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MODERATE DEVIATIONS FOR
POISSON-DIRICHLET DISTRIBUTION

BY SHUI FENG! AND FUQING GAO?
McMaster University and Wuhan University

The Poisson—Dirichlet distribution arises in many different areas. The
parameter 6 in the distribution is the scaled mutation rate of a population in
the context of population genetics. The limiting case of € approaching in-
finity is practically motivated and has led to new, interesting mathematical
structures. Laws of large numbers, fluctuation theorems and large-deviation
results have been established. In this paper, moderate-deviation principles are
established for the Poisson—Dirichlet distribution, the GEM distribution, the
homozygosity, and the Dirichlet process when the parameter 6 approaches
infinity. These results, combined with earlier work, not only provide a rela-
tively complete picture of the asymptotic behavior of the Poisson—Dirichlet
distribution for large 6, but also lead to a better understanding of the large
deviation problem associated with the scaled homozygosity. They also reveal
some new structures that are not observed in existing large-deviation results.

1. Introduction. For 6 > 0, let 61(0) > 02(6) > - - - be the points of a nonho-
mogeneous Poisson process with mean measure density

ule ™, u >0,
and 0 (0) =72, 0i(6). Set
01(6) 02(0)
1.1 PH) = 0 0),..)=——, ——,...).
(L) ©) = (PL(6), P2(®). ...) (0(9),0(9), )

Then it is known that P(6) and o (6) are independent, and o (6) is a Gamma(6, 1)-
distributed random variable. The law of P(0) is called the Poisson—Dirichlet dis-
tribution with parameter 6, and is denoted by PD(6).

Let Ux,k =1,2,..., be a sequence of i.i.d. random variables with common
distribution, Beta(1, 6). Set

(1.2)  X1(0)=U1, Xp@)=10—-Up--- (1 =Up-1)Uy, n=2.
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Then with probability one

o0

> Xk@®) =1,

k=1
and the law of (X1(0), X2(0),...) is called the GEM distribution, denoted by
GEM(0). The law of the descending order statistics X (1)(6) > X(2)(0) > --- of
X1(0), X2(0), ... is also PD(6).

Leté:,k=1,..., be asequence of i.i.d. random variables, independent of P(9),

with a common diffusive distribution v on [0, 1], that is, v({x}) = O for every x in
[0, 1]. Set

o0
(1.3) Eop =Y Pr(0)8.
k=1
We call the law of &y ,, the Dirichlet process, denoted by Dirichlet(6, v).

The Poisson—Dirichlet distribution was introduced by Kingman [21] to describe
the distribution of gene frequencies in a large neutral population at a particular
locus. The component Py (6) represents the proportion of the kth most frequent
allele. If ¢ is the individual mutation rate and N, is the effective population size,
then the parameter & = 4N,¢ is the scaled population mutation rate. The GEM
distribution can be obtained from the Poisson—Dirichlet distribution through a pro-
cedure called size-biased sampling. It provides an effective way of doing calcu-
lations involving the Poisson—Dirichlet distribution. The name, GEM distribution,
was coined by Ewens after Grifffiths, Engen and McCloskey for their contribu-
tions to the development of the structure. The Dirichlet process first appeared in
[11] in the context of Bayesian statistics. It can be viewed as a labelled version
of the Poisson—Dirichlet distribution. More background information can be found
in [8].

For any integer m > 2, consider a random sample of size m from a population
following the Poisson—Dirichlet distribution. Given the population proportion, p =
(p1, p2, - - -), the probability that all samples are of the same type is given by

o0
Hu(p)=)_ p}".
i=1

The quantity H»(p) is called the population homozygosity. It is an important
statistic in population genetics. For general m, we refer to H,,(p), as the homozy-
gosity of order m.

Consider a family of random variables {Y; : A > 0}. Assume a law of large num-
bers holds; that is, ¥) converges in distribution to a constant ¢ as A approaches
infinity. A fluctuation theorem such as the central limit theorem is a statement that
there exists a function b()) approaching infinity for large A such that

b(M)(Yr—c)=7, A — 00,

where Y is a nontrivial random variable and “=" denotes convergence in dis-
tribution. A large-deviation result is concerned with estimates of probabilities
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P{Y, — c € A} for measurable sets A. A moderate-deviation result lies between
the fluctuation theorems and large deviations. It is concerned with estimates of
probabilities P{a(A)(Yy — c) € A} for measurable sets A, where a(}) is an inter-
mediate scale between 1 and b()).

The objective of this paper is to establish moderate-deviation principles (hence-
forth MDP) for GEM(6), PD(0), the homozygosity and Dirichlet(6, v), when 6
approaches infinity.

The study of the behavior of P(8) = (P1(0), P»(0), ...) for large 8, goes back
to the seventies. In Watterson and Guess [29], E[P;(6)] was shown to be asymp-
totically log8/6. Griffiths [15] obtained the explicit weak limit of 6P(0) and a
central limit theorem for the population homozygosity. The limiting case of large
0 is equivalent to a situation where the mutation rate per individual is fixed and the
effective population size is large. Motivated by the work of Gillespie [12] on the
role of population size in molecular evolution, there have been renewed interests
in the asymptotic behavior of PD(6) for large 0 (see [4, 9, 18-20]). In particular, in
[19], central limit theorems are obtained for the homozygosity of order m. Large
deviations are established in [4] for PD(#) and the homozygosity, and in [9] for
the GEM distribution. Large deviations for Dirichlet(d, v) can be found in [3, 23].

Although MDP is a natural mathematical object that warrants rigorous inves-
tigation and our study does reveal some new mathematical phenomena, the real
motivation for this work comes from the results in [4, 19]. It was shown in [19]
that, as 8 goes to infinity,

mel
14 - H,(P®)) — 1
(1.4) T (P@©))
and
em—l
(1.5) J@( H,, (P©®)) — 1) — Z(m),
I'(m)

rem _ 2
I'2(m)

These are the law of large numbers and central limit theorem for %Hm P@)).

where Z(m) is a normal random variable with mean zero and variance

A natural companion to these limit theorems is the large deviations ?’Z’;; H,(P©))

from one, or equivalently the large deviations of H (P@#)) — 1 from zero.
Unfortunately this problem is still open. The large dev1at10n principle established
in [4] is concerned with the dev1at10ns of H,,(P(0)) from zero. The scale dif-

ference between H, (P©)) and 2 F(m) Hm (P(0)) is of order of 6! . Multiply-

ing F(m H (P(#)) — 1 by a factor 87, places us in the territory of MDP. One
would hope that the study of MDP will shed light on resolving the large devia-
tion problem which corresponds to y = 0. The MDPs we obtain require that y is
bigger than a strictly positive number. Thus a gap exists between the MDPs and
the LDP. This seems to indicate that a large deviation principle may not exist for

