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We prove a quenched central limit theorem for random walks with
bounded increments in a randomly evolving environment on 74 . We assume
that the transition probabilities of the walk depend not too strongly on the en-
vironment and that the evolution of the environment is Markovian with strong
spatial and temporal mixing properties.

1. Introduction. The study of random walks in random environment encom-
passes a considerable range of possibilities that have been addressed in an exten-
sive body of literature. We refer to [25, 26] for recent reviews of the field. Here,
we consider a situation in which the environment is not static, but has an evolu-
tion with strong mixing properties and the transition probabilities of the random
walk have a weak dependence on the environment. Note, however, that we have an
explicit bound on how strong the dependence on the environment may be. In this
case the situation is simpler than in the case of static environment; indeed, we will
see that the phenomena known as Sinai traps [23] cannot take place.

Random walks in dynamical environment have been intensively studied under
various assumptions (see, e.g., [1-7, 10, 14, 17, 20, 22-24]). In fact, [7] considers
quite general statical environments and even though it does not formally cover
dynamical environments, there seems no conceptual difficulty in doing so. Here,
we will consider a finite-range walk in Z¢ with the environment being a (rather
general) space—time mixing Markov chain. This generalizes the case, well studied
in the literature [1-4], in which the Markov chain has a product structure; that is, at
each site of the lattice a time-mixing Markov chain acts independently on the other
sites. In the latter situation, it has been proven that the random walk satisfies an
almost sure quenched (i.e., where the histories of the environment are held fixed)
CLT for each d > 3; see [1, 4]. Here, we prove the same result for each d > 1 and
for more general classes of environments.
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The general strategy of the proof follows the well-established path of consider-
ing the process as seen from the particle and studying such a process via a mar-
tingale approximation [11, 16, 18, 19]. In particular, we use the work of [19] in
the spirit of [8, 9, 20]. Yet, as we do not discuss the invariance principle and only
consider finite-range walks, our arguments are a bit simpler and more direct than
those in [20].

A pleasant feature of our approach is that by making heavier use of dynamical
arguments, we are able to employ the same methods to establish the mixing prop-
erties of the environment and to prove the quenched CLT. In fact, we first prove a
CLT under some abstract conditions, then introduce the class of environments and
proceed to prove that the above conditions are satisfied.

The paper is organized as follows. In Section 2, we first describe a model in
which the process of the environment satisfies a certain number of abstract condi-
tions, and we prove the quenched CLT (Theorem 1), provided a certain correlation
decay estimate, (2.21), can be verified. Then, in Section 2.4, we describe a class
of models that are claimed (Theorem 2) to satisfy the above abstract conditions. In
Section 3, we first show that the inequality (2.21) is equivalent to an estimate for
two independent random walks evolving in the same environment (see [5]). The
rest of the section is devoted to proving such an estimate. In Section 4, we show
that the abstract condition under which the almost sure quenched CLT has been
proven before are in fact satisfied by the aforementioned large class of Markov
environments, provided the dependence on the environment is sufficiently weak.
This proves Theorem 2. Finally, in Appendix, we recall some facts from [19] and
slightly generalize some estimates from that paper that we need for our proofs.

CONVENTION. In this paper, we will use C to designate a generic constant
depending only on the quantities appearing in the Assumptions (A0)—(A8) below.
We will use C, p ... for constants also depending on parameters a, b, c, . ... Con-
sequently, the actual numerical value of such constants may vary from one occur-
rence to the next. On the contrary, we will use Cy, Cq, ..., to designate constants
whose value is held fixed through the paper.

2. Model and results.

2.1. The random walk in random environment. Let I be a compact Polish
space (including the possibility of being finite or countable) and 6 = (67),c74 €

® := IZ' be an environment on Z%. We equip ® with the product topology and
the Borel o-algebra. We assume that the environment has a Markovian time evo-
lution. Let (6;);cn be such a Markov process so that 6;, with values in ©, is the
environment at time ¢ € N.

We will use the notation (8;)4, g € Z¢, with values in I, to designate the space
components of 9; at position g. As usual, we will often use the same notation for
the random variable and its values since it creates no confusion.
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In other words, we have a Markov process with transition probabilities, for each
measurable set A C O,

2.1 P({0;+1 € A}[6;) = p(6;, A).

We require the process to be Feller and translation invariant, that is, p(6, A) =
p(t%0, 1% A) for each 0, z, A, where (t760)7 = 0972 € I. We will call P¢ the mea-
sure on the set  := O of environment histories generated by the process (2.1)
started with the initial measure v on ®, while we use PPj if the process is started
in the configuration 6 € ©. We will use Epe for the expectation with respect to PP}
Note that the translation invariance of the kernel p implies translation equivari-
ance of the measures Py, namely P¢.,(t°A) = Pj(A) for A € Q and where t°
acts on €2 by pure space translation.

We then consider a random walk X, started at Xy = 0 in such an environment.
More precisely, let A :={z € Z¢: ||z|| < C1} and A;41 := X, 41 — X; (here, and in
the following, ||v|| means sup; |v;|). The process (X;, 6;);cN is then defined by the
transition probabilities

(2.2) P({Ary1=2.041 € A} | X1, 0) = m.(xX0,) p(6;. A),

where 7, =0 for z ¢ A, and 7,(0) depends on 6 only through (69),ca and is
continuous as a function of these variables.

The basic space on which all processes studied in this paper can be defined is
Q x AN, with elements ((6;);en, (Af);en). The probability measures P¢ on this
space we are interested in are skew product measures with ‘base’ P on €2 and the
transition kernel P(g,y, which is the distribution of the increments of the walk on a
given space—time environment (6;);eN.

It is well known that to study the properties of X;, it is convenient to study the
process of the environment as seen from the particle. In fact, such a process can be
considered in several ways, two of which will be relevant in the sequel.

2.2. The process of the environment as seen from the particle. We look at the
environment history (65)scN, not from the origin of the lattice, but from the random
position of the particle, and use the letter @ to denote it. Formally, @ is also an
element of €2, but the interpretation is different. On €2, we define the space—time

translations 7% : Q@ — Q, namely if @ = (th)teN,qezd and (étq)teN’qezd =140,

then 6, = 6! fab.

Let us call 2 := QN the set of all possible paths of space—time histories.
Q and Q are equipped with the obvious product topologies and the correspond-
ing Borel o-algebras. As [ is separable, these Borel o-algebras are at the same
time product o -algebras, so, for example, the Borel o -algebra on € is the product
of the one on . In order to describe the process of the environment as seen from
the particle, we define the measurable map & : Q2 x AN > @,

(23)  ®(O)ien, (A)ien) = @nnery With @9 = O))rery, 0 = 7"V @0,
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It transforms a measure P¢ into the measure P, := P¢ o ®~! on . This is the dis-
tribution of the process (@, ),eN of space—time histories, as seen from the particle
under the basic probability measure P{. The map & is an almost sure bijection
between the probability spaces (2 x AN, P¢) and (2,P,), provided the set of
700 invariant space—time histories (6;);cN has P -measure zero for all 5. Hence,
it is simply a matter of convenience on which basic space we interpret our random
variables. For convenience, we also introduce the random variables w; = (w;)q for
each ¢t € N. Observe that w; = X160, are elements of ©.

In the following lemma, we collect some properties of the processes (wy);eN
and (w;);eN- The proof is by simple direct computation.

Here, and in the following, we will use G to denote the space of continuous
functions and C’I%C for the continuous functions depending only on finitely many
variables.

LEMMA 2.1. Let v be any initial measure on © and let P, be the measure
on  constructed from it as described above (i.e., via the intermediate steps P,
and P5).

(1) (ws)ten is a Markov process with transition probabilities

(2.4) P, ({41 € Al|wr) = ) (@) plwr, T2 A)
ZEA
and Feller Markov operator S : CYO) —> cY(®) defined by
25 $f@ =Y [ fE6)m@)pe,do) =Er,(f@rlo = o).
zeAVT

(2) (w¢)seN is a Markov process with transition probabilities

(2.6) P,({41 € AYw) = Y 7. (@)0)1a(t )
ZEA
and Feller Markov operator T1: CO(2) — C%(Q) defined by
2.7) Mf (@) =Y 700 f (" w),
zZEA

with the notation @ = (0;);eN explained above.

To successfully use both types of processes, the original one and the one seen
from the particle, it will be necessary to have initial measures which result in er-
godic stationary processes. More precisely, we assume the following.

ASSUMPTION (AQ) (Mixing). There exist unique measures [, and © on ®
such that the processes (2.1) and (2.4), started with the initial distribution x, and u,
respectively, are stationary, ergodic and mixing. In addition, . is not supported
on the translation invariant configurations.
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ASSUMPTION (A1) (Absolute continuity). The measures u and p, are equiv-
alent.

In particular, the measure p is uniquely characterized by the stationarity condi-
tion E,(Sf) =E,(f) forall f e C(®).

Both measures ., and pu from Assumption (AQ) can be used as starting mea-
sures for the process (6;);en of the environment, thus giving rise to measures ]P’Ze
and I/, on €.

