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THE OBSTACLE PROBLEM FOR QUASILINEAR
STOCHASTIC PDE’S!

BY ANIS MATOUSSI> AND LUCRETIU STOICA?

University of Le Mans and University of Bucharest

We prove an existence and uniqueness result for the obstacle problem
of quasilinear parabolic stochastic PDEs. The method is based on the proba-
bilistic interpretation of the solution by using the backward doubly stochastic
differential equation.

1. Introduction. We consider the following stochastic PDE, in RY,

duy(x) + [ Au(x) + fi (x, ug (x), Vi (x))
(1) + div g, (x, us (x), Vi (x))] dt
+ Ry (x, 1 (x), Vg (x)) - dB; =0,

over the time interval [0, T'], with a given final condition ur = ® and f, g =
(81,---,84), h = (h1,...,hyn) nonlinear random functions. The differential
term with J_B, refers to the backward stochastic integral with respect to a d!-
dimensional Brownian motion on (2, F, P, (B;);>0). We use the backward nota-
tion because in the proof we will employ the doubly stochastic framework intro-
duced by Pardoux and Peng [16] (see also Bally and Matoussi [2] and Matoussi
and Xu [13]).

In the case where f and g do not depend of u and Vu, and if & is identically
null, the equation (1) becomes a linear parabolic equation,

() du(t,x) + 2 Au(t,x) + f(t,x) +divg(t, x) =0.

If v:[0,7T]x R? > R is a given function such that v(7, x) < ®(x), we may
roughly say that the solution of the obstacle problem for (2) is a function u €
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L2([0, T1; H'(R%)) such that the following conditions are satisfied in (0, 7") x R?:

@) u>v, dt @ dx-a.e.,

(ii) du+ 3Au+ f+divg <0,
(3)
(iii) —v)@Qu+ sAu+ f +divg) =0,

@iv) ur = o, dx-a.e.

The relation (ii) means that the distribution appearing in the LHS of the inequal-
ity is a nonpositive measure. The relation (iii) is not rigourously stated. We may
roughly say that one has d;u + %Au + f 4+ divg =0 on the set {u > v}.

If one expresses the obstacle problem for (2) in terms of variational inequalities
one should also ask that the solution has a minimality property (see Bensoussan—
Lions [3], page 250, or Mignot—Puel [14]).

The work of El Karoui et al. [9] treats the obstacle problem for (2) within the
framework of backward stochastic differential equations (BSDE in short). Namely,
the equation (2) is considered with f depending of u and Vu, while the function
g is null (as well &) and the obstacle v is continuous. The solution is represented
stochastically as a process and the main new object of this BSDE framework is a
continuous increasing process that controls the set {# = v}. This increasing process
determines in fact the measure from the relation (ii). Bally et al. [1] point out that
the continuity of this process allows one to extend the classical notion of strong
variational solution (see Theorem 2.2 of [3], page 238) and express the solution
to the obstacle as a pair (1, v) where v equals the LHS of (ii) and is supported by
the set {u = v}. Moreover, based on this observation Matoussi and Xu [12] gen-
eralized the work under monotonicity and general growth conditions. They have
also used the penalization method and stochastic flow technics (see [2] and [11]
for more details on this method). In the present paper, we similarly consider the
solution as a pair (u, v), point of view which has the advantage of expressing the
notion of solution independently of the double stochastic framework and without
the minimality property of Mignot—Puel [14], which would be very difficult to
manipulate in the case of the stochastic PDE. In Section 2.2, we are going to ex-
amine the potential and the measure associated to a continuous increasing process.
We call such potentials and measures, regular potentials, respectively regular mea-
sures.

Now let us consider the final condition to be a fixed function ® € L2(R?) and
the obstacle v be a random continuous function, v:Q x [0, 7] x R¢ — R. Then
the obstacle problem for the equation (1) is defined as a pair (u, v), where v is a
random regular measure and u € L2(Q x [0, T]; HY(R?)) satisfies the following
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relations:
(%) u>v, dP®dt ® dx-a.e.,
(ii') du,(x)+[%Au,(x)—l—ft(x,ut(x),Vut(x))

+div g (x, us (x), Vu (x))] dt
4)
40y (x, up(x), Vg (x)) - dB, = —v(dt,dx)  as.,

(iii") v(u>v)=0 a.s.,
iv) ur = o, dP ® dx-a.e.

In Section 2.4, we explain the rigorous sense of the relation (iii") which is based
on the quasi-continuity of #. The main result of our paper is Theorem 4 which
ensures the existence and uniqueness of the solution of the obstacle problem for
(1). The method of proof is based on the penalization procedure and the doubly
stochastic calculus which is essential, although the definition of the solution and
the statement of the result avoids the doubly stochastic framework.

Similarly to the case treated in El Karoui et al. [9], the most difficult point is
to show that the approximating sequence converges uniformly on the trajectories
over the coincidence set {# = v}. This is proven in Lemma 7. The existence and
uniqueness of the solution for equation (1) (without obstacle) has already been
proven in [7]. An essential ingredient in the treatment of the quasilinear part is
the probabilistic representation of the divergence term obtained in [17] as well as
the doubly stochastic representation corresponding to the divergence term of the
stochastic PDE in [7]. We must mention the work of Nualard and Pardoux [15] and
Donati-Martin and Pardoux [8] who studied a particular class of obstacle problem
for stochastic PDE driven by some space—time white noise by using a different
techniques.

Finally, we would like to thank our friend Vlad Bally for a stimulating discus-
sion on the obstacle problem we had “la Gare de Montparnasse” and the referee
for helping us to improve the presentation.

2. Preliminaries. The basic Hilbert space of our framework is L2(R%), and
we employ the usual notation for its scalar product and its norm,

1/2
(u,v) :fRdu(x)v(x)dx, lull2 = (fRd uz(x)dx) .

In general, we shall use the notation
(v = [ utveds,
R4

where u, v are measurable functions defined in R? and uv € L!(R?).
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Our evolution problem will be considered over a fixed time interval [0, T'] and
the norm for a function L2([0, T'] x R?) will be denoted by

T 1/2
lull2,2= (/ / Iu(t,x)lzdxdt) .
0 R4

Another Hilbert space that we use is the first order Sobolev space H'(R%) =
HO1 (R%). Its natural scalar product and norm are

U, V) g1 ey = W, 0) + (Vu, Vo), lull g ey = (lull + [Vull3) 2,

where we denote the gradient by Vu(z, f) = (O1u(t,x),...,0qu(t,x)).
Of special interest is the subspace F' C L2([0, T]; H (R?)) consisting of all
functions ~u(t, x) such that 7 — u, = u(z, -) is continuous in LZ(R?). The natural

norm on F is
T 1/2
lullr = sup ||ut||z+(f0 ||Vut||zdz) .

0<t<T

The Lebesgue measure in R? will be sometimes denoted by m. The space of
test functions which we employ in the definition of weak solutions of the evolution
equations (1) or (2) is Dr =C*>([0, T]) ® C° (R?), where C*°([0, T']) denotes the
space of real functions which can be extended as infinite differentiable functions
in the neighborhood of [0, 7] and C2° (R?) is the space of infinite differentiable

functions with compact support in R?.

2.1. The probabilistic interpretation of the divergence term. The operator 9; +
%A, which represents the main linear part in the equation (1), is probabilistically
interpreted by the Brownian motion in R¢. We shall view the Brownian motion as
a Markov process, and therefore we next introduce some detailed notation for it.
The sample space is Q' = C([0, c0); R?), the canonical process (W;);>o is defined
by Wi(w) = w(t), for any w € @', t > 0 and the shift operator, 6,: Q" — Q’, is
defined by 0;(w)(s) = w(t + ), for any s > 0 and ¢ > 0. The canonical filtration
f? = o (W;s <t) is completed by the standard procedure with respect to the
probability measures produced by the transition function

Pi(x,dy) =q(x —y)dy, t>0, xeR’

where ¢g;(x) = Qmt)~4/? exp(—|x|2/2t) is the Gaussian density. Thus, we get
a continuous Hunt process (2, W;, 6;, F, F;,P*). We shall also use the back-
ward filtration of the future events ]:,/ =o(Ws;s>1) fort > 0. P is the Wiener
measure, which is supported by the set Q, = {w € @', w(0) = 0}. We also set
[Mo(w) (1) = w(t) — w(0),t > 0, which defines a map Ip: Q' — 96. Then IT =
(Wp, Tlp): Q' — RY x Qy is a bijection. For each probability measure on R, the
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probability P#* of the Brownian motion started with the initial distribution w is
given by

PA=TT""(u @ P).
In particular, for the Lebesgue measure in R4, which we denote by m = dx, we
have

P" =T '(dx @ P).