S Hn(P(0)) — 1.
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This paper is organized as follows. The basic terminology of LDP, MDP and
a comparison lemma are given in Section 2. In Section 3, we discuss the fluctua-
tion theorems associated with PD(6), Dirichlet(6, v) and the homozygosity. A new
proof is given for the central limit theorem of homozygosity in [19], using Camp-
bell’s theorem. A MDP for GEM is established in Section 4. Section 5 deals with
the MDP for PD(#). Since the condition of the Gartner—Ellis theorem is not sat-
isfied, we prove the result by direct calculation. The MDP obtained in Section 6,
is for the homozygosity, for which the MDP holds in a narrower range of scales.
The proof is based mainly on Campbell’s theorem. In the MDP literature, general
results such as those in [7, 13, 30], usually require the finiteness of exponential
moments in a small neighborhood of zero so that the Laplace method can be used.
Here the exponential moment is infinite on the positive half-line. One way to deal
with the infinite exponential moment is to verify Ledoux’s condition in [22]. Since
this does not seem easy to do, we choose the truncation method instead. Finally
in Section 7, we establish the MDP for Dirichlet(6, v). Compared to the Sanov
theorem, the LDP rate function for Dirichlet(6, v) is a reversed form of relative
entropy. Here the MDP rate function for Dirichlet process is the same as the MDP
rate function for the empirical process of an i.i.d. random sequence with common
distribution v. When v is supported on a finite number of points, one can see this
clearly from the fact that both the relative entropy and its reversed form have the
same second-order derivative at v.

The MDPs for the Poisson—Dirichlet distribution and GEM have a different
speed from the MDPs for the homozygosity and the Dirichlet process, the latter
having a more standard structure. One explanation for this is that in the cases of
the Poisson—Dirichlet distribution and GEM, we are concerned with partial infor-
mation such as alleles with a certain proportion size or age order, while for the
homozygosity and the Dirichlet process, all alleles contribute. One expects that
similar results and structures exist for the two-parameter Poisson—Dirichlet distri-
bution and Dirichlet process [10, 26].

2. Preliminaries. In this section we introduce the terminology on LDP and
MDP used in this paper, and prove a comparison lemma that plays an important
role in proving the main results. Comprehensive coverage on LDP techniques can
be found in [6].

DEFINITION 2.1. Let E be a Polish space with metric d, and {Yp :6 > 0} be
a family of E-valued random variables. Denote the law of Yy by Pp.

(1) The family of probability measures { Py :0 > 0} (or the family {Yy :6 > 0})
is said to satisfy a LDP with speed A(8) and rate function /(-), if for any closed
set F and open set G in E

limsup A(0)log Po{F} < — ingl(x),
Xe

60— 00

liminfA(0)log Po{G} > — inf I(x),
60— 00 xeG
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for any ¢ > 0, {x: I (x) < c} is compact.

In short form, we say (Py, I(-), A(0)) satisfies a LDP.
(2) The family {Py:6 > 0} is said to satisfy a local LDP with speed A(6) and
rate function I (-), if for every x in E

lim limsup A(8) log P{d (Y, x) < 4}
=0 g0

= lim liminf A (0) log P{d (Yp, x) <38} = —1(x),
) 6— 00

—0

and for any ¢ > 0, {x:1(x) <c} is compact.
(3) The family {Py:6 > 0} is exponentially tight with speed A(0) if for every
L > 0, there is a compact set Ky, in E such that

limsupA(0)log P{Yy ¢ K1} < —L.

60— o0

REMARK 2.1. Itis known that a local LDP combined with exponential tight-
ness implies the LDP (cf. [27]).

DEFINITION 2.2. We use = to denote convergence in distribution.

(1) The family {Yp :6 > 0} is said to satisfy a fluctuation theorem if there exist
functions b(0), ¢(0) and a finite nondeterministic random variable Z such that

elim b(6) = oo, b(@)[Ye —c(@)]= Z, 6 — oo.

(2) Assume that the family {Yy : 6 > 0} satisfies the fluctuation theorem above.
Let a(0) satisfy

. a0)

lim —= =0.
6—o00 b(6)
The family {Pp:6 > 0} or equivalently the family {Yy:6 > 0} is said to satisfy
a MDP with speed A(6) [depending on a(6)] and rate function 7 (-) if the family

{a(0)[Ye — c(8)]:6 > 0} satisfies a LDP with speed A(f) and rate function 7 (-).
Thus the MDP for {Yy : 0 > 0} is the LDP for {a(0)[Yy — c(0)]:6 > 0}.

2.1) lim a(9) = oo,
60— 00

The next lemma is a useful tool in deriving the MDPs of this paper.

LEMMA 2.1. Let {£&9:0 > 0} and {ng > 0:0 > 0} be two families of real-
valued random variables. Assume that for any § > 0
(2.2) limsupA(8)log P(|ng — 1| = §) = —o0.
6— 00

Then (P (& € -), I (x), A(0)) satisfies a LDP iff (P(&gng € -), I (x), L(0)) satisfies
a LDP.
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PROOF. For any § > 0, choose §= min{%, %}. Then it is clear that

{Ing' = 11=8yC {Ing — 1] =8},
which, combined with (2.2), implies

(2.3) limsup A(0) log P(|n, ' — 1] > 8) = —cc.

60— o0

Forany x e R, y > 0and § > 0,

P(l&one — x| <)
<P(n;' =128+ P(ny ' —11<5,1& —x| <yn; '+ Ixllny ' = 1))
<P(n;' =11=8) + P& — x| <y (1 +8) + |x]8)

which implies

1im(sif}f’) 1(6)log P(lEgm — x| < ) < lim(si‘;lff’)w)log P& — x| < 7).

Symmetrically,

tim (307 ) 2(6) log P& — 11 = y) <tim (2 ) 26)log P(gons —x1 < 7).
Furthermore, for any L > 0,
P(lEmgl = L) < P(Ing — 11 = 8) + P(1&al = 1+ 8)"'L),
P(&| > L) < P(lng" — 11> 8) + P(1&oms| = (1+8)"'L).

