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SURVIVAL AND COEXISTENCE FOR A MULTITYPE
CONTACT PROCESS

BY J. THEODORE COX! AND RINALDO B. SCHINAZI?
Syracuse University and University of Colorado, Colorado Springs

We study the ergodic theory of a multitype contact process with equal
death rates and unequal birth rates on the d-dimensional integer lattice and
regular trees. We prove that for birth rates in a certain interval there is coexis-
tence on the tree, which by a result of Neuhauser is not possible on the lattice.
We also prove a complete convergence result when the larger birth rate falls
outside of this interval.

1. Introduction and results. We consider the multitype contact process on
a countable set S, introduced by Neuhauser in [8]. In this paper S is either the
d-dimensional integer lattice Z¢, the case considered by Neuhauser, or the homo-
geneous connected tree T, in which each vertex has d + 1 neighbors, d > 2. The
primary reason we are interested in the multitype contact process defined on the
tree Ty is that, as we show below, it exhibits phenomena that the process defined
on Z4 does not.

In this model each point, or site, of S is either vacant or occupied by an in-
dividual of one of two possible types. The system is described by a configuration
£ €10, 1,2}5, where &£(x) = 0 means that site x is vacant, and fori = 1,2, £(x) =i
means that x is occupied by an individual of type i. For x,y € § write x ~ y if
X, y are nearest neighbors, and define

e ={x:£(x)=1i}, £€{0,1,2)%,i=1,2.

Forx e Sand € € {0, 1, 2)5, let n; (x, &) denote the number of neighbors of x that
are of type i,

ni(x,§)=>_ U@y =i}, i=1,2.
yo~x
The multitype contact process &; with birth rates A, A7 is the Feller process taking
values in {0, 1, 2}5 which makes transitions at x in configuration &

(1.1) i—>0 atrate 1,i =1, 2,
(1.2) 0—1i atrate A;n;(x,&),i =1, 2.
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Informally, an individual of either type dies at rate one, and for each site x and each
neighboring site y, an individual of type i at x gives birth at rate A; to an individual
of the same type at y, provided that site is vacant. Thus, the two types interact
in their competition for space. Existence and uniqueness of a Feller process &;
determined by the above rates follows from general results of [6], Theorem 1.3.9.
We will give a “graphical construction” of &; in Section 2 below.

For this process on Z¢, Neuhauser proved in [8] that the two types can coexist if
andonly if d > 3 and A = Ay > A, (A, is defined below). In [8] coexistence meant
the existence of a translation invariant measure v which is invariant for the process
and concentrates on configurations with infinitely many individuals of each type.
That is, letting | - | denote cardinality, v should satisfy

(1.3) v(E:|'E| = PE|=00) = 1.

The noncoexistence part of this result was strengthened by Durrett and Neuhauser
in [2]. By Theorem 2 there, if A2 > A1 V A, and if the initial configuration &g
has infinitely many type 2 individuals, then for every site x, P(&(x) =1) — 0
as t — 0o. Consequently, there is no invariant measure v, translation invariant or
otherwise, satisfying (1.3).

Switching from Z¢ to Ty, one can use the approach from [8] to show that if
A1 # A2, then there can be no invariant measure v which is homogeneous (invari-
ant under the obvious shifts) and also satisfies (1.3). However, the arguments in [2],
which involve a block construction, do not seem to be directly applicable on the
tree, leaving open the possibility of nonhomogeneous invariant measures satisfy-
ing (1.3). We show in Theorem 1 that such measures do in fact exist, provided the
birth rates lie in a certain interval. In Theorem 2 we show that there is no coexis-
tence when the birth rates are outside this interval. For this result our method of
proof applies equally well on Z<.

In order to state our results, it is necessary to briefly review the basic, single-
type contact process ¢; introduced by Harris in [4], treated in detail in Chapter VI
of [6] and in Part I of [7]. In this process each site of S is either vacant or occupied
by an individual, and ¢; is the set of occupied sites at time ¢. Supposing S is either
Z% or Ty and A C S, the transition rates are given by

A— A\ {x} for x € A atrate 1,
A— AU {x} forx ¢ A atrate A|[{y € A:y ~ x}|.

For A C S let ;‘lA denote the process with initial state ;64 = A, and for x € § write

g} for ;t{X}. We give a construction of ¢; in Section 2 below.
Define the two critical values A, < A* by

Ay =1inf{r: P () # @ Vt > 0) > 0}
and

A* =inf{L: P(x € ¢ i.0. as t — 00) > 0}.
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By translation invariance, the above probabilities do not depend on x. The contact
process is said to die out if P(|¢;'| > 1Vt > 0) =0, survive weakly if this proba-
bility is positive but P(x € ;' i.0. as t — 00) = 0, and survive strongly if this last
probability is positive. It is known that for § = Z¢ weak survival does not occur,
Ay = A*, and the common value A. is finite and strictly positive. However, for the
tree T4, weak survival does occur. It is known that 0 < A, < A* < 00, the process
dies out if A = A, and survives weakly if A = A* (see Proposition 1.4.39 and Theo-
rem [.4.65 in [7]). It turns out that these different possibilities for survival must be
taken into account when investigating the question of coexistence for the multitype
process on Ty.

For the tree T, fix a site @ € T, and call it the root. For x # y € Ty, there is
a unique sequence of distinct sites x = xg, X1, ..., X, = y such that x;_; ~ x; for
i =1,...,n. Let this n be the distance from x to y, |x — y| = n. Let Bg be the
ball of radius K centered at @, Bx ={y € T4:|y — O| < K}, and let d Bx denote
the outer boundary, dBg ={y € Ty:|y — O| = K + 1}. For x € T4 let S(x) be the
sector of the tree starting at x pointing away from the root, that is,

Sx)={yeTa:ly-0|=ly —x|+|x - 0Ol}.

A nice set of configurations to work with is Eg, the set of configurations n €
{0, 1, 2}T¢ which satisfy:

(1.4) dK < o0 such that n is constant on each S(y), y € 0 Bg.

Our first results are for the case that both birth rates lie between the two con-
tact process critical values. For this case there is coexistence, and even weak con-
vergence starting from any configuration in Eg. For a probability measure v on
{0, 1,2)3, & = v as t — oo means that the finite dimensional distributions of &
converge to those given by v.

THEOREM 1. Assume S =Ty and L1, Ay € (Ay, A*].

