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We consider the weakly asymmetric exclusion process on a bounded in-
terval with particle reservoirs at the endpoints. The hydrodynamic limit for
the empirical density, obtained in the diffusive scaling, is given by the viscous
Burgers equation with Dirichlet boundary conditions. We prove the associ-
ated dynamical large deviations principle.

1. Introduction. The analysis of the large deviations is asymptotic as the
number of degrees of freedom diverges, for the stationary nonequilibrium states
of interacting particle systems have recently proved to be an important step in the
physical description of such states and a rich source of mathematical problems.
Referring to [4, 8] for two recent reviews on this topic, we briefly outline its basic
points. We discuss only stochastic lattice gases for which the underlying random
fluctuations ensure the necessary ergodicity for a rigorous analysis. The stationary
nonequilibrium states are characterized by a flow of mass through the system and
the corresponding dynamics are not reversible. The main difference with respect to
(reversible) equilibrium states follows. In equilibrium the invariant measure, which
determines the thermodynamic properties, is given for free by the Gibbs distrib-
ution specified by the Hamiltonian. On the contrary, in nonequilibrium states the
construction of the stationary state requires the solution of a dynamical problem.

Since we are interested only in the macroscopic description, only the ther-
modyamic observables are relevant. For lattice gases there is only one of such
observable, which is the empirical density. In equilibrium states, the thermody-
namic functional, like the free energy, can then be identified [6, 22, 24] with the
large deviation rate function for the empirical density when the particles are dis-
tributed according to the Gibbs measure. Provided one replaces the Gibbs measure
with the invariant measure (which is in general not explicitly known), the above
statement is meaningful also for stationary nonequilibrium states, and it is the de-
finition of nonequilibrium free energy adopted in [4, 8].

A typical generic feature of nonequilibrium stationary states is the presence of
long-range correlations. The large deviation rate functional, which has been iden-
tified with the thermodynamic functional, is nonlocal. In this respect nonequilib-
rium stationary states behave quite differently from equilibrium states. As it has
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been shown in concrete examples, the nonequilibrium rate functional is also not
necessarily convex.

In absence of the Gibbs principle, a basic problem is the characterization of the
nonequilibrium free energy in concrete simple models of stochastic lattice gases.
While the approach discussed in [8] is based on powerful combinatorial methods
which exploit the special feature of the exclusion processes, we recall the dynami-
cal/variational approach reviewed in [4]. One first fixes a macroscopic time interval
[0, T'] and analyzes the dynamical behavior of the empirical density over such an
interval. The law of large numbers for the empirical density is then called hydro-
dynamic limit, and, in the context of diffusive scaling limit here considered, it is
given by a parabolic evolution equation. The next step is the proof of the associated
dynamical large deviation principle, namely, to compute the asymptotic probabil-
ity of observing a given large fluctuation in the dynamics of the empirical density.
This asymptotic probability can be expressed by a suitable rate functional on the
set of space-time trajectories. Finally, one minimizes the dynamical rate functional
on all the paths starting from the stationary profile, that is, the stationary solution
of the hydrodynamic equation ending on a fixed profile. The solution of this vari-
ational problem then coincides with the nonequilibrium free energy.

The exclusion process is a very simple lattice gas: the only interaction is due
to the exclusion condition. A particle can therefore jump to its neighboring sites,
but the jump takes place only if the arrival site is not occupied. We consider this
process on the bounded lattice [-N + 1, N — 1] N Z, N > 1, in contact with par-
ticles’ reservoirs at the endpoints, so that to the bulk dynamics we add birth and
death processes at the sites £(N — 1). In the case of the boundary driven symmetric
exclusion process characterized by symmetric bulk jump rates, the program out-
lined has been rigorously implemented in [3]. Of course, the nonequilibrium free
energy functional thus obtained coincides with the one deduced in [9] by combi-
natorial methods.

Here we analyze instead boundary driven weakly asymmetric exclusion process-
es in which the asymmetry of the bulk rates is of order £/N for some fixed E € R.
For this model on the whole lattice, the hydrodynamic limit has been proven in [7,
16, 20], and the hydrodynamic equation is the viscous Burgers equation (see [14,
15, 18] for the hydrodynamic limit of boundary driven models). Referring to [5,
13] for the computation of the nonequilibrium free energy functional, in this paper
we prove the dynamical large deviation principle associated to the hydrodynamic
limit. The general methods developed in [20] for the symmetric exclusion process,
and adapted in [3] to the boundary driven case, are applied with simple modifica-
tions, but there is a somewhat delicate technical point. The basic strategy in the
proof of the lower bound consists in obtaining this bound for smooth paths and
then applying the following density argument. Given a path m with a finite rate
functional, that is, / () < 0o, one constructs a suitable sequence of smooth paths
{m,,} such that 7, — m and I (;r,,) — I (7). By the lower semicontinuity of I we
have liminf, I (7r,) > I () for any sequence {m,}, but one needs to show that the
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equality actually holds for a suitable sequence {r,}. The proof of this step in the
symmetric case in [3, 20] takes advantage of the convexity of the functional /; this
property does not, however, hold for the weakly asymmetric exclusion process.
Following [26, 27], we modify the definition of the rate functional / requiring
that a suitable energy estimate holds. As shown here in detail, this energy estimate
provides the necessary compactness to carry out the above density argument. The
arguments needed to prove this density are essentially an adaptation to the bound-
ary driven case of those developed in [26, 27]. The lack of translation invariance
requires new tools.

The modification in the definition of the rate functional I makes the proof of
the upper bound harder than the one in [3, 20]: one needs to show that the energy
estimate holds with probability superexponentially close to one. This step is also
discussed here in detail. A similar approach has been followed in [23] for particle
systems with Kac interaction and random potential.

The proof of a dynamical large deviations principle for the empirical measure of
boundary driven interacting particle systems is the first step in the derivation of the
nonequilibrium free energy, a thermodynamical functional of considerable interest
in mathematical physics. Based on the results presented here, we obtain in [5] the
nonequilibrium free energy of weakly asymmetric exclusion processes and show
that its limit, as the asymmetry diverges, I"-converges to the nonequilibrium free
energy of the asymmetric exclusion process obtained in [10] through combinatorial
methods.

2. Notation and results.

The boundary driven weakly asymmetric exclusion process. Fix an integer
N>1,EeR,0<p_<ps<landletAy:={—N+1,..., N—1}. The configu-
ration space is Xy := {0, 1}A¥; elements of Xy are denoted by nsothat n(x) =1,
resp. 0, if site x is occupied, resp. empty, for the configuration 1. We denote by
o*7n the configuration obtained from n by exchanging the occupation variables
n(x) and n(y), that is,

n(y), ifz=x,
(@M@ :=1nk), ifz=y,
n(2), ifz#x,y,
and by o*n the configuration obtained from 7 by flipping the configuration at x,
that is,

X . 1_77(x)» ifz:x,
(0" M2 .—{n(z), Lo

The one-dimensional boundary driven weakly asymmetric exclusion process is
the Markov process on X whose generator Ly can be decomposed as

Ly=Loy+L_nN+Lyn,
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where the generators Lo v, L_ y, Ly n act on functions f: Xy — R as

(LO,Nf)(T]) — 7 Z e E/(2N)[7](X+1) U(x)][f(ax,x-Hn) _ f(n)]’
x=—N+1

2

N
(LN = 767(77(—1\’ +D)f e V) = f]

2

N N-1
(Lyn () = 76+(H(N —D)Lf @ ) = f],
where cy : {0, 1} — R are given by
() = peTE/CN (1 — 1) 4+ (1 = pp)e™ /N,

Notice that the (weak) external field is £/(2N), and, in view of the diffusive scal-
ing limit, the generator has been speeded up by N2. We denote by 7, the Markov
process on Xy with generator Ly and by IP’fIV its distribution if the initial configu-

ration is 1. Note that IP{;’ is a probability measure on the path space D(R;, Xy),
which we consider endowed with the Skorohod topology and the corresponding
Borel o-algebra. Expectation with respect to IP’f,V is denoted by Efy .

Since the Markov process 1, is irreducible, for each N > 1, £ € R, and
0 < p— < p4 < 1 there exists a unique invariant measure /,Lg in which we drop the
dependence on p+ from the notation. Let ¢4+ :=1log[p+ /(1 — p+)] be the chemical
potential of the boundary reservoirs, and set Eg := (¢4 — ¢_)/2. A simple com-
putation shows that if E = Ej then the process 7; is reversible with respect to the
product measure

N-1  Fk®)n)
N
Wg,(n) = 1_[ S
’ x=—N+1 l—i—ew]go(x)
where

N —x N +x

—N — -~
P, (x) =¢— N TP oN

On the other hand, for E # Eg the invariant measure u% cannot be written in a
simple form.

The dynamical large deviation principle. We denote by u € [—1, 1] the macro-
scopic space coordinate and by (-, -) the inner product in L, ([—1, 1], du). We set
M:={pe€Lo([-1,1],du):0<p <1},

which we equip with the topology induced by the weak convergence of measures,
namely a sequence {p"} C M converges to p in M if and only if (p", G) —
(p, G) for any continuous function G :[—1, 1] — R. Note that M is a compact
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Polish space that we consider endowed with the corresponding Borel o-algebra.
The empirical density of the configuration n € X is defined as 7V (1)) where the
map 7V : Xy — M is given by

N-1 1

N ._ x_ 1 x 1
N = 3 n(X)l{[N ZN,N+2N)}(u>,

x=—N+1

in which 1{A} stands for the indicator function of the set A. Let {#"V} be a sequence
of configurations with n"V € Zy. If the sequence {7 (")} C M converges to p
in M as N — oo, we say that {n"V} is associated with the macroscopic density
profile p € M.

Given T > 0, we denote by D([0, T']; M) the Skorohod space of paths from
[0, T] to M equipped with its Borel o-algebra. Elements of D([0, T], M) will
be denoted by m = m; (1) and sometimes by 7 (¢, u). Note that the evaluation map
D(0,T]; M) > — 1, € M isnot continuous for ¢ € (0, T') but is continuous for
t =0,T. We denote by 7N, also, the map from D([0, T]; ) to D([0, T]; M)
defined by 7N (n.); =N (n;). The notation 7™ (¢, u) is also used.

Fix a profile ¥y € M and consider a sequence {n" : N > 1} associated to y.
Let nfv be the boundary driven weakly asymmetric exclusion process starting
from ™. In [7, 16, 20] it is proven that as N — oo the sequence of random vari-
ables {7 (n,N )}, which take values in D([0, T], M) and converge in probability
to the path p = p;(u), (t,u) € [0, T] x [—1, 1] which solves the viscous Burgers
equation with Dirichlet boundary conditions at 1, that is,

E 1
hp+ =Vx(p)=5A4p,
2.1) 2 2
pe(E£1) = px,

po(u) =y (u),

where x :[0, 1] — Ry is the mobility of the system, x(a) = a(l — a), and V,
resp. A, denotes the derivative, resp. the second derivative, with respect to u. In
fact the proof presented in [7, 16] is in real line, while the one in [20] is on the
torus. The arguments, however, can be adapted to the boundary driven case (see
[14, 15, 18] for the hydrodynamic limit of different boundary driven models).
The main result of this paper is the large deviations principle associated with the
above law of large numbers. In order to state this result some more notation is re-
quired. For T > 0 and positive integers m, n, we denote by C"-" ([0, T] x [—1, 1])
the space of functions G = G;(u):[0,T] x [—1, 1] — R with m derivatives in
time, n derivatives in space which are continuous up to the boundary. We improp-
erly denote by C;"" ([0, T'] x [—1, 1]) the subset of C"™"([0, T'] x [—1, 1]) of the
functions which vanish at the endpoints of [—1, 1], that is, G € C™"([0, T'] x
[—1, 1]) belongs to Cy"" ([0, T x [—1, 1]) if and only if G,(£1) =0,7 € [0, T].
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Let the energy Q: D([0, T], M) — [0, oo] be given by

T 1
Q) =sgp{/0 a’t/_ldu w(t,u)(VG)(t,u)

1

Td ld 5
-5/, t/—l uG(t,u) x(zr(t,u))},

where the supremum is carried over all smooth functions G : [0, T] x (—1,1) - R
with compact support. In Section 4 we show that the energy Q is convex and lower
semicontinuous. Moreover, if Q(sr) is finite, 7 has a generalized space derivative,

Vr, and
_Lgmo ot (V)

Fix a function y € M which corresponds to the initial profile. For each H in
Cy ([0, T1 x [—1,11), let Sy = Jr.,, : D([0, T], M) —> R be the functional
given by

R T
Ju () ==y, Hr) — {y. Ho) —/0 di{n;, 0, Hy)

1T p+ (T
— 5/ dt(nt,AH,)—i-?/ dt VHt(l)
(2.2) 0 0

p_ T
- — / dtVH,(—1)
2 Jo

E (T I
-2 fo dr(x(m), VH)) = 5 fo dt(x (uy), (VH)?).