Clearly, PP}, is stationary, and the corresponding measure P}, on Q x AN, de-
fined in Section 2.1, is our basic reference probability that we will denote simply
by P*. In contrast, the measure [P}, is not stationary in general, but if we use it to
define the measure P, on €2 x AN, then the corresponding measure P := Pj o o1
on €2 is stationary; in other words, the process (@;);cn has the stationary distrib-
ution P under the probability Pj,. Indeed, a direct computation which uses the
translation equivariance of the probability kernel p shows the following.

LEMMA 2.2. Under Assumption (AO), Epﬁ (ITh) = Epﬁ (h) for each h €

C(Q). As T1 does not increase the supremum-norm, it follows, in particular, that
I is an L*($2, Pﬁ)—contraction.

REMARK 2.3. As the measures p, and ; on ® are equivalent, the Markov
measures P and [P/, on €2 and the measures P* =P}, and P} on € x AN are
also equivalent. It follows that the same is true for the corresponding measures
Peod ! and P = PZ o @~ ! on Q. Therefore, all statements concerning almost
sure behavior of our processes have the same meaning, regardless of the measure
we are referring to. Observe, however, that this does not mean that the obvious
projections of P and P¢ to Q2 are equivalent.

2.3. A general quenched CLT. We assume the following.

ASSUMPTION (A2) (Time-mixing of the environment as seen from the particle).
There exists n < 1 such that for each ¢ € GI%C((E) depending on M variables and
foreachn e N,

15" = Ep(@)lloo < CMn"|@lloo.

ASSUMPTION (A3) (Space-mixing of the environment). There exists § > 4
such that if ¥ € CY(®), ¢ € Gl%c((@) and the supports of ¢ and ¥ are at a dis-
tance L, then

e (@¥) — e (@) tte ()| < Cy L5 [[@lloo 1V | oo-
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ASSUMPTION (A4) (Locality of environment dynamics). There exist § > 4
and £ > 0 such that for all M,L,s € N and A, B C Z¢ with diameter at most
M and distance d(A, B) > L, for all f, g:< — R such that f depends only on
variables in A{®-%} and g only on variables in B!~} and for each 6 € ©, the
following inequality holds:

[Eps (f 1. 081 ... 6:)) — Epe (/)Epe ()] < Coars* L8 fllool8lloc.

ASSUMPTION (AS5) (Ellipticity). There exist y; >0, ¢ >0 with 3 .y y; =1
and | " 5 vz€'"9| < 1 forany I € Z4\ {0}, such that 7 (6) > cy; for P¢,_-almost
every 0. In the following, we will set y = cinf{y, # 0} > 0.

LEMMA 2.4. Assumptions (AQ), (A1) and (A3) imply that the translation in-
variant environment configurations have zero I} -measure.

PROOF. Let d be a metric on /. Next, given b € 74, let Ays =10 €
@:d((t%0)4, (0)y) <8 Vlqll < M}, A:={0 € ©:7°0 = 0}. Then, foreachn e N
and ¢ > 0,

[e(Ap,s) — & < pe(A) = fe(QAT "1 0) < pe(ay ;7" 00y 5),

provided § is small enough and M large enough. Choosing n sufficiently large
Assumption (A3) implies

fte(A) < pe(A)? + Carsllbn|| ™5 + Ce.

By the arbitrary nature of n and ¢, it follows that u.(A) € {0, 1}, but u.(A) =1
is ruled out by Assumption (A0), hence, we must have p,(A) =0 and IP)ZE({QI €
A}) = ue(A) =0 for each ¢ € N. The claim then follows by Assumption (Al). U

REMARK 2.5. Lemma 2.4 implies that the map ®:Q x AN — € is indeed
an almost sure bijection. Therefore, the o-algebra ¥; := o{wy, ..., w;} and the
o-algebra o{Ay,..., As, (B5)sen} coincide P-almost surely. Similarly, A,y is
o (w;, w;41)-measurable.

As (w;) is a Markov process under P, conditional expectations of the form
E(G|¥;) can be written as functions of w; alone if G is o(w@;, ®Wi+1,...)-
measurable. This applies, in particular, to A;41. Hence,

28)  E(AmiF) =Y 21, (¥0) =E(Ar+1l0 (AL, ..., Ar. 6o, ..., 6)),

ZEA
so both conditional expectations coincide and as %10, = wy, they are functions of
w; = (@¢)o.

REMARK 2.6. Condition (AY) is slightly weaker than the corresponding con-
ditions in [3, 22]. It is indeed equivalent to requiring that the set of points z € A
with y, > 0 is not contained in any affine hyperplane of R.
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LEMMA 2.7. Under Assumptions (A0), (A1) and (AS), the stationary Markov
process (@;) with distribution P is ergodic.

PROOF. It suffices to prove that I[Th = h implies & is I’} -a.e. constant for each
indicator function /. Consider a measurable set C C 2 such that [11- = 1. Then,
for each @ = (6;);eN,

e (@) = (MLe)(w) = Y m(00)Le(r w),
ZeEA
which means that for each z € A such that y, #0, (z!¥)~1C c C holds P -ae.
Then, by Assumption (A1), thic=c=@E")"Ic ]P"’ ,-a.e. since IP’E is invariant

under space—time translations. In addition, we will see shortly that the ellipticity
Assumption (A5) implies that there exists s € N\ {0} such that

(2.9) 0c=C, P as

The lemma thus follows by the ergodicity of "}, with respect to time translations
which are multiples of s, which, in turn, follows from the mixing of the associated
Markov process stated in Assumption (AO).

The proof of (2.9) is obvious if 3 # 0. To study the case yp = 0, first notice that
Assumption (A5) implies that the vectors in the set V :={(1,z) e R x A:y, #
0}  RY*+! must span R4*!. Otherwise, there would exist a vector (a, [) € Z x Z¢
such that ((a,!),(1,z)) =0 for each z € Vo ={(z € A:y, #0} C R?. But this
means ([, z) = —a for each z € Vjy, which would contradict Assumption (AS).

Next, let {z; }d+1 C V be a basis of R4*!. Accordingly, for each s € Z, we can
solve the equation Zd 1 @iZ; = 5(1,0). In turn, this can be written in terms of a
(d 4+ 1) x (d + 1) invertible matrix with integer coefficients and a vector & € RA+1
as Za = s(1,0). We choose s # 0 such that @ = sZ~'(1,0) € Z4t!. If we let
Ay ={i:a; > 0}, then 72i=A+ 413 0 = ¢~ Zjgar i3 o ¢, -a.s., which im-
plies (2.9) since for each a > b and each set A, (%)~ 17%1A > r¢=b1=C 4. O

Our first main result is a quenched CLT, that is, a CLT under the law Pg,), the
measure P conditioned on the history (6;);cn of the environment.

THEOREM 1. Under Assumptions (AQ)—(AS), there exists a vector v € R? and
ad x d matrix £* > 0 such that for PZE -a.e. environment history (6;) € 2,

1
(2.10) hm — Xy =v, P ,)-almost surely
N—oo N
and, letting ?N =Xy — Nv,

-~

(2.11) 75 TN under Pg,).
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PROOF. Recall Remarks 2.3 and 2.5 which allow us to interpret the random
walk (X;);en and all other random variables of interest as being defined on the
probability space (2, P), and denote by [ expectations with respect to P. Consider
the filtration

Fli=0(A1,.... A1 00, ....0).

Let g(wy) = E(As4q |$,0). It is easy to see that this is a continuous local function
of the process of the environment as seen from the particle (recall Section 2.2). We
write

Ari1 = A1 —E(Arg1 | FO) +E(A41 | F0)
= [Ars1 — E(Arp1 | FO1+ g(ay).

Note that the first term is a martingale. Setting v :=E,(g) and go := g — v, we
define

(2.13) Aps1:= At —v=Ars1 —E(Arp1 | FD) + go(@y).

Then, E(K,H) =E,(go) =0 and as o, = (w,)o, Zf\/:f)l K,H is the sum of a
martingale and an additive functional of the stationary ergodic process (@;) under
the law P (see Lemma 2.7). Hence, (2.10) follows from

(2.12)

N-1

1
. —1 T 0
Jim N7 = Ny = i 3 (A BB | )+ go@io)
=0, P-a.s.

Observe that “P(g,)-almost surely for I’} -a.e. environment history (6;) € €27 is the
same as “P-almost surely.”

Of course, there is no such simple Fubini-type argument to pass from an uncon-
ditioned CLT (also known as an annealed CLT) to a conditional CLT. Nevertheless,
we will first prove the unconditioned CLT since its proof is closely linked with a
useful exponential estimate.

We wish to solve the equation & — Sh = gg that, thanks to Assumption (A2), has
the bounded solution 2 = Y32, " go. We can thus write (observing that Xo = 0)

Xn=>Y A

1
{Ars1 —E(Arp1 | F0) + h(wi41) — Shiw)}

0
l (=)

t

0
+ h(wo) — h(wn)

(2.14)

T

=Y A1+ h(wo) — h(wy),
0

N
Il
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where A; := A; — E(A; | .‘f”t(ll) = h(w;) — Sh(w;—1). If we let M, :=>"" A,
then M, is an ?’no—martingale. Moreover, the A; are uniformly bounded random
variables and they are almost surely functions of w; and wy 41, so they are functions
of w; (see Remark 2.5). Therefore, (K,HK,TH ) is a stationary and ergodic process
and N~! Z;V: 51 ZH_]Z,TH converges almost surely to a symmetric matrix 2 > 0.
We note that this immediately implies the usual CLT
X N — Nv
VN
(see, e.g., [13], Theorem 3.2).

