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ENTROPIC MEASURE AND WASSERSTEIN DIFFUSION

By MAX-K. VON RENESSE AND KARL-THEODOR STURM

Technische Universitdt Berlin and Universitit Bonn

We construct a new random probability measure on the circle and on
the unit interval which in both cases has a Gibbs structure with the relative
entropy functional as Hamiltonian. It satisfies a quasi-invariance formula with
respect to the action of smooth diffeomorphism of the sphere and the interval,
respectively. The associated integration by parts formula is used to construct
two classes of diffusion processes on probability measures (on the sphere or
the unit interval) by Dirichlet form methods. The first one is closely related
to Malliavin’s Brownian motion on the homeomorphism group. The second
one is a probability valued stochastic perturbation of the heat flow, whose
intrinsic metric is the quadratic Wasserstein distance. It may be regarded as
the canonical diffusion process on the Wasserstein space.

1. Introduction.

(a) Equipped with the L?-Wasserstein distance dy [cf. (2.1)], the space & (M)
of probability measures on an Euclidean or Riemannian space M is itself a rich ob-
ject of geometric interest. Due to the fundamental works of Y. Brenier, R. McCann,
F. Otto, C. Villani and many others (see, e.g., [7, 8, 21-23, 32]) there are well
understood and powerful concepts of geodesics, exponential maps, tangent spaces
T, (M) and gradients Du () of functions on this space. In a certain sense, & (M)
can be regarded as an infinite dimensional Riemannian manifold, or at least as an
infinite dimensional Alexandrov space with nonnegative lower curvature bound if
the base manifold (M, d) has nonnegative sectional curvature.

A central role is played by the relative entropy: (M) — R U {400} with re-
spect to the Riemannian volume measure dx on M

du(x)
dx

Ent(p) = /M plogpdx,  ifdu(x) <dx with p(x) =
00, else.

The relative entropy as a function on the geodesic space (P (M), dw) is K -convex
for a given number K € R if and only if the Ricci curvature of the underlying
manifold M is bounded from below by K [25, 29]. The gradient flow for the rel-
ative entropy in the geodesic space (P (M), dw) is given by the heat equation
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%u = Ap on M [17]. More generally, a large class of evolution equations can be
treated as gradient flows for suitable free energy functionals S: (M) — R [32].

What is missing until now, is a natural “Riemannian volume measure” P
on #(M). The basic requirement will be an integration by parts formula for the
gradient. This will imply the closability of the pre-Dirichlet form

B )= [ (PG, D)7, B0

in L?(£ (M), P), which in turn will be the key tool in order to develop an analytic
and stochastic calculus on & (M). In particular, it will allow us to construct a kind
of Laplacian and a kind of Brownian motion on P (M). Among others, we intend
to use the powerful machinery of Dirichlet forms to study stochastically perturbed
gradient flows on # (M) which—on the level of the underlying spaces M—will
lead to a new concept of stochastic partial differential equations (preserving prob-
ability by construction).

Instead of constructing a “uniform distribution” P on (M), for various rea-
sons, we prefer to construct a probability measure P? on # (M) formally given
as

1
(1.1) dPP () = Z—e—ﬁ‘E“““) dP(i)
B

for B > 0 and some normalization constant Zg. (In the language of statistical me-
chanics, B is the “inverse temperature” and Zg the “partition function” whereas
the entropy plays the role of a Hamiltonian.)

(b) One of the basic results of this paper is the rigorous construction of such an
entropic measure P? in the one-dimensional case, that is, M = S' or M = [0, 1].
We will essentially make use of the representation of probability measures by their
inverse distributions function g, . It allows to transfer the problem of constructing
a measure PP on the space of probability measures 2 ([0, 1]) [or P (S 1] into the
problem of constructing a measure Qg (or Q) on the space o (or §, resp.) of
nondecreasing functions from [0, 1] (or S', resp.) into itself.

In terms of the measure Qg on §, for instance, the formal characterization (1.1)
then reads as follows:

1
(12) dQh(g) = Z—ﬂe—f“@) dQo(g).

Here Qp denotes some “uniform distribution” on $o C LZ([O, 1]) and S:Go —
[0, oc] is the entropy functional

1
S(g) :=Ent(gLeb) = —/0 log g’ (¢) dt.
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This representation is reminiscent of Feynman’s heuristic picture of the Wiener
measure—now with the energy

1
H(g) = /0 g'(t)2dr

of a path replaced by its entropy. Qg will turn out to be (the law of) the Dirichlet
process or normalized Gamma process.

(c) The key result here is the quasi-invariance or, in other words, a change
of variable formula for the measure P# (or ]P’g ) under push forwards w +— hyu
by means of smooth diffeomorphisms 4 of S! (or [0, 1], resp.). This is equivalent
to the quasi-invariance of the measure Q? under translations g > & o g of the
semigroup § by smooth & € §. The density

dPP (h.p)
dPB ()
consists of two terms. The first one

XG0 =exp(p [ ogh' 0 dpu(r)

can be interpreted as exp(—pf Ent(4.u))/ exp(—pB Ent(u)) in accordance with our
formal interpretation (1.1). The second one

i VA UZ) - W' (L)
\h(D1/11]

can be interpreted as the change of variable formula for the (nonexisting) mea-
sure P. Here gaps(u) denotes the set of intervals I =]1_, I [C S ' of maximal
length with (1) = 0. Note that PP is concentrated on the set of s which have
no atoms and not absolutely continuous parts and whose supports have Lebesgue
measure 0.

(d) The tangent space at a given point u in P = P(SY (orin Py = 2 ([0, 1]))
will be an appropriate completion of the space C®(SL,R) (or €°([0, 1], R),
resp.). The action of a tangent vector ¢ on p (“exponential map”) is given by
the push forward ¢, . This leads to the notion of the directional derivative

=X} Y ()

Y (1) =
Iegaps(u)

1
Dyuu() = lim ~[u((d + 1¢)u11) — u(w)]

for functions u : # — R. The quasi-invariance of the measure P implies an inte-
gration by parts formula (and thus the closability)

D;u:—Dwu—Vga-u

with drift Vi, = lim, o L (Y], — 1.

The subsequent construction will strongly depend on the choice of the norm on
the tangent spaces 7, 5. Basically, we will encounter two important cases.
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(e) Choosing T, = H*(S I Leb) for some s > 1/2—independent of p—
leads to a regular, local, recurrent Dirichlet form & on L2(#, P#) by

g = [ 371Dy aPP )
k=1

where {@f}ren denotes some complete orthonormal system in the Sobolev space
H’(S"). According to the theory of Dirichlet forms on locally compact spaces
[14], this form is associated with a continuous Markov process on P (S 1y which is
reversible with respect to the measure P?. Its generator is given by

1 1
(1.3) EZDka¢k+§ZV¢k-D¢k.
k k

This process (g;):>0 is closely related to the stochastic processes on the diffeomor-
phism group of S! and to the “Brownian motion” on the homeomorphism group
of S!, studied by Airault, Fang, Malliavin, Ren, Thalmaier and others [1-3, 12,
13, 20]. These are processes with generator % >k Dy, Dy, . Hence, one advantage
of our approach is to identify a probability measure P# such that these processes—
after adding a suitable drift—are reversible.

Moreover, previous approaches are restricted to s > 3/2 whereas our construc-
tion applies to all cases s > 1/2.

(f) Choosing T, = L2([0, 1], w) leads to the Wasserstein Dirichlet form

_ 2 B
B, = [ 1DuG0 G, 4B )

on L?(P, IP’g ). Its square field operator is the squared norm of the Wasserstein
gradient and its intrinsic distance (which governs the short time asymptotic of
the process) coincides with the L?-Wasserstein metric. The associated continuous
Markov process (11):>0 on & ([0, 1]), which we shall call Wasserstein diffusion, is
reversible with respect to the entropic measure Pg . It can be regarded as a stochas-
tic perturbation of the Neumann heat flow on £ ([0, 1]) with small time Gaussian
behavior measured in terms of kinetic energy.

Analogously, we construct a stochastic perturbation of the heat flow on S' as
the reversible Markov process on P (S 1Y associated with the Dirichlet form

EGu) = [ 1Du(wl, 4P )

on L2(P,PP).
(g) The restriction to dimension 1 throughout this paper has two reasons (or in
other words, allows for two important simplifications):

1. In dimension 1, probability measures are uniquely characterized in terms of
their distribution functions (or equivalently, in terms of their inverse distribu-
tions functions). Functions seem to be much easier to handle than measures.



1118 M.-K. VON RENESSE AND K.-T. STURM

2. The Wasserstein space based on a 1-dimensional space is flat; based on any
higher dimensional space it is curved (cf. [19, 22, 29]). In particular, the Wasser-
stein space based on the interval can be isometrically embedded as a compact
convex subset into a Hilbert space. A related fact is that the composition of
two optimal transports is an optimal transport in dimension 1 but not in higher
dimensions.

In a forthcoming paper [30], it will be indicated how to overcome—at least
partly—the restriction to dimension 1.

(h) An early draft of this paper has already inspired several new contribu-
tions: Von Renesse, Yor and Zambotti [26] present an alternative proof—based
on martingale arguments—to the change of variable formula (Theorem 4.3) for
the Dirichlet process as well as generalizations to Gamma (and related Lévy)
processes. A canonical particle approximation to the Wasserstein diffusion is pre-
sented in [5]. Déring and Stannat [10] deduce estimates for spectral gap and loga-
rithmic Sobolev inequality for the Wasserstein diffusion.

2. Spaces of probability measures and monotone maps. The goal of this
paper is to study stochastic dynamics on spaces 4 (M) in case M is the unit interval
[0, 1] or the unit circle S'.

2.1. The spaces o = P ([0, 1]) and Go9. Letus collect some basic facts for the
space Py = £ ([0, 1]) of probability measures on the unit interval [0, 1] the proofs
of which can be found in the monograph [32]. Equipped with the L?-Wasserstein
distance dyy, it is a compact metric space. Recall that

12
@1 dW(M,V)rzinf(/ / |x—y|2y<dx,dy>) ,
4 [0,1]2

where the infimum is taken over all probability measures y € £ ([0, 11%) hav-
ing marginals © and v [i.e., y(A x M) = u(A) and y(M x B) = v(B) for all
A, BCM].

Let G0 denote the space of all right continuous nondecreasing maps g : [0, 1[ —
[0, 1] equipped with the L2-distance

1 1/2
g1 — gall2 = (/O g1 (0) — gz(t)|2dt) .

Moreover, for notational convenience each g € G is extended to the full interval
[0, 1] by g(1) := 1. The map

X 90— Po, g+ g« Leb

(= push forward of the Lebesgue measure on [0, 1] under the map g) establishes
an isometry between (%o, || - ||;2) and ($o, dw). The inverse map x Py — %0,
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> g, assigns to each probability measure u € P its inverse distribution func-
tion defined by

2.2) gu(t) :=1inf{s € [0, 1]: u[O, 5] > 1}
with inf @ := 1. In particular, for all u, v € £y

(2.3) dw(pu,v) = 1llgu — gvll2-

For each g € G the generalized inverse g~' € G is defined by g~ ! () = inf{s >
0:g(s) > t}. Obviously,

(2.4) lgr — g2l =llgy ' — g5 il

(being simply the area between the graphs) and (g~!)~! = g. Moreover,
g‘l(g(t)) = ¢ for all t provided g_1 is continuous. (Note that under the measure
Qg to be constructed below the latter will be satisfied for a.e. g € $o.)

On G, there exist various canonical topologies: the L>-topology of G regarded
as subset of L2([0, 1], R); the image of the weak topology on ) under the map
x Liu gu (=inverse distribution function); the image of the weak topology
on &y under the map u — g;l (=distribution function). All these—and several
others—topologies coincide.

PROPOSITION 2.1. For each sequence (gn)n C S0, each g € Go and each
p €11, oo the following are equivalent:

(1) gn(t) — g(t) foreach t €0, 1] in which g is continuous;
(i) gn — g in LP([0, 1]);
(iii) g, ' — g~"in LP([0, 1]);
(iv) wg, — g weakly;
(V) mg, — g indwy.

In particular, 4o is compact.
Let us briefly sketch the main arguments of the

PROOF OF PROPOSITION 2.1.  Since all the functions g, and g, I'are bounded,
properties (ii) and (iii) obviously are independent of p. The equivalence of (ii) and
(iii) for p = 1 was already stated in (2.4) and the equivalence between (ii) for
p =2 and (v) was stated in (2.3). The equivalence of (iv) and (v) is the well-
known fact that the Wasserstein distance metrizes the weak topology. Another
well-known characterization of weak convergence states that (iv) is equivalent
to (i'): g, HOES g_l(t) for each ¢ € [0, 1] in which g_l is continuous. Finally,
(i") © (i) according to the equivalence (ii) < (iii) which allows to pass from con-
vergence of distribution functions g, ! to convergence of inverse distribution func-
tions g,. The last assertion follows from the compactness of &y in the weak topol-
ogy. U
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2.2. The spaces §, G1 and P = P(S'). Throughout this paper, S' = R/Z will
always denote the circle of length 1. It inherits the group operation + from R with
neutral element 0. For each x, y € S! the positively oriented segment from x to
y will be denoted by [x, y] and its length by |[x, y]|. If no ambiguity is possible,
the latter will also be denoted by y — x. In contrast to that, [x — y| will denote
the S!-distance between x and y. Hence, in particular, |[y, x]| =1 — |[x, ¥]| and
|x — y| = min{|[y, x]|, |[x, ¥]|}. A family of points #{,...,7y € S! is called an
“ordered family” if Zthl [l#, ti+1]] = 1 with ty41 := #; (or, in other words, if all
the open segments ]¢;, ;1| are disjoint).

Put

9 (R) = {g :R — R right continuous nondecreasing with
gx+1)=g(x)+1forall x € R}.

Due to the required equivariance with respect to the group action of Z, each
map g € $(R) induces uniquely a map 7 (g): s — s1. Put G :=n($(R)). The
monotonicity of the functions in §(R) induces also a kind of monotonicity of
maps in §: each continuous g € § will be order preserving and homotopic to
the identity map. In the sequel, however, we often will have to deal with dis-
continuous g € §. The elements g € § will be called monotone maps of S'.
g is a compact subspace of the L2-space of maps from S! to S' with metric
g1 — g2llz2 = (1 1g1(1) — g2()1>dr) /2.

With the composition o of maps, § is a semigroup. Its neutral element e is the
identity map. Of particular interest in the sequel will be the semigroup §; = §/S'
where functions g, 7 € ¢ will be identified if g(-) = h(- + a) for some a € § L

PROPOSITION 2.2. The map

X:91—> P, g g.Leb

(= push forward of the Lebesgue measure on S' under the map g) and its inverse
x VP =G u gu [with g, as defined in (2.2)] establish an isometry between
the space G equipped with the induced L*-distance

12
lg1 — g2llg, = (inf/ 1) —gz(l+S)|2dt>
sest /st

and the space P of probability measures on S' equipped with the L?-Wasserstein
distance. In particular, $1 is compact.

1

PROOF. The bijectivity of x and x ~" is clear. It remains to prove that

(2.5 dw (i, v) = llgu — gvllg,

for all u, v € #. Obviously, it suffices to prove this for all fully supported, ab-
solutely continuous (., v (or equivalently for continuous, strictly increasing g, gv)



ENTROPIC MEASURE AND WASSERSTEIN DIFFUSION 1121

since the latter are dense in # (or in §1, resp.). For such a pair of measures, there
exists a map F:S' — S (“optimal transport map”) which minimizes the trans-
portation costs [32]. Moreover, this map has at least one fixpoint s € S!. (Other-
wise, small rotations—either to the left or to the right—will reduce the transporta-
tion costs.) Then the map F is an optimal transport map for the mass u on the
segment ]s, 1 + s[ onto the mass v on the segment ]s, 1 + s[. The results from
the previous subsection, hence, imply that the minimal cost for such a transport is
given by [g11g,(t) — gv(t +a)|*dt witha = g; ' (s) — g;' (5).

On the other hand, for each a € S! the map g, (gl:1 (-) + a) pushes forward p
to v. Therefore,

dwe v = [ v =gu(g' )+ a) P = [ 1gu0) = gt +a)Par

which proves the claim. [J
3. Dirichlet process and entropic measure.

3.1. Gibbsean interpretation and heuristic derivation of the entropic measure.
One of the basic results of this paper is the rigorous construction of a measure P?
formally given as (1.1) in the one-dimensional case, that is, M = S or M = [0, 1].
We will essentially make use of the isometries x : G — £ = P (S!), g~ g. Leb
and x : G0 — Po = P ([0, 1]). They allow to transfer the problem of constructing
measures P? on spaces of probability measures & (or &) into the problem of
constructing measures QF (or Qg ) on spaces of functions 1 (or Go, resp.). In

terms of the measure Qg on o, for instance, the formal characterization (1.1)
then reads as follows:

IS
3.1) Qf (dg) = Z;¢ 7o),
Here Qp denotes some “uniform distribution” on $o C L2([0,1]) and S: G0 —
[0, oo] is the entropy functional S(g) := Ent(g. Leb). If g is absolutely continuous
then S(g) can be expressed explicitly as

1
S(g) = — /O log ¢/ (1) dr.

The representation (3.1) is reminiscent of Feynman’s heuristic picture of the
Wiener measure. Let us briefly recall the latter and try to use it as a guideline

for our construction of the measure @g.
According to this heuristic picture, the Wiener measure P with diffusion con-
stant o> = 1/ should be interpreted (and could be constructed) as

1
(3.2) PP (dg) = Z—e*ﬂ'”@ P(dg)
B
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with the energy functional H(g) = % fol g (1)2dt. Here P(dg) is assumed to be
the “uniform distribution” on the space §* of all continuous paths g:[0, 1] - R
with g(0) = 0. Even if such a uniform distribution existed, typically almost all
paths g would have infinite energy. Nevertheless, one can overcome this difficulty
as follows.

Given any finite partition {0 =1 < t; < --- <ty = 1} of [0, 1], one should
replace the energy H (g) of the path g by the energy of the piecewise linear inter-
polation of g

N Y — o(t: )2
Hy(9) =inf{H(2):3 €9, §(t) =g(t) ¥i} = lg(;()t- —gt(-t:;)l

i=1

Then (3.2) leads to the following explicit representation for the finite dimensional
distributions

PP (g, €dxy, ..., g, €dxy)

(3.3) N )
1 B~ |xi —xi—1]
= eXp\ —= -, . pN(d-xla"'a-xN)-
Zg.N ( 2 ; i —ti_1
Here py(dxy,...,xn) =P(g,, €dxy, ..., gy € dxy) should be a “uniform dis-

tribution” on RY and Zg y a normalization constant. Choosing py to be the
N-dimensional Lebesgue measure makes the RHS of (3.3) a projective family of
probability measures. According to Kolmogorov’s extension theorem this family
h%s a unique projective limit, the Wiener measure P# on §* with diffusion constant
oc-=1/p.

