large deviation for (intersection) local time have been obtained for
Markov processes such as Brownian motions, Lévy stable processes, general Lévy
processes and random walks. The underlying Markovian structure has been es-
sential for the methods in these studies; see Chen [10] for references and a sys-
tematical account of such works. Departures from Markovian models are often
driven by the underlying physics to match the required level of dependence (mem-
ory) and smoothness/roughness of sample paths. Fractional Brownian motion and
Riemann-Liouville processes are the most natural candidates as extensions of
Brownian motion into the non-Markovian world. They offer the existence of the
intersection local time for any number p of processes in any dimension d as long
as H is sufficiently small. Therefore, they may help scientists to build more realis-
tic and robust models while posing serious challenge to mathematicians due to the
non-Markovian nature.

In this paper, we mainly use Gaussian techniques motivated from the study of
continuity properties of local time, and more generally, from theory of Gaussian
processes. It is also helpful to see connections between small ball probability es-
timates and tail behavior of the local time. Indeed, large value of the local time at
zero means that the process stayed for a long time in a small neighborhood of zero.
By this analogy, Propositions 3.1 and 3.3 can be motivated by the corresponding
results for small balls (see comments preceding these propositions in Section 3.1).

2. Main results.

THEOREM 2.1. Let BH (t) be a standard d-dimensional fractional Brownian
motion with index H such that Hd < 1. Then the limit

2.1) agngoa—l/<Hd> log P{LY(BH) > a} = —0(H, d)
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exists and 6 (H, d) satisfies the following bounds:
22) (mwey /) oy(Hd) <6(H, d) < 2m)"/*Py(Hd),
where cy is given by (1.5) and

(1 _ K)I—K)I/K

(2.3) o) = K( T

Notice that in the classical case of one-dimensional Brownian motion, (2.2)
becomes the equality. The fact that the lower bound is less than or equal to the
upper bound in (2.2) is equivalent to clzq < 2H, which can also be seen directly.
Indeed, from (3.16)

2
(2.4) S—Z:Var(BH(mBH(s),st) < Var(B7 (1)) = 1.

The equality only holds for a Brownian motion, that is, H = 1/2.

THEOREM 2.2. Let WH(¢) be a d-dimensional Riemann—Liouville process as
in (1.2) such that Hd < 1. Then the limit

(2.5) lim a VHD 10e PILOWH) > a)y = —6(H, d)
exists with

(2.6) O(H,d)=(c)”"M0(H, d),

where 0(H, d) is as in Theorem 2.1 and cy is given by (1.5).

THEOREM 2.3. Let @' (-) be the intersection local time of p-independent

d-dimensional Riemann—Liouville process WlH ®,..., Wlfl (t), where Hd < p*.
Then the limit
2.7) lim_ a7/ 1og P{&H ([0, 117) = a} = =K (H, d, p)

exists and K (H., d, p) satisfies the following bounds:

1—p*/(Hd) 1/(2H) —p*/(Hd)
pHd(l_Hd> P/ <1>/ pP*/<2HP)F<1—Hd) P/

p H
<K(H,d, p)

(2.8)

Hd Hd\1—P/(Hd) , >p \1/QH)
<p (1_ ) < )

P* p* C%{p*

’

[ee]
x </ (1 4+ 2Hy=d/2~ g4
0

where cy is given by (1.5).

>—P*/(Hd)
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There is a direct way to show that the lower bound is less than or equal
to the upper bound in (2.8). Observe that by Holder’s inequality, 1 + 2 >
pl/P(p*)1/P*2H/P" \which leads to

00 *

After cancellation on both sides of (2.8), the problem is then reduced to examining
the relation ¢, < 2H, which is given in (2.4).

THEOREM 2.4. Let af(-) be the intersection local time of p-independent

standard d-dimensional fractional Brownian motions BlH (1), ...,B;I (1), where
Hd < p*. Then the limit

(2.9) lim_ a7/ H 1og Pla " ([0, 117) = a} = —K (H,d, p)
exists with

1/H 3

(2.10) K(H,d,p)=cp" K(H,d, p).

Our results seem to be closely related to the large deviations of the self-
intersection local times heuristically written as

p—1
B ([0,117) =f[0’t]£ j]:IIBO(BH(Sj) — B (sj11))dsi --- dsp,

where
[05 t]li = {(Slv ""Sp) € [05 t]pa S <--- <Sp}-

In the case when Hd < 1, we can rewrite
1
p10.02) = [ LI (BT dx.
p! JRrd

To see the connection between o/ and B, notice that by Holder’s inequality and
arithmetic and geometric mean inequality,

i(/ (LB de>1/p.

j=l1

1/
@10, 117)"/7 = f ﬁLx(BH)dx !
' Rdj:l [ ~p

Thus, for any 6 > 0,
Eexp{fa'?” ~HO/HP) (o H ([0, 1]7))1/P)

* 1/p p
f[Eexp{Gp_la(p _Hd)/(Hdp)(A;d[L“f(BH)]pdx) ” .
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On the other hand, by Theorem 2.4 and Varadhan’s integral lemma,

lim q—P"/(Hdp) IOgEeXp{@p_la(p*_Hd)/(Hdp) @’ (o0, I]P))l/P}

a— o0

=sup{0p~"AVP — K (H,d, p)rr"/Hdr)
A>0

= (Hd/(p*K(H,d, p)))Hd/(P*—Hd)(l _ Hd/p*)(@/p)l’*/(l’**HdX

Consequently,

y . 1/p
liminfq P /(Hdp) 1ogEexp{9a<P —Hd)/(Hdp) (/ﬂ;{d[Lf(BH)]” dx) }

a— o0
@.11) = p '(Hd/(p*K (H,d, p)))"/@ ~HD
x (1= Hd/p*)®/p)r"/ 71D,

If this can be strengthened into equality with limits, then by Girtner—Ellis theo-
rem, for any A > 0,

. 1/p
lim_g= 7"/ 1ogp{</d[L7(BH)]de> zm“ﬁ}
R

= sup[A6 — p~\(Hd/(p*K (H,d, py))H/ 7~ HD

x (1 — Hd/p*)(0/p)r"/ @ —H)
= —p 'K (H,d, p)rr"/HD,

In particular,
i —p*/(Hdp) xcgHyp —_p1
(2.12) all)ngoa logIP’{/];gd[ 1 (B dx za} =—p K(H,d,p).

The conjecture (2.12) is partially supported by a recent result of Hu, Nualart
and Song (Theorem 1, [23]) which states that when Hd < 1 and p =2,

Emd[Lf(BH)]zdx} <Cc'anf, a=1,2,..

for some C > 0. Indeed, a standard application of Chebyshev inequality and Stir-
ling formula leads to the upper bound of the form

limsup g~/ HD logIP’{/ [LY(B"))Pdx > Aa} <—I,
a— o0 R4

where [ is a positive constant. This rate of decay of tail probabilities is sharp by
comparing it with (2.11) for p = 2.
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In the case Hd > 1, ,BH (0, t]]<)) cannot be properly defined. On the other hand,
this problem can be fixed in some cases by renormalization. For simplicity we
consider the case p = 2. Hu and Nualart prove (Theorem 1, [22]) that for 1 <
Hd < 3/2, the renormalized self-intersection local time formally given as

H 2N _ H,\ pH
Y ([0’t]<)_//{o§r<sgf}8°(3 (r)— B (s))drds

_ H _ pH
E//{Ogr<s§t}50(B (I") B (S))d}"ds

exists with the scaling property

(2.13) yH ([0, 112) £ 27 Hd ) H (10, 1712).

We also point that an earlier work by Rosen [38] in the special case d = 2.
Based on a similar but more heuristic reasoning, it seems plausible to expect
that

214) Jim a=/ D 1ogP(y" (10, 12) = a) = -2 1K (H,d, 2).

We refer the interested reader to Theorem 4, [23] for some exponential integrabil-
ities established by Hu, Nualart and Song based on Clark—Ocone’s formula. We
leave these problems for future investigation.

Our large deviations estimates can be applied to obtain the law of the iterated
logarithm.

THEOREM 2.5. When Hd < 1,

2.15)  limsupt 1= HD (oglogn) " HILOBH)=0(H,d)" ¢  as.,

t—00

(2.16) limsupr~1=HD (oglogt) " HILOWH) =6(H,d)" "  a.s.

[—> 00
When Hd < p*,
limsupt_p(l_Hd/p*)(loglog 1)~HA=DyH 0, 117)
1—>00
2.17)
=K(H,d,p)_Hd(p_1) a.s.,
limsup ¢ ~PA=H4/P") (1oglog 1) ~HAP=DgH ([0, 117)
1—>00
(2.18)

=K(H,d, p)y~Hdr=D 45,

Even with the large deviations stated in Theorem 2.1-2.4, the proof of The-
orem 2.5 appears to be highly nontrivial due to long-range dependency of the
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model. Here, we mention some previous results given in Baraka and Mount-
ford [3], Baraka, Mountford and Xiao [4]. Using the large deviation estimate sim-
ilar to (2.1), Baraka, Mountford and Xiao were able to establish some laws of the
iterated logarithm which describe the short term behaviors (as ¢ — 07) of the local
times of fractional Brownian motions. As pointed out by Baraka and Mountford
(page 163, [3]), their method does not lead to the laws of the iterated logarithm of
large time given in Theorem 2.5.

Theorem 2.5 will be proved in Section 6. The proof of the lower bound appears
to be highly nontrivial due to long-range dependency of the model. The approach
relies on a quantified use of Cameron—Martin formula.

Since all main theorems stated in this section have been known in the classic
case H = 1/2 (see, e.g., [9] and [12]), we assume H # 1/2 in the remainder of the

paper.