Thus the exponential tightness of {&p:6 > 0} is equivalent to the exponential
tightness of {£gng : 6 > 0}. The lemma now follows from Remark 2.1. [

3. Fluctuation theorems. We start this section with a discussion of the as-
ymptotic behavior of the random variable o (9) for large 6. It plays a key role in
connecting the Poisson process to the Poisson—Dirichlet distribution. To put our
MDP results into perspective, we present in this section several known fluctua-
tion theorems for the Poisson—Dirichlet distribution, the Dirichlet process and the
homozygosity of order m.

3.1. Gamma distribution. Recall that o (0) is a Gamma(6, 1) random variable
with density

1 0—1_—u
3.1 —u’ e ", 0<u<oo,
I'(0)
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and exponential moment

1
(32) E[e"®]= { a—n !
00, else.
Let
1
(33) A(f) — log —1 — t, t<1
00, else.

Routine calculations and Gértner—Ellis theorem lead to the following theorem:

THEOREM 3.1. When 0 approaches infinity, the following hold:

(a) limg_oo 22 = 1.

(b) V6 (# — 1) = Z, where Z is a standard normal random variable.
(c) The family of the laws of o (0)/6 satisfies a LDP with speed 1/6 and rate
function

_Ju—1—logu, u>0
34 T = { 00, else.
Let a(6) be a positive function satisfying
. a(®) .
3.5 lim —= =0, lim a(f) =0
f—oo O 60— o0

COROLLARY 3.1. Foreaché$ >0,

0
(3.6) hmsup—l ”Q—l‘ }:—oo
06— 00
and
) a(9) { 0 ‘ }
3.7 limsup —=1log P{|—— — 1| > 6 = —o0.
G7) v R | PYC)

PROOF. Equality (3.6) is derived directly from Theorem 3.1. Since

0 o (0)
P{——1‘>5}§P{——1‘ 5/3}+PH——1‘ 1/2},
o(0)
one gets (3.7) from (3.6). U

Let a(0) be a positive function satisfying

(3.8) Jim aﬁ) 0, Jlim a(®) =00

The following theorem is standard.
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THEOREM 3.2. The family of the laws of o (0)/6 satisfies a MDP with speed
a®(0)/6 and rate function

MZ
(3.9) Swy=7.  —co<u=<oco.

3.2. Fluctuations. Consider a nonhomogeneous Poisson process with mean

measure
e "du, —00 < U < 400.

Let ¢; > ¢ > - - - be the sequence of the points of the nonhomogeneous Poisson
process in descending order. Then for each r > 1 the joint density of ({1, ..., &)
is
(3.10) e Licitig=e " —00 < Uy < -+ < U < OO.

Let B(0) =log6 — loglog6. The following result is obtained in [15].

THEOREM 3.3. The sequence (8 P1(8) — B(0),0P>(0) — B(0),...) converges
to (¢1, &2, ...) in distribution as 0 tends to infinity.

The next theorem is obtained in [19]. We give a different proof here using Camp-
bell’s theorem.

THEOREM 3.4. Let

ek 1
Ak(e):f(—Hk(P(e)) > k=2,3,...

I'(k)
and Ag = (A2(0), A3(0),...). Then
(3.11) Ag = A, 0 — o0,
where A is a R -valued random element and for each r > 2, (A3, ..., A;) has a

multivariate normal distribution with zero mean and covariance matrix
Ck+1)—Tk+ DI +1)

(3.12)  Cov(Ag, A) = SR . kl=2,...,r

PrROOF. Foreachk > 1, set

By(9) = (mw PIEACE )

By = (B1(0),...).
For each fixed r > 1 and any («q,...,a;) in R, set
1
fx)=
Z F(k)f

k=1
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It follows from Campbell’s theorem that

E(el Yi=1 B O)1)

— it i akﬂ]E(e[irZi'il flor@ny

; r o0 Lo
(3.13) _ it i /0] exp{Q/ (11— l)y_le_ydy}
0

- T4k
—>exp{—5 Z a]ak—l"(j)r‘(k)}'

jk=1
Let B = (Bjy,...) be such that for each r > 1, (By, ..., B,) is a multivariate
normal random vector with zero mean and covariance matrix
ry—+k
(3.14) LU0 e
r(Hrk)

Then (3.13) implies that By converges in distribution to B.
For r > 2, it follows from (1.1) that the following relation holds between
(A2(0), ..., Ar(0)) and (B2(0), ..., Br(0)):

9 k oo _k 0
(3.15) Ar(®) = B (9) + */5<<@) N 1> (Z ;l(li);)'
=1

It follows from the convergence of By to B that

ok
0
(3.16) SO i distribution.
= Tke
By Theorem 3.1 and basic algebra, one gets
o \k
(3.17) Jé((—) — 1) = —kB;.
o(9)

By (3.15)—(3.17), one gets
r r
(3.18) D arAr0) = ) (B —kBy).
k=2 k=2

The theorem now follows from the fact that the covariance of (By — kBj) and
=ty SR

Let {X(¢),t € [0, 00)} be a Gamma process; that is, a stochastic process with
stationary independent increments and right-continuous paths with X (0) = 0 and
such that X (1) has an exponential distribution with parameter 1. For each Borel
measurable set A, define

Xo,0(A) = X (0v(A))
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and
X (0v(A))

Xx@©) ’
where v is a diffusive distribution on [0, 1], that is, v({x}) = 0 for every x in
[0, 1]. Set v(r) = v([0, t]), Xg,,(t) = Xg,, ([0, t]) and Zg,,(¢) = Zp ([0, ¢]). Then
Zg.»(-), as a random measure, is distributed as Dirichlet(d, v). Let D([0, 1]) be
the space of all real-valued cadlag functions defined on [0, 1] that are left continu-
ous at 1, equipped with the topology of uniform convergence. Then the functional
central limit theorem for processes with independent increments yields immedi-
ately that (Xp, ,(¢) — Ov(t))/\/g converges to B(v(¢)) in distribution on D([0, 1]),
where B(t) is a standard Brownian motion (cf. VII 3.5 in [16], page 373). This,
combined with the fact that X (6)/6 converges to 1, implies the following result:

Zgv(A) =

THEOREM 3.5. The family of processes {«/g(Zg,U(t) —v(t)),0 > 0} con-
verges to B(v(t)) in distribution on D([0, 1]).

4. Moderate deviations for GEM. Let a(0) satisfy (3.5).

The MDP for GEM is thus the LDP for the family of {a(0)(X(0), X2(0),...):
6 > 0} when 6 approaches infinity. The result is proved through explicit calcula-
tions.

