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MINIMAL POSITION AND CRITICAL MARTINGALE
CONVERGENCE IN BRANCHING RANDOM WALKS,
AND DIRECTED POLYMERS ON DISORDERED TREES

By YUEYUN HU AND ZHAN SHI

Université Paris XIII and Université Paris VI

We establish a second-order almost sure limit theorem for the minimal
position in a one-dimensional super-critical branching random walk, and also
prove a martingale convergence theorem which answers a question of Big-
gins and Kyprianou [Electron. J. Probab. 10 (2005) 609-631]. Our method
applies, furthermore, to the study of directed polymers on a disordered tree.
In particular, we give a rigorous proof of a phase transition phenomenon for
the partition function (from the point of view of convergence in probability),
already described by Derrida and Spohn [J. Statist. Phys. 51 (1988) 817—
840]. Surprisingly, this phase transition phenomenon disappears in the sense
of upper almost sure limits.

1. Introduction.

1.1. Branching random walk and martingale convergence. We consider a
branching random walk on the real line R. Initially, a particle sits at the origin. Its
children form the first generation; their displacements from the origin correspond
to a point process on the line. These children have children of their own (who form
the second generation), and behave—relative to their respective positions—Iike
independent copies of the initial particle. And so on.

We write |u| = n if an individual u is in the nth generation, and denote its
position by V (). [In particular, for the initial ancestor e, we have V (e) = 0.] We
assume throughout the paper that, for some § > 0, §+ > 0 and §_ > 0,

(1.1) E{(lgl 1)1%} < 00,

(1.2) E{ Z e—(1+5+)V(u)} +E{ Z es_V(u)} < o0,

[ul=1 lu|=1

here E denotes expectation with respect to P, the law of the branching random
walk.
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Let us define the (logarithmic) moment generating function

V(t) = logE[ > e—’W")} € (—o00, 7], t>0.

ul=1

By (1.2), ¥ (t) < oo fort € [-6_, 1 4+ 4]. Following Biggins and Kyprianou [9],
we assume

(1.3) ¥ (0) >0, y()=y'(1)=0.

Since the number of particles in each generation forms a Galton—Watson tree, the
assumption ¥ (0) > 0 in (1.3) says that this Galton—Watson tree is super-critical.

In the study of the branching random walk, there is a fundamental martingale,
defined as follows:

(1.4) Woi= ) e V™, n=0,1,2,... (Z ::0).

[u|=n @

Since W,, > 0, it converges almost surely.

When ¢/(1) < 0, it is proved by Biggins and Kyprianou [7] that there exists a
sequence of constants (a,) such that ‘;V—: converges in probability to a nondegener-
ate limit which is (strictly) positive upon the survival of the system. This is called
the Seneta—Heyde norming in [7] for branching random walk, referring to Seneta
[35] and Heyde [22] on the rate of convergence in the classic Kesten—Stigum the-
orem for Galton—Watson processes.

The case ¥'(1) = 0 is more delicate. In this case, it is known (Lyons [29]) that
W, — 0 almost surely. The following question is raised in Biggins and Kyprianou
[9]: are there deterministic normalizers (a;) such that % converges?

We aim at answering this question. !

THEOREM 1.1. Assume (1.1), (1.2) and (1.3). There exists a deterministic
positive sequence (\,) with 0 < liminf,_ nkﬁ < limsup,_, o nkﬁ < 00, such
that, conditionally on the system’s survival, A\, W,, converges in distribution to W,

with # > 0 a.s. The distribution of W is given in (10.3).

The limit % in Theorem 1.1 turns out to satisfy a functional equation. Such
functional equations are known to be closely related to (a discrete version of) the
Kolmogorov-Petrovski—Piscounov (KPP) traveling wave equation; see Kyprianou
[25] for more details.

The almost sure behavior of W,, is described in Theorem 1.3 below. The two
theorems together give a clear image of the asymptotics of W,,.
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1.2. The minimal position in the branching random walk. A natural question
in the study of branching random walks is about inf},—, V («), the position of
the leftmost individual in the nth generation. In the literature the concentration
(in terms of tightness or even weak convergence) of inf},|—, V (u) around its me-
dian/quantiles has been studied by many authors. See, for example, Bachmann
[4] and Bramson and Zeitouni [14], as well as Section 5 of the survey paper by
Aldous and Bandyopadhyay [2]. We also mention the recent paper of Lifshits
[26], where an example of a branching random walk is constructed such that
inf},|=, V (u) — median({inf}, =, V (1)}) is tight but does not converge weakly.

We are interested in the asymptotic speed of infj,—, V (u). Under assump-
tion (1.3), it is known that, conditionally on the system’s survival,

1
(1.5) — inf V(u) > 0 a.s.,
n |lul=n
(1.6) 1|nf V(u) — 400 a.s.
M n

The “law of large numbers” in (1.5) is a classic result, and can be found in Ham-
mersley [19], Kingman [23] and Biggins [5]. The system’s transience to the right,
stated in (1.6), follows from the fact that W,, — 0, a.s.

A refinement of (1.5) is obtained by McDiarmid [31]. Under the additional as-
sumption E{(Z|u|:1 1)?} < o0, itis proved in [31] that, for some constant ¢; < o0
and conditionally on the system’s survival,

lim sup 1nf Vu) <c a.s.

n—oc logmn |u

We intend to determine the exact rate at which infj,|—, V (1) goes to infinity.

THEOREM 1.2. Assume (1.1), (1.2) and (1.3). Conditionally on the system’s
survival, we have

3
(1.7) lim sup inf V(u)=- as.,
n—oo logn |ul=n 2
1
(1.8) liminf inf V(u)=-= a.s.,
n—o0 logn |ul=n 2
3
(1.9 nll)ngo Togn |L}P—fn Vu) = 3 in probability.

REMARK. (i) The most interesting part of Theorem 1.2 is (1.7)—(1.8). It re-
veals the presence of fluctuations of inf,—, V (#) on the logarithmic level, which
is in contrast with known results of Bramson [13] and Dekking and Host [16] sta-
ting that, for a class of branching random walks inf}, =, V (1) converges

almost surely to a finite and positive constant.

1
> loglogn
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(i) Some brief comments on (1.3) are in order. In general [i.e., without assum-
ing ¥ (1) = ¢'(1) = 0], the law of large numbers (1.5) reads %inf‘m:n V) — c,
a.s. (conditionally on the system’s survival), where ¢ :=inf{a € R: g(a) > 0}, with
g(a) :=infi>ofta + v ()}. If

(1.10) Y () = ()

for some t* € (0, 00), then the branching random walk associated with the point
process V) :=1*V(u) + ¥ (t*)|u| satisfies (1.3). That is, as long as (1.10) has a
solution [which is the case, e.g., if ¥ (1) = 0 and ¥'(1) > 0], the study will boil
down to the case (1.3).

It is, however, possible that (1.10) has no solution. In such a situation, Theo-
rem 1.2 does not apply. For example, we have already mentioned a class of branch-
ing random walks exhibited in Bramson [13] and Dekking and Host [16], for which
infj,|—, V (1) has an exotic loglogn behavior.

(iii) Under suitable assumptions, Addario—Berry [1] obtains a very precise as-
ymptotic estimate of E[inf}, =, V (u)], which implies (1.9).

(iv) In the case of branching Brownian motion, the analogue of (1.9) was
proved by Bramson [12], by means of some powerful explicit analysis.

1.3. Directed polymers on a disordered tree. The following model is bor-
rowed from the well-known paper of Derrida and Spohn [17]: Let T be a rooted
Cayley tree; we study all self-avoiding walks (= directed polymers) of n steps
on T starting from the root. To each edge of the tree is attached a random variable
(= potential). We assume that these random variables are independent and identi-
cally distributed. For each walk w, its energy E () is the sum of the potentials of
the edges visited by the walk. So the partition function is

Zy =Y e PE@),
w

where the sum is over all self-avoiding walks of n steps on T, and B8 > O is the
inverse temperature.

More generally, we take T to be a Galton—Watson tree, and observe that the
energy E(w) corresponds to (the partial sum of) the branching random walk de-
scribed in the previous sections. The associated partition function becomes

(1.11) Wapi= Y e PV, B> 0.

lul=n

Clearly, when g =1, W, 1 is just the W,, defined in (1.4).
If 0 < B < 1, the study of W, g boils down to the case /(1) < 0, which was
investigated by Biggins and Kyprianou [7]. In particular, conditionally on the sys-

n,

, . W, . o .
tem’s survival, E{Tﬁﬂ} converges almost surely to a (strictly) positive random vari-
n,

able.
We study the case 8 > 1 in the present paper.
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THEOREM 1.3.  Assume (1.1), (1.2) and (1.3). Conditionally on the system’s
survival, we have
(1.12) W, =n~ 120 4

THEOREM 1.4. Assume (1.1), (1.2) and (1.3), and let > 1. Conditionally on
the system’s survival, we have

log W,
(1.13) limsup 22Vt _ B o
n—00 logn 2
log W 3
(1.14) liminf 28 Wns _ 36 o
n—oo  logn 2
(1.15) Wag= n—3B/2+o(D) in probability.

Again, the most interesting part in Theorem 1.4 is (1.13) and (1.14), which
describes a new fluctuation phenomenon. Also, there is no phase transition any
more for W), g at B = 1 from the point of view of upper almost sure limits.

The remark on (1.3), stated after Theorem 1.2, applies to Theorems 1.3 and 1.4
as well.

An important step in the proof of Theorems 1.3 and 1.4 is to estimate all small
moments of W, and W,, g, respectively. This is done in the next theorems.

THEOREM 1.5. Assume (1.1), (1.2) and (1.3). For any y € [0, 1), we have
(1.16) 0 <liminfE{(n'2W,)"} < limsup E{(n'/*W,)”} < oc.
n

n—oo

THEOREM 1.6. Assume (1.1), (1.2) and (1.3), and let B > 1. Forany 0 <r <
%, we have

(1.17) E{W 5} =n~P/2ro), n— 00.

The rest of the paper is as follows. In Section 2 we introduce a change-of-
measures formula (Proposition 2.1) in terms of spines on marked trees. This for-
mula will be of frequent use throughout the paper. Section 3 contains a few pre-
liminary results of the lower tail probability of the martingale W,. The proofs of
the theorems are organized as follows:

Section 4: upper bound in part (1.8) of Theorem 1.2.

Section 5: Theorem 1.6.

Section 6: Theorem 1.5.

Section 7: Theorem 1.3, as well as parts (1.14) and (1.15) of Theorem 1.4.
Section 8: (the rest of) Theorem 1.2.

Section 9: part (1.13) of Theorem 1.4.
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e Section 10: Theorem 1.1.

Section 4 relies on ideas borrowed from Bramson [12], and does not require the
preliminaries in Sections 2 and 3.

Sections 5 and 6 are the technical part of the paper, where a common idea is
applied in two different situations.

Throughout the paper we write

q = P{the system’s extinction} € [0, 1).

The letter ¢ with a subscript denotes finite and (strictly) positive constants. We
also use the notation ) " :=0, [[, := 1, and 0Y := 1. Moreover, we use a, ~ by,
n — 00, to denote lim,, , o 3* = 1.

2. Marked trees and spines. This section is devoted to a change-of-measures
result (Proposition 2.1) on marked trees in terms of spines. The material of this
section has been presented in the literature in various forms; see, for example,
Chauvin, Rouault and Wakolbinger [15], Lyons, Pemantle and Peres [30], Biggins
and Kyprianou [8] and Hardy and Harris [20].

There is a one-to-one correspondence between branching random walks and
marked trees. Let us first introduce some notation. We label individuals in the
branching random walk by their line of descent, so if u =iy---i, € Z :={@} U
U,fil(N*)k (where N* :={1, 2, ...}), then u is the i,th child of the i,,_;th child
of. .. of the i;th child of the initial ancestor e. It is sometimes convenient to con-
sider an element u € % as a “word” of length |u|, with @ corresponding to e. We
identify an individual u with its corresponding word.

If u, v e %, we denote by uv the concatenated word, with u@ = Ju = u.

Let % :={(u,V(w):uec%,V:% — R}. Let Q be Neveu’s space of marked
trees, which consists of all the subsets @ of % such that the first component of w
is a tree. [Recall that a tree 7 is a subset of % satisfying: (i) @ € t; (ii) if uj € ¢ for
some j € N*, then u € t; (iii) if u € ¢, then uj € t if and only if 1 < j < v, (¢) for
some nonnegative integer v, (¢).]

Let T': 2 — €2 be the identity application. According to Neveu [32], there exists
a probability P on 2 such that the law of T under P is the law of the branching
random walk described in the Introduction.