3. Basic tools. In this section, we provide some basic results that will be used
in our proofs. We state them separately for a convenient reference.

3.1. Comparison of local times. We will give general comparison results for
local times for Gaussian processes. They are based on the standard Fourier analytic
approach but go far beyond, motivated mainly by similar small deviation estimates.
We start with an outline of the analytic method typically used in the study of local
times for Gaussian processes, in particular on its the moments; see Berman [7] and
Xiao [42].

For a fixed sample function and fixed time ¢ > 0, the Fourier transform on space
variable x € R? is the function of A € R,

) .
/de’“L(t,x)dx :/ XS g
R 0

Thus, the local time L(¢, x) can be expressed as the inverse Fourier transform:

, o,
L(t,x)= e M / XS gs d.
0

1
(2m)d /I;d
The mth power of L(z, x) is

L, x)"

— ; e_ix'ka=1 Ak
(zn)md Rmd

m
x/ exp(iZAk-X(sk)>ds1 ceedsydi - dhgy.
(0.2 k=1

Take the expected value under the sign of integration: the second exponential in the
above integral is replaced by the joint characteristic function of X (s1), ..., X (s;).
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In the Gaussian case, we obtain

ELGE, x)™
_ 1
- (27T)Md

o [ ik
Rmd
m

1
x/ exp<—§Var<Zxk.X(sk))>dsl coodsmdAy - dhg.
[O,f]m

k=1

Interchanging integration and applying the characteristic function inversion for-
mula, we can get a more explicit (but somewhat less useful) expression in terms of
integration associated with det(EX (s;) X (s j))*l/ 2. Estimates of the moments of
local time L(t, x) thus depend on the rate of decrease to 0 of det(EX (s;) X (s;)) as
sj —sj—1 — 0 for some j. Here in our approach, we have to make proper adjust-
ment by approximating L (¢, x).

Consider now random fields X (t) taking values in R?, where t = (11, ..., tp) €
(R*)?. For a fixed Borel set A C (R™)?, recall that the local time formally given
as

@3.1) LX(A,x):/ASX(X(s))a’s

is defined as the density of the occupation measure
uA(B) = fA 13(X(s))ds,  BCR?,

if 114 (-) is absolutely continuous with respect to the Lebesgue measure on R?.

Given a nondegenerate Gaussian probability density 4(x) on R¢ and & > 0,
the function hg(x) = e~4/?h(¢~/?x) is also a probability density. Define the
smoothed local time

(3.2) LX(A,x,e):/AhS(X(s) —x)ds.

Our first proposition provides moment comparison (3.6) which can be viewed
as analogy of Anderson’s inequality in the small ball analog: For independent
Gaussian vectors X, Y, X symmetric,

P(IX+ Y[ <e) <P(|X]| <¢).

See Li and Shao [30] for various application of this useful inequality.

PROPOSITION 3.1. Let A C (RY)? be a fixed bounded Borel set. Let X (t)
[t=(r1,....1p) € (RTYP] be a zero-mean R4 -valued Gaussian random field with
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the local time Lx (A, x) continuous in x € RY. Assume that foreverym =1,2, ...,

1 m
(3.3) f dsi --~dsm/ dhy -+ dhmexpd —= Var| > - X(sg) | p < o00.
Am (Rd)m 2

k=1
Then Lx(A,0) € L™ (i.e., finite mth moment), with

1
ELx(A,0)" = / dsy - dsp

(3.4) o o
X /(-Rd)m diy - dhy exp{—i Var(/; = X(sk)> }
and
(3.5) SEIBLIElLX(A,O, e)—Lx(A,0)|" =0.
IfY@ [t=(r1,...,1p) € (RM)P] is another zero-mean R -valued Gaussian

random field independent of X (t) such that the local time Lxy(A, x) of X (t) +
Y (t) is continuous in x, then

(3.6) E[Lx+y(A,0"] <E[Lx(A,0)"].
PROOF. By Fourier inversion, we have from (3.2)

Lxa 0.0 = o [ arewl-S0 Tl [0 as
T emyd e 2 A ’

where I" is the covariance matrix of Gaussian density 4 (x). Using Fubini’s theo-
rem,

1
ELX(A,O, g)mZW/mdSI dSm

[
(Rd)m

> exp{_g Z)‘k . Fkk}Eexp{—i Z)»k . X(Sk)}

k=1 k=1

1
x/ dry - diy
Rym

X exp{_g Zlk : F)vk} CXP{_%V‘H<Z Ak X(Sk))}'

k=1 k=1

3.7)
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By monotonic convergence theorem, the right-hand side converges to the right-
hand side of (3.4) as € — 0. In particular, the family

ELx(A,0,&)" (e >0)

is bounded for m = 1,2, .... Consequently, this family is uniformly integrable
for m =1, 2, .... Therefore, (3.4) and (3.5) follow from the fact that Lx (A, 0, &)
converges to Lx (A, 0), which is led by the continuity of Lx (A, x).

Finally, (3.6) follows from the comparison

1 m
dsy ---ds / d\y ---dA,, expy —= Var A-(X(sp)+Y(s
" 1 m Ry 1 m P{ 5 (Z ( (Sk) ( k)))}

k=1

1 m
< dsy -+ ds / d\y --- dA,, expl —= Var A-X(s .
= Jm 1 m (Riyn 1 m p{ ) (]; (k))]

In certain situations we can also reverse bound in (3.6) as a result of the
Cameron—Martin formula. In small ball setting, this is motivated by the Chen—
Li’s inequality [11] which can be used to estimate small ball probabilities under
any norm via a relatively easier Ly-norm estimate. See also the survey of Li and
Shao [30]. Let X and Y be any two centered independent Gaussian random vectors
in a separable Banach space B with norm || - ||. We use | - |,(x) to denote the inner
product norm induced on H,, by i = £(X). Then for any A > 0 and ¢ > 0,

P(IX + Y| <e) = P(IX|| <&) - Eexp{=27"1Y [, )}
and
—142 2
P(|Y| < &) = P(IX]| < xe) -Eexp{—2""A|Y[% x, ).

Next, we provide the local time counterpart of this inequality, which is crucial in
our estimates. Suppose that the process X (t), t € [0, T], where T = (T3, ..., T)) €
(R4)?, can be viewed as a Gaussian random vector in a separable Banach space
B such that the evaluations x > x(t) are measurable (say B = C([0, T}]; R4 ), for
concreteness). Let H(X) denote the reproducing kernel Hilbert space (RKHS) of
X(t),t [0, T], equipped with the norm || - ||. Now we will make a crucial assump-
tion that the independent process Y (t), t € [0, T], has almost all paths in H(X).

PROPOSITION 3.2. [In the above setting, under the assumptions of Proposi-
tion 3.1, we have

(3:8) E[Lx4y(A,0)"] = Ee” /2 E[Ly(4,0)"]
for every A C [0, T] and m € N.
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PROOF. Applying Lemma 3.7(ii), for g(x) =[]} he(x(sx)), x € B, we get

E[Lx+y(A,0,8)"]= /Am dsy -+ dsy B[] he(X (s1) + Y (s1))
k=1

m
>Ee V[ sy - dsy E [T he(X(s0)
Am
k=1
=Ee /2YIB[Ly(A,0,2)™].
Applying (3.5) for both processes, X and X + Y, we get (3.8). U

3.2. RKHS of WH (t) and the remainder Z" (t). Let H € (0,1/2) U (1/2, 1)
and recall decomposition (1.6):

cp B 0y =wHmn+z"@0,  t=0,

where the remainder process Z H () can be written as
o0 -
(3.9) 20 = [ 1)1 = TR aBs),
0

with B(s) := B(—s), s > 0. Clearly, ZH (1) is a self-similar process with index H
and the processes W () and Z% (¢) are independent. In this section, we develop
a technique allowing us to treat sample paths of Z% (¢) as, essentially, elements of
the reproducing kernel Hilbert space (RKHS) of WH ().

The RKHS HJ[O0, T of the the Riemann—Liouville process {W (*)}sefo0,1) with
index H > 0, viewed as a random element in C[0, T'], follows standard theory of
RKHS; see [5] and [29]. Van der Vaart and van Zanten [40], Lemma 10.2, proved
that
(3.10) H{0, T1= I (Lal0, TY),

where
(3.11) I  f(®) . fz(t ¥ fs)d 1€[0,7T]
. =— —s s)ds, ,T1,
0+ F(O[) 0
is the Riemann-Liouville fractional integral of order o > 0; for @ =0, 18 =71

PROPOSITION 3.3. {ZY(t)};>4 has C™-sample paths a.s. for any a > 0.
However, for every T > 0,

P({Z" (t)}reqo,r) € HIO, T]) = 0.

PROOF. Formal n-tuple differentiation of Z Hp) gives

" L 2k — 1\ [ B}
—7H) = H(H— —>/ (t +5)H=CHD2 g B(s), t>0.
ot kel 2 0
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The right-hand side is a well-defined Gaussian process with locally square inte-
grable sample paths. By consecutive integration of this process over [a,t], we
prove that {Z* (¢)};>, has C"~D-sample paths, n > 1, which proves the first part
of the proposition.

To prove the second part, observe that

(3.12) z9y=uft P viho, =0,

where V¥ (¢) is a Gaussian process given by
H—1/2 o0 y—H=1/2,H-1/2

TTG2-H) ) t+u

Direct computation gives E[(V# (¢))?] = Ct~!, where C depends only on H.

