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LATE POINTS FOR RANDOM WALKS
IN TWO DIMENSIONS

BY AMIR DEMBO,! YUVAL PERES,?2 JAY ROSEN?
AND OFER ZEITOUNI*

Stanford University, University of California—Berkeley, City University of New
York—College of Staten Island and Technion and University of Minnesota

Let 77, (x) denote the time of first visit of a point x on the lattice
torus Z% = 72/n7? by the simple random walk. The size of the set of
o, n-late points £, (o) = {x € Z,% Th(x) > a%(n log n)2} is approximately
2= for o € 0,1) [£Ly(x) is empty if @ > 1 and n is large enoughl].
These sets have interesting clustering and fractal properties: we show that for
B € (0,1), a disc of radius n” centered at nonrandom x typically contains
about n2f-/ ) points from £, («) (and is empty if 8 < /&), whereas
choosing the center x of the disc uniformly in £, (o) boosts the typical num-
ber of «, n-late points in it to n2B(1=2) We also estimate the typical number
of pairs of «, n-late points within distance nP of each other; this typical num-
ber can be significantly smaller than the expected number of such pairs, cal-
culated by Brummelhuis and Hilhorst [Phys. A 176 (1991) 387-408]. On the
other hand, our results show that the number of ordered pairs of late points
within distance n? of each other is larger than what one might predict by
multiplying the total number of late points, by the number of late points in a
disc of radius n? centered at a typical late point.

1. Introduction. Consider a simple random walk (SRW) on an n x n square
with periodic boundary conditions (also called a lattice torus), run until the “cover
time,” when it has visited every point of the square. Our focus will be on the set of
uncovered points shortly before coverage, which we call “late points.” In an impor-
tant paper, Brummelhuis and Hilhorst [1] pointed out that in two dimensions, this
set has an interesting fractal structure. The main finding of the present paper is that
the set of late points has an even more subtle fractal structure than that suggested
in [1]. A significant reason for this is that a key random variable measuring the
structure of late points, namely the number of pairs of late points within distance
nP of each other, has a median and mean of different orders of magnitude.
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As noted in [1] this fractal structure is not present in three or higher dimensions,
where at the scale of power laws the set of uncovered points resembles a uniformly
sampled random set of the same size.

We proceed to a more quantitative discussion. Consider the SRW on the lattice
torus Z% = 7?/nZ? starting at the origin. If x € Zﬁ, we let 7, (x) denote the time
it takes the walk to first visit x. Let 7, = max, 72 7. (x) denote the time it takes

the walk to completely cover Z,%. In [4], Theorem 1.1, we showed that
T

1.1 lim — = — in probability.

(.1 n—co (nlogn)? m np o

(Contrast this with the typical hitting time of a fixed point x € Z,Zl, which is of order
2

n-logn.)

We say that x € Z2 is a, n-late for some 0 < o < 1 if
4 2
Tn(x) z a—(nlogn)~,
b4

and set £, () to be the set of «, n-late points in Z%. An adaptation of the arguments
in [4] reveals that |.£, ()| ~ n2=2% in the following sense.

PROPOSITION 1.1. ForanyO <o <1,

log |£
(1.2) Tim_ % —2(1—«) inprobability,

If £, () were spread out uniformly in Z%, one would expect that for any x € Zﬁ
and @ < 8 < 1 we would have |£,(x) N D(x, nP)| ~ n?=2% The next two theo-
rems make precise the idea that the set /£, (o) does not look like an independent
uniform drawing of n2-2 points in Z,%, in the sense that | £, () N D(x,n?)| ~
n?#=22/B for a typical x, whereas it is &~ n?#(1=% for most x € £, ().

THEOREM 1.2. Forany 0 <a < ,32 <landé >0,

log | £, () N D(x, nP)|
logn

(1.3) lim max P(

n—)OOxezg

oY —204/,8)‘ > 3) =0.

In particular, for any 0 < «, 8 < 1 and any nonrandom sequence x,, € Zﬁ

log | £ N D(x,,n?
(14)  lim EIL@ D@ D) 08 20/8.0)  in probability.

n—o0 logn

As stated already, the fractal nature of |£, («)| is described by the next theorem
that shows the clustering of late points; in the neighborhood of a “typical” «, n-late
point there is an “unusually large” number of «, n-late points.