(1) If &g =i on S(y) for some site y, then for all sites x,
(1.5) liminf P (& (x) =i) > 0.
—00

(ii) If& =n € Ey, then
(1.6) &=y ast— oo

for some measure v, which is necessarily invariant for & .
(iii) Assume n € Eo. If |'n| = oo, then vy(§ :|'§| = 00) = 1. If n =i on some
sector S(y) and |x| — 00, x € S(y), then vy(§ :£(x) =j) — 01if jisnotOori.
(iv) Assume 1,n" € Bo. If [{x :n(x) # n'(x)}| < oo, then v, = v,y. If Iy € Ty
and i # j such that n =i and ' = j on S(y), then v, # v,y.
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Theorem 1 shows there is coexistence even for unequal birth rates, provided
the two rates lie in the contact process weak survival interval, and exhibits a large
class of nonhomogeneous invariant measures v, . If n € E¢ is identically 1 on some
sector and identically 2 on another, then by (ii) and (iii) above, v, is a nonhomo-
geneous invariant measure which satisfies (1.3). This means that when A; < Ao
and both rates lie in (A4, A*], the 2’s are not strong enough to drive the 1’s from
bounded regions of the tree, and coexistence is possible. Two-type competition
models have been studied by many others; see [1, 3] and [5] for instance. The
model in [5] exhibits “global” coexistence with unequal rates, in that P('g| >
1, %€ > 1Vt > 0) > 0 for every initial configuration with |'&| > 1, |*&| > 1.
Coexistence results are proved in [1] for the multitype contact process on Z¢ with
long-range interactions, or an additional “death” mechanism. Theorem 1 may give
the first “local” coexistence result for a nearest-neighbor interaction model with
equal death rates and unequal birth rates.

It is a different story when A; # A, with one or both rates larger than A*. In this
case coexistence, even in the weak sense of (1.7) below, is not possible.

THEOREM 2. Assume S is Z% or Tq and Ay > A1 V A*. For any initial config-
uration &y and x € S,

(1.7) lim P& () =1 and &) > 1) =0.
Consequently, lim;_, oo P(&(x) = 1) = 0 if |?&| = oo.

For § =74, (1.7) follows from the results in Section 3 of [2]. We include this
case in the statement of Theorem 2 since our proof for § = T, applies equally
well to the lattice case, and is simpler than the one in [2]. The lack of coexistence
in (1.7) means that an invariant measures can concentrate on only one type, and
allows us to prove that the process converges weakly from any initial configuration.
We need some additional notation and information about the basic contact process
before stating our results.

For the single-type contact process ¢; with birth rate X, define the survival prob-
abilities g = 4 (A) by

(1.8) ap=PA# oV >0), ACS,

and let & = «{y}, which by translation invariance does not depend on x.
It is well known (see (I.1.4) of [7]) that there is a probability measure v = v,
called the upper invariant measure such that

(1.9) ;,S = U ast — o0.

Letting 6 be the unit point mass on the empty set, U # dg if and only if A > A,.
The complete convergence theorem for ¢; is the statement

(1.10) (A= (1 —ap)dy+aab  ast— oo VACS.
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It is known that (1.10) holds for both Z¢ and Ty if A > A* (see Theorems 1.2.27
and 1.4.70 in [7]).

We show here that there is an analogous theorem for the multitype contact
process if Ay > Ay > A™. To state it, we must define appropriate survival proba-
bilities and “upper invariant measures.” For birth rates A1, Ap and configurations
n €10, 1,2}5, let & = n and define o) =} (A1, A2),i = 1,2, by
Wi oy =P('& #2Vt>0and *§ =2 eventually),

2

a2 =PC& £ 2Vt >0).

n

We need probability measures b’ = Dii on {0, 1,2}5, which correspond to vy, and
concentrate on configurations in which all individuals are of type i. These mea-
sures are defined by the requirements

plElE=2)=0 ("t =2)=1
and
VETENA£D) =0, LNA%£D), ACS,i=1,2.

With these definitions in place, we can now state our complete convergence the-
orem for & when Ay > A1 > A*. In the following let §¢9 denote the measure on
{0, 1, 2}% which concentrates on the single configuration & = 0.

THEOREM 3. Assume S is Z¢ or T¢, 1y > A1 > A* and & = 1. Then

(1.12) é;:(l—a%—a,zl)cso—i-a}?\_)l%—afliz ast — oo.

Given Theorem 2, this result is not surprising. If the 2’s survive, then the 1’s
are driven out of bounded regions, so the 2’s in effect form a single type contact
process and (1.10) takes over. If there are finitely many 2’s which die out while the
1’s manage to survive, then the 1’s form a single type contact process and again
(1.10) takes over.

The complete convergence theorem for the contact process (1.10) does not hold
on T, for A € (A4, A*]. In this case the contact process has a wide variety of in-
variant measures (see Theorems 1.4.107 and 1.4.121 of [7]) and, hence, possible
limits for ¢;. We cannot expect (1.12) to hold as stated if A} < A* < A,. However,
if we restrict &y to configurations for which the corresponding contact process of
1’s converges weakly, then &; also converges weakly.

THEOREM 4. Assume S =T, 1y > A* > A; and &y = 1. Let ¢; be the single-
type contact process with birth rate A1 and initial state ¢y = 'n, and assume that
& = past— oo. Then

(1.13) &= 1—o)i' +apv®  ast— oo,

where pl (€26 =) =1land u' (E:"ENA#£2)=p(: L NA#0Q).
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For S = Z4, the conclusions of Theorems 2 and 3 can be derived from results
in [2] (Lemma 3 and the construction in Section 3 there). However, our methods are
simpler and should apply without much change to other choices for S, including
some periodic graphs.

As previously noted, for § = Z4 and A = Ay > ¢, 1t was shown in [8] that
there is coexistence for d > 3 but not for d < 2. Presumably the arguments for
these results can be adapted to handle the tree Tz, where one expects there should
be coexistence for A; = Ay > A*.

In the next section we construct our processes using the standard “graphical
construction” via Poisson processes. The construction naturally contains various
couplings and dual processes used in our proofs. In Sections 3—6 we prove Theo-
rems 1-4, respectively.

We note that our main tool is the ancestor duality introduced by Neuhauser
in [8].

2. Construction and duality. We start by constructing our process using Har-
ris’ graphical method, assuming from now on that

2.1) A < Ap.