Hence, IE||VH||%2[O’T] = oo but ]E||VH||L1[0,T] < 00. Combining the fact that

1517 is one-to-one on L1[0, T (see [39], Theorem 2.4) with (3.10) and (3.12)

we get
PUZH (t)}rejo.71 € HIO, T1) = PUV (1)} 1e10.7) € L2[0, T]) =0,

where the last equality follows from a zero-one law and integrability of Gaussian
norms. [

728 0) dBu), t>0.

Direct verification whether a given function belongs to H[0, 7] can be difficult.
Therefore, we give below a simple to check sufficient condition. Let AC5'[0, T']
denote the space of functions f which have continuous derivatives up to order m —
1 on [0, T'], with f(m_l) absolutely continuous on [0, T'], and f(m) e L»[0, T],
m e N.

PROPOSITION 3.4. Let m = [H + 1/2]. If f € AC3'[0,T] is such that
F®0) =0 for 0 <k <m, then f € H[0, T and

—(H+1/2
(3.13) I lleo,7y = ke [ 1o P2 p oy
where kg =T (H + 1/2)_1.

PROOF. By our assumption f = 16”+f(m), where f e L,[0,T]. Put g =

I&_(HH/ 2 £ Since the operators of fractional integration {1y, :a > 0} form

a strongly continuous semigroup on L3[0, 1] (see [39], Theorem 2.6), we get that
g€ L>[0,T] and
H+1/2 H+1/2; ym—(H+1/2
Ty g = To+ ! (o (2 plom) — I3 ™ = f.
In view of (3.10), f € Hir and from [40], Lemma 10.2,

m—(H+1/2)

Lf ez, 71 = ke I8l Logo.71 = kar | 15 F" 0.1 O

The remainder Z is not in HJ[0, 7] by Proposition 3.3. The next result shows
the way to circumvent this problem, which is crucial to our technique.
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PROPOSITION 3.5. For any a > 0, there is a Gaussian process {ZaH ®}i>0
such that:

G) zH@t)=2z"@) forallt > a;
(i) forany T >0

P({ZH (t)}reqo,r1 € HIO, TT) = 1.

PROOF. First, consider H € (0, %), sothatm = [H + 1/2] = 1. Define
At 0<t<a
ZH@) = ’ - =
a () {ZH(t), t>a,
where A =a~'Z" (a). Since Zf (#) has paths in AC21 [0, T'] (see the first part of
Proposition 3.3) and Z f (0) =0, (i1) holds by Proposition 3.4.
Now we consider H € (%, 1),sothatm = [H + 1/27 = 2. Define

27 (1) = Bit>+ Byt’,  0<t<a,
a ZH (1), t>a,

where By = 3a2Z"(a) — a7 'z (a), B, = —2a3Z"(a) + a=?Z"(a) and
ZH(@) = gZ H(t). As in the previous case, part (ii) follows by Proposition 3.4.
Indeed, Z/ (t) has paths in AC3[0, T1, Z#(0)=0and ZH#(0)=0. O

The above method of modifying of Z# in a neighborhood of 0 will also be used
in Section 6 for other processes and the H[0, T ]-norm of such modifications will
to be estimated. For this purpose, the next lemma will be useful.

LEMMA 3.6. Let m = [H + 1/2]. If f € ACY[0,T] and f®(0) =0 for
0 <k <m,then foreverya e (0,T)

nfﬁquEC{aﬂm2”—w¥mZHWfWWimm@

T
o),

where C depends only on H.

T 2
f (t —s)"H=32 pm) () ds dt},

PROOF. Putk =m — (H + 1/2). In view of (3.13), we get
2
Lf WEgo,7y = k2 116 (F "™ .1 + £ Via ) Lyg0.19
2 2 2
= 2"1%1 || (I)(+1[0,a] HLZ[O,T] Hf(m) ”LOO[O,a] + 2]‘%1 ” (')(+ (f(m)l[a,T])HLz[o,T]

< C(sz—ZH . aZm—ZH)”f(m) Hioo[O,a]

2 T T 1 2
+2kaa fa(r—s)"— F™(s)ds| dr. 0
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3.3. Technical lemmas. The following auxiliary results and formulas are used
in the proofs of the main theorems. They are given here for a convenient reference.

LEMMA 3.7. Let u be a centered Gaussian measure in a separable Banach
space B. Let g: B +— R, be a measurable function. Then:

(1) if{x € B:g(x) >t} is symmetric and convex for every t > Q, then for every
yeB

f g(x + )(d) < f g()(dx);
B B

(ii) if g is symmetric [g(—x) = g(x), x € B], then for every y in the RKHS 'H ,
of n

1
[ g+ v zexp{—5||y||i} | sm.
where ||yl denotes the norm in 'H,,.

PROOF. Part (i) follows from Anderson’s inequality

/ g(x + y)u(dx) = / plx € Big(x +y) = 1} dr
B 0

s/o pix € B:g(x) zt}dt=f3g(X)u(dx)-

Part (ii) uses Cameron—Martin formula and the convexity of exponential func-
tion

1
[ g+ vuian = [ gwexp] e, - i
1 1
=5 [ emexpf e = 11 Juan
1 1
+5 [ gexp{ ey = S 1y i

1
> exp| -5 112 [ gtontan. -

The next lemma is well known and goes back at least to 1950s in equivalent
forms; see Anderson [1], page 42, Berman [6], page 293, and [7], page 71. The
basic fact is that conditional distribution of X; given all the X;,1 <i <k, is a
univariate Gaussian distribution with (conditional) mean E(X|X1, ..., X;—1) and
(conditional) variance

det(Cov(Xy, ..., X))/ det(Cov(Xy, ..., Xr—1))

for1 <k <m.
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LEMMA 3.8. Let (X1,...,X;) be a mean-zero Gaussian random vector.
Then

det(Cov(X1q, ..., X)) = Var(X;) Var(X2|X1) - - - Var( X, | Xpp—1, . - ., X1).

Let B (¢) be given by its moving average representation (1.4). By the decon-
volution formula of Pipiras and Taqqu [36], we also have

t
(3.14) B(1) =c*;,/ (=) — (=)™ aB" (s),

—00
where ¢j; = {cyT'(H+1/2)I'(3/2— H)}_1 and the integral with respect to B (1)
is well-defined in the L?-sense. It follows from (1.4) and (3.14) that for everyt € R
(3.15) Fi :=0{BH(S); —o0<s<t}=0c{B(s); —oco<s <t},

where the second equality holds modulo sets of probability zero. Then for every
s <t

N

(3.16) E(BH(t)|fs):ch (t — w172 =~V aB).

—00

If d =1, then for every s <t
Var(Bf (1)|Fs) = E{[B (t) — E(BY (t)| F)T*| Fs}

(3.17) :E{ft(t - u)Hl/de(u)I}"s}

2 ! 2H-1 C%{ 2H
= t— “du=-—"2-(t — .
CH,/S( u) " 2H( $)

For the reader’s convenience, we also quote the following lemma due to Kénig
and Morters [24], Lemma 2.3.

LEMMA 3.9. Let Y > 0 be a random variable and let y > 0. If

1
(3.18) lim —log( EY’") =K
m—00 (m')Y
for some k € R, then
1
(3.19) lim ——logP{Y > y} = —ye /7,

y—>oy 1/y
4. Large deviations for local times.
4.1. Proof of Theorem 2.1—Superadditivity argument. In light of Lemma 3.9,

it is enough to show that the limit in (3.18) exists for ¥ = L(l)(BH) and for y =
Hd. We will prove it by a superadditivity argument. Let T be an exponential time
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independent of B (t). We will first show that for any integer m,n > 1,
@.1) B[LO (B > (’" N ”)E[L?(BH)m]E[LQ(BH)"J.
m

Let ¢ > 0 be fixed. Notice that by Theorem 7.1, the Gaussian process B (¢)
satisfies the condition (3.3) posted in Proposition 3.1. By (3.4), therefore,

E[LO(BH)™] =

ds) ---d
(Zn)md ,/[()?;]m S1 Sm

1 m
dry -+ dr —— V. - BE
X/(Rd)m | meXp{ 3 ar(z k (Sk))}

k=1

1
= dsy---ds
Q2mymd /[o,z]m ! "

d
1 m
X [ - dri -+ dhy exp[—i Var(Z )»kBéq(sk))” ,

k=1

where Bgl (t) is 1-dimensional fractional Brownian motion.
By integration with respect to Gaussian measures,

1 m
drp - dhp exp{—5 Var(lgI aBY! (sk)> }
= (2m)"/? det{Cov(B{! (s1), ..., B& (s,))) /2.

Rlﬂ

Therefore,

0 gHymy_ M
E[L;(B")"] = s ,/[O,z]'g dsi dsm,

x det{Cov(B{! (s1), ..., BE (sm)))~4/%.