Let us make a more intuitive presentation. For any w € €2, let
2.1) TSV (w) := the set of individuals ever born in w,

(2.2) T(w) := {(u, V@)),u € TSV (w), V such that (u, V (1)) € »}.

[Of course, T(w) = w.] In words, TSY is a Galton—Watson tree, with the pop-
ulation members as the vertices, whereas the marked tree T corresponds to the
branching random walk. It is more convenient to write (2.2) in an informal way:

T = {(u, V(u)),u € TOV}.
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For any u € TOW

(2.3) TSV .= (x € % :ux e TSV).
TSV i

, the shifted Galton—Watson subtree generated by u is

[By shifted, we mean that is also rooted at e.] For any x € Tsw, let

(2.4) ]y = |ux| — |ul,
(2.5) Vi(x) :=V(ux) —V(u).
As such, |x|, stands for the (relative) generation of x as a vertex of the Galton—
Watson tree TSW, and (V,(x),x € ’]I‘SW) the branching random walk which corre-
sponds to the shifted marked subtree

Ty :={(x, Vu(x)), x € Tg™}.

Let %, :=o{(u, V(u)),u € TSV, |u| < n}, which is the sigma-field induced by
the first n generations of the branching random walk. Let .%, be the sigma-field
induced by the whole branching random walk.

Assume now ¥ (0) > 0 and (1) = 0. Let Q be a probability on €2 such that,
forany n > 1,

(2.6) Qlg, =W, eP|z,.

Fixn > 1. Let wy, ) be a random variable taking values in {u € TV |u| = n} such
that, for any |u| =n,

e—V(u)
@.7) Qfwy” =u|Foo} =
Wy
We write [e, wy )ﬂ ={e= w(()"), w}") wé"), el w,&”)} for the shortest path in TSW

relating the root e to w( ") , with |w(")| =k forany 1 <k <n.
For any individual u e TGW \ {e}, let % be the parent of u in TSV, and
AV(u):=Vw)—V(W).
For 1 <k <n, we write
(2.8) I = {u e TV jul =k, T=wl, utw’)}.
(n)

In words, f (™) is the set of children of w! k 1 except wy * or, equivalently, the set of

the brothers of w,(cn)

sigma-field:

, and is possibly empty. Finally, let us introduce the following

(2.9) 3 Save, V() w, 7 1<k <n
xeﬂk(")
where § denotes the Dirac measure.
The promised change-of-measures result is as follows. For any marked tree T,

we define its truncation T” at level n by T" := {(x, V (x)), x € TSV, |x| < n}; see
Figure 1.
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FIG. 1. Spine; The truncated shifted subtrees ']I‘ﬁflx‘ ,T’;_M, T?f‘zl, ... are actually rooted at e.

PROPOSITION 2.1. Assume ¥ (0) > 0 and (1) =0, and fix n > 1. Under
probability Q,

(i) the random variables (3 __ ;o 8AV (x)» AV(w,((”))), 1<k<n,areiid.,
k
L 1
distributed as (erflm SAV(x)> AV(wi )));
(ii) conditionally on %,, the truncated shifted marked subtrees T, for
xelUi,; fk(”) , are independent; the conditional distribution of "]I'ﬁ_pc| (for any

x e lUpo ﬂk(")) under Q, given 9, is identical to the distribution of T"~™! un-
der P.

Throughout the paper, let ((S;,0;),i > 1) be such that (S; — S;_1, 0;), for
i > 1 (with Sg = 0), are 1.i.d. random vectors under Q and distributed as
Vv (w{"), #7").

COROLLARY 2.2. Assume r(0) > 0 and ¥ (1) =0, and fix n > 1.

(i) Under Q, (Vw\™),#.7"),1 < k < n) is distributed as ((Sg,o1),
1 <k <n). In particular, under Q, (V(w,ﬁ")), 1 <k <n) is distributed as (S, 1 <
k <n).
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(ii) For any measurable function F:R — R,

(2.10) EQ{F(SD}=E{ > e VWF (V).
lu|=1

In particular, we have EQ{S1} = 0 under (1.2) and (1.3).

Corollary 2.2 follows immediately from Proposition 2.1, and can be found in
several papers (e.g., Biggins and Kyprianou [9]).

We present two collections of probability estimates for (S,) and for (V (u),
|u| = 1), respectively. They are simple consequences of Proposition 2.1, and will
be of frequent use in the rest of the paper.

COROLLARY 2.3. Assume (1.2) and (1.3). Then
(2.11) Eg{e’S'} <o V]a| <e,

QISnl = x} < 2exp<—03 mi“{x’ xﬂ)

(2.12)
Vn>1,Vx >0,
. Cc4
(2.13) Q{lrsr}(lgnSk >0} PR n— 00,
(2.14) supn!/ZEq{ebMMosi=nSiy < 0o Vb >0,

n>1

where ¢y ;= min{é, 1 + §_}. Furthermore, for any C > ¢ > 0, we have

{ max 1S; — Skl zClogn} <2en~ @ Diogn
0<j.k=n,|j—k|<clogn
(2.15)

Vn > 2.

COROLLARY 2.4. Assume (1.1), (1.2) and (1.3). Let 0 <a < 1. Then

p(a)
(2.16) EQ:( > eaW“)) } < o0,

lu|=1

2.17) Q{ sup |V(u)| > x} < c5e” ¥ Vx >0,
lul=1
with p(a) := Hfﬁ’ where § and 5 are the constants in (1.1) and (1.2), respec-

tively.

PROOF OF COROLLARY 2.3. By Corollary 2.2 (ii), EQ{e”SI} =
E{Z|u|:1 e(a_l)v(“)}, which, according to (1.2), is finite as long as |a| < ¢. This
proves (2.11).
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Once we have the exponential integrability in (2.11) for (S,), standard proba-
bility estimates for sums of i.i.d. random variables yield (2.12), (2.13) and (2.14);
see Petrov [34]’s Theorem 2.7, Bingham [10] and Kozlov [24]’s Theorem A, re-
spectively.

To check (2.15), we observe that the probability term on the left-hand side
of (2.15) is bounded by > o< k<pi—j<clogn QlISk—jl = Clogn}. By (2.12),
Q{[Sk—jl = Clogn} < 2n~C for k — j < clogn. This yields (2.15). [

PROOF OF COROLLARY 2.4. Write p := p(a). We have
EQ{(X =1 eV )P} = E{W/{,} = E{W[ , Wi1}. Let N := ¥ ,_; 1. By

Holder’s inequality, W;, < Wla/l(_’l_j{h)N(l at+84)/(1+81)  whereas Wi <
W1/ (HM)N‘”/ (I143+) " Therefore, by means of another application of Holder’s
inequality, E(W] Wi} < [E(Wy 145,)]0 T/ AHD[E(NT+0))0rmap)/AH00),
which is finite [by (1.2) and (1.1)]. This implies (2.16).

To prove (2.17), we write A := {sup|u|:1 |V (u)| > x}. By Chebyshev’s in-
equality, P(A) < c7e™%*, where ¢7 := E(Z|u|:1e68|v(”)‘) < oo as long as
0 < cg <min{s_, 1 + 84} [by (1.2)]. Thus, Q(A) = E{} = e 1,4} <
co[P(A)]PD/U+pMI - where ¢g := [E{(ZMZIe—V(u))1+p(1)}]1/(1+p(1)) < 00.

Now (2.17) follows from (2.16), with cg := {220 O

3. Preliminary: small values of W,,. This preliminary section is devoted to
the study of the small values of W,,. Throughout the section, we assume (1.1), (1.2)
and (1.3). We define two important events:

3.1 . = {the system’s ultimate survival},
(3.2) Sy = {the system’s survival after n generations} = {W,, > 0}.

Clearly, . C .. Recall (see, e.g., Harris [21], page 16) that, for some constant
ciopand alln > 1,

(3.3) P{Y, \ S} <e 10",
Here is the main result of the section.
PROPOSITION 3.1. Assume (1.1), (1.2) and (1.3). For any ¢ > 0, there exists
V¥ > 0 such that, for all sufficiently large n,
(3.4) P(n'?W, <nf|.7) <n™?
The proof of Proposition 3.1 relies on Neveu’s multiplicative martingale. Recall

that under assumption (1.3), there exists a nonnegative random variable £*, with
P{&* > 0} > 0, such that

(3.5) g N gV,

lul=1
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where, given {(u, V(u)), lu| = 1}, & are independent copies of £*, and <l
stands for identity in distribution. Moreover, there is uniqueness of the distribu-
tion of £* up to a scale change (see Liu [27]); in the rest of the paper we take the
version of £* as the unique one satisfying E{e~¢ = %

Let us introduce the Laplace transform of &*:

(3.6) o*(t):=Efe ),  t>0.

Let

(3.7) =[] ¢*"™). n=1
lul=n

The process (W,’, n > 1) is also a martingale (Liu [27]). Following Neveu [33], we
call W) an associated “multiplicative martingale.”

The martingale W* being bounded, it converges almost surely (when n — c0)
to, say, W2 . Let us recall from Liu [27] (see also Kyprianou [25]) that, for some
c* >0,

law

W*_g

(3.9 log<(p*1(t)) ~ c*tlog(;), t— 0.

We first prove the following lemma:

(3.8) log

LEMMA 3.2. Assume (1.1), (1.2) and (1.3). There exist k > 0 and ag > 1 such
that

(3.10)  E{(W)YWX <1}<a™,  Va>ao,
(3.11) E{(Wly)<a ™ +e "  Vn>1VYaz>a.

PROOF. We are grateful to John Biggins for fixing a mistake in the original
proof.
We first prove (3.10). In view of (3.8), it suffices to show that

(3.12) E{e %" |t* >0 <a™,  a>a.

Let g € [0,1) be the system’s extinction probability. Let N := 3, 1.
It is well known for Galton—Watson trees that g is the unique solution of
E(qN) = g (for g € [0, 1)); see, for example, Harris [21], page 7. By (3.5),
¢*(1) = E{[Tj)=1 ¢*(te”V®)}. Therefore, by (3.6), P{£* = 0} = ¢*(00) =
limt_>ooE{1_[|u|:1go*(te_v(”))}, which, by dominated convergence, is =
E{(¢p*(c0))N} = E{(P{e* = 0})V}. Since P{£* = 0} < 1, this yields P{£* =
0} =
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Following Biggins and Grey [6], we note that, for any ¢ > 0,
Efe™) =q + (1 - @E{ " [§*>0).

Let £ be a random variable such that E{e "¢} = E{e~"¢"|&* > 0} for any ¢ > 0.
Let Y be a random variable independent of everything else, such that P{Y =
0} =g =1—P{Y = 1}. Then £* and Yg have the same law and, by (3.5), so
do&*and 37, =) e‘v(“)Yugu, where, given {u, |u| = 1}, (Yu,gu) are independent
copies of (¥, £), independent of {V (u), |u| = 1}. Since {¥_,,=; e~ @Y, &, > 0} =
{>_1u)=1 Yu > 0}, this leads to

Efe %) = E{e_t Sup=re” Yk

> V> 0}, t>0.
lul=1

Let $(t) := E{e™"¢},t > 0. Then for any > 0 and ¢ > 0,

o) = E{ [] ate Vv Y vu> 0} < E{[@(re—fn’vf

lu|=1 lu|=1

Z Y, > 0},
lu|=1

where N, := Z|u|:1 1{y,=1,|v(u)|<c}- By monotone convergence, lim._, o E{N.|
Yu=1Yu > 0} = EQ3 =1 Yul Xp=1 Yu > 0} > 1 [because P{} = Yu >
2} > 0 by assumption (1.3)]. We can therefore choose and fix a constant ¢ > 0
such that E{N,| 3, =1 Yu > 0} > 1. By writing f(s) = E{sVe| 2 ju=1Yu > 0},
we have

o) < f@te™)),  Vi=0.
Iterating the inequality yields that, for any # > 0 and any n > 1,

(3.13) Efef) < FO®EE Y, thatis, Ble ) < FWEle ),

where f(”) denotes the nth iterate of f It is well known for Galton—Watson trees
(Athreya and Ney [3], Section 1.11) that, for any s € [0, 1), lim,— oo ¥ " f(")(s)
converges to a finite limit, with y := (f)/(0) < PO =1 Yu = U 2 =1 Yu >
0} < 1. Therefore, (3.13) yields (3.12), and thus (3.10).

It remains to check (3.11). Let a > 1. Since ((W,")“,n > 0) is a bounded sub-
martingale, E{(W,;)?1 & } < E{(WX)“1 & }. Recall that W5, < 1; thus,

E{(W,))15,} <E{(W)"Ls} +P{S \ 7).