Let fT(-|y) :D([0, T], M) — [0, +00] be the functional defined by

(2.3) Ir(zly) = sup T ().
HeCy?([0,T1x[—1,1])

The rate functional I7(-|y): D([0, T], M) — [0, oo] is given by

Q4) IrGely) = { Irely). i Q) <co.
0, otherwise.

We prove in Theorem 4.2 that the functional I7(-|y) is lower semicontinous
and has compact level sets, and in Lemma 4.3 that any path 7= with with finite rate
function, IT(|y) < oo, is continuous in time and satisfies the boundary condi-
tions (0, ) = y(-), (-, £1) = p+. In Section 5 we show that any trajectory 7
with finite rate function can be approximated by a sequence of smooth trajectories
{" :n > 1} such that I7 (" |y) converges to I7 (7 |y). These properties of the rate
function I7(-|y) hold in a general context described in Section 4.

The main result of this article reads as follows.
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THEOREM 2.1. Fix T > 0 and an initial profile y in M. Consider a se-
quence {nN:N > 1} of configurations associated to y. Then, the sequence
of probability measures {Pf;’,\, o (@M)"1:N > 1} on D([0,T], M) satisfies a
large deviation principle with speed N and good rate function It (-|y). Namely,
I7(-ly): D([0, T]; M) — [0, oo] has compact level sets and for each closed set
C c D([0, T1, M) and each open set O C D([0, T], M),

1 .
Jim NlogP,,NmN €C) < — inf Ir(xly).

. 1 N N .
lim NIOgJP’,,N(JT €0) > —ﬂnel(fglr(ﬂly)-

N—o00

We provide in Section 4 an explicit formula for the rate function I7(-|y). De-
note by C°((0, T) x (-1, 1)) the infinitely differentiable functions H : (0, T') x
(=1,1) - R with compact support. For a trajectory = in D([0, T], M), let
H(l)( x (7)) be the Hilbert space induced by C%°((0, T') x (=1, 1)) endowed with
the scalar product defined by

T 1
(G, HY) 1.y = /0 di /_ AUV Gt 1) (VH)( 1) (. ).

Induced means that we first declare two functions F, G in Cg((0, T) x (-1, 1))
to be equivalent if (F — G, F — G))1 4 (x) = 0 and then we complete the quotient
space with respect to the norm induced by the scalar product. Denote by || - |1,y (x)
the norm associated to the scalar product (-, -)) 1, (x)-

Let H~'(x (7)) be the dual of H(l) (x ()). It is a Hilbert space equipped with
the norm || - || —1, y () defined by

LI ) = sup 2(L.G) = IGIT ;)
GeCP((0,T)x(—1,1))

In this formula, (L, G)) stands for the value of the linear form L at G. We prove
in Section 4 that if 7 is a trajectory with finite rate function, then

Ir(xly) = $19i — (1/2) A7 + (E/2)VX I -

A large deviations principle for the symmetric simple exclusion process, £ =0,
with periodic boundary conditions has been proved in [20]. It has been extended
in [3] to symmetric exclusion processes in contact with reservoirs. In both cases
the rate function is fT(-ly).

By Lemma 2.1.1 in [11], there is uniqueness of rate functions in Polish spaces.
In particular, for the symmetric simple exclusion process, Ir = Ir. Equivalently,
any path 7 with finite rate function, fr (|y) < 00, has finite energy.
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3. The large deviations principle. We prove in this section, relying on some
properties of the rate function that we prove later, the large deviations principle
stated in Theorem 2.1.

The approach differs slightly from the original one in [12, 20] due to definition
(2.4) of the rate function I7(-|y) which is set to be +00 on the set of paths & with
infinite energy [Q(w) = +o0] [26, 27]. The rate function I7(-|y), being larger
than I 7(-|y), the original one in [12, 20], the proof of the upper bound becomes
harder and the one of the lower bound easier. As discussed in the introduction,
this modification is needed for the following reason. In the lower bound part, one
first proves the estimate for suitable “nice” trajectories and then one shows that
any path with finite rate function can be approximated by a sequence of “nice”
trajectories with convergence of the associated large deviations probability. The
procedure used in [20] for this step relies strongly on the convexity of the rate
functional which allows the approximation of a path by taking convolutions with
a smooth ad-hoc kernel. However, the convexity of the rate function is a special
feature of the symmetric exclusion process. Without such convexity, one is only
able to approximate trajectories with finite energy, thus forcing the above redefi-
nition of the rate function. The boundary conditions introduce a second obstacle
which prevent convolutions with space-independent kernels since the rate function
equals +oo for trajectories which do not meet the boundary conditions.

Denote by p the stationary density profile, that is, the unique solution of the
elliptic equation

{ EV[p(1—=p)]=Ap,
p(£l) = p+.

Denote by vy the product measure with density profile p. The marginals of vy
are given by

vy{n:nkx)=1}=p(x/N), —N+1<x<N-1.

3.1. Superexponential estimates. It is well known that one of the main steps
in the derivation of a large deviation principle for the empirical density is a super-
exponential estimate which allows the replacement of local functions by func-
tionals of the empirical density in the large deviations regime. The problem con-
sists of estimating expressions such as (V, f2) .~ in terms of the Dirichlet form
(=Lnf, f),~ where V is a local function and (-, -) ,~ represents the inner prod-

uct with respect to some probability measure p/.

In the context of boundary-driven processes, the fact that the invariant mea-
sure is not known explicitly introduces a technical difficulty. Following [3, 21]
we fix vy, the product measure with density profile p, as reference measure and
estimate everything with respect to vy. Note, however, that since vy is not the
invariant measure, there are no reasons for (—Ly f, f),, to be positive. The first
statement shows that this expression is almost positive.
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For a function f: Xy — R, let

N-2
Don(H= % [UF@ " *n— fopPdvy,

x=—N+1

Din(f)= /[f(Ui(N_l)U) - f(’?)]2 dvy.

LEMMA 3.1. There exist constants Ag, Co > 0 depending only on p+, E, such
that

(Lon f, oy < —AoN?Don(f) + CoN{f, fux
(Lenf [loy < —AoN D n(f)+Colfs foy

for all functions f: Xy — R.

The proof of this lemma is elementary and left to the reader. The fact that p is the
stationary profile is irrelevant. We may replace in the statement of the lemma the
product measure vy, associated with p, by the product measure associated with
any smooth profile with the correct boundary conditions at £1. Lemma 3.1, to-
gether with the computation presented in [2], page 78, for nonreversible processes,
allows one to prove the super-exponential estimates stated below in Theorem 3.2.

Given a cylinder function W, that is a function on {0, 1)Z depending on 7n(x),
X € Z, only through finitely many x, denote by U («) the expectation of ¥ with
respect to vy, the Bernoulli product measure with density o:

U (o) = E, [W].

Denote by {7, :x € Z} the group of translations in {0, 1% so that (tx8)(2) =
¢ (x + z) for all x, z in Z and configuration ¢ in {0, 1}%. Translation is extended to
functions and measures in a natural way.

For a positive integer £ and —N + 1+ ¢ <x < N — 1 — £, denote the empirical
mean density on a box of size 2¢ 4+ 1 centered at x by 77Z (%),

|
> .

[Ae i

nt(x) =

where Ag(x) = Ay (x) ={ye An:ly—x| <¥€}.Let H e C([0,T] x [—-1,1])
and W a cylinder function. For ¢ > 0 and N large enough, define V]S{ ’;IJ [0, T] x
EN — ]Rby

N—-1—|N¢]

Vit =~ S H@x/N{nvm — I0N ),
x=—N+1+|N¢|
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where |-] denotes the lower integer part. Note that for x as above and N suffi-
ciently large 7,V is indeed a function on Xy. For a function G € C([0, T']) let
also WG [0, T] x ¥y — R be defined by

WG &, n)=G@®)[nEEN) — p+].

THEOREM 3.2. Fix HinC([0, T]x[—1,1]), G in C([0, T]), a cylinder func-
tion W, a sequence {n™ € Ty :N > 1} ofconﬁgurations, and § > 0. Then

lim lim sup — log IF’ [

=0 Nooo

N, n,)dt‘ >5] —00,

1 N
lim — logIP’
N—oo N

T
f Wa(, n,)dt’ > 5] =—
0

3.2. Energy estimate. We prove in this subsection an energy estimate. It per-
mits the exclusion of paths with infinite energy in the large deviation regime.

Recall the definition of the constant Ay introduced in Lemma 3.1. For a smooth
function G : [0, T] x (—1, 1) — R with compact support, let Q¢ : D([0, T], M) —
[0, oo] be given by

T 1
Qg (m) =2/0 dt/_ldun(t,u)(VG)(t,u)

4 (T 1
— —f dt/ du G(t,u)?x (z(t,u))
Ag Jo -1
and note that
2
Q(m) = — sup Qg (7).
Ay G

Given ¢ > 0 and a function 7 in M, let 7¢:[—1, 1] — R be given by

1
i) = —/ w(v)dv.
2e Jlu—s,uteln[—1,1]

LEMMA 3.3. Fix a smooth function G:[0,T] x (—=1,1) = R with compact
support and a sequence {n" € Sy : N > 1} of configurations. There exists a con-
stant C > 0, depending only on p+, E, such that

1
hmsuphmsupﬁlogﬁ” [Q(;(JTNS)>E]< —L4+C(T+1).

e—~>0 N—o0

PROOF. Assume without loss of generality that ¢ is small enough for the sup-
port of G to be contained in [0, T'] x [e, 1 — €]. Since vN(nN) > exp{—CN} for
some constant C depending only on p, it is enough to prove the lemma with IP’{XV
in place of IP’HNN.
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Let Wo(n) = (1/2)[n(1) — n(0)]? and note that Uo(e) =a(l —a) = x (o). Re-
call the definition of VNH, ;3% given just before Theorem 3.2, set H (¢, u) = G(t, u)?,
and let By . be the set

T H.w,
B ={ne D0.71. 50| [ Vi di| <1},
By Theorem 3.2, it is enough to show

. . 1
lim sup lim sup ~ logP) [{Qo(r™*) > ¢} N By 1 <—L+C(T +1).

e—~>0 N—o0

Recall the definition of the functional Q. On the one hand,

T 1
/dtf du(@N ) (1, u)(VG)(t, u)
0 —1

N=-2

T
= [Cdr X o~ m+ DIGE /N + 066,
0 x=—N+1

where Og (¢) is absolutely bounded by a constant which vanishes as ¢ | 0. On the
other hand, on the set By  for N large enough we have

T 1
f dt / du G(t, 1) x ((V5) (8, )
0 —1

N=-2

T 1
> —2+/ dtﬁ Z G(t,x/N) T, W ().
0 x=—N+1

Therefore, we just need to prove that

. . 1 T
lim sup lim sup NlogIP’fXV |:/0 dt Vg(t,ny) > 4 <—4+CT

e—>0 N-—>o©

where
N-2
Vot,m=2 > G, x/N){nx) —nx+ 1D}
x=—N+1
2 G N)? DJ?
AONXZ§+1 (t, x/N)*[n(x) —n(x + DI

By Chebyshev’s exponential inequality, the proof reduces to the statement

1 T
lim sup lim sup I logE,, [exp{N/ dt Vg (t, n,)” <CT.
0

e—>0 N-oox



2368 L. BERTINI, C. LANDIM AND M. MOURRAGUI

By Feynman—Kac’s formula and the computations performed in [2], page 78, this
expression is bounded by

ATdm?{/W@UJwavawnw+N—NLNﬁan}

where the supremum is carried over all functions f in L?(vy) such that (£, f Yoy =
1. By Lemma 3.1, we may replace N1 (LN f, f)vy by —AoN Do n(f) + Co for
some constants Ay, Cp depending only on p4, E. It thus remains to show that

T
1?wpomw4/wmnﬁmwwwm MNmNUﬂ<CT

for some constant C which depends only on p+. To prove this statement we esti-
mate the linear term of Vi by its quadratic term and by Do y(f).