These relations are saying that Wy is independent of I1g. It is known that each
component (W}),zo of the Brownian motion, i =1, ..., d, is a martingale under
any of the measures P*. The next lemma shows that (Wl’;r, ]-"[7,), re(0,t],isa
backward local martingale under P™.

LEMMA 1. LetO<s <t. If A € o(Wy) is such that E™[|W;|; A] < oo, then
one has E™[|Ws|; A] < 00. Moreover, for each B € F/,andi =1, ...,d, one has

E"[W!; AN B]=E"[W/; AN B].

PROOF. We note that W; is uniformly distributed, and consequently for each
¢ > 0, the set A, = {|W;]| < c} satisfies

E"[IWi; Al < o0.

This shows that the class of the sets to which applies the statement is rather large.

The vector (Wy, Wy — Wy, W; — W;) has the distribution m @ N (0, s) @ N (0, t —
s), under the measure P*. Then one deduce that (W, W; — W;) has the distribution
m QN (0,t — s) and we may write, for @1, ¢ € C.(RY),

E" o1 (W, = Woe Wl = [ [ o10)eate +)ais () dy d

— (/Rd (pz(x)dx) (/H;d (Pl()’)Qt—s()’)dY>-

This relation shows that the vector (W; — Wy, W;) has the distribution A (0, t —
s) ® m, under P "Then the obvious inequality |W| < |W;|+|W; — Wi |(1w, <1} +
|W¢|) allows one to deduce the first assertion of the lemma.

In order to check the second assertion of the lemma, we write

E"[W!; ANBl=E"[W/; AN B] —E"[W/ — W!; AN B]

and all that it remains to check is that the last term is null. In order to show this,
one first observes that the distribution of the vector (W; — W, Wy, W,1 — W;, W2 —
Wi,ooo, Wn = W) is N0, t =) @m QN (0,8 —1) @ --- QN (0, 1" — " 1),
for each system s < ¢ < t! < ... < ¢". Then one has, for each B € o(W,1 —
Wi, oooy Win — W),

E"[W! — Wi, AN Bl =E° (W — Wiim(A)PY(B) =0,
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which implies the assertion of the lemma. [

Now let us assume that f and |g| belong to L2([0,T] x R?) and u € Fisa
solution of the deterministic equation (2). Let us denote by

5) /tg,*dwrzi(/tgi(r, W awi+ [ )WL)
s 2\, s

Then one has the following representation (Theorem 3.2 in [17]).

THEOREM 1. The following relation holds P™-a.s. for each0 <s <t <T:

d . ) t 1 rt
© w W) —us(Wo) =3 [y Wy dW) = [ frWydr =3 [ g xaw.

i=1"%

In [17], one uses the backward martingale M defined under an arbitrary P#,
with  a probability measure in R?, in order to express the integral |, S’ grxdW,.
Though formally the definition looks different, one easily sees that it is the same
object.

2.2. Regular measures. In this section, we shall be concerned with some facts
related to the time—space Brownian motion, with the state space [0, T[xR4, cor-
responding to the generator d; + %A. Its associated semigroup will be denoted
by (P))=0. We may express it in terms of the Gaussian density of the semigroup
(P;)s=0 in the following way:

/]RdCIz(X,y)W(S+t,y)dy, ifs+t<T,

0, otherwise,

Ew(s,x>==

where ¢ : [0, T[xR? — R is a bounded Borel measurable function, s € [0, T[, x €
R? and t > 0. So we may also write (P,y)s = P45 if s +1 < T. The cor-
responding resolvent has a density expressed in terms of the density ¢; too, as
follows:

- T
Outrtox) = [ [ e e = y)ws. ) dyds

or

- T
(Tutr), = f eGPy ds.
t

In particular, this ensures that the excessive functions with respect to the time—
space Brownian motion are lower semicontinuous. In fact, we will not use directly
the time space process, but only its semigroup and resolvent. For related facts
concerning excessive functions, the reader is referred to [4] or [6]. Some further
properties of this semigroup are presented in the next lemma.



OBSTACLE PROBLEM FOR STOCHASTIC PDE’S 1149

LEMMA 2. The semigroup (f’,),>0 acts as a strongly continuous semi-
group of contractions on the spaces L2([0, T[xRY) = L2([0, T[; L*(R%)) and
L*([0, T[; H'(R?).

PROOF. Obviously, it is enough to check the following relations:

T—r T
liny ( [ 1P =i+ [ ||ut||%dr) o0,
r—0\Jo T—r

T—r T
tim ([ 0V Py — e+ [ VilBar) =o.
—r

r—0

First, we note that for each function u € LZ([O, T[X]Rd ) and r > 0, one has

) T—r )
rh—% ) lts4r —urll3dt =0.
This property is obvious for a function u € C.([0, T[xR¢) and then it is obtained
by approximation for any function in L?([0, T[xR¢). Then the relation
) T—r )
lim | Pritgtr —urll5dt =0,
r—>0Jo
easily follows. From it, one deduces the strong continuity of (P;);~o on L2([0, T[x
RY).
In order to prove the same property in the space L2([0, T[; H'(R%)), one should
start with the relation

T—r
tim [ 1V~ u)Bdr =0,
r—>0Jo

which holds for each u € C2°([0, T[de) and then repeat, with obvious modifica-
tions, the previous reasoning. [J

The next definition restricts our attention to potentials belonging to F, which is
the class of potentials appearing in our parabolic case of the obstacle problem.

DEFINITION 1. (i) A function v : [0, T'] X R? — R is called quasicontinuous
provided that for each ¢ > 0, there exists an open set, D, C [0, T'] x R4, such that
¥ is finite and continuous on Dg and

P"({w e Q'3 € [0, T] s.t. (1, Wi(w)) € Dg}) <e.

(i) A function u : [0, T] x R — [0, oo] is called a regular potential, provided
that its restriction to [0, T[xR? is excessive with respect to the time—space semi-
group, it is quasicontinuous, # € F and lim;_,7 u; =0 in L2(RY).
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Observe that if a function  is quasicontinuous, then the process (¥;(W:))re[o.71]
is continuous. Next, we will present the basic properties of the regular potentials.
Do to the expression of the semigroup (ﬁ),>0 in terms of the density, it follows
that two excessive functions which represent the same element in F should coin-
cide.

THEOREM 2. Let u € F. Then u has a version which is a regular potential if
and only if there exists a continuous increasing process A = (A;)icjo,1] which is
(Fi)tefo,T1-adapted and such that Ag =0, Em[AZT] < 00 and

O w(W)=E[Ar|F]-A,  P"-as.

for each t € [0, T]. The process A is uniquely determined by these properties.
Moreover, the following relations hold:

d T )
(i) ut(W,)zAT—At—Z/ dus(Wy)dW,  P"-as.,

i=1"1

T
(i) w3 + / IVus||5ds = E™ (A1 — A)?,
t

T 1
V) (w0, 90) + /0 (5<ws,ws)+(us,as<ps))ds

:/(;T A%d(p(s,x)v(dsdx)

for each test function ¢ € Dy, where v is the measure defined by
T
W v@=E" [ pa.WydAn  peC0.TIxR).

PROOF. We first remark that the uniqueness of the increasing process in the
representation (i) follows from the uniqueness in the Doob—Meyer decomposition.

Let us now assume that & is a regular potential which is a version of u. We
will use an approximation of u constructed with the resolvent. By the resolvent
equation, one has

aﬁaﬁ = aﬁo(ﬁ — aﬁaﬁ).

Letus set " =n(u — nﬁnﬁ) and u" = nﬁnﬁ = ﬁof”. Since u is excessive, one
has f" >0 and u",n € N*, is an increasing sequence of excessive functions with
limit u. In fact u”,n € N*, are potentials and their trajectories are continuous.
On the other hand, the trajectories t — u;(W;) are continuous on [0, T'[ by the
quasi-continuity of u. The process (u;(W;)):ci0,7[ 1S a super-martingale, and be-
cause lim,_7 u; = 0 in L2, it is a potential and the trajectories have null limits
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at T. Therefore, this approximation also holds uniformly on the trajectories, on
the closed interval [0, 7],

lim sup |u} (W) —u;(W)|=0 P™-a.s.

n—>000 4T

The function u" solves the equation (9; + L)u" 4 f" = 0 with the condition u’, =0
and its backward representation is

T d T ,
W= [ frwds =Y [ aurowawd.
t i=1 t
If we set A} = fé Sy (Ws)ds, after conditioning, this representation gives
d T .
(0 W W) = A = AT = 3 [ (W) W = B[4/ F] - A7
i=1""
In particular, one deduces
d T .
wh(Wo) =E"[A3/Fol = 4% = 3 [t (x) awl.
i=1

Also from the relation (x), it follows that

d T ) 2
E" (AL — A")? = E" (u;f(wt) + Z/ a,-uZ(WS)dWS’>
i=1""!
(k%) X . X
- ”“?”ﬁ/, IV |2 ds.