By (3.3), P{S, \ 7} < e 10", To estimate E{(W,)“1 &}, we identify . with
{WZ < 1}: on the one hand, ¢ C {W; = 1, for all sufficiently large n} C
{WZ = 1}; on the other hand, by (3.8), P{W% < 1} = P{§* >0} =1 —
q = P(). Therefore, ./ = {W%, < 1}, P-a.s. Consequently, E{(W} )1 &} =
E{(W;‘o)“l{wgod}}, which, according to (3.10), is bounded by a™*, for a > ay.
Lemma 3.2 is proved. [J

We are now ready for the proof of Proposition 3.1.
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PROOF OF PROPOSITION 3.1. Let ¢j1 > 0 be such that P{&* < ¢y} > 3.
Then ¢*(t) = E{e %"} > e “I'P{&* < ¢11} > e~ and, thus, log(ﬁ) <
c11t + log 2. Together with (3.9), this yields, on the event .#},,

1 1
ox(i7) = X ox( v )

lul=n
<> LyvwzneVwe ™+ 3 Lyu<yciie™V ™ +log2).
lul=n lul=n

Since W,, = Z|u|=n e~V we obtain, on ., for any A > 1,

1
(3.14) log<w) <ci3AW, +c2 Z l{V(u)zA}V(M)e_V(u)a
n

|u|=n

where c13 :=c11 + c12 + elog2. Note that ¢17 and ¢13 do not depend on A.
Let 0 <y < 1. Since . C .}, it follows that, for c14 := c¢12 + ¢13,

1
PAW, < y|-S} < P{log(W ) <clay| 7 }

n

(3.15) +P{ Y LywznVwe > y‘&”n]
|ul=n
=:RHS3 5, + RHS{; 5.
with obvious notation.
Recall that P(.%},)) = P(.¥) = 1 — q. By Chebyshev’s inequality,

Cl4

RHS(; 5, < ¢ “E((W)*170) = 7BV V17,).

By 3.11),forn>1and 0 <y < aio, with ¢15 := ¢4 /(1 — q),
(3.16) RHS (3 15, < c15(y* + ¢ 10",

To estimate RHS%MS), we observe that

A

1 —
RHS%3.15) = HP{ Z I{V(M)EA}V(M)e V(u) > y}

|u|l=n

1
<—E1 Y LyusyV@e V™

|u|=n
Z . V(u)e V)
{v ) e —
(1—q)y = TR
1
_ (n)
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By Corollary 2.2(1), EQ{V (wi)1p,,m,.,,} = E{Silis,=11} < (BolSih'/? x
(Q{S, = A)'/2, which, by (2.12), is bounded by c1¢n exp(—c3 min{A, kn—z}). Ac-
cordingly, RHS%MS) < % exp(—c3 min{A, A72}). Together with (3.15) and (3.16),
it yields that, for 0 < y < a]_o’

)\‘2
POMW, < yI.%) < c15 (v +e—c10m) 4 72 exp(—c3 min{x, —})
y n

Let A :=n'/2y™%/2_ The inequality becomes, for 0 < y < aio andn > 1,

P{nl/ZWn < y("+2)/2|%,}

i 1/2pk/2
. min ,
<cis(Y +e 1) + % CXP(—C3 i yKy })'

This readily yields Proposition 3.1. [J

REMARK. Under the additional assumption that {u, |u| = 1} contains at
least two elements almost surely, it is possible (Liu [28]) to improve (3.10):
E{(WX)* W}, < 1} < exp{—a"'} for some «; > 0 and all sufficiently large a,
from which one can deduce the stronger version of Proposition 3.1: for any ¢ > 0,
there exists ¥ > 0 such that P{n'/2W,, < n=¢|.7} < exp(—n"") for all sufficiently
large n.

We complete this section with the following estimate which will be useful in
the proof of Theorem 1.5.

LEMMA 3.3.  Assume (1.1), (1.2) and (1.3). Forany 0 <s < 1,

(3.17) supE{(log %)S} < 00.

n>1

PROOF. Letx > 1. By Chebyshev’s inequality, P{log(%) >x}=P{e"Wr <

1} < eE{e—¢ Wx}. Since W is a martingale, it follows from Jensen’s inequality
that E{e=¢ Wi} < E{e=¢ Wx) < P{WZ < e™*/2} 4 exp(—e*/?). Therefore,

1
(3.18) P{log(m) > x} <eP{W} < e ¥y 4 exp(1 — ).

On the other hand, by integration by parts, [;~ e "P(§* > y)dy = % =

1—¢* (1)
t

, which, according to (3.9), is < clglog(%) for 0 <1t < % Therefore,
for a > 2, cigloga > [§°e/“P(E* > y)dy > [ e V/P(E* = a)dy = (1 —
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e DaP(¢* > a). Thatis, P(§* > q) < —18 loga or, equivalently, P(WZ <e™) <

T—eT1 a

, for a > 2. Substituting this in (3.18) gives that, for any x > 4,

1 2ecry log(x/2
P{log(W) Zx} < l_ecelfl Og(;c/ ) 1 exp(l —e2).
n

Lemma 3.3 follows immediately. [J

c18 loga
l—e=! a

4. Proof of Theorem 1.2: upper bound in (1.8). Assume (1.1), (1.2)
and (1.3). This section is devoted to proving the upper bound in (1.8): conditionally
on the system’s survival,

1 1
4.1) liminf1 inf V(u) < < - a.s.

n— oo gn ‘u| n

The proof borrows some ideas from Bramson [12]. We fix —co<a <b <0
and ¢ > 0. Let £1 < £, <?2{; be integers; we are interested in the asymptotic case
£1 — o00. Consider n € [£1,£2] N7Z. Let 0 < c19 < 1 be a constant, and let

gn(k) :=min{c1ok'?, cio(n — k)3 + alogty, n®}, 0<k<n.
Let L, be the set of individuals x € TSV with |x| = n such that
gn(k) < V(xx) < cook, VO<k<n and alogf; <V(x)<blogt,
where xo :=e¢, x1, ..., X, := x are the vertices on the shortest path in TGW relating
the root e and the vertex x, with |x;| = k for any 0 < k < n. We consider the
measurable event

%3
Fo 0= U U {x eL,}.
n=~¢1 |x|=n
We start by estimating the first moment of #F; ,: E(#Fg1 ) =
Sy BAY jmn LireLyy ). Since E{Y oy LreL,)) = BQlY i e’ x
1ver,)) = Eqfe? 1

}, we can apply Corollary 2.2 to see that

{wyV e,
1)
S
EG#Fe, ) = Y EQle™ g, k)=si=cak Yo<k=n.alog ¢, <Sy<blog 1} }
n=4~{,

> Z 29Q{gn (k) < Sk < c20k,YO <k <n,alogl; < S, <blogt}.
n=4~{y
We choose (and fix) the constants cjg9 and cpg such that Q{ci9 < S| < ¢9} > 0.
Then,! the probability Q{-} on the right-hand side is E;w 2)+0(1), for ¢; — oc.

LAn easy way to see why —3 should be the correct exponent for the probability is to split the

event into three pieces: the first piece involving Sy for 0 < k < %, the second piece for % 3 <k< 23”
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Accordingly,
42) E(#Fy, 0,) = (6 — & + 1] 20,

We now proceed to estimate the second moment of #Fy, ¢,. By definition,

12 1)
E[#F;,.0,)% 1= Y E{ > l{xeLn,yeLm}}

n=£1 m={; [x[=n|y|=m

1% 1%
<2> > E[ >y l{xeLn,yeLm}}'

n=¢, m=n [x|=n|y|=m

We look at the double sum }_|—, >_|y=n On the right-hand side. By consider-
ing z, the youngest common ancestor of x and y, and writing k := |z|, we arrive at

n
Z Z Lixer, yeL,) = Z Z Z Lizuel, . zvely )

|x|=n|y|=m k=0 |z|=k (u,v)

where the double sum 3}, . is over u, v € ']I‘ZGW such that |u|, =n — k and
|v|, = m — k and that the unique common ancestor of # and v in ’]I‘?W is the root.

Therefore,

by € n
E[(#F;, 0,)°1<2 ) Y ZE{ >0 > 1uer, zveln)

n=¢ M=n k=0 |z|=k (u,v)
by € n
=23 > > Aknme
n=~£1 m=n k=0

We estimate Ay, according to three different situations.

First situation: 0 <k < |n®]. Let V,(u) := V(zu) — V(2) as in Section 2. We
have 0 < g, (k) < V(2) <cponf,and V(zu;) > 0for0 <i <n—kand V (zu,—_;) <
blog ¥, where ug :=e, uy, ..., u,_j are the vertices on the shortest path in TS’W
relating the root e and the vertex u, with |u;|, =i for any 0 <i < n — k. Therefore,

and the third piece for %” < k < n. The probability of the first piece is n~ /Do) (it is essentially
the probability of S being positive for 1 < k < %, because conditionally on this, S converges
weakly, after a suitable normalization, to a Brownian meander; see Bolthausen [11]). Similarly, the
probability of the third piece is n~(/D+o() The second piece essentially says that after % steps, the

random walk should lie in an interval of length of order log n; this probability is also n~ /o)
Putting these pieces together yields the claimed exponent — %

For a rigorous proof, the upper bound—not required here—is easier since we can only look at
the event that the walk stays positive during n steps (with the same condition upon the random
variable S;), whereas the lower bound needs some tedious but elementary writing, based on the
Markov property. Similar arguments are used for the random walk (Sy) in several other places in the
paper, without further mention.
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V. (u;) = —coonf for 0 <i <n —k, and V,(u) < blog{;. Accordingly,

Ak,n,m < E{ Z Z l{zveLm}Bn—k}a

lz|=k veTgw,lvlzzm—k

where

Bk 2=E: Z 1{V(x,—)z—czon8,vo§i§n—k,V(x)gblogel}}

|x|=n—k

Eqfe’ 1,
=Eq{e™™ V"> —cyont VO<i<n—k, vV (w", k))<b10g21}}

=Eq{e”*1(5,>—cynt V0<i<n—k.S,_x<blogt1} }
< 5Q(S; = —cyon®,YO<i <n—k, S,_; <blogt}
< 6?7(3/2)+8+0(1) < £[17*(3/2)+28.

Therefore,

b 3/2)+2
Ak,n, G/2a+ 8 { Z Z l{zvele}}

lz|=k veTSWV, |v|,=m—k

b—(3/2)+2.
_ gh=O/242eg {Z l{xe]Lm}}

|x|=m
and, thus,
RGN b—(3/2)+2¢
43) DD Ak =4 (2 — €1+ 1)(65 + DE#Fy, ¢,).
n==0, m=n k=0
Second situation: |n| + 1 <k < min{m — [n®|,n}. In this situation, since
V(z) > max{g (k), g, (k)} > c1on®/3, we simply have V,(u) < blogt; — cjon®/3.
Exactly as in the first situation, we get

Ak,n,m SE! Z I{XELm}}E< Z 1{V(x)§blog£1—019n5/3} .

|x|=m |x|=n—k
The second E{-} on the right-hand side is

— Sn—k b —Clgn‘g/3
=Eqfe™ I{Sn_k5b10g£1—019n5/3}} <{lje

and, thus,
ly  €p min{m—|n®]|,n}

. pEl3
@ DS S Ak e (0 — € + DOE#F, ).

n=0ym=n_ k=|n¢|+1

Third and last situation: m — |n®] + 1 < k < n (this situation may happen only
if m <n+4 [n°] —1). This time V(z) > g,, (k) > alog?; and, thus, V,(u) < (b —
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a) log £1; consequently,

Nkn,m SE{ > l{xeLm}}E! > 1{V(x)§(b—a)10g(’,1}}

|x|=m |x|=n—k

EZ?_QE! Z l{xeLm}}‘

|x|=m

Therefore, in case m <n + [n®] — 1,

b o n y n+|nf]—1
3 Aam=Y. > KEE?_”E{ > l{xe]Lm}}
n={1 M=Nk=m—|n¢|+1 n=¢; m=n |x|=m

1% m
<> > iﬁlf_”E! > l{xeLm}}
m=~{; n=m—2|m? | |x|=m
<203 P E(#Fy, 4,).
Combining this with (4.3) and (4.4), and since

b € n

E[(#F.0,)°1<2 Y > > Aknms

n=~0; m=n k=0
we obtain
E[(#F, ¢,)°]

b—(3/2)+2
[E#F;, 0,)]? @6 — 6+ D+ D)
1,€2

IA

el _ _
+ 205670 (0 — 01 + 1)l 4+ 4635 07N (E#Fy, 1,)) 7L
Since £, < 20y, we have 207 C/22 (g | 1) 4 2419l gy < B7O/DTEE g
all sufficiently large £1. On the other hand, E#Fy, ¢,) > ({2 — €1 + 1)E‘11_(3/2)_8
by (4.2) (for large £1). Therefore, when ¢ is large, we have

b—(3/2)+4 _
E[(#F€1,52)2] < 4 G2 U=+ 1) +€[17 a+3e

(E@#Fy, 0, ~ 0y — €1 + 1)5611—(3/2)—5

1 [E#Fy )]

By the Paley—Zygmund inequality, P{Fy, ¢, # } > 7 EGF, 0)7]

; thus,

4.5) P{ in V(x)<blogt }>1 (62— 6+ Dy~
. min X o - _

Of course, we can make a close to b, and ¢ close to 0, to see that, for any b € R
and ¢ > 0, all sufficiently large £{ and all £, € [£{,2¢{]NZ,

G — 1 +1
(0 — 01+ 1)+ £P/P70F

(4.6) P{ min  V(x) < blong} >

i <|x|<t,
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[This is our basic estimate for the minimum of V (x). In Section 5 we are going to
apply (4.6) to £ :=£1.] ‘
We now let b > % and take the subsequence n; :=2/, j > jo (with a sufficiently

large integer jo). By (4.6) (and possibly by changing the value of ¢),

P{ min V(x)fblognj} zn;e.

nj<|x|<njiq

Let 7; :=inf{k :#{u: |u| =k} > n%g}. Then we have, for j > jjo,

P{‘L’j < 00, min V(x) > |max V(y) +b10gnj}

Ti+n;<Ix|<tj+njqi yl=t;

3]
< (P{ min  V(x) > blognj})

nj<|x|<njii
2¢
<(1—nH

which is summable in j. By the Borel-Cantelli lemma, almost surely for all
large j, we have either tj = 00, or ming, 5 <|x|<7j+n;y, V(X) < max|y=¢; V(y)+
blogn;.