Consider the linear term of Vg (¢, n). The change of variables ' = o***1y
permits to rewrite it as
N-2
> Glx/N) [ = e+ DI = £ oy (dn)
x=—N+1
N-2
(3.1) + > G(@,x/N)
=—N+1

B f{n(x) —n(x+ DY 1 = F(x, )}vy(dn),

where

Flx.n) = (ﬁ(X/N)[l —plx + 1/N)]>77(X+1)—T}(x)
U px +1/N)[1— p(x/N)]

After a Taylor expansion, the second term in (3.1) becomes

1 N-2
s> G@WMV@g )wm/mm—MmH»f@%mm>
—N+1

plus a term of order N —1 Since 2ab < Aga? + Ay 1bz, this expression is bounded
by

! IS 2 2 2
C+A0—NXZ§HG<M/N> f{n(x)—n(x+1)} F(m)2vn(dn)

for some finite constant C which depends on p., E only. Note that the second
term can be absorbed in the quadratic part of V.
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To conclude the proof of the lemma, we estimate the first term in (3.1). Write

F* = fle™ 2 as {f () = f @I () + f (0¥ Ty)} and apply the
Schwarz inequality to bound this expression by

1 N-=-2

G(t,x/N)? [ (n(x) — n(x + DPHF) + f@™ Yoy dn)
4A0Nx:§;+l /

N-2
FAN Y [ = rem P .
x=—N+1
The second line is AgN Doy (f). The first one, by a change of variables and the
same arguments used to estimate the second term in (3.1), can be bounded above
by
1 = 2 2 2 -1
— Y G(.x/N) /{ﬂ(x) —nx+ D} fvn(dn) + C(G)N
AgN
x=—N+1

for some finite constant C(G). This expression is part of the quadratic term of Vg,
which concludes the proof of the lemma. [J

COROLLARY 3.4. Fix a sequence {G;:j > 1} of smooth functions G : (0,
T) x (—1,1) = R with compact support and a sequence {n" € Ty :N > 1} of
configurations. There exists a constant C, depending only on p+, E, such that for
any k >1

. . 1 N N,e
lim sup lim sup ﬁlog]P’nN [lréljagk Qg (™) = E] <-4+ C(T+1).

e—>0 N—oo

3.3. Upper bound. In this subsection, we prove the large deviations upper
bound stated in Theorem 2.1. As mentioned at the beginning of this section, the
proof is slightly more demanding than the original one [12, 17, 20] because the
present rate function /7 (-|y) is larger than the original one. To exclude paths with
infinite energy, we rely on the estimate presented in the previous subsection.

Fix a measurable density profile y :[—1, 1] — [0, 1], a function H in Cé’z([O,
T]x[—1,1]),asequence {G;: j > 1} of smooth functions G; : [0, T x (=1, 1) —
R with compact support, dense in Cg’l ([0, T] x [—1, 1]), and a sequence of con-
figurations {nN :N > 1} associated to y. For k > 1, £ > 0, let By, be the set of
paths with truncated energy bounded by ¢,

B = {71 : 121}@ Qg,(m) < E}.
By Corollary 3.4, there exists a constant C > 0 such that for any £k > 1 and ¢ > 0,

1
(3.2) lim sup lim sup ¥ logIP’nNN (7€ ¢ By ] < —£+C(T +1).

e—>0 N-oox©
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Recall the definition of the functional J . D([0, T], M) — R introduced just
before the statement of Theorem 2.1. For k > 1 and £ > 0, let

Jk,é(n):{j[-](n'), if m € By g,
H +o00, otherwise.

Let Hi(t,u) = (3,H)(t,u), H>(t,u) = H\(t, u)*. Recall that Wy(n) stands for
the cylinder function (1/2)[n(1) — n(0)]* and that Vl\lz ’8% is defined just before
Theorem 3.2. Let BJ H, N, j =1,2, be the set

BJHN {neD(O T],Zn): V VNE (t,nt)dt‘frﬁ}

H,N 1,H,N 2,H,N
and set By, —Bag ﬂB(S

Theorem 312 for each § > O,

. By the super-exponential estimate stated in

1
(3.3) lim lim sup v log]P’ [(BSHSN)E] = —00.

=0 Noo
Fix a subset A of D([0, T], M). By (3.2) and (3.3),
1
(3.4) lim sup — log]P’ VN e Al < max{Ri’?(.A), Ri.e(e), Ry (e)},
N—o00 N ’
where limsup,_, o Ry (¢) = —oo, limsup, _, g Rk ¢(¢) < —€+ C(T + 1) and
1
(.A) = hmsupﬁlog]P) [{n e AN {JTN e BrelN B(3 . ].
N—o00

Consider the exponential martingale M defined by

MtPI =CXP{N[<7TtN7Hl>_<T[(§V’ HO)

1 t

_ 1L e—N<n§V,HY>(3S+LN)6N<n.!V,HY>dS“.
N Jo

Since the sequence {nN:N > 1} is associated to y and H is in C(l)’z([O, T] x

[—1, 1]), an elementary computation shows that on the set By 8N

MY =exp N{J (V) + Op(e) + 0©)),

where O (¢) [resp. O(8)] is an expression which vanishes as € | 0 (resp. § | 0).
On the set {7V € By}, we may replace .]H(TL'N 5) by J Jh Z( N.&y,
Let .AH &8 _ ={nVN e A N{mNee BN BM and write

1
—logP [AH”]— 7 logEE N IME T IHAT .
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Optimizing over 7" in A, since M ,H is a mean one positive martingale, the previ-
ous expression is bounded above by

. k.l
— inf Jy (7%) + On(e) + 0 ).
Thus in view of (3.4),

1
lim sup N logP, v 7V e A

N—oo
< max{— inf J5'(%) + O (e) + 0®), Ree(e). Ru ()]

for all k, ¢, ¢, § and H. Optimize the previous inequality with respect to these
parameters and assume that the set .4 is compact. Since the map 7 J}fl’g(ns)
is lower semi-continuous for every k, £, H and ¢, we may apply the arguments
presented in [30], Lemma 11.3, to exchange the supremum with the infimum. In
this way we obtain that the last expression is bounded above by

sup lir}zf max{— JH Lrf) 4+ Oy (e) + 0(9), Ry ¢(e), Ry (e)}.
reAH

For each k > 1, £ >0, and H in Cy*([0, T] x [—1, 1]),

lim max Qg () = max Qg ()
e—=>01<j<k I<j<

and lim,_, o Jy (77%) = Jy (7). Hence J}fl’g(n) < liminf,_ ¢ J}fl’e(ne) and, letting

first ¢ | 0 and then § | O, we obtain that the previous expression is bounded above

by

3.9 sup 1nf max{— JH (m), =€+ C(T + 1)}.
reAHk
Let
, Ju(m),  ifsupQq,(m) <,
Jy(m) = jzl
400, otherwise.

Since the sequence {G;:j > 1} is dense in Cg’l([O, T] x [—1,1]), and since
Q) = (2/Ap) supg Qg (), we may replace in the previous formula the con-
dition SUp > QGj (m) <€ by Q) < (2¢/Ap). Since Jfl(n) = limg_ o0 Jllfl’e(n),
optimizing (3.5) over k we obtain that it is bounded above by
sup mfmax{ JH(T[) —L+ C(T + 1)}
neAH
Let

() = { Ju(m),  if Q) < oo,
+00, otherwise.
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Clearly, Jy(m) < J 1{1 (r). We may, therefore, replace in the previous variational
formula J f; () by Jy () and let £ 1 oo to conclude that the left-hand side of
(3.4) is bounded above by

— inf sup Jy ().
reA H

This concludes the proof of the upper bound for compact sets because
supy Ju () = I7(w|y).

To pass from compact sets to closed sets, we need to prove the so-called expo-
nential tightness for the sequence of probability measures on D([0, T'], M) given
by {IP’Q’N o (m™¥)~1}. The proof presented in [1] for the noninteracting zero-range
process is easily adapted to our context.

3.4. Lower bound. The following is an elementary general result concerning
the large deviations lower bound. Given two probability measures P and Q we
denote by Ent(Q|P) the relative entropy of Q with respect to P.

LEMMA 3.5. Let {P,:n > 1} be a sequence of probability measures on a Pol-
ish space X and let X° C X . Assume that for each x € X there exists a sequence
of probability measures {Q;, :n > 1} which converges weakly to 6, and such that

1
(3.6) limsup — Ent(Q*|P,) < 1°(x)
n n
for some functional 1°: X% — [0, co). Then, for every open set © C X,

1
liminf —log P,(0) > — inf 1°(x).
n—00 n TeONX0

The previous result is applied with X° given by the collection D%,y of “nice”
paths introduced in Definition 3.6 below. In Lemma 3.7, we show that for each path
T in D°T’y there exists a sequence of measures {Q% : N > 1} which converges to 7

and which satisfy (3.6) with [ 0y = I7(-|y). In view of Lemma 3.5, to complete
the proof of the lower bound, it is enough to show that for every open set O of
D([0, T], M),

3.7 inf [ = inf [ )
3.7 ﬂeolgp%w r(ly) inf r(mly)

This is the content of Theorem 5.1 where we prove that for any path 7 in D([0, T'],
M) such that I (r|y) < 0o, there exists a sequence {7" :n > 1} in D°T7 y such that

" — 7, It (7" |y) — It (m|y).

This last property is the main subject of Section 5.
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We start introducing the class of “nice” paths. This set has to be large enough to
meet condition (3.7), but cannot be too large because we need to find for each nice
path a sequence of probability measures satisfying the conditions of Lemma 3.5.

In the context of hydrodynamic limits, it is easy to compute the relative en-
tropy of two dynamics which differ by a smooth external field. The external field
adds to the hydrodynamic equation a transport term. The nice paths will be, there-
fore, paths which are solutions of the hydrodynamic equation with an extra smooth
transport term. This is shown in (3.8), right after the definition of nice paths.

DEFINITION 3.6. Given y € M, let DOTJ/ be the collection of all paths p in
D([0, T], M) such that:

e For every 0 < § < T, there exists ¢ > 0 such that ¢ < p(t,u) <1 — ¢ for all
(t,u)in[6,T] x [—1,1].

e There exists t > 0, denoted by t(p), such that p follows the hydrodynamic equa-
tion (2.1) in the time interval [0, t], is continuous on (0, 7] x [—1, 1] and smooth
on[t,T]x[—1,1].

e p(0,)=y(), p(,x)=px,0<r<T.

Fix a trajectory 7 in D7, e Foreach 0 <t < T, let H; be the unique solution of
the elliptic equation

oy = (1/2) Amy — V{x (@)(E/2) + VH]},

(3-8) H,(£1) =0.

For t = t(), d;7; should be interpreted as the right derivative 9,,7,. Note that
H vanishes on [0, t()) x [—1, 1]. We prove in Lemma 5.7 that H is smooth on
(t(m), T] x [—1, 1] and that

T 1 T
Ir(ely) = (r, Hr) — [y, Hion) — / (e 0 Hydt + = [ (Vo VH,)dr
(1) 2 Jim)
E (T 1 (T 5
£ <x<m),VHt>dt——/ (), (VH)?) di.
2 Jum) 2 Jum)

For a configuration n in Xy and a function H : [0, T'] x [—1, 1] = R, smooth
in space and smooth by parts in time, as it is the case of the function introduced
in (3.8), denote by ]P’UN H the probability measure on D([0, T'], ¥ ) correspond-
ing to the boundary driven weakly asymmetric exclusion process with the (weak)
external field (E/2 4+ VH)/N starting from 7. In view of the super-exponential
estimate stated in Theorem 3.2, of Definition 3.6, and of the previous explicit for-
mula for I7(m|y), the proof of the following lemma is similar to the one for the
symmetric simple exclusion process on the torus. We thus refer to [17, 20] for its
proof.
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LEMMA 3.7. Fixy € M, a sequence (nN € =y, N > 1} associated to y and
e D%y. Let H be the solution of (3.8). The sequence of probability measures

{IP’;V,\’,H o (m™¥)~1} converges weakly to 8, and
) 1
Jim - Ent(® PR = Ir(rly).

4. The rate function. In this and in next section we prove some properties of
the rate functional /7 of the large deviations principle. Since the arguments apply
to a large class of interacting particle systems and might be of wider interest, we
assume that the underlying stochastic dynamics has a hydrodynamical description
characterized by a diffusivity D and a mobility x. The method requires the mobil-
ity x : [0, 1] — R to be a smooth function equivalent to yo(7) = 7 (1 — 7) in the
sense that

(4.1) Co ' x0() < x() < Coxol)

for some finite constant Cyp, and the diffusivity D:[0, 1] — R to be a strictly pos-
itive smooth function. Such bounds have been proven [29, 31] for stochastic lat-
tice gases with compact single-spin state space in the high-temperature region.
We mention, however, that there are other models, such as the so-called KMP
process [19], for which they do not hold.

With the previous notation the hydrodynamic equation becomes

dp=V(D(p)Vp) — (E/2)Vx(p),
4.2) p(t, £1) = px,

p0,)=y().
For the exclusion process introduced in Section 2, D(p) = 1/2 and x (p) = xo(p).

Fix once forall T > 0. Let = (—1, 1) and Q7 = (0, T) x 2. For a subset E

of R4, denote by E its closure. For0 <m,n < 0o, and E C R (resp. E C [0, T] x
R), denote by C"(E) [resp. C"™"(E)] the space of functions H : E — R with n
continuous derivatives (resp. m continuous derivatives in time and n continuous
derivatives in space). Adding the subindex O (resp. K) to C", C"™" means that the
functions vanish at the boundary (resp. have compact support in the open set E).
To keep notation simple, denote C°>*° by C*°.