A similar relation holds for differences, in particular one has
T
E™ (AL — AK)? = [lufh — uf|® + 2[0 IV —ub)|3ds.

On the other hand, the preceding lemma ensures that limg—s o aUa =1, in the
space L2([0, T[; H'(R%)), which implies

T
lim | |V@" —a,)|5dt =0.

n—0J0

These last relations imply that there exists a limit lim,, A% =: Ar in the sense of
L2(P™).

Let us denote by M" = (M}"):cj0,1]. M = (M;):¢[0,7] the martingales given by
the conditional expectations M;' = E"[A”. /F;], M; = E"[Ar /F;]. Then one has
lim,, s 0o M" = M, in L2(P™), and hence

lim E™ sup |M" — M,|*=0.

n— 00 0<t<T
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Then the relation u} (W;) = M]' — A} shows that the processes A", n € N*, also
converge uniformly on the trajectories to a continuous process A = (A;):e0,7]-
The inequality

sup |A} — A;| < Ar +|AT — A7

0<t<T
ensures the conditions to pass to the limit and get

lim E™ sup |A" — A,> =0.
n—00 0<t<T

Passing to the limit in the relations () and (+x*) one deduces the relations (i), (ii)
and (iii).

In order to check the relation (iv) from the statement, we observe that the rela-
tion is fulfilled by the functions u",

T /] T
oo + [ (50002 Vg0 oo )ds = [ [ ots.0f" 500 ds dx

T
=JE’"/0 (s, Wy) d A",

where ¢ is arbitrary in Dr. In order to get the relation (iv), it would suffice to pass
to the limit with n — oo in this relation. The only term which poses problems is
the last one. The uniform convergence on the trajectories implies that, P -a.s., the
measures d A} weakly converge to d A;. Therefore, one has

T T
hm / QD;(W[)dA? = / (Pt(Wt)dAt Pm-a.s.
n—oo 0 0
On the other hand, one has

< sup @>(Wy) + A% + AL — A7 %

0<t<T

T
' fo 01 (Wy) dA”

By It6’s formula and Doob’s inequality, one has

T 2
B sup g0, W) < dlvoll+ 487 ( [ lonpta, Wil )
<t=<
T
+16E’"/ \Vol|?(t, W,)dt
0
T 2
+2Em(/ |Ago|(t,W,)dt)
0

T T
< 4]go]? +4T/0 1y 12 dr + 16[0 Ve 3dt

T
+2T/0 | Ag: |3 dt < 0.
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The preceding estimate ensures the possibility of passing to the limit and deducing
that

T T
timE" [ g5, W dat =E" [ g5, Wy dAs,

and thus we obtain the relation (iv).

Let us now consider the converse. Assume that u € F and A is a continuous
increasing process adapted to (F;)¢(0,7] and satisfying the relation (i). In order to
simplify the subsequent notation, it is convenient to extend our given function by
putting u; = 0 for ¢ > T. Now, we shall show that

@) Pr(ussr) <uy, tel0,T], r>0.
By the Markov property, one gets
Prttrr(Wy) = BV [ 1r (W] = B[40 (Wy ) | 7]
=E"[E"[AT|Fr4r] — Asr|Ft ) = E"[AT|F ] — Argr,
where the last line comes from the relation (i). This shows that
Pouirr (Wy) <u (W) P"-a.s.

and as the distribution of W, under P is m, we deduce the inequality (7). More-
over, this inequality shows by iteration that if » < r’, then

(8) Pr/ut+r/ =< Prut—i-r-

By the properties of the semigroup density and since t — u; is continuous with
values in L2, it follows that, for each r > 0, P.usy,, t €[0, T], has a continuous
version in [0, T] x R? defined by

u' (t,x) =A;d qr (x, usr(y)dy.

The inequality (8) shows in fact that #" is supermedian with respect to (P,)s~0 and,
because of continuity, in fact it is excessive. Then u = lim,_,gu” is also excessive
and since lim; o P ts4r = Uy, in L2, clearly u is a version of u. The process
(@t (Wr))repo,1] 1s a cdlg supermartingale, and more precisely a potential. By the
relation (i), this process admits a continuous version. It follows that itself is con-
tinuous and, as a consequence, one has the following convergence, uniformly on
the trajectories:
lim sup |u; (W) —u;(W;)|=0 P™-a.s.

r—0 0<t<T
On the other hand, by the representation (i) one has

E™ sup [@(W,)|* < oo,
0<t<T
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which leads to

lim E™ sup @, (W;) — @, (W)|> =0.

=0 o<<T
This relation implies that z is quasicontinuous, and hence it is a regular potential,
completing the proof. [

It is known in the probabilistic potential theory that the regular potentials are
associated to continous additive functionals (see [4], Section IV.3 or [10], The-
orem 5.4.2). In the above theorem, the additive aspect is not evident. In fact, it
is hidden in the relation (i) of Theorem 2. This relation implies that, for t <'s,
As — A; is measurable with respect to the completion of o (W, /r € [¢, s]). This
can directly be proven but it also follows from the approximation of A by A”. For
the processes A", n € N, this measurability property obviously holds. And this
measurability ensures the fact that A corresponds to an additive functional for the
time—space process, which we are not explicitly using.

The measure v from the theorem, expressed in the relation (v), is also com-
pletely determined by the relation (iv), because the test functions are dense in
C.([0,T] x R?). A natural question now is whether one Radon measure on
[0, T] x R9 can be associated via the relation (iv) from the theorem to two distinct
potentials. The answer is that there is only one such potential and more precisely
it can be directly expressed with the density ¢;(x, y) in terms of the measure, as
one can see from the next lemma.

LEMMA 3. Let u be a regular potential and v a Radon measure on [0, T] x R?
such that relation (iv) holds. Then one has

T
@un=[ [([,e@ait - yax)udsay
for each ¢ € L>*(R?) and t € [0, T1.

PROOF. We first remark that the relation (iv) is in fact equivalent to the fol-
lowing more explicit one

T /1 T
g+ [ (50700 V00 + e Jds = [ [ ot vvdsdx),

with any ¢ € Dy and ¢t € [0, T'].

Clearly, it is sufficient to prove the lemma for ¢ € C.(R?) such that ¢ > 0.
Then we set ¥ (s, y) = Jpd ¢ (x)gs—i(x — y)dx, for s € [t,T] and y € R4, Then
Vs = Ps_;¢ and the map s — ¥ is in C'(Jr, T]; L2(RY)) and 8,9 = L Ay Let
n € C.(Ry) be a decreasing function such that n = 1 on the interval [0, 1] and
n =0 for x > 2. Set n,(x) = n(lﬁ—l), so that (17,),eN 1S an increasing sequence in
C.(RY) with limit 1. For each fixed n, the function 7, can be approximated
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by convolution with smooth functions and then by test functions from Dz, and
consequently we may write the relation (iv) in the form

T/
(s + [ (EMS, V(I s) + (s, 7 asxm) ds

T
- f f e (O (s, X)v(ds dox).
t R4

Then it is easy to see that we may pass to the limit with n — oo, in this relation
too. Then we get

T /1 T
)+ [ (500 Vo + v Y ds = [ [ wisoviasan),

which becomes the relation asserted by the lemma, on account of the relation
o =349, O

We now introduce the class of measures which intervene in the notion of solu-
tion to the obstacle problem.

DEFINITION 2. A nonnegative Radon measure v defined in [0, T'] x RY is
called regular provided that there exists a regular potential u such that the relation
(iv) from the above theorem is satisfied.

As a consequence of the preceding lemma, we see that the regular measures are
always represented as in the relation (v) of the theorem, with a certain increas-
ing process. We also note the following properties of a regular measure, with the
notation from the theorem.

1. A set B € B([0,T] x RY) satisfies the relation v(B) = 0 if and only if
JE 1@, W) dA; =0 P"-ass.
2. Ifaset B € B(J0, T[xRY) is polar, in the sense that

P"({w e Q31 €0, T], (1, Ws(w)) € B}) =0,

then v(B) =0.

3. If ¥!, ¥2:[0, T] x RY — R are Borel measurable and such that ¥!(z, x) >
wz(t, x), dt ® dx-a.e., and the processes (W(Wt))te[o,T], i =1,2,are a.s. con-
tinuous, then one has v(y! < ¥2) =0.