By the well-known law of large numbers for the branching random walk (Ham-
mersley [19], Kingman [23] and Biggins [5]), of which (1.5) was a special case,
there exists a constant ¢p; > 0 such that %maxmzn V(y) = c21 almost surely
upon the system’s survival. In particular, upon survival, max,y—, V(y) < 2c21n
almost surely for all large n. Consequently, upon the system’s survival, almost
surely for all large j, we have either 7; = oo, or mintj+nj§|x|§fj+,,j+] Vx) <
2C21‘Ej +blognj.

Recall that the number of particles in each generation forms a Galton—
Watson tree, which is super-critical under assumption (1.3) (because m :=
E{> ;=1 1} > 1). In particular, conditionally on the system’s survival, W
converges a.s. to a (strictly) positive random variable when k — oo, which implies
Tj ~ 281100gg—nn{ a.s. (j — o0). As a consequence, upon the system’s survival, we
have, almost surely for all large j,

58621

min Vix) <
nj§|x|§2nj+1 logm

logn; +blogn;.
Since b can be as close to % as possible, this readily yields (4.1).

5. Proof of Theorem 1.6. Before proving Theorem 1.6, we need three esti-
mates.

The first estimate, stated as Proposition 5.1, was proved by McDiarmid [31]
under the additional assumption E{(ZM:] 1)2} < 0.
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PROPOSITION 5.1. Assume (1.1), (1.2) and (1.3). There exists cyp > 0 such
that, for any ¢ > 0, we can find c3 = c23(¢) > 0 satisfying

(5.1) E{exp(czz | ilnf V(x)> 1 yn} < cp3n3+O/2en n>1.
X|=n

REMARK. Since W, > exp[—infjy=, V(x)], it follows from (5.1) and
Holder’s inequality that, for any 0 < s < ¢ and & > 0,

1
(52) E{len} < C;éCQZn(?H-S)/Qs’ n> 1
n

This estimate will be useful in the proof of Theorem 1.5 in Section 6.

PROOF OF PROPOSITION 5.1. In the proof we write, for any k > 0,

V= inf V(u).
|u|=k

Taking ¢> = ¢ in (4.6) gives that, for any ¢ > 0 and all sufficiently large £
(say, £ > £p), we have P{V, < %logé} > (¢, thus, P{V, > %logﬂ} <l1-—-4{¢%f<
exp(—£~%), V€ > £y. For any r € R and integers k > 1 and n > £ > £, we have

P{V, > 3logt +r}
<P{#{u:lul=n—€ V@) <r} <k} + P{V, > 3logt})"
<P{#{u:lul=n—2€,V(u) <r}<k}+exp(—L k).

By Lemma 1 of McDiarmid [31], there exist ¢4 > 0, ¢35 > 0 and c¢p¢ > 0 such
that, for any j > 1, P{#{u:|u| = j, V() <cuj} < eCZ5j} <qg+ e €26 q being
as before the probability of extinction. We choose j := Lcer and £ :=n — LC’ZJ to
see that, for all n > £p and all 0 <r < cpa(n — £p),

P{Kn -~ %logn + r} <q+ eCc26lr/co4l + exp(—n_g LecZSLr/CZ“JJ).
Noting that {V, > %logn +r}N Sy =7 and that P{.{} > g — e 10"
[see (3.3)], we obtain, for 0 <r < cpq4(n — £p),
P{V, > %logn +r, S}

5.3
(5.3) < e~C1on + ec26lr/c2al —|—exp(—n_8 L€C25Lr/CZ4JJ).

This implies that, for any 0 < ¢7 < min{%, zccz—lf}, there exists a constant cpg > 0
€24

~ (3
such that E{e“Yn1(3/2100n<v, <cpu/2n)0.5,} < €281, with 29 := (5 + o E)eT
Therefore,

(5.4) E{ecnz”l{zngcm/zn}myn} <c30n?, n>1,

where c¢3p :=cp8 + 1.
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On the other hand, letting §— > 0 be as in (1.2), we have e‘sfznlyn <
> jul=n e5-VW  Since y(—68_) := log E{}> = -Vy < 00 by (1.2), we can
choose and fix c3; > O sufficiently large (in particular, c31 > %) such that, for
any x = ¢3i,

P{V, >xn, )} < e Sty (=n — p=d-xn/2 Vn > 1.
Therefore, for any ¢33 < %‘, we have
(5.5) suI;E{eC”K" I{Zn>c‘31n}ﬁ«5”n} < 00.
n>

Finally, (5.3) also implies that, for n > £,
p{v Loy yn} < o=Cion 4 g=ca0ln/2-3/2cop)ogn]
Y n 2 ) =
+ exp(—n ¢ |ec2sn/2=3/Qeanlogn] |y

inf€l0 <26
Therefore, for any ¢33 < mln{c31 s 2oy b

|4
sup E{e33%n Yeyy/2n<v, <csinin, } < oo,
n>1

which, combined with (5.4) and (5.5), completes the proof of Proposition 5.1, with
22 :=min{cy7, €32, ¢33}, U

LEMMA 5.2. Let X1, X2, ..., Xy be independent nonnegative random vari-
ables, and let Ty = Z,N:1 X;. For any nonincreasing function F : (0, 00) — R4,
we have

E{F(Ty)1(1y>0} < lgll_fng{F(Xi)lXi > 0}.

Moreover,

N
E{F(TW)izy=0} <Y 0 E{F(X) x>0},

i=l

where b := max;<;<y P{X; =0}.

PROOF. Lett:=min{i > 1: X; > 0} (with min< := o0). Then E{F (Ty) x
Lirys0} = Z,N:1 E{F(Ty)1{;=;)}. Since F is nonincreasing, we have F(Ty) x
1=y < F(X)1p=i) = F(X,-)l{x,.>0}1{Xj:0,vj<,-}. By independence, this leads
to

N
E{F(T))Lizy>0} < D_E{F(X)1ix;=01}P{X; =0,V <i}.

i=1
This yields immediately the second inequality of the lemma, since P{X; =0,V <
iy <b—l
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To prove the first inequality of the lemma, we observe that E{F (X;)1(x,~0}} <
P{X; > 0} maxj<x<y E{F (Xy)| Xk > 0}. Therefore,
N
E{F(Tn)1(1y>0y} < 1r<r}€a<xNE{F(Xk)|Xk > O}ZP{X,- >0}P{X; =0,V <i}.
== i=1
The ZZNZ1 -+ expression on the right-hand side is = ZZNZ1P{X1' >0,X; =0,
Vj<i}l= lNzl P{t =i} =P{Tn > 0} < 1. This yields the first inequality of the
lemma. [

To state our third estimate, let w™ & [e, w,(,n)]] be a vertex such that

(5.6) Vw™)= min V).

uefe.w”]

[If there are several such vertices, we choose, say, the oldest.] The following esti-

mate gives a (stochastic) lower bound for Wl p under Q outside a “small” set. We

recall that W, g > 0, Q-almost surely (but not necessarily P-almost surely).

LEMMA 5.3. Assume (1.1), (1.2) and (1.3). For any K > 0, there exist 6 > 0
and ng < oo such that, for any n > ng, any B > 0, and any nondecreasing function
G: (0, 00) = (0, 00),

57 E {G(e_ﬂvw)))1 }< ! E{G( n% )1 }
) - —— max — ,
Q Weg ) 5~ 1=qosken Weg) 7t

where E,, is a measurable event such that

1
QE}=1-—%. n = no.

PROOF. Recall from (2.8) that Jk(") is the set of the brothers of w,E"). For any
pair 0 < k < n, we say that the level k is n-good if

,ﬂk(") +@ and T survives at least n — k generations, Yu e fk(n) ,

where TS‘W is the shifted Galton—Watson subtree generated by u [see (2.3)]. By
TSW surviving at least n — k generations, we mean that there exists v € Tg’w such
that |v|, =n — k [see (2.4) for notation].

In words, k is n-good means any subtree generated by any of the brothers of
w'™ has offspring for at 1 — i

X pring for at least n — k generations.

Let ¢, be the sigma-field defined in (2.9). By Proposition 2.1,

Q{k is n-good|%,} = 1 St

(20 Pt
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where ., denotes the system’s survival after n generations [see (3.2)]. Since

P{.7_1} = P{¥} =1 — q, whereas #Jk(n) and #Jl(l) have the same distribution
under Q (Proposition 2.1), we have

Q{k is n-good} > Eq1 — ") =34 € (0, D).

=1y
As a consequence, for all 1 < £ < n, by Proposition 2.1 again,

n

QY N {j is not n-good} ¢ < > I1 Q{; is not n-good}

k=1j:1<j=<n,|j—k|<t k=1j:1<j<n,|j—k|<t
<n(l —c3)",

which is bounded by ne~¢3+“+1 (using the inequality 1 —x < e, for x > 0). Let

K > 0. We take £ = £(n) := |c35logn] with ¢35 := Kcth Let c36 := KC—JGFZ [where
K

643'2, ¢35} [c3 being the constant in (2.12)]. Let

ce 1s as in (2.17)] and ¢37 := max{

n

(58) E’Fll) = m U {] is n—gOOd},
k=1 j:1<j<n,|j—k|<|c35logn]

(5.9) ED ._ {lmax sup |V (u) — V(w;"_)l)| <c36 logn},

es"
3 ._ MY _ v (o M] <
(5.100 E;: {ij,kfn,lr}lil/)((lS%s lOgn|V(u)] ) — V(w,")| <c37 logn}.
We have
1
Q[E\V} > 1 — pecaessloen —q T

On the other hand, by Corollary 2.2,

Q{(E®)) < nQ{ sup |V (u)| > C36logn} < nQ{ sup |V (u)| > C36logn}.
wes® lul=1
Applying (2.17) yields that
cs

Q{EP} =1 —csn~ (@™ =1 — weut

To estimate Q{E,(f)}, we note that, by Corollary 2.2,
Q)= 0]

which, in view of (2.15), is bounded by 2c35n €3¢~ Jog n. Consequently, if
. 1 2 3

(5.11) E,=EVNEPNED,

then Q{E,;} >1— ni,( for all large n.

max |Sj—Sk|>C3710gn},
0<j,k=n,|j—k|=<c3slogn
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It remains to check (5.7). By definition,

Ww:i 3 e BVw » e BV | =BV (W)

I=lues ™ x€TGW, |x|y=n—j
(5.12) v
> Z Z e—ﬂV(M) Z e—ﬂ u(X)
jeZ uef;") x€TSW, |x|,=n—j

forany .2 c {1,2,...,n}. Wechoose .Z:={1<j<n:|j—|w™]|| <c3s5logn}.
On the event E,,, for u fj(n) with some j € %, we have V(1) < V(w™) +

(c36 + ¢37) logn. Writing 6 := ¢3¢ + ¢37, this leads to W, g > 008 =BV ™)
Zje.,% Zueﬂ(") &,, where
J
§u = > e BVuo),
xeTnglxluzn—j

Since Y jc 2., . ym & >0on E,, we arrive at
J

e BV@™) n%

1g, < 1 e,
Wn’ﬂ Z]‘Ef ZMGJ;") Eu {2162 Zueﬂ; )E >0}

Let %, be the sigma-field in (2.9). We observe that .# and . j(”) are ¢, -measurable.
Moreover, an application of Proposition 2.1 tells us that under Q, conditionally on

%,, the random variables &, u € .¥ j("), J € Z, are independent, and are distributed
as W,,_; g under P. We are thus entitled to apply Lemma 5.2 to see that, if G is
nondecreasing,

e~ BV@™) nt
EQ{G<W7>1E"|gn}SI'Ié§éE{G<W )‘Wn_j,ﬁ>0}

n,B J n—j,B
n%
< max E{G(—)|Wk,ﬁ > 0}.
0<k<n Wi p

Since P{W g > 0} =P{.7;} > P{.} =1 — ¢, this yields Lemma 5.3. [

We are now ready for the proof of Theorem 1.6. For the sake of clarity, the upper
and lower bounds are proved in distinct parts. Let us start with the upper bound.