4.1. The energy Q. For a bounded positive function f:Q2 — Ry (resp.
f:Qr — R,), denote by L2(f) [resp. L(f)] the Hilbert space of (equiv-
alence classes of) measurable functions {H:Q — R: [ H (u)? f(u)du < oo}
[resp. {H : Q1 — R:fQT H(t, u)zf(t, u)dtdu < oo}] endowed with the scalar
product (-, -) ¢ (resp. {(-, -)) ) induced by

T
(H.G);= fg du H@)Gw) fw).,  (H.G),= /0 dt{H,, Gy rr.-
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The norm associated to the above scalar products is denoted by || - || r. When f =1
we omit the index f and denote the spaces L2(1), L%(1) by L2(Q), L*(Qr), re-
spectively.

Since f is bounded, CF(R27) is dense in L%( f). Moreover, the space of
bounded linear functionals on L%( f) can be identified with L2(1 /f): any bounded
linear functional £ on L2(f) can be represented as

T
4.3) L(G) =/0 dt(H;, G;)

for some H in L?(1/f). Indeed, by Riesz’s representation theorem, for each
bounded linear functional (Z on L3( f), there exists a unique element H= Hg €
L2(f) such that £(G) = ((H G)y.Let H= fH Clearly, H belongs to L>(1/f)
and we obtain the representation claimed above.

Fix a function F in L'(27). We claim that

T
V(F)= sup {2/ dt(F,,VGt>—||G||§}<oo
GeCP(Qr)

if and only if the generalized space derivative of F, denoted by V F, exists and
belongs to L2(1/f). In this case,

2
(4.4) V(F) = / dt f du (Vf?(u”)).

Indeed, on the one hand, assume that V (F) is finite. In this case the linear
functional £:C%(Qr) — R defined by £(G) = fOT dt{F;, VGy) is bounded for
the norm | - || r. Since C%°(27) is dense in Lz(f), £ can be extended to a bounded
linear functional in ]Lz(f). By (4.3), for all G in C(R7),

T T
fdt<F,,VGt>=z<G>=f dt(H,, G,)
0 0

for some H in L2(1 /f). Since H belongs to L?(Q27), this identity states that —
is equal to the generalized space derivative of F', denoted by V F, which belongs
to L2(1/f) as claimed.

Conversely, if the generalized derivative of F exists and belongs to L>(1/f),
an integration by parts in the definition of V (F) and the Schwarz inequality show
that V(f) is finite.

Equation (4.4) remains to be proven. After an integration by parts, the Schwarz
inequality shows that the left-hand side is bounded above by the right-hand side.
On the other hand, VF/f belongs to L?(f). Since C¥ (Qr) is dense in L2(f),
there exists a sequence G, in C¥(Qr) converging to —VF/f in L2(f). This
proves the reverse inequality.
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Let Q: D([0, T], M) — [0, co] be given by

sup  {2((m, VH)) — (H, H)) yo(x) }-
HeCP(Qr)

| =

(4.5) Qm) =

If Q(sr) is finite, by (4.4), w has a generalized space derivative and

_Lgmot (V)
Q(T[)— 5\/0' dtﬁl du XO(]‘[t) .

Notice that for a path & with Q(;r) < oo, 7 (¢, -) is continuous for almost all ¢ in
[0, T']. While for the weakly asymmetric exclusion process x = xo, in general the
function x has no reasons to be concave. It is therefore crucial to have the lower
semicontinuity stated below in Lemma 4.1, that energy Q has been defined with
X0 and not x.

Fix a functional J:D([0,T], M) — [0, 00]. A subset A of D([0, T], M)
is called J-dense if for each m such that J(w) < oo, there exists a sequence
{m, € A:n > 1} converging in the topology of D([0, T], M) to 7 and such that
limy,— o0 J (71,) = J (7).

LEMMA 4.1. The functional Q is convex and lower semicontinuous. The set
of smooth functions bounded away from 0 and 1 is Q-dense.

PROOF. By concavity of the function xo, for each fixed H in C¢ (27) the
expression appearing inside braces in (4.5) is convex and therefore lower semicon-
tinuous. These properties are inherited by Q.

By the lower semicontinuity, to conclude the proof, it is enough to show that
for each 7 such that Q(r) < oo, there exists a sequence 7, of smooth functions
bounded away from 0 and 1 converging to 7 and such that lim sup,, Q(7,) < Q(7).

To show that functions bounded away from 0 and 1 are Q-dense, fix a profile
7 such that Q(w) < oo. For n > 1, consider the sequence , = np* 4+ (1 —
n~Y, where p*(r, u) = 1/2)(d —uw)p—+ (1/2)(u + 1) p4. Clearly m,, converges
to 77. By convexity Q(m,) <n ™' Q(p*) + (1 —n~1)Q(n). Since Q(p*) is finite,
limsup,, Q(m,) < Q(w).

We now show that the set of smooth functions in space, bounded away from
0 and 1 are Q-dense. Fix a function 7 bounded away from O and 1 such that
O(m) < 0. For e > 0,denote by A :[—1, 1] = [—1 —¢, 1 4+ ¢£] the affine function
Ae(x) = (14 ¢)x and by 6y, the translation by w so that (0, 7) (¢, u) = 7w (¢, u +w).
Let . :[0,T] x [-(14¢),(1+4+¢)] — [0, 1] be given by 7, (¢, u) = (¢, A;l(u)).
We claim that

QOue) < ﬁ@(n) Viw| <e,
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where 6,71, must be understood as restricted to [0, T] x [—1, 1]. Indeed, on the
one hand, for each H in C(Q27),

T T
/dt(@wn'g,VH)zf dt(m, Vs,
0 0

where J, ,(t,u) = H(t, Ae(u) — w) for u in [A;'(—=1 + w), A1 (1 + w)] and
Jew(,u) =0if —1 <u <1 does not belong to the previous interval. On the other
hand,

T : T 5
[ artxo@umo, #3 =+ o) [ ditotm, J2,).
0 0

Therefore, since J; ,, belongs to C¥(Q2r),

Tde VHleG H2<1Q
fo £ e, >—5f0 {(t0(6ume). H?) < = Q).

It remains to optimize over H to conclude.

Let {a;:e > 0} be a smooth approximation of the identity with support con-
tained in (—e¢, €). The function [ o, (dw)6,,7, is smooth in space and converges to
m as € |, 0. By the previous estimate and the convexity of Q,

Q( / ag(dw)ewng) < [ etaw) Q@) < %ﬂg(m.

This proves that we may approximate 7 by functions m;,, smooth in space and
bounded away from 0 and 1 in such a way that Q(sr,) converges to Q(r).

We may repeat the same argument presented above to show that we can further
require the functions to be smooth in time. [J

4.2. The rate functional It(-|y). Fix once for all the initial profile y € M.
Recall that D: [0, 1] — R is a strictly positive continuous function and that y is
a continuous function equivalent to xo. We next introduce the relevant rate func-
tion for interacting particle systems whose hydrodynamic behavior is described
by (4.2). Let d:[0, 1] — R be an anti-derivative of D: d’ = D, uniquely defined

up to an additive constant. For each H in C(l)’z(Q_T), the space of C 1.2(Q7) func-

tions vanishing at the boundary of €2, let fH = JAT,H,,, :D(0,T], M) — R be
the functional given by

n T
Ju() = (er, Hr) — (. Ho) — fo dt{n,, 8, Hy)
T
_/0 dt{d(m;), AH;)
4.6) r .
+d(ps) / dt VH (1) —d(p_) / dt VH, (1)
0 0

E (T I
-2 /O dr(x(m), VH,) = 5 /0 dt(x (). (VH)?).
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Of course, for the weakly asymmetric exclusion process, the above definition co-
incides with the one given in (2.2). Note also that the functional J g 1s not affected
by the choice of the arbitrary constant in the function d. Recalling that the gen-
eral definition of the energy Q has been discussed in the previous subsection, the
functionals fT(-|y), I7(-ly):D(0, T], M) — [0, 400] are defined as in (2.3) and
(2.4) with Jy asin (4.6). We may now state the main result of this section.

THEOREM 4.2. Forevery profiley € M, It (-|y): D([0, T], M) — [0, +0o0]
is a lower semicontinuous functional with compact level sets.

The proof of this theorem is split in several lemmata. We show in this subsection
that trajectories with finite rate function are continuous in time and satisfy the
boundary conditions. We present also an alternative form of the rate function which
only involves functions with compact support in Q7.

Denote by D, = D(y, p—, p4) the subset of D([0, T], M) of all paths 7 in
C([0, T], M) which satisfy the boundary conditions 7 (0, ) = y(-), w(-, £1) =
04+, in the sense that the trace of 7 at the boundary is p: forevery 0 <ty <#; < T,

1 I3t —1+6
lim — dt/ w(t,u)du = p_(t] — ty),
s L (r,u) p—(t1 — 1)
and a similar identity at the other boundary. The proof of the next statement is
similar to the one of Lemma 3.5 in [3].

LEMMA 4.3. Fixm in D([0, T'], M) such that fT(nly) < 00. Then i belongs
to D,,.

In fact, for each A > 0, the trajectories in the set {7 € D([0, T'], M): Ir (mly) <
A} are uniformly continuous in time.

LEMMA 4.4. Fix A > 0 and a function J in Cg(ﬁ). For each ¢ > 0, there
exists § > 0 such that

sup sup |(m;, J) — (7, J)| <e.
w I (w)y)<Alt—sI=8

PROOF. Fix A > 0, a path 7 such that fT(nIy) < A and a function H in
Cé’z(Q_T). Denote by £ the linear part in H of the functional Jg. It follows from
the bound fT (|y) < A that

2 T 2
Cn()? <24 fo di{x (). (VH)?).
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Fix a function J in Cg (Q) and 0 < s <t < T. Approximate the indicator of the
interval [s, 1] by smooth functions Fs(r) and let H%(r, u) = Fs(r)J (u). With this
definition,

T
(rrt,J)—(ns,J):lim{(nr,H%)—(no,Hg)—/o <n,,a,H;‘>dr}.

§—0

Rewrite the expression inside braces as the sum of £+ (;r) with linear terms in-
volving only space derivatives of H®. Since d, x are bounded functions, we obtain
that

(i, J) — (5, )|
< Colt =) 1 + 1 11y} + CoAC =) 21T || 2

for some constant Co depending only on p+, E. In this formula || - ||, » ). p = 1,
stand for the usual L? norm. This concludes the proof of the lemma. [J

Fix @ in D([0, T], M) such that I7(;r|y) < co. We claim that for all H in
@),

T T
(d (), VHY) — d(ps) / dt Hy(1) +d(p_) / dt Hy(—1)
(4.7) 0 0
— _(Vd(n), HY),

where Vd (r;) stands for the generalized derivative of d(;r;). Indeed, 7 has a gen-

eralized derivative in L2 (1 /x0()) because Q(;r) < oo. Thus, d (n&as a general-

ized derivative which also belongs to IL2(1/xo()). Fix H in C%'(Q7). For § > 0,

let Bs:[—1, 1] = R, be a smooth function with compact support in (—1, 1) and

equal to 1 in the interval [—1 + §, 1 — §]. Since Hs(t, u) = Bs(u) H(t, u) belongs
0,1

to Cx (R27),

{(d(), VHs)) = —{(Vd (1), Hs)).
It remains to let 6 | 0 and to recall that the value of 7 (z, -) is fixed at the boundary
to deduce (4.7).

LEMMA 4.5. Let INT('ly) H{mr e D([0, T], M) : Q(r) < oo} —> [0, +00] be
the functional defined by

- E
fr(rly)=  sup {—«n, 0, H) + <<D<n>w -2 xm, VH>>
“s) HeC¥(Qr)

1 2
— S, (VH) >>}.

Fix 7 in D, such that Q(r) < oo. Then ir(n|y) = fT(nly).



2380 L. BERTINI, C. LANDIM AND M. MOURRAGUI

PROOF. Fix a trajectory 7 in D, such that Q(r) < oo. Clearly, iT (m|y) <
I 7 (r|y). To prove the reverse inequality, assume that I 7(m|y) < oo and fix ¢ > 0.
By definition, there exists H in Cy>(7) such that I7(x|y) < Ju (7) +¢.

For 6 > 0, let Bs:[0, T] — R4 be a smooth function with compact support in
(0, T) and equal to 1 in the interval [§, T — §]. Let

_ | Bs)H(t,u/(1—19)), if lu| <1-34,
st u) = {0, otherwise.

For each § > 0, Hs is piecewise continuously differentiable and has compact sup-
port in 7. Moreover, since 7 belongs to D, lims_.o Jy,(7r) = Jy (). Thus
fT (mly) < J Hs (r) + 2¢ for § small enough. It remains to approximate Hs by a

smooth function to get thelt I T(m|y) < fT (ly).
On the other hand, if I7(|y) = 00, one can adapt the previous arguments to
show that I7(|y) = oo as well. [

Lemmata 4.3 and 4.5 furnish an alternative definition of the rate functional
IT(-ly):

@9) IrGely) = { Ity it € Dy, QGr) <o
00, otherwise.

We conclude this subsection with an observation on paths ;v with finite energy.