In addition, by a variant of Hoeffding’s inequality for martingales (see,
e.g., [12]), for sufficiently small ¢ > 0 and L € [0, N], the following holds:

(2.15) = N(0, =?) under P

XN+L XN _C 2(N/L)
(2.16) { _8] <Ce ** .
VIN+L) N

This is easily seen, as follows. For sufficiently large N, we have, for each of the d
components separately,

{ XniL XN }<P{|MN+L—MN| 8}

JN+L) N JIN+L) —4

+P{|MN|‘

1 1 £

JNTD) «/N} =)
and both terms can be estimated using Hoeffding’s inequality, the first by
exp(—Cez%) and the second by exp(—Ce:z]Z—zz).

Next, we check that £2 > 0. Indeed, if there exists w € R?, ||w]|| = 1, such that
(w, =2w) = 0, then

0=E((w, Arp1 = E(Art1 | F) + h(@r41) = Sh@n)?),

which implies, for each 7 € N, (w, A,1) = (w, h(w;) — h(wi4+1)), hence

N—1

(2.17) —(w, h(wn)) = Y (w, Ag1) + (w, h(wo)).
t=0

This is in contradiction with the boundedness of /. In fact, on the one hand, (2.17)
implies | >N "o"(w, A;41)| < 2|kl On the other hand, by Assumption (AS5),
there exists a probability larger than " to have | Zﬁvzf)l (w, Ay — V)| = Cy N
To obtain more refined information, it is convenient to consider the finer filtra-
tion
-% = J{Al’ ceey Alv (QS)SEN}
and the decomposition

(2.18) Arv1 =Dyt —EA1 | F)) +EQA 41 | F).
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Clearly, Z; := Zé:l 35 — E(gs | F5—1) is a martingale with respect to the filtra-
tion ¥;. Let

g0):=)_ zm(6o) — v,

ZEA

so g is a continuous local function on ®. Then,
219)  E@ui | F) =) e (X)) —v=g"60) = §().

ZEA
Recall that @ = (w;)seN. Define G(®) := g(wp). By Lemma 2.1, Remark 2.3 and
Section 2.2 on the environment as seen from the particle, we have

E(Ar+1 | F) = &) = G(oy),
(2.20) R
E(Art1 | Fo) = ' G(00) = E(G (@) |0 (@),

where (@;) is the Markov process defined in Section 2.2. Thus, the remainder in
(2.18) is an additive functional of this Markov process.

The next idea, following [20], is to use [19], Theorem 1, to conclude. To be
precise, [20] uses [19] in conjunction with the theory of fractional coboundaries
developed in [8]. In fact, since we are discussing random walks with bounded in-
crements, the use of [8] is not really necessary and a slightly more quantitative ver-
sion of [19] allows us to conclude by a simple Borel-Cantelli argument; see [21]
for a similar strategy. For the reader’s convenience we present the needed modi-
fications of the arguments from [19, 21] in the Appendix. Indeed, Theorem A.2
shows the following. Given any w € R and p > 0, if

00 n—1
(2.21) > 0P nn)? |y (w, 11¥G) < 00,
n=1 k=0 L2(Q,P¢)

then Zs 0 G(ws) can be decomposed, under the stationary law P of (@;);en,

as Mt + R;, where M, is an L2(52 P) martingale with respect to the fil-
tration ¥; = o{wo,...,®;} (see Remark 2.3) and limy_ oo N~ 2Ry =0 in
L*(,P). In addition, Mt M,_; is o{w;_1, w;}-measurable and it can be
written as H (@;_1, ®;) for some R¢-valued function H € L%(®2, P,), where
P, is the two dimensional marginal of P. That is, [g2 f(w, ®)P2(dw,do’) :=
Ycen Jor (o) f(w, Tl “w)P¥, (dw). We thus have that

!
§z=zzs=zz+Mt—l +R—1=Z2Z;+ M+ Ry,
s=1

where Z; + A;It is an ¥;-martingale and 15, = R;_1 — H(w;_1, w;) is of order
OY*(n1)~") in L2(R, P); see Theorem A.2. Define the R?*“-valued function
FeL'(Q,P) by

F(ws) :i=E((Zgp1 + My — Zg — M) (Zs 1 + M1 — Zs — My) | F)
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(observe that F depends only on wy, due to Remark 2.3). Then, the average (con-
ditional) quadratic variation of the R9-valued martingale Z; + M;, for ]P’Z—a.e. en-
vironment history (6;);cN, is given by

t—1

1 y y y o T
lim — ZE((ZS-H + Mgy — Zy — M) (Zs1 + My 1 — Zg — M) |J"s)

—>o0 t 0
5=
= lim ZOF<ws> =Eg; (F),
5=

where we have used Birkhoft’s theorem and the ergodicity of the process (@;) un-
der P (see Lemma 2.7). Hence, for PZ—a.e. (6;), we have convergence =12z, +

M,) = N (0, E]pz (F)), by standard martingale CLT convergence theorems.
Indeed, one may apply [13], Theorem 3.2, to the conditional martingales
“Zi + M; given (6;).” To do this, one needs to check that for IP)Z—a.e. (6;), this
conditional martingale satisfies a conditional Lindeberg condition which, in turn,
is implied by the slightly stronger requirement that lim;_, % Z;;%)IE( Sz (g,
®s+41)|Fs) = 0 P-almost surely for eacl3 e >0, whefe Ju(@s, 0511) = (€541,
f‘g+1)1{(§s+1’§s+l>>u} and &1 = Zg+1 + Mgy — Zs — M. But, for each u > 0,

. 1 t—1 ) 1 1—1
Jim ;OE(fssz(ws,wm)m) < Jim — ;)E(fu(ws, @5+ Fs)
=E(f,) =E((Et1, E+1) L 11.6041)>u})

P-almost surely by Birkhoff’s theorem and the observation that (w;) is a Markov
process, and this value tends to zero as u — oo.
Note also that

(222)  Epe (F)= lim N7'E((Zy + My)?) = lim N7'E(X%)=3%2,
" N—oo N—oo

in particular, Epg (F)=%?%>0.

The last task is to prove that the remainder r~!/2 R converges to zero almost
surely. Given the available estimates, we first prove it only for the subsequence
teT, ={[1+ jk_a]2k}keN,05j<ka, where a > 1 is such that 2p > 1 + a. Here,
we assume that p > 1, for which (2.21) holds. Indeed, by Theorem A.2 and Cheby-
shev’s inequality, it follows that

SP({lt7 2Rz e}) <Ce2 Y (Int) " < Ce™? Y k4T < o0.
teTy, teTy, keN

By Borel-Cantelli, it follows that t~!/ 2R, converges to zero almost surely along
the subsequence 7,. Accordingly, along the subsequence 7, conditioned on
[P, -almost every environment history, the random variables N —1/2Xy converge
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weakly to a Gaussian with variance %2, To conclude, we use the fact, quantified
in (2.16), that N~1/2X y changes very slowly. Given any n € N, let nr, € T, be the
element of 7, closest to n. Then, (2.16) implies

_ 2 _ _ 2ra
ZS})SZCe Ce I’L/|}’l nTa\SZCzke Ce“k <OO,
neN keN

({772
(|-
neN ﬁ n,

~ %,
provided a > 1. Hence, again by Borel-Cantelli, the sequence (% — \/T%) con-
verges to zero [P¢ -almost surely, which implies the claimed result.

The theorem is thus proved, provided (2.21) holds with p > 1. In Section 3.2,
we will see, following [5], that such an estimate is equivalent to estimating the
number of times two independent walks in the same environment come close. We
will then show that (2.21) is indeed satisfied under Assumptions (A0)-(A5). 0O

2.4. A concrete model: weakly coupled Markov chains. 'We have seen that un-
der some assumptions, it is possible to prove a quenched CLT theorem for the
random walk. It is now time to present a concrete class of examples in which such
assumptions are satisfied.

Let K (8, dy) be a transition kernel that specifies the transition probability from
0% € I to y € I given the rest of the configuration #70 := (97) p#0. Clearly,

[; K(6,dy) = 1. We further require that for each u € CO(I) and ¢ € Z4, the func-
tion # defined by u(0) := [, u(y)K (0, dy) belongs to C%®). So, we can define a
Feller Markov operator X : CY(O) > CY (),

(2.23) (K f)(©) 2=/ [] K?6.dyy) f(»).
© qezd
In fact, K is clearly well defined on @ﬁ)c((a) and it extends, by continuity, to all of
CY(®).
ASSUMPTION (A6) (Local mixing). For each 6,6 € © such that 87 = §9 for
all g # 0, we assume
|K(6.dy) — K (6. dy)| < 2do,
where the norm refers to the total variation of measures.
ASSUMPTION (A7) (Weak coupling). For each p # 0 and 6, 6 € © such that
07 = 64 for each g # p, we assume
1K (0. dy) — K(©.dy)| <dj.
ASSUMPTION (A8) (Long range bound). There exists &' > max{4 + d, 2d}
such that for all L > 0,

> d,<cL7F.
lgl=L
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ASSUMPTION (A9) (Dobrushin-like conditions). Write the transition proba-
bilities of the random walk in the form 7, (0) = a, + 7,(0), where a, € [0, 1],
> e @z = 1 and 77; depends only on 67, p € A. Then, setting D := 3" 17 lloc,
consider the following hierarchy of conditions:

(a) no:= quzd dy < 1;
(b) ni =1+ A +2[A)D)no < 1; /
(© m<1:D<1;n < (1 —D)E U/ E=d),

REMARK 2.8. In the case of finite-range interactions (d, = 0 for ||g|| larger
than some R > 0), a polynomial decay of time correlations suffices to prove the
CLT. One can then use the strategy employed at the end of Section 4.5 to obtain the
result under a weaker smallness condition than the one stated in Assumption (A9).