2.3. Hypotheses. Let B = (B;);>0 be a standard d I_dimensional Brownian
motion on a probability space (€2, F B P). So B, = (Btl, e, B,d 1) takes values in
R?" . Over the time interval [0, TT we define the backward filtration (ffr)se[o,T]
where ffT is the completion in FBofo(B, —Bg;s <r<T).



1156 A. MATOUSSI AND L. STOICA

We denote by Hr the space of H!(R?)-valued predictable and ]-'I?T—adapted
processes (#;)o<;<7 such that the trajectories t — u; are in F as. and

2
lull7 < oo.

In the remainder of this paper, we assume that the final condition @ is a given
function in L?(R?) and the functions appearing in equation (1),

f:[O,T]xQdexRde—ﬂR,
g=(g1,..,840):[0,TT x 2 xR? x R x RY — R,

h=(h,...,hy):[0,T]x @ x RY x R x R — R4",
are random functions predictable with respect to the backward filtration
(ffT),e[o,T]. We set
FC0,00= £ g(.0,0):=g"= (gl ... 80)
and
h(,, 0,00 :=h"=(hY,....h%)

and assume the following hypotheses.

ASSUMPTION (H). There exist nonnegative constants C, «, 8 such that
(1) |f(t,1w,x,y,2) _f(taw’-xay/azl)l SC(|)’_)’/| +|Z_Z/|)‘
(i) (X9 1hjt 0. x,y,2) —hj(t,0,x, 5, )V <Cly —y|+ Blz —2|.
(i) (2, 18i(t.x,y,2) = gi(t,w,x, ¥, )2 <Cly =y |+ alz— 7.
2
(iv) The contraction property (as in [7]): o + % < %

ASSUMPTION (HD?2).
E( 013, + 118°13., + 11°13.) < oo.

ASSUMPTION (HO). The obstacle v(¢, w, x) is a predictable random function
with respect to the backward filtration (ftBT). We also assume that 1 > v(t, w, W;)

is P ® P"-a.s. continuous on [0, 7] and satisfies
u(T,) <®().

We recall that a usual solution (nonreflected one) of the equation (1) with final
condition ur = &, is a processus u € Hr such that for each test function ¢ € Dy
and any V¢ € [0, T'], we have a.s.

T 1
f, [(us, ) + 5 (Vis, V) + (g vm} ds — (b, o7) + (s, @1)

©) . .
=/ <fs,<ps>ds+/ (hy. ¢s) - dBs.
t t
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By Theorem 8 in [7], we have existence and uniqueness of the solution. Moreover,
the solution belongs to Hr. We denote by U (P, f, g, h) this solution.

REMARK 1. Let L =Y)";;d;a" 3; be an elliptic operator in divergence form,

with the matrix a = (a/) : R — R? x R¢ being symmetric, measurable and such
that

MEP < aV (0)E'E < AlEP
ij
for any x, £ € R?. If instead of the operator %A in our equation (1), we had the
operator L, then the contraction condition (iv) of Assumption (H) would be re-
2
placed by o + % < X (this ensures the contraction condition as formulated in [7]).
Then the time change t — ﬁt/ yields a one to one correspondence between the
solutions u of the equation
dug + [Lu; + fi(ur, Vuy) +div g, (us, Vug)]dt + hy(ur, Vuy) 'é_Bz =0,

over [0, T'] and the solutions #; = u1,(24) satisfying the equation

a~ —~ <=
dii; + [ Aiiy + fi (@, Vi) + div g iy, Vi) dt + hy Gy, Vi) - d B, =0,

over the interval [0 2AT], with the transformed coefficients

~ —~ 1 1
flt,x,y,2)= f( t,x,y, z) h(t,x,y,z):Wh<2At X, Y, z)

- 1 1 .
g,-(t,x,y,z): ( (ZAtxyz>+Za”(x)zj—Az,) i=1,....,d,

J

and the transformed Brownian motion Et = (2A)1/2B1/(2A),,t € [0,2AT]. This
can be checked just by direct calculations using the above definition of a solution.
Moreover, if one writes L in the form Lu = AAu — div(y Vu), where y = (y'/)
is a matrix with the entries "/ (x) = A" —d" (x),i,j=1,...,d, then one has
O<y=Al—-a<(A—-MNI,
in the sense of the order induced by the cone of nonnegative definite matrices. This
implies that one has
ly ()61 < (A —H)|§]

for any x, £ € R%. Then it easy to deduce that g, (x, y, z) = ﬁ(gl/(gj\)t(x, v, z2)+
y (x)z) fulfils condition (iii) of Assumption (H) with a constant &@ = ﬁ(a + (A —
A)). On the other hand, one Can see that 1 satisﬁes condition (i1) with 3 = Al)l 7B,
so that the condition « + < A, ensures & + 5 < 2, which is condition (iv) of
our Assumption (H). Therefore, we conclude that our framework covers the case

of an equation that involves an elliptic operator like L, because the properties of
the solution u are immediately obtained from those of the solution .
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2.4. Quasi-continuity properties. In this section, we are going to prove the
quasi-continuity of the solution of the linear equation, that is, when f, g, & do not
depend of u and Vu. To this end, we first extend the double stochastic It6’s formula
to our framework. We start by recalling the following result from [7] (stated for
linear SPDE).

THEOREM 3. Let u € Hrt be a solution of the equation
du; + A Au, di + (f; + divg) dt +h, dB, =0,

where f, g, h are predictable processes such that

T
Efo £ 113+ g3 + Ihl31dt <00 and  ||®]|3 < oo.

Then, for any 0 < s <t < T, one has the following stochastic representation, P ®
P"-a.s.,

t X t
(e, W = u(s, W = 3 [ aur W aw; = [ f,wy)dr
(10) ’
t t
- g*dW—/ h(W,)-dB,.
2 Js s
We remark that F7 and F(f 7 are independent under P ® P"* and therefore in the

above formula the stochastic integrals with respect to d W; and dw ; act indepen-
dently of ]-"(f + and similarly the integral with respect to JB ¢ acts independently of
Fr.

In particular, the process (u#;(W;)):c[0,7] admits a continuous version which we
usually denote by Y = (¥;)s¢[0,7] and we introduce the notation Z; = Vu,;(W;).
As a consequence of this theorem, we have the following result.

COROLLARY 1. Under the hypothesis of the preceding theorem, one has the
following stochastic representation for u>, P @ P"-a.e., forany 0 <t <T,

2 2 ’ 1 2
uiy (W) — @<(Wr) =2ft |:usfs(Ws) - EIVMSI (Ws)

1
(Vg g5} (W) + 5|hs|2(ws>} ds
(11) ) )
r&)(Wp) xdW, —2 0iuy) (W, dw!
+ [ e s 2/ (05 (W) W/

T
+2 [ wh) W) - B,.
t
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Moreover, one has the estimate

T
EE"( sup |YS|2)+E[/I ||Vus|I§ds]

t<s<T

(12)
T
< c[llaﬁII% +E[ AR+ s 12+ ||hs||%]ds}

foreacht €0, T].

REMARK 2. With the notation introduced above, one can write the relation
(11) as

T T T
|Yz|2+ft |Zr|2dr=|YT|2+2/t err(W»dr—z/t (Zy. g (W))) dr

T T )
(13) +/ Y, g (W) % dW, —22/ Y, Zi,dW!
t i t

T T )
+2/ thr<Wr)-c‘l‘Br+f I [2(W,) dr.
t t

PROOF OF COROLLARY 1. Assume first that g is uniformly bounded and be-
longs to (H7)?, so that E fOT || div g; ||%dt < 00. Then we may represent the solu-
tion in the form

t ) t
w W) = us W) = 3 [ duer (W aw; = [, (W) + div g (Wl dr

—fsthr(wr)-ét_Br.

By Lemma 1.3 of [16], we may write

t
w2 (Wp) — u2(Wy) = =2 f [ur (fy +div g, ) (W) — [Vur 2 (W) — [y 2(W)]dr

! . t
+2 3 [ tsuy Wy dwi =2 [ ) (W, - 3B
i VS s
On the other hand, by Lemma 3.1 of [17], one has

t t
=2 [ diviurg )W dr = [ upg, (W) aw,,
N N

so that the preceding relation immediately leads to the relation (11). Then the stan-
dard calculations of BDSDE involving Young’s inequality, BDG inequality and
Gronwall’s lemma give the estimate (12).

Finally, to obtain the result with general g one proceeds by approximation. [J
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In the deterministic case, it was proven in [17] that the solution of a quasilinear
equation has a quasicontinuous version. Here, we shall prove the same property
for the solution of an SPDE as is stated in the next proposition.