In (4.2) and elsewhere, for any A C R™ and an integer m > 1, we define

4.2)

AZ:{(Sl,...,Sm)GAm; Sl<“‘<sm}.
Put
Aty .o =BG, ..., BEGYY, k=1,...,m,
and A(sq, ..., sx) = {, Q} when k = 0. By Lemma 3.8,
E[L; (B")"]= W/[O’t]ﬁ dsy - dsm @m(st, ..., 5m),

where

m
Om(st,.vsm) = [ | Var(BE (s)1BE (s1), ..., BE (sx—1)) "/
k=1
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with the convention that the first term is Var(Béq (s1)) for k = 1. We are ready
to establish (4.1). Let m,n > 1 be integers. Then, for any s; < -+ < s,45,; and
n+1<k<n+m,

Var(B{ (si)|Bg' (s1), - .., B§ (sk—1))
= Var(B (sx) — BE (s0)|BE (s1), ..., B (si—1))
= Var(Bg' (sk) — Bg' (sn)| B (s1). ..., B§ (sn),
B§' (sus1) — By  (su). ... B (sk—1) — By (sn))
< Var(B§/ (s) — B§' (s)|B§ (sa1) — B{ (sn). ... B (sk—1) — B§ (sn))
= Var(Bg' (sx — 1)1 Bg' (sut1 = $n) -, By (k-1 — 1)),

where the last step follows from the stationarity of increments. Thus,

Crnam St - Sntm) = On (15 -5 S)Pm (Snt1 = Sns - -+ Snem — Sn)-
Notice that from (4.2)
m!
E[Lg(BH)m] = WE‘/[‘O o dSl e dsm (pm(SI, ey Sm)
m!
(43) =WE/ 1sm<rdsl -.-dsm(pm(S1,...,Sm)
S < <Sm
m! )
= W/(R+)m dsy - dsm Om(st, ..., Sm)e Sm_
Consequently,
0 H
E[L,(B )”+’”]
(n+m)! .
= W /(RJr)Zer dSl e dSn+m (ﬂn+m(51, N sn+m)€ Sn+m
(n +m)!
= (277)(”—+"1)m~/(R+)';+m dsi -+ dSpim
X @n (Sl» ey Sn)e_sn(pm (Sn+1 — Sns ey Sntm — Sn)e_(sll+m_sn)
(n+m)!

_ N
N W/(Rﬂ” dsy -+ dspon(s1, ..., sp)e

x/ dty - dty @m(ty, ... tp)e ™
(R+)m

_ (” ;m>E[L?(BH>”]1E[L9(BH)"’].
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We proved relation (4.1) which says that the sequence m log(%E[Lg(BH )™
is super-additive. By Fekete’s lemma, the limit

1 1 1 1
lim — 1og<—E[L9(BH)”1]> = sup —1og<—E[L2(BH)m])
m—o0 m! m>1 m!

4.4)
=logL,

exists, possibly as an extended number. By the scaling property (1.1),
E[LY(BHy"] = E[c 1= HIME[LY(BH )™
=T(1+ (1 — Hdm)E[L)(BT)™].
From (4.4) and Stirling’s formula, we get
(4.5) mli_)m@%log(WE[L?(BH)m]) =log{(1 — Hd)"U=HI L},
Applying Lemma 3.9, we establish (2.1) with
(4.6) 0(H,d)=Hd(l — Hd)~'TV/Hd~1/Hd
To obtain (2.2) and complete the proof it is enough to show that
4.7 Qn)™’r(1 — Hd) <L < (H 'nc3)~%*1r(1 — Ha).
By (4.1)

%E[L?(BHY"] > (ELY(BM))" = (2m) 42T (1 — HA))™,

where the equality comes from (4.3) (for m = 1). This proves the lower bound in
4.7.
To prove the upper bound, we first notice that

Var(B§! (s1)|Bg! (s1). ..., B! (sx-1))

(4.8) > Var(Bg' (s)|Bo(s), s < sk-1)
2
= 2C—Z(Sk — sk,
where we used (3.17). Hence, the function ¢ defined above satisfies, with so = 0,
m
O (s1s .y sm) < QH /)™ T sk = se—1) ™74,
k=1
and by (4.3),
m
ety /Y™ PEILOBY"  <m! [ dsy e dsn [ G = s e
®*ym bl
o0 m
(4.9) :m!{/ fHde—’dt}
0

=m!l'(1 — Hd)"™.
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This establishes (4.7) and completes the proof.

4.2. Proof of Theorem 2.2—Comparison argument. First, we note that
(4.10) Loy ' By =4, LO9(BM).
Thus, from the decomposition (1.6) and (3.6) for every m € N,
@.11) cmIE[LY(BTY"] < E[LY (W)™,

To prove a reverse inequality (up to a multiplicative constant) we use notation (3.1).
Fix a € (0, 1) and let let Z f (t), t > 0, be the process specified in Proposition 3.5
that is also independent of WH (1), t > 0. We have

HLYBT) =L 15n((0.11.0) = L1 g ([a, 11,0) = Lyn 75 ([a, 11,0).
Thus, by (3.8) we get
CHBILY(BYY™ = BILyn 2 ([a, 1],0)"]
> K E[Lyn ([a, 11,0)"]
= KE[(LYWH) — LOwH))"]
> K {BILY(Wy"m —BLL) (Wt mym
= K, (1 —a' """ EILY (W)™,

where the last equality uses self-similarity (1.3) and K, = E exp{—% 1z f |1%}. Here

||Zf || < oo a.s. is the RKHS norm associated with {WH(t)},e[o,l] and computed
for paths of {ZaH (#)}s¢f0,1]- This together with (4.11) yields

CHBILI(BTY"] < ELLYWH)"] < K ' (1 = a' )™ BILY(BH)™].
Applying the limit as in (4.5) to both sides and then passing @ — 0 gives

.1 1 0 Hymy) _ d —(1-Hd)
. . ~ —1/H
Therefore, by Lemma 3.9, the limit in (2.5) exists and 6 (H, d) = ¢y / 0(H,d)

by (4.6).
5. Large deviations for intersection local times.

5.1. Proof of Theorem 2.3—Subadditivity argument. Let &f (A) be defined
analogously to (1.9) by

p
&E(A):/Rd/A qu(WjH(sj)—x)dsl oo dspdx,
J:
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where p; is as in (1.10). We will first prove the subadditivity property: for every
m,neN,

E[aX ([0, 711 x --- x [0, T,1)" "]
m-+n P ~H
(5.1) < ” E[a, ([0, t1] x -+ x [0, T,1)™]

X E[&f([o, 7] x -+ x [0, 7,D)"],

where 71, ..., 7, are i.i.d. exponential random variables with mean 1 and indepen-
dent of WlH ®,..., Wﬁ (t). Indeed, since

all (10,61 x -~ x [0, 2,])™

P m tj
= J gy dxi - dxp [ ] Hfo pe(W (sj.0) — xi) ds k.
=1 k=1

we can write

E[& ([0, 1] x --- x [0, T,1)"™]

(5.2)
= dxy - dXmin §(X1, - Xmn)?,
(Rd)ym~+n
where
00 m—+n
g(xl,...,xmﬂ,):/ dze—f/ dsy - dsmen E [] pe(WH (s0) — xi).
0 [0, 7]+ k=1
Let
Dy ={(s1, -, Smtn) €10, 1" :max{sy, ..., Sm} < Min{Smi1, ..., Smtn}}-
There are exactly (m;r") permutations o; of {1, ..., m + n} such that {J; o, "' D, =
[0, t]"*" and O'i_lD; are disjoint modulo sets of measure zero [here, o (sy,
ooy Sman) = (So (1), - - - » So(m+n))]. Therefore,
m+n
[ st dsuenE T oW 60 = x0)
[0,7]m+n kel
m+n
=Y [, dsiedsn B ] pe(W 50 — )
i Joi Di k=1

m—+n

=Z/D dsy - dspinE 1_[ Pe(WH(Sk) — Xoi(k)):
i t k=1
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which gives by Holder’s inequality

E(xt, .oy Xman)?

00 m—+n p
- {Z/ dte—f/ dsy -+ dspin B [T pe(WH (s) —xc,-<k>)}
;70 D, k=1

m-+n -l
<
- m
00 m+n P
X Z{/o dte™ A dsy - dsyin E 1_[ pg(WH(Sk) —xai(k))} :
i t

k=1
Substituting into (5.2) yields

E[a ([0, 1] x --- x [0, T,1)"™]

m4n\""
<
- m
X IZ/(]Rd)mH dxi -+ dxpman

00 m+n p
X { fo dre™ | dsi - dsnenE ] pe(W™ (s1) —xw))}

k=1
p
m-+n
= dxy ---dx
( m ) _/(-Rd)in+11 ! m+n

00 m+n p
X {/ dte™" | ds; - - dspinE l_[ pg(WH(sk) —xk)} .
0 D
4 k=1

Since the last integrand can be written as

00 m—+n p
/ dte™! dsy - dsyin E l_[ pg(WH(Sk) — Xk)
0 Dy k=1

= dty - dt, e~ @)

RF)P
p m+n p
X/ (H dsj -+ dsj,ern)E [T 11 Pe(W/ (sjn) — xx),
Dth"'XD[p J:l k:l j:1
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after integrating with respect to xy, ..., X+, We get
p
E[&f([o, fl] N [O, .[p])m—l-n] < (m + n) f dl] o dtp e—(l‘]—l—...—Hp)
m (RH)P
(5.3) X / (]‘[ dsjyi---ds j,m+n>
D,1 X+ ><D[p j=1
m—+n
<E [ geW{ (s10). ... W (sp.0),
k=1
where

p
g,y yp) = fRd [] pe(yj —x)dx
j=1

(5.4) — (2re)dr)? / ) o (XP=2x5+p™ XL IyiP)p/ 2e)
R

(2778) d(p—1)/2 —d/zexp{__2|yj_y| }

j=1
andy:=p~ ' YP  y foryi,...,y, € R%. Moreover,

m—+n
/ (1‘[ dsj1 - ds,-,m+n>E [T W10 .... W(sp)
D,l X thp

j=1 k=1

ds - dsim / dsim o dSiman
Mm(l_[ Jbe 7 ) 0.t s*]n(l_[ Jim+1 Js +)

(5.5 .
x E l_[ gg(WlH(sl,k), cee, W[fl(sp,k))
k=1
m-+n
x [T g(Wi st +s1a0..... WH(sE +5,0).
k=m+1
where
t:(tlvvtp)’ S*:(Sik,...,s;)
and

s}k =max{s;;:1 <k <m}.