LEMMA 4.6. Fix a trajectory m in D, with finite energy: Q(m) < 00. Assume
that

1
sup {—«n, H) ~ ), <VH)2>>} <00,
HeCP(Qr)

Then, IT(r|y) is finite.

PROOF. Fix a trajectory 7 in D, with finite energy and assume that the vari-
ational problem appearing in the statement of the lemma is finite. In view of (4.8),
(4.9),

1
IrGrly) < sup {—«Tl’,azH))—Z«X(ﬂ),(VH)Z»}
HeC¥(Qr)

E 1
v sup {«D(n)Vﬂ—Ex(ﬂ),VH»—Z((x(ﬂ),(VH)2>>}-
HeC¥(Qr)

By assumption, the first term on the right-hand side is finite. By the Schwarz in-
equality, the second term is bounded above by CoQ(7r) for some finite constant Cy
depending only on E, D(-) and y (-). This proves the lemma. [J
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4.3. Weighted Sobolev spaces. We introduce in this subsection weighted
Sobolev spaces. We start with the classical Sobolev spaces. Let H!(S2) be the
Sobolev space of functions G in L2(2) with generalized derivatives VG in L3().
H'(Q) endowed with the scalar product (-, -)1,2, defined by

(G, J)12=(G,J)+(VG,VJ),

is a Hilbert space. The corresponding norm is denoted by || - ||1,2. Note that all
functions in H' () are continuous. In particular, the boundary values are well
defined.

Denote by H(} (€2) the closure of CY(R2) in H 1(Q). Since Q is bounded, by

Poincaré’s inequality, there exists a finite constant C; such that for all G € H(} (),
1Glli2 < CiIIVG].

This implies that in HO1 (),
IGI} =(VG,VG)

is a norm equivalent to the norm || - ||1 2. Moreover, HO1 (R2) is a Hilbert space with
inner product given by

(G, J)1 =(VG,VJ).

By [32], Appendix (48b), page 1030, a function H in H 1(Q) which vanishes at
the boundary belongs to H(} ().
Denote by H~!(2) the dual of HO1 (R2), a Hilbert space equipped with the norm

W2, = sup {2<v,G>—f||VG(u)||2du].
GeCP(Q) Q2

In this formula, (v, G) = (v, G) -1, H] stands for the value of the linear form v

at G.
Finally, for a Banach space (B, || - ||g) and T > 0, we denote by L?%(0, T; B) the
Banach space of measurable functions U : (0, T) — B for which

T
U122 015 = /0 10U, )13 di < oo.

To prove the lower semicontinuity of the rate function, we need the following result
which provides certain compactness.

LEMMA 4.7. Let {p" :n > 1} be a sequence of functions in L>(Qr) such that

T T
/o‘”””f”%ﬁfo di]3p" 1%, < Co

for some finite constant Cy and all n > 1. Suppose that the sequence p" converges
weakly in L*(27) to some p. Then p" converges strongly in L*(Q21) to p.
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PROOF. Recall that H'(Q) ¢ L*>(2) ¢ H~!(). By [32], Theorem 21.A, the
embedding H 1(Q) C LZ(Q) is compact. Hence, by [28], Lemma 4, Theorem 35,
the sequence {p" :n > 1} is relatively compact in L2(0, T; LZ(Q)). In particular,
weak convergence of the sequence {p” :n > 1} implies strong convergence. [

We now introduce the weighted Sobolev spaces. Fix 7 in D([0, T], M) and de-
note by H(l)( x (7)) the Hilbert space induced by the smooth functions in C¢°(27)
endowed with the scalar product defined by

T
(G, HY) 1y = fo dt(VG1, VH,) 5.

“Induced” means that we first declare two functions F, G in C¥’(Q2r) to be equiv-
alentif (F — G, F — G))1,4(x) = 0 and then we complete the quotient space with
respect to scalar product. Denote by || - |1, x(r) the norm associated to the scalar
prOdUCt (- '»1,)((71)'

Let H~( x (7)) be the dual of H(l)( x (r)); it is a Hilbert space equipped with
the norm || - ||y , (r) defined by

(4.10) ILIZ) gy = sup  {2(L.G) = IGI3 4(m)}-

GeC¥(Qr)
In this formula, ((L, G)) stands for the value of the linear form L at G. By Riesz
representation theorem, an element L of HI( x (7)) can be written as L(H) =
(VG, VH))y (x) for some G in H(l)(x (77)). The next result states that H ! (x (7))
is formally the space {VP: P € L?(x ()~")}. For an integrable function H : Q —
R, let (H) = [ H(u)du.

LEMMA 4.8. A linear functional L : H(l)(x ()) — R belongs to H_l()( ()
if and only if there exists P in ]LZ(X (7)) such that L(H) = (P, VH)) for every
H in CF (7). In this case,

2 T
”L”—l,x(n):/(; dt{<Pt»Pt)X(m)—l — ¢,
where ¢ = (P x () ™) (x (z) ™H) " "{(x (1) ) < oo}

PROOF. Fix L in H~!(x()). By the remark preceding the lemma, L(H) =
(VG, VH)) y(x) for some G in H{(x (). Let P = x(m)VG € L?(x ()~ 1) so
that L(H) = (P, VH)). Reciprocally, fix P in ]Lz(x (m)~H. It is easy to check
that the linear functional L defined by L(H) = (P, V H)) belongs to H 1 (x ().

To compute the norm of L, recall that there exists J in Hé( x (7)) such that
L(H) ={(VJ,VH))y (). Therefore,

T
/O dt{P, — x(m)VJ)VH,) =0
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forall H in C I"(O(QT). In particular, for almostall 0 <t < T,
P[ —X(T[[)VJZ = dy a.s.,

where a; is a constant. The right-hand side belongs to L( ¥ ()~ 1) because so
does the left-hand side. Thus a; = 0 if (x (7r;) ') = 00 and a; = (P, x (7;)~!) x
(x ()~ 1~ otherwise. Moreover,

ILIZ  yoy=sup  {2(P.VH) = [HI] )
HeCP(Qr)
= sup  {2(VI.VH) ) — 1HIT o))
HGC?{O(QT)
r 2
=f0 di{x (1) (VI)?).

To conclude the proof, it remains to recall that x (7;,)VJ; = Py —a;. U

Fix an integrable function G : [0, T] x [—1, 1] — R. Then,

VG = sup {2(G.H) — |H|3 )} <0
HeC¥ (Qr)

if and only if the linear functional Lg:C(R27) — R defined by Lg(H) =
(G, H)) belongs to H~!(x(x)). Indeed, if V(G) < oo, Lg is bounded in
H(l)(x (r)) and thus belongs to H~'(x(7)). On the other hand, if Lg belongs
to H'(x (7)), by Lemma 4.8, for each H in CF(Qr), (G, H)) = Lc(H) =
(P, VH)) for some P in L2(x()~"). Hence, V(G) is finite by the Schwarz in-
equality. In this case, V(G) = ||L(;||2_1,X(ﬂ).

By abuse of notation, we shall say that G belongs to H~1(x (7r)) whenever the
linear functional L belongs to H! (x (7). In this case we denote by |G| -1 ()
thenormof L : |Gl -1,y (x) = ILG || -1, (). With this convention, recalling (4.8),
for every path 7 in D([0, T], M) with finite energy, O(;r) < oo,

@11 Ip(ly) =3l8m — V(DE@)VT) + (E/2V X O )

where this expression might take the value 4oc. In this formula, d;7 is the linear
functional whose value at H € C¥°(Qr) is equal to —((n;, 0, H)).

Fix a trajectory 7 in D,, with finite energy, Q(m) < oo. Since x and ¢ are
equivalent and since D is bounded, the weak derivatives V(D (7)Vr), Vx ()
belong to H ' (x (). In particular, 9,7 belongs to H (x () if and only if
I7(|y) is finite. Indeed, on the one hand, if ||d;7 || -1, (z) < 00, by Lemma 4.6,
I7(mr|y) < 00. On the other hand, if I7 (7 |y) < o0, it follows from (4.11) that o,
belongs to H! (x()) as well.

If 9, belongs to H 1 (x (), by Lemma 4.8, ;7 = VP for some P = P, in
L2(x (m)™"),

(4.12) (7, 8 H)) = (P, VH))
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for every H in CY(Q2r). We may of course choose P so that (P,)((m)_l) X
(x ()™ "' H{(x () ™") < 00} = 0. Replacing (.3 H)) by (P.VH) in the
variational formula appearing in the statement of Lemma 4.5, we obtain from
Lemma 4.8 an explicit expression for the rate functional,

4.13) Ir(zly) = %/OT dt{||P, — D(7;)Vm; + (E/2)X(m)lli(m)_1 — R},
where
R, = {6h — E}Z;
(x (@)~

and §h = h(py) — h(p_) where h'(p) = D(p)/x (p). Here we adopted the con-
vention that R, vanishes if (x (7r;)~!) = co. Note that R, vanishes in the reversible
case because h(p4+) — h(p—) = E there.

4.4. Lower-semicontinuity of I7(-]y). In this subsection we conclude the
proof that the rate function I7(-|y) is lower-semicontinuous and has compact level
sets.

LEMMA 4.9. There exists a constant Cy such that

180117 14y < Coll + I (ply) + Q(p)}. Qp) < Cofl + Ir(p|y))
forall pin D([0, T], M).

PROOF. Fix p in D([0, T], M) such that IT(p|y) < co. By (4.11),

19011214 (py <A1 (plY) +21V(D(0)V ) — (E/V X (P71 (-

Recall that D is bounded. By definition of the norm || - || -1 ,(p) and by Schwarz
inequality, the second term is bounded above by Cp{l + Q(p)} for some finite
constant Co which depends only on D, E and yx. This concludes the first part of
the proof.

We now prove the second statement of the lemma. Since Q(p) < oo it follows
that p(¢, ) is continuous and p(¢, £1) = p4 for almost all ¢ € [0, T'], and 9;p
belongs to L2([0, T]; H~1(Q)).

Lete =min{p_,1—p4} >0andletD = {(a,b) €[0,1]x[—1,1]:0<a+b <
1}. Fix 0 < 6 < ¢ small and let F5:D — R be defined by

a+b+46 I1+6—a—0>b
Fs(a,b) = b+d)log—+1+6—a—-b)log————.
s(a,b) =(a+b+6)log s +(1+6—a—b)log 152

Fix a smooth profile p € M satisfying the boundary conditions, p(+1) = p+.
Since p belongs to L2([0, T]; H'(R)) and p(t, +1) = p- for almost all 7 € [0, T'],
by [32], Appendix (48b), page 1030, p — p belongs to L2([0,T]; HO1 (2)). As
d;(p — p) = 9;p belongs to L2([0,T): H-Y(Q)), by [32], Proposition 23.23(iii),
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there exists a sequence {U" :n > 1} of smooth functions U" : [0, T] x 2 — R with
compact support such that U" converges to p — p in L>([0, T']; H(} (2)) and 0, U"
converges to d;p in L?([0, T1; H'(Q)).

Foreachn > 1,

- n - n T n - n
/QFa<p,UT>—/QF5<p,UO>=/O dt(3,U", (02 F5) (5, UM)),

where 0, Fs stands for the partial derivative of Fjs with respect to the second coor-
dinate. Since Fj is smooth with bounded first and second derivatives and since U"
converges to p — p, letting n 1 oo, we obtain that

0=f Fa(ﬁ,pr—m—/ F3(5. po — £) — (8o (2F3) (5. p — ).
Q Q

In this formula, the scalar product on the right-hand side has to be understood as
the value at (d2 F5)(0, p — p) of the linear functional d;p. Since the last term is
equal to ((0;p, hs(p) — hs(p))) where hs(x) =1log{é + x/1 + § — x}, the previous
identity can be written as

(4.14) <<atp,h5<pt)—ha<ﬁ)»=fQF5</3,pT—ﬁ)—/QFs(ﬁ,po—/s).

Note that the right-hand side is absolutely bounded uniformly in §, by a constant
depending only on p.

Fix a path 7 in H!(x(7)). We claim that for any « > 0 and any H in
L*([0, T]; Hy ().

|
(o, H)) < —Ir(m|y) — (D(m)Vr, VH))
(4.15) o

E o 2
+ E«X (), VH;)) + EHH”LX(?T)‘

We prove this statement at the end of the lemma.