PROOF OF THEOREM 1.6. The upper bound. We assume (1.1), (1.2) and (1.3),
and fix g > 1.

For any Z > 0 which is .%,-measurable, we have E{W,gZ} =
BV @)

EQ{ZW\:H TnZ} = EQ{Zlul:n l{wl(ln):u}e_(‘ﬁ_l)v(u)Z} and, thuS,

()
(5.13) E{Wn’ﬂz}zEQ{e—(ﬁ—l)V(wn z}.
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Lets € (%, 1), and A > 0. (We will choose A = %.) Then
E{W,};gé} S n—(l—S),B)» +E{W,11”_3S1{W"’ﬂ>n—ﬂ)»}}
—~(B-DV ")
—(1=s5)Bx €
=n (1-s5)B + EQ{—g I{Wn,ﬂ>n_ﬁ)‘}}‘
n,p
1

(n)
—(B=1)V (wy")
e .
s};w—l)/ﬂ ; thus, on the event
n

(n)
i —BV(wn”)
Since e n ) < Wy g, we have W =

(W p >n—P), wehavee(ﬂww nlBs—(B=DIr

Let K :=[Bs—(B—1D]r+ (1 — s)BA, and let E, be the event in Lemma 5.3.
Since Q(E;) < n=K for all sufficiently large n (see Lemma 5.3), we obtain, for
large n,

E(W, 5} = n= (798 4 plBs=(B-DI—K

e~ (B=DV (")
(514) +EQ{ w* I{Wn,ﬂ>n_ﬂk}ﬂEn}
n.p

—(1—5)BA e—(ﬁ—l)V(w,S"))
=2n +EQ{—WS l{Wn,ﬁ>n_ﬁ)‘}ﬂEn}'
n,B

We now estimate the expectation expression Eq{-} on the right-hand side.
Let @ > 0 and ¢ > b > 0 be constants such that (8 — 1)a > sBA + % and

[Bs —(B—1)]b > % (The choice of o will be made precise later on.) We re-

call that w{"” € le, wn )]] satisfies V (w™) = min
following events:

Eyyi=

€[[e,w,({l>ﬂ V (1), and consider the

M) > alogn} UV (w™) < —blogn},

n

= {V(w
Exn:={V(w™) < —ologn, V(w™) > —blogn},
n={V

Ej

Clearly, Q(U;_, Ein) = 1.
On the event E , N {W,, g > n—P*}, we have either V(w,(,n)) > alogn, in which
e B=DV W) -

Wii B

(@) 2 ~ologn, ~blogn < V(wf?) alogn).

case n$Pr—(B=Dha o V(wn )) < —blogn, in which case we use the

. ) ~(B-DV ") (B (n)
trivial inequality W, g > e=#V®1") (0 see that & —— A < elPs=(F=DIVion™) <
n,p

n~1Bs=(F=DI (recalling that Bs > B — 1). Since spA — (B — )a < —3 and [Bs —
B-=D]b > %, we obtain
e—(B=DV W)

-3/2.

(5.15) Eq{ 1E1,nn{wn,,s>nﬂ*}} =n
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We now study the integral on E;, N {W, g > n_ﬂ)‘} N E,. Since s > 0, we
can choose s1 >0 and 0 < s < C’% [where ¢y is the constant in (5.1)] such that

s = s1 + 52. We have, on Ea, N {W, g > n=F*},

e—B=DV@) BV @™)—(B—DV i) ,~Bs2V (@™

e W' W,
e~ B2 Vw™)
< pB0HB=Db+pis)
= W2
n,B

Therefore, by an application of Lemma 5.3 to G(x) := x*2, x > 0, we obtain, for
all sufficiently large n,

e~ (B=DV W)
Q{ s 1E2,nﬂ{Wn,ﬂ>n7ﬂA}ﬂEn }
n.p
n—Bs20+(B=Db+Bhsi 15208
max E{ ——1 .
= 1—¢q 0k 2 {W,fzﬁ yk}
By definition, - < exp(Bs2infixj—t V(x); thus, by (5.1), E{’:%ﬁl ) <

k.B k.p
c2’33s2/622ns29ﬂ+(3+8)/2/8s2 for all 0 < k < n. We choose (and fix) the constant ¢ so
large that —Bs20 + (B — Db + Brsi + 5208 + 3£ Bsy < —3. Therefore, for all
large n,

e~ (B=DV W)

(5.16) EQ{—lez,nﬂ{Wn.pnﬂ*}ﬂEn} <n 32,
n’ﬂ
We make a partition of E3 ,,: let M > 2 be an integer, and let g; := —b + %,

0 <i < M. By definition,

M-1
E3,= U {V(w(”)) > —plogn,a;logn < V(w,g")) < a4 logn}

i=0
M-1

= U E3,nl
i=0

Let 0 <i < M — 1. There are two possible situations. First situation: a; < A.
. (n)

In this case, we argue that, on the event E3,;, we have W, g > e AV’ >

B V™) _—  —(f—D)ar e~ =DV )

n Bai 1 and e B Wp <n B )at7 thus’ ———

n

B
nPsai=(B=Dai+ps(@+b)/M < plps—(=DI+Ps@+b)/M - Accordingly, in this situation

< pPsaivi—(B—Dai —

’

e—(B=DV i) e b sty
EQ{—S 1E3,,l,l-}5nﬁs"3‘ PaDIMQ(Es ).
n,B
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Second (and last) situation: a; > A. We have, on E3,; N {W,z > n_m},

e~ (B— l)V(wfln)) Brs—(B—1)a; [Bs—(B—D)]r . .. .
—, < pbP i < plb ; thus, in this situation,

e—(B=DV W)

WS 1E3,n,m{wn.ﬂ>nﬂk}} <nPmPORQEs 1.0,

EQ{
B

We have therefore proved that
e—(B=DV )
Q{ wS 1E3.nm{Wn,ﬂ>nﬁA}}

n.p
e~ B DV @)
B Z EQ{W—ﬁ1E3,n,im{Wn,ﬂ>nﬂl}}
<n ﬂsf(ﬁfl)])»+,Bs(a+b)/MQ(E3’n).

By Corollary 2.2, Q(E3,,) = P{ming<x<, Sx > —ologn, —blogn < S, <a x
logn} =n=G/2+o()  Combining this with (5.14), (5.15) and (5.16) yields

E{W,:,?} < op~(=9)Bh 4 0 =3/2 4 y[Bs—(B=Da+Ps(a+b)/M—~(3/2)to()

We choose A := % Since M can be as large as possible, this yields the upper bound
in Theorem 1.6 by posing r :=1—s. [

PROOF OF THEOREM 1.6. The lower bound. Assume (1.1), (1.2) and (1.3).
Letg>1ands e (1— %, 1). By means of (5.12) and the elementary inequality

(a+b)'=5 <a'=5 + b= (fora > 0 and b > 0), we have

1—s
(n)
W) < Z 3 e—(l—s)ﬂV(u)( ) e—ﬁvu(x)) L e (1=9)BV (i)

Jj= luej;”) X€T9W,\x|u=ﬂ—j

_ i o~ 1=V () )3 o~ 1=9BV @)=V (”))]
j=1 ”e']j(n)
1—s
% ( Z e—ﬂVu(x))
x€TOV, |x|,=n—j
1 e U=9BV "),
Let ¥, be the sigma-field defined in (2.9), and let

(n)
B =85 f)i= Y ¢ UTAV@V@I] l<j<n
uefj(")
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Since V(wj")) and .¥ j("), for 1 < j <n, are ¢,-measurable, it follows from Propo-
sition 2.1 that

n
s —(1=)V ') - —(1— 2
EQ(W, ' 1%) < ) e TPV EE(W, TS g) 4 o7 UT0AV O,

j=1
Let ¢ > 0 be small, and let r := %(1 — s)B — €. By means of the already proved
upper bound for E(W1 s) this leads to, with c3g > 1,

Eo(W!5'1%,)
5.17)
_(1_ (n) (n)
EC}SZ@ (1 S)ﬂV(wj,l)(n_j_i_l)—rEj_i_e—(]—s)ﬁV(wn )
j=1

Eol ~(- 1)V<wn )

Since E(W1 B 5y = } [see (5.13)], we have, by Jensen’s inequal-

ity [noticing that V(w,1 n) ) is 54 measurable]

e—B=DV i) }

EW! ) >E {
W.p) = Ee (EQ(W, ' |9)}s/(0-9

which, in view of (5.17), yields

1—
E(W, B ')z s/(l s)

x EQ{(e—<ﬁ—l)V(wf5")>)
(=Y @)
x (1) e iV —j+1)7"E;

j=1
s/(1=s)\ —1
i e—(l—s)ﬁV(w,ﬁ"’)} > }

By Proposition 2.1, if (§; — S;_1,§;), for j > 1 (with Sp := 0), are i.i.d. random
variables under Q and distributed as (V(w ) Z #0 e~ =98V W)y then the
E{-} expression on the right-hand side is

—(B-1)S
- EQ{ {Z’;‘:l(” —j+ 1)—}*6*(1*5)/351'—15:]. + e~ (1=9)BSn}s/(1=5) }

elBs—(B—1)
= o)
Q (X0 kreU=9BScE 4 1)s/0=9)
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where
Se =S, — Su_s, E=Enpi—0 1 <f<n.

Consequently,

EW, ) >

1 elBs—(B=DIS,
s/(l ) Q{ {ZZ:I k—re(l—s)ﬂgkgk + ]}S/(]—S) }
Let ¢39 > 0 be a constant, and define

~ [nf]—1
ES = () {8k < —caok' Py (=207 < §pe) < =02},

k=1
- n—|n°]—1 ~ B
Ey,i= [ Sk=—k'"PAm—b)'"Pln{=2n? <8, ) < —n®/?),
k=[n®]+1
n—1
§ < 3 3—¢ ~ 3
E;193:: ﬂ {Skf—logn}ﬂ{ 10g7l§Sn§—logn},
7 k= 2 2
=n—[n®]+1

Let p := p((1 — s)B) be the constant in Corollary 2.4, and let

7 [n®]
E; = ()G <n*/7),

k=1

- n—|n®| /

Ey,i= () Ee=e"),
k=|n¢|+1

3 S

En’3 = ﬂ & < nZS/p}‘
k=n—|n®|+1

On N’ 1(ES N ES ;), we have >} _, k"e(l_s)ﬁgkgk + 1 < caonE+2e/0) while
elBs=(B=DIS, > n(3 8)[/35_(5_1)]/2 (recalling that Bs > B — 1). Therefore, with
car =2+ )5,

E(Wl y, 5) > (c3gcap) S/ 1= p—cae, G=)lfs—(B=D1/2
(5.18)

xQ{ﬂ(ES ﬂEé )}.

i=1

We need to bound Q(ﬂ3 I(ES N Eg ;)) from below. Let So := 0. Note that,
under Q, (Sg — Sg_1,§(), 1<¥<n,are 1.1.d., distributed as (Sy, &1). For j <n, let
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% be the sigma-field generated by (St £&),1<k<j. Then ES Eg,z’ EE’I and

n,1°

Eg 5 are gn—Lns j-measurable, whereas EE 3 is independent of gn—l_ns |- Therefore,

3 g z ~
Q(ﬂ(E,f,,- N E,’i',,->|%-m)

i=1

> [Q(ES 3G ) + QUES 3 — 1]1

] ES \nES,NES \nEE
We have ¢4 := Eq(&f') < oo [by (2.16)]; thus, Q{£1 > n**/P} < cyon™2¢, which
entails Q(E;, 5) = (Q{&1 < n®/PHI) = (1 — cjon™2) ") = 1 — c43n™*. To esti-
mate Q(Ef’ 3|£¢~n,tns 1), we use the Markov property to see that, if S;nanE €1, =
[—2n%/?, —n®/?], the conditional probability is (writing N := |n®])

> ian{Si < %logn—z, VI<i<N-1,

zel,
3—¢
2
which is greater than N—(1/2+o(1) Therefore,

Q(E§,3I§%l—m) + Q(Es,a) — 1> @/2r0() _ = — =&/ 4o

As a consequence,

3
logn —z <S8y < Elogn—z},

(5.19) :ﬂ(ES n ES } > n= P MQES N ES, N Ef [NEE ).