Assuming that W/H (t) are given by (1.2) with independent Brownian motions
Bj(t), define g =o{Bj(u;):u; <s ,j=1,..., p}. Putalso

st4s

Y,(sj,s):/*j (s7+s —u)H_l/ZdBj(u)
s
J



754 CHEN, LI, ROSINSKI AND SHAO
and
s*
Z(s%,s) =/ (st s —wH 12 dB;w),
0

so that W; (s;-‘ +s5)=Y; (s;‘f, )+ Z; (s;-‘, s). The last expectation can be written as

E{ [TeeW{ 10, ... W (sp.00)
k=1

m—+n
XE[ [T &t 510+ 27 6F 510,
k=m+1

Y (% spu) + Z3 (5%, 5p.0))

"]

< E{]‘[ geWil(s14),.... W} (sp,k»}

k=1

m—+n
xE[ [1 &(Y{’(sf,sl,k),...,Y;’<s;;,sp,k))]
k=m-+1

= E{H ge Wil (s10),.... W) (sp,k»}

k=1

m-+n
xE[ [1 gs(W{’(sl,k),...,W,?(sp,k»}
k=m+1

where the inequality follows from Lemma 3.7(i) [see the evaluation of g, in (5.4)
and the positive quadratic form associated with it] and the last equality follows
from

d
V1G5, S0 -5 V(s 5p.00) = (W (s1.0), o, Wi (5.00).-
Combining the above bound with (5.5) and then with (5.3) we obtain
E[a/ ([0, 7] x - x [0, 7,])" "]

p
< (m + n) f dty ---dt, e~ (tit-+1p)
m (RT)P

p m
X/[.Ot],,,(l_[dsj,l "'dsj,m>Engs(W1H(s1,k),...,Wlf’(sp’k))

j=1 k=1

p
X ds;ma1 - ds;
foros (B0

j=1
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m—+n

xE [] W Gs10..... Wl(spn)
k=m+1

p
m-+n /

= dsj1---dsjm
( m ) <R+>"’(H : ’ )

m
xE l_[ gE(W1H(Sl,k), ceey W,?(Sp,k))e_(sﬁ'“ﬂp)
k=1

X / dty ---dty o [t1=sP))++(tp=sp)]
[s*,00]P

/Ot o (1_[ dS] m+1 ° dsj,m-i—n)

m+n

xE [T geW{ (100, ... Wi(sp0))
k=m+1

P
= (ml’—ﬂi_n> E[a ([0, 711 x --- x [0, 7,])"]

x E[a ([0, 1] x -+~ x [0, T,])"],

where in the last equality we use

m
e—(si*+...+s;;) :f e—(l‘H—...—HP) l_[ l[s*,t](Sl,k, o Sp,k)dll dtp
Rp)P k=1

and the definition of g, in (5.4). The subadditivity (5.1) is thus proved for any
e > 0.

Now we would like to take € — 0" on the both sides of (5.1) in an attempt to
establish

m-+n b

Ea” ([0, 71] x --- x [0, T, " < ( ) Ea” ([0, 1] x - - x [0, T,])™

(5.6)
x Ea® ([0, 71] x --- x [0, T,])".

To this end, we need to show that for any m > 1, af([0,71] x --- x [0, Tp]) is
indeed in £L™(2, A, P) and

(5.7) lim E[a (10, 1] x - x [0, 7p)"] = E[&" ([0, 71] x -+ x [0, 7,])"].

Indeed, using (5.1) repeatedly we have that
E[& ([0, 71] x -+ x [0, 7, )] < (m)PE[a ([0, 1] x - -- x [0, 7, ])].
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Notice that

00 p
B! (0.0 x - x 0.0] = [ | [T e Ep (w0~ x)ar | ax

o p
— o |:‘/(‘) e—t %Iéd pg(y —X)pt*(y)dy] dx,

where 1* = (2H)~'t?# and the last step follows from the easy-to-check fact that
WH(t) ~ N©O, QH) 1?1 1y). By Jensen’s inequality, the right-hand side is less
than or equal to

o] p
/ pe(y — x) / e"/ pe<(y)dy | dydx
R4 JRA 0 R4
o i (t1+--+tp) r
= dty ---dt,e 1T 1’/ «(x)dx
‘/0 /(; 1 p Rdjl;[lptj( )

— (1_1/7.[)61([7—1)/2

» —d)2

o0 [e.¢}

X/ / e—<r1+---+rp><z I ,gH) dny - dt,,
0 0

j=11=k#j<p
where the last step follows from a routine Gaussian integration.
By arithmetic-geometric mean inequality,

p p p
> T @201 I & =[14"""

1
P izii<kj<p j=11<k#j<p j=1

So we have

o] p
E[&f([o, 7] % - x [0, rp])] < (H/n)d(p—l)/Zp—d/Z(/o f~HA(p=1)/p ,~t dt)

= (H/m)" = D2p=2r (1 — Hd/p*)".
Summarizing our computation, we obtain

S (m)PE[&X (10, 711 x --- x [0, T,1)"]
(5.8)
< ((H/m)"P=DI2p=dI2p(1 — Hd/p*)P)".

By Theorem 7.1, the process
XA, ) =(WH @) =Wyl @), . o W) = W @)

satisfies the condition (3.3) with A = [0,t] = [0,#] x --- x [0,7,] for any
t,...,tp >0and

ax([0,11] x -+~ x [0,,])

:/[-0 . he (Wi (s1) — W' (s2), ...,Wf,l(sp_l) - W[fl(sp))dsl - dsp,
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where
p—1 p—1
he(x1,...,xp—1) =/Rd pe(=x) [ ] p1<Z Xk —x> dx
j=1 k=j

is a nondegenerate normal density on R??=1_ By Proposition 3.1, &f (10, 1] x
o x [0,2,]) € £L"(R2, A, IP) and

(59)  lim E[&f (10,111 x --- x [0,£,D™] =E[&" ([0, 1] x --- x [0, £,]1)™].

In addition, by the representation (3.7) one can see that for any ¢’ < &,
E[a[ (10,51] x -+ x [0, £,)"] < E[af (10, 1] x -+ x [0, ,])"].
Thus, (5.7) follows from monotonic convergence theorem and the identities

Ela ([0, 111 x - - x [0, T,])"]
(5.10)

= e e~ FIR[GH ([0, 1] x -+ x [0, 1,))™ ] dty - - - dt,,

and

E[a" (10,711 x - x [0, 7,])"]

= e e*(t1+-..+lp)E[&H([O, nlx - x[0,1,])"]dty -+ dtp.

Further, by (5.8) we obtain the bound
(m)"PE[&" ([0, 71] x --- x [0, T,]1)™]
o < ((H/m)!P=V2p=a2r (1 — Hd/p*)P)".
Inequality (5.6) implies that the sequence m +— log((m!)"PEa ([0, 71] x - -- x
[0, 7,])™) is sub-additive. Hence, the limit

1
(5.12) limOO —log((m!)_PIEdH([O, 71l X -+ x [0, 7,])") =c(H,d, p)
m— m
exists, possibly as an extended number. Further, by (5.11),
(5.13)  c(H,d, p) <log{(H/m)"*~ D2 p=! PP (1 — Hd/p*)"}.

Now we will deduce the moments behavior of & ([0, 1]7).
Notice that 7, = min{zy, ..., T} is an exponential time with parameter p:

E&? ([0, 111 x --- x [0, T,])™ > Ea ([0, 7,]7)"
= B P~ HI@=DmEgH (0, 117)™
— p_(p_Hd(p_l))mF(l + (p — Hd(p — 1))m)
x Eaf ([0, 117)™.
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By Stirling’s formula,

llmsup—log{(m') Hdr=DEgH ([0, 177)™)

m—0oQ
<c(H,d,p)— p(l—Hd/p*)log(l — Hd/p").
On the other hand, for every 1, ...,1, > 0,

Ea (10,111 x -+ x [0, 1, )™

P m
= dxy - dxy, / dsy ---dsy E p WH(Sk)—Xk
/(R")’” JEII [0,1;]™ kljl e )
d n nl/p
< n!/Rli)m o dxpy (/{0 - dsy - dsy E H pe(WH (s0) _Xk)> }
=1 " k=1

{Eal ([0, 1;17)"}1/7.

I
:|~u

~.
Il
—_

Letting £ — 0T, from (5.9) we get

p
Ea" ([0,11] x -+ x [0, £,)™ < [[{Ea" ([0, ;17" }/?
Jj=1
" o m(1=Hd/p")
— TRy m m{l—= p
=Ea" (0. 1" - [] 7] :
j=1
where the last equality uses self-similarity (1.12). Hence,

Ea™ ([0, 711 x --- x [0, T,])"

= dty -~ dt,e”TTIEGH (10,17 x -+ x [0,2,])"
Ry)P
(5.14) ()

<Ea" ([0, 11")" oy dty - dt, e HD) gy g ymI=HA/PY)
+

=Ea" ([0, 11”)"T (1 + m(1 — Hd/p*))".
By Stirling’s formula again,
1}171@0%% log{(m!)~H4P=DEg" ([0, 117)™}
>c(H,d, p) — p(1— Hd/p*)log(1 — Hd/p").
We have shown that

1
(5.15) lim — log{(m!)~H#4P=DEa" ([0, 117"} = C(H, d, p),
m—o0 i
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where by (5.13),
C(H,d,p)=c(H,d,p)— p(l — Hd/p*)log(l — Hd/p")
(5.16) <log{(H/m)*P~V2p=d2P(1 — Hd/p*)P
x (1 — Hd/p*)~pU=Hd/p)y
On the other hand, let & (A) be the intersection local time generated by
' Bl (1), ....cy' BE (). We have that
(5.17) alA)y=ciP"Vaf(4), Ac@®HP.
In view of the decomposition (1.6), by Proposition 3.1 we have that
(5.18)  E[a" ([0, 11P)"] = E[a" (0, 11")"] = "~ " Ela" ([0, 117)™].
It follows from (5.24) below that

p* )d/(2p*)

C(H,d,p) > plog{c‘g”*(l - Hd/p*)—(1—Hd/p"‘)(2
T

(5.19) o
X / (1+t2H)_d/Ze_tdt}.
0

Applying Lemma 3.9 leads the first conclusion (2.7) of our theorem with

C(H.d, p) }
Hd(p—1)

and therefore the bounds given in (2.8) follows from (5.16) and (5.19).