Since hs(pr) — hs(p) belongs to L%([0, T1; HO1 (2)), (4.15) holds with 7 re-
placed by p and with H; = hs(p;) — hs(p). By the Schwarz inequality, the third
term on the right-hand side is bounded by Coa™ ' + (« /2| H ||% (1) for every
a > 0. Hereafter, C¢ stands for a finite constant, depending 0n1§; on E, pr, D
and y, whose value may change from line to line. We have seen just after (4.14)
that the left-hand side is absolutely bounded by a constant depending only on p.
Hence, moving the term on the right-hand side to the left-hand side and the second
term on the right-hand side to the left-hand side, we get that

1 1
(D) Vpr, VH) < —Co+ —Ir(ply) + @l HI} o)

for every o > 0. Let xs(a) = (a+8)(1+8 —a)/(1+28) so that hs(a) = xs(a)~ L.
Since H; = hs(p;) — hs(p) and D is bounded below by a strictly positive constant,
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we may choose o small enough to get

2
/ dtfd Ve)” _ ot + Ir (o)
X8 ,Oz

for some constant Cy. Applying Fatou’s lemma we obtain that Q(p) < Cpf{l +

I (ply)}-
It remains to prove (4.15). Fix a path 7 in H!(x (7)) and H in C¥(Qr7). By

the explicit formula (4.11) for I7(;r|y) and the variational formula (4.10) for the
norm || - [[ =1, 5 (),

1
(@ = V(D) V) + (E/2)Vx (r). H) = SIHIR ) <~ I7Crly)

for every a > 0. To conclude the proof, it remains to recall that C°([0, T'] x ) is
dense in L%([0, T1; H} (R)). O

PROOF OF THEOREM 4.2. To prove the lower semicontinuity we have to show
that for all A > 0, the set

E) ={m e D(0,T], M) : I7(|y) < A}

is closed in D([0, T'], M). Fix A > 0 and consider a sequeng{rrn :n>1}in E)
converging to some 7 in D([0, T'], M). Thus for all G in C(Q27),

(4.16) lim (G, m,)) = (G, ).

n—0o0

By Lemma 4.9, there exists a positive constant C; such that

T
sup Q) <C;, and sup | dt|dsm, ||2_1 < (.
n>1 n>1
By (4.16), m, converges weakly to 7 in L?(Q27). Hence by Lemma 4.7, 7, con-
verges strongly to 7 in L>(27). The proof of Lemma 4.1 shows that Q is lower
semicontinuous also for the strong L?(Q7) topology so that Q(r) < C;, < o0.
Fix G in C¥ (7). Since 7, converges strongly to 7 in L*(Q7),

lim { (7, 0,G)) — (D(n) V7, VG)) + (E/2){(x (). VG)) — [Leg s

= (7. 8,G)) — (D(1)V7, VG) + (E/2)(x (), VG) — G}, (a)-

Since 7, belongs to Ej, the left-hand side is bounded by A. Taking the supremum
over G in Cg’(S27) we obtain that I7(|y) < A.

We claim that 7 belongs to D, . The proof of Lemma 4.4 with I7(-|y) in place
of fT(-ly) shows that 7 is uniformly continuous in time. In particular, 7 belongs
to C([0, T'], M). Furthermore, since m, € D, converges to 7 in L3*(Qr)and 7w €
C(0,T], M), 7(0,) =y ().
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To show that 7 (-, £1) = p4, recall that the boundary values are well defined for
any function p in H 1(©). Moreover,

/V,oHdu:H(l),o(l)—H(—])p(—])—/,oVHdu

for all function H in C*°([—1, 1]). Since Q(rr;) < C}, there exists a subsequence
n; and v in LZ(QT) such that Vi, converges weakly in LZ(QT) to v. Since 7,
converges in L?(27) to 7, by an integration by parts formula for time-dependent
smooth functions H with compact support in [0, T'] x €2, similar to the last dis-
played equation, v; = Vi, for almost all ¢. Since 7, belongs to D, , again by the
integration by parts formula 77 (-, 1) = p4 for almost all z. This proves the claim
that 7 belongs to D,,.

To conclude the proof of the lower semicontinuity, note that I7(w|y) < A in
view of (4.9) and the estimates Q(r) < oo, I (7 |y) < A obtained above.

We now turn to the proof of the compact level sets. Consider a sequence of tra-
jectories {p, :n > 1} such that IT(p,|y) < A. Since each trajectory is positive and
bounded by 1, there exists a subsequence, still denoted by {p, : n > 1}, which con-
verges weakly in L?(S27) to some trajectory p. Repeating the arguments presented
in the first part of the proof, we may conclude that p, converges strongly to p in
L*(Q27) and that Q(p) < oo. The first part of the proof shows also that I7(:|y)
is lower semicontinuous for the weak L2(27) topology so that IT(p|y) < A. By
Lemma 4.4, p,, p are uniformly continuous in time. In particular, strong conver-
gence in L2(27) implies convergence in C ([0, T], M). O

5. It (:|y)-density. In this section we show that any path = € D([0, T'], M)
with finite rate function, I7(r|y) < 0o, can be approximated by the smooth paths
introduced in Definition 3.6. As in the previous section, we work with an arbi-
trary smooth diffusion coefficient D uniformly positive and an arbitrary mobility
x which satisfies the bounds (4.1). In particular, in the Definition 3.6 we need to
replace the hydrodynamic equation (2.1) by (4.2). The main theorem of this section
is stated as follows.

THEOREM 5.1. Fix y € M. The set D%’y is I (-|y)-dense.

The proof of the I7(-|y)-density of some set A relies on the next two results.
Recall from (4.12) that for each path & such that I7(r|y) < oo, there exists P =
Py in L?(x ()" such that ({7, 3 H)) = (P, VH)) for every H in C3°(Q7) and
(Px ()" {(x () ") < 00} =0.

LEMMA 5.2. Fix a trajectory m with IT(mw|y) < oo. Consider a sequence
{my :n = 1} such that It (m,|y) < 0o and:

1. m,, Py = Py, Vr, converge to m, Py, Vi almost everywhere in Qr;
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2. {D(JTn)Van}z/X (7Tn), P%i/)((ﬂn) are uniformly integrable;
3. fOT dt 1/{(x (m,(t))~") converges to fOT de 1/(x ()~ h.
Then, It (my,|y) converges to It (w|y).

PROOF. Recall that D(-), x () are continuous functions and recall the explicit
form (4.13) for the rate function I7(7r|y). The assumptions of the lemma are tai-
lored for I7(m,|y) to converge to I7(mr|y). U

The following elementary lemma will be used repeatedly in the sequel to prove
uniform integrability of sequences of functions.

LEMMA 5.3. Fix a measure space (2, u, F) and a function f in L'(w).
There exists an increasing convex function WV : Ry — R such that limy_, oo ¥ (x)/
x =00 and

[ wasndn<ce.
A family { f,} of functions satisfying
sup [ @1 < o0
for a function ® such that limy_, oo ®(x)/x = 00 is uniformly integrable.

PROOF. For x >0 let G(x) := [“dyu(|f| > y). Then G(0) = [du|f| <
oo and G(x) | 0 as x 1 oo. It is simple to check that the function W(x) =
fo dy G(y)~!'/? meets the requirements of the lemma. The second statement is
trivial. [

The proof of Theorem 5.1 strongly uses the smoothing effect of the hydrody-
namic equation. Denote by p the solution of the hydrodynamic equation (4.2) with
initial condition y so that I7(p|y) = 0. We claim that

2 2
5.1) /dt/ du{p} /Tdtfldu % oo
x(p) 0 -1 x(p)

Let F:[0, 1] - R4 such that F”(a) = D(«)/x (a), a € (0, 1). In view of our
assumptions, F is bounded but its derivative F’(«) diverges as o — 0, 1. Pick
a sequence of smooth functions F,:R — R, such that F, (@) 1+ F(a), F,(a) 1
F"(a), a € (0, 1), as n — oo. The first estimate in (5.1) is proven by computing
the time derivative of [, F, (o (t, u)) du and taking the limit n — oo.

Since, by (4.1), x is equivalent to o, the first estimate in (5.1) shows that the
energy of p is finite: Q(p) < o0o. Therefore, by definition of I7(:|y), IT(ply) =




LDP FOR THE WEAKLY ASYMMETRIC EXCLUSION PROCESS 2389

Ir (ply). Since Ir (ply) vanishes, IT(p|y) = 0. In particular, from the explicit
formula (4.13) for IT(p|y) we have that

T
/drnPtn (p)1<2/ A1)V pi = (E/Dx ()|, +2 [ dt Re.

X (ot

The finiteness of this expression follows from the boundedness of y and from the
first estimate in (5.1).

We are now ready to prove the first result towards Theorem 5.1. Let F be the
subset of D,, of all trajectories 7 such that I7(;r|y) < oo and for which there exist
8 > 0 such that 7 is equal to the solution of the hydrodynamic equation (4.2) in the
time interval [0, 6]. More precisely, denote by p the solution of (4.2). There exists
6 > 0 such that 7 (¢, u) = p(¢t, u) for (t,u) in [0, 6] x [—1, 1].

LEMMA 5.4. The set Fy is IT(-|y)-dense.

PROOF. Fix a path & such that I7(;r|y) < oo and let p be the solution of the
hydrodynamic equation (4.2). For ¢ > 0, define 7° as

p(t, ), forO0<r=<e,
7, )= pRe—t,-), fore <t <2e,
(t —2e,-), for2e <t <T.

For each ¢ > 0, 7° belongs to D, because so does 7w and because p is the
solution of the hydrodynamic equation. Moreover, Q(7¢) < O(r) + 29Q(p) < 00
and ¢ converges to 7 as & $0 because 7 belongs to C([0, T], M). It remains to
show that /7 Ty) converges to Ir (ly).

By lower semicontinuity, IT (mly) < 11m inf, ¢ IT (7¢|y). To prove the reverse
inequality, decompose the rate function Iy (¢ |y) as the sum of the contributions
on each time interval [0, €], [e, 2¢] and [2¢, T']. The first contribution vanishes be-
cause ¢ follows the hydrodynamic equation in this interval and the third contri-
bution is bounded by Ir(m |¥) because 7¢ in this interval is just a time translation
of the path .

On the interval [g, 2¢], ¢ is the solution of the equation

0o =—=V(D(P)Vp) + (E/2)V x(p).
In particular, by Lemma 4.5, the contribution of the interval [¢, 2¢] to the rate

function is equal to

s {z/edr@( o — L >VH>—1/£dt< ( ><VH>2>}
p ) Pt)V Pt 2X,01, t 2 ) X(0r), t .

HeCP(Qr)

By the Schwarz inequality, the previous expression is less than or equal to

ofe+ [ S )
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for some finite constant Cy which depends only on E, D(-) and x(-). Since, by
(5.1), Q(p) is finite, this expression vanishes as ¢ |, 0 and we are done. [J

Denote by F; the subset of Fy of all trajectories 7 such that forall0 <§ < T,
there exists ¢ > O suchthate <nw(t,u)<1—cforéd<t<T,—-1<u<l.

LEMMA 5.5. The set F1 is IT(-|y)-dense.

PROOF. Fix & in Fp. In view of the previous lemma, it is enough to exhibit
a sequence {m,:e > 0} in F which converges to 7 and such that I7(.|y) con-
verges to I (|y).

For0 <e <1, let m, = (1 — &) + ep where p is the solution of the hydrody-
namic equation (4.2). We claim that 7, belongs to F; for each 0 < ¢ < 1. On the
one hand, 7, belongs to D,, because so do 7 and p. Moreover, Q(r¢) < Cp < 00
because Q is convex and both Q(x), O(p) are finite. By Lemma 4.9 and (5.1),
0, belong to H~(x (7r¢)). Thus all assumptions of Lemma 4.6 are fulfilled so
that I7(;|y) < oo. Since m belongs to F¢ and p is the solution of the hydro-
dynamic equation, there exists §; > 0, independent of ¢, such that r, follows the
hydrodynamic path on an interval [0, §;]. Finally, by Theorem 3.3.5 in [25] and
the Nash estimate, the unique solution of the hydrodynamic equation (4.2), de-
noted here by p, is bounded below by a strictly positive constant and above by a
constant strictly smaller than 1 in any compact subset of (0, T'] x [—1, 1]. Hence
for each &, > O there exists a > O such that a <mw.(t,u) <1 —aforép <r<T.
This proves the claim.

Since 7, converges to w as ¢ |, 0, to conclude the proof of the lemma, we have
to show that lim,_ Ir(mely) = Ir(wly). To this end we Venfy the assumptions
of Lemma 5.2. Let Pg = (1 — &) Py + &P, and note that Pg is not equal to Py,
because it does not have mean zero. To fulﬁll this condition, let

(Pe(t, ) x (me(t, ) ™")
(x (e (e, )7

This expression is well defined because 7, is bounded away from 0 and 1 on (0, T'].
Of course, by definition of P,, for every H in CPQr) (me, 0:H)) = (Pe, VH))
so that P is the function P, defined at the beginning of this section.

Clearly, as ¢ | 0, mg, ﬁg, V. converge a.e. to w, P, V, respectively. We claim
that P, also converges a.e. to P. To prove this statement, it is enough to show that
the second term on the right-hand side of (5.2) vanishes as ¢ | 0 for almost all
0 <t <T. This is proved in several steps.

We first show that (x (7 (¢, -)) ™) converges to (x (7 (¢, N Hforallo<t<T.
Fix 0 <t < T. On the one hand, since 7, converges to 7 and since yx is continuous,
by Fatou’s lemma, (x (7(1))™") < liminfeo{x (e (1) ™). If (x(x(1)~") =
we obtained the sought convergence.