To estimate Q(ES N E,f 5N Es N Eé 2) we condition on E?Lnsj , and note that

E; § 1 and En | are %ns ]- measurable whereas E; £ 2 is independent of %Ine |- Since
e/4 _ £

QUES [ Gpey) = n= G020 whereas Q(E ,) = [Ql& < &' jp=2r) >

[1 — cppe— P p=21n") > 1 _ g1 (for large n), we have

QUES | NES, N ES N ES G )) 2 [QUES | Fey) + QUES ) — 11 5 _ s

n,1 n,1

> p=G-e)/2ohy o

Thus, Q(ES | N ES , NES | N ES,) = n=G=0/2+MQ(ES N EL ). Going back
to (5.19), we have

{ﬂ(ES NES ) } > n~ G2 OQES N ES )

> n~G/2HMIQES )+ Q(E; ;) — 1.
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We choose the constant ¢3¢ > 0 sufficiently small so that Q(E;?’ ) = n~ &%)
whereas Q(Ef;l) = Q(Ef’;j) > 1 — c43n~%. Accordingly,

3 N ~
Q{ NES: N Ej,.)} >p~GFe)/ 2oy s o,
i=1

Substituting this into (5.18) yields
E(WI?) > 1€, B=8)Bs—(B-11/2,, —(3+¢e)/240(1)
wp )= .

Since ¢ can be as small as possible, this implies the lower bound in Theorem 1.6.
OJ

6. Proof of Theorem 1.5. The basic idea in the proof of Theorem 1.5 is the
same as in the proof of Theorem 1.6. Again, we prove the upper and lower bounds

in distinct parts, for the sake of clarity. Throughout the section, we assume (1.1),
(1.2) and (1.3).

PROOF OF THEOREM 1.5: The upper bound. Clearly, n'/>W, <Y, where

Y, = Z (nl/2 Vv V(u)+)e_v(”).
lu|=n
Recall W from (3.7). Applying (3.14) to A = 1, we see that ¥, > ilog(#),
with c44 1= c12 + c13. Thus, P{Y, < x, .7} < P{log(5) < casx, 7} < e x

E{(W*)!/*1 }, which, according to (3.11), is bounded by e (x* + e~¢10")
for 0 < x < aio Thus, for any fixed ¢ > 0 and 0 < s < min{<%, «}, we
have SuPnzlE{VLil{Ynze*m}m%} < 00. On the other hand, let c¢3; and c3;
be as in (5.5); since Y, > exp{—infj, =, V(u)}, it follows from (5.5) that
Sup,,> | E{YZ%I{YH <e—aamyn.%,} < 00. As a consequence,

1
(6.1) supE{_—slyn} < 00, 0<S<min{C32,Cﬁ,K}.
n>1 n C31

We now fix 0 < s < min{%,qz, %,K}. Let K > 1 and let E,, be the event
in (5.11), satisfying Q{E,} > 1 —n~X for n > ny. We write

E{(n'?W,)' =} = E{((n'?W,) " 1g,} + E{(n' 2 W) " 1 e ).

For n > no, E{W,! ™15} < [E{W)"S N2 [E{W, 112 = [E{(W,)72}]1/2 x
[Q{E,ﬁ}]l/2 < [E{W,,}]U/2=53=K/2 which equals n~K/2 (since E{W,} = 1).
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Therefore, for n — oo,
E{(n'2W,)' =} <E{Y) *1g,} +o(1).

Exactly as in (5.13), we have E{Y) "1z} = Eo{(n"/? v V(w{")"Y, 15, }.
Thus, for n — oo,

(6.2) E{(n'?W,)' =} <Eo[(n'? + V(w™)")Y, "1g,} + o(1).
For any subset .Z C {1, 2, ..., n}, we have

Yazy > 3 max{n'/?, V(x)Tle V™

jeg ue]j(n) xe’]l'gw, [x|y=n—j

= Z Z e_V(u) Z max{nl/z,[V(u)+Vu(x)]+}e_V“(x).

V€ ues® x€TGW x|, =n—j

Recall that w®™ is the oldest vertex in [e, w,(,")]] such that V(w™) =

minue[[e’w’gm]] V (u). Let ¢35 be the constant in (5.8). We choose

{j<n:s"#2, [w"| < j<[w|+csslogn},
o if n —|w™| > 2c3slogn,
{j<n:s”+0,
otherwise.

w™| —e3slogn < j < [w™|},

On the event E,,, it is clear that .Z # & and that, for any u € .% j(") (with j € &),
(6.3) |V () — V(w™)| < cqslogn,

where c45 := c¢36 + 37, With ¢3¢ and c37 as in (5.9) and (5.10), respectively.
We distinguish two possible situations, depending on whether V(w®™) >
—c46logn, where cq6 := % + c45. In both situations, we consider a sufficiently

large n and an arbitrary u € . j(") (with j € .Z).

On {V(w®™) > —cyglogn} N E,, we have max{n'/? [V (u) + V,(x)]T} >
%(nl/ 2/ V,(x)) [this holds trivially in case V,(x) < nl/2; otherwise [V (1) +
Vi1 = Vi (x) — (ca6 + cas) logn = 3V, (x) ] and, thus,

— 1
Vazs 3 3o V™ 3 max{n— M v Tle

jefuey](n) x€TSV, |x|,=n—

::% Z Z e Vg,

JEZ e g™
J
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If, however, V(w™) < —cyglogn, then on E,, V(u) < V(w™) + cs5logn <
—% logn and, since rnax{nl/z, (V@) + V,(x)]T} > n'/2, we have, in this case,

Y, = n/0+02 5§ 3 o~ Vu®)

jeg ue,ﬂ;n) XGTEWa [x|y=n—j

=9+ 53

JeZL ye g™
J
Therefore, in both situations we have

?;len 525(2 Z e—V(u)5u> lEn

JeZ yeg ™
(6.4)

(s 5 )

jeZ uef;")

[Since 3 jcr 3, s 2 xeTOW ||, =n—j | > 00n Ey, the ()™ expressions on the
J

right-hand side are well defined.]
We claim that there exists 0 < sg < 1 such that, for any ¢ > 0 and s € (0, sp),

EQ!( 1/2+V (n) (Z Z e—V(u)é:) 1E}

je& Ejj(n)
(6.5)
=48,
—S
EQ:( V24 v (wi)" (Z > m) 1En}
Jeguefj(")
(6.6) < C47n1/2+(3+€)/2s.

We admit (6.5) and (6.6) for the time being. In view of (6.4), we obtain, for
0<s < sy :=min{2,s0, c32, E Kk},

Eo{(n'? + V(w™)")Y, "1g,} <2css + 0(1).

Substituting this in (6.2), we see that sup,- E{(n'/?W,)! =} < oo for any s €
(0, 55). This yields the last inequality in (1.16) when y is close to 1. By Jensen’s
inequality, it holds for all y € [0, 1). This will complete the proof of the upper
bound in Theorem 1.5.

It remains to check (6.5) and (6.6). We only present the proof of (6.5), because
the proof of (6.6) is similar and slightly easier, using (5.2) in place of (6.1).
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Recall ¢, from (2.9). By Proposition 2.1, under Q and conditionally on ¥,

the random variables &,, for u € . ™) and j € %, are independent. We write
L ={j),..., j(N)}, with j(1) <--- < j(N). It follows from the second part
of Lemma 5.2 that

—S
EQ{(Z > e‘”%) 1g,
N —S
i—1 _
S Zbl EQ[( Z e V(u)g:u) 1{2,,,&7(”) e—V(u)§u>0} gn},
i=1 J@)

JEZ ye g™
j
ue g™

0]
where b = maxjegQ{Zueﬂ_(n) e Vg, = 0|9,). We note that b <
J

maxj<j<p P{&’n"_,-} < g, and that, for any i < N, the Eg{-} expression on the
right-hand side is, according to the first part of Lemma 5.2, bounded by

esV(u)
5

—— max Eq

Lig, >0} |%n }
—4 ”efj('(li))

By Proposition 2.1, EQ{$1{§M>O}|£¢n} = E{#_jl #,_;}» which is bounded in n
and j [by (6.1)]. Summarizing, we have proved that

s N
EQ{(Z Z e_V(u)éu) lEn gn} §C49Zqi_l max esV(u)'

J€ZL ye g™ i=1 ue.s )
J

J (@)

As a consequence, the expression on the left-hand side of (6.5) is bounded by
caoEQ{A,}, where

N

. 1/2 + [ —1 \%

A= (4 V@i)T) d! g Y OLy ) v (o) <cas logn)
i=1 ueI

N
<A,:= (nl/2 + V(w,(l"))Jr) Zqi_l max 'V ®.
S el
The proof of (6.5) now boils down to verifying the following estimates: there exists
0 < s¢ < 1 such that, for any s € (0, s9),

(6.7) Sl;PEQ{Anl{n_@(mzz% logn}} < 09
(68) nll)ng() EQ{Anl{n—\Q(”)\<ZC35 logn}} =0.

Let us first check (6.7). Let Sp := 0 and let (S; — S;_1,0;,Aj), j > 1, bei.id.
random variables under Q and distributed as (V (w?), #Jl(l), max,_ ,m esV )y,
1
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Let
S = min §;, Uy i=inflk > 0:5 =S§,}.

n ;
0<i<n

[The random variable v, hgs nothing to do with the constant ¢ in Proposition 3.1.]
Writing LHS6 7y for EQ{A,,I{ }}, it follows from Proposition 2.1
that

n—|w|>2c35logn

M
LHS.7) = Eq { "2+ 513" " e S0 Ay g, 22055 logn}}
i=1

M
=Eq { [n'72 + 85150y " g' e o170l A Yy 1y g, 22055 10gm) }
i=1
where (i) :=inf{k > €(i — 1) :0r > 1} with £(0) := 9, and M :=sup{i: £(i) <
U, + c35logn}.
At this stage, we use a standard trick for random walks: let vg := 0 and let
V; ::inf{k>vl~_1:Sk< min S,-}, i>1.
O0<j=vi-1 -~

In words, 0 = vy < v < -- - are strict descending ladder times. On the event {v; <
n < vgy1} (for k > 0), we have ¥, = v; and S, = S,,. Thus, LHS(6 7) equals

o0
Z EQ{I{n—vkEZC35 logn}l{vk§n<vk+1}[”1/2 + S,—:_]essvk
k=0

M
% Zqi—les[Se(i)1—Sz<0)]AZ(l.)}'
i=1

For any k, we look at the expectation Eg{-} on the right-hand side. By condi-
tioning upon (Sj,0j, Aj,1 < j <), and since S, =[Sy, + (S, — Sy)IT <
(S, — Svk)Jr =S8, — Sy, on {vy <n < vy}, we obtain

o0
(6.9) LHS(6.7) < Y EQ{Lin—nz2c35logn €™ fu(n — vi) },
k=0

where, forany 1 < j <n,

M/
fn(,]) = EQ 1{U1>j}[n1/2 4 S/] qu_lessm(i)_lAm(i)]v
i=1
and m(i) := inf{k > m(@i — 1) :0x > 1} with m(0) := 0, and M’ := sup{i :m(i) <
c35logn}. For brevity, we write L, := f”z/lqi_lessmﬁ)—lAm(,-) =¥2 ¢ x
e Smi)-1 ApiyYm(iy<ess logn) for the moment. By the Cauchy—Schwarz inequality,

Fu(D) < 1Qw1 > NV [EQl 2+ 5) w1 > )] P[EQ{L21 1= 1}]"7.
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By (2.13), Q{v; > j} < C50j_1/2 for some c¢50 > 0 and all j > 1. On '[he2 other

52
hand, (n'/?+5;)* < 2(n+ 57), and it is known (Bolthausen [11]) that Eq{~[vi >
j} — ¢51 € (0,00) for j — oo. Therefore, EQ{(nl/2 + )2 |vy > j} < cs5om for

some c57 > 0 and all n > j > 1. Accordingly, with c53 := cs(/) cséz, we have

i P 1/2 .
Fa() < es3j I P[EQ{L- p 1<j<n.