LATE POINTS FOR RANDOM WALKS 221

THEOREM 1.3. ForanyO<oa,B <1and$ >0,

log| L, () N D(x,nP)|
logn

lim max P(

n—00 ye72\{0}

(1.5)
— 2801 —a)‘ > S‘x c £,,(a)) —0.

Further, choosing Y, uniformly in L£,(a),

log | £, (a) N D(Y,,, n?
(1.6)  lim &L @ODE Doy i probability.
n—o00 logn

The predictions of [1], which motivated our work, are related to another de-
scription of the clustering properties of £,(«), obtained by focusing on pairs of
late points.

THEOREM 1.4. LetO<a,B < 1.Then

. logl{(x,y) € L2(a) :d(x, y) < nP}]
(1.7)  lim =
n—oo logn

p(a, B) in probability,
where
2428 —4a/2—p), if p<2(1 —a),
2 .
8(1— Vo) —4(1—va)’ /g, ifB=2(1-a).
For the mean number of pairs of «, n-late points within distance n? of each

other, Brummelhuis and Hilhorst ([1], (3.36)) obtain different growth exponents
2428 —4a/2—p), if B <2—+2a,

(1.8)  p(a,p) = {

(1.9) ple, B) =[

6 — 4/ 2, if 8>2—42a.
As we explain below, the functions
(1—yB)?
(1.10) Fip) =g+ hy*8B,

of y > 0, with & a nonnegative integer, play an important role in the study of late
points. It can be easily checked that

(1.11) ple.p)=2+26=2a inf Fas(y),
where

(1.12) Top=1{y>0:2—28—2aFg(y) >0}
(see Section 9). It is also easy to verify that

(1.13) pla, B) = sup sup{2+ 28" =20 F» g ()},

B'=Bv=0
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so the difference between p(w, 8) and p(«, 8) is that the supremum in (1.13) is
not subject to the constraint that y € I'y g. As explained below, this constraint
differentiates the median number of pairs of «, n-late points within distance n® of
each other, easily obtained from (1.7), from its mean (found already in [1]).

The key to our approach lies in the following heuristic picture relating the late-
ness property to certain excursion counts for the random walk: fix an appropriate
sequence of increasing radii rx, k = 1,..., k,, with rgq1/rg ~ ri/ri—1, ro =1
and ry, < n, and count the number of excursions N, (k) between D(x,ri—1)
and D(x,ry). A point that has many fewer than the typical number of excur-
sions between these levels, by time 4o (nlogn)?/m, is also extremely likely to
be o, n-late (see Lemma 4.1). Further, a typical x € £, () has an atypical profile
of excursion counts, determined approximately by considering a one-dimensional
simple random walk on the set {1, ..., k,}, started at k,, and conditioned not to
hit 1. Thus, not only is the point x not hit by the random walk, but in fact a neigh-
borhood of it is visited less often than it would have been otherwise, and this
creates a large cluster of «, n-late points in a neighborhood of such x.

Large deviations estimates for this one-dimensional walk imply that certain
o, n-late points x have a much smaller number of excursions N, (k) between
discs in an intermediate scale k,,, forcing an accumulation of many «, n-late points
in D(x, r,;n). In more detail, for g, ~ nP, the probability of N, (kn) being near the
value typically associated with ay?, n-late points is about n~2¢F0.6()_Given such
a value of N, (k,), the probability that x is an «, n-late point is about n =% 7’8 Con-
sequently, the probability of x being «, n-late with N, (k,) near the value typically
associated with an ayz, n-late point is about n_z"ﬂ”f‘(y)n_z"‘yzﬁ = p20F1p()
and if we require that also a specific y of distance ~ n® from x is «, n-late, the
probability is further reduced to about n =215 (p=227*8 = p=2¢F25(¥) The con-
straint y € I'y g in (1.11), which is missing in (1.13), represents the range of values
of Ny (kp) possibly found when examining all O (n?~2P) centers x of discs of ra-
dius n? that cover the torus Zﬁ. Indeed, due to this constraint, the median of num-
ber of pairs of «, n-late points within distance n? of each other is about n?®#),
whereas the mean of this variable is of the different order of magnitude n?@#).