The construction takes place in the space—time set S x [0, 0o) using independent
families of Poisson processes. For x € § let {7, :n > 1} be the arrival times of
a Poisson process with rate 1. At the times 7, we put a § at site x to indicate that
there is a death at x: if site x is occupied by either type, it becomes vacant at that
time. For all pairs of nearest neighbors x, y € S let {B;, > :n > 1} be the arrival
times of a Poisson process with rate A,. At the times B; we do two things. We
draw an arrow from site x to site y, and with probability 1 — A1 /X,, independently
of everything else, label the arrow with a “2” (and otherwise do not label the ar-
row). If there is a 2 at x and y is vacant at that time, then there is a birth of a 2 at y.
If there is a 1 at x and y is vacant, we put a 1 at y provided the arrow does not have
a 2 on it. Thus, the 2-arrows are really “2-only” arrows. If A = A,, then no arrow
is marked with a 2. The Poisson processes 7%, B*”, x, y € §, are all independent
of one another.

For sites x, y € S and times 0 < s < ¢, we say there is a path up from (x, s) to
(y,t) if there is a sequence of times tfp =s <t <t < --- <t, =t and a sequence
of sites xo = x, x1,...,Xx, = y such that, fori =1,2...,n, xj—| ~ x;, there is an
arrow from x;_; to x; at time #; and the time segments {x;} x (t;_1,t;) do not
contain any 48’s. By default, there is always a path up from (x, ) to (x, ¢). A path
up which has at least one arrow labeled 2 will be called a “2-path,” and a path with
no arrows labeled 2 will be called a “1-path.” Note that 1’s propagate only along
1-paths, but 2’s propagate along both 1-paths and 2-paths. For s < ¢, there is an
i-path down from (y, t) to (x,s) if and only if there is an i-path up from (x, s)
to (y,t). Given an initial configuration &y, we may construct &, > 0, from our
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Poisson processes by following paths from occupied sites forward in time, using
8’s for deaths and arrows for births, as appropriate.

We now define several “reverse” time dual processes, starting with the simplest.
Forxe S,t>0,i=1,2and 0 <s <t, define

Dé’(x”) ={y € §: there is an i-path down from (x, ¢) to (y,t —s)}

and D§x’z) = DS1 LAY DS’(“) . The ancestor process introduced in [8] is more

complicated. Fix x € § and ¢ > 0, and consider Ds(x’t),O <s <t If Ds(x’t)
is not empty, then the sites in DS"’) are the possible ancestors at (forward)
time t — s of (x,7), which can be arranged in decreasing order of priority,
(a1(s),ax(s),...,a,(s)) for some n, with a;(s) denoting the primary ancestor
(see [8]). The jth ancestor a; is associated with a path up from (a;,t —s) to
(x, t), which may or may not contain an arrow labeled 2, blocking propagation of
1’s. We will use an equivalent but slightly different formulation of this process,
which we now describe.

An ancestor configuration £ is either the empty set, or a sequence of pairs
((a1,b1), ..., (an, b)) for some n > 1, where each a; € § and b; is either

1 or 2. The ancestor process ’é" " ,0 <s <1, is a Markov process defined as

follows. First, put &; g — = ((x, 1)). Suppose now that s < ¢ and Sux ' has been

defined for u € [0,s]. If &% = &, put & = @ for all s < v < . If £ =
(a1, b1), ..., (ay, by)) for some n > 1, let u be the the smallest time larger than S
at which an event occurs at (forward) time ¢ — u affecting any of the a;. If there is
no such u <t, put Elﬁ”) = As(x’t) for all s < v <t, then we are done. Now suppose
u<t:

1. If the event affecting a; at time 7 — u is an arrow pointing from some
site a to aj, insert (a, b) into ((ay, by), ..., (an, by)) after each (a;, b;) such that
a; =aj:

e If the arrow from a to a; is labeled 2, set b = 2 for each of these insertions.

e If the arrow is unlabeled, set b = 1, except for insertions after any (a;, b;) with
b; =2, in which case set b = 2.

2. If the event affecting a; is a d, then delete each (a;, b;) from ((ay, by), ...,
(an, by)) with a; = a;.

Let Slﬁx ) be the resulting sequence, - settmg S(X Y = & if all the a; were deleted.
Iteration of this procedure defines x D for all vE [0, ¢]. For an ancestor con-
figuration 5 = ((a1,b1), ..., (an, b, )), let supp(é) ={aj:1 < j < n}, so that
supp(gs(x’t)) = Ds(x’z). We say that the jth ancestor a; is 1-blocked if b; = 2. If
A1 = A2, then there are no 1-blocked ancestors and the b; can be dispensed with.

%-(x ,0)

The duality equation relating and & _; is

(2.2) E)=W(x,EXD E),  sel0,1],
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a b c d e ;
9
9
T T T t— s
2 1 0 1 9 0
FIG. 1.

where \I’(x,g, &) is the function of sites x € S, ancestor configurations E, and
configurations £ € {0, 1,2}® defined as follows. If E = J, put IIl(x,?;‘\,“;‘) =0.
Otherwise, E = ((a1, b1), ..., (a,, by)) for some n > 1, and we start check-
ing the ancestors one at a time. If &(a;) = 2, set \I!(x,g,é) = 2, indicating
a 2 propagates up. If £(a;) =1 and b; = 1, set W(x,€,6) =1, indicating
a 1 propagates up. Now suppose either £(a;) = 1 and b; = 2, or &(a;) = 0.
If n =1, set \Il(x,g,é) = 0. Otherwise n > 2, and we consider (aj, bp) and
proceed as with (ap, by), either setting lIl(x,g, &) equal to 1 or 2, or exhaust-
ing the set of ancestors completely, in which case we set W(x,& &) =0. The
duality equation (2.2) holds because it holds at time s = 0, and each transi-
tion preserves its validity. For an example, see Figure 1, in which the solid
circles indicate deaths, &y(a) = 2, &(b) =1, &(c) =0, &(d) = 1, &(e) = 2,
D = (b, 1), (@,2), (¢, 1), (d, 1), (e, 2), (d, 2)), Er—s(@) = Er—s(c) = &r_y(e) =
L& s(b) =& (d) =0and W(c, & & o) = 1.