PROPOSITION 1. Under the hypothesis of Theorem 3, there exists a function
w:[0, T x 2 x R? — R which is a quasicontinuous version of u, in the sense that
for each € > 0, there exits a predictable random set D€ C [0, T] x  x R? such
that P-a.s. the section D, is open and u(-, w, -) is continuous on its complement
(D;)¢ and

PR P"((w, )3t €0, T] s5.t. (1, 0, Wi (o)) € D) <e.

In particular, the process (u;(W;)):e[0,T] has continuous trajectories, P ® P"-a.s.

PROOF. Letuschoose k € N with k > %, so that the Sobolev space HX(RY) is
continuously imbedded in the space of Holder continuous functions C¥ (R%), with
y=1+ [%] — %. We first assume that ¢ € Hk(Rd) and f, g1,..., 84, 01, ..., hp
belong to LZ([O, Tl x Q2 H "(Rd)). By Theorem 8 in [7], applied with respect to
the Hilbert space H k(R4), one deduces that the solution u = U(P, f, g, h) has
the trajectories t — u;(w, -) continuous in H k(R4 which implies that they are
in C[[0, T] x R?). On the other hand, we have from (12) the following general
estimate

T
BE"( sup u(t, W)?) <cB[ 1013+ [ (A1 + el + Il at |
0<t<T 0

Now, for general (®, f, g, h), one chooses an approximating sequence of data
(", ", g", k") which are H k(R4)-valued and such that

T
E(||d>n—<1>n+1||z+/0[||ﬂ” 2 gt — g3 R — h?“n%]dr)

1
<.
<o
Let u" be the sequence of P-a.s. continuous solutions of the equation associated to
(®", f, ", h"). Then set E§ = {[u" — u"™!| > €} and Df = J,~1 E¢. Then we
have

PR P (w, )3t €[0, T]s.t. (1, w, W, () € EY)

§EE"’[O;1£T( (W) — u 1 (W) ]— o

Further, one takes € = -5 to get
n

00 4
P®P"((,o)[3 [0, T]s.t (t, 0, Wy(@)) € Df) < 3 5 2—.
n=k
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This shows the statement. [

We also need the quasicontinuity of the solution associated to a random regular
measure, as stated in the next proposition. We first give the formal definition of
this object.

DEFINITION 3. We say that u € Hr is a random regular potential provided
that u(-, w, -) has a version which is a regular potential, P(dw)-a.s. The random
variable v:Q — M([0,T] x Rd) with values in the set of regular measures on
[0, T] x R? is called a regular random measure, provided that there exits a random
regular potential # such that the measure v(w)(dt dx) is associated to the regular
potential u(-, w, -), P(dw)-a.s.

The relation between a random measure and its associated random regular po-
tential is described by the following proposition.

PROPOSITION 2.  Let u be a random regular potential and v be the associated
random regular measure. Let u be the excessive version of u, that is, u(-, w, -) is
a.s.an (f’,)t>0-excessivefuncti0n which coincides with u(-, w, -), dt dx-a.e. Then
we have the following properties:

(1) For each ¢ > 0, there exists a (.ﬁéT)te[oyT]-predictable random set D* C
[0, T]x 2 x R? such that P-a.s. the section D¢ is open and u(-, w, -) is continuous
on its complement (D{))¢ and
PRP"((w, )3t €0, T] s.t. (t, 0, Wy (w)) € D)) <e.

In particular, the process (u;(W;)):cjo0,1] has continuous trajectories, P @ P"-a.s.

(ii) There exists a continuous increasing process A = (A;):cjo0,1] defined on
Q x Q' such that Ay — A, is measurable with respect to the P @ P™-completion
of ]:zl,gT Vo(W./relt,s]), forany 0 <s <t <T, and such that the following
relations are fulfilled a.s., with any ¢ € D and t € [0, T]:

@ (@) + f (G (Vug, Voy) + (g, 3599)) ds = [ [pa @ (s, x)v(ds dx),

(b) u;(Wy) =E[A7|F; Vv ffBr] — Ay,

(© ur (W) = Ar — A = Xy [T djus(Wy) dWS,

() lluel3 + 7 1Vugl3ds =E"(Ar — Ap)2,

(©) vip) =E" [ ¢(t. W) dA,.

PROOF. The proof of this proposition results from the approximation proce-
dure used in the proof of Theorem 2.

(i) Let r > 0. The process u” = (U} )sc[0,7], defined by u}, = P,u;4,, has the
property that (¢, x) — uj is jointly continuous P-a.s. We also have

lim EE” sup [w (W;) —;(W,)|> =0,
r—0

0<t<T
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by the arguments used at the end of the proof of Theorem 2. This one concludes as
in the proof of the preceding proposition.

(i) The construction of the increasing process described in Theorem 2 holds
globally for a random regular potential producing on a.e. trajectory w € €2, the
increasing process corresponding to u (-, w,-). U

We remark that, taking the expectation of the relation (i.i.d.) of this proposition
one gets

T
BE" (4} =E( ol + [ 1VusIBar).
3. Existence and uniqueness of the solution of the obstacle problem.

3.1. The weak solution. 'We now precise the definition of the solution of our
obstacle problem. We recall that the data satisfy the hypotheses of Section 2.3.

DEFINITION 4. We say that a pair (u, v) is a weak solution of the obstacle
problem for the SPDE (1) associated to (®, f, g, i, v), if:

() ueHrandu(t,x) >v(t,x),dPRdt ®dx a.e.and u(T, x) = P (x), dP®
dx ae.,
(i1) v is a random regular measure on (0, 7') X R4,
(iii) foreach ¢ € Dy, andt € [0, T],

T 1
/t‘ |:(us» ds@s) + E(VMSa V%)} ds — (@, 1) + (us, ¢r)
T
(14) =-/t [(fs(us, Vug), o5) — (gs(us, Vuy), VQOS)]dS

T T
[ st V) -Bo+ [ [ euovas.dx),

(iv) if u is a quasicontinuous version of u, then one has
T
/ / (s (x) — vs(xX))v(dsdx) =0 a.s.
0 JRrd

We note that a given solution u can be written as a sum u = u| + uo, where u|
satisfies a linear equation uy = U (P, f(u, Vu), g(u, Vu), h(u, Vu)) with f, g, h
determined by u, while u; is the random regular potential corresponding to the
measure v. By Propositions 1 and 2, the conditions (ii) and (iii) imply that the
process u always admits a quasicontinuous version, so that the condition (iv)
makes sense. We also note that if u is a quasicontinuous version of u, then the
trajectories of W do not visit the set {u < v}, P ® P"-a.s.

Here is the main result of our paper.
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THEOREM 4. Assume that the Assumptions (H), (HD2) and (HO) hold. Then
there exists a unique weak solution of the obstacle problem for the SPDE (1) asso-
ciated to (P, f, g, h,v).

In order to solve the problem, we will use the backward stochastic differential
equation technics. In fact, we shall follow the main steps of the second proof in
[9], based on the penalization procedure.

The uniqueness assertion of Theorem 4 results from the following comparison
result.

THEOREM 5. Let @', f/, v/ be similar to ®, f, v and let (u, v) be the solution
of the obstacle problem corresponding to (®, f, g, h,v) and (u’', V') the solution
corresponding to (®', f', g, h,v'). Assume that the following conditions hold:

1) ® <, dx ®@dP-a.e.
(i) f(u,Vu) < f'(u,Vu), dtdx @ P-a.e.
(iii) v </, dtdx @ P-a.e.

Then one has u <u’, dtdx ® P-a.e.

PROOF. The proof is identical to that of the similar result of El Karoui et al.
([9], Theorem 4.1).

One starts with the following version of 1t6’s formula, written with some qua-
sicontinuous versions u, u’ of the solutions u, u” in the term involving the regular
measures v, v,

T
Ell(u; —up) T3 +E f IV (us — ul) T3 ds
T
=E|(® - )3+ ZE/t ((us —ul)T, fi(us, Vus) — fl(u}, Vul))ds
T
+ ZE/ / (s —u) T (x)(v — V) (ds dx)
t R4
T
+ ZE/ (V(us —ul)", gsus, Vuy) — gs(ul,, Vb)) ds
t

T
+1E/ s (s, Viag) — s (), V) 3 ds.
t

We remark that the inclusion {# > u’} C {u > v} U {v > v/} U {v' > '} and the fact
that the set {v > v’} U {v' > '} is not visited by W, imply that v(z > u’) =0, a.s.
Therefore,

/T/ (s —u )T @) (v —v)(dsdx) <0  as.
r JRd

and then one concludes the proof by Gronwall’s lemma. [J



1164 A. MATOUSSI AND L. STOICA

3.2. Approximation by the penalization method. For n € N, let u” be a solu-
tion of the following SPDE

dull (x) + S Aul (x) dt + f(t, x,u! (x), Vu} (x)) dt
(15) +n(uy(x) — v (x)) dt +div(g(t, x, uf (x), Vuj (x))) dt
+h(t,x, u" (x), Vi (x)) - dB; =0

with final condition u;, = ®.