Now let us try to follow this procedure with the entropy functional S(g) replac-
ing the energy functional H(g). Given any finite partition {0 =1 <# < --- <
tn < ty4+1 = 1} of [0, 1], we will replace the entropy S(g) of the path g by the
entropy of the piecewise linear interpolation of g

Sn(g) =inf{S(g): & € Go, §(ti) = g(1;) Vi}
N+1
(4) —g(ti—1)
-y log & 8D Ly,
i L — i
This leads to the following expression for the finite dimensional distributions

Qg €dx1..... g, €dxy)

(3.4) Nt
1 + Xi — Xj—1
= exp| B ) log——— - (ti —ti—1) Jgn(dx1, ..., dxN),
Zg.N ( ; h—tiog
where gy (dxy,...,xn) = Qo(g;, € dxi, ..., &y € dxy) is a “uniform distribu-
tion” on the simplex Xy = {(x1,...,xn5) € [0, NMV:0<xy <x2-- <xy <1}

and x0:=0, xy4+1 :=1.
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What is a “canonical” candidate for gx? A natural requirement will be the in-
variance property

gn(dxy,...,dxy)
(3.5) = [(BY-1ik),
X qedxi, ..., dxipk—1)]dgn—i(dx1, ..., dxi—1,dXiqk,...,dxN)

forall 1 <k <N and all 1 <i < N — k + 1 with the convention xg =0,
xy+1 = 1 and the rescaling map 24570, 1[F—> Rk,yj  yj(b—a) + a for
j=1,... k.

If the gn, N € N, were probability measures then the invariance property ad-
mits the following interpretation: under gy, the distribution of the (N — k)-tuple
(X1, ...y Xi—1, Xi4k, ..., Xy) 1s nothing but gy_x; and under gy, the distribution
of the k-tuple (x;, ..., xj+r—1) of points in the interval ]x;_1, xz[ coincides—after
rescaling of this interval—with g;. Unfortunately, no family of probability mea-
sures gy, N € N, with property (3.5) exists. However, there is a family of measures
with this property.

By iteration of the invariance property (3.5), the choice of the measure g; on
the interval X; =]0, 1[ will determine all the measures gy, N € N. Moreover,
applying (3.5) for N =2, k = 1 and both choices of i yields

(3.6) [(E%"),q1(dx2)]1dq1(dx1) = [(E™ ) g1 (dx1)]1dq1 (dx2)

for all 0 < x1 < x2 < 1. This reflects the intuitive requirement that there should be
no difference whether we first choose randomly x; € ]0, 1[ and then x; € ]xy, 1[ or
the other way round, first x, € ]0, 1[ and then x; € ]0, x[.

LEMMA 3.1. A family of measures qy, N € N, with continuous densities sat-
isfies property (3.5) if and only if
dxy ---dxy
xp- (2 —x1) - ey —xn—1) - (I —xpn)

(3.7) qn(dxi,...,dxy)=CN
for some constant C € R,..
PROOF. If g1(dx) = p(x)dx then (3.6) is equivalent to

p(y)-p<§>-£=p(x)-p<)l):i)- lix

for all 0 < x < y < 1. For continuous p this implies that there exists a constant
C € R, such that p(x) = ﬁ for all 0 < x < 1. Iterated inserting this into (3.5)
yields the claim. [J
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Let us come back to our attempt to give a meaning to the heuristic formula (3.1).
Combining (3.4) with the choice (3.7) of the measure gy finally yields

Qb (g, edxi. ... g, €dxy)

(3.8) -
= L H (x; —xi_l)ﬂ(ti—t,-l) dxi --- dxy
ZﬂyN i=1 X1 -(xZ—xl)...(l_xN)

with appropriate normalization constants Zg . Now the RHS of this formula in-
deed turns out to define a consistent family of probability measures. Hence, by
Kolmogorov’s extension theorem it admits a projective limit Qg on the space Go.
The push forward of this measure under the canonical identification x : G0 — $o,
g — g4 Leb will be the entropic measure ]P’g which we were looking for.

The details of the rigorous construction of this measure as well as various prop-
erties of it will be presented in the following sections.

3.2. The measures QF and PP. The basic object to be studied in this section
is the probability measure Q7 on the space §.

PROPOSITION 3.2. For each real number B > O there exists a unique proba-
bility measure QP on §, called Dirichlet process, with the property that for each
N € N and for each ordered family of points t1, 13, ..., ty € S!

QP (g, €dxi, ..., gy €dxy)

r N
_ (B) [ Cig1 —x) PG gx; .. dxy.

N DBUis1 — 1) i

(3.9)

The precise meaning of (3.9) is that for all bounded measurable u : (S")N — R

/gu(g,l,...,gz,v)d(@ﬂ(g)

'B)
N DB -t tin]D

N
% / u(er,..oxn) [ I xig PP gy o dxy
2N

i=l

with Ty = {(x1,...,xn) € SHV: XN |lxi, xi41]l = 1} and xy41 = x1,
tn+1 :=1t1. In particular, with N = 1 this means fgu(g,)d(@’g(g) = [gru(x)dx
foreacht e S'.
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PROOF OF PROPOSITION 3.2. It suffices to prove that (3.9) defines a con-
sistent family of finite dimensional distributions. The existence of Q¥ (as a “pro-
jective limit”) then follows from Kolmogorov’s extension theorem. The required
consistency means that

I'(8)
I Tl i)

‘/;: nl['xl’xl+l]|ﬂ|[ll tl+l]| IM()Cl,...,xN)dxl -..de
N

_ X
-1, 61D L@ M1, el T B - [l 1l

/E TR LR [ BT S 11 [ a1 S
N—-1

x |y, ] P IEvn=
VXL, ey Xk 15 Xk oo XN) AXY - dXp_1dXpqy -+ - dxpy,
whenever u(xy,...,xy) =v(x1, ..., Xk—1, Xk, ..., xy) forall (x1,...,xy) € Zn.

The latter is an immediate consequence of the well-known fact (Euler’s beta inte-
gral) that

/[ 1] |1, xg ]P0 gy gy 1Pt I
Xk—1,%k+

_ DB - ltr—1, 5IDT (B - |7k, k11D N
- F(ﬂ : |[tk—1, fk+1]|) I[xk—l’-xk+l]| .

For s € S! let 6y : 9 — G, g — g o6 be the isomorphism of § induced by the
rotation 6 : S L5 St t+s. Obviously, the measure Qﬁ on § is invariant under
each of the maps 6,. Hence, QF induces a probability measure Qf on the quotient
spaces §1 = §/S".

Recall the definition of the map x : G — P, g— g* Leb. Since (g 0 65) Leb =
g« Leb this canonically extends to a map x : $1 — #. (As mentioned before, the
latter is even an isometry.)

DEFINITION 3.3. The entropic measure PP on £ is defined as the push for-

ward of the Dirichlet process Qf on § (or equivalently, 0f the measure Qf on ¢1)
under the map x. That is, for all bounded measurable u: # — R

/ (i) dPP (1) = f u(g; Leb) d@ﬂ 9).
P g

3.3. The measures @g and Pg. The subspaces {g € $:2(0) =0} and {g €
%0:g(0) = 0} can obviously be identified. Conditioning the probability measure

P onto this event thus will define a probability measure b on 0. However, we
p y 0
prefer to give the direct construction of Qg .
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PROPOSITION 3.4. For each real number B > O there exists a unique proba-
bility measure Qg on $o, called Dirichlet process, with the property that for each

N € Nand each family 0=ty <t; <thp <--- <ty <tyy1 =1
@g(gtl del,...,gtN edxy)

_ I'B)
[[;T(B- {tir1 — 1))

(3.10)

[ [t — x) P gy ey

i
The precise meaning of (3.10) is that for all bounded measurable « : [0, 1]V — R
'/; u(gl‘p'"vgt[v)d(@g(g)
0

_ r'(B)
[T, T (B (tir1 — 1)

N
sz wxr, ..., xn) [[Gipr —xp)P =0 gy oo dxy
N i=0

with Xy = {(x1,...,xn) € 0, 11V:0<x;j<xp < - <x, < 1} and xg =0,
XN+1 =1,1=0, INy1 = 1.

REMARK 3.5. According to these explicit formulae, it is easy to calculate the
moments of the Dirichlet process. For instance,

Eg(gz) :=f% 8 ng(g) =t
0
and

1
Varf (g,) = /9, (g —12dQf () = U
0

forall 8 > 0andall ¢ € [0, 1].

DEFINITION 3.6. The entropic measure Pg on Py = L ([0, 1]) is defined as

the push forward of the Dirichlet process Qg on o under the map y. That is, for
all bounded measurable u : £y — R

| wodBw = | ute-Leb)afo.
5o %o

REMARK 3.7. (i) According to the above construction Qg () = QB(|
g(0)=0) and

B _ o B
/g u(g)dQ () = fg u(g — g(0)) dQP(g),
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! B
/gu(g)d@%g) - /0 /g u(g +x) dQL (g) dx.
0

(i) Analogously, the entropic measures on the sphere and on the unit interval
are linked as follows

1
B _ B
[ wwartan = [ (0w dB () d

or briefly
o gph
dpP :f [(01)« dP]dx
0

where 6, :S! — Sl,y — x 4+ y and éx:ﬂ’ — P:u = (By) . We would like
to emphasize, however, that P# = IP’g . For instance, consider u(u) := [ f du for
some f:S I 5 R (which may be identified with f:[0, 1] — R). Then

/ (i) dPP (1) = / £ da,
?(Sl) S1
whereas

B
/J RCOLEATE / @) pp(x) dx

with pg(x) = 71“(&)1‘(,5(1 ) fo xP=1( — x)BU=D-1 gp,

According to the last remark, it suffices to study in detail one of the four mea-
sures QF, Qg, P# and Pg . We will concentrate in the rest of this chapter on the
measure Qg which seems to admit the most easy interpretations.

3.4. The Dirichlet process as normalized Gamma process. We start recall-
ing some basic facts about the real valued Gamma processes. For o > 0 de-

note by G («) the absolutely continuous probability measure on R4 with density
a—1,—x
mx e .

DEFINITION 3.8. A real valued Markov process (y;);>0 starting in zero is
called standard Gamma process if its increments y; — y; are independent and dis-

tributed according to G (¢ — s) for 0 < s < ¢. Without loss of generality we may as-
sume that almost surely the function t — 4 is right continuous and nondecreasing.

Alternatively the Gamma process may be defined as the unique pure jump
Lévy process with Lévy measure A(dx) =1 x>0§ dx. The connection between
pure jump Lévy and Poisson point processes gives rise to several other equiva-
lent representations of the Gamma process [6, 18]. For instance, let [T = {p =
(px» Py) € IR?} be the Poisson point process on R x R with intensity measure
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dx x A(dy) with A as above, then a Gamma process is obtained by
(3.11) yii= Y. py.
pell: py<t
For B > 0 the process y;.g is a Lévy process with Lévy measure Ag(dx) =
B-1 x>0"x;x dx. Its increments are distributed according to

1
P(yp: —yps €dx) = ———xP U= 1pmx gy
(Vg — vps € dX) B (—s) e " dx

PROPOSITION 3.9. For each B > 0, the law of the process (%)te[o,l] is the

Dirichlet process Qg.

PROOF. This well-known fact is easily obtained from Lukacs’ characteriza-
tion of the Gamma distribution [11]. [

3.5. Support properties.

PROPOSITION 3.10. (i) For each B > 0, the measure Qg has full support
on $o.

(ii) Qg -almost surely the function t +— g(t) is strictly increasing but increases
only by jumps (i.e., the jumps heights add up to 1 and the jump locations are dense
in [0, 1]).

(iii) For each fixed 1o € [0, 1], Qg -almost surely the function t — g(t) is con-
tinuous at tg.

PROOF. (i) Let g€ § C L?([0,1],dx) and € > 0O then we have to show
QP(Be(g)) > 0, where B.(g) = {h € Go:llh — gll2q0,17) < €} For this choose
finitely many points #; € [0, 1] together with §; > O such that the set S :={f €
G |1f(t) — g(t;)| <8; Vi} is contained in B.(g). Clearly, from (3.10) Q?(S) > 0
which proves the claim.

(i) (3.10) implies that Qg -almost surely g(s) < g(¢) for each given pair s < t.
Varying over all such rational pairs s < ¢, it follows that a.e. g is strictly increasing
onR,.

In terms of the probabilistic representation (3.9), it is obvious that g increases
only by jumps.

(iii) This also follows easily from the representation as a normalized Gamma
process (3.9). U

Restating the previous property (ii) in terms of the entropic measure yields that
Pg -a.e. i € Py is “Cantor like.” More precisely,

COROLLARY 3.11. Pg -almost surely the measure € Py has no absolutely
continuous part and no discrete part. The topological support of | has Lebesgue
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measure 0. Moreover,

(3.12) Ent(p) = +00.

PROOF. The assertion on the entropy of p is an immediate consequence of
the statement on the support of 1. The second claim follows from the fact that the
jump heights of g addupto 1. [

In terms of the measure Qg , the last assertion of the corollary states that
S(g) = +oo for Qg—a.e. g € %o.

3.6. Scaling and invariance properties. The Dirichlet process Qg on §o has
the following Markov property: the distribution of g|s,; depends on go, 17\[s,]
only via g(s), g(¢).

And the Dirichlet process Qg on §o has a remarkable self-similarity property:
if we restrict the functions g onto a given interval [s, ¢] and then linearly rescale
their domain and range in order to make them again elements of Gq then this new

process is distributed according to Qg with B/ =8|t —s]|.

PROPOSITION 3.12. Foreach B > 0, and each s, t € [0,1],s <t

and
(3.14) (E”)*Qg _ Qg-lt—sl’

where E': G0 — Go with ES'(g)(r) = —g((l—g%ngg)—g(s) forr €0, 1].

PROOF. Both properties follow immediately from the representation in Propo-
sition 3.10. O

COROLLARY 3.13. The probability measures Qg, B > 0 on Go are uniquely
characterized by the self-similarity property (3.14) and the distributions of g1 2:

T'®)

= TG x(1 —x)1#? 1 dx.

Qg(gl/z €dx)

PROPOSITION 3.14. (i) For B — O the measures @g weakly converge to a
measure Qg defined as the uniform distribution on the set {1;1):t €10, 11} C $o.

Analogously, the measures QP weakly converge for B — 0 to a measure Q°
defined as the uniform distribution on the set of constant maps {t :t € S'} C §.

(i) For B — oo the measures Qg (or QF) weakly converge to the Dirac
mass &, on the identity map e of [0, 1] (or st resp.).
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PROOF. (i) Since the space §¢ (equipped with the L?-topology) is compact,
so is #(%o) (equipped with the weak topology). Hence the family Qg ,B>0is

pre-compact. Let Q8 denote the limit of any converging subsequence of Qg for
B — 0. According to the formula for the one-dimensional distributions, for each
te]0, 1[

5 - r(B)
Qolgr €dn) = oo rBa—n)
—> (1 = 1)8;0)(dx) + t8;1;(dx)

-xﬁt—l(l _x)ﬂ(l—l)—ldx

as 8 — 0. Hence, Qg is the uniform distribution on the set {1, 1;:¢ €10, 1]} C $o.
(i) Similarly, Qg (gr €dx) — 6§;(dx) as B — o0. Hence, 6, with e :t — 1 will
be the unique accumulation point of Qg for 8 > oco. O

Restating the previous results in terms of the entropic measures, yields that the
entropic measures Pg converge weakly to the uniform distribution IP’?) on the set
{(1 = 1)d10) +1d¢1y:1 € [0, 1]} C Po; and the measures PP converge weakly to the
uniform distribution PY on the set {8ry:1 €S Y ¢ » whereas for 8 — oo both, }P’g
and PA, will converge to 8Lep, the Dirac mass on the uniform distribution of [0, 1]
or S!, respectively.

The assertions of Proposition 3.12 imply the following Markov property and
self-similarity property of the entropic measure.

PROPOSITION 3.15. Foreacheach x,y €[0,1],x <y

Pg (lix.y1 € | lf0, 1\ xy1) = Pg(ul[x,y] € lu(lx, yD)

and
]P’ﬂ . =o)= ]P’ﬁ'a .
0(M|[x,y] € -lu([x, yD O‘) 0 (Mx,y €)

with iy € Po (‘rescaling of iul(x,y)’) defined by iy y(A) = /x([+,yl)l“b(x + (v —
x)-A) for AcC|O0,1].

3.7. Dirichlet processes on general measurable spaces. Recall Ferguson’s no-
tion of a Dirichlet process on a general measurable space M with parameter mea-
sure m on M. This is a probability measure Q% ) on P (M), uniquely defined by

the fact that for any finite measurable partition M = UlN:—iIl M; and o; :=m(M;).
QP (w:n(My) €dxy, ..., W(My) € dxy)

-1
— ) B N ON+1
(m(M)) Lo 1(1—2%’) dxy -~ dxy.
i=1

= —xl
4T (o)
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If a map h: M — M leaves the parameter measure m invariant then obviously the
induced map h: P (M) — P (M), u +— hyu leaves the Dirichlet process Q"g’j( M)
invariant.

In the particular case M = [0, 1] and m = 8 - Leb, the Dirichlet process Q% M)
can be obtained as push forward of the measure Qg (introduced before) under the
isomorphism ¢ : Go — ([0, 1]) which assigns to each g the induced Lebesgue—
Stieltjes measure dg (the inverse ¢ ~! assigns to each probability measure its dis-
tribution function):

B
(3-15) @ng([o,l]) = f*Qo-
Note that the support properties of the measure @?7([0,1]) are completely

different from those of the measure Pg . In particular, Q% ([0.17)-almost every
n e P([0, 1]) is discrete and has full topological support; cf. Corollary 3.11. The
invariance properties of Q% (0.1]) under push forwards by means of measure pre-
serving transformations of [0, 1] seems to have no intrinsic interpretation in terms

ong.