THEOREM 4.1. The family {P(a(0)(X1(0), X2(0),...) € -):0 > 0} satisfies
a LDP on R with speed aT and rate function

oo
(4.1) I(x1,x2,..) =) x.
i=1
PROOF. Let us first prove the local LDP. For any x, y in R, set
o
lxi —yilnl
x—yl=) SN0

2!

i=1
For any x in RS and any & > 0, one can choose n sufficiently large that
P 21—1 < 8/2. Then for §; < §/2, we have

4.2) {yeRf:m_ax |y,~—x,~|<81}C{yeRf:|y—X|<5}.
1<i<n

By taking limits in (4.2), in the order & — oo, §; — 0,n — 00, § — 0, it follows
that

(Slir%léminf@ log P(|a(0)(X1(6), X2(6),...) —x| <§)
Q)

> lim lim liminfa—logP< max |a(0)X;(0) —x;| < 81>.
0 1<i<n

n—>00§—0 8—->o00

4.3)
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On the other hand, for any m > 1 such that 27" > §
{yeRY:ly—x| <8} C {yeRi": max |y; — x| 52’"6}.
1<i<m
Thus for any 8, < 8,
4.4) {yeRY:ly—x|<8&}C {yeRf: max |y; — x;| 52’"8}.
1<i<m

By taking the limits in (4.4), in the order § — oo, §o — 0, § — 0, m — oo, it
follows that

a(9)
lim lim sup Tlog P(la(®)(X1(0), X2(0),...) —x| < &)

8—-0 9500

0
4.5) < lim lim hmsupﬁ
M—>008—50 g_5n0

X 10gP< max |a(@)X;(0) —x;| < 2’"5).
1<i<m

It is known (cf. page 107 of [1]) that for Z —1vi<l,where 0 <y, <1,k=
1,..., n, the joint density function of (X(0), ..., X,(0)) is

0"(1——<y1-+---4—>%>>9—1
(I=yDA =1+ )0 =1+ +yu-1))
For any n > 1, § > 0, it follows from (4.6) that for sufficiently large 6

() ()
A0-%5) (- )

1— m+w+mA—m—nS{4

X( a(®)
(jme

<P max la(0)X;(0) — x;| < 8)

(4.6)

(1 x1+---+xn—n5)9—1< 80 >”
{ a(®) a(0) }

: {(I_X;(Z)S)O—%)m
« (1_x1+...+);n(_91)+(n—1)5>}—1
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Therefore

0
lim lim sup % log P( max |a(0)X;(0) — x| < 5)
<n

-0 g0 I<i

0
= lim liminfﬁ log P< max |a(0)X;(0) —x;| < 8)
600 6 1<i<n

§—0

n
= Z X;
i=1
which combined with (4.3) and (4.5) implies that

im lim sup # log P(la(0)(X1(0), X2(0),...) — x| <)

1
§—0 oo

... .a0)
= g%lérglcnglog P(la(0)(X1(0), X2(0), ...) —x| <)

oo
= — in.
i=1

Now we show the exponential tightness. For any n > 1 and L > 1, it follows
from direct calculation that

L \?
P(a(®)X,(0) > L) < P(a(®)U, > L) = (1 - _) ,
a@)/ +
where (1 — ﬁﬁr is the positive part of (1 — ﬁ). Set K =[[72,[0,iL]. Then K
is a compact subset of RS°. Noting that for x > 0

(1—-x)y <e™,

we get

2

P(a@®)(X1(0), X2(0),..) ¢ K) < ) P(a(0)X;(0) = iL)

00 . 0
$(-26)
‘ a@®)/ +
> oL
< ——
—Ze"p{ ’a(e)}
which implies

lim sup ?log P(a(0)(X1(0), X2(0),...) ¢ K) < —L.

60— o0

O

5. Moderate deviations for the Poisson-Dirichlet distribution. Theo-
rem 3.3 says that P(6) = (P1(0), P»(0), ...) approaches a nontrivial random se-
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quence when scaled by a factor of 8 and shifted by B(6). Replacing the scaling
factor by a () satisfying (3.5), we get

0
(5.1) a(@)(P(G)— %(1, 1,...)> — (0,0,...).

The LDP corresponds to the case when a(9) = 1 and has been established
in [4]. In this section, we establish the MDP for P(0) = (P;(0), P»(0),...) or,
equivalently, the LDP associated with the limits in (5.1). Considering the con-
nection to Poisson point process, it is thus natural to start with the MDP for
§(01(0),02(0), ...

We first establish the MDP for 0,(0)/6 for any n followed by the MDP
for (01(0)/0,...,0,(0)/0). The infinite-dimensional case follows from finite-
dimensional approximation. To go from the MDP for %(01 (0),072(0),...) to the
MDP for the Poisson—Dirichlet distribution, one would hope to prove that a cer-
tain exponential equivalency holds.

5.1. MDP for ""T(Q). It is known (cf. [15]) that for each n > 1, the density
function of (01(0), ..., 0,(0)) is

on .
(52)  fulur, ..., un) = e~ Zimt4i OB @) -y >y > >, > 0,
Ml...un

In particular, the density function of o1 (0) is
(5.3) u e u—0EI) u >0,

where E| (1) = fuoo y_le_y dy. We extend E1(u) to the whole real line by defining
E{(u) =+o0 foru <0.
The distribution function of o (0) is

(5.4) P{o1(0) <u}=e 9E1®) u>0.

One can find on page 146 in [15] the following explicit expression for the dis-
tribution function of ¢, (0) for all n > 1.

LEMMA 5.1. The distribution function of 0,,(0) is

(5.5) F,(y) = u" e " du, y > 0.

i
(n = Dok (y)
Next we establish the MDP for o1(0)/6.

THEOREM 5.1. The MDP holds for 01(0) /6 with speed @ and rate function

X, x>0,
00, otherwise.

Jl<x>={
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PROOF. For any fixed x, we have

(5.6) P{a(0)<w> < x} — o OE1(0/a@)x+B(©®))
J <
By L’Hospital’s rule,
X
5.7 Jim xe*Ey(x) = i =1.
(5.7) im xe' E1(x) = dim = =

Restricting to a subsequence if necessary we can assume without loss of gen-
erality that hmg_mo[mx + B(0))] exists in [—oo, +00]. If the limit is negative,

then the event {a(@)(w) < x} is eventually empty. Therefore
0 0) — B
(5.8) timsup 29 10g P( (9)<M> < x) — 0.
6— 00 0 0

If limgéoo[%x + B(#)] is a nonnegative finite number, then x is negative and

a(9) and B(0) are of the same scale as log#6. It follows from (5.6) that (5.8) also
holds in this case.
When limg_mo[%x + B(6)] = 0o, we can use (5.7) to get

lim “(9)< 9E1<ix +ﬁ(9)))

f—>o00 6O (Q)
(5.9) __ im 4® log# o~ (6/a®)x
g—o0 0 (0/a(9))x + B(O)
_ 0, x>0
| —oo, x <0.
Thus

(5.10)  lim ?logPGl(Q)(w) < x) =0, x>0,
and

(5.11) lim sup %10 P( (9)<w> < x> = —00, x <0.