In Section 4, we will prove the following theorem.

THEOREM 2. (i) Each Markov environment satisfying Assumptions (A6), (A7)
and (A9)(a) enjoys property (A0), although only relative to L.

@i1) If (A9)(b) is also satisfied, then (AO) also holds for 1.

(iii) If, in addition, it satisfies property (A8), then it also satisfies Assumptions
(A2), (A3) and (A4).

(iv) Finally, if Assumptions (A9)(c) is also satisfied, then Assumptions (Al)
holds.

REMARK 2.9. The above assumptions are very similar to (although much
more general than the ones used in [1, 3]. In fact, in [1, 3], the Markov chains
are independent at each site, this corresponding to d, = 0 for each g # 0 so that
no = dp in Assumption (A9). Also, the random walk is a nearest neighbor walk
and the transition probabilities depend only on the site presently visited. This cor-
responds to having 7, depending only on #° in the present setting, which would
imply that the constant (1 4+ 2|A|) in Assumption (A9) can be replaced by 3. In
the situation described above, one can compare our results with the previous ones
(keeping in mind that [3] holds only for d > 3, while [1] only for d > 7). For
example, let us compare with [1], which presents sharper results in its realm of
applicability.

The assumptions of [1] are in terms of the two parameters « and ¢, where 1 — «
gives a bound for the rate of mixing and thus corresponds to our 7g. The parame-
ter ¢ is the best constant such that 7; > ea;. The equivalent of Assumption (A9)
(the only relevant condition here) in [1] reads « + g2 > 1, thatis, k = 1 — & for
some y > 2. This is sufficient for the annealed CLT in [1], but y > 6 is assumed
for the quenched CLT (indeed, not only CLTs but Donsker-type invariance prin-
ciples are proved in [1]). To see the relation with our conditions, let us consider
the simple case in which |7,| < (1 — ¢)a,. [In fact, the following holds more gen-
erally, as can be seen by using the decomposition (4.15).] Then, D =1 — ¢ and
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Assumption (A9)(b), in the language of [1], reads (1 4+ 3(1 — ¢))(1 — k) < 1, that
is, K + (4 —3¢)~! > 1. One can easily verify that the above condition is better than
k + &2 > 1, provided & < 0.75. Furthermore, if k = 1 — & for some y > 3, then
k+ (@4 —3¢e)"1 > 1forall 0 <e < 1. As for the condition Assumption (A9)(c),
a direct computation along the lines of Section 4.5 yields that it can be replaced,
in this case, by no + D < 1, that is, k + & > 1, which is always weaker than the
above. The reason is that all truncated operators in the proof of Lemma 4.8 coin-
cide in this case with the untruncated ones so that the estimates in (4.21) and (4.27)
can be replaced by equalities. As a result, the estimate in Lemma 4.8 is uniform
in n. In other words, our conditions are weaker than the condition under which the
quenched invariance principle is proved in [1].

3. Proofs: CLT under Assumptions (A0)—(AS). In this section, we prove
Theorem 1.

3.1. Equivalence of (2.21) with a two-walks estimate. As discussed in Sec-
tion 2.3, it suffices to prove (2.21). Recalling (2.20), for each w € RY, |w| <1,

2 N
= > EE(w, A)|FOE(w, Ay) | F0)).
2 t,s=1

N—1
> (w, IT'G)
=0

The above formula has a very interesting interpretation: consider two indepen-
dent random walks X,, ¥,,, both starting from zero and evolving in the same
environment (6;) described by the transition probabilities (2.1). That is, setting
K[XH =X — Xr — v, KZYH =Yi41 — Y; — v, we have

PH{AK A ) =(2.2). 041 € A} | X1, Y1, 6))
=1, (X0 (V10 p(6;, A).

Let us call P2 the law of such a process when the environment is started with
the measure v and denote by E‘z) the corresponding expectation. Then,

N—1 2 N R _
(3.1) Y (w I'G)| =Y EX((w, Af)(w,A))).
t=0 2 t,s=1

REMARK 3.1. Note that if the process (X, ¥,) satisfies the CLT (which is,
in fact, a consequence of what we will prove later on), then (3.1) corresponds to
the off-diagonal part of the covariance of such a process. From this point of view,
condition (2.21) says that the two walks are asymptotically independent.
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3.2. The two-walks estimate: off-diagonal variance. Let Ly := Aln N, for
some fixed A > 0O to be chosen later [see (3.10) and (3.12)].

LEMMA 3.2. There exists 5 > 0 such that
(3.2) EZ(Card{t <N:|| X, — Y, <Ly}) <CN'™® (N eN).
This lemma is proved in Section 3.3. We now complete the proof of (2.21) using

the lemma.
Let us introduce the filtrations

+—~0,XY
FOX = 6(Xo,.... Xi, Yo, ..., Yy, 00, ..., 6.},

J‘:;XY = O{XO’ RN Xt, YOa LR Yl‘a (GS)SEN}

and the filtrations }'to’X and }‘tO’Y, which are just the ‘X- and Y-versions’ of the
previously introduced J‘fto. To estimate (3.1), we start by considering the case t < s.

As AX and AY are conditionally independent given ;%" we have
E2 (w, AX)(w, AY)) = B2 (B2 (w, AY) | 72)EL ((w, AY) | 72%))
=E2 ((w, EZAF | 729 w, ELAY | 7£27)).
Calling w" the environment as seen from Y, we have
ELAY | 707 =57 g(w]).
Assumption (A2) then implies
B, ((w, ANy (w, Al )| < Cp '

2(p+a)
Inn~!

Hence, for each a > %, setting b = and defining Ty := bIn(In N), we have
oI (w, Af ) (w, AY))] < CuN(In N) >0+,
[t—s|=Ty
1<t,s<N
(3.3)
<CyN(nN)~275,

Since the roles of ¢ and s are interchangeable, it remains to consider the cases
for v/v\hich s>t>Tyand s —t < Ty. Let us write Ai,t = (w, A)) and A{M =
(w, ATY). We can then write
2 ~X ~Y 2 ~X Y
E;, (Cw, A7) (w, AgDI < By (Lx,ry —Yi gy 12 L} D A s) |

(3.4) )
+ CP ({1 X1y = Yi1yll < LND).
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Letus set Ay ; :={||X;—7y — Yi—71y|l = Ln}. Using the fact that AX w.t and A
are conditionally independent given ?’t{ YN, we can write

B2 (1a,, B2 (AN AT | F27)0)]

7z ~ 7z ,~OXY
=B}, (Qay, BLIEL(AY | F X DELAY I F XD I F 27D

We want to estimate the conditional expectation with respect to 37,0_);[3/ To this end,
we fix 00, ..., 01y, Xo, ..., Xi—7y and ¥, ..., Y;—7,,. Then, B2 (AN | FX0)
and Ei( AZJ’ S FX ?N) are functions of two subsets of the spatial coordinates of the
Ty +s —t < 2Ty variables 6;,_7y 41, ..., 05 and these subsets are separated by a

distance Ly — CTy > Ly /2. Since E(f (07, ... 9)|3~‘°’T‘5)_Epe f),

we can apply Assumption (A4) and estimate the first term on the right- hand side
of (3.4) by

B2 (1ay, B2 (AN AT (1 F27)0)]

< |E2(1ay, E2AY | FOTOELAY 172+ CL Ty,

(3.5) )
<E(S™g(@f 7)1 - 18T N g (@) 1)) + CLY T
<CO™ + Ly Ty).

Hence, if £ > 2p, then
> EL(w, ANy (w, A

[t—s|<bIn(InN)

1<t,s<N
(3.6) i .
CapN(Inln N)5+! —
< Ve +Ty Y PL(AY) + Ty
t=Tn

Combining (3.3) and (3.6), proves (2.21), provided that £ > 2p + 2. [Note that
because £ > 4 in Assumption (A4), we may choose p > 1, as required at the end
of Section 2.3.]

3.3. Estimating the number of close encounters. We first reduce (3.2) to a
simpler inequality.

LEMMA 3.3. There exist B € (0, 1), Co > 0 such that for any 6 € ® and any
a, b such that ||a — b|| > Ly, we have

C
(37 PiIX;—Yj|>Lyforj=1,2....N|Xo=a,Yo=b) > N—%
[Here, IP% is the underlying probability for the process (6;, X;, Y;) started at
0p=0.]
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PROOF OF LEMMA 3.2. We start by noticing that Assumption (AS) implies,
for each a, b € Z¢, |la — b|| < Ly, that

(3.8) Pﬁ({ sup ||Xi—Yi||ZLN}‘XOZG,Y0=1?)ZVLN,
0<i<Ly

the latter being the probability of one fixed path in which X;, Y; get further and
further apart at each step. Accordingly, for each o < 1 — 8, we have

IP’%({ sup ||Xi_Yi||§LN“XO=a7YO=b)
0<i<Ne

NeLy!