K(H,d,p)=Hd(p — l)exp{—

5.2. Proof of Theorem 2.4—Comparison argument. In connection to (5.15),
we first show that

1
lim — log{(m!)~H#4P=DEa" ([0, 117)"}
(5.20) e m
=C(H.,d,p)—d(p—1logcy.

The upper bound follows immediately from (5.15) and the comparison (5.18).
To establish the lower bound, we once again consider the intersection local time
a' (A) generated by the normalized fractional Brownian motions

Bl my=cy'Bff®1)., ... BE®=cy'BE®.

For any ¢ > 0, define

p
(5.21) af(A)szd/A [1pe(Bf(sj)—x)dsy - dspdx,
j=1
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Let 0 < § < 1 be a small but fixed number. Notice

Eal ([0, 117)" = B ([8, 117)"

m
= [ s dsaE ] geB 10, BY 5p0)
1. 117y Pall

where g¢(x1, ..., x)) is defined by (5.4) and we adopt the notation sy = (s1, ...,

Spk)-
Consider (WlH t),..., Wlfl(tp)) (t=(t1,...,1p) €[0, 1]17) as a Gaussian ran-

dom variable taking values in the Banach space ®§:1 C{[0, 117, R%}. Then the
reproducing kernel Hilbert space of (WIH (), ..., Wlfl(tp)) is I:IW = ®§-’:1 Hy.
For each (f1(t1), ..., f»(t)) € Hy

p
A, oy Fo G = Dy
j=1

where || - || g, is the reproducing kernel Hilbert norm of Hyy .
Let Zgll ),....Z ({1 » (t) be the processes constructed in Lemma 3.5 (with a =

3) by Z{I(t), e, lej(t), respectively. For each (sy,...,s;) € ([, 1]7)" by the
decomposition (1.6) we have

m
E[] 8Bl (s1.0)..... B (sp.0))
k=1

m
=E[]eeWG10) + Z§' s1.00. .. Wi (sp) + Z§ (sp0))-
k=1

Fixed (s1,...,sm) € ([§, 1]17)™. Applying Lemma 3.7(ii) to the functional
g(fi,-.., fp) on @), C{[0, 117, R’} defined by

gftv- o o) =] 8e(f1(s10)s -y Fo(sp)),

k=1

p
(fi-- fp) € @ ell0, 117, RY),

j=1

then the right-hand side is greater than

1 P
(Bexp| 312813, ) Beawl....wih

1 p_m
- (Eexp{—i 1ZH 1, }) ET] geWH 110, - W (5p.00).
k=1
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Summarizing our estimate, we have

Eal ([0, 117)™
1 H 2 P
> (2exp|- 512013, })

m
x [ s dsB T gV G W G5p0)
(18,117 Pl

1 L
= (Eexp{—inzg’nﬁ,w}) Eal (s, 117)™.
By Proposition 3.1, letting ¢ — 0 on both sides yields
Ea" ([0, 117)" > (Eexp{—3 1 Z{ I3, })"Eal! (18, 117)".
In view of (5.17),
1

liminf — log((m!)~74P=DE[H ([0, 117)])
m—o0 m

(5.22)
1
> —d(p — Dlogep + liminf — log((m) "4~ VE[a" (s, 117)"]).
- m

To establish the lower bound for (5.20), therefore, it remains to show that

1
(5.23) l(ism(i)llfliminf—log E[a” ([8,117)"1> C(H.d, p).

L 108 Gy Ha D
Write
& ([0, 117y =a" (8,11 x [0, 117~ ") +&" ([0, 8] x [0, 117 71).
By the triangular inequality,
{Era" (o, 117y y'/m
< {E[a" (5,11 x [0, 17~"y" ]}/ + {E[a" ([0, 8] x [0, 117~y ]} /™.
Given ¢ > 0,

E[a ([8,1] x [0, 117~ 1)™]

m
= dxy ---dx / E WH (s¢) — xp)dsy --- ds
iy 1 m|: g kl:[l Pe(WH (sp) — xi) dsi m:|

m p—1
X |:/ E 1_[ pg(WH(sk) —xk)dsy - dsm:|
[0, 17"

k=1

m

py1/p
< dxy - dxm / E | | P W Sk) — Xk dsy --- dSm

k=1
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X i/ dxy - dxy
(R‘Z)m

- ry(@—-1/p
X |:/[0 l]mEnpe(WH(Sk) —Xk)dsl dsm] ]

k=1
= {Efa/ (8, 11")y" I}/ P{Elal ([0, 117)" P~ D/p.
Letting ¢ — 0% yields
E[a” (8, 11 x [0, 117~ 1] < (El&" (8, 117" 1}/ P (El&" ([0, 117)" 1}~ D/P.
Similarly,
E[a" ([0, 8] x [0,117~")"] < {E[a" ([0, 81" 1}"/P{E[&" ([0, 117)" 1P~ D/P.
So we have
{Efa” (0, 117y 3/ < (Ela" (s, 117)" 1}/ + (E[a" ([0, 817)" 1} /™7
By scaling,
Ela" ([0.8])"] = o= Hr=DmE[G" ([0, 1])").
Thus,
Ela” (8, 117)"] = [1 — 8!~ HIw=D/P"PEgH ([0, 117)™].

Therefore, (5.23) follows from (5.15).
To bound the limit in (5.20) from below, we claim that

1
1 N~ HAP-DEgH (0. 117"
lim — log{(m!) Ea™ ([0, 117)™}

5:24) = plogl(1 = Ha/p?) 1P () @y dlCr)

o0
x/ (1 + 242t dt}.
0

Let 71,..., 7, be ii.d. exponential times independent of Bfl(t), e B;I(t).
Given ¢ > 0,

E[af([o, Tl x - x [0, 7,])"] = /(Rd)m dxy -+ dxy, QP (x1, ..., xm),

where

o0 m
OQc(X1, ..., Xm) =/0 e_’|:/[~0 i dsi ..-dsmEl_[ pg(BH(sk) —xk):| dt.

k=1
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Let f(x1,...,x,) be arapidly decreasing function on (R4 such that
./ |f(x1,---,xm)|p*dxl"'dxm=1-
(R ym
By Holder’s inequality,
(Ele (10,111 x -+ x [0, 7,)]"}/*

zf dxy - dom F(X1s s Xm) Qs (Lo ey o)
(Rd)m

o0
=/ e_t/ |:/ dxy ---dxpm f(X1,...,Xm)
0 [0,¢]™ (]Rd)"’

X Hge(x1, .. .,xm)] dsy ---dsydt,

where

m
Hye(xto...xn) =E ] pe(BY () —xx),  s=(s1.....5m).
k=1

Consider the Fourier transform

f(/\l,...,/\m)zf

(Rd)’"

k=1
It is easy to see that
~ £ = 1 e
Hse(Mly ..oy Am) = exp{—5 > al? - 5Var(ZAk - BH(sk)) }
k=1 k=1

By Parseval’s identity,

/ dx1 - dxm f(X1s s Xm) Ho e (X1, - Xm)
(Rd)’"

1 -
oy /(Rd)m 1 PGS )
e , 1 " "
—— M| — = Vi A+ B .
XGXP{ 2k§:1| kl 7 af<k§:1 k (Sk))}

Thus,
{E[a (10,71 x -~ x [0, 7,)]"}"/”

> ! /Oo "dt/ d d
J— e S “ e s
= 2m)md Jo o "

763
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X [/ i o dh FOTL oy dom)
(Rd)m

><exp{——Z|M<| _%Var(zkk BH(Sk))”

k=1

We now let ¢ — 0 on the both hand sides. Noticing that the left-hand side falls
into an obvious similarity to (5.7),

(E[a (10,711 x -~ x [0, 7,)]"} "/

1 o0
zid/ e_tdt/ dsy ---dsy
2m)me Jo [0,1]"

(5.25)
X [/ dhi - dim FOd, oo Am)
Ry
1 m
X exp{—§ Var(Z A BH(sk)> ”
k=1
We now specify the function f(xy,...,x,) as
m
fGr o xn) =C" ] P10,
k=1
where
C = (p*)d/(zp*)(27T)d(p*—1)/(2p*)‘
We have
~ 1 " H
/ dry -+ dh f (A1, ..o Am)expd —= Var > - BY (st)
(Rd)'" 2 =1

d
1 1 -

—cn| [ an e anmesal =3 3= fva( S natn) |
R k=1 k=1

where B(I)LI (1) is an 1-dimensional fractional Brownian motion.
Let &y, ..., &, beii.d. standard normal random variable independent of B(fl (1).
Write

k= & + B (sp), k=1,....m.
We have

i+ VM(Z Yk By (Sk)> =5 Var(Z Vkﬂk)

k=1 k=1 k=1

| =
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And thus by Gaussian integration,