4. The change of variable formula for the Dirichlet process and for the
entropic measure. Our main result in this chapter will be a change of variable
formula for the Dirichlet process. To motivate this formula, let us first present an
heuristic derivation based on the formal representation (3.1).

4.1. Heuristic approaches to change of variable formulae. Let us have a look
on the change of variable formula for the Wiener measure. On a formal level, it
easily follows from Feynman’s heuristic interpretation

AP () = e PRI ap)

with the (nonexisting) “uniform distribution” P. Assuming that the latter is “trans-
lation invariant” (i.e., invariant under additive changes of variables—at least in
“smooth” directions /) we immediately obtain

1 ,
dPP(h + g) = Ee—f‘/zfo' (h+8)' (0% d1 gp(jy 4 )

= LR era-p v ogwar 20 ¢ 0Pdr gp(g)

Z
— ¢ B2 WO di=p [y 1 (1) dg(®) gpb (g)
If we interpret fol h'(t)dg(t) as the Itd integral of 4’ with respect to the Brown-

ian path g then this is indeed the famous Cameron—Martin—Girsanov—Maruyama
theorem.
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In the case of the entropic measure, the starting point for a similar argumentation
is the heuristic interpretation

1 -1 /
dQ(g) = e 10128 O ag(g),

again with a (nonexisting) “uniform distribution” Qg on 4. The natural concept
of “change of variables,” of course, will be based on the semigroup structure of
the underlying space Go; that is, we will study transformations of g of the form
g+ h o g for some (smooth) element /i € §. It turns out that @y should not be
assumed to be invariant under translations but merely quasi-invariant:

dQo(h o g) =Y. () dQo(g)

with some density Y. This immediately implies the following change of variable
formula for @g:

1 /
dQ(h o g) = —eP o 0t Ot gy (h o g)
1 B [l logh'(g(1))dt B Jdlogg'()dt 10
:Ze 0 -e”/0 Yh(g)dQO(g)

1 /
— P o oeh @Ot Y00y 4Qf (g).

This is the heuristic derivation of the change of variables formula. Its rigorous
derivation (and the identification of the density Y) is the main result of this chap-
ter.

4.2. The change of variables formula on the sphere. For g, h € § with h € C?
we put

W (ga—) - I’
(o) = [] vh'(gla—)) - H(glat)

4.1)
§(hog)/dgla)

acly

where J, C S ! denotes the set of jump locations of g and

8(hog) (@) = h(g(a+)) —h(gla—))

38 glat) —gla—)
To simplify notation, here and in the sequel (if no ambiguity seems possible), we
write y — x instead of |[x, y]| to denote the length of the positively oriented seg-
ment from x to y in S'. We will see below that the infinite product in the definition

of Y ;3 (g) converges for Qf-a.e. g € . Moreover, for f > 0 we put

B ! B B 0
“2) Xh(g):=exp(/3 fo logh’(g(s))ds), vE () = xP(g) - Y(g).
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THEOREM 4.1. Each C2-diffeomorphism h € G induces a bijective map
7,:9 — G, g — h o g which leaves the measure QP quasi-invariant:

dQP (hog) =Y} (g)dQ(g).

In other words, the push forward of QF under the map T, = 7,1 is absolutely
continuous with respect to QP with density Y f :

d(t,-1):QP (g)
dQF(g)

The function Y,’? is bounded from above and below (away from 0) on .

=7/ (g).

By means of the canonical isometry x : $ — &, g — g« Leb, Theorem 4.1 im-
mediately implies:

COROLLARY 4.2. For each C2-diffeomorphism h € G the entropic measure
PP is quasi-invariant under the transformation p v hy of the space P:

dPP (hyp) = Y} (' () dPP ().
The density Yf (x ~Y(w)) introduced in (4.2) can be expressed as follows

V') - W (1)
|h(DI/11]

’

1
PO G =exp [ o't |- ]
0 Tegaps(u)
where gaps(u) denotes the set of segments I =1I1_, I.[C S' of maximal length
with (1) =0 and |1| denotes the length of such a segment.

4.3. The change of variables formula on the interval. From the representation
of QP as a product of Qg and Leb (see Remark 3.7) and the change of variable
formulae for Qf and Leb, one can deduce a change of variable formula for Qg
similar to that of Theorem 4.1 but containing an additional factor %. In this

case, one has to restrict to translations by means of C2-diffeomorphisms % € §
with 2(0) = 0.

More generally, one might be interested in translations of §o by means of
@2-diffeomorphisms % € . In contrast to the previous situation, it now may hap-
pen that 2’ (0) # A'(1).

For g € G0 and @2—ismorphism h:[0,1] — [0, 1] we put

(4.3) YL 0(®) =X} (8) Yno(g)
with

I
Yh0(8) = AORED) Yy (g)
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and X}’? (g) and Y, ;? (g) defined as before in (4.1), (4.2). Note that here and in the
sequel by a @2-isomorphism / € §o we understand an increasing homeomorphism
h:[0,1] — [0, 1] such that 4 and A~ are bounded in 62([0, 1]), which in partic-
ular implies 4" > 0.

THEOREM 4.3. Each translation tj,:$%9 — %0, g = h o g by means of a
C2-isomorphism h € G leaves the measure Qy quasi-invariant:

dQf(hog) =Y, \(8)dQf(g)
or, in other words,
d(t,-1)<Qh (9)
dQl (9)

The function Y f o is bounded from above and below (away from 0) on G.

= 1] (9.

COROLLARY 4.4.  For each C?-isomorphism h € G the entropic measure IP’g
is quasi-invariant under the transformation ( +— hyu of the space $y:

dP} (1)

1
= log i/ d .
e exp[ﬂ fo ogh' () s)]

1
VI (0) - h'(1)
h' (=) - h'(Iy)
k(DI

[

Tegaps(n)

where gaps(u) denotes the set of intervals I =11_, I [ C [0, 1] of maximal length
with w(I) =0 and |1| denotes the length of such an interval.

REMARK 4.5. Theorem 4.3 seems to be unrelated to the quasi-invariance of
the measure Q?/i([o,l]) under the transformation dg — h - dg/(h,dg) shown in
[15]. Nor is it anyhow implied by the quasi-ivarariance formula for the general
measure valued gamma process as in [31] with respect to a similar transformation.
In our present case the latter would correspond to the mapping dy — h - dy of the
(measure valued) Gamma process dy .

4.4. Proofs for the sphere case.

LEMMA 4.6. For each C2-diffeomorphism h € g

s h(g(tiz1)) — h(g(t;)) 1 Pliri—1)
4.4 xP (o) = 1i [ i+ ; } |
(4.4) (&) kingog) ) — 20D

Here t; = ]%fori =0,1,....,k—1and ty =0. Thus ti;1 — t; := |[t;, ti+1]| = %fOV
all i.
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PROOF. Without restriction, we may assume 8 = 1. According to Taylor’s
formula

h(g(ti+1)) = h(g(®)) +h (g(t)) - (g(ti+1) — g(t:))
+ 30" - (i) — g(1))°
for some y; € [g(#), g(ti+1)]. Hence,

lim 'ﬁ{h(g(r,-m) - h(g(n))}”“—’f
k=00 g(tiv1) —gt)

k—1 1 lit1—1i
= tim T e+ 30" - (stte1) — 5 |

i=0

k—1
= hm exp(Z{[lOgh/(é’(li))

k—00 =
R (i) ) ) g
+1lo g(l + Eh'( ) (g(tit1) — g(tz))>:| (g1 tl)})

k—1
. exp(kgnoxo > llogh'(g(11) - (1 — n)})

i=0

1
=exp( [ logh' (¢()dr) = X} ().

Here (x) follows from the fact that

1 h"(y) (et 1)_g(t.)):h(g(li+1))—h(g(ti)). 1
2h(g) T ; gtiv) —gt)  W(gt)
1
:h/ i)
SRS
>e>0

for some n; € [g(t;), g(ti+1)] and some € > 0, independent of i and k. Thus

k—1 1w ;
Z‘log[l PRS0 (gtiv1) —g(n))ﬂ-(m —1)
i=0

2 ' (g(:))

h" (vi)
h'(g(t))

—1
§C1~Z§ (g(tit1) — ) - (tip1 — i)
=0

k—1

1
<Cy- Z gltiv1) = g(1) - (tiv1 —1) = C3- 7. -
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LEMMA 4.7.  For each C3-diffeomorphism h € §

(4 5) YO( )_ lim kl:[l|:h/( (l‘)) g(ti—l—l)_g(ti) :|
' w8 e L 8 i) — (g |

wheret,-:}(;fori:O,1,...,k—1andtk=0.

PROOF. Let i and g be given. Depending on some ¢ > 0 let us choose / € N
large enough (to be specified in the sequel) and let ay, ..., a; denote the sites in
[0, 1) where the [ largest jumps of g occur. Put Jg* = Jg\{ai1,...,q} and for
simplicity a;41 := a;. For k very large (compared with /) and j =1,...,/ let k;
denote the index i € {0, 1,...,k — 1}, for which a; € [#;, f;11[. Then again by
Taylor’s formula

kjt1—1

, gtiy1) — g(t) ]—1
0 (g(t:)) -
i:gﬂ[ U G e — g )

kiy1—1
J 1n" t;
= ] [1 + 5%(([;)) (gtix1) — g(®))
1 l

i=k;+

1 h"(ni) . )2
Sy (D — 5) ]
(1a) bt 1 &
< eXp( Z log[l + {E(logh/)’(g(t,-)) + 7} (gtiv1) — g(ti))D
i=kj+]

(1b) 1!
< es/l-exp<5 > <logh/>/<g<ri>>~(g(ti+1>—g<fi>>)’

i=k;+1

provided / and k are chosen so large that

&
fi41) = 8| < ——
8 — 8@ < &

foralli €{0,....k — 1}\ {ki. ... ki}, where C; = sup, 2l

On the other hand,

h/(g(tkj+1)) ( g(tij)(l />/ )
_ o R L J
h/(g(tkj“)) P L(lkﬁ-l) 2 08 (s)ds

kjr1—1 /
J 1
= eXP( > [(—logh’) (&(t)) - (gtiv1) — g(1))

i=k;+1 2
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1 ” 1
+ (Elogh/) i) - E(g(fi+l) — g(fi))z})

k]+1 1

@) 1
> e ¢/ exp( Y (ogh") (g()) - (g(tit1) — g(t,)))

i=k;+1

provided / and k are chosen so large that
€
t: — )< —
|g(1+1) g(l)|_C2~l
foralli {0, 1,...,k— 1}\ {k1,..., k;}, where C = sup, |(% logh")”(x)].

Therefore,

, g(tiv1) —g) ]_1
1 (g(1)) -
[l [ ) ) = hg)

Wy,
H W (g, +1)

In order to derive the corresponding lower estimate, we can proceed as before in
(1a) and (2) (replacing ¢ by —e and < by > and vice versa). To proceed as in (1b)
we have to argue as follows

1
]+1 1 /
exp( ) 1og[1+{<51ogh') <g(ri>)—§}-(g(r,-+1>—g(t,-))D

i=k;+1

(10) ik
> 78/ exp( Z (1—¢)- ( logh> (g(ti))-(g(ti+1)—g(ti))>,

i=k;+1
provided / and k are chosen so large that
log(1+C3- (g(tit1) —gt))) = (1 —¢) - C3- (g(tir1) — g(1))

foralli {0, 1,...,k— 1}\ {k1, ..., k;}, where C3 = sup, |(% logh’) (x)].
Thus we obtain the following lower estimate

, g(tiv1) — g() ]1
h t)) -
oL kl_ll}\{kl _____ m[ ) G e = h(g()

Lo e, ]
—2e | Jj+1
=¢ [H h/(g(tk+1))}

J:
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- -~ h(g(tk; 1))
2e C £/2 8k ) .
B II e )
since
Lol R (g(ty.) e /
[l;[ W (g (1, +1))] _CXP(E‘;UOgh (8(tx;,,)) —logh (g(tkj+1))]>
/
< exp(% Cs - [g(tk;,,) — g(;kj+1)]>
j=1
&
= eXP<5C3>,

where C3 = sup, |(logh’)'(x)].
Now for fixed [ as k — oo the bound (I) converges to

LW (g(ajz1-))
I) = % . A
® eLEVh@wﬁ»
and the bound (II) to
) — o=2¢ C—s/z h/(g(aj—&-l—))‘
(= _HVW@@H)

Finally, it remains to consider

/ g(tiv1) — () ]*
h'(g(t)) - = (IID).
mJ}hi(ﬂ”)h@mHD—h@@D {mn

Again for fixed [ and k — oo this obviously converges to

! 1 8(hog)
'y = . i) |-
1 LHW@@—» @)

Putting together these estimates and letting [ — 0o, we obtain the claim. [J

LEMMA 4.8. (i) For all g, h € § with h € C? strictly increasing, the infinite
product in the definition of Y, }? (g) converges. There exists a constant C = C (B, h)
such thatVg € §

1<Yﬂ()<C
c="n&=5r

(i) If hy — h in C* then Y}) (g) — Y}(g).

(iii) Let Y}? . X,f . Yf k denote the sequences used in Lemmas 4.6 and 4.7

to approximate Y? n X f , Yh Then there exists a constant C = C (8, h) such that
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Vge§g,VkeN

L _ s
C =< Yh,k(g) <C.

PROOF. (i) Put C = sup|(logh’)’|. Given g € § and € > 0, we choose k
large enough such that Zaejg(k) lgla+) — gla—)| < €, where J,(k) = Jg \
{a1,as, ..., ar} denotes the “set of small jumps” of g. Here we enumerate the
jump locations ay, az, ... € J, according to the size of the respective jumps. Then
with suitable &, € [g(a—), g(a+)]

VI (gla=)v/H (g(a+))

1
ae%:(k) % d(hog)/(ég)(a)
1 , 1 ) /
< Y |slogh'(g(a=)) + = logh'(g(a—)) —logh'(&(a))
acly(k) 2 2
< Y |C-(sa+) —gla—))|=C e
a€Jg (k)

Hence, the infinite sum

VI (gla=)VH (ga+)) _ VI (gla=)v/H (g(a+))
Z log

=1 1
5(ho8)/(38)(@) kf’éloae%(k) T 5(ho9)/G8)(@)

aelg

is absolutely convergent and thus also infinite product in the definition of Y,? (g)
converges. The same arguments immediately yield

llog¥P ()l < >

aelg

1 1
3 logh'(g(a—)) + 3 logh'(g(a—)) —logh'(§(a))

(4.6)
<C.

(i1) In order to prove the convergence Yhon (g) — Y}? (g), for given g € G we
split the product over all jumps into a finite product over the big jumps and an
infinite product over all small jumps. Obviously, the finite products will converge
(for any choice of k)

Vh,(gla=))y/h, (gla+)) VI (g(a—))/h'(g(a+))
[1 — ]I
§(hnog)/(8g)(a) §(hog)/(6g)(a)
as n — oo provided h, — h in C2. Now let C = sup,, sup, |(logh),) (x)| and
choose k as before. Then uniformly in n
l—[ Vh,(gla=))y/h, (gla+)) <C.e
§(hpog)/(6g)(a)

a€{ay,...,ar}

log

acJg\{ay,....ar}
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(iii) Let Cy =sup, |h’(x)| and C2 = sup, |(logh’)'(x)|. Then for all g and k:

k—1

Xni(@) =[] 1)+~ <Cy
i=0

and

0 R () =
v @ =11 T =exp[2(logh>/(m-(g(a-)—yi)}
i=0 Vi i=0

k—1
< GXP[Cz Y lglt) — m} < exp(Cy)

i=0

(with suitable y;, n; € [g(#;), g(ti+1)] and & € [g(#), yi]). Analogously, the lower
estimates follow. [

PROOF OF THEOREM 4.1. In order to prove the equality of the two measures
under consideration, it suffices to prove that all of their finite dimensional distrib-
utions coincide. That is, for each m € N, each ordered family 71, ..., f,, of points
in S! and each bounded continuous u : (S1)” —> R one has to verify that

J e e h e, ) 40 @)
=/gu<g(z1>,g(rz>,...,g<rm>>-Y,f‘(g)d@ﬁ<g).
Without restriction, we may restrict ourselves to equidistant partitions, that is, t; =

r% fori =1,...,m.Letus fix m € N, 4 and h. For simplicity, we first assume that
h is C3. Then by Lemmas 4.6-4.8 and Lebesgue’s theorem

éu(g(%),...,g(ﬂ) ) (9)dQP(g)
:/%u<g(%),...,g(1)) - lim ¥} ()dQ (g)
e () )
() e s

_mﬁl[h(g((i + 1)/ (km))) — h(g(i/(km)))]ﬁ/<km)
i=0 g((i + 1)/ (km)) — g (i /(km))

dQP(g)
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L r'(p) =
_kli)n;oW\/;llnku(xk’XZk’ ...,ka) 11:[0 h (x,)
mk—1
T thGig) = RGP *™ =V dxy - dix
i=0
. r'(B)
= 11m ————7 7
k—o0 [T'(B/ km)]km
X /S’I“ku(xk’xz}(’ ey Xik)
mk—1
T iz = RGP E " an(xy) - - dh o)
i=0
r
:kgrgow#wﬁrkum1(yk>,hl(m),...,h%ymk»
mk—1
T i — 5P ey - dyu
i=0

:/gu(h—'@(%)),h—l(g(%)),...,h—%g(l))) Q% (g).

Now we treat the general case & € C2. We choose a sequence of C3-functions
h, € § with h,, — h in C2. Then

fg u(h™ (g(0)). h™ (g(12)), ... h™ (g (1)) dQP (g)
= lim_ fg u(hy ' (g(t0), hy ' (8(12)), - by (8(1m))) dQP ()
= Jim_ [ u(e (), 5. g0 -, (@400

=/gu(gm>,g(tz>,...,g<rm)>-Y,f(g)d@ﬂ<g>.

For the last equality, we have used the dominated convergence an (g) =Y f (2)
(due to Lemma 4.8). [

4.5. Proof for the interval case. The proof of Theorem 4.3 uses completely
analogous arguments as in the previous section. To simplify notation, for # €
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C'([0, 1), k e Nlet Xpx, ¥} : Go — R be defined by

S Th(g(ti41) — h(g (1)) 17"
Xh’k(g):ig[ g(ti+1) — g (@) }

and
gt) —g) 1A g(tis1) — (1)
Y0, (g) 1= [ ] [h’(g(r-)) - }
ok h(g(t1)) — h(g(10)) E[l Y h(g(tig)) — k(g ()
where ; = % with i =0, 1, ..., k. Similar to the proof of Theorem 4.1 the mea-

sure Qg satisfies the following finite dimensional quasi-invariance formula.
For any u : [0, 117"!' > R, m,l €N and Gl—isomorphism h:[0,1]— [0, 1]

/9 u(h ™ (g(t1), k= (g(12)), ..., k™ ((tm—1))) dQf (9)
0

~ é w(g(t), g(12), s 8lm—1)) - X 1,1 (8) - YD 1n(8) dQ (2),
0

where f; = r’n— i=1,...,m — 1. The passage to the limit for letting first / and
then m to infinity is based on the following assertions.