(3.9) <[] a=-¢"m
j=1

Ly7-1 —24Iny~! 2
Se_y NLy Ngfe_Ng Y Se_NQ/

’

where we have chosen A such that
(3.10) 0>4Alny L.

Next, consider the sets By :={(x,y):[|[x —y[ < R}, B} :={|lx—y|l > R} and
the stopping times, for k& > 0,

so:=inf{j e N:(X;,Y;) € BL_N, Xj+1, Y1) € BZ“N},
sok =1inf{j € N:j > s, (X;,Yj) € B, (Xj11,Yj41) € Bf ),
s1:=inf{j €eN:j >s0,(X;,Y;) € B}, (Xj11,Yj11) € B},
sok41 :=1nf{j € N:j > soe—1, (X, ¥)) € Bf |, (Xj41,Yj41) € B, ).

Clearly, sor < sor+1 < S2r+2 and s > k. As Xo = Yo, these stopping times are
adapted to the filtration ?’,O’X Y With this notation, (3.9) implies

]P)g({mp(s% ~S-1) > NQ}) < N supP§({s2; — s2i—1 > N®}) < Ne—No"?
i<N i<N

Letus set J :=inf{k € N:sy;y1 > N} + 1. Obviously, J < N/2 + 1. Clearly, J is
the number of intervals in which the two walks are closer than L before time N.
Since the above estimate tells us that such intervals are shorter than N€, with
overwhelming probability, we have

(3.11)  E2(Card{n < N: | Xn — Yol < Ly}) < N2V + NCE2()).

It remains to investigate the lengths of the intervals of time in which the two walks
are closer than Ly or (which is the same) the ones in which they are further apart
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0,XY
fSZk

and the stopping time sy;. Then,

than Ly. Let S, := {sup; -, (s2k+1 —s2«) < N} and denote by

associated to the filtration ﬂO’XY

PG({J > n+1}) = Pj({sax41 < N Vk <n})
<Pi({sak41 — s < N Yk <n}) =Ej(Ls,).

the o -algebra

Thus, by (3.7),
P3({J > n+1}) <E3(1s,) = E3(1s, ,P3({s20t1 — 520 < N} | Sp1))
= Eé(ﬂsn_ng({san — son < N} | 3:0,XY>>

$2n

<(1-gp)Eas == (1-55)

Thus, letting 1 — o > « > B, it follows that
P2({J > N)) < Ce™CoN* ",

which means that E3(J) < N* + NP3({J > N%}) < CN%. In view of (3.11), this
proves (3.2), provided we have chosen § sufficiently small that o + o« <1 —46. [

Our program is thus completed once we prove (3.7). To this end, an intermediate
result is needed.

LEMMA 3.4. Given R > 0, take two points ag and bg such that ||ag — br|| =
R. For each € € (0, 1], consider two walks starting at ag and bg, respectively, and
define the stopping time t¢ g as the first time n such that

Re
IIXn—Yn||57 or || Xn—Yull =2R.

There then exist R € Ry and Cy > 0 such that for each R > R, and each 6 € ©,
Po({llXr g — Yl = 2R} = 5 — Cae,

P3({II Xz,  — Yz ol = 2R} > 1.

T1,R
PROOF. Of course, the estimate in the statement is essentially sharp only in
one dimension. If d > 1, then the probability is actually close to one. Yet the
above estimate suffices for our purposes. So, in the higher-dimensional case, we
will control only one coordinate, whereby we obtain the same estimate as in one
dimension.
We decompose (f n ?n) in the same way as we decomposed X » in (2.14). Ob-

serve that EQAX | F°%) = EQAY 1F°*"). Define

MY = (X, Vo) — (h(@d), k(@) + (h(wX), h(@))).
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As before, M ,f Y is a bounded martingale with respect to the filtration 3_~n0,x Y while

the remainder is a bounded boundary term. Since ||ag — br|| = R, it follows that
there exists a unit vector vg such that (vg, Xg — Yo) = R. If we now define a new
stopping time 7y as the first time n for which

€R
(R, X — Yy) < 7 or (vgr,X,—Y,) >2R,

it then follows that
pi=Pi({{vr. Xox — Yor) = 2R}) <PF({[ Xcp — Yre |l = 2R)).
Note that Eé(r;‘;) < o0o. Indeed, by the ellipticity Assumption (AS5),

infg , ]P%({S“Poggzk [{VR, Xn+i — Yu+i)| = 2R}) > B > 0. Hence, it follows that
P2({z} = n}) < C(1 — B)"/ R Thus,

E3 ((vR, Xop = Yoz) = B3 (((vR, —vr). MED) + O(D)

=2 (((vr, —vr), MFY)) 4+ 0(1) = R+ O(1),

while, on the other hand,
2 €R
E3 ((vR, Xoj = Vo)) < 2Rp + —-(1 = p).

The above two equations readily imply p > % -5-C R~', which is what we
wanted. The second inequality follows similarly. [

We can conclude by proving (3.7).

PROOF OF LEMMA 3.3. Let Xg =a and Yy = b, with |la — b|| > Ly and
K€ (%, 1). Using the ellipticity Assumption (A5) for the first L steps, the second
estimate of Lemma 3.4 for the next In, e ™! steps and, finally, the first estimate of
that lemma for another log, N steps, we obtain

Pg(HXj — Y|l reaches N* Ly before Ly)

— log, N¥ — —K— — -1
ZVLNG 2(%_C2€)0g2 > e 2N k—C3e—Alny )

In other words, there is a polynomially small probability of making an excursion
of size N“ L y before returning to a distance L. On the other hand, once we have
such a big excursion, Hoeffding’s inequality (see, e.g., [12]) implies that it will
take more than N steps to come back, indeed

2 . v B .
Pg({lslglvllxj Y,IIsLN“nXo Yoll > N LN>

< 25upIP’9<{ sup [IX;] > N"LN/3} \ Xo :0) < CNe CN* 7'
6 1<j<N
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The last two inequalities imply (3.7) with 8 =k +C3e + Alny ~! and Cy = Ce 2,
provided we choose A > 0 and € > 0 sufficiently small that

(3.12) k+Ce+Alny ' <1.
This proves Lemma 3.3. [

4. Proofs: the environment. In this section, we prove Theorem 2.

REMARK 4.1. The reader is alerted to the fact that the following arguments
are more of a functional analytic than of a probabilistic nature. In particular, we
will work with the Banach space M (®) of complex-valued measures, rather than
just with probability measures.

4.1. The environment: time mixing. Following [15], we will lift the dynamics
to a rather abstract space and prove that such a lift enjoys a spectral gap. This will
imply the desired results.

In fact, we want to lift the dynamics to the space B :=C Q® Q ez Mp(®)”'”,
where M, (0) :={u € M(O):u(p) =0Vep € C%(®) that do not depend on 6,}
and the closure is taken with respect to the norm

&l = sup{lepl, lupl: p € 2.

Here, we use the notational convention that an element g € 8 has components
¢y €Cand i1 := (up), with u), € M,(®) and, for each complex-valued measure
w € M(®), |1 is the total variation of w. For example, if v, v;, (pe Z4) are prob-
ability measures on ® such that v, = v;, for all p # g and we set v := Q) ,cz4 Vp,
V=@ pezd V), then v — v’ € M, (O).

To define such a lift, we first need to define a map ¥ : M(®) — B and a pro-
jection Pr: 8 — M (®) that allow us to transfer objects between the two settings.

The choice of the first map is quite arbitrary; we will fix a convenient one.
Consider a strict total ordering < of Z¢ such that 0 < p for each p € Z% \ {0},
and the set {g :g < p} contains the box (centered at zero) of size C4| p| and is
contained in the box of size Cs| p||. For example, one can start from zero and
spiral out on larger and larger cubical shells. Let g+ be the successor of g (i.e.,
g < g4 and there are no ¢’ € Z¢ such that ¢ < ¢’ < q).

Let m be an arbitrary probability measure on ®, fixed once and for all. For each
g € Z4, we can then consider the o-algebra F4 determined by all the variables
w? with q' < g, hence Fy is the trivial o-algebra. Call x=? and x~ 7 the set of
coordinates with indices smaller (resp. larger) than p.

Next, for each ¢ € 74, define the operator J : C%(®) — CY(®) and its dual
J(; : M(®) > M(O) by

4.1 Jo f =ma(f) =m®(f), Jan(f) i= (g f),
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where m9 is the marginal of m on the ¥, variables. In other words, given a local
function f € C°(®) and a point ¢ € Z¢, m9(f) depends only on x=9 variables,
namely

m (f)(x=9) = f@ FO=0, 2= )m(dy=9, dy=9).