2 m m

o 1
f dyy - dymexpl ——= > _y¢ — = Var[ >y B§ (1)
Rm 2 = 2

k=1
= (27)"/> det{Cov(n1, ..., nm)) /%,

with convention that sg = 0.
Write so = 0 and assume s1 < - -+ < §;,,. By Lemma 3.8,

det{Cov(n1, ..., nm)} = Var(ny) [ | Var(melmi, ... mi—1)
k=2

= {1 + Var(Bo(s1))}

x [{1 + Var(Bg' (so)| B (s1). ... By (se—1))}
k=2

< [T+ s = s},
k=1

where the last step follows from the computation
Var(Bg! (s0)|Bg' (s1), -, By (sk-1))
= Var(Bg' (sx) = Bg! (k=) B§ (s1), .., By (sx-1))
< Var(Bg' (sx) — Bg' (s-1)) = (s — se—1)*".
Summarizing our argument since (5.25), we obtain

[E[a ([0, 7] x -+ x [0, 7,)]"}"/”

o0
zm!(C(2n)_d/2)m/0 e—fdtf[o » dsy --- dsy,

m
[T+ (s = se—)*H} /2
k=1

= m!(C(Zn)_d/Z)m[/oo(l + 2y =d/2 =t dt}m.
0

Equivalently,

Ela” ([0, 711 x -+ x [0, 7,)]"
(5.26)

e’} pm
> (m1)P(C(2) /2y [ / (1 4 2H)y=d2 dt} .
0
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On the other hand, with obvious similarity to (5.14)
E[a™ ([0, 1] x --- x [0, ,])]"
<Ele" ([0, U")"{T (1 +m(1 — Hd/p"))}".

Hence, (5.24) follows from (5.26) and Stirling’s formula.
By (5.16) and (5.24), the limit given in (5.20) is finite. By Lemma 3.9, the large
deviation given in (2.9) holds with

K(H.d, p)= Hd(p - l)exp{—C(H’d’p) —d(p— l)loch}

Hd(p—1)
=c)"K(H.d, p).

6. The law of the iterated logarithm. We will prove Theorem 2.5 in this
section. Due to the similarity of arguments, we will only establish (2.18). By the
self-similarity property (1.12), the large deviation limit of Theorem 2.3 can be
rewritten as

,lil&(l(’gl(’gt)_l logP{a ([0, 1]7) > AP~HAP=D (1og]0g t)Hd(p_l)}
(6.1) - .
=—K(H.,d, p)a?"/H¥P (5 >0).
Therefore, the upper bound

limsup t 74P=D=P (Joglogr) ~H4P=DgH ([0, 117)
—00

<K(H,d, p)y~Hir-D a.s.

is a consequence of the standard argument using Borel-Cantelli lemma.

To show the lower bound, we proceed in several steps. First, let N > 1 be a
large but fixed number and write t, = N" (n = 1,2, ...). Define the d-dimensional
process

0 (1) =[z"(t + )12 4B ), 1>0,
0

where B(u) is a standard d-dimensional Brownian motion. Recall that HJ[O, T']
denotes the RKHS of {W# (t)}re10,77- Combining Propositions 3.3 and 3.5 we can
deduce that {Q,fl (t)}re0,77 1s not in H[O, T'], T > 0. For that reason, similarly as
in Proposition 3.5, we define the following modifications of Q,f’ (t). When H €
(0, 1/2), put

Ant, 0<t=t,

or W,  t>ty,

where A, = tn_le(tn). When H € (%, 1), put

G,i"(r>={

Biat>+ Byat?,  0<t<t,

H .\ _
G = { 0 (1), t>ty,
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where By, =3t,720H(t,) — 7' OF (t,) and By, = =263 0 (1) + 17208 (1,).

LEMMA 6.1. For every n > 1, PUGH (t)}e0,4,,,1 C HIO, tyy1]) = 1. Fur-
thermore,

6.2) sup B G2 [1fg0.4,., ) < 0©-
n
PROOF. Obviously, it suffices to consider the case d = 1. The first part of the
lemma follows by the same argument as in Proposition 3.5. For the second part,
we use Lemma 3.6 witha =1, and T = #,,41. A constant C > 0 below will depend

only on H but it will be allowed to be different at different places.
First, consider H € (0, 1/2), sothat m = [H + 1/2] = 1. In this case, we get

1GH L 10.01 = | An]

and

2
dt

/tn+l
tll
Inyl
=C
In

(6.3) EIGH13 (0. =1tn "EQH (1)* = C12H 72,

t .
G — ) HA12GH (5)ds

2
dt.

/Ofn< t(t — ) HA2 (g 4 u)H3/2 ds) dB(u)
In

Therefore,

and
th+1 t _H-1/24~H 2
Ef (t —s) 2GH (s)ds| dt
[I’l tﬂ
I+ tn t 2
=C/ / ( (t—s)_H_l/z(s+u)H_3/2ds> du dt
th 0 th
byl fhn (f — ¢ 1-2H ¢ 2H-1
:c/ +f L)) (”j W gudn
t 0 (t+u)
(6.4)

IA

ntl [/ ¢ 1-2H tn
Cf (— - 1) —dt
tn th t
1-2H ¢
t n+1 1
C("“ —1) f Tl
i tn t

1-2H

t t

C( n—H) log ntl
Iy

IA

IA
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Using bounds (6.3)—(6.4) with Lemma 3.6, we get

EING M 0.0, < Clmet™ — a7 22772 4 Cltugr /1) > log(tns1/tn)

< C(N?72H f N1=2H1og N),

which proves (6.2) in the case H € (0, 1/2). The proof in the case H € (1/2,1)
follows the same line of computations, and thus is omitted. [

For simplicity of notation, from now on write H, for HJO, #,]. Define the
sigma field
fl‘ == U{(B](S), D) BP(S)), N S t}

To complete the proof of Theorem 2.5, that is, to establish the lower bound in
(2.18), it is enough to show that for any A < K(H, d, p)*Hd(”*I) there is an NV,
sufficiently large, such that

> Pla (2t tny117)

6.5
6.5) p—Hd(p—-1) Hd(p-1) —
> My (loglogt,+1) | F, } = o0 a.s.

Indeed, by [8], Corollary 5.29, page 96, (6.5) implies that

limsupz 4P~V 7P (loglog 1) 4P V& (120, 15117) = 4 as.
n— o0

which leads to

limsupt#4P=D=P(loglogr) “H4P=DgH ([0,1]1") > 1  as.

t—00

Letting A — K (H, d, p)~74(=D on the right-hand side yields the lower bound
as claimed.
Now let € > 0 be fixed and write

G 20ty = [ sy dsy g W0 WH )

[2[nstn+l]p

= dsy ---dspgg(WlH(tn—i-sl),...,Wlfl(tn+sp))

[tn stn+l _tn]p

= dsl ce dSp
[tnatn+l_tn]p

x ge (YT (s0) + Z{ (s1). ... Y] (sp) + Z] (),

where g¢(x1,...,xp) is givenin (5.4) and for j =1, ..., p,

th+t
YJ-H(t):/ (tn+1— )12 dB(s5),
In

440! =/0t"(tn +1—)A72aB;(s).
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Consider a symmetric set A C ®§»’:1 C{[0, ty+1], R9} defined by
p
A= {(fl, s £ € R CHIO, 1411, RY;
j=l
/ dsi -+~ dsy ge(fi(s1). .. fp(sp))
[tll’tn+]_tll]p
> al 21D toglog f ) 4P D
For any (f1,..., fp) € ®f:1 H,, applying Lemma 3.7(ii) to the indicator of A

leads to

P{W + fr.... Wi+ fp) € A}

1 p
> exp{—i 3 ||f||%,,}P{<W{’,..., W) e A},
Jj=1

if fi,..., fp €eH,.
Notice that

d
{ZH@); ty <t <ty S{QT(1); 1y <t <tyi1)

={(GI@); 1, <t <ty11),

d
@) tn <t <t} SWH@); 1 <t <tyy1)
and Y () and Z" (1) are independent. By Lemma 6.1,

Py +z{,....Y! + 2zl e A|F,}
1 P
zexp{—5 > ||G,€{j||%ﬂn}P{(W{’, Wi e A
j=I1

or

~ —Hd(p—1 _
P{al (1260, tar117) = 717D loglog y41) 4P~V F, )
1 o H 2
> expi—5 211Gy,
j=1

5 —Hd(p—1 _
x P{af ([tn, tns1 — ta17) = M| =D (loglog t,41) 4P~ D},
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Letting £ — 0™ on both sides yields

- —Hd(p—1 _
P{a" (12tn, tas117) = 2717V loglog 1,41) 4P| 7, )
1 P H |2
ZCXP:—EZ”G,LJ”H,,}
j=1

~ —Hd(p—1 _
x P{@ ([tn, tus1 — ta17) = 20117V (loglog 1,471,

_ By (6.1) and by an argument similar to the one used for (5.23), for A <
K(H,d, p)~H74%P=1D and any small § > 0, one can take N sufficiently large so
that, for large n,

~ —Hd(p—1 _
P{a" ([tn, tns1 — 1a17) = 2121777V loglog 1,1 4P~}

> exp{—(1 — 8) loglog fp41} = (nlog N)~1+°.
To establish (6.5), therefore, it suffices to show that for any ¢, § > 0,

1 )4
(6.6) Zml{ZnGﬁjnﬁn 5810g10gt,,+1} =00  as.
j=1

n

Indeed, by Lemma 6.1, G,‘? can be viewed as a Gaussian sequence taking values
in H,. By the Gaussian tail estimate (see [27], page 59) there is u = u(e) > 0 such
that

P

1

IP’{Z ”ng“]%]ln > sloglogth} ==
j=1

for large n. Then for 0 < § < u, we obtain (6.6), which yields (6.5). The proof is
complete.