LEMMA 4.9. (i) For each Gz-isomorphism heboand g e Go
Xn(g) = lim X x(g).
k— 00

(ii) For each C3-isomorphism h € Go and g € $o

klim Y;?,k(g)
. VI (g(a+)) - h(g(a—))
acy, S(hog)/(@g)a)
| 1, ifg(l—)=g(1),

. h'(g(1-))
) Vh (g(0))-h'(g(1-)) 50 o :)/(8g)(1)’ else,

where Jo C10, 1[ is the set of jump locations of g on 10, 1[. In particular,

Jim Y0, (9) = Yaolg)  for Qp-aes.

(iii) For all g € Go and C*-isomorphism h € G, the infinite product in the
definition of Yy,0(g) converges. There exists a constant C = C(B, h) such that
Vg € Go

1

z < Yl o(e) <C.
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(iv) If hy — h in C%([0, 11, [0, 11) with h as above, then Y% (g) — Y, 1 (g).
(v) Foreach 63-is0m0rphism h € G there exists a constant C = C(f, h) such
thatVg € §,Vk e N

]
o< X} (8) - YL (g) <C.

PROOF. The proofs of (i) and (iii)—(iv) carry over from their respective coun-
terparts on the sphere, Lemmas 4.6 and 4.8 above. We sketch the proof of state-
ment (ii) which needs most modification. For & > 0 choose / € N large enough and
let ap,...,a;—1 denote the [ — 2 largest jumps of g on ]0, 1[. For k very large
(compared with /) we may assume that ap,...,a;—» e]%,l — %[. Put a; := %
a:=1-— % For j =1,...,1 let k; denote the index i € {1, ...,k — 1}, for which
aj € [t;, ti41[. In particular, k; = 1 and k; = k — 1. Then using the same arguments
as in Lemma 4.7 one obtains, for k and / sufficiently large, the two-sided bounds

W (gt,.))
=
. H W (gt 41))

' (g(1) -

I [ g(tiv1) — g(ti) ]—1
iefl,..., k—1\ k1, ..., k- h(g(tl"rl))_h(g(tl))

| P ,))
h' (g (tk;+1))

For fixed [ and kK — oo the bounds (I) and (II) converge to

1) — 2 [N (ga2—) ﬂ W (g(ajz1—)) \/ W (g(1-))
' (g(0)) W(glaj+) \ h(gla—1+)
and
)= 2. o h' (g(ar—)) h'(g(ajt1-)) \/ W(g(1-)
ary=e V H (g 0) H W(gai+) \ I (ga—1+)

It remains to consider the three remaining terms

/ g(tiv1) — g(t) ]_1
1) = R (g(t))) -
(i iG{szk1_1}[ (8(1)) h(g(tiy1)) —h(g(t))

which for fixed / and k — oo converges to

=l 1 S(hog)
r'y = . i) |
) E[h/(g(aj—» )]

oo [0 (1) s T

— (ID).
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converging by right continuity of g to

(IV)) =1’ (g(0))

-l il

which tends, also for k — oo, to

and

1, if g continuous in 1,
N=18(h 1
V) (hog) 4 / . else.
g h'(g(1-))
Combining these estimates and letting [ — oo, we obtain the first claim. The sec-
ond claim in statement (ii) follows from the fact that g is continuous in t = 1

Qg -almost surely. [J

5. The integration by parts formula. In order to construct Dirichlet forms
and Markov processes on §, we will consider it as an infinite dimensional mani-
fold. For each g € §, the tangent space T,$ will be an appropriate completion of
the space C*®°(S!, R). The whole construction will strongly depend on the choice
of the norm on the tangent spaces T, §. Basically, we will encounter two important
cases:

e in Chapter 6 we will study the case 7,4 = H*(S ! Leb) for some s > 1/2, in-
dependent of g; this approach is closely related to the construction of stochastic
processes on the diffeomorphism group of S! and Malliavin’s Brownian motion
on the homeomorphism group on S'; cf. [20].

o in Chapter 7 we will assume T, § = L%(S', g, Leb); in terms of the dynamics on
the space 2 (S!) of probability measures, this will lead to a Dirichlet form and
a stochastic process associated with the Wasserstein gradient and with intrinsic
metric given by the Wasserstein distance.

In this chapter, we develop the basic tools for the differential calculus on §. The
main result will be an integration by parts formula. These results will be indepen-
dent of the choice of the norm on the tangent space.

5.1. The drift term. For each ¢ € @®(S!, R), the flow generated by ¢ is the
map ¢, :R x S! — S!, where for each x € S! the function ey, x):R — st
t > ey(t, x) denotes the unique solution to the ODE

dx,

(5.1 TR

with initial condition xo = x. Since e, (f, x) = e;,(1, x) for all ¢, 7, x under con-
sideration, we may simplify notation and write e, (x) instead of e, (¢, x).
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Obviously, for each ¢ € €*(S!, R) the family ey, t € R 18 a group of orienta-
tion preserving, C*°-diffeomorphism of S'. [In particular, ey is the identity map e
on S!, €1y O €5y = €(145)p forall s, € R and (e(/,)_1 =e_g4.]

Since %ew (x)]t=0 = ¢(x) we obtain as a linearization for small ¢

(5.2) erp(X) = x +1tp(x).
More precisely,

letp(x) — (x +19(x))| < C - t2
as well as

a ! 0] <C.p
‘aetw(x)—< +ta<ﬂ(x)>‘_ 1

uniformly in x and |¢| < 1.
For ¢ € C°(S!, R) and B > 0 we define functions Vf 14— Rby

Vi) = V@ +B [ ¢ (gtdx

where

53) V() — [@’(g(a+))+<0/(g(a—))_w(g(a+))—w(g(a—))]
oY W= 2 2 glat) — ga—)

aelg

LEMMA 5.1. (i) The sum in (5.3) is absolutely convergent. More precisely,

V0 ¢'(gla+) +¢'(ga—))  ¢(gla+)) —p(gla—))
Ve ()] saezjg 5 2@t) — ga")

1 4
=5 [ 1w/ wldx
and
b 1/2 : "(x)|dx.
Vi@I= 1248 [ 10" dx
(i1) Foreach B =0

9 9
Bloy—= 2 yh _ O yp
(5.4) Vo (&)= atY%(g)’,:O_ o7 Yerip(8)

=0
PROOF. (i) According to Taylor’s formula, for each a € J,
¢'(gla+)) +¢'(ga—)) d(gog)
2 og

1 /g(a+) /g(a+) ( ) o () dyd
= sgn(y —x) - ¢"(y)dydx.
2(gla+) — gla—)) Jgta—) Jga—)

(@)
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Hence,

2

aclg

¢'(glat)) +¢'(ga—)) d(pog)
2 og

(a)'

IA

gla+) /g(a+) ( ) //( Vdyd
sgn(y —x) - ¢ (y)dydx
(gla+) — g(a ) Jea— Je@—)

1
22

A
l\)l

Iw”(y)l dy
POy

_1 / 10" ()| dy
2 Jst '

Finally,

< sup I/l < [ 16" ()l dy.
yESl S

[ o eanax

(i1) Let us first consider the case 8 = 0.

9 log ew(g)' [hog(iew)(g(a—i-))
o1 L2 \ox
+ %log<%€w>(8(a—)) — log (S(e’g;(:‘g)(a)] o
= a;jg %B log<%€t¢>(8(a+))
+%1og(%et¢)<g(a—))—log8( wo8) >] Y

In order to justify that we may interchange differentiation and summation, we
decompose (as we did several times before) the infinite sum over all jumps in J,
into a finite sum over big jumps ay, ..., a; and an infinite sum over small jumps in
Jg(k) = Jg \ {a1, ..., ar}. Of course, the finite sum will make no problem. We are
going to prove that the contribution of the small jumps is arbitrarily small. Recall
from Lemma 4.8 that

) B log(%ezw)(g(a-i-)) i1 log(aiew)@(a ~)) —log %"”(a)]

acJg (k)

<C- Y lgla+) —gla)],

aelJq (k)
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where C; := sup, |%log(%et¢)(x)|. Now C; < C - |¢t] for all |t| <1 and an ap-

propriate constant C. Thus for any given € > 0

Dy [% log(%ezw)(g(aﬂ)

acJg (k)

1 d
+—log(8—ew)<g(a—»—1 Sewod) )}
X

<e
2 og -

t=0
provided k is chosen large enough [i.e., such that C - ), Joy 18(at) —
g(a—)| < €]. This justifies the above interchange of differentiation and summa-
tion.

Now for each x € §!

0 0
1 =¢
” < og o~ et(p(x)) e (x)
since the linearization of e;, for small ¢ yields
0
erp(X) X~ x +1p(x), aet(p(x) ~ 141 (x).

Similarly, for small # we obtain

S(erpo8) @~14t- 3(pog) @
g

88
and thus
Bbeor) I o) o
at  8g =0 og
Therefore,
8 0
5, ogY,, (g)‘ =V, (8).
On the other hand, obviously
A log?, (g)'
97 ety ew 0

since Y? (g)=1.

2
Finally, we have to consider the derivative of X, . Based on the previous argu-

ments and using the fact that log( 5 €1e)(x) is uniformly bounded in 7 € [—1, 1]
and x € S! we 1mmed1ately see

a a
srtoe X, @ = [ tog( e e dy

x5
= | —log(—e
sior B\ax )|y

t=0

ey = [ ¢c0ndy.
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Again X, (g) = 1. Therefore,

ad
_ B
8t [Xenp ] (g)

pr— . / d
L B /Slw(g(y)) y
and thus

0
5 Yo, @

=Vl (9.

t=0

This proves the first identity in (5.4). The proof of the second one Vf (g) =
%Yeﬂ o (g)]¢=0 is similar (even slightly easier). [

5.2. Directional derivatives. For functions u : § — R we will define the direc-
tional derivative along ¢ € (S, R) by

1
(5.5) Dyu(g) := lim —[uler, 0 g) — u(g)]

provided this limit exists. In particular, this will be the case for the following
“cylinder functions.”

DEFINITION 5.2.  We say that u: § — R belongs to the class G¥(§) if it can
be written as

(5.6) u(g)=U(g(x1),...,gxm))

for some m € N, some xi, ..., X, € S! and some CX-function U : (Sl)m — R.

It should be mentioned that functions u € G¥ (4) are in general not continuous

on §.

LEMMA 5.3.  The directional derivative exists for all u € G'(4). In particular,
for u as above

1
Dyu(g) = tll_rg(l) ;[u(g +1-pog)—u(g)l

=Y U gD, ..., g(xm)) - 9(g(x;))

i=1

with ;U = %U Moreover, D, : &%(§) — &*~1(4) for all k e NU {00} and

||D¢M||L2(Qﬁ) = ﬂ VU]l - ||‘P||L2(S1)~
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PROOF. The first claim follows from

ad
Dyu(g) = —U(ew(g(m)) - erp(8(Xm))) .
=

0
=Za Ulerg(g(x), - erg(80im)) - —-erg (8(xi

i=1
Z iU(g(x1), ..., g(xm)) - p(g(x:))
3

U(gx1) +1o(g(x1), ..., g(xm) + to(g(xm)))

t=0
1
= hII(l) [u(g+1t-9og)—u(gl

For the second claim,

m 2
IIDWIIiz(Qﬂ)=é(;8iU(g(x1),---,g(xm))-w(g(xi))) dQ’(g)
< fg (Z(aiw%g(xl), e 8(m) - Z¢2(g<x,-))) dQP(g)
i=1 i=1

< IVUIE- Y [ 9@
=178

—m- VUL - [ 20)dy. -

5.3. Integration by parts formula on . For ¢ € C°(S!, R) let D denote the
operator in Lz(g,, Q%) adjoint to D, with domain S! (%).

PROPOSITION 5.4.  Dom(D}) D &'(4) and for all u € &'(§)
(5.7) Diu=—Dyu—V}-u

PROOF. Letu,v e &'(4). Then

1
[ Dou-va@? =tim - [luter, 0 8) ~ u(@)] - v(e)dQ (¢)
1
=lim [ 1) viesg00) - Y, —u(®)-v(@)1dQ (g)

1
= lim / u(g) - ey 0 g) — v(g)1dQP(g)
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+ lim l/u(g) -v(g) - y? — 1]dQ’3(8)
1—0t ¢ty
1
+}illg);/u(g) Tule—rg08) —v(@)] - [¥Yf, —11dQP(g)
:—[u-D(pvd(@ﬁ(g)—/u-v-Vfd@'B(g)—i-O.

To justify the last equality, note that according to Lemma 4.8 |log Y£¢| <C-|t
for |t| < 1. Hence, the claim follows with dominated convergence and (5.4). [J

COROLLARY 5.5.  The operator (D, 61(9)) is closable in Lz(Qﬂ). Its clo-
sure will be denoted by (Dy, Dom(Dy)).

In other words, Dom(D,) is the closure (or completion) of G! (4) with respect
to the norm

1/2
U </[u2+ (Dyu)?] d@ﬁ) .

Of course, the space Dom(D,) will depend on B but we assume 8 > 0 to be fixed
for the sequel.

REMARK 5.6. The bilinear form

(5.8) Ep(u, v) ::/D(pu-D(pdeﬂ, Dom(€,) := Dom(D,)

is a Dirichlet form on Lz(g, Q#) with form core 6°°(4). Its generator (L,
Dom(L,)) is the Friedrichs extension of the symmetric operator

(=D} 0 Dy, &%(9)).

5.4. Derivatives and integration by parts formula on 9. Now let us have
a look on flows on [0, 1]. To do so, let a function ¢ € C°°([0, 1], R) with
¢(0) = ¢(1) = 0 be given. [Note that each such function can be regarded as
/RS C*(S!, R) with ¢(0) = 0.] The flow equation (5.1) now defines a flow e,
t € R, of order preserving C*° diffeomorphisms of [0, 1]. In particular, e;,(0) =0
and ¢;,(1) =1 forall r € R.

Lemma 5.1 together with Theorem 4.3 immediately yields:

LEMMA 5.7. For ¢ € C®([0, 11, R) with ¢(0) = ¢(1) = 0 and each > 0

¢'(0) +¢'(1)

. =V (9.

9 8 B
(5.9) oV 0®)] _ =Vi@ -



ENTROPIC MEASURE AND WASSERSTEIN DIFFUSION 1151

For functions u: 49 — R we will define the directional derivative along ¢ €
C*°([0, 1], R) with ¢(0) = ¢(1) = 0 as before by

1
(5.10) Dyiu(g) :=lim —[u(ery o ) — u(g)]

provided this limit exists. We will consider three classes of “cylinder functions”
for which the existence of this limit is guaranteed.

DEFINITION 5.8. (i) We say that a function u : 4o — R belongs to the class
@k(go) (for k e NU {0, oo}) if it can be written as

(5.11) ue=u( [ f(r)g(r)dr)

for some m € N, some f = (f1,..., fm) Wwith f; € L?([0, 1], Leb) and some
C*-function U:R™ — R. Here and in the sequel, we write [ f(t)g(t)dt =

(o itDg)dt, ..., o fu(®g®)dr).
(i) We say that u : 4o — R belongs to the class 6"(90) if it can be written as

(5.12) u(@)=UEkxn,...,80xm))

for some m € N, some x1, ..., X, € [0, 1] and some C¥-function U : R” — R.
(iii) We say that u : §o — R belongs to the class 3*(4o) if it can be written as

(5.13) u(g) = U( / &(gs>ds)

with U as above, @ = (ai,...,0,) € CX(0,1],R™) and [a(gy)ds =
(o @1(gs)ds. ... Jo am(gs) ds).

REMARK 5.9. For each ¢ € C®(S!,R) with ¢(0) = 0 (which can be re-
garded as ¢ € C*°([0, 1], R) with ¢(0) = ¢(1) = 0), the definitions of D, in
(5.5) and (5.10) are consistent in the following sense. Each cylinder function
ue 61(9,0) defines by v(g) :=u(g — go) (Vg € ) a cylinder function v € 61(3)
with Dyv = Dyu on §. Conversely, each cylinder function v € G'(9) defines by
u(g) :=v(g) (Vg € $o) a cylinder function u € 61(90) with Dyv = Dyu on §.

LEMMA 5.10. (i) The directional derivative Dyu(g) exists for all u €
61(90) U 61(9,0) U 31(90) (in each point g € G and in each direction ¢ €
([0, 11, R) with ¢(0) = ¢(1) = 0) and Dyu(g) = lim,_o u(g +1-¢ 0 g) —
u(g)]. Moreover,

D¢u<g>=fam( [ Fwswar)- [ fopanar
i=1
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for each u € €'(§¢) as in (5.11),

Dyu(g) =) iU@Ex1), ..., g(xm)) - p(g(x:))

i=1

foreach u € 61(90) as in (5.12) and
Doute) =Y a,0( [ateds)- [aiteezds
i=1

for each u € 3'(0) as in (5.13).
(ii) For ¢ € C*°([0, 1], R) with ¢(0) = ¢(1) =0 let D:;,o denote the operator

in L*($0, Qg) adjoint to Dy,. Then for all u € c'(G0) UG (G0) U3 (o)

(5.14) D gu=—Dyu— V0o u.

»,0

PROOF. See the proof of the analogous results in Lemma 5.3 and Proposi-
tion 5.4. [

REMARK 5.11.  The operators (D, €'(40)), (Dy, &' (0)) and (Dy, 3'(§0))
are closable in Lz(@g). The closures of (D, e:l(go)), (D¢,31(9,o)) and (D,

S! ($0)) coincide. They will be denoted by (D, Dom(D,)). See (proof of) Corol-
lary 6.11.