For each local function f, we have

f=m()+ Y Jg(H).

qeZd

Note that as f is local, there exists a box A C © such that f depends only on the
variables {w, :q € A}, but this means that the sum consists of only finitely many
terms. Accordingly, for each u € M(®), we define i := u — u(1)m and for each
f eC%and g € Z4, we consider Jé/l(f) = [1(Jg f). Then, Jé/l € M, (©®) and we
can define the lift

W () = (u(), (Jy)q) € B.

REMARK 4.2. If one chooses m := ®q€Zd m., that is, a product measure,
where m, is an arbitrary probability measure on /, then a direct computation us-
ing definition (4.1) yields J, f = E, (f | }“qc) —E,(f | $qc+), where 57; is the
o-algebra determined by the w, with p > ¢ and E,, is the expectation with re-
spect to m. Moreover, Jém =0 for all ¢ € Z¢, hence J[; n= Jé . The reason to
allow nonproduct measures in spite of the slightly more complex definitions is
their usefulness in Section 4.5.

On the other hand, for each . = (cy, (1)) € B and local function f, we can
define

(4.2) Prip(f)=cum(f)+ Y up(f).

peZd

REMARK 4.3. Although Pru(f) is well defined on each local function,
Prjt is not necessarily a measure. Yet, PrWu = u for all u € M(®) since for
each local function f, m(Zq Jg f) =m(f —m(f)) =0. There thus exists a sub-
set B, C B containing V(M (0)) such that each element of Pr B,, gives rise to a
bounded linear functional on the space of local functions, hence uniquely identifies
ameasure. In other words, for each j = (¢, (1 p) p) € By, cum + Zpezd M p con-
verges weakly to a measure that we call Pr ii. (Note that here the order of the series
may matter; we tacitly assume that the order is the one given by the relation <.)

Now that we know how to lift measures, we must describe how to lift the dy-
namics. For each local function f and p € Z¢, we decompose

(4.3) Kf=Kpf+ >, Kpqf
geZd\{p}
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with operators K, and K, , defined as follows: for each g € 74, setting g’ < »
q:=4q' —p=<q-—p,
(Kpg @) = /O K@ w,dy?) [] K o), dy?)
- 0<pq'<pq

x [K(t9w,dy?) — K (t?w(p), dy?)]

4.4) , ,
x [] K@?w,dy?) f(y).
q'>pq
@ = [ Koy T[] K@ o, d?)fo),
) i
q'€Z\{p}
where a)?, = w? for each q' # p, while a)f ) =a for some fixed a € I. It is easy

to see that the series in (4.3) converges due to Assumptions (A7) and (A9)(a). The
fundamental fact of the above decomposition is that if f does not depend on w?,
then KX, ; f = 0. Accordingly, for each u € M(®), JC;,’q/JL € M4 (0). In addition,
if € M,(0), then J{[/,/L € M, (0) since if f(y) does not depend on y”, then
Kp f also does not. Define & = (1, @) = (1, () ) by

4.5) o=V (K'm).

Also, let

(4.6) Kiup= Y Ky p+Kpiip.
q€Z\{p}

Finally, (4.6) suggests that we define the operator X : 8 — B by

KL= (cp,cpo + Ap) := (C/u (cuaq—l—JC;,uq—i- Z JC;D’qu> )
peZ\{q} q
4.7

For all u € M(®), local functions f and n € N, we have
ProC" W (f) = (X" f).

Thus, X (B,,) € B, and the dynamics of K covers the original one.

LEMMA 4.4. The hypotheses (A6), (A7) and (A9)(a) on the Markov process
imply [|A|l <32, dg =m0 < 1.

PROOF. Let v € My(®) and f € C°. Define f by X, f(0) = [K (9w,
dy?) f(y1, w). Then, | flso < |floo and f does not depend on w?. Now, by As-

sumption (A6), it follows that, varying w?, [ K (19w, dy?) f (¥, w) changes by
at most 2dp. Hence, for each (w”) -4, there must exist a’,a” € I and t € [0, 1]
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such that defining ' and " as those configurations which are obtained from a
configuration w replacing ® by a’ or a”, respectively, and defining K (w, -) =
tK(', )+ (1 —1t)K (", ), the following holds:

\ [k@to.a ot o~ | k(rqco,dy%ﬂyq,w)' < dol foe.
Thus,
WKy f) = v(fK(rqco,dy‘I)f(yq,w—/I?(rqw@),dy%f(yq,w))‘

< do[Vv|| floo-

While, by Assumption (A7), for all p # g and all u, we have |J<;,’qup| <
dp—qglupl. O

Hence, the fixed point equation K (1, 1) = (1, ) has the unique solution
(1, (1 — A)~'@&), which can easily be seen to project down to a stationary probabil-
ity measure /. on ®. Indeed, given any probability measure v, the set {K"'v} will
have weak accumulation points. On the other hand, calling (1, v) the lift of v, we
have that K" (1,0) = (1, A"p + ZZ;(]) A¥&) is a lift of K" v. Hence, the measures
J™'v must agree, on local functions, with the projections of the X (1, V) and it
follows that

(4.8) ﬁ::nli)ngofn(l,ﬁ):(l,(Jl—A)’l&)

projects to a unique invariant probability measure p, which is the weak limit of
the sequence (K™'v).

Finally, the operator K has a spectral gap, which implies exponential time-
mixing of this invariant measure, that is, the analogue of property (A2) for the
Markov evolution of the environment and the measure .. In particular, we have
proven Assumption (AO) relative to .. [The fact that u, cannot be supported
on the translation invariant configurations is a direct consequence of Assump-
tion (A6); see also Lemma 4.4.]

REMARK 4.5. Note that the above argument would hold verbatim for more
general, site-dependent, kernels K, (7960, dy?) [instead of K (796, dy?)], the only
difference being the loss of the translation invariance of pi.

4.2. The environment: space mixing. For property (A3), we need an extra ar-
gument. Given a function ¢ € C%(®), let us call Ap) C Z4 the set of variables on
which ¢ depends. That is, A(¢) is the smallest subset of 74 such that ex)=¢@(y)
whenever x, y € ® with x? = y? for all p € A(p). Also, let us call (91%C the set
of continuous local functions [i.e., is functions for which A (¢) is a finite set]. Fi-
nally, for any two functions ¢, ¢ € C%(®), let Po,y =1nf{||x —y[l:x € A(p),y €
A(¥)}, the distance between the sets of dependence.
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For each ¢ € Glooc and ¥ € C° such that Py = L and A(g) is contained in a
box of size [, we want to estimate . (V) — e (@) e (¥). Let us define Ay (@) :=
{qe74: infyen() llp —¢qll < L}. Clearly, Ap(p) N A(y) = &. Moreover, Ar(¢)
contains at most (/ + L)? sites. Next, for each n € N, let r := L /2n. Our main
idea is to modify the kernels so as to define a new process with coupling range less
than 7 in A (¢). To do so, we define, for each ¢ € A (¢), the cutoff kernels

K(w(q), dy), ifg e AL(p),

Kr,q(a), dy) = { K(d)(r,q)’ dy)’ lfq ¢ AL((ﬂ),

where, for some fixed b € I,

oo et iflp—gl<r,
Cco= b, iflp-qlzr,

or o’ ifllp—ql <rorp¢ALle),
() = | b, if |p—qll >rand p € AL(p).
We can then use the above kernels to define the operator "/ as in formula (2.23)

(see also Remark 4.5). Note that such an operator is close to the original one;
indeed, for each ¢ € C°(©),

IKG —"Kpllowo< D Y deldllot D D dpglldlles

qeNL(p) llzll=r qEAL(9) peAL(p)
lp—qll=r

4.9 P
=CU+L)r™ l$lloo,
by the long-range Assumption (A8). We can thus write

We(@Y) = e (K" (9¥))
(4.10) = 1 (K (@) + O (n(l + L) r | [l 0)
= 11 (K" 9)C K" ) + O(n( + L)r = ot [loo)-

At this point, it is natural to define measures v, ,(¢) := (.(¢" K" ). Note that
the lift of such a measure to the space B is given by W (v, ) = (L (K" Y¥), vy 1)
with | W (v, )]l < 4(|¥ [l By the results of the previous section (and Remark 4.5)
applied to the operator "J(, it follows that there exists a measure w, such that
"X'w, = u, and, in addition,

v (K" 9) = 1 (@) e (K" < Co" 1@ lloo 1Y lloo-

Observe that due to the constructive nature of the proof in the preceding section,
the constants C and o do not depend on r.
The above estimates applied to the case ¥ =1 (i.e., to v, , = i) imply

lite(@) — 11, (@)] < Co™ 14 @lloo + Cn(l + L) 9]l o
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Choosing n proportional to In L, the two last facts and (4.10) together yield, for
I<L,

e (@) — pe(@) e (¥)|

l+ ¢
< s CK"9) — pe(@pte ()] + C ( 2 oW lloo

(4.11) < |1t 1t (K P) — pe ()]
+CLYr 6" [@lloo IV oo
< C(L™E* L) gl ol lloo)-

Clearly, (4.11) implies the space-mixing property (A3), provided &' > & 4 d.