7. Local times of Gaussian fields. We begin by mentioning the work of Ge-
man, Horowitz and Rosen [17] on the condition for the existence and continuity of
the local times of the Gaussian fields; see also recent work of Wu and Xiao [41].
Let X (t) [t € (RT)?] be a mean zero Gaussian field taking values in R4 such that
there is a y > 0 such that for any t > 0 and m € N,

[ dsy ---dsy,
([0,]P)m

« / dry - dhy, (kl_ll |Ak|y> exp[—%Var(/(X;)»k . X(Sk))} < 00.

(RA)m

(7.1)

Geman, Horowitz and Rosen (Theorem 2.8 in [17]) proved that the occupation
time

ue(B) = /[-0 0 1ixs)eB) ds, BCRY,
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is absolutely continuous with respect to the Lebesgue measure on R?. Further, the
correspondent density function formally written as

([0, t], x) = /[0 DX @) ds

is jointly continuous in (t, x). For fixed x, the distribution function « ([0, t], x)
[t € (RT)P] generates a (random) measure (A, x) [A C (RT)?] on (R*)? which
is called the local time of X (t).

In this paper, the result of Geman, Horowitz and Rosen is applied to the follow-
ing four Gaussian fields:

1. The d-dimensional fractional Brownian motion X;(z) = B (¢).
2. The d-dimensional Riemann-Liouville process X;(¢) = WH ().
3. The d(p — 1)-dimension Gaussian field

X3(t1, ..., 1p) = (B{' () = B3 (1), ... Bl | (1p—1) — B} (1))).
4. The d(p — 1)-dimension Gaussian field
Xq(tr, . tp) = (W) =Wl @), ... . W @) — Wi @y).
THEOREM 7.1. Under Hd < 1, X(t) and X»(t) satisfy condition (7.1); un-

der Hd < p*, X3(t) and X4(t) satisfy condition (7.1). Consequently, X1, X», X3
and X4 have continuous (jointly in time and space variables) local times.

PROOF. Due to similarity we only verify (7.1) for X3, which becomes

f dsy ---dsy,
([0,z]P)™

(7.2)
~ N 1 R L
dh - diy exp{—EVar< E A - X(Sk))} 1_[ |Ak]” < oo,
k=1

(Rd(p—l))m i1

where we use the notation
Sk=(sk1s--skp) and g = ki1, --s Ak, pe1)-
Notice that
m. p m
Var(Z - X(sk)) =Y Var(Z(xk,j — Mk j—1) - BH(sk,,-)>
k=1 j=1 k=1
with the convention Ag o = Ay, , = 0. By suitable substitution and using the bound

P
|l < C [ ] max(1, ;= Aej-1l},
j=1
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we have

~ -~ 1 m 5 m .
1 , )
/(Rd<,,_1>),n dhy - dhm exp{ 5 Var(Z P X(s@)} [T 174l

k=1 k=1
—_ - p -
<C dr - dh,_ H;(\;),
= (Rndyp1 1 p ljl;[] ]( j)
where
B m 1 m
Hj(xj) = (1_[ max{1, |)Lk,j|7’}> exp{—i Var(Z Ak,j - BH(sk,j)>}
k=1 k=1
for ij = (hjueeedm ) (1< j<p—Dand iy =—CR+-+i, 1.
Write

HH(A)—H [T HGoPh.

J=l1=k#j<p
By Holder’s inequahty,

P
/(Rmd)p_l dhy - dhp_y [ | Hi(h))

j=1
z - _ NV
=< H{/Rmd [Hd)q cedhpor [ HeGu? } .
j=1 1<kj<p
When j = p,
[ R | / HO) di.
R 1<k<p

As for 1 < j < p—1, recall that A p= —(M + -+ Ap_l). By translation
invariance,

HyGp) di; = /Rmd H,()P" di.

Rmd
By Fubini’s theorem, for fixed j,
/ diy--dipoy [ HP = / Hi(W)P" dh.
Ryt 1<k#j<p 1<k#j<p

Summarizing our argument, the left-hand side of (7.2) is bounded by

m
c[f dsy - dsp [/ dhy -+ dhy, (l_[max{l, |,\k|P*V})
[0,]m (Rym

k=1

)] )
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Hence, all we need is to find y > 0 such that

m
dsy ---ds f diy - dA AklY
/[o,t]m i m|: — m (kljl| Kl )

(7.3) U p*
xexp{—%Var(Z)»k-BH(sk))H < 00

k=1

for all m € N. Further separating variable and substituting variable, the above is
reduced to

m
/ dsi - dsp / diy - dhn | [T 10kl
[O’t]}’ﬂ Rm k:l

1 m d/p*
X exp{—EVar(Z)\kBé{(sk)>}:| < 00.

k=1

(7.4)

By (4.8), forany 0 =sg < §1 < --- < 8¢,
Var(Bg (s) — B (sk—1) 1By (s1), ..., Bg' (s—1))

1 oL H H
Z 57 (5 = sk—1) = 35 Var(By' (sx) — By’ (sk—1))-

This property is generalized into the notion known as local nondeterminism. By
Lemma 2.3 in Berman [7], there is constant ¢,, > O such that for any A1, ..., A, €
R and any 51 < --- < sp,

m m

Var(z a(BE () — BY (Sk—l))) > cm Y (sk — sk—D A%
k=1 k=1

Consequently, with notation A9 =0,

m 1 m
/Rm dry --- d)»m(l_[ |Ak|V> exp{—i Var(ZAkBéi(sk))}

k=1 k=1

m
=/ diy -~ dhp (l_[ Ak — ?»k—lly)
R h

=1

1 m
X exp[ -3 Var(Z A (BE (sx) — BY (skl))) }

k=1

m m
< diy - dhm (H [Ak — )»k—lly) eXP{—Cm Z(Sk - Sk—l)ZH)\%}-
k=1

Rm k: 1
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Using the triangle inequality (for which we take y < 1),

m m m
[T 12 = 2t l” < TTOAI + 11 = 3 T Inel¥,
k=1 k=1

J1sees Jm k=1
where §;, =0, y or 2y. Notice that

m m m
[T 1P < TTAV e < TV e

k=1 k=1 k=1
Notice the number of the terms in the previous summation is at most 2. Thus,
m m
[T 1A = acal? <27 TT v D
k=1 k=1
In this way, the problem is reduced to finding y > 0O such that

m
/ dsy -+ dsp / diy - dig | [T 1217
[0,2]™ Rm k=1

m d/p*
xexp{—cm Z(sk —sk_l)ZHk,%}:| < 0.
k=1

(7.5)

Observe that

m m
dry - dh (1‘[ mv) exp{—cm > (s —skl)”’xz}
k=1

Rm k=1

m
— l_[ /oo |)L|Ve—cm(Sk—Sk—1)2H?x2 di
k=177

—cmA? " e —(14+y)H
_{/ L]V e Cm dx} [ ]Gk — sy HHH.
—00

k=1
Therefore, we need to choose y > 0 such that

m

/ dsi -~ dsy l_[(sk — sp_y) " MNHAPT
[0,2]2 k=1

This is always possible because Hd < p*, sothat (14+y)Hd < p* for some y > 0.
The proof is complete. [J

APPENDIX

LEMMA A.l1. Let {BH (1) }ter be a standard fractional Brownian motion
given by

(A.1) B (t)=cy [ ((t =712 — (—9) ") dB(s),
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where {B(t)};cRr is a standard Brownian motion. Then
(A.2) cn=~2H2"B(1—H, H+1/2)71/2,

where B(a,b) = fol x4 V(1 — x)?~Vdx is the usual beta function.

PROOF. Since Var(B¥ (1)) =1 we get
o H—1/2 _ _H—1/2\2 17
A3 = / 1 e —xtT d —}
(A.3) CH {0((+x) x ) x—|—2H
Put
0 2
1:/ (14 x)H=V2 _ xH=1/2)2 g
0
Then

o
I=1lim | ((1+x)""V2 = xH-12) 20 gy
n—0tJo

= lim {(e“ + Du 2T QH) — ey 2H, 1)
ot

n—

— 2/00(1 + x)H2 H=1/2 g a’x}
0

1 00
=——+ lim {Ze“/z —2ArQ2H) - 2[ (1 + x)H=1/2 H=1/2=px dx}
2H u—0t 0

1 2 1 w
= —— + lim {2e*?u2Ar2H) — — “/2F<H —) “Hg (—)}
2H+ugg+{ e (2H) ﬁe +2 j a5

where y (z, x) and K, (z) are the incomplete gamma function and modified Bessel
function of the second kind, respectively. The third equality uses the facts that
et~y (2H, p) = 55 + o(1), and that (e# + D)pu=2H =242, =20 4 (1) for
H <1, as u — 0. The forth equality applies formula 3.3838 in [18].

Using the duplication formula '(2H) = 2TI“(H)I‘(H + 2) (see [18], for-

mula 8.3351), we get

1 1 1 7
[=—— H li “2HHp gy 2 H K (—)}
2H+f< +>le8+{“ (H) —2pn |5
Since
M_2H22HF(H) — /OOXH—le_(MZ)/(4)X dx
0
and

12\ [
Kv(z):§<§)/0 gVt = /@D gy
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(see [18], formula 3.4326), we obtain

=gt %F(H 43) dim [Tt GBI 1 U00) g
(Ad) = L LF(H + 1) /OoxH—lu — e V@Y gy
2H 7 2] Jo
1 '(l—HI'(H+1/2)
T 2H JTARH
Combining (A.4) with (A.3) and using the well-known formula B(x, y) = %i(yy))

(see, e.g., [18], formula 8.3841), we get (A.2). [J
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