The value of p(«, B) is obtained by taking y € I'y g for which the probability
of locating specific pairs of «, n-late points is maximal. This value of y coincides
with the unconstrained minimizer of F g(-) if and only if 8 <2(1 — J/a), thus
explaining the jump of d?p/dB? at B =2(1 — /o). It is never the same as the
typical y =1 [i.e., the minimizer of Fj g(-)], which one finds in most discs of
radius n® centered at «, n-late points. Hence, y = 1 controls the exponent of The-
orem 1.3. In contrast, the exponent of Theorem 1.2 is controlled by y = 1/8 [i.e.,
the minimizer of Fp g(-)], found in most of the O (n*~?P) discs of radius nf that
cover Z2.
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Organization. After a short section which collects some facts about the SRW,
our paper is divided into three parts. The first part is about “global” properties of
the set of «, n-late points. It consists of Sections 3—5, where, adapting the argu-
ments of [4], Sections 2, 3, 6, 7, to the context of simple random walk, we prove
Proposition 1.1 and lay the groundwork for all other results. The second part deals
with clustering of late points. It starts with the large deviation probability bounds
of the form n=2*F1.5()  given in Section 6, which are key to our upper bounds, and
moves on to the proofs of Theorems 1.2 and 1.3. The third part of the paper deals
with Theorem 1.4 about pairs of «, n-late points. Applying the bounds of Sec-
tion 6 we derive the upper bound in Section 9, where we also solve the variational
problem (1.11), with the complementary lower bound derived in Section 10 by a
refinement of the construction of Section 4. In the final Section 11 we describe
possible extensions of our results. We note that the arguments in this paper are
based on direct analysis of the random walk, rather than a strong approximation
argument with Brownian motion.

2. Random walk preliminaries. Let S,, n > 0, denote a simple random walk
(SRW) in Z? and let X 1,1 >0, denote SRW in Z%. In this section we collect some
facts about S,,,n > 0, and X,,, n > 0. We adopt here and throughout the paper the:

CONVENTION. Throughout, a function Z(x) is said to be O (x) if Z(x)/x is
bounded, uniformly in all implicit geometry-related quantities (such as K). That is,
Z(x) = O (x) if there exists a universal constant C (not depending on K) such that
|Z(x)| < Cx.Thus x = O(x) but Kx is not O(x). A similar convention applies to
the symbol o(x).

Let D(x,r) ={y € Z?:|y — x| < r} where |z| denotes the Euclidean norm of z.
For any set A C 72 we let A = {y € Z?:y € A¢,and inficp |y — x| = 1} and
A= AUJA. For any set B C Z? let Tg = inf{i > 0:S; € B} and T}, = inf{i >
1:S; € B}. For x, y € A define the truncated Green function

o0
Galx,y) =) E*(Si=y.i <Tya).
i=0
We have the following result which is Proposition 1.6.7 of [7]. For any x € D(0, n)
log(n/|x]) + O(1x|~" + (logn)~")

2.1 P* (T, T =
2.1 (To < Tsp(0,n)) logn
and
2 n 1 _1
2.2) Gpo,n(x, 0) = ; log m +O0(x|"" +n ).

We next note formula (1.21) of [7]: Uniformly for x € D(0, n),
(2.3) n® — x> <E (Tapom) < (4 17 — |x[°.
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We also have the result of Exercise 1.6.8 of [7]: Uniformly in r < |x| < R,
log(R/|x) + 0"
log(R/r)
Define the hitting distribution of the boundary of A by
Hya(x,y) =P (S, = ).

We have the following Harnack inequality.

(2.4) P*(Typo.r) < Topo.R)) =

LEMMA 2.1. Uniformly for § <1/2, x,x" € D(0,8n) and y € dD(0, n),
(2.5) Hypo.m(x,y) = (1+ 0@ + 0™ ))Hypo,n (', y).