By the Cauchy—SChWEll’Z inequa]ity, L% < (Z lqz 1) Z z 1e2sSm(i)—1A’%1(l.) X
Lim(i)<css logn}- Therefore, for j > 2c35logn,

1 .
2 -1 25Sm(;
Eo{Liljy=1} = —— D q" 'EQ{e” 0 AL i Lim(iy<ess togm 1w =1}

1 2 S .
<1, Zq’ Eq{e® O AZ o Lmiy<j/2y Lv > jy -

For any i > 1, to estimate the expectation Eg{-} on the right-hand side, we apply
the strong Markov property at time m (i) to see that

Eq{} =Eq{e®* OV A% i\ Loniiy <211y >m@n & (Smaiy. j — m(@))},

where g(z,k) :=Q{z+ S; > 0,V1 <i <k} for any z > 0 and k > 1. By (13) of
Kozlov [24], g(z, k) < cs54(z + 1)/l<l/2 for some ¢54 >0 and all z>0and k > 1.

Since z + 1 < c¢s5¢** for all z > 0, this yields, with c56 := f_%,

00 sSm(,)
2 —1 28 Sm(i S
Eo{Lylp>j)} <cs6) q' 'E { o IAm<l>1{’"<’)<1/2( m(z))l/z}
i=1

1 2S"ll +Slnl 2
= G L Bl g

21/2

€s6 i—1,2s5 +s38, 2
1/2 EQ{ZQ m(i)—1 m(i) A
i=1

We observe that 372, g/~ Smi-145Smi) A7 < 3700 | g ROI=T 285158k AZ,
where R(k) :=#{1 < j <k:o; > 1}. Therefore, with c57 := 21/2¢s6,

2 C57 R(k)—1 258 Sk A2
EQ{Lnl{v1>j}} ]1/2 ZEQ =231tk A }
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By definition, Eq{g?R® =1} = =27k with r := Q(o1 = 0) +¢°Q(o1 > 1) < 1
[because g < 1 and Q(o; = 0) < 1]. On the other hand,

EQ{e4SSk_1+2SSk A;(l} — EQ{€6SSk_1 }EQ{eZS(Sk—Sk_l)A;(l}
— [EQ{@6SS1 }]k—lEQ{eZsSI Aﬁlt}

By (2.11), there exists sz > O sufficiently small such that EQ{eﬁ“Sl} < % for
all 0 < s < sg. On the other hand, EQ{AEIS} < oo for 0 <s < %6 [by (2.17)],
and Eq{e*51} < 0o for 0 < s < Z [by (2.11)]; thus, Eq{e*51AT} < oo for
0<s < min{%ﬁ, %}. As a consequence, for any 0 < s < min{sg, %6, %}, we have
EQ{L%I{W>]~}} < ].615—/82, for some csg > 0 and all n > j > 1 with j > 2¢35logn,

which yields

. 12 .
JSn(J) 505305é j Va2,

Going back to (6.9), we obtain, for any 0 < s < min{sg, %6, %} and cs9 := 653C;é2,
o o0 eSSuk
LHS6.7) < cs9n / IgEQ{l{n—vkEZQS logn}i(n 12 }

By (2.13) again, J]% < c60Q{v1 > j} forall j > 1. Thus, with cg| := c59¢60,

o0
LHS(67) < c61n'> D" EQ{1(n—uz2e3510gn) € Ly 1=y}
k=0

o0
= Cﬁlnl/z Z EQ{I{Vk§n<Vk+1}eSSUk }’
k=0

which equals cent/ ZEQ{es ming<;<n Si }, and, according to (2.14), is bounded in n.
This completes the proof of (6.7).
It remains to check (6.8). By definition,

N
Ay < [n1/2 + V(wy(ln))Jr]n““eSV@(n)) Zqi_l.
i=1

Since ZlN:l g l< ﬁ, this leads to, by an application of Proposition 2.1,

niees 12 | ot1,88
EQ{[n + Sn le _”1{n715‘n<2635 logn}}a

EQ{Anl{n—ly(”)|<203510gn}} = 1—¢
where (S;) is as in Proposition 2.1 and, as before, S, :== ming<;<, S;, ¥, := inf{k >
0:85=3S,}.

Let0<e¢ < %; let A, :={S, > n'/?*¢} and B, := (S, <n'/>*¢} = AC.
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Since Eq{e®'} < oo for |a| < c; [see (2.11)] and Q(A,) < 2exp(—c3n) [see
(2.12)], the Cauchy—Schwarz inequality yields n*“Eq{[n'/? + S Je*S11,,} — O,
n— 0.

On B,, we have n'/2 + St < 221/2%%; thus, Eqf[n'/? + S le*Sn x
anﬂ{n ¥, <2c35 logn} } = 2”ll/z_kaEQ{eSS"l{n 19,,<ZC3510gn}} It is clear that S, =
SWZJ =ming<;<p/2 S;, and that {n — ¥, < 2c3s logn} C {2 — 19”/2 < 2¢35 logn}
where 19"/2 = mln{k >0: Sk = mln()<l<n ln/2] S,} with S, = Sl-Hn/ZJ — SLn/ZJ,
i >0.Since § Sin2) and 19,, /2 are independent, we have Eg{e’ 411 {(n—9, <2c35logn)} =<

EQ{eSSWZJ 1Q{5 — n/2 < 2c35logn}. By (2.14), EQ{eSSL”/ZJ} < cean~1/2; on the

other hand, Q{% — ﬁn/z < 2c35logn} < 063(k);f+)21/2 (see Feller [18], page 398).

Therefore, Eq{[n'/? + S} 1e5n15,n{n—0, <2¢35 logn}} < c64n*1/2+8 (logn)'/2.
Summarizing, we have proved that, forany s > 0and 0 < ¢ < 5 when n— 0o,

Co4 _
EQ{Anl{n—IQ(”)|<ZC35 logn}} <o(l)+ ﬁnsws 1/2+e (logl’l)l/z,
which yields (6.8), as long as 0 < s < ﬁ

PROOF OF THEOREM 1.5. The lower bound. We start with

n'PW, =Y, =Y (n'PAV@)t)e V.

lu|=n
Let s € (0, 1). Exactly as in (5.13), we have
(6.10) E{Y) ) =Eq{(n'? A V(w™) ")y, *}.
By definition,

= Z Z eV Z min{nl/z, [V(u)+ Vu(x)]-i-}e—vu(x)

j=1ueyjf”> x€TSW, |x|y=n—j

(n)
+min{n'/%, V (w{) e~V

(n)
< Z eV WIm) 3 e 3 V) +AF + Vu)']
ME,](") XETuGWslxluzn_j
e_Vu(x) + @n’

where A, :=V (u) — V(w(n)l) [for u € .#{"], and ©, := V (wy")Te ~Vw"),

By means of the elementary inequality (Z, a))” > (Z, a;)” Land (3, b)° <
>_; bj for nonnegative a; and b;, we obtain ¥ ,* > Zin on .%,, with Z, being defined
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as
(n)
ZefsV(wj—l) Ze—sAu {[(V(w(”) )+ + (A+) (Ze—vu(x)>
j u
S
+ [Z Vu(x)+e‘V"(x)} } + 65,
X
where }_; 1= ;!:1, D= Zueﬂ;’”’ and ), = erTSW,IxIFn—j' We now con-

dition upon %, and note that V(w§")) and ﬂj(" ) are ¢,-measurable. By Proposi-
tion 2.1,

- (m _
EQ(Zul%) =3 e "m0 3 e (v (w2) ") + (A7)
j u
x E(W,_;) +EU,_)}+6;,
where, for any k > 0, Uy := 3|, — V(y)Te VO, By Jensen’s inequality,
E(W,f_j) < [E(W,_;)]® = 1. On the other hand, by (3.9), Uy < c¢slog WL: and,

thus, by Lemma 3.3, E(U}) < cgsE{[log WLE]S} < ce6. Therefore, the ), sum on
the right-hand side (without ®;, of course) is

SZL"M“{( (n)) )" 4+ (A + cer)
_[V( (n) Ze sAu+Ze sAy (A+)S+C67}

There exists ceg = ce3(s) < 0o such that e 5¢{(a1)* + c7} < ceg(e ¢ + e54/2)
for all a € R. As a consequence,

n (n)
EQ{Zn|%:} < ceo Ze‘”(“’f—l’{[v(wﬁ'?l)ﬂs +1}
=1

% Z [e—SAu +€_S/2Au]+®z.
ue]j(n)

By Jensen’s inequality again, EQ{Z 1, } > m Since Y, * > ZL,L on ./,
this leads to
EQ{Y, "%}
70

n e R DI+ T, polem b e 40

>
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We apply Proposition 2.1: if (S; — Sj_1,n;), for j > 1 (with Sy := 0), are
i.i.d. random variables (under Q) and distributed as (V (w'1), Z <1>[e sV 4
e~$/2V1) then
Eol(n/? A V() ")Y;")

n

nV/2 A S
>c7oEQ{ 1€_SS’ 1[(S+ D 1+ e vsn(SJr)v}
ZC70EQ{ _ (n_l/z‘/\ Sn) L min, <, Sj>0}_ }

Ymie NS+ Dnj te $Su S8

Note that if S; > 0, then e_“Sf'[S; + 1] < c71e7 15 with 1 := 5. Therefore, by
writing

Q" (1= min 5, -0}

and Eg’ ) the expectation with respect to Q) and 1j :=nj + 1 for brevity, we get

that
1/2
EQ{(nl/Z/\V( (n)) }>¢ [ min S, >O}E(n>{,ilf/:gn,\}
1<j<n Z.: e i1y
1/29
>c { min §; >O}E8){M}
1<j<n Zn-l— —tSJ 1)7

Since Q{minj<;<, S; > 0} > c73n~'/? [see (2.13)], this leads to

Eo{(n'/ AV (w”) )Y,

1 1/2
(n) {Sn>enl/?)
= C748EQ { ZI’H—{ =S 7 }

j=

1
(n) _om 12
> C748|:EQ {Zr&i 1S, } QS <en }]
]:

Let p(s) > 0 be as in Corollary 2.4. We have EQ{(Z s eV P < 5o
by (2.16). Since p(s) < p(%), we also have E{(X, _ e —$/2Vyp()y < 0.

Therefore, EQ{n 1( ) } < 0o. We are thus entitled to apply Lemma 6.1 (stated and
proved below) to see that Eg’ ){m
1

1
Zn+} —IS] 1 H_Zn-H —rS IA ’

} > ¢75 for some c¢75 € (0, 0co0) and

all n > ng. Since this yields

EQ{(n'* AV (w{™)" )LZ } > caefers — QS <en'/?})],  n=no.
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On the other hand, S,,/n'/? under Q" converges weakly to the terminal value of a
Brownian meander (see Bolthausen [11]); in particular, lim,_, ¢ lim,,_ 5o Q("){Sn <
en'/2} = 0. We can thus choose (and fix) a small ¢ > 0 such that Q"™ {S, <
en'/?} < <% for all n > ny. Therefore, for n > ng +ny,

Eo{(n'? AV(wi") )Y} = crae [075 - cg]
As a consequence, we have proved that, for 0 < s < 1,
L 1/2 +\y—
liminfEq{(n'/> AV (w{")")Y,*} > 0,

which, in view of (6.10), yields the first inequality in (1.16), and thus completes
the proof of the lower bound in Theorem 1.5. [J

We complete the proof of Theorem 1.5 by proving the following lemma, which
is a very simple variant of a result of Kozlov [24].

LEMMA 6.1. Let {(Xk, nk), k > 1} be a sequence of i.i.d. random vectors de-
fined on (2, F,P) with P{n; > 0} = 1, such that ]E{n?} < 00 for some 6 > 0. We
assume E(X1) =0and 0 < IE(X%) <oo. Let So:=0and S, .= X1+---+ X, for
n>1.Then

1
6.11 lim E
( ) A { 1+ ZZ:% nre—Sk-1

min S > 0} =76 € (0, 00).

1<k<n

PROOF. The lemma is an analogue of the identity (26) of Kozlov [24], except
that the distribution of our 7 is slightly different from that of Kozlov’s, which ex-
plains the moment condition E{n?} < 00: this condition will be seen to guarantee

1
lim lim supIE{ .
J—0 n—o0 1 + Zé:l nke_skfl

1
1+ Y 5L ke St
The identity (6.12), which plays the role of Kozlov’s Lemma 1 in [24], is the key
ingredient in the proof of (6.11). Since the rest of the proof goes along the lines
of [24] with obvious modifications, we only prove (6.12) here.

Without loss of generality, we assume 6 < 2 (otherwise, we can replace 6 by 2).
We observe that, for n > j, the integrand in (6.12) is nonnegative, and is

n+1 0/2
—Si_
S(E nke "k ‘) ,
k=j+1

(6.12)

min S > O} =0.