(5.2) Pe(t, ") = Pe(t,") —
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Assume that ( X(n(t))_l) < 00. Since x and xo are equivalent, this means that
(x0( (@)™} < 00. The concavity of yo shows that

1 1 1
< < .
xo(e) — (L —=e&)xo(m) +exo(p) — (1 —&)xo(m)
Thus if E stands for the bounded continuous function xqo/x,

i < 1 >_ . <E((7Ts(t))> . 1 <E((7Te(t))>
imsup{ ——— ) = limsup{ ————— ) < limsup .
e—0 \X (e (1)) e—0 \ X0(7s (1)) xo( (1))

e—0 (1—¢)
Since we assumed xo(7 (1))~ to be integrable and since Z is a continu-
ous bounded function, the previous limit is equal to (E((m (1)) xo(w ()~ !) =
(@) )

We now examine the term (P, (7, -) x (: (¢, -))~'). Since Py(t,")=D(p)Vp; —
(E/2)x(pr) + F(t) for some function F:[0,T] — R, P, is bounded for every
t>0.If (x(z(z,"))” 1Y is finite, an argument similar to the one presented in the
previous paragraphs shows that (P (t, ) x (@ (2, )™ ) converges to (Pr(f,-) %
x (@ (t, )~ ) This expression vanishes by definition of P .

Suppose now that (x (7 (¢, N~ =oo0. By the Schwarz inequality,

C&moﬂmm»*dﬂgamo%mm»rb
(x (et )™ (x(e(t, )™
We have already seen that the denominator diverges while the numerator remains
bounded by Co(P (¢, )2 x(m(t, )~ 1) for some finite constant Co. This expres-
sion is finite a.s. in ¢ because P, belongs to Lz(x ()~ 1. On the other hand,
(Py(t, ) x (e (2, )1 is bounded by Co(x (m. (2, N~ for some finite constant
Cp which depends on p. Putting together the previous two assertions, we obtain
that the second term on the right-hand side of (5.2) vanishes if (x (7 (¢, N =o0.
This concludes the proof that P, converges a.e. to P.

To prove hypothesis (2) in Lemma 5.2, first note that it is enough to show
that {Vj'rg}2 /x0(me), ng / xo(m.) are uniformly integrable sequences. By (5.1) and
Lemma 5.3, there exists a convex increasing function W such that

[ o) <o [ [ (6T <o

By the Schwarz inequality, {V 7, (¢, «)}?, which is equal to the right-hand side of
the next equation, is bounded above by

{(] —¢ M (7T(S M))+8M ( (S u))}z
X0y VO X0(p G, VX
<{(1 = &)x0(r (s, 1)) + e x0(p (5. 1))
2 2
X{a_gﬁvﬂ@mﬂ_+JVp@mH }
X0 w) ' xolp(s u)
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By the concavity of xo and Jensen’s inequality, this expression is less than or equal
to

{Vr(s, u)}? {Vp(s,u)}z}
£ .
xo( (s, u)) xo(p(s,u))
Hence since W is increasing and convex,

Fa[ae(Gs) <a-o [ o [ are(GEE)

T 1 2
+e/ dt/ dqu({v’o} >
0 ~1 x0(p)
Thus by Lemma 5.3, the sequence {Vr, }2 / xo(me) is uniformly integrable. We may
proceed in a similar way to prove the uniform integrability of Pjgs /x0(7Te).

To prove assumption (3), note that it is enough to show that
limgﬁo(x(ng(t))_l) = (x(n(t))_l) for almost all 0 <t < T and to apply the
dominated convergence theorem because x is bounded, but this has already been
proved. [J

xO(ns(s,u)){(l —¢€)

Denote by F> the set of trajectories  in JF] for which there exists &1, 6 > 0
such that: 7 follow the hydrodynamic path in the time interval [0, §;], is constant
in time in the interval [81, 81 + §2], and v is smooth in time in the time interval
(61, T].

LEMMA 5.6. The set F, is IT(-|y)-dense.

PROOF. Fix a trajectory 7 in Fj. Assume that = follows the hydrodynamic
equation in the time interval [0, 2a] for some a > 0. Let a < fg < 2a be such that
((Vmo)2 /x (m4,)) < 0o. This is possible because m follows the hydrodynamic path
o in the time interval [0, 2a] and Q(p) < o0. For0 <¢e <a,let T —2e < T, <

T — & such that

Vrr)?\ 1 (T (Vr)?

<( nr,) >§ _f <( ) >dt+8,

x(mT,) € JT—2¢\ x(711)
7 (Te, 1) = p+. Roughly speaking, the profile w7, minimizes locally the energy
and has the correct boundary conditions. The latter condition can be achieved
because 7 belongs to D, and Q(w) < oo so that m(z,-) is continuous and
m(t,£1) = pg for almost all 7. Clearly, <(V7TTS)2/X (7)) < e 1O@(n) +&.

Define the path 77, by

w(t, ), for 0 <t <1,
ﬁ' (t ): T[(ZO")» fort0§t§t0+ga
ex 7t —e,-), forto+e<t<T,+e,

(T, ), forT, +e<t<T.
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We claim that 77, belongs to F; for each ¢ > 0. Moreover, as ¢ |, 0, ¢, I7(7:|y)
converge to m, I (|y), respectively.

By construction 7, belongs to D, and follows the hydrodynamic equation
in the time interval [0, #p]. It is also bounded below by a strictly positive con-
stant and above by a constant strictly less than 1 on each time interval [§, T'],
8 > 0 because 7 is as well. Moreover, Q(7¢) is uniformly bounded by Q(w) +
e((Vr)?/ x (1)) + e((Vr)?/ x (r7.)) < 2Q(r) + O(e). Finally, to show that
fT(ﬁg|y) is uniformly bounded, for 0 <y < t; < T, denote by f[,o n1Cly) the
contrlbutlon of the time interval [z0, 1] to the rate function IT (rrg|y) On the one
hand, I[O 10]U[to+¢, Te+¢] (nsh/) = IT(7T|V) On the other hand, Ito to+8](778|)/) =
Coe((V19)?/ X (1)) and [, +e.71(7ely) < Coe((Vrrr,)?/ x (7)) for some finite
constant Cp depending only on E, D(-), x(:). By definition of 7, this expression

is bounded by
T—¢ [ (V,)2
Co/ <( ) >dl‘+C082,
r—2¢\ x(701)

which vanishes as ¢ |, 0 because 7 has finite energy. This proves that 7. belongs
to F; for each ¢ > 0.

Since 7 belongs to C([0, T], M), 7. converges to w as ¢ |, 0. By lower semi-
continuity, to prove that jT (7T¢|y) converges to fT (|y) itis enoughAto show that
limsup,_, o IT(e|y) < IT(mw|y). This follows from the bound on I7(7.|y) ob-
tained in the previous paragraph.

In conclusion, to prove the lemma, it is enough to show that every path 7 in F
which follows the hydrodynamic equation in a time interval [0, b], is constant in
the time intervals [b, b+ a], [T —a, T], can be approximated by a sequence in F>.
Fix such a path 7.

Denote by ¢ a smooth, positive function with support contained in [0, 1] and
integral equal to 1. For & > 0, let t,(t) = ¢ i(te ") be a smooth approximation
of the identity. For ¢ < a, consider the path 7, defined by

w(t,-), forO0<t<b,
me(t, ) = deLg(s)n(t—Fs,-), forb<t<T,
R

where we extended the definition of 7 to the time interval [T, co0) by setting
w(t,u)=a(T,u) fort>T.

We claim that 7, belongs to F; for each ¢ < a. By construction it belongs to D,,,
follows the hydrodynamic equation in the time interval [0, b] and is bounded below
by a strictly positive constant and above by a constant strictly less than 1 on each
time interval [8, T'], 8 > 0. It is constant in time in the interval [b, b + a — €] and
smooth in time in the interval (b, T'] because we chose a smooth approximation
te of the identity. By convexity of Q, Q(m,) < Q() + O(e) because Q(r;) and
Q(mry) are finite. Here m;;, w7 are the trajectories constant in time and equal at
each time to m; and 77, respectively.
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It remains to show that g, fT (e |y) converge to 7, fT (r|y), respectively. We
rely on Lemma 5.2.

Recall from (4.12) that there exists P = P, in L2(x()~!) such that ((r,
0 H)) = (P, VH)) for every H in Cg’(227). An elementary computation shows
that (7., 8, H)) = (P, VH)) if we define P, by

~ P, ), forO<t <b,
Pe(t, ) = / dste ()Pt +s,u), forb<tr<T.
R

Note that P, belongs to ]LZ(X (:)~1) because P., 7, coincide with P, 7 on the
interval [0, b] because 7 is bounded below by a strictly positive constant and above
by a constant strictly less than 1 on [b, T'] so that the denominator x ~! is irrelevant
and because the square function is convex. In particular, by Lemma 4.6, I (7, | y)
is finite for every ¢ > 0.
Let
5 (Pe(t, ) x (Te(t, )" -1
Pe(t, ) = Pe(t,") O (e (6, )1 H{(x (e (2,))" ") < o0}

for P, to have mean zero. We may remove the indicator function because 7. is
bounded below and above on (0, T'].

Since 7, Vrr, P belong to LY (Qr), e, Vg, }38 converge in LY (Qr)ton, Vr,
P, respectively. Taking subsequences, if necessary, we obtain a.e. convergence and
convergence of Pg (t,-) to P(t,-) in LY (Q) fora.e. 0 <t < T. Since 7, is bounded
away from 0, 1, it is not difficult to show that P, also converges a.e. to P.

Since D is bounded and x is equivalent to xo, to prove the uniform integra-
bility of {D(r¢) Ve }2/ x (7ws), it is enough to estimate {Vr,}2/ xo (7, ). Recall that
Q(my ) < oo. By Lemma 5.3, there exists a convex increasing function W such that

(5.3) /()Tdt/_11 du\p<{XVOZT})2) < o0, /_11 duw({XVOZTTT})Z) <00

By the Schwarz inequality, the concavity of xo and the Jensen inequality, for ¢t > b,

Vs, 2
(Ve (t,w)) = ( / ds e (s — t)ﬁxo(ﬁ(s, u))l/z)
(Vr(s,u))?
=< Xo(rrs(t,u))/ds te(s —f)m-

Hence, by the Jensen inequality, since W is convex and increasing,

an [ (G )« o [ e fasote 0w (ST
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Integrating in ¢ the right-hand side, we get that
T 1 V.12
/ dt/ du \IJ<{ e} )
b -1 x0(7e)
T 1 V2 v 2
o (Yo [
b -1 xo() xo(7rr)

It remains to add the piece corresponding to the time interval [0, b] to obtain, in
view of (5.3) and Lemma 5.3, the uniform integrability of (Vi }? /xo(m) and,
therefore, the one of {D (1) V. }? /X (rs). The same argument shows the uniform
integrability of PE2 /x (7).

To prove the third condition of Lemma 5.2, it is enough to show that
limg—0(x (m:(£))~") = (x(x(t))~") for all 0 < ¢ < T. Fix ¢ > 0. Since 7 be-
longs to Fi, there exists § > 0 and g9 > 0 such that § < w.(¢) <1 — § for all
& < &p. Since m.(t) converges to w(t) a.s. as ¢ | 0, condition (3) follows from the
dominated convergence theorem. [

Note that each path 7, defined in the proof of this lemma is continuous on
(0, T] x [—1, 1]. The path 7, is continuous on (0, b] x [—1, 1] because it follows
the hydrodynamic equation. The continuity can be extended to [b,b + a — €] X
[—1, 1] because 7, (, -) is constant and equal to 7 (b, -) in this interval. By con-
struction, 7, is continuous in time on (0, '] x [—1, 1]. On the other hand, if we
denote by : the convolution, since for t > b . (¢, -) = (7w *t.) (%, -), by the Schwarz
inequality, forb <t < T,

(Ve ) = [ e (T4 ds = “ / (Y ds < 2 o).
0 E Jt &

In the last step we used the fact that 7 is constant in the interval [T — a, 00) to
estimate the piece of the integral in the interval [T, T + €] by the energy of =.
It follows from this energy estimate that 7, is uniformly continuous in space in
[b, T]x[—1, 1]. In particular, we could have required paths in J; to be continuous,
but we do not need this property in the sequel.

Let F3 be the set of trajectories 7 in Fj (not F7) for which there exists § > 0
such that: 7 follows the hydrodynamic path in the time interval [0, §], is continu-
ous on (0, T'] x [—1, 1] and smooth on [§, T'] x [—1, 1]. Note that F3 corresponds
to the set D7 Ty introduced in Definition 3.6. For a path 7 in F3, denote by t(;r)
the positive time at which smoothness may be violated. In the previous descrip-
tion, t(;r) = b once one recalls that 7 is also smooth in (0, §) x [—1, 1] because it
follows the hydrodynamic equation.