Furthermore, if 8 < 8§ are such that

min P*(T. <T. ) > 1/4,
. (Tsp©,n) < Typ0,5m)) =1/

then uniformly in x € 0D (0, én) and y € 0 D(0, n),
P (8750, =¥ Tano.m < Top©,5m)

(2.6)
=(1+0@©) + 0@ NP (Tspo.n) < Ton©.5m) Hap©.m) (X, ¥).

PROOF. By Lemma 1.7.3 of [7], forany y € dD(0,n) and 6§ < 1/2,
Hypom(x. )= > Py(STa/D(O W2UBDOM) 2)GpE.m (@ %).
2€dD(0,n/2) ’ '
But

Gp©,(1-8m (@ —x,0) = Gp,n) (2, %) = G p,(1+8)m) (2 — x,0)

and by (2.2), with [z — x| =n(1/2 + 0($)),
2 (1 £8)n

Gpo,(1+5m)(z—x,0) = — log<
T |z — x|
2 1+6
= —]0g<7
1/2+ 0(@)

)+0m*)

T

>+0m4)

and (2.5) now follows.
Turning to (2.6), we have

P (ST, 50 = > Tap©.n) < Tap(0.6'n))
2.7

= Hyp©0.n)(*, ¥) =P (S1yp0.0 = V> Ton0.1) > ToD(0,5'm))-
By the strong Markov property at Ty p(0,s'n)>

P (87,0 = ¥> Ton©.n) > Tap(0.6'm))
(2.8)

=E"(Hyp©,0) (ST, 10,50 Y); TaD©.1) > ToD(0,5m))-
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Since 9 D(0, §n) separates d D(0, n) from d D(0, §'n), by the strong Markov prop-
erty and (2.5), uniformly in w € dD(0, §'n),
Hpo.m)(w, y) =E"(Hap0.n) (STyp0.5m0 Y))
= (1+ 0 + 0™ ) Hypo.n (x, y)-
Substituting back into (2.8) we have
P (ST, p0 = > Ton©0.n) > Tap(0.6'n))

=(1+ 0@ + 0@ )P (Tsp©.n) > Tap©.5m) Hyp0.m) (X, ¥).

Combining this with (2.7) and the assumptions of the lemma, used to control
the error terms, we obtain (2.6) which completes the proof of the lemma. [J

Combining the above with Lemma 1.7.4 of [7] we see that if 1, denotes uniform
measure on d D (0, n), then for all § < 1/2 and some constants 0 < c =c(§) < C =
C(8) < oo we have that uniformly for x € D(0, én),

(2.9) cpn(-) < Hypo,ny(x, ) < Cun(-).
Let ﬁA (z,x) = PZ(XTA = x) be the hitting measure on A C Z%( by X, with

T4 and TA the corresponding hitting times. When dealing with X, sets such as
D(x,r) and 0 D(x, r) are defined with respect to the L?-distance d(-, -) in Z%(.

LEMMA 2.2. Uniformly in K, z,7 € 9D(0, R) and x € dD(0, r) with 4r <
R<K/2,

~ r R ~
(2.10) Hypo.r)(z,x) = (1 + O(E log 7>)HaD(o,r)(Z/, x).

Furthermore, if 4r < R < R’ < K /2 are such that

in P¥(T} T, n) > 1/4,
ZGBI}}I({)"R) (3D(O,r)< 8D(0,R))— /

then uniformly in z € dD(0, R) and x € 0D(0, r),

PZ(XTémo.r) =% Typo.n < Tapwo,x))
@.11) i
r —~
= (1 + 0(} log 7))PZ(T3/D(O,;") < Typo. ) Hoapo,r) (2, %),

and if in addition rl = 0(%), then uniformly in z,7/ € dD(0, R) and x €
aD(0,r),

P(Xzy, 00 =% Tano.r < Tino.r))
(2.12)

—(1+0(Z10g X))p7 (x =X T} T
=1+ R 08 ( Tipor — %> 1aDO.r) < 3D(O.R"))-
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PROOF. The bounds of (2.10) will follow immediately from the fact that uni-
formly in z € D (0, R) and x € 9D(0, r),