6. Dirichlet form and stochastic dynamics on §. At each point g € §,
the directional derivative Dyu(g) of any “nice” function u on § defines a lin-
ear form ¢ — Dyu(g) on C>°(S). If we specify a pre-Hilbert norm || - g on
C>°(S1) for which this linear form is continuous then there exists a unique ele-
ment Du(g) € TG with Dyu(g) = (Du(g), ¢), for all ¢ € C>®(S1). Here T, %
denotes the completion of € (S') with respect to the norm || - || g

The canonical choice of a Dirichlet form on § will then be (the closure of)

61 &Wv)= [9<Du(g), Du(g))gdQP(g).  u.ve&'(G).

Given such a Dirichlet form, there is a straightforward procedure to construct an
operator (“generalized Laplacian™) and a Markov process (“generalized Brownian
motion”). Different choices of || - || in general will lead to completely different
Dirichlet forms, operators and Markov processes.

We will discuss in detail two choices: in this chapter we will choose | - ||,
(independent of g) to be the Sobolev norm || - || gs for some s > 1/2; in the re-
maining chapters; || - || will always be the L%-norm ¢ +— (g1 @(g)?dn'/? of
L%(S', g, Leb).

For the sequel, fix—once for ever—the number 8 > 0 and drop it from the
notations, that is, Q := QF, V= Vf, etc.
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6.1. The Dirichlet form on 4. Let (Yr)ren denote the standard Fourier basis
of L%(S"). That is,

Yok (x) = /2 - sin(2mkx), Yokt (x) = /2 - cos(2kx)

for k =1,2,... and ¥((x) = 1. It constitutes a complete orthonormal system in
L*(S"): each RS L?(S") can uniquely be written as ¢(x) = > 72 ¢k - Yx(x) with
Fourier coefficients of ¢ given by ¢ := [g1 ¢(y) ¥ (y) dy. In terms of these Fourier
coefficients we define for each s > 0 the norm

0o 172
6.2) ol s == (c% +) K (G + c%km)
k=1
on C®(S!). The Sobolev space H*(S 1) is the completion of C*°(S 1y with respect

to the norm || - || gs. It has a complete orthonormal system consisting of smooth
functions (¢x)keN. For instance, one may choose

6.3)  @u(x) =2k - sin(2mkx), @21 (X) =2 k75 - cos(Qkx)

fork=1,2,...and p;(x) = 1.

A linear form A : C®(S!) — R is continuous with respect to || - || z7s—and thus
can be represented as A(p) = (Y, ¢)gs for some € H*(S") with lVllgs =
| A|| gs—if and only if

0o 1/2
(6.4) ||A||Hs:=<|A<w1>|2+2k2s-(|A<wzk)|2+|A(w2k+1>|2)) < o0.

k=1

PROPOSITION 6.1. Fix a number s > 1/2. Then for each cylinder function
u € 6(4) and each g € 4, the directional derivative defines a continuous linear
form ¢ — Dyu(g) on C®(SY) ¢ HS(SY). There exists a unique tangent vector
Du(g) € H*(S") such that Dyu(g) = (Du(g), ¢)us forall ¢ € C®(Sh).

In terms of the family ® = (¢i)ken from (6.3)

Du(g) =) Dyu(g) - (")
k=1

and

(6.5) IDu()ll7s =Y | Dgu(g).
k=1

PROOF. It remains to prove that the RHS of (6.5) is finite for each u and g
under consideration. According to Lemma 5.3, for any u € G($) represented as
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in (5.12)

00 00 /m 2
Y 1Dgu(g)l* = Z(Z U (g(x1), ..., g(xm)) -wk(g(xi)))

k=1 k=1 \i=1

<m-|VU|% -

o
> o;
k=1

And, indeed, the latter is finite for each s > 1/2. [

o
=m-||VU||§O-<1+4Zk2~‘>.
o0

k=1

For the sequel, let us now fix a number s > 1/2 and define
(6.6) E(u,v)= /9(Du(g), Dv(g))us dQ(g)

foru,v e &! (%). Equivalently, in terms of the family ® = (@¢)xen from (6.3)

6.7) Ewn)=Y / Dy, u(g) - Dy v(2) dQ().
k=178

THEOREM 6.2. (i) (8, 8(Q)) is closable. Its closure (§, Dom(§)) is a reg-
ular Dirichlet form on L*(§, Q) which is strongly local and recurrent (hence, in
particular, conservative).

(i1) Foru e 61(9) with representation (5.6)

o0 m 2
8<u,u>=Z/g(za,v(g(xl),...,g(xm>>-<ok<g<xl~>>> dQ(g).
k=1 i=1

The generator of the Dirichlet form is the Friedrichs extension of the operator L
given on G%(§) by

Lu(g)=Y_ > 8;0;U(g(x1),....80xm)ex(g(xi)ex(g(x;))

ij=1k=1

DU, .., m))g (8(xi) + Vi ()]er (g(xi)).
1k=1

+

m
1=

(iii) 3'(9) is a core for Dom(€) (i.e., it is contained in the latter as a dense
subset). For u € 3! (9) with representation (5.13)

& u) =k§ /9i (éaﬂf( / &(g,)dt) gl a,f(g»m(g»dt)zd@(g).
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The generator of the Dirichlet form is the Friedrichs extension of the operator L
given on 3%(§) by

Lu(g) =Y ZaiajU( / &<g1)dr) [ aitenecendr - [ ooz dr

i, j=1k=1
m oQ
+ZZa,-U</&(g,)dr)
i=1k=1

x {v¢k<g> + [l e +a;(gt)¢,;(gf><ok<gt>]dt}.

v e intrinsic metric can be estimated from below in terms o e
iv) Th t tric p b timated bel t th
L?%-metric:

p(g.h) = fllg Al

REMARK 6.3. All assertions of the above theorem remain valid for any &
defined as in (6.7) with any choice of a sequence ® = (¢ )ren of smooth functions
on S!' with

o0

= 1>t

(6.8) < 00.

o0

[This condition is satisfied for the sequence from (6.3) if and only if s > 1/2.]
The proof of Theorem 6.2 will make use of the following

LEMMA 6.4. (i) Dom(&) contains all functions u which can be represented

as
(6.9) u(@=Ug— fillgzs---. 18 = fmllp2)
with some m € N, some f1, ..., fn €% and some U € GI(R’",R).
For each u as above, each ¢ € C>®(SY and Q-a.e. g8€$%
m
Dyu(g) =Y iUlg— fillz2: -, I8 = full12)
i=1
. lg(t) — fi (@)l
/ Slgn(g(f)—fi(t))uw(g(t))dt,
s! g — fillz2

where sign(z) := +1 for z € S with |[0, z]| < 1/2 and sign(z) := —1 for z € S!
with |[z,0]] < 1/2.
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(i) Moreover, Dom(&) contains all functions u which can be represented as

(6.10) u(g) =U(8e (X1)s -+ 8¢, (Xm))
with some m € N, some x1,...,Xy, € S, some €l,...,€n €10, 1] and some U €
el(sh™ R.

Here g.(x) := f;+€ g()dt € S for x € S and 0 < € < 1. More precisely,

ge(x) := n(/ﬁéﬂ_lg(t)dt),

where 7 : §(R) — § (cf. Section 2.2) denotes the projection and w~':§ — G(R)
the canonical lift with n_l(g)(t) elgx),gx)+1]CRforte[x,x+1]CR.
For each u as above, each ¢ € C®(S') and each g € §

Xi+€;

i 1
Dyu(g) = 3V (@0 (). v gey o) — [ wlg®)ar
i=1

1 JX
(iii) The set of all u of the form (6.10) is dense in Dom(§&).
PROOF. (i) Let us first prove that for each f € §, the map u(g) = ||lg — f|l;2

lies in Dom(&). For n € N, let 7, : ¢ — G be the map which replaces each g by
the piecewise constant map:

nn(g)(t):=g(’%) fort e |:i,i+1|:.

n n

Then by right continuity 77,(g) — g as n — oo and thus

o(5)- (D) = [ ko rora

Therefore, for each g € ¢ as n — oo

1 n—1

2

n i=0

61 @ =Un(s0( ) g () — ute,

where U, (x1,...,x,) := (% Z?:_ol dy(xiy1 — f(;l;))z)l/2 and d,, is a smooth ap-
proximation of the distance function x > |x| on S! (which itself is nondifferen-
tiable at x =0 and x = %) with |d)| < 1 and d,,(x) — |x| as n — c0. Obviously,
u, € 6(9).

By dominated convergence, (6.11) also implies that u, — u in Lz(g,(@).
Hence, u € Dom(&) if (and only if) we can prove that

sup & (u,) < oo.
n
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But

8<un)=l§/;éa,-vn(gm),g(%),...,g(”;1))-wk(g(igl))‘zd@<g)
sé/g liw%(g(" - 1))d@<g> =k§ lgell2, < oo,

n-: n
i=1

uniformly in n € N. This proves the claim for the function u(g) = ||lg — flI;2.

From this, the general claim follows immediately: if v,, n € N, is a se-
quence of G'(§) approximations of g > |lg — 0]l;2 then u,(g) := U(v,(g —
f1), ..., vn(g — fin)) defines a sequence of 61(3) approximations of u(g) =
U(lg — N “Lz’ s llg = fm||L2)

(i) Again it suffices to treat the particular case m = 1 and U = id, that is,
u(g) = ge(x) for some x € S! and some 0 < € < 1. Let g € §(R) be the lifting
of g and recall that u(g) = n(%fx“g(t) dt). Define u, € 6'(4§) for n € N by

X
u,(g) = 71(% Z?:_()l glx + :1—.6)). Right continuity of g implies u, — u as n — 0o
pointwise on § and thus also in L?(g, Q). To see the boundedness of & (u,) note
that Dyu,(g) = % Z?:_l @(g(x + €)). Thus

o0 1 n—1 . 00
s =Y. [ -3 ei(s(x+ Le) ) a0t = X ol < oo
k=178 20 n k=1

(iii)) We have to prove that each u € S! (§) can be approximated in the norm
(B EEN10) & by functions u, of type (6.10). Again it suffices to treat the
particular case u(g) = g(x) for some x € S!. Choose un(g) = g1/n(x). Then by
right continuity of g, u,, — u pointwise on § and thus also in L>(4, Q). Moreover,
Dyu,(g) =n f;‘H/n @(g(t))dt (for all ¢ and g) and therefore

0 x+1/n 0
s =Yon [ gRe)drdQ) = Y ol < oc.
k=1 % k=1 O

PROOF OF THEOREM 6.2. (a) The sum & of closable bilinear forms with com-
mon domain &' (§) is closable, provided it is still finite on this domain. The latter
will follow by means of Lemma 5.3 which implies for all u € &'(4) with repre-
sentation (5.11)

o0 m 2
e(u,u):Zé(ZaiU<g(x1>,...,g<xm))-cok(g(xi))) dQ(g)
k=1 i=1

o0
2 2
<m- VU - D el < 00
k=1

Hence, indeed € is finite on &! (9).
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(b) The Markov property for & follows from that of the &y, (u, v) = fg Dy,u -
Dy vdQ.

(c) According to the previous lemma, the class of continuous functions of
type (6.10) is dense in Dom(&). Moreover, the class of finite energy functions
of type (6.9) is dense in C(4) [with the L? topology of § C L?(S"); cf. Proposi-
tion 2.1]. Therefore, the Dirichlet form & is regular.

(e) The estimate for the intrinsic metric is an immediate consequence of the
following estimate for the norm of the gradient of the function u(g) = ||g — fl;2
(which holds for each f € § uniformly in g € §):

([ 8(1) — fi®)] ?
Du()|? = P A LA d
1Du(g)l k§:1;( [, siente@ — o) 2 R a0 at)

s 00
<3 fyetemdn = Sl =ic.

(f) The locality is an immediate consequence of the previous estimate: Given
functions u, v € Dom(&) with disjoint supports, one has to prove that & (u, v) = 0.
Without restriction, one may assume that supp[u] C B, (g) and suppl[v] C B, (h)
with ||g — hll;2 > 2r + 25. (The general case will follow by a simple covering
argument.) Without restriction, u, v can be assumed to be bounded. Then |u| <
Cws,g and |v| < Cws,j, for some constant C, where

1
ws, o (f) = [§(F+8 —f—gll2) A 1} v 0.

Given u,, € &'(4) with u,, — u in Dom(€) put
Uy = (up A wé,g) \% (_w(S,g)-

Then u,, — u in Dom(&). Analogously, v,, — v in Dom(&) for v, = (v, Aws ) V
(—ws.5). But obviously, & (u,, v,) = 0 since u, - v, = 0. Hence, & (u, v) =0.

(g) In order to prove that 3! () is contained in Dom(§&) it suffices to prove that
eachu € 31(3) of the form u(g) = [ «(g;) dt can be approximated in Dom(§&) by
u, € '(9). Given u as above with « € C'(S',R) put u,(g) = %Z?:l o(gi/n)-
Then u,, € 61(9), u, — uon§ and

1 n
Dyun() = — > o (giym)e(gim) — /a/(gr)so(gz)dt = Dyu(g).
i=1
Moreover,

2
dQ(g)

8<un,un>=fg2
k

1 n
- Za/(gi/n)‘/’k(gi/n)
iz

1L :
sc.é;;a(g,'/nfd@(g):c-fsla<r>2dt
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uniformly in n € N. Hence, u € Dom(&) and
2
) = Jim Eun. ) = [ ;‘ [ & @otenar| dQce).

(h) The set 31(9) is dense in Dom(§&) since according to assertion (ii) of the
previous lemma already the subset of all u of the form (6.10) is dense in Dom(§).

Finally, one easily verifies that 32(§) is dense in 3'(§) and (using the inte-
gration by parts formula) that L is a symmetric operator on 3%(4) with the given
representation. [

COROLLARY 6.5. There exists a strong Markov process (g;)r=0 on $, asso-
ciated with the Dirichlet form &. It has continuous trajectories and it is reversible
with respect to the measure Q. Its generator has the form

1 1 1
_L:_ZDkawk"‘_ZV(pk'D«)k
2 2 p 2 p

with {¢r}reN being the Fourier basis of HS(ShH.

REMARK 6.6. This process (g;);=0 is closely related to the stochastic
processes on the diffeomorphism group of S' and to the “Brownian motion”
on the homeomorphism group of S', studied by Airault, Fang, Malliavin, Ren,
Thalmaier and others [1-3, 12, 13, 20]. These are processes with generator
%Lo = % >k Dy, Dy, . For instance, in the case s = 3/2 our process from the pre-
vious corollary may be regarded as “Brownian motion plus drift.” All the previous
approaches are restricted to s > 3/2. The main improvements of our approach are:

e identification of a probability measure @Q such that these processes—after
adding a suitable drift—are reversible;
e construction of such processes in all cases s > 1/2.

6.2. Finite dimensional noise approximations. In the previous section, we
have seen the construction of the diffusion process on § under minimal assump-
tions. However, the construction of the process is rather abstract. In this section,
we try to construct explicitly a diffusion process associated with the generator of
the Dirichlet form & from Theorem 6.2. Here we do not aim for greatest generality.

Let a finite family ® = (@i)k=1,...» of smooth functions on S I be given and
let (W;)s>0 with W; = wh ..., W/') be a n-dimensional Brownian motion, de-
fined on some probability space (2, F, P). For each x € S! we define a stochastic
processes (1;(x))s>o with values in S I as the strong solution of the Itd differential
equation

n 1 n
6.12)  dni(x) =Y @i (ni(x) dW/ + 3 Y 9 ) r (e (x)) dt
k=1 k=1
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with initial condition ng(x) = x. Equation (6.12) can be rewritten in Stratonovich
form as follows

n

(6.13) dn(x) =Y @i (x)) o dWF.
k=1

Obviously, for every ¢ and for P-a.e. w € 2, the function x — n;(x, w) is an ele-
ment of the semigroup 4. (Indeed, it is a C*°-diffeomorphism.) Thus (6.13) may
also be interpreted as a Stratonovich SDE on the semigroup §:

(6.14) dne =Y " er(n) odWf,  mo=e.
k=1

This process on § is right invariant: if g, denotes the solution to (6.14) with
initial condition gg = g for some initial condition g € § then g; = n; o g. One
easily verifies that the generator of this process (g;);>0 is given on G&2(9) by
% > i—1 Dy, Dy, . What we aim for, however, is a process with generator

1 & 1 & 1 &
) YDy Dy = 5 > Dy Dy, + 5 > Vo Dy,
k=1 k=1 k=1
Define a new probability measure P$ on (2, £), given on F; by

n t 1 n 1t
(6.15) dszexp(Zfo Vo awl =3 |v¢k<nsog>|2ds)d1>
k=1 k=1

and a semigroup (P;);>0 acting on bounded measurable functions u on § as fol-
lows

Pu(g) = /Q w1 (g(), w)) dPE ().

PROPOSITION 6.7.  (Py);>0 is a strongly continuous Markov semigroup on §.
Its generator is an extension of the operator %L = —% pIy D;k Dy, with domain

G&2(9). That is, for all u € 3*(4) and all g € §

1 1
(6.16) lim ;(P:u(g) —u(g) = 5 Lu(e).

PROOF. The strong continuity follows easily from the fact that n;(x, ) — x
a.s. as t — 0 which implies by dominated convergence

Pu(g) = /Q u(is 0 ) dP% — u(g)

for each continuous u : § — R.



ENTROPIC MEASURE AND WASSERSTEIN DIFFUSION 1161

Now we aim for identifying the generator. According to Girsanov’s theorem,
under the measure P8 the processes

7k k 1 !
Wt :Wt _5/0 V(pk(nsog)ds

for k =1,...,n will define n independent Brownian motions. In terms of these
driving processes, (6.12) can be reformulated as

(6.17) dgi(x) = Zwk(gt(x))dwk += Z (91 (81 (%)) + Vi, () 1k (g1 (x)) dt
k=1

(recall that g = 15 o g). The chain rule applied to a smooth function U on (S')™,
therefore, yields

dUg(y1)s .-, & m))

"9
=2 U)o e ym)) i (30)
i=1

Xi

82
8x,- 8Xj

1 m

+3 > U -s & (m)) d(g.(yi), 8-(¥))e
i,j=1

n a <k

Py Ugr(y1)s s 8 (Ym)) k(g (yi)) dW;

Xi

NE

i=1k=1

3

i=1k=1

n

+

k
1 9 ,
3 a—U(gz()’l), s 8 Om) e (8t (3i)) + Vi, (81)]

X (Pk(gt()’i))dt
1 m
ey Z

Hence, for a cylinder function of the form u(g) = U(g(y1), ..., &(ym)) We obtain

U(gz(yl) o & m) ok (8 (i) pr (g: () dt.