PROOF OF THEOREM 5.1. Fix a trajectory 7 in F,. In view of the previous
lemma, it is enough to show that there exists a sequence {m.} in 3 such that =,
I7 (7 |y) converge to m, IT (7 |y), respectively.
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For ¢ > 0, denote by RsD s Rév (-1, 1]2 — R, the resolvent of the Dirichlet,

respectively, Neumann Laplacian: Ré) N (I —¢eApy N)_l, where Ap, Ay stand
for the Laplacian with Dirichlet, Neumann boundary conditions. An elementary
computation gives an explicit form for the resolvent transcribed below:

RP(u,v) = N [sinh{Va( +w)sinh{Va(d v}, ifu<o,
T sinh{2v3 sinh{ﬁ(l —uw)} Sinh{ﬁ(l +v)}, otherwise;

RN (u,v) = VA feosh{Vad +w)cosh{Va(l —v)},  ifu<v,

T sinh2vA) cosh{v/A(1 —u)} cosh{v/A(1 +v)}, otherwise;

where A = ¢~ 1. In contrast with R?, R" is a probability kernel.

Since m belongs to F>, there exists 0 <a < b < T, such that = follows the
hydrodynamic equation in the time interval [0, a] and is constant in the time
interval [a, b]. Let j:R — [0, 1] be a smooth nondecreasing function such that
j@)=0,1,fort <0, > 1, respectively. For 0 < e <b —a, let j.(t) = ej(ts_l),
Be(t) = je(t —a) and

w(t,-), forO0<t<a,
ne(t"):{p*—l—Rﬂz(I)(n(I,-)—p*), fora<t<T,

where p* is the linear profile p— (1 —u)/2 4+ p+(1 +u)/2.

We claim that 7 belongs to F3. Since m belongs to F>, by construction, . be-
longs to D,,, m, follows the hydrodynamic equation on the time interval [0, a]
and m, is smooth in space and time on the interval (a, T] and continuous on
[a, T]x [—1, 1]. We prove at the end of the lemma that there exists a finite constant
Co such that

Xo(RE (T (8, w)
xo(e(t, u))

forall t >a, —1<u <1, &> 0. Since Rév is the resolvent of the Laplacian with
reflecting boundary conditions, inf,¢(—1,17 f(u) < (Rév W) < supy,er_y.qyf @)
for every v in [—1,1], ¢ > 0. In particular, there exists § > 0 such that § <
(Révrr)(t, u) <1—34 for t > a because w belongs to F,. It follows from (5.4)
that the same holds for .. Therefore, 7. is bounded away from O and 1 in the
time interval (a, T']. Since 7, follows the hydrodynamic equation in [0, a], for
every § > 0, there exists ¢ > 0, independent of ¢, such that ¢ <mw, <1 — ¢ in the
time interval [§, T'] for all ¢ > 0.

We examine in this paragraph the energy of m.. An elementary computation
shows that V., = R/IB\Z V. Therefore, by the Schwarz inequality, for f > a,

5.4) 0

(V7e)?) = (RY V)?) < (R (Vm)?) = ((Vm)?).

Since m; = 7 on the time interval [0, a] and since both paths are bounded away
from O and 1 in the time interval [a, T], there exists a finite constant Co = Cq(7)
such that Q(r;) < CoQ(r) uniformly over ¢ > 0.
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To show that fT (¢ |y) is bounded, recall from (4.12) that there exists P = P, in
L2(x (r)~") such that (7, 3; H)) = (P, VH)) for every H in C¥ (7). Fix such a
function H. A straightforward computation using the relation VRED = Rév V shows
that

(5.5 (e, 0:H)) = ((R,]si(z)P’ VH|)={{m - p*, (8,RﬂD€(t))H)).

In the first term on the right-hand side, it must be understood that ngvs o P = P for
t < a and in the second term that the time derivative concerns R é)s o exclusively.

We claim that the second term on the right-hand side of (5.5) is negligi-
ble in the sense that the linear functional £.:CF(Q7) — R, £.(H) = (m —
0%, (B,Rﬂe (t))H ), 1s bounded in H_l(x (¢)) by a constant which vanishes as
e | 0. More precisely, there exists a constant C.(;r), which vanishes as ¢ | 0,
such that

2
(5.6) ((r — p*. (WRE () H) < Ce(IHIT )

for every H in CR(Qr). Indeed, since & Rf) ) = BL(1)Ap(RE ,))* where R?
stands for the composition of the operator R with itself, by the Schwarz inequality,
the left-hand side of (5.6) is bounded above by

T ) ) a-+e )
/0 ALVl — p*1)2) di / (VH)?) .

Since 7, is bounded away from 0 and 1 in the time interval [a, a 4 €], we may
include a factor y (;.(¢,-)) in the second integral paying the price of a constant
Co = Co(rr) and then extend the time integral to the interval [0, T']. Since B.(t)
vanishes outside the interval [a, a + €] and is bounded uniformly in time and in
& > 0, the previous expression is less than or equal to

ate T
Co(n) / (VL — p*1)2) di fo (VH) 5 (et ) dt.

Since 7 and p* have finite energy, the first integral vanishes as ¢ | 0. This proves
(5.6).

We claim that 9,77, belongs to H~!(x (;r¢)). In view of (5.5), (5.6), it is enough

to show that R/Qi oP belongs to L2(x (r,)~!). This follows from the identities
T =TT, Rllg\imP = P for t < a, and the observation that ((RZ(I)P)Z) < (P?),
together with the fact that 7., 7 are bounded away from 0, 1 in the time interval
[a, T], uniformly in & > 0.
. Since d;7m, belongs to HY( x () and m, has finite energy, by Lemma 4.6,
I7(m¢|y) is finite. To conclude the proof of the lemma, it remains to show that 7,
I7 (. |y) converge to o, IT(|y).

By construction, m; converges to 7. Let

(RE Py (me)™")

P.=RYP—
Pe (x(me)~ 1)
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By (5.5), for every H in CY(Qr), (e, 0:H)) = (Pe, VH)) + £.(H), where,
by (5.6), €. (H) is a neghglble term. In particular, by Lemma 5.2, to show that
I T (¢ |y) converges to I 7(7|y) we just need to check the assumptions (1), (2), (3)
for ., Vi, and Ps.

By definition, for ¢ > a, w1, = p* + Ré)ﬁ(n — 0%, Vm, = RﬁiVﬂ and R,Iaip
converge a.e. to r, Vi, P, respectively. Repeating the arguments presented in the
proof of the previous lemma, we can deduce from the a.s. convergence of Rg: P
that P, converges a.e. to P.

We show that (V:)?/x (7, is uniformly integrable. Since R" is a probability
kernel and since xg is concave, by the Schwarz and Jensen inequalities,

Va(t,v) 2
xoGr(t, 12 0 ”))1/2)

(Va(r, v))

Xo(m(t,v))

By (5.4) and proceeding as in the proof of the previous lemma, we end the proof of

the uniformly integrability of {V7,:}?/x0(¢). The same argument applies to P;.
Assumption (3) of Lemma 5.2 is proved as in the previous lemma. This con-

cludes the proof, modulo (5.4), which we now examine. Recall that A = el Let
us first consider the case u € [—1, —1 4 /¢]. By an explicit computation,

sinh[v/A(1 — u)] N sinh[v/A(1 + u)]
sinh 24/% P v

(Ve (t, )y = (/ dv RE (u, v)

< xo(Ry m(t, u))/dv RY (u,v)

e (t,u) = p*(u) — R p*(u) = p-
Since 7 <1, Révn < 1 so that

Ré\i(t)n(t, u)
sup sup _re
e<l  1€fa,T] e (t, u)

uel—1,— 1+ /5]

for some finite constant Cy. By analogous computations
I —me(t,u) = 1= p*(u) — RP (1 — p*)(u)
sinh[v/A(1 — u)] sinh[v/A(1 + u)]
e A Ay

Sincel—RéVanév(l —m) <1, we get

<Co

=1-p-)

1= Ry (ym(t,u)

sup sup <Cy
e<l  tefa.T] I —me(t,u)
uel—1,—14./z]

for some finite constant Cy, which yields the bound (5.4) for u € [—1, —1 + 4 /¢].
Of course, the same argument applies for u € [1 — /¢, 1].
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To analyze the case u € A® = [—14 /e, | — /e], we first show that there exists
a constant C such that

/u dv cosh[vA(1 + v)](z, v)
(5.7) - .
<C; / dvsinh[vA(1 4 v)]7 (7, v)
-1

foranyO<e<1,a<tr<T,uin A®.

Since 7 is bounded away from 0 and 1 in the time interval [a, T'], it is enough to
prove (5.7) without . This estimate is elementary. It is enough to split the integral
in two pieces, the first one ranging from —1 to —1 4 /¢, to change variables v’ =
\/X(l + v), and to observe that fol coshvdv < Cj fol sinhvdv, coshv < C{sinhv
forv>1.

An analogous argument shows that there exists a constant C; such that

1 1
/ dv cosh[VA(1 — v)]7(t,v) < le dvsinh[v/A(1 — v)]m(z, v)

foranyO<e<1,a<t<T,uin A®.
By definition of 7., m, > Ré)s 7. Therefore, by the previous estimate, (5.7) and

N

the explicit form of the kernels R,", Rbp , we easily get that

N N
Rﬂg(t)rr(t,u) Rﬂg(t)rr(t,u) -

< sup sup Co

sup sup - - <
O<e<ltela,T],ucA® e (t, u) O<e<ltela,T],ucA® R[jg(;)ﬂ(t9 u)

for some finite constant Co = Cp(7r). The same arguments with & replaced by
1 — m yields

L= Ry (e, u)

sup sup
O<e<ltela,T],ucA® 1 —me(t,u)

RY (1 —m)(t,u)
< sup sup Be (1)

<
0<e<lrefa,TLuear RE (1 —m)(t,u) ~

0
which concludes the proof of (5.4). [

Let a be as in the previous proof and note that 9,77 may be discontinuous at a.
The left time derivative is equal to d; p where p is the solution of the hydrodynamic
equation (4.2) while the right time derivative vanishes because the derivative of j
vanishes at 0 and 7 is constant in time in the interval [a, b]. Since 0;7, vanishes
at a for every ¢ > 0, we could have added this extra assumption in the definition
of the set F3 = D%’y, but we do not need it.
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Recall the definition of t(;r), given just before the proof of Theorem 5.1.

LEMMA 5.7. Fix a trajectory m in DCT’J,. For each 0 <t <T, let H; be the
unique solution of the elliptic equation

0ty = V(D(m) V) — V{x () [(E/2) + VH]},

(5-8) H,(£1) =0.

For t = W), 0, should be interpreted as the right derivative 0;41;. Then H
vanishes on [0, t(r)) x [—1, 1] and H is smooth on ({(r), T] x [—1, 1]. Moreover,

1 T
Ir(zly) = E/o V2 iyt

and

T
Ir(rly) = (e, Hr) — (T, Htm)—/( (i) de

t(m

T
+ (D()Vr;, VH;)dt

t(m)

T T

1 2
(X (), VHy)dr = 3 / (). (VH?) dt.
(

)

B E t(m)

PROOF.  Fix a trajectory 7 in D7, " Since 7 is bounded away from 0 and 1 on
(0, T] x [—1, 1], equation (5.8) is strictly elliptic and, therefore, has a unique solu-
tion. Since 7 follows the hydrodynamic equation in the time interval [0, t(;r)],
the unique solution H; is identically equal to O on [0, t(;r)) x [—1,1]. On
[t(), T] x [—1, 1] H inherits the smoothness in space from 7. Smoothness in
time in this interval follows from the smooth dependence on the force term of
solutions of strictly elliptic equations.

It remains to show that the rate function has the explicit forms claimed. This
follows from (4.11), or from the next elementary argument. Fix a function G in
Cé’Z(Q_T) and recall the definition (4.6) of the functional fg. Since 7 solves (5.8),
an integration by parts shows that

Jo(m) = (x(m)VH,VG) — L {(x (m)VG, VG)).
Therefore,
Ir(wly) = Ir(zly)

1
=5 {x(@VH, VH)

1
3 inf  {{x(WI[VH = VG],[VH = VG])}.
GeCy*(Qr)
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The last term vanishes because y () is bounded and smooth functions vanishing
at the boundary are dense in L%, T, HO1 ().

To prove the second identity, multiply (5.8) by H, integrate in space and in time
in the interval [t(;r), T'], and integrate by parts to get that

T T
(mer, Hr) — {74y, Hym)) —/ (7, 0 Hy) dt + (D(m;)Vmy, VH;) dt
() t(m)
E (T T )
== [ (xGu), vH)dr + f (xGro)., (VH)?) dr.
t(m) t(m)

Since H vanishes in the time interval [0, t(;r)], we may replace in the last integral
t(mr) by 0. The second formula for the rate function I7(r|y) follows from this
observation, the previous identity and the first formula for I7(mr|y). U
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