4.3. The environment as seen from the particle. The above construction can
also be used to achieve our other goal—the study of the dynamics as seen from the
particle. That is, we wish to study the operator [see (2.5)]

(4.12) Sf(@) =Y m () K (° f)(w).

zeA

We will use the same space as in the previous section, the only new difficulty
being to define the covering dynamics. To this end, let us define B,: B8 — B by
B_ji = (ciu. (B2fi)g)g). Where (Boji)g (f) := g (m.7°f). We have (B.ji), €
M4 (), provided g ¢ A, but we have no control of this kind for g € A. Thus,
although the operator }__., KB, would cover §', it does not respect the struc-
ture of the space for the components in A. On the other hand, (A ), (f) :=
Mq+z(azT° f) € Mq(®) for each g € 74 . Accordingly, for each ¢ € A, we must
deal only with the remamders (Rz Wq(f) = tg+z (T, 7° [)- We can again use our
decomposition operators to write (R i), (f) = Zq c7d (RZ[L)q (Jg f) and then re-
distribute the various terms to the appropriate components of the vector; indeed,
J (RZ )y € My (©). Finally, defining, in analogy with the previous case, ¢ by

\IJ(S/M@) = (1, ¢), we can define the covering dynamics S(cv, V) := (cv, v +SD),
where

Z[(ﬂz(o, )+ Y J) (KR (0, f)))q/], if g ¢ A,
@13) @)y =1" ae

3 [(IAZ(O, g+ Y Iy (KR (0, a))q}, if g € A.

ZeA q'eA
Once more, one can easily check that for each v € M(®), the following holds:

Pr(S"Wv)(f) =v(S"f)  forallneN,
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that is, we have a proper covering of the original dynamics. Moreover, by (A9)(b),

IS] < |IR|I<1 + (1 4+2|A)) Z |7?z|oo>
(4.14) eeh

<no(l+ (1 +2|A)D)=n < 1.

This proves properties (AO) for i and (A2) by exactly the same arguments used in
Section 4.1.

4.4. Locality. The idea for the verification of condition (A4) is, again, to ap-
proximate the true dynamics with one in which the interactions are cut off at a
proper scale. More precisely, let A’, B’ be two L/2-neighborhoods of A, B, re-
spectively. Similarly to what we did in the previous section, we can kill all interac-
tions in AU B’ at a distance larger than L /2s. If we call IP’g the distribution of the
resulting Markov process started from the configuration 6, then Assumption (A8)
implies

P41, 00801, ..., 05)) —PY(fBr,...,05)8(1,...,60))]
< Cs(M + L)4s5 L7 | fglloo < Cy L= E D5+ folloo

with & > d +2. As PY(f (61, ....008 (01, ....0)) =BY(f(O1.....0,)PY(g (61,
..., 05)), by construction, condition (A4) follows, provided we choose & = &' —
d>4and € > & + 1.

4.5. Absolute continuity. Since we aim to prove that u is absolutely continu-
ous with respect to ji,, it is natural to work in the smaller space M¢ of measures on
©® which are absolutely continuous with respect to (.. In addition, we now have a
natural reference measure, so we want to choose the measure m, in the construc-
tion of the lift W defined at the beginning of Section 4.1, to be .. This implies
W(ue) =(1,0) € B. Clearly, all the results of the previous section apply with this
choice of m.

First, note that the above is consistent.

LEMMA 4.6. Both K’ and S’ are well defined as operators from M to itsel.

PROOF. First consider the case of a measure v € M€ such that f := % €

L*®°(O, i.). Then,

Jf/(v)(<p)=/f-=7<<0due =< IIfIIm-/Jflfpldue= Iflloo - tte(l])

for each bounded measurable ¢ : ® — R. Now, for each v € M¢, again calling f
the density, by monotone convergence,

K'(w) (@) =sup K'((f An)pe)(p) < supnue(p)
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for each such ¢. In particular, this holds for ¢ = 14 being the indicator function of
any u.-null set. Hence, K'(v)(A) = 0 if u.(A) = 0. Similar arguments hold for
S’ by using the translation invariance of p,. [

On the other hand, in the present generality, it is not guaranteed that J, maps
M€ into itself, so we cannot check directly that the covering dynamics S: 8 — B
preserves absolute continuity of the components.

The above considerations show that it may not be very convenient to work with
the decomposition (4.13) to treat the problem of absolute continuity. Furthermore,
the second sum on the left-hand side of (4.13) is of a highly nonlocal nature, which
makes it very hard to control the sum of the components of the resulting vector.
To overcome these difficulties, it is useful to decompose the operator S into a
convex combination of two operators—one representing a random walk with fixed
transition probabilities and the other (small) one keeping the dependence on the
environment. To do so, it suffices to write

(4.15) 7w, = —Kk)c, + k75,

where ¢, 1= (1 — k)~ max{0, a, — |7, |loc}, 7, := k' (m, — max{0, a, — ||7;]l00})
andx :=1-3  _,max{0,a; — I7;llcc} < D is small by Assumption (A9)(c). Let
us set Sof =), c;t°K fand Sy =) 7,7 K f. Clearly S = (1 — «x)So + « S
and c;,m; >0, 3., c; =3, 7, = 1. Hence, [So f|oo < |floos IS1floc < [floo- It
is then convenient to consider a Bernoulli process with probability (1 — «, k). For
each o € {0, I}N, we let 0" be the first n symbols of o and set Son := g, - - So .
Using E for the expectation with respect to the above process, we see that

(4.16) S" f = E(Sqn f).

The advantage of the representation (4.16) lies in the fact that Sy can be conve-
niently treated by our covering space techniques, while the occurrences of S are
weighted by a small probability.

To be more precise, recall that, by the analogue of (4.8), u = limy_, o0 SV /ue.
Then, after setting ¢ := (S’ — 1) ., we can write
N—1
SN,Me = Me + Z s"'t,
n=0

1S5 (@) < IE@(Son9)Lx,)| + ELzo)ll¢ o
where X, is the set of o such that ¢” contains a string of zeros with length greater

than 1, := —(1 — 9)[In(1 —k)]~' Inn, # € (0, 1). Clearly, E(1x;) < e~ On
Y, let ms denote the beginning of the first string of ¢, zeros. We have

4.17)

qeZ4
(4.18)

Qln _ 9/2
< E(|Pr(Sy W (S, D) (Some @)15,D) + e lpllco,

Nyeens Ome +tn
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where we have introduced the covering operator Sy defined by

(4.19) So(cv, (V)q) = (cv, (SoV)q) = (Cu, D (K C.(0, 17))q>

ZeA
and, contrary to (4.13), we have defined (C(0, v)),(f) := vy, (c;T° f). A direct
computation shows that §8 covers S, hence formula (4.18).

Note that the summands in the first line of (4.17) are absolutely continuous
measures with respect to ., by Lemma 4.6. Hence, the total variation of such
measures is the L!(®, u.)-norm of their density.

Unlike S, the operator Sy is reasonably local. To make precise such a locality,
we introduce the norm [[V||1 :=3_ ,cz4 |vp| and define By :={(0,V) € B: [V <
o0}

LEMMA 4.7. Foreach (0,v) € 8Bj,
ISovll1 < nollvlls-

PROOF. Let (0,v) € 8. Then,

Z (EO‘_))M = Zcz Z |:|JC;7fZVp+z| + Z |=K(/1,pfzvq+z|i|

pezd €A pezd q€Z\{p}
= Zcz Z |:d0|Vp+z| + Z dq—plvq+z|i|
€N pezd qeZ4\(p}

<dollli+ Y Ivgl doex Y dy

qezd ZEA  yezZd\{0}
= (do + Zdv>”‘_)||l~
v#0

Next, we verify that the above norm is relevant to the problem at hand.

LEMMA 4.8. Foreachn € N and o € {0, 1}V, we have

WSOl = 37 [gSong] < CalEHDIE=D,
qezd

PROOF. We start by studying J;S;nite. We will also write S for Sy, since
the computation is exactly the same. Given ¢ € Z¢, we can change the kernel K
for all points || p|| < % llg|l to have only interactions of range C4|lq||(8n)~". (The
constant Cy is defined at the beginning of Section 4.1.)
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We call K@ and S the resulting Markov operators for the process of the
environment and the environment as seen from the particle, respectively. Clearly,
by Assumption (AS),

[(SC = )] < Cllgl = 0¥ @)oo

Hence, for all m <n,

(D) — 5™l < S I(SOY (59 — )57 1 g

e}

(4.20) Ca e
= Cliql n> mlglloo

and the same holds for X (?) and K. On the other hand, if n < % llgll, then
(S(Q))nqu — Z nZIJC(q)Tm[ﬂzzx(q) . -_Jc(q)fzn—l[nznx(q)ﬁn Jqfﬂ] .. ]

Z1s-sZn €A
— Z nzlx(q)le[ﬂ'zzek(q)"‘Jc(q)fznfl[nzn]“‘]
205 Zn€A

x K DA [KD ... oot [ Do ] o] ]
— Z nZlK(q).L.Zl[ﬂ.zzeK(q)_,,K(Q)Tznfl[nzn]...]

x T K 0+ O g 17 T glleo),

where we have used the fact that if two functions f, g have disjoint support, then
KD(fg)=XKDf.KDg, the same considerations as in (4.20) and the transla-
tion invariance of K. Set z" % := (Zk+1, -+ -, 2n) and

Yon i= T T [ KO [, KO KD [, ] )
Then,
Yo = [T—Zl—"-—ZnnZl]K(Q)[.[—Zz—---—znﬂzz]K(CI) . K(q)[‘[_z”nzn]

— [.L,—Zl_.-.—znn.Zl]J{(Q)wzn_l

since, when applied to a function f supported in the box {p € 72| pll < % g},

the operator K (?) is invariant under translation by 721~ ~% provided nC; <
Cilg|, thatis K@= " f = 0=~ g @ f,

REMARK 4.9. Note that later on in the proof, we will apply K@ to func-
tions that are supported in a box of size % llg |l centered at the origin. Hence, by
construction, such functions never see the kernels in which the interaction is long
range and, accordingly, we can modify K (4 to have interactions of length ||¢|| in
all of Z¢ without any change in the above formulae. We will call X K@ the resulting
translation invariant object.
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We set 8, :=>_,, . V¥ and write the above estimate as

.....