1
hm (qu(g) —u(g))
=,hi’%?/ (UEO1), .- &0m) — U1, ---, 80(ym))]1dP8

—th_r)%t//[ ) U(gs(yl),.‘.,g«ym))

X [wk(gs i) + Vi, (85)1or (g5 (i)

PP

U(gs(y1) s & (ym))



1162 M.-K. VON RENESSE AND K.-T. STURM

X k(85 (¥i))Pr (8s (yj))} ds dP®

o 1 ,
= 5 Uy, -, 8ym) e (8(¥i)) + Vi (&)1 (8 (i)

Nl~ ||Ms

U(g(yl) s 8Om)) ok (8 (¥i)) i (8(y;))

;

l n
Z Dy Dy u(g) + Vg, (8) - Dy u(8)] = 5 Z Dy, Dy, u(g).
k=1 k=1

l\)l'—

In order to justify (x), we have to verify continuity in s in all the expressions pre-
ceding (*). The only term for which this is not obvious is Vy, (gs). But gg =n50g
with a function 7y (x, @) which is continuous in x and in s. Thus Vy, (n5(-, w) o g)
is continuous in s. [

REMARK 6.8. All the previous argumentations in principle also apply to in-
finite families of (¢g)x=1.2...., provided they have sufficiently good integrability
properties. For instance, the family (6.3) with s > % will do the job. There are
three key steps which require a careful verification:

o the solvability of the Itd equation (6.12) and the fact that the solutions are home-
omorphisms of § I here s > % suffices (cf. [20]);

o the boundedness of the quadratic variation of the drift to justify Girsanov’s trans-
formation in (6.15); for s > % this will be satisfied since Lemma 5.1 implies
(uniformly in g)

Z|V¢k<g)| <B+1) Z/ of P dx <4+ 1)? Zk4 2,

e the finiteness of the generator and Itd’s chain rule for G2-cylinder functions;
here s > % will be sufficient.

REMARK 6.9. Another completely different approximation of the process
(g1)¢>0 in terms of finite dimensional SDEs is obtained as follows. For N € N,
let G}V denote the set of cylinder functions u : 4 — R which can be represented
as u(g) = U(g(l/N) g2/N),...,g()) for some U € Cl((SHN). Denote the
closure of (&, &L) by (€¥,Dom(€™)). It is the image of the Dirichlet form
(EN,Dom(EN)) on =y c (SHN given by

(6.18) EN(U)_f Z i U(x)d;U(x)ajj(x)p(x)dx

Nij=1
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with
> B
- (x) = . , — o —x)BIN-1 g
aij(x) gwk(x,)mxj), p(x) F(ﬁ/N)Nt_Zl'II(x,H xi) x
and (as before) Xy = {(x1, ..., xn) € (SHY : N | |[x;, xi41]| = 1}. That is,
eV w)=EN )

for cylinder functions u € 6]1\, as above. Let (X;,Py);>0xexy be the Markov
process on Xy associated with EV. Then the semigroup associated with &V is
given by

Now let (g;,Pg)r>0,4cg and (T;);>0 denote the Markov process and the L2
semigroup associated with €. Then as N — oo

thN - T; strongly in L?
since
e\ ¢
in the sense of quadratic forms, [24], Theorem S.16. [Note that |y G;N is dense

in Dom(§).]

6.3. Dirichlet form and stochastic dynamics on §1 and #. In order to define
the derivative of a function u : §; — R we regard it as a function & on § with the
property ii(g) = ii(g 00;) for all z € S'. This implies that Dyi(g) = (Dyi)(gob;)
whenever one of these expressions is well defined. In other words, Dyu defines a
function on §; which will be denoted by D,u and called the directional derivative
of u along ¢.

COROLLARY 6.10. (i) Under assumption (6.8), with the notations from
above,

o
8(14,14):2/ |Dgul* dQ.
k=171

defines a regular, strongly local, recurrent Dirichlet form on L*(G1, Q).
(i) The Markov process on § analyzed in the previous section extends to a
(continuous, reversible) Markov process on 1.

In order to see the second claim, let g, § € § with § = g o 6, for some z € S'.
Then obviously,

& (o) =n1(80), w) =n:(g(- +2), ) =g (-, w) 0 0.
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Moreover,
pé = p¢

since V(g o 6;) = V,(g) for all ¢ under consideration and all z € § L

The objects considered previously—derivative, Dirichlet form and Markov
process on §1—have canonical counterparts on 4. The key to these new objects
is the bijective map x : 1 — .

The flow generated by a smooth “tangent vector” ¢ : ' — R through the point
wn € P will be given by ((erp)«it)rer. In these terms, the directional derivative
of a function u: P — R at the point i € P in direction ¢ € C*°(S I R) can be
expressed as

1
(6.19) Dyu(p) = tlgr(l) ;[u((%)*/x) —u(w],

provided this limit exists. The adjoint operator to D, in L%(»,P) is given (on a
suitable dense subspace) by

(6.20) Dju(p) = =Dy () = V(™ (W) - u(p0).
The drift term can be represented as
1
Voo =8 [ ¢ @us)

U +¢(I) o) — ()
+ Z[ 2 T ]

(6.21)

Tegaps(u)

Given a sequence ® = (pg)ren of smooth functions on § 1 satisfying (6.8), we
obtain a (regular, strongly local, recurrent) Dirichlet form & on L?(2, P) by

(6.22) sw.w =Y [ 1Dyl dPw.
X P

It is the image of the Dirichlet form defined in (6.7) under the map yx . The generator
of € is given on an appropriate dense subspace of L2(2, P) by

o
(6.23) L=—) D} Dy,.
k=1
For P-a.e. uo € &, the associated Markov process (u;);>0 on J starting in (g is

given as

we(w) = gr(w)4 Leb,

where (g;);>0 is the process on §, starting in go := X_l (40). [As mentioned be-
fore, (g;)s>0 admits a more direct construction provided we restrict ourselves to a
finite sequence ® = (x)k=1....n-]
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6.4. Dirichlet form and stochastic dynamics on $o and $y. For s > 0 and
¢:[0, 1] — R let the Sobolev norm ||¢|| 5 be defined as in (6.2) and let Hj ([0, 1])
denote the closure of C2°(]0, 1[), the space of smooth ¢ : [0, 1] — R with compact
support in ]0, 1[. If s > 1/2 (which is the only case we are interested in) H; ([0, 1])
can be identified with {p € H*([0, 1]) : ¢(0) = ¢ (1) = 0} or equivalently with {¢ €
H’(S"): ¢(0) = 0}. For the sequel, fix s > 1/2 and a complete orthonormal basis
® = {gr}ren of Hy ([0, 1]) with C := || 3, (p,%”oo < 00, and define

Eouu) =Y f D u(2)12 dQo(g).
k=180

COROLLARY 6.11. (&, 5'(%0)), (&0, 3'(%0)) and (&), €' (G0)) are clos-
able. Their closures coincide and define a regular, strongly local, recurrent Dirich-
let form (&9, Dom(&y)) on L (0, Qo).

PROOF. For the closability (and the equivalence of the respective closures)
of (8, 5'(%0)) and (&, 3'(40)), see the proof of Theorem 6.2. Also all the as-
sertions on the closure are deduced in the same manner. For the closability of
(&, ! (40)) (and the equivalence of its closure with the previously defined clo-
sures), see the proof of Theorem 7.8 below. [

As explained in the previous subsection, these objects (invariant measure, deriv-
ative, Dirichlet form and Markov process) on 4 have canonical counterparts on
Py defined by means of the bijective map x : $o — Fo.

7. The canonical Dirichlet form on the Wasserstein space.

7.1. Tangent spaces and gradients. The aim of this chapter is to construct
a canonical Dirichlet form on the L?-Wasserstein space . Due to the isometry
X 1§40 — P this is equivalent to construct a canonical Dirichlet form on the metric
space (%o, || - [72). This can be realized in two geometric settings which seem to
be completely different:

e Like in the preceding two chapters, $¢ can be considered as a group, with com-
position of functions as group operation. The tangent space Tg G is the closure
(with respect to some norm) of the space of smooth functions ¢:[0, 1] - R
with ¢(0) = ¢(1) = 0. Such a function ¢ induces a flow on 4o by (g,?) —
ep 0 g X g+ ty o g and it defines a directional derivative by Dyu(g) =
lim; ¢ %[u (erp 0 g) —u(g)] for u:4o — R. The norm on Ty G we now choose
tobe [l@ll7, := (f ¢(g)*ds)'/?. That is,

TG0 := L*([0, 1], g« Leb).
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For given u and g as above, a gradient Du(g) € T,G¢ exists with

Dyu(g) = (Du(g), @)1, (Vo € Ty)
Dw”(g)
llpogll;2
e Alternatively, we can regard G as a closed subset of the space L2([0, 1], Leb).

The linear structure of the latter (with the pointwise addition of functions as
group operation) suggests to choose as tangent space

TG0 := L*([0, 1], Leb).
An element f € TgGo induces a flow by (g,7) = g + tf and it defines

a directional derivative (“Frechet derivative”) by Dru(g) = lim; ¢ %[u(g +
tf) —u(g)] for u:4o9 — R, provided u extends to a neighborhood of 4g in
L2([0, 1], Leb) or the flow (induced by f) stays within . A gradient Du(g) €
T¢Go exists with

if and only if sup,, < 00.

Dyu(g) = (Du(g), f)2 (Yo elL?)

if and only if sup % < 00. In this case, Du(g) is the usual L?-gradient.
L

Fortunately, both geometric settings lead to the same result.

LEMMA 7.1. (i) For each g € o, the map g : ¢ — @ o g defines an isometric
embedding of TyGo = L*([0, 1], g« Leb) into TgGo = L*([0, 1], Leb). For each
(smooth) cylinder function u: Go — R

Dyu(g) =Dyogu(g).
IfDu € L?(Leb) exists then Du € Lz(g* Leb) also exists.

(i) For Qo-a.e. g € §o, the above map g :T;Go — TgGo is even bijective. For

each u as above Du(g) =Du(g) o g_1 and

[Du() i, = IDu(g)llT,-

PROOF. (i) is obvious, (ii) follows from the fact that for Qgp-a.e. g € o the
generalized inverse g~! is continuous and thus g~ !(g,) = for all ¢ (see Sections
3.5 and 2.1). Hence, the map 1z : TG0 — TG0 is surjective: for each f € TgGo

(fogh=foglog=r O

EXAMPLE 7.2. (i) For each u € 31(9,0) of the form u(g) = U(fo1 a(g,)dr)
with U € C!(R",R) and @ = (a1,...,a,) € C([0,1],R™), the gradients
Du(g) € Teo = L*([0, 11, g Leb) and Du(g) € TG0 = L*([0, 1], Leb) exist:

Du(g) = i aiU</5t(gz)dt) - (g(),
i=l1

Du(g) = ia,-U</o7<g,>dr) al(")
i=1
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and their norms coincide:

1| m 2
1Du(@I}, = IDu() I, = [ ZaiU( / &<g,)dr) -a£<g<s>>’ ds.
0=

(i) For each u € (‘21(90) of the form u(g) = U(fo1 f(t)g(t)dt) with U €
C!®R™,R)and f = (fi,..., fn) € L%([0, 1], R™), the gradient

Dutg) =Y ai0( [ Fgdr)- fic) € L2101, Leb)
i=1
exists and

2
ds.

Du@If, = | ifw( [ Fogwar)- s)
i=1

For u € €'(40) U 3'(4o), the gradient Du can be regarded as a map Go x
[0,1] - R, (g, t) — Du(g)(¢). More precisely,

D:¢'(G0) U3'(G0) — L*(Go x [0, 1], Qo ® Leb).

PROPOSITION 7.3.  The operator D:3'(4¢) — Lz(g,o x [0, 1], Qo ® Leb) is
closable in L*($¢, Qo).

PROOF. Let W e Lz(go x [0, 1], Qp ® Leb) be of the form W(g) = w(g) -
¢ (gy) with some w € 31(90) and some ¢ € C*°([0, 1]) satisfying ¢(0) = ¢(1) =0.
Then according to the integration by parts formula for each u € 3'(§o) with

u(g) = U(Jy a(gs)ds)

/ Du - W d(Qp @ Leb)
G0x[0,1]

lm
_ a,-U( &(gsms)aé(g)w(g)so(g)dtd@o<g>
J, el o

= /9 Dyu(g)w(@)dQo(e) = [ u(@)Djw(e)dQ(s).
0

%o

To prove the closability of D, consider a sequence (u,), in 3! (0) withu,, — O in
L*(Qo) and Du,, — V in L%(Q( ® Leb). Then

/ V- Wd(Qp® Leb) = lirlln/]]])un -Wd(Qo ® Leb)
(7.1)
=lim/unD;§won=0
n
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for all W as above. The linear hull of the latter is dense in L?(Qg ® Leb). Hence,
(7.1) implies V = 0 which proves the closability of D. [J

The closure of (ID, 3_1 (G0)) will be denoted by (D, Dom(D)). Note that a priori
it is not clear whether D coincides with D on ¢! (%0). (See, however, Theorem 7.8
below.)

7.2. The Dirichlet form.

DEFINITION 7.4. For u,v € 31(90) U cl(go) we define the “Wasserstein
Dirichlet integral”

(7.2) E(u, v) = /; (Du(g), Du(g)) 12 dQo(g).
0

THEOREM 7.5. (i) (E, 3'(G0)) is closable. Its closure (E, Dom(E)) is a reg-
ular, recurrent Diricﬁlet form on Lz(go, Qo). -
Dom(E) = Dom(D) and for all u, v € Dom(DD)

E(u, v) :/ Du - Dvd(Qp ® Leb).
Gox[0,1]

(ii) The set 33°(G0) of all cylinder functions u € 3°°(Go) of the form u(g) =
U([a(gs)ds) withU € C*°[R",R) and a = (ay, ..., an) € C([0, 1], R™) sat-
isfying o (0) = o} (1) = 0 is a core for (E, Dom(E)).

(iii) The generator (L, Dom(IL) of (E, Dom(IE)) is the Friedrichs extension of
the operator (L., 35°($0)) given by

Lu(g) =—_ Djui(g)
i=1

m 1
= Y aau([aeds)- [ aitea)ieds

ij=1
m

+ZaiU(f&<gs)ds) Vi),
i=1 '

where u;(g) := 8;U ([ a(gy)ds) and Vﬁ (g) denotes the drift term defined in Sec-

tion 5.1 with ¢ = «;; B > 0 is the parameter of the entropic measure fixed through-
out the whole chapter.
(iv) The Dirichlet form (IE, Dom(IE)) has a square field operator given by

I'(u, v) == (Du, Dv) ;21 ep) € L' (G0, Qo)
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with Dom(I") = Dom(E) N L*°(%0, Qo). That is, for all u,v,w € Dom(E) N
L>(40, Qo)

(7.3) 2/ w-T'(u,v)dQy=Ew, vw) +E(uw, v) — E(uv, w).

PROOF. (a) The closability of the form (E, 3! (40)) follows immediately from
the previous Proposition 7.3. Alternatively, we can deduce it from assertion (iii)
which we are going to prove first.

(b) Our first claim is that E(u, w) = — [u - LwdQo for all u, w € 35°($0). Let
u(g) =U([a(gs)ds) and w(g) = W([y(gs)ds) with U, W € C*®°(R™, R) and
o= (1, ....0n), Y =1, ..., ¥m) € C¥([0, 1], R™) satisfying &/ (0) = &t/ (1) =
¥/ (0) = /(1) = 0. Observe that

m

Pu(e). Bue)ie= 3 u([atgas)-ow([7ds)

iLj=

1
[ aiteorieods

s

I
—

ui(g) - Doyw(g)-

]

Hence, according to the integration by parts formula from Lemma 5.10

E(u, w) = / (Du(g), Dw(g)) ;2 dQo(g)

Z / ui(8) - Dyyw(g) dQo(g)

= ;21/90 Dyui(g) - w(g)dQo(g)

- /9 Lu(g) - w(g) dQo(g).
0

This proves our first claim. In particular, (I, 35°(%0)) is a symmetric operator.
Therefore, the form (I, 35°($0)) is closable and its generator coincides with the
Friedrichs extension of L.

(c) Now let us prove that 35°(G0) is dense in 31(G0). That is, let us prove that
each function u € 3'(§o) can be approximated by functions u. € 36°(%0). For
simplicity, assume that u is of the form u(g) = U([ «a(gs)ds) with U € C L(R)
and « € C'([0, 1]). (That is, for simplicity, m = 1.) Let U, € C®(R) for € > 0
be smooth approximations of U with ||U — U¢|loo + |[U" — U/|loc = 0 as € — 0
and let ac € C*°(R) with . (0) = (1) = 0 be smooth approximations of & with
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o — elloc = 0 and al (1) — &/ (¢) for all 7 €]0, 1[ as € — 0. Moreover, assume
that sup, ||o’ || < 00.

Define u. € 35°($0) as ue(g) = Ue(f ae(gs) ds). Then ue — u in L%(%0, Qo)
by dominated convergence relative Q.

Since
sup sup<UE/ (/ ac(g(s)) ds))
€ g€§

@)2(g() = a'(g)*  Vsel0, 1]\ ({g=0}N{g=1})

2
/ ol (g5)>ds < C,
[0,1]

and
[0,11\ {g=0}Nn{g=1}) =]0, I[ for Qp-almost all g € o

one finds by dominated convergence in L2([0, 1], Leb), for Qp-almost all g€ %0

(i fessrn) [ o= (o foso)) [ e

Hence also with

(e, ue) = /g O(U; ( / ae<gs)ds))2 [ eig P asaoag)

2
i 3 (U( / a(gs)ds)) [ e dsoidg)

by dominated convergence in L2($¢, Qo). In particular, {u,}. constitutes a Cauchy
sequence relative to the norm ||v||@2E’1 = ||v||%2( o +E(v, v). In fact, since the se-
quence u. is uniformly bounded with respect to Il - lg,1, by weak compactness
there is a weakly converging subsequence in (Dom(E), || - |g,1). Since the associ-
ated norms converge, the convergence is actually strong in (Dom(E), || - ||lg.1).
Moreover, since u. — u in Lz(go,@o), this limit is unique. Hence the entire
sequence converges to u € (Dom(E), || - |g,1), such that in particular E(u, u) =
lime 0 E(ue, ue).

This proves our second claim. In particular, it implies that also (E, 31(30)) is
closable and that the closures of 35°($0) and 31(g0) coincide.