The reverse time ancestor processes /é\s(x’t) are defined only for bounded time
intervals. However, as in [8], we can switch to forward time, and define ancestor

processes és(x”), s > t, in the analogous way, so that the laws of és(x’o), s €[0,1],
and £, s € [0, 1], are the same. Thus, in Figure 1, £ ™ = ((d, 1), (e, 2)). We

will write é;‘ for és(x’o).
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Our construction also contains various couplings with the single-type contact
process. Consider x € S and ¢t > 0. For s > ¢, let {Sl’(x’t) be the set of sites y such
that there is a 1-path up from (x, 7) to (y,s), and let {sz’(x’t) be the set of sites y

such that there is either a 1-path or 2-path up from (x, ¢) to (y, s). Write ;“j’x for

£

contact processes with birth rate A;. Also, DSI’(“) ,0 < s <t, has the same law as

g“l’x, 0<s<t,and Dgx’t), 0 < s <, has the same law as {sz,x’ 0 <s <. Finally,

S
we make the observation that supp(E"), s > ¢, and ™", s > ¢, have the same

law.
A word on notatiog. Throughout we will use &,  for elements of {0, 1, 2}5 , ¢
for subsets of S, and £ and & for ancestor configurations.

and ¢54 for Uyey 5%, i = 1,2. Each process ¢/*¥, s > 0, is a single-type

3. Proof of Theorem 1. Recall that (2.1) is in force.

PROOF OF (1.5). It suffices to assume that £ = 1 on S(y) for some neighbor
y of @, and show that there is some x € S(y) such that
3.1 liminf P(&(x) =1) > 0.
—00

We start with a simple consequence of the duality equation (2.2): for any x € S,
then

(3.2) {@# D" and D&V c S(y)} C {&(x) =1}

This follows because on the event on the left-hand side D,(x’t) = supp(?,(x”)) =
{ai, ..., a,} for some n > 1, &y(a;) = 1 for each i, and since Dtl’(x’t) is nonempty,
at least one of the a; is not 1-blocked. Therefore, W(x,a(x’t), E)=1,s0&x)=1

by (2.2).
By (3.2), we have

P& =1)= P(D;"" #£2) - P(D" ¢ S(v))
= P #2) - PP ¢ S()
> P(¢)" £ @ forall s > 0) — P(¢2* N S°(y) # @ for some s > 0).

Since A1 > Ay, the survival probability a(A1) = arxj(A1) [recall (1.8)] is positive.
For x € S(y), the fact that 2’s spread only by nearest neighbor contact implies

{gsz’x N S(y) # @ for some s > 0} = {0 € g“sz’x for some s > 0}.
We can now make use of Theorem 1.4.65 of [7], which states that if A, < A*, then

(3.3) P(O € £2* for some s > 0) < (1/+/d)* .
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(All that is important for us about this bound is that it tends to 0 as |[x — @| — 00.)
By combining the above, it follows that, for all x € S(y) and ¢ > 0,

(34) P& (x)=1)>a) — (1/V/d)*7°,

which is certainly positive for x € S(y) with |x — @] sufficiently large. [l

Before continuing with the proof of Theorem 1, we prove a lemma which shows
that limits of certain finite dimensional distributions for &; exist when the dual
lands in a region where the initial state is constant. For x € Ty and ¢ > 0, let
rl((x’[) =inf{s € [0, ]: Ds(x’t) N Bg # &}, with inf(@) = oo [so rl({x’t) = 00 simply
means D§x’t) N Bx = & Vs <t]. Switching to forward time, let r};x =inf{s >0:

si’x N Bx # @)} and define the lifetimes o’* = inf{s > O:;si’x =g},i=1,2.

LEMMA 1. Assume that y € 0Bk, &g is constant on S(y), and Ay, A1, A are
finite disjoint subsets of S(y). Then as t — 00,

3.5) P(x¢" =ocoand&(z)=jVze Aj, j=0,1,2) > ¢(Ap, A1, A2)

for some ¢ (Ag, A1, A3).

PROOF. Let A=AgU AU Ay C S(y). (i) Suppose &g =0 on S(y). For z €
ACS),if rl({z D = oo, then supp@(z’t) ) C S(y). Consequently, no ancestor can
land on a site occupied by a 1 or 2, implying &;(z) cannot be 1 or 2. This means
the left-hand side of (3.5) is zero if either A| or A; is nonempty. If A| = Ay = O,
the left-hand side of (3.5) equals

P(t¥" =0oVze A)=P(1p° >t Vz € A) > P(1i° = oo Vz € A)
ast — oQ.

(i1) Suppose &y =2 on S(y). Again, tl({z’t) = oo implies supp(gt(z’t)) c S(y),

so now the left-hand side of (3.5) is zero unless A; = &. In this case, & (z) =2 if
and only if D,(Z”) # &. Therefore, the left-hand side of (3.5), for A| = &, equals

P(t¥" =00V e A, DY =@ Vze Ag, D" # @ Vz € Ay)
= P(12°>1Vz€ A, 0%  <1Vz € Ag 02" > 1 V7 € Ay)
— P(‘EIZ{’Z —ocoVzeEA, 0% <ocoVze€ Ay, 0> =00Vz € Ar)

ast — oo.
(iii) Suppose & =1 on S(y). Now the left-hand side of (3.5) is zero unless
Ay = &, and in this case & (z) = 1 if and only if D}’(Z’I) # @. Thus, if Ap = &, the
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left-hand side of (3.5) equals
P(tg" =coVze A, DO = Vze Ag, DIV £ o Vz e A))

=P(tp°>1Vze A, 0" <1Vze Ag, 0 > 1Vze Ay

— P(tp=00Vze A, 0" <o00Vze Ag, 0 =00 Vz e A))
as t — oo. This proves the lemma. [

PROOF OF THEOREM 1(ii). Assume &y € Eg, and K is such that &y is constant
on each S(y), y € 0 Bg. We will prove that, for any x € Ty, a € {0, 1, 2},
(3.6) lim P(&(x)=a) exists.
—00

Afterward we will show how to modify the proof to handle convergence of all

finite dimensional distributions.