60— 00 0

For x > 0, it follows from (5.6) and (5.7) that
0 0)— B
lim sup % log P (a(@) <01()9¢> > x>

60— 00

G
(5.12) = limsup —“(9 ) log[1 — e~ E1(@®)/Ox+5E))]

6— 00

—hmsup%log[QEl((T)x+,B(9))} —X.

60— 00
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Together, (5.12) and (5.11) imply that the family of the laws of a(9)(Z2-£@))
is exponentially tight.

Let g1(#) denote the density function of a(@)(w). Then it follows
from (5.3) that

5.13) g1(u) = (99) w0 (91)")% 9+ 5 o~ (0/a@)u ,~0E\(0/a(®)u+0)
a a(®))u
This, combined with (5.9), implies that
0
(5.14) a(e—)loggl(u) — —u, u >0,
a(9)
(5.15) Tloggl(u) — —00, u<0.

For each x # 0, choose § small enough so that all numbers in the interval [x —
8, x + 8] are of the same sign. It is not hard to see that for u € [x — §, x + 6],

g1u) > log?
5.16) a(0) 0/a®)(x + ) + B(O)
) % e—(9/a(9))(X+5)e—951((9/4(9))()6—5)4-/3(9))
and
Q) < — logd
51) a(®) 0/a®))(x — ) + B(O)

w ¢ (0/a)(x=8) ,—0E1((6/a©))(x+8)+B(6))

Putting (5.14), (5.15), (5.16) and (5.17) together, we get that for x > 0,

Jim lim sup ? log P(a(9)<w> €(x—8,x+ 5)>

-0 9500 0

—0 =00 0

0 0) — B(O
= élim liminf%bg P(a(@)(M) e(x—36,x+ 5)) =—x,
and for any x < 0,

lim limsup@logP<a(9)<w) e(x—46,x+ 8)) = —00.
§-0 9o 0 0

Together, (5.10) and (5.11) imply that
lim lim sup @ log P <a(0) (M) € (=8, 5))

-0 g0 0
() @) —BOY .\
_Slgl%)lérggéf 0 logP(a(@)( 5 ) € (-4, 8)) =0.

The theorem now follows from the local LDP and exponential tightness. [

The next theorem gives the MDP of ¢,,(0)/6 for n > 2.
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THEOREM 5.2. The MDP holds for a,(0) /6 with speed agﬂ and rate function
Jo(x)=nx,x>0.

PROOF. For x > 0, it follows from (5.10) that
0 w(0) — B0
6—o00 O 0

. a() o1(0) — B(0)
"l (220

By L’Hospital’s rule,

IA

!
=0

(5.18)

IA

y
(5.19) lim ny_”ey/ W le " du=1.
0

y—0

Thus it follows from Lemma 5.1, (5.9) and (5.19) that
0 w(0) — B(6
f—oco O 0

e )

— lim Y9 g ~0E1@/a@)r+5O)
60— 00

(5.20)

+ 11m %n]og(@El (%x + /3(9)))

=n lim a®) log( log# e—(9/a(9))x>
600 0 (0/a(@))x + B(6)

= —nx.

For x < 0, as in the proof of Theorem 5.1, it suffices to obtain estimates for
those x such that

(Ex + /8(6)) = +00.

Since GEl(%x + B(9)) ~ W&%f(@/“(m)x approaches infinity as 6
tends to infinity, one gets that

lim sup a((gﬁ log P (a(@) <M) < x)

60— o0

—timsup “? 1og <e—9’51 ((0/a@)x-+5(6))

60— o0
x (oF: (%x " ﬁ(e)))")

(5.21)
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The exponential tightness of the laws of {a(@)w} now follows from
(5.20) and (5.21). The local LDP can be obtained by an argument similar to that
used in Theorem 5.1. [

5.2. MDP for 5(01 (0),02(0),...). Foreachn > 2, we have

THEOREM 5.3. The family {P(a(0)(2 22O 2C@ZPO) ¢ .9 > o)
satisfies a LDP on R" with speed @ and rate function

n
(5.22) L1, xy) = ;xi, iFO<xy <-- <xi,
P

+00, otherwise.

PROOF. It follows from (5.2) that for x; > x--- > x,, and %xn + B8(@) >0,
the density function of %9)(01 @) —BBO),...,0,(0) — B(@)) is

(Y (1]t ®
gn(Xt, ..., xp) = (0(9)) (H (B/a(9))x; +,3(9))

i=1
x e~ 1O/a®) Xi_; xi+0 E1((0/a(0)xn+p0)]

(5.23)

By direct calculation,

a(9) é
(5.24) Tloggn(xl,...,xn)%—;xi, xp >0,
0
(5.25) %loggn(xl,...,xn)% —00, x, < 0.
For x; > x--- > x,, let B((x1,...,x,),8) denote the closed ball centered at
(x1,...,x,) withradius 8, and B°((xy, ..., x,), 8) be the corresponding open ball.

Then for x,, > 0,

lim lim sup 40 10g P(#(ol ©) = B©), ....0n(6) — B(6))
-V >0
€ B((x1,...,x,), 3))
.. a(9) a(®)
(5.26) = (sll_%lén_l)ng log P(T(Gl 0) —B©B),...,0,00) — B(©))

€ B°((x1,...,xn),8))

n
3w
i=I
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and for any x, <0,

0
tim tim sup “© log ( YO) (10 = BO), ..., 0m(0) — BO))

-0 9500 0 0

€ B((xl,...,xn),cS))

(5.27) = lim hmlnf%l og (a(:) (01(0) — B(©O), ..., 00(0) — B(O))

§—0 6—>o00

eBO((xl,...,xn),(S))
= —0OQ.

If x; =0, the upper estimate follows from Theorem 5.1. If x,_1 > 0,x, =0
for some 1 < r < n, then the upper estimate is obtained from that of “(eﬁ(al ) —
B@©),...,o0r—1(0) — B(0)). The lower estimate when x, =0 forsome 1 <r <n is
obtained by approximating the boundary with open subsets that have all positive
coordinates.