Now set f,(t,x,y,2) = f(t,x,y,2) + n(y — v;(x))” and v'(dt,dx) :=
n(uf(x) — v;(x))” dtdx. Clearly for each n € N, f, is Lipschitz continuous
in (y, z) uniformly in (¢, x) with Lipschitz coefficient C 4+ n. For each n € N,
Theorem 8 in [7] ensures the existence and uniqueness of a weak solution
u" € Hr of the SPDE (15) associated with the data (®, f,, g, #). We denote by
Y!'=u"(t,W;), Z, = Vu"(t, W;) and S; = v(t, W;). We shall also assume that u"
is quasi-continuous, so that Y" is P ® P"-a.e. continuous. Then (Y, Z") solves
the BSDE associated to the data (®, f,, g, k)

T T
Yt”=d>(WT)+f f,(W,,Yf,Zf)dr+nf " — Sy~ dr
t t

1 T
w5 | e Wz waw
2 J:
(16)
T
[ hw vz - 3B,
t

We define K" =n fé (Y{' — Sg)~ ds and establish the following lemmas.
LEMMA 4. The triple (Y",Z", K") satisfies the following estimates

T
EIEm|Y,”|2+ASIEEm/ | Z"? dr
t
T
< cEEm[@(WT)P + [P WOR + 162 P + 1R W)P) ds}
(17) . ’
+c£EEm/ Y/ 2 dr + ¢ EE" (sup S, [)
t

t<r<T
+ SEE™ (K} — K2,

where by =1 — 200 — ,32 — &, cg, C§ are a positive constants and € > 0,8 > 0 can
be chosen small enough such that 1. > 0.
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PROOF. By using Itd’s formula (13) for (Y", Z"), we get

T T
|Y:’|2+/t |Zf|2dr=|d><wr)|2+2f Y? £y (W, Y2, Z0) ds
t
T T
+2/t Y;ldK:—zft (Z", g5 (W, YT, Z1)) ds

T T .
(18) +/, YS”gs(Wg,YS”,Z;’)*dW—ZZ/I Y'Z! dW,
i

N

T
+ 2/ Yihg(We, Y, Z7) -EBS
t

T
+/ |y (W, Y™, Z"2 ds.
t

Using Assumption (H) and taking the expectation in the above equation under
P®P", we get

T
IEIE’"|YI"|2+EE’”/ 12" ds
t
T
<E|®(Wr)|* 4 c.EE™ / LW 1P+ 182(W) 12 + 1Y (W) 1*1dss

T T

+chEE’”/ |Ys”|2ds+(2a+/32+8)EEm/ |Z; | ds
t t

1
+ ~BE"[ sup |S,?] + yEE"[(K} — K7,

14 t<s<T

where ¢ > 0, y > 0 are a arbitrary constants and c. is a constant which can be
different from line to line. We have used the inequality [” Y?dK" > [T S dK?"
and then we have applied Schwartz’s inequality. We also have used the fact that
under the measure P the forward—backward integral [ Y g(r, W,, Y, Z!") x dW
as well the other stochastic integrals with respect to the brownian terms have null
expectation under P ® P"*. Finally, Gronwall’s lemma leads to the desired inequali-
ty. O

LEMMA 5.

EE"[(K} — K")?] < ¢ [EE™|Y!")> + || ®|13]

T
(19) +c5[EEm/ Y712 + 12721 ds
t

T
*Ef, [||f£||%+||g§’||%+||h?||%]ds]
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PROOF. Let now (i"),cn be the weak solutions of the following linear type
equations

A + L AT + div g, (ul, Vuly dt + hy (ul!, Vul') - dB, =0,

with final condition 7. = 0. Set Y/* = " (t, W,) and Z, = V@"(r, W,). Then by
the estimate (12), one has

_ T _
(20) EEm[lY[’|2+/() |Z§’|ds}§51\,

where A = EE" [ [|gs(Ws, Y, Z0)|? + |hs(Wy, Y, ZM)*1ds. Since u”" — "
verifies the equation

) —u) + AW — @) + fiu)!, Vul) +n@uf —v)~ dt =0,

we have the stochastic representation

- T
VT = oW+ [ WY Zdr 4 Ky - K]
t

T ~ ‘
-> [ @, -z aw]
i
from which one easily obtains the estimate

EE"[(K} — K/)?]

< cII:EIEj’"[|Y,”‘|2 + Y+ | (Wr)[?

+/tT<|fP<Ws>|2+|Y;'|2+|Z?|2>ds+/tT|Z?|2ds]
Hence, using (20), we get
EE™[(K® — K™)?]
< EE"[|Y]'[* + |2 (Wp)I?]

T
+cgEEm[/ (Y712 + 120 ) ds
t

T
+ [ UEPWOR + 18WP + W) P ds |
which gives our assertion. [l

LEMMA 6. The triple (Y™, Z", K") satisfies the following estimate

T
IEIE’”( sup |Y;’|2>+EE’“[0 122 ds + EE" (K)2

0<s<T

T
<clI®3+EE"( sup [S12)+E [ [1£203 + 1203 + 140131 ds |
0<s<T 0
<s=<
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where ¢ > 0 is a constant.
PROOF. From (17) and (19), we get

T
(1 —8HEE™Y"|> + (1 —2a — B% — & — 54)1@1@’”] | Z™ | dr

N

T
<A +O)|PI5 + (ce +8)A + (ce + 5c;)EE’”[ |Y" % ds

N

+ c(;JEEm( sup ISrlz),

t<r<T

where A =EE™ [T fO(W,)I? + g% (W,)[% 4 [0 (Wy)[*]ds. It then follows from
Gronwall’s lemma that

T
sup EE"1(|xf|2)+EEm/ 212 dr + EE" (K22
S

0<s<T

T
<[ 1003 +EE" (sup 1) +E [ 1213 + 215 + 1211 |
N

0<r<T

Coming back to the equation (16) and using Bukholder—Davis—Gundy inequality
and the last estimates, we get our statement. [

In order to prove the strong convergence of the sequence (Y", Z", K™), we shall
need the following result.

LEMMA 7 (The essential step).

Q1) lim BE"| sup ((¥/ —$p7)°]=0.

n— 00 0<i<T

PROOF. Let (u"),cn be the sequence of solutions of the penalized SPDE de-
fined in (15). From Lemma 6, it follows that the sequence (f(u", Vu™), g(u",
VU, h(u", Vu"))nen is bounded in L2([0, T] x € x R RIT4+d") We may
choose then a subsequence which is weakly convergent to a system of predictable
processes ( f , 8, i_z) and, on account of the Lemma 13 in the Appendix, we obtain
a sequence of families of coefficients of convex combinations, (a®)ren, such that
the sequences

A=Yk rat,vu'y, = dlgw’, vu')
iely iely
and

W =" ok nt, vu'

iely
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converge strongly, that is,
r o, -
lim IE/ IF% = filde =0
k— 00 0
and similarly for g%, g and i, h. _
Now for i > n, we denote by u"” the solution of the equation
duf’n + [%Au;n - nu;n +nv + fi', Vu') + divg, (u, Vui)] dt
(22) o
+h ', Vu')-dB, =0

with final condition ulT" = v7. By comparison (Theorem 5), we have that ub <yt

Further, we set ¥ = Yic I afui’”k, where nj; = inf I; and we deduce that
~k ki . n
< A <
(23) u _Zalu _nlggou,
iely

where the last inequality comes from the monotonicity of the sequence u". More-
over, we observe that 7i* is a solution of the equation

@4) i+ [LAdF — ik + ngv + fX 4+ divgF]de +7F - dB, =0

with final condition Li’} =vr.

Now we are going to take the advantage of the fact that the equations satisfied by
the sequence of solutions #* have strongly convergent coefficients. Let us denote
by Y* the continuous version on [0, T] of the process (ﬁk(W,)),e[o,T], for any
k € N. We will prove now that there exists a subsequence such that

(25) lim sup [YX—5]=0 P®P"as.
k—o00 0<t<T

Since the equation (24) is linear, the solution decomposes as a sum of four terms
each corresponding to one of the coefficients f k gk, h*,v. Soitis enough to treat
separately each term.