Let L™ be the last time up to time ¢ the dual Ds(x’t) starting from (x, ¢) con-
tains some point of Bg, L&D = sup{s <t:Bx N Ds(x’t) # @}, with sup(@) = 0.
We will prove (3.6) using a decomposition based on the value of L*"). The case
L™ =0 is easily handled. If x € Bg, then necessarily L*") > 0, while for

x ¢ Bg, (L&D =0} = {7:1(?’” = 00}, and so Lemma 1 implies

(3.7) lim P(&(x)=a, L™ =0)  exists.
—>00

Now suppose L**) = s for some s € (0, ), which occurs when:

1. a,(f’l) = E/ for some E/ containing a single w € Bk as one or more of the
ancestors of (x, 1),

2. there is a § at this site w at (forward) time ¢ — s,

3. /S\S(x’t) = E, where E is obtained from E’ by removing each (a;, b;) with
ai =w,

4. D' N Bx = @ forall z € supp(€) and u € [0, — s].

Using the convention above for ? and E, the duality equation (2.2) implies that if
0 <1ty <t,wehave

P(E(x)=a,0< L™ <g)

= /to P(L™D eds, &(x) =a)
0

_y® /0 [ PLED eds 8 =F 5 cdg) 1 (W(x .6 =al,
'g/

where the sum Y.X) is over & such that supp(g/ ) N Bk is a single site. By in-
dependence of disjoint space—time regions of the Poisson processes used in the
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construction in Section 2, and the fact that §’s occur at rate one, the above equals
(K) [t -~
XU e =8
g

x P(1¢"™" = 00 Vz € supp(®). &—s € dE){W(x, £, &) =a}ds.

For fixed x and S W (x, 5 §) depends on & only through the values §(z),
zZ € supp(g ). Hence, we can define I1(x, a, S ) to be the set of partitions A =
(Ag, Ay, Ap) of supp(é) such that, for all &, W(x, i;‘ &) =a if and only if & =
jonAj, j=0,1,2, for some A4 € Il(x,a, E) Therefore, summing over the pos-

sible values of & _; on supp(é) and replacing P (&, D /.;5/ ) with P(é‘;Y = ? ), we
have

P(E(x)=a,0< L™ <g)
(3.8)

(K) o ox o
=Yy [TrE =t A,
T Acl@ad)”’

where
39  qs. A =P =coand§_s(z) = jVz e Aj, j=0,1,2).

It is time to use the fact that & € . Let S! be the union of all S(y), y € 3Bk
such that £y =i on S(y), and for the sets A; above let A =A;N S. Since the
S’ are disjoint, and the duals D(Z =5 do not leave their respectlve sectors S’ on

{tg @t=s) — = 0o}, independence of disjoint space—time regions implies

2
qr(s, A) = p(m{_[](é,f—s) =oocand & _5(z)=jVz e Alj,j =0,1, 2})
i=0

_HP $ ) =ocoand & ()= j Vze AL, j=0,1,2).

By Lemma 1, the above product converges for fixed s as t — oo to some ¢ (A) =
]_[1-220(]5(141 , A}, A5). Since each IT(x, a, &') is finite, this implies

(3.10) lim > g, A= DY p(A)

1—00 ~ ~
A€ll(x,a,§) Acll(x,a,£)

for fixed s, E B R
Since Y yer(raf) 9 (s. A) < 1 and YEO [° P(EF = &')ds < 19, the domi-
nated convergence theorem can be applied in (3.8), so that (3.10) implies

lim P(&(x) =a,0< L™ <)

f— 00
-y% ¥ ¢<A)/ P@E =F)ds.

& Aell(x,a.f)

(3.11)
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The contribution to (3.6) of L™ > 1o for large to is negligible, since Ay < A*
implies
limsupsup P(to < L™ <)
fh—>00 =1y
(3.12)
< limsup P(¢2* N Bk # @ for some s > 1) = 0.

th— 00
We have thus proved
lim P(&(x)=a,0< L™ <r)
—00

=0 s /Ooo P@E =F)ds

& AcIl(x,a,8)

and, in view of (3.7), this implies (3.6) must hold.
More generally, let I' = {x1, ..., x,} C Tg,and a:T" — {0, 1, 2}. We claim that

(3.13) t1—1>ngo P(&(x) =a(x)Vx el) exists.

First, let LT = max{L®?, x € I'}, and use Lemma 1 to obtain

lim P(&(x) =a(x)VxeT, LT =0) exists.

—00
Next, consider P (& (x) =a(x) Vx € I,0 < L™ < 1), and decompose this event
according to the value of L7,

PE () =a(x)Vxel,0< LM < 1)

K to o~ ~
= X[ s BT ~F 1 <i <t e d)
ElL k)

< [T U@ & 6) = ala),
i=l

where the sum Y% is over E{, s /S\,; such that Bx N (U; supp(gf )) is a single site
w € Bg. As before, for each i, & is obtained from &/ by removing all (a, b) with
a = w, if any. By independence of disjoint space—time regions, the above equals

t —~
Z(K)/O/P@s(’””:s{,lSif””)
. 0

A

xP(rI(f”_S) =ooVz e supp(Ué‘\i),Et_s € dé)

1

< [T HW (. &. &) = a(x)}ds.

i=1
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Let TI(T, a,gl, . ,Em) be the set of partitions A = (Ao, A1, A2) of UU; supp@)
such that W (x;, &;, &) =Aa(xi) ‘2’\1 <i<mifandonlyif§ =jonAj;,j=0,1,2,
for some A € T1(I', a, &y, ..., &y). Reasoning as before gives

P(E(x)=a(x)Vx eT,0 < L™ < 1)

(K) o~ .
= > 2. /0 PET=E.1<i<m)
&)

E,...E), AC(T.a.E,...E,
x Pt =ooand &_(z) = jVz € Aj, j =0,1,2)ds.
By the argument leading to (3.11), for some ¢ (A),
Jim P(E @) =a(x)Vxel,0< LM <1)

h ~
- ¥ Y e[ P@=E1sizmas

-~

£, AEI(Tak],...E)

In view of (3.12), this completes the proof of (3.13). [

PROOF OF THEOREM 1(iii). We may suppose A1 < Ao, i =1 and j =2. Our
first task is to prove v, (§ : |'€] = 00) = 1. To do this, it is enough by (ii) to show
that for ¢ > 0 and M > 1 there is a finite A C S(y) such that

(3.14) lim P(Zl{g,(x)zl}zM) >1—e¢.
1—00
XEA
To do this, let £ > 0 be large enough so that (l/«/ﬁ)g < a(A1)/2. Letting g9 =
a(r1)/2 > 0, it follows from (3.3) that, for any yg € S(y) and xg € S(yo) such that
lxo — Yol = £,

P(&(xo)=1and yo ¢ D) Vs <t)>ey  Vt>0.