Fix an L > 0. Noting that U"_{*?(5;(6) — () > L} = {“P(01(6) —
B(6)) > L}, it follows that

(5.28) hm lim sup ? log P {U { a(9) (0i(0) — B(©O)) > L}} = —o0.

L—=0o0 g0 i=1 0
On the other hand,
hgnl)solipTl {L_J{ (0)—5(0))<—L”
(5.29) B ’
<hmsup£l og {a( )( on(0) — B(0)) < L} —00.
60— 00

Therefore we have the exponential tightness and the theorem. [J

The MDP for é(al (0),02(0), ...) is derived in the next theorem.

THEOREM 5.4.  The family {P(“%(51(8) — B(8), 02(0) — B(8),...) € ):60 >
0} satisfies a LDP on R* with speed @ and rate function

(5.30) TGy =1 2% ¥z =0,
1

00, otherwise.

PROOF. Identify R with the projective limit of R?,n =1, .... Then the the-
orem follows from Theorem 3.3 in [5] and Theorem 5.3. [
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5.3. MDP for the Poisson—Dirichlet distribution. Using the results in the pre-
vious subsection we now derive the MDP for the Poisson—Dirichlet distribution.
The representation (1.1), combined with the fact that o (6) is approximately 6,
seems to suggest that the MDP for the Poisson—Dirichlet distribution should fol-
low from the MDP for é(al (0),02(0), ...). This turns out to be true. It does not
seem to be easy to get a more direct proof using the explicit expression in [28] of
the density functions of (P;(#), ..., P,(0)) foreachn > 1.

THEOREM 5.5. For each n > 1, the family {P(a(®)(P(9) — 22, ..,
P,(6) — @, ...) €-):0 > 0} satisfies a LDP on R* with speed ”(eﬂ and rate
function

(5.31) IGyoxa.. = 2% ¥z =0,
-

00, otherwise.

PROOF. From representation (1.1), one obtains that

0
a(b) (P @) — %)
632 6 ©)— B©)]  a@®)p@®) [ 6
0,(0) — a
:aw)“(@)[ 7 }+ 6 (o—(e)_l)‘
Write
0)B(O
vy =200,

and without loss of generality we assume that
Olin;oy(é’) =c € [0, +o0].
It is clear that
a®)  6?

y2©0)  a®)B(0)
If ¢ < o0, it follows from Corollary 3.1 that for any L > 0

(5.33) — 00, 6 — oo.

(5.34) limsup@bgP{y(Q)’— — 1‘ } = —00.
60— 00 0 (9)

Forc=o00,andany 1 >4 >0

ol o=
0]

JR S A R Y [IO
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Since y (@) < B(0) and hmgﬁoo f = 0, it follows from the MDP (Theo-
rem 3.2) for o (0)/6, and (5.33) that

. a(®)
hmsupTlogP{ (0)’— — 1‘ >(1 —8)L}
536 7 D o),
_ a®) y* () o) _ _
=) ) 6 { (9)‘ f=d ‘S)L} o0

which, combined with Corollary 3.1 and (5. 35) shows that (5.34) still holds in
this case. Therefore a(0) (P, (0) — B (9)) and a(@)[w] are exponentially
equivalent.

Since ma(@)[w] is exponentially equivalent to a(f)[
by Lemma 2.1 and Corollary 3.1, it follows that a(8)(P,(0) — @) and
a(@)[w] are exponentially equivalent for all n > 1. Thus the MDP for
the Poisson-Dirichlet distribution is the same as the MDP for é(al 0),0200),...).

]

o (0)
on(0)—B0) ]
[4

6. Moderate deviations for homozygosity. For each m > 2, it is shown in
Theorem 3.4 that the scaled homozygosity %Hm (P(0)) satisfies a fluctuation
theorem with ¢(0) = 1 and b(9) = /0. It is thus natural to cons1der MDPs for
ki ]H (P(0)) or equivalently the LDP for the family {a(@)[r(m)H P@)) —

I'(
1]m9 > (0} for a scale a(#) satisfying

=0.

6.1) lim a(f) = fim “©
- Jim,a®)=co  fim "7
It will turn out in Remark 6.1 that the following additional restriction on a(6) is
necessary in order to get the MDP: for some 0 <& < 1/(2m — 1),
l —&
0)

62 liminf o = O

The main idea of the proof is to explore the connection between homozygosity
and the Poisson process, and apply Campbell’s theorem.
Let us first consider the MDP of

Gy = Z o (0).
It follows from Campbell’s theorem that
E(eitzﬁl ”.;"(9)) = exp{e /Ooo(e”ym — Dy e dy
which implies that {G(m) 6 > 0} is a random process with stationary and indepen-

dent increments. The difficulty here is that the exponential moment is not finite.
MDPs for models with infinite exponential moment have been studied in [14, 17,
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22]. A typical way of establishing the MDP is to verify the following Ledoux con-
dition [22]: there exists a constant M > 0 such that for any § > 0,

(6 80 82
limsupa ( )log(QP(]Ggm) —E(G")| > —)) <——.
900 0 a(d) M

This condition does not seem to be easy to verify for our model. Therefore we
employ a truncation procedure.

LEMMA 6.1. Set
Go = (0(0) —6,Gy" —T(m)0).

Then the family {#G@ :0 > 0} satisfies a LDP with speed a29(0) and rate function

1

A* = r@2m)x* — 2T 1 %),
() = S s T gy (T2 = 20+ Dxy + )
xeR,yeR.
PROOF. By (6.1) and (6.2), there exist T > 0 and a positive integer [ > 3 Vv
(Zm%l)g such that
. a()
elggo ot +oo
and
2 (m—1)! @2m—1)I-2
0 0
tim (© @ g0-2/m-1 _im @)
6— 00 (7] g(m—1)l
l—2/((2m—l)l)(9)
elioo gm—1)/2m—1)
Take

a(l—z)/(m—l)l(g)
log((a?(0)/0)al=2/m=Di(g))

Then y (0) grows faster than a positive power of 6 and

y(0) =

e Y® L @Oy _
600 al=D/m=Dl@y 7 gooo H
Set
1
Gy = 261(9)Ia,<9><y(9)} Gy fo 0)1(0;0)<y®))
Jj=1 Jj=1
and

Go= (G — E(G). G4 — E(@E™).
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Define
A, ) = 5(o* +20(m + Dap + T (2m)p?)