(a) In the case where f =0, g =0, h =0 one obtains the term corresponding
to v. Then the relation (25) is a direct consequence of the Lemma 11.

(b) In the case where v=0, g =0, h =0, the representation of Ykis given by

- T . d 1 ,
1% =/ e KWy ds — Z/ e S0 Bk (W) dwi
t =Vt

Thus, we have

T 12
<! (/ (fj‘(vvs))zds) .
t

T
—nr(s—t) fk W, d
[ e flomyds| = =

t
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This shows that limy— oo SUPg<,;<7 |ftT e‘”k(s_’)fsk(Ws) ds| =0,P® P"-a.s., on
some subsequence. For the second term in the expression of Y¥, we make an inte-
gration by parts formula to get

T . . . T .
/t e gk (Wy) d Wi = e T D yik _yik oy /t Ulkemm=0 g,
where Uik = [ 9;iX(W,) dW!. By the Corollary 3 of Section 4, we know that the
martingales U"*, k € N, converges to zero in L2, and hence on a subsequence we
have limg—, 0 SUPy<, <7 |U,l’k| =0,P ® P"-a.s. Then by Lemma 12, we see that
for that subsequence

lim sup =0 P P"-as.

k_’°°0<t<T

T .
| e aatawg aw,

Therefore, the desged result (25) holds also in this case. This time we get
limg— o0 SUPg<; <7 1Y} = 0, PQ P"-a.s.
(c) In the case where f =0, h =0, v = 0, the representation of Y* is given by

. T d T .
7 = f G / 760 9. gk (W) d W
t T Jt
T . T .
-y f e O gk (W) dWE + Y / e k(W) AW
it it

d T )
— 2/ e Ak (W) d W
i=1"1

Now the proof is similar to that of the preceding case. We treat only the second
term in the last expression. We set ﬁ@k = fsT §f W,) aw m.i Tntegration by parts
formula gives

T ) . . T .
[ o k(s —1) dﬁ;,k _ ﬁ;,k _ o (T—1) ﬁljlk _ nk/; ﬁzs,ke—nk(s—t) ds.
On the other hand, the convergence gX — g implies that the backward martingale
(ﬁ )ie[0,T] converges to (ft gi, r(W,)mm )ie[0,7] In L?(P ® P™). The other
terms in the above expression of Y* may be handled similarly by integration by
parts and taking into account Corollary 4. Using again Lemma 12, as in the preced-
ing case, we get the relation (25) in the form limy;, o SUpy<, <7 |Ytk| =0,P®P"-
a.s.
(d) In the case where f =0, g =0, v =0, the representation of Y*is given by

d T ‘ T .
—Z/ e‘”k(“_’)aiﬁ’,‘(Ws)dW;+/ eETORE . 3B,
[:11‘ t
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On account of Lemma 10, the same arguments used in the previous cases work
again.

Now it is easy to see that the relation (25) holds for the general case. On the
other hand, (23) and (25) clearly imply the relation

lim sup (Y/'—S,)" =0 P® P"-as.

n—000 /=T

and then, since Y" is bounded in L2, one gets the relation of our statement. [
We have also the following result.

LEMMA 8. There exists a progressively measurable triple of processes
(Y:, Zt, Ki)refo, 11 such that

T
EIE’”[ sup |Y[’—Y,|2+/ |Z" — 7, dt
0<s<T 0

(26)

+ sup |K;1—Kt|2:|—>0 as n — o0o.
0<t<T

Moreover we have that (Y:, Z;, K;)ic[o,1] satisfies Y; > S;,Vt € [0,T] and
Jo (Y5 = 8)dK; =0,P@P"-qe.

PROOF. From the monotonicity of the sequence ( f;;),en and the comparison
Theorem 5, we get that u" (¢, x) < u"t (¢, x), dt dx ® P-a.e., therefore one has
Y < Y,"+1, for all ¢ € [0, T], P ® P"-a.s. Thus, there exists a predictable real
valued process Y = (¥;)¢(0,7] such that ¥;* 1 Y;, for all r € [0, T] a.s. and by
Lemma 6 and Fatou’s lemma, one gets

EE"( sup |¥,) <c.
0<s<T
Moreover, from the dominated convergence theorem one has
T

(27) IEE’”/ Y" =Y, >dt — 0 asn— oo.

0
The relation (13) gives, for n > p,

T

Y"—vr)? +/ |2 — ZP |2 ds
t

T
—2 f (Y — YD) (Wy, Y, Z7) — (W, YP, ZP)]ds
t

T
e8) 2 [ - yDd! - KD
t
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T
2 2= 20 g W YL 2 — g (W Y ZD) ds
T
t
T » .
oY -y, - zfaw
i
T
£2 [ =YD W Y 20 ~ bW, Y2, 2D - 3B,
t
T
+/ |y (Wy, Y2, Z0) — s (W, Y2, ZP) P ds.
t
By standard calculation, one deduces that
T T
IE]E'"/ |Z" — ZP?ds < cEEm/ Y" —YF?
t t
T
(29) —|—4EE’"/ (Y" - 8)"dK?P
t

T
+ 4EE™ f (YP —S)” dKy.
t
Therefore from Lemma 7, (27) and (29) one gets

T
EE’"/ Y — v} |*dr
(30) R
+]EIE’"/ |Zf—th|2dt—>0 asn, p— 00.
0

The rest of the proof is the same as in El Karoui et al. ([9], pages 721-722), in par-
ticular we get that there exists a pair (Z, K) of progressively measurable processes
with values in R? x R such that

T
EIE’”[ sup |Yt”—Yt|2+/0 21 — 7,2 di

0<s<T

+ sup |Kt”—K,|2]—>O as n — oo.
0<t<T

It is obvious that (K;);c[0,7] Is an increasing continuous process. On the other
hand, since from Lemma 7 we have lim;,—, oo EE" [supy-, -7 ((¥{" — SN =0,
then, P® P"-a.s.,

(€29) ;=28  Viel0,T],
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which yields that [;] (Y — Sy) dK > 0. Finally, we also have [ (Y; — ;) dKs =0

since on the other hand the sequences (Y"),>0 and (K"),>0 converge uniformly
(at least for a subsequence), respectively, to ¥ and K and

T T
—\2
/0 (st_Ss)szn:_”/o (Y] —S5)7)"ds <0. ]

As a consequence of the last proof, we obtain the following generalization of
the RBSDE introduced in [9].

COROLLARY 2. The limiting triple of processes (Y;, Z;, K;)ie[0,1] is a solu-
tion of the following reflected backward doubly stochastic differential equation (in
short RBDSDE):

T
Y, = &(Wr) +f £ (Wy, Yy, Z)dr + Kp — K,
t
1 T
(32) + 5/ & (Wy, Yy, Z,) % dW
t

T T .
[ n W,z 3B -3 [ Zisaw]
t i t

with Yy > 8§;,Vt € [0, T1, (K;)ie[0,7] is an increasing continuous process, Ko =0
and

T
(33) /0 (Y, — ) dK, =0.

PROOF OF THEOREM 4. Since
T T
/0 (" —ul |3+ 1Vu" — Vil |) di =JE’"/O (Y" —YPR 4120 — ZP Py,

by the preceding lemma one deduces that the sequence (1"),cn is a Cauchy se-
quence in L2(Q x [0, T]: H'(R?)) and hence has a limit « in this space. Also from
the preceding lemma, it follows that d K;' weakly converges to dK;, P ® P"-a.e.
This implies that

T T
lim/ /dn(u" —v) @, x)drdx zlimEm/ o (W) dK}]
nJo R n 0

_ /OT A.%d(p(t,x)v(dtdx),

where v is the regular measure defined by

T T
/0 /Rd(p(t,x)v(dtdx)=Em/O o (W) dK;.
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Writing the equation (15) in the weak form and passing to the limit one ob-
tains the equation (14) with u and this v. The arguments we have explained af-
ter Definition 4 ensure that ¥ admits a quasicontinuous version u. Then one de-
duces that (u;(W;)):cfo0,7] should coincide with (¥;):cj0.7], P ® P™-a.e. There-
fore, the inequality Y; > S; implies u > v, dt ® P ® dx-a.e. and the relation
fOT(Y, — S;) dK; = 0 implies the relation (iv) of Definition 4. [

4. Some technical lemmas.

LEMMA 9. Let f € Lz([O, T] x RY; R) and denote by (u"), N the sequence
of solutions of the equations

(8,—|—%A)u"—nu”+f=0 Vn €N,

with final condition u’, = 0. Then we have
r ny2 1 T 2 T —2n(T —t) 2
cH [ avarBarse| [ g+ [ e | fl3de |.