We construct the set A in (3.14) as follows. Let N be a positive integer large
enough so that a binomial random variable X with parameters N and p > go will
satisfy P(X > M) > 1 —¢. Let yq, ..., yy be vertices in S(y) such that S(y;) N
S(yr) = @ for j #k, and let x; € S(y;) satisfy [x; — y;j| > £ for j =1,...,N.
Fix t > 0 and define &; = 1{&(x;) = 1,y; ¢ D\ Vs <1}, j=1,...,N. By
independence of disjoint space—time regions, the ¢; are independent with P(¢; =
1) > o, s0 X = Z?’:l € is binomial with parameters N and p > g9 and thus,
(3.14) holds for A = {x;,i =1, ..., N}.

The fact that v(£:£(x) =2) — 0 as x — 00, x € S(y) is a simple consequence
of duality and the bound (3.3). Since x € S(y) and §p =1 on S(y),

P&(x)=2) < PEY" NS (y) #2) < (1/V/ad)* .
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Now lett — coand x — oo, x € S(y). U

PROOF OF THEOREM 1(iv). Assume 1, n’ € E¢. Consider both & with & =
n and & with £) = n’ defined via the Poisson processes in Section 2. Let A =
{y € Ts:n(y) # n'(y)}, and suppose A is finite. For any x, since each A; < A*,
P(E,(x’” N A # @) — 0 as t — oo. By the duality equation (2.2), since & = &
on A, P(§(x) #&/(x)) — 0 as t — oo, which implies v, = v,y. The remaining
conclusion of (iv) is a simple consequence of (iii). [

4. Proof of Theorem 2. Before beginning the proof of Theorem 2, we state
and prove a fact about the upper invariant measure v for the single-type con-
tact process. The result we need is an immediate consequence of the inequality
1.2.30(b) of [7] for S = Z<. This inequality also holds for § = T4, but we could
not find a reference. Since the following result is all we need, and its proof may
apply to other choices of S, we give the proof here.

PROPOSITION 1. Assume S is Z¢ or T4 and v is the upper invariant measure
Jfor the contact process with birth rate 1. > L. Let 5, =sup |- V({1 NA = ).
Then

“4.1) §p — 0 as L — oo.

PROOF. Recall the survival probabilities o4 from (1.8). A consequence of
duality for the contact process (see (I.1.8) of [7]) is that

(4.2) Bt NA# D) =ayu.

Let ¢; denote the single-type contact process with birth rate A. Define the lifetime
o(x) and the radius r(x) of the process started at x by o(x) =inf{t > 0:¢{} =
@} and r(x) = sup{ly — x|:y € ¢} forsomet > 0}. Let ey(x) = P(o(x) <
oo, r(x) > M). By translation invariance, 3 = )7 (x) does not depend on x, and
ey —> 0as M — oo.

Now fix M, N > 0 and let A be any set consisting of N points such that |x —
y| > M for all x,y € A, x # y. Then, by the construction in Section 2,

l—aq=P(o(x) <ocoVx eA)
< P(o(x) <00,r(x) < M Vx € A)
+P(Ax € A:o(x) <ooandr(x) > M).

By independence of disjoint space—time regions and translation invariance, the
first probability on the right-hand side equals [[,c4 P(0(x) < 00,r(x) < M) <
(1 — «)V and the second probability is bounded above by >° .4 em(x) < Nepy.
Thus,

l—as<(1—a)N + Ney.
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Since o > 0, given ¢ > 0, we may choose first N and then M so that (1 —
o)V < /2 and Ney < /2. Now let L be large enough so that any A C S with
at least Lo points must contain at least N points separated from one another by
distance at least M. It follows from the monotonicity of a4 that if |[A| > Lg, then
VC:tNA=g)=1—-ag<e. U

PROOF OF THEOREM 2. Here is the idea of the proof. Suppose ¢, u > 0 are
large, &4, (x) # 0 and 2&,,, # @. Looking forward from time 0, 2&, cannot be
empty and, with high probability, will have many points. Looking backward from
time ¢ + u, the dual ancestor process starting at (x, ¢ 4+ u) must survive ¢ time
units. For T > 0 large but small compared to ¢, we search for a space—time point
(y,t +u —s) such that y € D§"’t+“) = supp(gs(x’tﬂ)) is the primary ancestor at
time s, y is 1-blocked, and D(Ty A nonempty. Trying at most a geometric
number of times, with high probability, we will find such a point (y, s) with s not
too large. Furthermore, DY 1HU7S) 4 g5 will imply that DT £ & with high

(y,t+u—s)
Dl‘—S

probability, and also that will intersect 2&,. (It is this last point which

fails unless A, > A*.) This will prevent &, (x) = 1 since the sites in Dt({ f )
are descendants of a 1-blocked primary ancestor.

We prepare for the proof of (1.7) by assembling a few preliminary facts. Re-
call v = vy, from (1.9). Since A, > A*, the complete convergence theorem (1.10)
implies that, for any site x and finite A C S, with @ = a(X2),

(4.3) lim P 40,5 NA=0)=ab((:tNA=0).

Let p(T) = P(g%’x + @, > = o for some t > T), and observe that
“4.4) o(T)—0 as T — oo.

Since individuals die at constant rate one, standard arguments show that the 2’s
must either die out or that their number must tend to infinity, that is,

4.5) PA<P&l<L)—0  asu— oo

for fixed L > 0.

Our argument uses a certain subset A} of the highest priority ancestors of the
forward time ancestor process & which we now define. If £ = &, put A} =
&. Now suppose that .§zx = ((a1(®),b1(1)), ..., (a,(t), b,(t)) for some n > 1. Put
A} = if a(t) is not 1-blocked [i.e., b; () = 1], and otherwise let

(4.6) A ={a1(t), ..., am (D)},
where m is the largest index such that a;(¢), ..., ay (¢) are all 1-blocked. We will
see below that, for large 7, A} is large whenever &' # @.
Our goal is to prove
4.7) lim limsup P (&4, (x) =1, 12&,] > 1)=0.

u—0oQ t—00
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This implies (1.7) since {&44(0) = 1, P4l = 1} C (Eru(0) = 1, P& = 1). In
fact, on account of (4.5), we may focus our attention on {&4,(x) =1, |2§u| > L}
for large L.

We begin with an application of the duality equation (2.2),

48) P(Epu() =1, 1%, > L) = P(W(x. 8™ &) =11, > L).