@21)  |1e(S"J9) — te(En - (KDY J,0)| < Cllgl =5 +nf 9]l o

As J, ¢ does not depend on points || p|| < Cq4llg |, (4.11) yields

|1e (8" Tg9) — te(En) - e (K V)" Jyo)|
< Cligh™¥*nf gl + Cligh =5 4 an llg D¢ 1@ lloc | Enlloo
and as 1o (KDY J,0) = 1e(Jg0) + Olgl =5 T9nE +1|9]loo), it follows that
|1e(S" Ty ) — te(Jg9)
< 11te(En — DIlI@loo + Cligh = +n gl (1 + | Enlloo)
+ CllgI £+ n gD lgllo I En lloo-

At this point, we can estimate the real objects of interest:

1
188" Jg@)| <D 1te(Bagi — Dlll@lioo + Cligl ™= Tn¥ Hlglloo | Enlloo
i=0

(4.22) » »
+Clligl s an gD THi@lloollEn llco-

To conclude, we must estimate |u.(E, — 1)| and the norm || &, ||cc on the right-

hand side of the above equation. To do so, it is convenient to consider the operators
Ko := gj%/(‘ncp, J%g(p = gf(”/)cp — g,ugq)(go), where Mﬁ’” is the unique invariant
measure of the operator K@ The proof of the existence of such measures is
exactly the same as the proof of the existence of u, or p;.

Note that Jegl =0.If we set w,n— ;=T k17" "ing, . then

oy = Kﬂz" cK]T7n71 e JC;-[ZI 1
n

4

=3 Kop Koy o Ko VA 0t (Ko, Ko, 1),

Zn

(4.23)

The translation invariance discussed above implies

424) Y |wopd (K, g K D] < (1 + N ||oo> =1+D.
" Z
To conclude, we need to understand the properties of compositions of the operators

K _j. To do so, we again use our covering spaces, as we did for the operators
z

XK, S . Indeed, given an operator X ¢ With g =a+ g, a € R, and g supported in the

box p + A centered around p, we can define the covering dynamics KX G of X é,
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where X is defined as in (4.7), while G(c,, ) := (0, GV) is defined, in analogy
with (4.13), by
gug+ Y, Jo@vy), ifgép+A,

p'ep+A
avg+ Y. J)(@vy), ifgep+A.

p'ep+A
A direct computation shows that Pr(KX G - - KG,¥v) = K R X 4, V> that is,
the above operators cover arbitrary products of the operators of interest. In addi-
tion, if ¢ € (:’I%C depends only of M variables, then

(GD)y =

n

4.25) || Ky, - Ko dlloo < []‘[(a + (1 +2|AD 8k llo) qu}wwnoo.
q

k=1
Iterating the procedure in (4.23), (4.24) and using (4.25) yields
n—1
(4.26) I1Enlloe < € Y ni(1+ D) < 0.
k=0

Next, observe that Mé‘”( E,) = 1, which can easily be checked by a direct com-

putation that uses the invariance of ,uffl) under translations and under the kernel

K@ . Hence, e (B — D < e (Ey) — /L£3Q)(En)| and as E, depends on at most

Cllg |4 variables, we can apply (4.8) and its analogue for the kernel K@ to con-
clude that

[1e(Bn) — nP(B)| < [ K" By — (KDY (En)| o + Cllgl¥n™ 1 Enlloo
(4.27) <n-Clgl‘ > dp+Clgll‘n"IIElloo
lIpll=Callgll/8n
n“OO’

—& 1 4 —
<Clgq|**n' .2

where we used Assumption (AS8) in the last step.
Combining (4.22), (4.26) and (4.27), we thus arrive at

12(5" Jg)| < Cllgl‘™* n'* - [ @lloo(1+ [ Enlloo)
which, using the trivial bound |J, (8")"v| < 2|v] for [|g]| < nE+D/E=d) implies

the lemma, as &’ > 2d by Assumption (A8). [

Finally, applying Lemmas 4.8 and 4.7 to (4.18), we have
(428)  [£(8"@)| = C(fn EHV/E=D p =Con") g < Cn= g ]loc,

—1 _
where Cg¢ > 1. Indeed, 776" < p~(A=3)Inn,")/(n(1-D) 1), thus the claim

g d=Dinng' g4
In(1—D)~! &—d

holds true, provide d > 1 or, equivalently, np < (1 —
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D)E +d)/(E'=d)(1-9) By Assumption (A9)(c), we can always choose ¥ so that
this inequality is satisfied.

Accordingly, the sum on the right-hand side of the first line of (4.17) is con-
vergent, which implies that d( A" ke converges in L' (0, u1,) to some function £,
hence u = hu,. is absolutely contmuous with respect to ..

Finally, to prove equivalence, if w,. is not absolutely continuous with respect
to w, then there exists an invariant set A such that ©(A) =0 but u.(A) > 0. Ac-
cordingly,

0=p(S"1a) = pe(hS"1a) = Y pe(hmy Kt¥lmg, - Kla),

which implies ,ue(hJC”rZ?:lZi 14) = 0 for each choice of n and z; such that
Yz # 0. By ellipticity, there exist s € N and }}_; z; = 0 [see the proof of (2.9)],
thus . (hJ*14) = 0. To conclude, we consider the processes ]P’e and Pe . Clearly
the first is absolutely continuous with respect to the second and the Radon-
Nikodym derivative is given by H ((6;)) := h(6p). Accordingly, calling 7 the time
shift and considering the set B := {(6;) € 2:09 € A}, we have Epﬁe (HTt*"1p) =
e(R K51 4) = 0. Thus,

1 n—1
=— Y Ep (HT"1p).
=0

But the Birkhoff ergodic theorem and the ergodicity of I}, = then imply
0=Epe (H)Epe (1) = jte(A).
which is a contradiction. This shows that ; and . are equivalent, hence Assump-
tion (Al).
APPENDIX: CENTRAL LIMIT THEOREM FOR ADDITIVE
FUNCTIONALS OF MARKOV CHAINS

In this Appendix, we recall the results and arguments of [19], keeping explicit
track of some estimates that are needed for the present paper. The basic idea, going
back to [16], is to construct a martingale approximation by solving the equation

(1+e)he =Tlhs + g,

where g = (w, G) satisfies condition (2.21). Setting V;h := Z;;}) [15h, a solution
to this equation can be written as

If we define
Hy(w, @) :=he (&) — TThe (@),
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then
t—1 t—1
D g@) =M +e) he(wg)+ Re,
s=0 s=0

where M, ; is an ¥;-martingale and R, ; a boundary term
t—1
M=) Ho(@, @541);  Re;:=Tlho(wo) — [he ().
s=0

LEMMA A.1. If(2.21) holds, then for each € > 0, setting € := 2" ¥e, we have
32 0 Ve e || = o((Ine~1)=P), where the norm is the L*($2, Py,)-norm.

PROOF. By definition,

0
lhell < C+Ce Y [IVigls™*(ns)Plpe(s)(ns) 7,
s=2

where @, (s) := s3/2(1 + &)~%. Then,

o0 o0 o0
3 Vellhe | < Ce¥? 4+ C Y (ns) Pl Viglls ™2 ns)P 1Y ) 20, (5)

k=0 s=2 k=0
and

o s\ —(s8/25)(1—(ex /2)e%%)
Zsk wgk(s)_2(2k> e ¢ ©/2)e

< C/ 322yl ax =C
0

Setting £ = ¢~ 1/2, it follows that
{—1

Zf eelle |l < Ce¥% 4+ Ce32032 3 | Viglls ™ (In )]
k=0 s=2

+Cn0)~" Y [IIVsglls™*(Ins)”]
s={

o
<Ce*+Clne™H ™Y [|IVegls ™2 (Ins)”]
s={
and the result follows trivially from (2.21). 0

THEOREM A.2. [f(2.21) holds, then
t—1

Zg(ws) =M+ R;,
s=0

where M; is a martingale and ||R;|| < Ct'/>(Int)~".
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PROOF. Since, by [19], Lemma 2, {H,, } is a Cauchy sequence in L*(P), we
set H :=1limy_, o He,. Then, by Lemma A.1, there exist R; :=limy_, o R¢, ; and
Zg;g g(ws) = M, + R,, where M, := Z’;}) H(ws, ws41) isan Lz—martingale. The

s
last estimate follows from Lemma A.1 and equation (8) of [19]. [
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