1 ['(m+1) o
@ B (rmen v )(5)  wemper

=

Then

sup {ax + By — A(a, B)}
aeR,BeR

_ 1 r@em) —TLm+1)\/(x
_2(F(2m)—F(m+1)2)(x y)(—F(erl) 1 )(y)

1
T2 Q2m) —T(m+ 1)2)

(C@m)x2 = 20 (m + Dxy +y7),

xeR,yeR.
For any ¢ € R, B € R,

2 9 1 ~ ~ ~(m ~(m
D g 5 (exp| (@G B +8GE" ~ £GP )

—A(a,ﬂ)‘

2 ]
a 9(9) logexp{Q/y( )<e(l/a(9))(ay+,3ym)
0

1
1@ +ﬂy’"))y_le_ydy} A ﬂ)'

y(©) m
az(e)/o (/a@@+B™ 1 _ 4= (g)(ay + By™)y e dy

—A(a,ﬁ>|
r® 1 my2.—1 —
s]/o Sy + By e dy — A )
I N 10 k1
+ Y a0 [ ay -y e dy
k=3 """

o
1 .
+ 2 @ PO e +1Bly @) T k)
k=1+1""
—0 as 9 — oo.

Therefore, by the Gartner—Ellis theorem, (@ ég, a29(9)’ A™) satisfies a LDP.
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Noting that y (6) grows faster than 6% for a certain o > 0, it follows that
lim 0E (y(®)) = lim 0y ©) e 7® =0.
60— 00 6—00

Taking into account the fact that éél) <o(9), Gém) < Gém), we have that

o CO My _ (&M Gm) 0
lim sup 10gP<|(0(9),G9 )— (G, Gy )|28—)
60— 00 a(«9)
2
. 0) 0
< limsup ——log P()(O’ ©). G§")lio10)2y0) = 5—)
00— 00 0(9)
2 0)
< limsup log P(01(0) > y(6))
60— 00
li “6) —0E1(y(9))
= lim sup log(1 —e )
6— 00
o 1080 + log E1(y (0)1a%(0)
= lim sup
60— 00 0
i s (1080 — ¥ (©)a’©)
< limsup
60— 00 0

= —00
which implies that for any § > 0,

a*(6) - P(IGe — Gg— (E(GS)) — 0, E(GY") =T (m)9)] . 3>
6/a(0)

lim sup
60— 00

(6.3)
= —00.
By direct calculation,

(E(G), E(GJ™)) — (6, T (m)6)

lim
0—00 0/a(0)
o o
= — lim a(@)(/ e Vdy, y2m=le=y dy)
f—00 14C)) v (©)

= — lim a(@)(e 79, y* 1(0)e 7 @) =0,
60— 00

which, combined with (6.3), implies that #Ge and @Ge are exponentially
equivalent. Therefore

2
(@Ge,a (9),[\*)
0 0
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satisfies the LDP. [

Now we are ready to prove the main result of this section.

THEOREM 6.1. The family a(9)(%Hm(P(0)) — 1) satisfies a LDP with
speed aze(e) and rate function 3 T /?z(m)2—m2)'

PROOF. By direct calculation,

em—l
a(e)(%flmmw)) - 1)

em—l (m)
—a@)—20
o )<om<9>r(m> )
B o \" o \"a®)/(G)" — E(Gy")
_“(9)«%) 1) + (a(e)) Cm)6

_a® m e\ 6 \"a®) (G — EWGJ™)
‘7(9_“(9))2(%) +(o@) rmo

Noting that for any i > 1 and for any § > 0,

2 i
lim a(9) logP<‘<i) - 1‘ > 8) = —00.
f—oco0 6 o)

It then follows that

a(@)((%)m_l) and <0?9)>ma(9)(Gg?)(;)§(Gém)))’

are exponentially equivalent to

a@m@®—o®) a@®) (G — E(GY"))
0 an T (m)0

’

respectively. Thus

Qm—l
a(e>(F S H (P(O)) - 1)

and

a@®m® —o©) a®) (G — EGI™))
0 '(m)o

have the same LDP.
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Since
22
inf Af(x,y)= ,
(y/T(m))—mx=z 2(F(2m)/ T'(m)? — m?)
Lemma 6.1 and the contraction principle yield that
<a<0>m<9 ~0(0) | a®)(Gy" — E(GJ")) a?(6) 22 )
6 I'(m)6 6 T 2(T2m)/T(m)? — m?)

satisfies a LDP, and the theorem follows. [

REMARK 6.1. Choose the scalmg factor, a(6) = 67 . Then the MDP obtained
here requlres that y lies between 5 11 and 5 L It is natural to ask what happens for
Y < 5,.—1- It follows from Lemma 6.1 and the contraction principle that the family

(m) (m)
{‘“9)(6 7 “EG ) g o 0} satisfies a LDP with speed & (9) and a rate function

Thus for any § > 0, there exists 6y > 0 such that for all 6 > 6,

2
J(x) = ZF)EZm)'

m m 86 0
P(|Gé) E(Gg")| > (9)>fexp{—az(e)w(é)—lﬂ]}.

Since {Gém), 0 > 0} is a random process with stationary and independent incre-
ments, one can find sufficiently small 61, §> > 0 such that

m) iy 80
P(’Gl E(Gl )}>a(9)>

m m 510+ 1) m m 526
= P(Ia - EGEI > S ) + P65 — E6)| = 225)

0
az—(G)[J(81 A &) — 1/2]}.

The fact that lim,—, o0 J (x) = 400, yields

0) m m 860
logP(|G(1 ) E(G(1 )){ > %) =—00

< 2exp{—

2

. . a
lim sup lim sup
§—o00 fH—00

which, combined with the fact that £ (Ggm)) is a finite number, implies

2
0 860
(6.4) lim sup lim sup aT() log P(Ggm) > —) = —00

§—o00 H—0c0 a(f)

Since

6.5) (G(’”) (S(Z)> < x¢! )_< 5((;)>1/m> _ 1 — o—E1(@0/ao)/™)
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it follows from (6.4) that

, , a*(0) 86 \/m
lim sup lim sup logE1| | —= = —00.
§—>00 H—00 0 a()

Using the relation (5.7), one gets

m—1
> ~ 1 b
Y am—1
which corresponds to the critical case of € =0 in (6.2). Thus the range of scaling

obtained here is the best that one can get for the MDP with speed azgﬂ.

7. Moderate deviations for the Dirichlet process. In this section, the MDP
for the Dirichlet process is derived through a combination of the LDP for the
gamma distribution and MDPs for processes with stationary independent incre-
ments.