By independence of disjoint space-time regions, and switching to the forward time
ancestor process &/ in the second equality,

X, t+u

P(W(x, £ £,) =116 > L)

(4.9) = - PE, € dr])P(\IJ(x,gt(X,t—l-u)’ n)=1)

= [2n|>L P, edn)P(‘l-’(x,rf, )= 1)

It follows from the the definitions of W and A; that

(4.10) W, E =2 on{§ #£@, A7 Ny #£2),
which implies
(4.11) PW(x,E. m=1)<PE #2,A"N*n=0).

Now combine this with (4.8) and (4.9) to obtain

P(Eu(x) =1, & > L)
4.12)

< / Pty e dnPE #£0, A* N2y = 0).
[2n|>L

To show the right-hand side above is small, we will argue that, for large # and u,
Af N 2 = & is unlikely when étx =# & by means of the following construction. For
each y € § pick some nearest neighbor y, and fix this assignment. Call a space—
time point (y, s) good if the following events happen:

1. a 2-only arrow pointing from y to y occurs during (s, s + 1),
2. aé occurs at y at some time during (s + 1, s + 2),
3. no other events affecting y or y occur during [s, s + 2].

Then g = P((y, s) is good) > 0 and does not depend on (y, s). If éj‘ # &, then
§Sx = ((a1(s), b1(s)), ..., (ay(s), by(s))) for some n > 1 and primary ancestor site
a1 (s). If (a1(s), s) is good, then @y (s + 2) = a1 (s), and for v > s + 2 the sites of
gl (+2):5%2) are the highest priority sites of £*, and they are all 1-blocked.

Fix T > 0 and let sy = k(T 4+ 2) and tx = s + 2, k > 0. Let R be the smallest k
such that the primary ancestor a in 55’2 is good at time s and the ancestor process
starting at (a, t) lasts at least 7' time units, that is,

R=inf{k:&} # @, (a1(s), s) is good and £ ")) £ &5}

Sk+1
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Let €1 = goa(A2) > 0. By independence of disjoint space—time regions, for any
(y,s)and T > 0,

. = (5,542
P((y,s) is good and és(i;iT) # O)

(4.13) = P((y,s) is good) P (1317 # o)

= P((y,s) is good)P(gszJ’r%’_s;z) # &) > ¢1.
Iterating this inequality and using the Markov property gives us
(4.14) PE #@andR>k <(1—-e)', k>0
Consequently, if kg > 0 and 7 > sg,+1,
PE #2,ATN*n=02)

(4.15) "

<A-e)*+Y P(R=kE #2,A7 N0 =0).
k=0
Now define the events
Gu@)=(R>k—1,E #2,

(4.16)
ai(sx) =a, and (a, sx) is good}, aes.

For k < kg, supp(ét(a’zk)) C A} on Gg(a), and this implies
P(R=k.& #2. A Ny =0)
<> P(Gi(@ N {EEYW 3 7, supp(E“™) N = o).

aes

For each a, by independence of disjoint space—time regions,

P(Gr(@) N {EE # 2, supp(E“™) N2y = 2))

Sk+1

< P(Gi(@) P(E®W # &, supp(“™) Ny = 2)

“4.17) - vi o
= P(Gr(a)P(¢7" # 2,525 N°n=02)

< P(Gr(@)(p(T) + P(c2% # 2,525 Ny =0)),

where we have shifted back to time 0 and used the fact that # > sy,41. Therefore,
by the bounds (4.15) and (4.17), and the fact that }_,.¢ P(Gi(a)) <1,

PE #2,A] N =02)
(4.18) < (1 =& 4 p(T) (ko + 1)
ko B B
+ 33" P(Gr@) P28 # 2,675 NP = o).

k=0ae$§
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Recall the definition of § in Proposition 1. For fixed k, a and 5 such that
1>n| > L, (4.3) implies that

lim P2 #2,625 NP n=2)=av(:¢N*n=2) <8
With this we can apply Fatou to (4.18) to obtain
(4.19) limsup P(§" # @, AT N2 =2) <1 —eDX0 + (ko + D(p(T) +38L)

1—>00

and letting T — oo and using (4.4) then gives us

(420)  limsup P(E #2, A N np=02) < (1 — e + (ko + 1Sy

t—00

With this inequality, we apply Fatou again, this time to (4.12), to obtain
(421)  limsup P(&4,(x) =1, %6, > L) < (1 — )% + (ko + 1)5y..

t—00

We have finally established the bound

limsup P (&4, (x) =1, |2§u| > 1)
—00

(4.22) 5 .
<PA=[&l=L)+1—e)™+ (ko+ DéL.

Now let u, L, ko — oo in order and use (4.5) and (4.1) to finish the proof of (4.7).
O

5. Proof of Theorem 3. Recall the definitions (1.8) and (1.11) and the as-
sumptions of Theorem 3. In view of Theorem 2, it is enough to prove that for all
finite A C S,

(G.1) PCENA#D) > iy, ((:{NAH#D) ast — 00,i =1,2.
By (4.2), v, (¢ :¢ N A # &) =aa(A;) and, hence, (5.1) is equivalent to
(5.2) lim P(&NA#2)=alas(l). i=1,2.
=00
First consider the case i = 1. By (1.7), (5.2) will follow once we establish
(5.3) lim P('&NA#2,% =2)=alas(h).
—00
By independence of disjoint space—time regions, for ¢, u > 0,
P& NA#D,%, =2)

< P(lgu +, 2e, =0, Dtl’(x’ﬂr") # & for some x € A)

=P(e #2,%, = @)P(D,l’(x’t+”) # & for some x € A)

=P('& # 2,6, =2)P(t " £2)

—>o¢,1’o¢A(M) ast,u — o0.
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Since
PCt# 2,14 = 2)
5.4)
5P(Zg‘u#@,Zészzforsomeszu)ao as u — 0o,
this proves
(5.5) limsup P('& N A #2,% =2) <ajaa(ry).
—00

For the required lower bound, duality implies
PEuNA# 2, %61, =0)
> P(zéu =g, \P(x,g(x’t+”), &,) = 1 for some x € A).