1<k<n

Sk—1 Sk—1

n+1 —
D ki ke
< k=j+1 <

1 —
( ZZIJ'_H nke
T e T

6/2
14+ Y01 Uke_s’”)
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which is bounded by ¢! | ny/2e=0/251. Since P{min| <x<y Sk > 0} ~ ca/n'/?

[see (2.13)], we only need to check that

n+1
6.13)  lim limsupn'/? 3" E{n}%e > 1 1in,_,_, 5,01} = 0.

J—X n—o00 k= j+1

Let LHS6.13) denote the nl/2 ZZIJI 41 E{-} expression on the left-hand side.
Let S; = S;(k) := Sj1x — Sk, i > 0. It is clear that (S;,i > 0) is independent of
Mk, X1, ..., Xk), and is distributed as (S;,i > 0). Write S;_; :=minj<j<x—1S;
and Sn—k ‘=min<j<p—k :S‘\l Then

n+1
12 0/2 /25, _
LHS(.13 <n'/? 3" E{n/~e 0/*% s, 20.5, >—Se1—Xe))-
k=j+1

To estimate E{-} on the right-hand side, we first condition upon (1x, Sk—1, Si_1,
X), which leaves us to estimate the tail probability of S, ;. At this stage, it is

convenient to recall (see (13) of Kozlov [24]) that P{Sn,k > —y} < cM%
for some c54 > 0 and all y € R. Accordingly,

14+ (Sk—1 + X0t }

n+1
12 0/2 —0/25,_
LHS(6.13) <csan'/? ) E{’?k e T s, >0) —k+ )2

k=j+1

n+1
<csn'? Y E{’?f/ze_gm"'l{ikl>0}

I+ Se—1+ X,;F }
k=j+1

n—k+1)1/2
On the right-hand side, (1x, Xi) is independent of (S;_;, Sk—1). We condition

upon (S;_;, Sk—1): for any z > 1, an application of the Cauchy—Schwarz inequal-
ity gives

E(n!*(z + X} < [EGOIE(G + XH2Y2

Of course, E(n,f) = E(n?) < o0 by assumption, and E{(z + X,:r)z} < 2E(z2 +

X,%) =2[z% + IE(X%)]. Thus, E{nz/z(z + X,:r)} < c¢77z for z > 1. Consequently,
with ¢78 := c54¢77,

n+1

_ 1+ Sk—1
1/2 /28—
LHS(6_13) <c78n k_z: E{e k 11{§k—1>0} = a 1)]/2}
=j+I
1/2 fas /35, 1
<cpn'? Y E{ﬂ’_ "‘ll{sk_1>0}—12}’
k=j+1 (n—k+DY

the last inequality following from the fact that sup,. (1 + x)e =%/ o < o0,
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We use once again the estimate (2.13), which implies m < cgoP{S; >
Sk—1, Yk <i <n}. Since (S; — Sk—1,k <i <n) is independent of (Sx—1, Sr_1),
this implies, with cg; := c79¢30,

n+1
LHS.13) < cgin'/? Z E{B_Q/m’ll{gk,l>0,s,»>sk,l,ngign}}
k=j+1
n+1
<cgin'/? Z E{€_9/3Sk*11{§n>0}},
k=j+1

where S, :=min;<;<, S;. It remains to check that

n+1
(6.14) Jim limsupn'/? 3" E{e 3%-11(5 o)} =0.

n— 00 k= j+1

This would immediately follow from Lemma 1 of Kozlov [24], but we have been
kindly informed by Gerold Alsmeyer (to whom we are grateful) of a flaw in
its proof, on page 800, line 3 of [24], so we need to proceed differently. Since
E{e 0351115 ~op} < n=C/PTeW (i — k +2)71/2 (for n — 00) uniformly in
k e [%, n + 1], we have n'/? ZZitnm E{e‘9/35k*11{§n>0}} — 0, n — 00. On the
other hand, (36) of Kozlov [24] (applied to § = % and 7; = 1 there) implies

that lim; limsup, n'/2 S}/ | E{e~0/3%-11;5, . o)} = 0. Therefore, (6.14) holds:

Lemma 6.1 is proved. [

7. Proof of Theorem 1.3 and (1.14)—(1.15) of Theorem 1.4. In this section
we prove Theorem 1.3, as well as parts (1.14)—(1.15) of Theorem 1.4. We as-
sume (1.1), (1.2) and (1.3) throughout the section.

PROOF OF THEOREM 1.3 AND (1.14) AND (1.15) OF THEOREM 1.4. Up-
per bounds. Let ¢ > 0. By Theorem 1.6 and Chebyshev’s inequality, P{W,, sz >
n=GB/D+e} 5 0. Therefore, W, g < n~GF/2+o() in probability, yielding the up-
per bound in (1.15).

The upper bound in (1.14) follows trivially from the upper bound in (1.15).

It remains to prove the upper bound in Theorem 1.3. Fix y € (0, 1). Since W,/
is a nonnegative supermartingale, the maximal inequality tells that, for any n <m
and any A > 0,

y
}SE(Wn)< cg2

Y
P{ max Wj > A . =S

n<j<m
the last inequality being a consequence of Theorem 1.5. Let ¢ > 0 and let ny :=
|k%/¢|. Then >k P{max,, <<, W}/ > n,:(y/z)+g} < 00. By the Borel-Cantelli

lemma, almost surely for all large k, max,, <j<p,,, W; < nk_(l/z)Hg/V). Since
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% can be arbitrarily small, this yields the desired upper bound: W,, < n~(/2+o(1)
as. U

PROOF OF THEOREM 1.3 AND (1.14) AND (1.15) OF THEOREM 1.4. Lower
bounds. To prove the lower bound in (1.14) and (1.15), we use the Paley—Zygmund
inequality and Theorem 1.6 to see that

(7.1) P{W, 5 >n~GF/2teM} > oy s o0,

This is the analogue of (4.5) for W,. From here, the argument follows the lines
in the proof of the upper bound in (1.8) of Theorem 1.2 (Section 4), and goes as
follows: let ¢ > 0 and let 7, ;= inf{k > 1:#{u: |u| = k} > n?¢}. Then

P{‘rn <oo, min Wigq, g < n—GB/2=e exp|:—;3 max V(x)“
ke[n/2,n] Ix|=1n

< Z P{rn < 00, Witr, < n—GB/2—e exp[—ﬂ max V(x)“
|x|=1y
ke[n/2,n]

< Y (P{Wip Sn_(w/z)_g})mzﬂ,
keln/2,n]

which, according to (7.1), is bounded by nexp(—n—*° |n2¢]) (for all sufficiently
large n), thus summable in n. By the Borel-Cantelli lemma, almost surely
for all sufficiently large n, we have either 7, = oo, or minge(n/2,n) Wi+t1,,8 >
n—GB/2)—e exp[—pB max|y|=, V (x)]. Conditionally on the system’s ultimate sur-
vival, we have }lmaxm:n V(x) = 21 as., Ty ~ zfolgrgn" a.s.,n — oo, and Wy g >
minge(n/2,n) Wi+, for all sufficiently large n. This readily yields lower bounds
in (1.14) and (1.15): conditionally on the system’s survival, W, g > n—Gp/D+o(l)
almost surely (and a fortiori, in probability).

The lower bound in Theorem 1.3 is along exactly the same lines, but using
Theorem 1.5 instead of Theorem 1.6. [

8. Proof of Theorem 1.2. Assume (1.1), (1.2) and (1.3). Let 8 > 1. We
trivially have W, g < W, exp{—(B — Dinf|, =, V(u)} and W, g > exp{—B x
infj, )=, V (u)}. Therefore, 1 log ﬁﬂ <infj,j=, V(u) < ﬁ log M‘Z"ﬂ on .%,. Since
B can be as large as possible, by means of Theorem 1.3 and of Iiarts (1.14) and
(1.15) of Theorem 1.4, we immediately get (1.7) and (1.9).

Since W), > exp{— inf}, =, V (1)}, the lower bound in (1.8) follows immediately
from Theorem 1.3, whereas the upper bound in (1.8) was already proved in Sec-
tion 4.

9. Proof of part (1.13) of Theorem 1.4. The upper bound follows from The-

orem 1.3 and the elementary inequality W, g < Wf , the lower bound from (1.8)
and the relation W, g > exp{—Binfj, =, V (u)}.
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10. Proof of Theorem 1.1. The proof of Theorem 1.1 relies on Theorem 1.5
and a preliminary result, stated below as Proposition 10.1. Theorem 1.5 ensures

the tightness of (n'/>W,,, n > 1), whereas Proposition 10.1 implies that Wv’{,—:l con-
verges to 1 in probability (conditionally on the system’s survival).

PROPOSITION 10.1. Assume (1.1), (1.2) and (1.3). For any y > 0, there exists
y1 > 0 such that, for all sufficiently large n,

W,
(10.1) PH"—H 1
Wy

zn_y|5‘} <n ",

PROOF. Let1 < g <min{2,1 4+ p(1)}, where p(1) is the constant in Corol-
lary 2.4.

We use a probability estimate of Petrov [34], page 82: for centered random
variables &1, ..., & with E(|&|?) < oo (for 1 <i < £), we have E{| Y/_, &#} <
25 E{l&1P).

By definition, on the set .7;,, we have

W1 eV y,
_1: u(x)_l’
W > > e

_ n )
lul=n xeTOW:|x|,=1

where T6W and |x|, are as in (2.1) and (2.4), respectively. Conditioning on .%#,,
and applying Proposition 2.1 and Petrov’s probability inequality recalled above,
W g

we see that, on .9,
ﬁ}
wh’

where cg3 := 2E{| Y., =1 ¢~V —11#} < 00 [see (2.16)], and W,, g is asin (1.11).
Let e >0 and b > 0. Let s € (%, ). Define D, := {W, > n~1/2-¢) n
{(Wap < n—GB/2+by By Proposition 3.1, P{W,, < n=(1/2=¢ .7} < =% for some
¥ > 0 and all large n, whereas, by Theorem 1.6, P{W, sz > n_(3’3/2)+b} <
n3,8(1—s)/2—(1—s)bE{Wr:’735} — n—(l—s)b—i—o(l). Therefore,

Z eV _q

W, p BV @)
E{ "“—1' |<%}52Ze E
" =1

W, W,f

lul=n

(10.2)

= (83

P(S\ Dy} <n? 4~ A=t o oo

On the other hand, since . C .%;,, it follows from (10.2) and Chebyshev’s inequal-
ity that, for n — oo,

P{ Wn—H
Wy

W,
— 1‘ >n"", Dy, 5”} < nyﬁE{Css n/’gﬁ IDnmyn}
Wy
< caan?B-GB/D+bH/D+eIB,
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As a consequence, when n — 00,
P{ Wn+1
Wy

We choose ¢ and b sufficiently small such that y8 — 8 4+ b + ¢8 < 0. Proposi-
tion 10.1 is proved. 0

We now have all of the ingredients needed for the proof of Theorem 1.1.

PROOF OF THEOREM 1.1. Once Proposition 10.1 is established, the proof of
Theorem 1.1 follows the lines of Biggins and Kyprianou [7].
Assume (1.1), (1.2) and (1.3). Let A,, > 0 satisfy E{(, W,)!/?} = 1. That is,

A o= {E(W)V/2)) 72,

By Theorem 1.5, we have 0 < liminf,_, nkﬁ < limsup,,_, o, % < 00, and
(A Wy) is tight. Let W be any possible (weak) limit of (A, W,) along a sub-
sequence. By Theorem 1.5 and dominated convergence, E(V?l/ 2) = 1. We now
prove the uniqueness of VZa

By definition,

Wpp1 = Z eV Z e Vv

[v|=1 x€TSW, |x|,=n

By assumption, A, W,, — # in distribution when n goes to infinity along a certain
subsequence. Thus, A, W, converges weakly (when n goes along the same sub-
sequence) to Z\v|=1 e_V(v)%, where, conditionally on (v, V (v), |v| = 1), % are
independent copies of V.

On the other hand, by Proposition 10.1, A, W, 41 also converges weakly (along
the same subsequence) to W . Therefore,

7Y VO,
lv]=1
This is the same equation for £* in (3.5). Recall that (3.5) has a unique solution up

to a scale change (Liu [27]), and since E(V?l/z) = 1, we have 771@ cga&™, with
cg4 = [E{(i)l/ 2}]*2. The uniqueness (in law) of # shows that A, W, converges
weakly to # when n — oo.

By (3.3), P{W,, > 0} = P{.%,} —> P{.¥} =P{&* > 0}. Let # > 0 be a random
variable such that

(10.3) Ee ") =E@ 7 |# >0), Ya > 0.

It follows that, conditionally on the system’s survival, A, W, converges in distrib-
utionto #'. [
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