The Dirichlet(@, v) distribution can be represented by
X (Ov([0,1]))
Zo () = ————=,
9,1}( ) X ( 0)

where {X(¢),t € [0,00)} is a Gamma process. By Theorem 3.1, the family
{P(X(0)/6 €-),0 > 0} satisfies a LDP in R with speed 6 and rate function 7 (x)
given by (3.4).

Let a(0) be a positive function satisfying (6.1). With a time deformation, the
following theorem is a minor generalization of the result in [25]. For completeness,
a sketched proof is included.

THEOREM 7.1. Let {£(t),t € [0, 00)} be a stochastic process with stationary

independent increments and right-continuous paths with £(0) =0, E(§(1)) =1,
Var(E(1)) =1, and

E(FD) < 0o, for some § > 0.
Let v be a finite measure on [0, 1] such that v({t}) =0 for all t € [0, 1]. Define
£9,v(A) =§(0v(A)), A € 8[0, 1],
and
&0, (1) = 86,0 ([0, 1]), (1) = v([0, 1]).
Then the family {P(a(0)(§p.,(t) — 0v(2))/0 € -):0 > 0} satisfies a LDP in
(DI0, 11, || - |I) with speed a29(9) and rate function

L9 o '
=13 [ |50 vdn. g <o,
+o00, otherwise,

where |l@| = sup,;¢(o.17 l¢(®)| for ¢ € DO, 1].
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PRrROOF. It suffices to verify the following three conclusions (cf. [2, 31]):

(1) ForanyO<t)j <th <--- <ty <1,

a(d)
{P( (E0,0 (1) — OV(t1), ..., E0,u(tx) — OV (1)) E-),Q >0}

satisfies a LDP with the speed < ge) and the rate function

b= Ly il
Tt 24 v((ti-1, 6]

(i) For any 8 > 0,
2

a
lim sup limsup
¢>05¢[0,1] 6—>00

7.1

0
()logP( sup |E@v((s,1]))

s<t<s+¢
—0v((s,t])| > i ) —00.
a(®)
(iii) I(p) = SUP;, 1 (0,1] Ly, oo (o), ..., o(tk)).
Since &(¢) is a random process with stationary and independent increments and
the mapping:
(z1,22 =21,y 2k — 2k—1) = (21,225 -+, Zk)

is continuous in R, it is easy to get (i) from the Girtner—Ellis theorem, the prod-
uct principle and the contraction principle; (iii) is a consequence of the Cauchy—
Schwarz inequality and the submartingale convergence theorem.

Finally, we verify (ii). By Corollary 4 in [24], it is easy to see that there is a
universal constant ¢ > 1 such that

)
P( sup  [E@v((s. 1) — Ov((s, z])|>—)

S<t<s+¢ (9)
sc"(ls(ev«s,w])) Ov(s,s+el)| 2 aw)c)
<c “’5“/(“2<9>°>E(exp{@MS(@V((S s+el)) —Ov((s.s +8m}>

Ov((s,s+¢€])

< ce—082/(@©)c) (E (exp{ %a(é(l) —1) })

" E(eXP{(—l)a(é(l) - 1)})9”““»‘+61))

where o > 0 is arbitrary. By the hypotheses, expanding the cumulant yields
2

(e Xp{%“@( )~ 1)}> ze"p{z 2@ 0 )}
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Therefore
. 2(0) 0
lim sup logP( sup |50V ((s,t])) —Ov((s,tD| > —6)
60— 00 s<t<s+e (9)
{aS av((s,s + €]) } 82
S — Sup _— = = —
a>0l € 2 2¢2v((s, s + €])

which implies (7.1). O
We now establish the MDP for the Dirichlet process.

THEOREM 7.2. The family {P(a(6)(Zy,(t) —v(t)) € -):0 > 0} satisfies a
LDP in D[0, 1] with speed @ and rate function
1 (Yde |7
_/ _(p(t)
2 Jo ldv

+o00, otherwise.

ID(§0)={ v(dt), ifo<v,9(l)=0,

PROOF. Choose &(¢) in Theorem 7.1 to be the Gamma process X (¢). Set
a(0)(Xo,v(1) —6v(2))  a@)v(1)(Xen(1) —0)

Yé,v(t) = 0 ;
= (] — V(l))a(e)(XG’vg) —0v(t))

_ U(l‘)a(e)(Xe’v(l) — XG,V(f) _ 9(1 _ U(l‘)))

) .

By Theorem 7.1 and the contraction principle, the family {P (¥p ,(t) € -):0 > 0}
satisfies a LDP in DI[O0, 1] with speed @ and rate function

inf{7 (Y); ¥ (1) =y (D) = ¢(1), 1 € [0, 1]}

Nzl

+00,

1/1 do
=312Jo|d

+00,

v(dt), if o <, p(1)=0,

otherwise,

2
v(dt), if o K v, p(1)=0,

otherwise.

Since

|a(©)(Zo,v(t) = v(1)) — Yo,0 (1)

<‘ 0 _1‘<a(9)(X9,v(t)_9U(t))
1 Xp(D) 0

a@)v()(Xg,v(1) —0)
0

)
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it follows that for any § > 0, and ¢ > 0,

P< sup |a(0)(Zg,» (1) — v(t)) — Y0 ()| > 8)

tel0,1]

0
fP(‘ —1‘>8)+P< sup
Xg,v(1) 1€[0,1]

a@)(Xe,n(1) —60)| &

Now from the LDP of Xy , (1), one obtains

a(0)(Xg,v(t) —9v(t))‘ - i)
0 2¢e

1
lim sup ] log P (‘

60— o0

—1‘ >8)§— inf I(x) <O,
XG,V(l) [1/x—1|>¢

which implies

, a*(6) 0
lim sup logP( —1| > 8) = —00.
6— 00 0 XB,V(l)

From the MDP of Xy ,, we have

2

lim lim sup
=0 g0

0)
log P( sup
te[0,1]

a(0)(Xp,v(1) —9v(t>>‘ - i) —_
0 2¢)

and

(0
lim lim sup a 9( ) logP(

=0 900

a(9)(Xg,v(1) —9)’ - i)
0 2e
Therefore, for any § > 0,

a*(9)

lim sup
60— 00

logP( sup [a(8)(Ze,u(1) — v(1)) — Yo,u(1)| > 6) = —00;
tel0,1]

thatis, a(0)(Zg,,(t) — v(¢)) is exponentially equivalent to Yy ,(¢). U
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