(d) Obviously, (E, Dom(E)) has the Markovian property. Hence, it is a Dirich-
let form. Since the constant functions belong to Dom([E), the form is recurrent.
Finally, the set 31(90) is dense in (C(%0), || - lloo) according to the theorem of
Stone—Weierstrass since it separates the points in the compact metric space $o.
Hence, (E, Dom(IE)) is regular.

(e) According to Leibniz’s rule, (7.3) holds true for all u, v, w € 3! (%0). Arbi-
trary u, v, w € Dom(E) N L*° (40, Qp) can be approximated in (E(-) + || - 2)1/2
by un, v, w, € 31(90) which are uniformly bounded on §g. Then u,v, — uv,
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upw, — uw and v,w, — vw in (EC) + || - |*)/2. Moreover, we may assume that
w, — w Qp-a.e. on §¢ and thus

/|wr(u,v)—wnr<un,vn)|d@o

< / |w — wa T (u, v) dQy +f|wn| T, v) = T (U, )] d Qo — 0

by dominated convergence. Hence, (7.3) carries over from 31(90) to Dom(E) N

L>®(%0,Qp). O

LEMMA 7.6. For each f € Go the function u:g — (f, g);2 belongs to
Dom(E).

PROOF. (a) For f, g € Go put uy = fiLeb and u, = g, Leb. Recall that by
Kantorovich duality

1 2 1 2
Ellf —gli.= Edw(ﬂfvﬂg)

1 1
=sup [ oanr + [[ ]
1 1
ZZ?EM o+ [ x/f<g,>dt},

where the Sup,, v is taken over all (smooth, bounded) ¢ € L'([0,1], ), v e

L'([0, 17, wg) satisfying ¢(x) + ¥ (y) < %|x — y|? for nr-ae. x and pg-ae. y
in [0, 1]. Replacing ¢(x) by |x|2/2 — ¢@(x) [and ¥ (y) by ...] this can be restated
as

. 1 1
(7.4) (g2 =g}£{fo o(fy) dt +/0 wgt)dt},

where the inf, , now is taken over all (smooth, bounded) ¢ € L0, 1], Hr),
Ve L'([0, 1], Wg) satisfying ¢(x) + ¥ (y) > (x,y) for wy-a.e. x and pg-ae. y

in [0, 1]. If g is strictly increasing then i can be chosen as
Y'=fog™h

cf. [32], Sections 2.1 and 2.2.

(b) Now fix a countable dense set {g, },eN of strictly increasing functions in G
and an arbitrary function f € Go. Let (¢, ¥,,) denote a minimizing pair for (f, g,)
in (7.4) and define u, : 4o — R by

.....
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Note that ¥/ = f o gi_1 and thus u,(g;) = (f, g;) foralli =1, ..., n. Therefore,
1
|un(g) —un(g)l < mlaX/O [¥i(g()) — ¥i(g())| dt

1
=< max ;oo - /0 lg(t) —g)|dt < g — &l
forall g, g € $o. Hence, u,, — u pointwise on ¢ and in Lz(ggo, Qo) where u(g) :=

(f, 8)

(c) The function u, is in the class 30(90):

n(g) = Uy ( / &(g»dz)

with Uy, (x1, ..., x,) =min{c| + X1, ...,¢p +xn}, ¢ci = [ @i (f(¥))dt and o; = ;.
The function U, can be easily approximated by C! functions in order to verify that
u, € Dom(E) and

Dun(g) =D 14,(8) - ¥ (g())
i=1

with a suitable disjoint decomposition Go = (J; A;. [More precisely, A; denotes
the set of all g € G satisfying [y @(fi(1)dt + fy Vi(g()dt < [y o(f; (1)) dt +
Jo ¥i(g(@)de forall j <iand [y o(fi(t)dt+ f wi(g() dt < [i p(fi(1)d1 +
Jo wi(g(0)dt for all j > i.] Thus

_ 1
1D =3 14, (g) - /0 Wi(g() dt
and
E(u,) < l-/o 22d .
(tn) ?;5é0||w gI%, dQo(g)

In particular, since |¢//| <1,

sup E(u,) <1
and thus u € Dom(E). [
LEMMA 7.7. Forallu € 3'(§0) and all w € €' (§¢) N Dom(E)
1.5) B, w) = /9 (Du(g), Du(e)): dTo(e)

[with Du(g) and Dw(g) given explicitly as in Example 7.2].
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PROOF. Recall that for u € 35°($0) of the form u(g) = U (f a(g;) dt)
m
Lu(g) == Dyui(g)
i=1

withqu,-(g) = ;U(fa(g;)dt). Hence, for w € (‘21(30) of the form w(g) =
W((h,g))

E(u, w) = — f Lu(g)w(g) dQo(g)

= [ Dluitew@)dQ@) =Y [ ui(e)Dyw(s)doe)
i=1760 ' i=170

=mzm=:l /;0 8iU(/5t(gt)dt> . ajw</ﬁ(t)g(t)dt)

./a;(g(z))hj(t)dtd@o(g)

:/g (Du(g), Dw(g)) dQo(g).
0

This proves the claim provided u € 35°($0). By density this extends to all u €
3'(Go). O

THEOREM 7.8. (i) (E, € (G)) is closable and its closure coincides with
(E, Dom(E)). Similarly, (D, (’:1(9,0)) is closable and its closure coincides with
(D, Dom(D)).

(i) Forall u,w € 3'($0) U ()

(7.6) I'(u, w)(g) = (Du(g), Dw(g)) 2,

in particular, E(u, w) = fgo (Du(g), Dw(g));2dQo(g) [with Du(g) and Dw(g)
given explicitly as in Example 7.2].

(iii) Foreach f € §o the functionu ¢ :g > || f — gll 2 belongs to Dom(&) and
Cyr,up) <1Qp-a.e. on Go.

(iv) (E, Dom([E)) is strongly local.

PROOF. (a) Claim: For each f € L?([0, 1], Leb) the function uy:g —
(f, &) 2 belongs to Dom(E) and E(u ¢, uy) = ||f||i2.

Indeed, if f € L2NC! then f = co + c1fi + c2fp with fi, f» € Go and
co, c1,c2 € R. Hence, uy € Dom([E) according to Lemma 7.6 and E(u s, uys) =
i ||]D)uf||2d(@o = ||f||2 according to Lemma 7.7. Finally, each f € L? can be
approximated by f, € L> N C! with || f — f,|| — 0. Hence, uy € Dom(E) and
E(us,up) =1l
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(b) Claim C!(4¢) C Dom(E). 3 )

Let u € C'(Go) be given with u(g) = U((f,g)), U € C'R™,R), f =
(f1,..-5 fm) € L?([0, 1], R™). Foreach i = 1, ..., m let (Wi n)neN be an approx-
imating sequence in (3'(Go), (E + || - |»)'/?) for w; :g — (fi, g). Put u,(g) =
Uwin(g),..., Wnn(g)). Then u, € 31(9,0), u, — u pointwise on 4o and in
L?(%0, Qo). Moreover,

2
Elun ) = [ 30U @10(0). - w0 n()Dwin()|  dQo()
i L2
2
%/"ZaiU(m,g),---,(fm,g>)lD>wi(g) dQo(g)
i L2

- f IDu(g) 12 dQo(g).

Hence, u € Dom(E) and E(u, u) = [ [|Du(g)||> dQo(g).

(c) Assertion (ii) then follows via polarization and bilinearity. Assertion (iii)
is an immediate consequence of assertion (ii). Assertion (iii) allows to prove the
locality of the Dirichlet form (E, Dom(E)) in the same manner as in the proof of
Theorem 6.2.

(d) Claim: ¢! (G0) is dense in Dom([E).

We have to prove that each u € 31(90) can be approximated by u, € el(go).
As usual, it suffices to treat the particular case u(g) = fol a(gy)dt for some o €
C1([0, 11). Put Up(x1, ..., X,) = ¢ Y (x) and fo (1) =1 - LG—1)/n,i/nf(0)-
Then

n

1 i/n
n(8) 7= Un(Cfot- &) frm. &) = ;Za(nf( adr)

P i—1)/n

defines a sequence in (51(9,0) with u,(g) — u(g) pointwise on o and in

L*(§0, Qo).

Moreover,

n

i/n
(1.7) Duy(g) = Zo/(n /(

dt>.1 - "
i=1 i—1)/ngt (Gi—1)/n,i/n[(+)
and therefore

i/n 2
grdt) dQu(g)

i—1)/n

1 n
E,) = | =) o
wn = faen]
(7.8) 1
—>/g’0'/0 o' (1) dt dQo(g) = E(u).

Thus (), is Cauchy in Dom(E) and u, — u in Dom(E). O
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7.3. Rademacher property and intrinsic metric. We say that a function
u:$o — Ris 1-Lipschitz if

lu(g) —u(m)| <llg =hllp2 (Vg h € Go).

THEOREM 7.9. Every 1-Lipschitz function u on G belongs to Dom(E) and
['(u,u) <1Qp-a.e. on Go.

Before proving the theorem in full generality, let us first consider the following
particular case.

LEMMA 7.10. Given n € N, let {hy,...,h,} be a orthonormal system in
L?([0, 1], Leb) and let U be a 1-Lipschitz function on R". Then the function
u(g) =U({h1,8), ..., {hy, g)) belongs to Dom(E) and I' (u, u) <1 Qp-a.e. on .

PROOF. Let us first assume that in addition U is C !, Then according to Theo-
rem 7.8, u is in Dom(E) and Du(g) ="/, 9; U ((h, g)) - h;. Thus

n
T, u)(g) = [Du(@)ll 2 =Y 10Uk, g)I* < 1.
i=1
In the case of a general 1-Lipschitz continuous U on R" we choose an approx-
imating sequence of 1-Lipschitz functions Uy, k € N, in C'(R™) with Uy — U
uniformly on R" and put ui(g) = Ui (({h, g)) for g € Go. Then uy — u pointwise
and in L2(Go, Q). Hence, u € Dom(E) and I'(u, u) < 1 Qp-a.e. on Go. U

PROOF OF THEOREM 7.9. Every 1-Lipschitz function u on §o can be
extended to a 1-Lipschitz function & on L?([0, 1], Leb) (“Kirszbraun exten-
sion”). Hence, without restriction, assume that u is a 1-Lipschitz function on
L2([0, 1], Leb). Choose a complete orthonormal system {4;};cn of the separable
Hilbert space Lz([O, 1], Leb) and define for each n € N the function U, : R" — R
by

n
U,(x1,...,x,) = u(Zxﬂz,-)
i=1

for x = (x1, ..., x,) € R". This function U, is 1-Lipschitz on R":

n n
> xihi =Y yih
i=1

i=1

|Un(x) = Un(y)| < <|x—yl

L2

Hence, according to the previous lemma the function

un(g) - U}’l(<h17 g>’ ceey <hn7 g))
belongs belongs to Dom(I£) and I'(u,,, u,) < 1 Qp-a.e. on Go.
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Note that
n
Un(g) = u(Zw,-, g>h,-)
i=1

for each g € L>([0, 1], Leb). Therefore, u,, — u on L>([0, 1], Leb) since > (hi,
ghi — g on L2([0, 1], Leb) and since u is continuous on L2([0, 1], Leb). Thus,
finally, u € Dom(E) and I" (u, u) <1 Qp-a.e. on Go. [

Our next goal is the converse to the previous theorem.

THEOREM 7.11. Every continuous function u € Dom(E) with " (u,u) < 1
Qo-a.e. on Gq is 1-Lipschitz on Go.

LEMMA 7.12.  For each u € €' (G0) U 3'(40) and all go, g1 € S0

1
(7.9) u(g1) —u(go) = fo (Du((1 —1)go +1g1), &1 — go) 2 dt.

PROOF. Put g; = (1 —1)go + tg1 and consider the C' function 7:[0, 1] — R
defined by n; = u(g;). Then
e =D, —gou(gs) = (Du(gr), g1 — o)
and thus

1 1
m —770=/0 ﬁzdt=/0 (Du(g:), g1 — go) dt. 0

LEMMA 7.13. Let go, g1 € G0 N C> and put g, = (1 — 1)go + tg1. Then for
each u € Dom(E) and each bounded measurable V : Go — R

. [u(g1 oh) —u(gooh)]W(h)dQo(h)
0

(7.10) 1
- /0 /9 Dulgs o h). (g1 — g0) 0 )W (h) dQo(h) dt.
0

PRrROOF. Given go, g1, ¥ and u € Dom(E) as above, choose an approximating
sequence in 31(90) U €1(90) with u, — u in Dom(E) as n — oco. According to
the previous lemma for each n

. [tn (g1 0 h) — un(go o h)]W (h) dQo(h)
0

(7.11) 1
:/0 /9 (Duy(groh), (g1 — go) o h) W (h)dQo(h) dt.
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By assumption u, — u in Lz(go, Qo) and Du,, — Du in Lz(g,o x [0, 1], Qy ® Leb)
as n — 00. Using the quasi-invariance of Qg (Theorem 4.3) this implies

/9, (s 0 ) — tn(gs 0 W)W () dQo(h)
0

- /9 () = un ()W (g, 0 1) - Y2, (1) dQo(h) — 0
0 t
as n — oo as well as

/g IDu(gs 0 h) — Duy(gr o b2 W (h) dQo(h)
0

- fg 1Du(h) — Dun() 720 (g™ 0 h) - Y7 (1) dQuo(h) — 0.
0 t
Hence, we may pass to the limit n — oo in (7.11) which yields the claim. [J

PROOF OF THEOREM 7.11. Let a continuous # € Dom(E) be given with
I'(u,u) <1 Qp-a.e. on . We want to prove that u(g1) — u(go) < Ilg1 — goll 2
for all go, g1 € Go. By density of o N €3 in G and by continuity of u it suffices
to prove the claim for gg, g1 € G0 N C3.

Choose a sequence of bounded measurable W : 49 — R such that the proba-
bility measures W dQp on G converge weakly to &, the Dirac mass in the identity
map e € §o. Then according to the previous Lemma and the assumption ||Du|| <1

/9 [u(g1 0 h) — (g0 0 H)1We(h) dQo(h)
0
1 _
- / / Du(gs o h), (g1 — 80) 0 hY Wi () dQo(h) dr
0 JGo
1 _
< / f IDu(g; o bl 2 - (g1 — g0) okl 2 - Wi(h) dQo(h) di
0 JGo

s/ (g1 — 80) 0 hll 2 - Wi () dQo(h).
S0

Now the integrands on both sides, & — u(g1oh) —u(gooh) aswellas h — ||(g1 —
80) o hl|;2, are continuous in & € Go. Hence, as k — oo by weak convergence
Y, dQp — 8, we obtain

u(g1) —u(go) < llgr — goll.2- O

COROLLARY 7.14. The intrinsic metric for the Dirichlet form (E, Dom(E))
is the L*-metric:

llg1 — goll 2
= sup{u(g1) — u(go) :u € C(§o) NDom(E), I'(u, u) < 1Qq-a.e. on Go}
for all go, g1 € $o.
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7.4. Finite dimensional noise approximations. The goal of this section is to
present representations—and finite dimensional approximations—of the Dirichlet
form

E(u, v) = /g (Du(g). Du(g)) 2 dQo(g)
0

in terms of globally defined vector fields.
If (¢i)ien is a complete orthonormal system in T, = L2([0, 1], g« Leb) for a
given g € G then obviously

(7.12) (Du(g), Dv(g)) 2 = ZDw,u(g)Dw,v(g)
i=1

Unfortunately, however, there exists no family (¢;);eny Which is simultaneously
orthonormal in all T, = L%([0, 1], g+ Leb), g € 0. For a general family, the repre-
sentation (7.12) should be replaced by

(7.13) (Du(g), Du(g)) 2 = Z Dy,u(g) - aij(g) - Dy;v(g),
i,j=I

where a(g) = (a;j(g))i,jeN is the “generalized inverse” to ®(g) = (P;;(2))i, jeN
with

;i (8) == {¢i, pj)T, / @i (gr)pj(gr)dt.

In order to make these concepts rigorous, we have to introduce some notations.

For fixed n € N let Sy (n) C R*"*" denote the set of symmetric nonnegative
definite real (n x n)-matrices. For each A € S (n) a unique element A le Sty (n),
called generalized inverse to A, is defined by

0, if x € Ker(A),

—1 o
A x'_{y, if x € Ran(A) with x = Ay.

This definition makes sense since (by the symmetry of A) we have an orthogonal
decomposition R" = Ker(A) @ Ran(A). Obviously,
AN A=A A =gy,

where 4 denotes the projection onto Ran(A).
Moreover, for each A € Sy (n) there exists a unique element A2 e Sy (n),
called nonnegative square root of A, satisfying

A1/2 . A1/2 —A.

Let W™ denote the map A — A~!, regarded as a map from S; (n) C R " to
R, with W (A) = (A1), fori, j=1,....n. Similarly, put

EM:Spm) = Si(n),  Am (AT =(ATH2
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Note that W™ (A) = E™(A) - E™(A) for all A € Sy (n).

The maps W and E are smooth on the subset of positive definite matrices
A € S1(n) but unfortunately not on the whole set S (n). However, they can be
approximated from below (in the sense of quadratic forms) by smooth maps: there
exists a sequence of € maps E"D : R"" — R"*" with

£-800) s <6-8"04) ¢
forall A e S4(n),& e R" and all k,/ € N with k </ and

~(n,l) = (n) —1/2
(A > (A ="

forall A€ S.(n),i,j€{l,...,n}asl — oo.Put WD (A) = E"D(A). E™D(A)
for A € R"*". Then the sequence (¥ "),y approximates ™ from below in the
sense of quadratic forms.

Now let us choose a family {¢;};cny of smooth functions ¢; : [0, 1] — R which
is total in C9([0, 1]) with respect to uniform convergence (i.e., its linear hull is
dense). Put

1
i (g) == (i, ¢j)T, =/0 @i (gx)@j(gx)dx
and
ai" (@ =v7"@w@), o @ =E]" @@

Note that the maps g a )(g) and g — cr(n )(g) (for each choice of n, 1,1, j)
belong to the class 3"0(9@) Moreover, put

a(g) = (@(g)).

Then obviously the orthogonal projection 7, onto the linear span of {¢1, ..., ¢,} C
Ty = L2([0, 1], g« Leb) is given by

Tt = Z al(g) - (u. gi)1, - 0
i,j=1

and

n

(Tt T0) 7, = Y (s i), -a,~(j'~’)(g) (v, @)1,
i,j=1
forall u,v e Tg.