On the event {2, = @}, W(x, £ &,) = 1 if and only if D" N 1g, £ &.
Consequently, for any L > 0,

P& NA# D, %4, =2)

>/ P(éuGd??)P(Dtl’(x’lJr")ﬂln;é@for some x € A)
I'n|>L,2n=2

=/ P&, cd P& " Ny # ).
I'n|>L,2n=2

Now we replace P(g“,l’A N1y # @) with P(g“tl’A #* ) — P({,I’A #+ O, {tl’A Nnly=
&) so that the above implies

Pl NA#£D,%61, =2)
(5.6) > P('&l > L, %6, = 2)P (" £ 2)

[ PP 2.0 0l =2,
ni=L, n=

For fixed # and L,
lim P(|'&,| > L,%6, = 2)P (" # o)

t— 00

5.7) 1 2 1
>P('6ul 21,78 = Daa(h) — P(1 <& < L).

For fixed n with |177| > L, the complete convergence theorem (1.10) implies that
58)  lim P # 0,5 Nl =0) =aaiy s Nn=2) <5,

(recall 67 from Proposition 1). We can now plug (5.7) and (5.8) into (5.6) and use
Fatou, keeping u and L fixed, to get

liminf P (‘&4 NA # 2, %6144 = 9)

t—

(5.9) 1 2 1
>P( &l =1,76 =Daa(h) — P(I =<' <L) —4éL.
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The last two terms on the right-hand side above vanish as first # — oo and then
L — oo, and, therefore, liminf,_, oo P('& N A # @,2%& = @) > a%aA(kl). To-
gether with (5.5) this completes the proof of (5.3).

Turning to the i = 2 case of (5.2) and using independence of disjoint space—time
regions,

PCe 4 NA#D) < PCE # 0, D™ + o for some x € A)
< PCe,#£ D P(F" #2).
Now let ¢, u — 00 to obtain

(5.10) limsup P (& N A # @) < ajos(ha).

t—00

For the required lower bound we make use of the 1-blocked ancestor process
A7 defined in (4.6). By duality and independence of disjoint space—time regions,
for any L > 0,

PCEuNA#D)
(5.11)

3/2 P(&, €dn)P(¥(x,E", n) =2 for some x € A).
[*nl>L
By (4.10),
P(V(x,&", n) =2 forsome x € A)
2P(étx;é@,A;‘ﬂzngéQforsomexeA)
> P # @ forsomex € A) — Y P(Ef #2, A N =02)

xeA

=P #£0) =Y PE #0.AT N =0).

X€eA

With this bound we can appeal to (4.20), which implies that, for any ko > 0,
liminf P (W (x, £, n) =2 for some x € A)
—>00

> aa(h2) — |A|((1 — &) + (ko + 1)L).
Now we apply Fatou to (5.11) and obtain
liminf P (&4 NA#2) > [PCE #2) — P(1 < P8 < )]
— 00

x [aa(h2) — [A((1 — &) + (ko + 1)8L)].
Finally, we let u, L, ko — oo in order and make use of (4.1) and (4.5) to obtain

(5.12) liminf P& N A #2) = qjaa(ha),

which together with (5.10) completes the proof of (5.2) for i = 2.
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6. Proof of Theorem 4. Recall the notation and definitions of Theorem 4. By

(5.10), (5.12) and Theorem 2, it suffices to assume that |2n| < 00 and prove
P& NA#D, %61, =0)
6.1)
= (I—apuC: ¢ NA#D) ast,u — oo.

The basic idea of the proof is that when the 2’s die out, they “disturb” only

a bounded region of space—time. In this case, &4, (x) = 1 is essentially the same

as D,l+(,f ) A 2n # @, since A; < A* implies the 1-dual is unlikely to enter the

disturbed space—time region.

Let I' C S be a finite set containing 27 and let &' be the multitype contact
process restricted to I'. That is, put 5(1; (x) =nkx) forx e, ’;‘SF (x) =0 for all
s >0 and x € I'°, and let the dynamics of ésr (x) for x € I be the same as for &
except that only the Poisson processes T*, B*”, x, y € I are used. Consider the
events

E; ={D;"" 01y = & for some x € A},
Ey={D'""NTr =g VxeA,seltt+ull,
E3={%, =2},

Ey={?&] =% Vs €[0,ul}.

By independence of disjoint space—time regions, the events £ N E; and E3 are
independent, and it is simple to check that

4 4
62 (Ecl&nnNA#2,%,=0)cC (ﬂ El-) U ES§ U Ej.
i=1 i=1
We will prove (6.1) by finding appropriate estimates on the P (E;) and plugging
them into (6.2).
First, by duality,
1’1
63) P(EN=PEan'n#2)=PCNA%2)=PluNA#D).
Next, since {?&, = @} C E3 U E§ and E3 C (£, = 9} U ES,
6.4) P(u=2) — P(Ej) < P(E3) < P(6u = ) + P(EY).
For fixed finite ", switching to forward time, A; < A™ implies that

(6.5) P(E5) < ZP(;sl’xﬂf‘;é@forsomeszt)—>0 ast — 0o,

xeA
and the fact that %7 is finite implies that
(6.6) P(E{) — 0 as I' 1 § for fixed u > 0.
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For a lower bound on the left-hand side of (6.1), use (6.2), (6.3) and (6.4) to
obtain

P& NA# D, %40 =9)

3
> P(ﬂ E,-) — P(ES)
i=1
= P(E\ N E2) P(E3) — P(EY)
> P(E1)P(E3) — P(E5) — P(EY)
> P(Giyu N A # @)P (&, = @) — P(E5) —2P(E}).

Since P({ryy NA# QD) —> u(C:LNA#£QD)ast — oo, welett — oo, I' 1 S, and
u — oo in order above and employ (6.5) and (6.6) to obtain

liminf PC& =2, '6 NA£0) > (1 —ep)u(C 1L NA# D).
—00
By a similar argument,
P& uNA#£2,%, =02)
< P(E1 N Ey)P(E3) + P(E5) + P(Ey})
< P(GquNA#D)P(CE =)+ P(ES) +2P(E)
and, therefore,

lim_limsup PCELNA#D,'E,=0)<(I -t NA# D).

11— 00

Combining this with (5.4),
PCE# 2. 6140 = 2)
<P, #@,%, =@ for some s > u) — 0 as u — 0o
gives us

limsup P4 =2, '& NA# D) < (1 —apu(C L NAF D),

t—00

and we are done.

Acknowledgments. We thank Rick Durrett for showing us the proof of (1.7)
and Robin Pemantle for the argument for (4.1).
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