PROOF. It is well known that the solution (u#"), <y is expressed in terms of the
semigroup P; by

T
uy =/ e "STOPp_, fods.
t

A direct calculation shows that one has

T

n/ e u0ds =ud —u”,
!
which leads to
T
(35) uf =e " T0u) 40 / e "0 ) — Py jud) ds.
t

The function #7 = e ™7 =94 is a solution of the equation (3, + %A)ﬁ” —nu +
f =0 where f, =T~ f,. Therefore, one has the following estimate for the gra-
dient of the first term in the expression of u"

T T
(36) /O e T vul|3dr < ¢ fo eI 1,13 dr

(see Lemma 5 of [7] for details). In order to estimate the gradient of the second
term of the expression of u", we first remark that

s
0 0
Uy — Fs—lUy :/ Py frdr,
t
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so that one has

T—t K
<n f s f IV Py fisrlla dr ds
2 0 0

nV/ =D @0 — P u®)ds

T—t s ]
Sncfo e"”/ — |l fi4rll2drds,

0 T

where we have used the well-known inequality

C
VPl < ﬁllwllz for ¢ € L.

Then we estimate the time integral of the norm of the gradient, which is the
pression we are interested in,

i

T 2
nV/ e_"(s_t)(u? — PS_,u?) ds ,
t

<c2/T[/ /f||ft+r||2drds}2dt
—c/ // / /T e —"“%nmrnz

| frarll2adt dr’ ds' drds

dt

X—
V7

T 5 T 1 2 o rT 5
<[ IIﬁllzdt(/ —ﬁne—"Sds) << [T iAiar
0 0o 2 nJo

This estimate together with (36) imply the statement (34). [

€X-

Obviously, the lemma implies that lim,_, fOT ||Vu;’||%dt = 0. We need a
strengthened version of this relation, which is presented in the next corollary whose

proof is easy, so you omit it.

COROLLARY 3. Let f, f* € L*([0,T] x R*:R),n € N, be such
lim,, _, oo fOT I f* = fi II%dt = 0. Then the solutions (u"),cN of the equations

(3 + 3A)u" —nu" + f" =0,

with final condition u’y = 0, satisfy the relation lim,,_, fo |Vuf ||2 dt =

COROLLARY 4. Let g"', g € L2([0,7T] x R4, RY  be such
limy, s o foT lgr — & II%dt = 0. Then the solutions (u"),cN of the equations

(3 + 5 A)u" — nu" + divg" =0,

with final condition u’y = 0, satisfy the relation lim,,_ fOT | Vuy ||% dt =0.

that

that
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PROOF. We regularize g by setting gf,t =Pgi;fori=1,...,d, e>0,t €
[0, T]. Then g} € HO1 (R?) and f€ = divg€ is in L2([0, T] x R?; R). Moreover,
we have lime_.o [y |lgf — /|13 dt = 0. Let u®" be the solution of the equation

(0 + %A)ue’” —nu®" + f€=0,

with final condition 45" = 0. By Lemma 5 of [7], one has
T - T )
| v = vt B <e [ g - gf13ds

T
< c/O (18" — g3+ llgf — g1 dr.

On the other hand, Lemma 9 implies, for € fixed, limn_mofOT | Vus " ||%dt =0.
From these facts, one easily concludes the proof. [J

LEMMA 10. Let h,h",n € N, be L2(R4; R4 l)-valued predictable processes
on [0, T] with respect to (.7-;%) >0 and such that

T T
IE/ A |13 dt < oo, E/ |13 dt < oo

0 0

and
T
Jm B |l = hell3dr =0,
0

Let (u"")nen be the solutions of the equations

dul! +[3Au) — nul!ldt + ! .dB, =0,

with final condition u’, =0, for each n € N. Then one has

T
. ny2 _
nli)rrolo A |Vuill5dt =0.
PROOF. We regularize the process i by setting ﬁf’t = Pchj, fori=1,...,
di,e >0, t € [0,T]. Then hf, € HI(RY) and Efj |Vh|3dt < oo and
lime_q IE[OT ||l_z§ — hy ||% dt =0. Let u®" be the solution of the equation

du;™ + %Auf" —nuf" + e -dB, =0

with final condition uéT’" =0, for each n € N. The relation (iii) of Proposition 6 in
[7] written with respect to the Hilbert space H = HO1 (R?) takes the form

T 2
E[||Vu?”||%+/t

lAue’"
2

N

T T _
ds —l—n/ ||Vu§’”||%ds] :Ef IVAE |15 ds.
t t
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In particular, one has

T ) 1 T B
/ Vu$™ |7 ds < —/ VA5 ds.
t nJt

Now we write the relation (iii) of Proposition 6 in [7] for the solution u” — u®"

with respect to the Hilbert space H = L2(R?),
T T
E[nu'g —uf"|? +] VUl — Vus™||3ds —i—n/ llul — uﬁ’"H%ds]
0 0

T _ -
=E [ 1~ 13 ds.
0
In particular, one obtains
T T _ -
E [ 19ul - Vug"I3ds <E [ 1~ Rl ds.
0 0
From this and the preceding inequality, one deduces
T T _
limsupE/ IVul||3ds < E/ s — hE |13 ds.
n—00 0 0
Letting € — 0, one deduces the relation from the statement. [

LEMMA 11. Let v:[0,T] x R > R be a function such that the process
(ve (Wi))iel0,71 admits a version S = (S;):e[0,7] With continuous trajectories on
[0, T'] and such that the random variable S* = Supg<,<7 S satisfies the condition

E™[S*]? < 0o. Let u™ be the solution of the equation
(0 + %A)u” —nu" +nv=0,

with the terminal condition u’y = vr. Let Y" = (Y/");e(0,1] be a continuous version
of the process (u} (W;)):cpo,11. for each n € N. Then the following holds:

lim Em[ sup |¥" — S,|2] —0.

n—00 0<t<T

PROOF. Let us set u} = e " u) and observe that this function is a solution of
the equation
(3 + i +v=0,

with 7; = e v, and terminal condition wp =vr. Writing the representation of
Theorem 3 with g = h = 0 for u”* (W;), one obtains

d T . T
T W)= Tor =Y [ AmW) AW, [ e (W
i=171 !
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and this leads to the representation of our process Y”, given by
Y =E" [e_"(T_’)ST +n /T e g, dr‘f,].
t
Then one has

T
1S, — Yy| < EmHS, —e M I=Dg, — n/ e DS, dr
t

7]

Let us denote by

T
V"= sup |8 — e " T=Dg, n/ e "D dr|.
0<t<T t
Obviously, one has V" < 25*. On the other hand, one has for any fixed § > 0,
(37) V< sup |S; — Ss| +2e" 5"

[t—s|<é

This follows from Lemma 12. From the inequality (37), one deduces that
lim, 0 V" = 0,P"-a.s., and hence from the dominated convergence theorem,
one gets limy,_, co E™[V"]? = 0. Since

1S, = Y| <E"[V*|F],
Doob’s theorem implies the assertion of the lemma. [J

Finally, we mention the following calculus lemma.

LEMMA 12. Let o € C([0,1];R) and § € (0, T), A > 0. Then one has

5
‘kfo e Moty dt + e p(8) —sﬂ(O)‘ SOSUP lp(r) — ¢(0)]

<t<$§

and

T
‘x [0ty ds + e T - <p(r)‘

< sup @) — ()| + 2 ¢llco-

[s—r|<8,5>0

PROOF. The first inequality follows from the relation A fo‘s e Mdt+e M =1.
In order to check the second relation, one dominates the expression of the left-hand
side by

148
‘)L/[ e Mg (s)ds + e Mot +8) — p(t)

T
)\’ » e—k(s—(l‘-f'(g))(p(s) dS +€—X(T—(I+5))¢(T) o (P(f +8)

and then apply the first relation to dominate the first term. [

+ e—)u?
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APPENDIX

The next lemma is a classical result in convex analysis, known as Mazur’s the-
orem (see [5], Remark 5, page 38). We state here the result with some notation
that is useful for our proof. Let X be a Banach space and (x,),cn a sequence
of elements in X. We call finite family of coefficients of a convex combination a
family a = {«;|i € I} where [ is a finite subset of N, o; > 0 for each i € I and
Y ier @i = 1. The convex combination that corresponds to such a family of coeffi-
cients is the point expressed in terms of our sequence by Y, oj o ;.

LEMMA 13. Let (xy)neN be a weakly convergent sequence of elements in X
with limit x. Then there exits a sequence (a*)ren of families of coefficients of
convex combinations, a* = {af‘|i € Iy}, such that the corresponding convex com-
binations x* = dicl, oelkxi, k € N, converge strongly to x: limy_, o [|x*¥ — x| = 0.
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