THEOREM 7.15. (i) For each n,l € N the form (E"P | 31(40)) with

ECDw,v)= 3 f Dyu(g) - al"(g) - Dyyv(g) dQu(g)

i,j=1
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is closable. Its closure is a Dirichlet form with generator being the Friedrichs
extension of the symmetric operator (L1, 3%(40)) given by

n
(7.14) LD = Za(”’) Dy Dy, + Y [Dyal" +a" - VEID,,.

i,j=1 i,j=1
(i) Asl — o0
E®D /V]E(”),

where

E (u, v) = f Dyyu(g) - al” (9) - Dy, v(g) dQ(e)
i,j=1
foru,v e 3! (%0). Hence, in particular, E®™ isa Dirichlet form.
(ii1) Asn — o0
E® NE
[which provides an alternative proof for the closability of the form (E, 3'(G0))].

PROOF. (i) The function a( jl on G is a cylinder function in the class 3! (o).

The integration by parts formula for the Dy, , therefore, implies that for all u, v €

3%(%0)
ED (u, v) = Z [ Pou@Dy;v@al " ) dTote)

=3 [ () D}, (@) D)) dQue)
i,J

- / u(g) - L™Du(g) dQo(g)
with

n
SN AT
i,j=1
Hence, (E™9, 32(4)) is closable and the generator of its closure is the Friedrichs
extension of (L™, 32(g)).

(ii) The monotone convergence E?!) 7 E™ of the quadratic forms is an im-
mediate consequence of the fact that a>" (g) 7 a'™ (g) (in the sense of symmetric
matrices) for each g € o which in turn follows from the defining properties of the
approximations W ) of the generalized inverse W .

The limit of an increasing sequence of Dirichlet forms is itself again a Dirichlet
form provided it is densely defined which in our case is guaranteed since it is finite

on 3%(40).
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(iii) Obviously, the E*, n € N constitute an increasing sequence of Dirichlet
forms with E" < I for all n. Moreover, 3! (40) is a core for all the forms under
consideration. Hence, it suffices to prove that for each u € 3! (o) and each € > 0
there exists an n € N such that

IE™ (u, u) — E(u, u)| <e.

To simplify notation, assume that u is of the form u(g) = U ([ «(g;) dt) for some
U e (?Cl (R) and some « € C1([0, 17). By assumption, the set {¢;,i € N} is total in
€°([0, 1]) with respect to uniform convergence. Hence, for each 8 > 0 there exist
n e Nand ¢ € span(gy, ..., @,) with |lo’ — ¢|lsup < § which implies
(o', @),
———= > |ollr, =8 = ll&ll7, — 23.

oz,
Thus
2 1
E(u, u) > E™ (u, U’ dt) (', 9)% - d
=B = [ (fa@ar) .ok, Qo)

Ty

v

2
/ U’( / oe(gt)dt) (eI, —28)2dQo(g)
%o

/go U(/ °‘<gf>d’>2 ' (ﬁlla/lli - 48) dQo(g)

1 2
Z mE(u9 I/[) - 45||U/”gup

Hence, for § sufficiently small, E(u, u) and E™ (u, u) are arbitrarily close to each
other. [

v

REMARK 7.16. For any given go € $o, let (g:);>0 with g;: (x, w) = g} ()
be the solution to the SDE

n
, .
g =Y "V (g)  @j(gH) AW
ij=1

1 n
+5 2 i @) ¢l - (gieh) + Vfign) dr
i,j=1

1 n n l
T30 2 (@) () i)y -0 (87 dr.
i,j=1k,m=1

where 8kmllli(]'-"l) for (k,m) € {1, ...,n}? denotes the 1st order partial derivative

of the function \Ili(/'."l) :R"™" — R with respect to the coordinate xg,,. Then the
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generator of the process coincides on 32(90) with the operator %]L(”’l) from (7.14),

the generator of the Dirichlet form E0.
Let us briefly comment on the various terms in the SDE from above:

o The first one, Zﬁ j=I al-(j'"l)(g,) ~pj(ghd Wti is the diffusion term, written in It
form;

e the second one, %Z!”’jzl al.(;?’l)(g,) . (pj(gf? . (pl{(g;‘)dt is a Qrift whicb comes
from the transformation between Stratonovich and Itd form (it would disappear
if we wrote the diffusion term in Stratonovich form).

e The next one, % ZZ;’:I ai(j'?’l) (&) -vjgl)- V(f; (g:) dt is a drift which arises from
our change of variable formula. Actually, since

1
Vi@ =5 [ eisondy

s [w{(g(aJr)) +9i(gla-)  ¢i(glat)) — wi(g(a—))}
2 gla+) —gla—) ’

aclg

it consists of two parts, one originates in the logarithmic derivative of the entropy
of the g’s (which finally will force the process to evolve as a stochastic pertur-
bation of the heat equation), the other one is created by the jumps of the g’s.

o The last term, 337\ Y%y 9 W7 (@(20)) - ((@room)' 0i)1, - 05 (gF) dt
involves the derivative of the diffusion matrix. It arises from the fact that the
generator is originally given in divergence form.

7.5. The Wasserstein diffusion (u;) on $y. The objects considered previ-
ously—derivative, Dirichlet form and Markov process on $o—have canonical
counterparts on 5. The key to these objects is the bijective map x : 4o — o,
g+ g Leb.

We denote by 3% (Pp) the set of all (“cylinder”) functions u : 9 — R which can
be written as

(7.15) u(u):U(/OlaldpL,...,/Olamdu>

with some m € N, some U € Gk(]Rm) and some o = (a1, ...,0y) € @k([O, 1],
R™). The subset of u € 3¥(Py) with a/(0)=ca/(l)=0foralli =1,...,m will
be denoted by 3’5(,730). For u € 31(Py) represented as above we define its gradient
Du(p) € L*([0, 1], ) by

putey =Y. 00 ([ @) i)
i=1

with norm

2 1/2
du:| .

1 m
”DM(M)||L2(H)=|:_/(; Z&U(/&du)-a;
i=1
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The tangent space at a given point u € # can be identified with L?([0, 1], 1¢). The
action of a tangent vector ¢ € L?([0, 1], ) on 1 (“exponential map”) is given by
the push forward ¢, .

THEOREM 7.17. (i) The image of the Dirichlet form defined in (7.2) under
the map x is the regular, strongly local, recurrent Wasserstein Dirichlet form E on
L2(Py, Py) defined on its core 31 (Py) by

(7.16) E(.0) = [ (DuGo). Do), dPo(w).
0

The Dirichlet form has a square field operator, defined on Dom(E) N L*°, and
given on 31 (Py) by

[ (u, v) (1) = (Du(p), Dv(10))72 -

The intrinsic metric for the Dirichlet form is the L*>-Wasserstein distance dy .
More precisely, a continuous function u : £y — R is 1-Lipschitz with respect to the
L2-Wasserstein distance if and only if it belongs to Dom(E) and T"(u, u)(n) <1
for Py-a.e. u € Py.

(ii) The generator of the Dirichlet form is the Friedrichs extension of the sym-
metric operator (L, 3(2)(5’0) on Lz(?o, Po) givenas L =11 + Ly + B - Lz with

m 1
Liu(pn) = Z 0; %U(/&du) /0 al{a;du,

i,j=l1

Lou(pu) = iaw(/&du)
i=1

o ) +of () e(y) — ()
( 2 [ 2 1] }

T'egaps(u)

a0 +af ()
|

m 1
}L3u(,u)=za,~U</&d/L)-/ o du.
i=1 0

Recall that gaps(u) denotes the set of intervals 1 =]11_, I.[ C [0, 1] of maximal
length with u(I) = 0 and |1| denotes the length of such an interval.

(iii) ForPy-a.e. o € Py, the associated Markov process (i4;)r=0 on Py starting
in o, called Wasserstein diffusion, with generator %IL is given as

ue(w) = gr(w)4 Leb,

where (g:)>0 is the Markov process on §o associated with the Dirichlet form of
Theorem 7.5, starting in gg := x (o).
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For eachu € 3%(3’0) the process

1 t
wite) — u(pto) — 5/0 Lu(us) ds

is a martingale whenever the distribution of |o is chosen to be absolutely con-
tinuous with respect to the entropic measure Py. Its quadratic variation process
is

/Ot L, 1) (1) ds.

REMARK 7.18. L is the second order part (“diffusion part”) of the generator
L, IL; and IL3 are first order operators (“drift parts”). The operator IL| describes the
diffusion on #y in all directions of the respective tangent spaces. This means that
the process () at each time ¢ > 0 experiences the full “tangential” L2([0, 1], is)-
noise.

L3 is the generator of the deterministic semigroup (“Neumann heat flow”)
(H:)t>0 on L2(=7)0, o) given by

Hiu(pu) = u(hep).

Here h; is the heat kernel on [0, 1] with reflecting (“Neumann”) boundary con-
ditions and A,u(-) = fol he(-, y)u(dy). Indeed, for each u € 3(1)(,7’0) given as
u(g) =U(fadp) we obtain Hiu(u) =U ([ [a(x)h,(x, y)u(dy)dx) and thus

i) = > U a) -0 [ [ (oo Cx, yopacdy) d
i=1
U - [ [ aon] . uyds

iU (hei) - f / ol )y (v, Y)u(dy) dx = Ly Hyu(u).

m
=>9
i=1
m
=>9
i=1
Note that I depends on 8 only via the drift term L3 and %IL — L3 as B — oo.

The following statement, which in the finite dimensional case is known as
Varadhan’s formula, exhibits another close relationship between (u;) and the
geometry of (£ ([0, 1]), dw). The Gaussian short time asymptotics of the process
(ur)r>0 are governed by the L?-Wasserstein distance.

COROLLARY 7.19. For measurable sets A, B € Py with positive Po-measure,
let dw(A, B) = ess-inf{dw(v,V) | v € A,V € B} and p;(A,B) = [, [5 p:(v,
dv)Po(dv), where p;(v,dV) denotes the transition semigroup for the process
(1) =0
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Then

dw(A, B)?

(7.17) lim ¢ log p; (A, B) = —
t—0 2

PROOF. This type of result is known as Varadhan’s formula. Its respective
form for (E, Dom(E)) on L?(£y, Po) holds true by the very general results of [16]
for conservative symmetric diffusions, and the identification of the intrinsic metric
as dw in our previous theorem. [

Due to the sample path continuity of (u;) the Wasserstein diffusion is equiva-
lently characterized by the following martingale problem. Here we use the notation

(@, 1ue) = Jo @) (dx).

COROLLARY 7.20. For each « € C%([0,1]) with &/(0) = &/(1) = 0 the
process

t
M, = (o 1) — g/o @ i) ds

2 2 1]

1 ! " (1) +a"(I1) o' (Ip) —a'(12)
2 0( 2 [ R }

Tegaps(us)

B a//(0)+a//(1)>ds
2

is a continuous martingale with quadratic variation process
! N2
M1 = [ (@) ) ds

REMARK 7.21. For illustration one may compare Corollary 7.20 for (u,) in
the case B = 1 to the respective martingale problems for four other well-known
measure valued process, say on the real line, namely the so-called super-Brownian
motion or Dawson—Watanabe process (17" ), the Fleming—Viot process (™),
both of which we can consider with the Laplacian as drift, the Dobrushin—Doob
process (MPD) which is the empirical measure of independent Brownian motions
with locally finite Poissonian starting distribution, cf. [4, 9, 28], and finally sim-
ply the empirical measure process of a single Brownian motion (,utBM =0x,).
For each i € {DW FV, DD BM} and sufficiently regular o : R — R the process
M‘ = {a, ,ut fo a” us )ds is a continuous martingale with quadratic varia-
tion process

t
(MPV], = fo (o, uPV) s,
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(MY, / [, 1FY) — (o, 1Y) ds,
[MPP], — / (@2, PPy ds,

[MBM], = / (@2, 1iBM) ds.
0

In view of Corollary 7.19 the apparent similarity of PP and 1BM to the Wasser-
stein diffusion y is no surprise. However, the effective state spaces of uPP, uBM
and u, are as much different as their invariant measures.

7.6. The canonical Dirichlet form on the Wasserstein space $(S'). In order
to simplify the presentation in the previous parts of this chapter, we restricted our-
selves to the study of the Wasserstein space $o = & ([0, 1]) on the unit interval. All
the concepts and assertions presented have canonical counterparts for the Wasser-
stein space & = #(S') on the circle. Let us briefly summarize the main results.

In the sequel, we choose P = P? (for fixed B > 0) as reference measure on P.
Recall that by Definition 3.3, it is the image x+QFf of the G-valued Dirichlet
process under the map x:4 — &#. According to Corollary 4.2, P? is quasi-
invariant under the action of smooth diffeomorphisms on S'.

DEFINITION 7.22.  We say that u : 2 — R belongs to the class 3%(2) if it can
be written as

(7.18) u(p) =U(a, u))
with U € CK(R™,R) and & = (a1, . .., o) € CK(ST, R™) and (@, ) = ((orq, i),
. (an’lv M))'

The following formula is the analogue of Proposition 5.4 and is proved in the
same fashion (see Section 6.3).

PROPOSITION 7.23 (“Integration by parts formula” on #). For all u,v €
31(P) as above

D) = 300 (@ ) [ -

i=1
and

/Dwu-vd}P’ﬂ:—f u(Dyv +v - V) dPP,
P P

where

) +¢'U 1) — (-

Iegaps(n) 2
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For u € 3!($) as above we define the map Du: P x S! — R by

Du(pe,5) = Y iU (@, p)e(s).

i=1
Then
Dwu(ﬂ) = (Du(p, -), ¢>L2(M)-
Similar to Proposition 7.3 the integration by parts formula for P? above implies

the closability of the operator D :él(?) —iLZ(J’ x S1, PP @ Leb) in L2(P, PP).
We shall denote this closure by (D, Dom(D)).

DEFINITION 7.24 (Wasserstein pre-Dirichlet form on #). For u,v € 3' ()
let

E(u,v) = A)(D|uu,D|Mv)Lz(M)Pﬁ(du).

Analogous arguments as in Section 7.2 show that & generates a Dirichlet form
as follows.

THEOREM 7.25. (€, 3'(P)) is closable. Its closure (E, Dom(E)) is a reg-
ular, recurrent Dirichlet form on L*(P,PP). The generator (L,Dom(L)) of
(E, Dom(IE)) is the Friedrichs extension of the operator (I, 3°°(P)) given by

Lue(p) = =Y Dy ui ()

i=1

= D % ;U@ )l o)+ D HU (G w) - Vip (),
ij=1 i=1

where u; (i) = 8;U ({ar, 1)) and Vf( () denotes the drift term defined above with
p=a.
The Dirichlet form (E, Dom(IE)) is associated with a conservative PA -symmet-

ric Hunt process (j4;);>0 on P with continuous sample paths, called “Wasserstein
Diffusion” on P.

Moreover, the Dirichlet form on the Wasserstein space & has the Rademacher
property.

PROPOSITION 7.26. (i) For u € P the Wasserstein distance function d,, :
P — R, d,(v) =dw (i, v) belongs to Dom(E) and I'(d,,d,,) <1 PA_g.s.

(i) Letu € C(P)NDom(E) with ' (u, u) < PP, then u is Lipschitz on (£, dw)
with Lip(u) < 1.
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The proof of (ii) is essentially the same as for the analogous statement Theo-
rem 7.11. Also for (i), the proof follows the argumentation in Section 7.3. However,
some modifications are required. The first ingredient is:

LEMMA 7.27. Letu € Lip(ﬂ’(Sl)) N Dom(E), then for P? almost all neP.
[ ) () = [1Dupe, 721,y < Liblul 02,
where T'(-, -) is the square-field-operator associated to E and

u(p) —u(n)

Be
dw (o) n#pe (u)}

Lip[u](n) = lim sup{
e—0
the local Lipschitz constant of u.

PROOF. Since the measures obtained from P? under the action u — (x;)sut
of flows of the type (5.1) are all mutually equivalent, the arguments from [27],
Lemmas 5.1 and 5.2 and Section 7, carry over almost verbatim to our present
situation, with a trivial change to ibid. Lemma 5.2, in order to use the finer local
Lipschitz constant of u as upper bound.

Using the integration by parts formula for P? one may show as in Lemma 7.7
that E(u, u) = [ [|Du(p, -)II%Z(SI M)Pﬂ (dw). For the identification of " (u, u) one
proceeds as in the proof of statement (iv) of Theorem 7.5. [

The second ingredient is:
LEMMA 7.28. For € P the function v — d%v(v, W) belongs to Dom([E).

PROOF. We use similar arguments as in Lemma 7.6. By Kantorovich duality
3y (v, ) = sup{{g, 1) + (¥, v)}

where the sup is taken over all (smooth, bounded) ¢ € LY(s!, w), ¥ eL! (S, v)
satisfying p(x) + ¥ (y) < %dz(x, y) for pu-a.e. x and v-a.e. y in S', where d is
the distance on S'. The optimal ¢ and  satisfy ¢ = ¥¢ p-a.s., where ¥ = ¢
v-a.s. for some n € C*(S'), and where f¢ denotes the %dz—inf—convolution of a
function f:R — R, that is,

) 1
7l = int | Sy = £,
yes! 2
If v is smooth and w is smooth and fully supported, then the vector field ¥’ (x)

existsinall x € §' and |/ (x)| < 1 for all x € S! (since the transport does not map
a point x beyond its cut locus on S1).
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Now fix a countable dense set {v, },en of smooth elements in & and a smooth
fully supported u € #. Let (¢,,, ¥,) denote a minimizing pair for (u, v,) as above
and define u, : P(S') - R by

up(p) = i:rrllafn{<¢>i, w) + (¥, p)}

as well as u(p) := %d%‘,(u, p). Then u,, — u pointwise on & and in L2(P,PP)
since u, () < %dﬁ, (i, -) uniformly in .
By approximation one verifies that u,, € Dom(E) with

Du,(p) = Z 14,(p) - ¥ ()

i=1

with a suitable disjoint decomposition = | J; A;. Hence,

IDun(p)I* = Z La,(p) - (1Y%, p) < 1

for all p € #. In particular, sup, E(u,) <1 and thus ¥ =limu, € Dom(E) which
is the claim for smooth fully supported .

Finally, approximation by smooth fully supported wx, k € N, proves the claim
for of arbitrary p € 2. U

As corollary to the previous proposition we conclude:

COROLLARY 7.29. The intrinsic metric associated to (E, Dom(IE)) on & co-
incides with the Wasserstein metric dy .
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