~ r R
Hypo,r(z,x) = (1 + 0<E log 7))
(2.13) . /
P (Typ0,r) > Typo,r/2)

X - i
Y veano.n P Tipo.n > Topo.r/2)

This is the equation above Theorem 2.1.3 of [Z]. However, since that equation
deals with the simple random walk in 7Z? and H, D(0,r)(2, x) involves paths for
which the difference between Z? and Z%( might be significant, we next explain

why the same proof works for Z%(.
The proof of Lemma 2.1.1 of [7] shows that, with A = dD(0,r), B =
dD(0,R/2)and z € 0D(0, R),

2 veB 55(01)5(@ v) Haug (v, x)
ZveB GB(O,r)c (z, U)PU(TA < ng) ’

with G 0.1 (@ V) the Green’s function for D(0, ), the complement of D(0, r)

Ha(z,x) =

in Z%(. But this gives

Hpup (v, x) < AA(z. x) < max Hpup (v, x)

veB PV(T) < Tp) veB PV(T, < T}p)’

Note that B = dD(0, R/2) separates A = dD(0,r) from the complement of
D(0, R/2) in Z%{. Hence, the above max and min involve expressions that
are determined by paths confined between A = 0D(0,r) and B = dD(0, R/2),
which are thus the same for the simple random walks in Z? and in Z%(. Conse-
quently, (2.14) is precisely the top inequality on page 49 of [7], from which (2.13)
follows. This completes the proof of (2.10). The bounds of (2.11) follow from
(2.10) in the same way that (2.6) follows from (2.5). Finally, combining (2.10),
(2.11) and (2.4) leads to (2.12). [

(2.14)

We next show that for R’ 3> R > r > 1, the o -algebra of excursions of the path
from 9D (0, r) to dD(0, R), prior to Typ(o, gy, is almost independent of the initial
point z € 3D(0, R) and the final point w € dD(0, R’).

LEMMA 2.3. For 4r < R < R’ < K/2 and a random walk path starting
at 7€ D(0, R), let # denote the o-algebra generated by the excursions of
the path from dD(0,r) to dD(0, R), prior to Typo,r. Suppose rl = 0(%)
and 1og(R'/R) > (1/4)log(R/r). Then, uniformly in K, z,7' € dD(0, R), w €
dD(0,R') and B € J,

R
(2.15) PZ(B|XT8D(O’R,) =w)= (1 + 0<F)>PZ(B)
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and
(2.16) P*(B) = (1 + 0(% log §>)PZ/(B).

PrROOF. Fixing z € aD(0, R) it suffices to consider B € # for which
P?(B) > 0. Fix such B and a point w € dD(0, R’). Let tp =0 and for i =0, 1, ...
define

Di+1 =inf{t > 1; : S, € 0D (0, r) U3 D(O, R)},
Ti2 =inf{t > 1;41: 8, € 9D(0, R)}.

Abbreviating T = Typ(o,r’), note that T = 15,41 for some (unique) nonnegative
integer /. For any i > 1, we can write {B, I =i} ={B;, 12; <t} N({I =0} 00y,)
for some B; € ¥7,,, so by the strong Markov property at 77;,

E*[X; =w; B, I =i]=E[EX% (X; =w, [ =0); Bi, o; < 7]
and
P(B,I =i) =E*[EX2i (I =0); B;, 72; < 7.
Consequently, for all i > 1,

EX;=w; B, I =i]
2.17)

EX(X;=w; I =0
SPB.I=i) min L Ki=w )
x€dD(0,R) EX(I =0)

Necessarily P*(B|I = 0) € {0, 1} and is independent of z for any B € J#, implying
that (2.17) applies for i = 0 as well. By our assumptions about r, R, R’, (2.4), (2.5)
and (2.6) there exists ¢ < oo such that for any z, x € 3D (0, R) and w € dD(0, R'),

E'(Xz =w; 1 =0)> (1 —cR/R)E* (I =0)Hypo.r(z, w).
Hence, summing (2.17) over I =0, 1, ..., we get that
E*[X: =w, Bl > (1 — cR/R"P*(B)Hyp(o,r)(z, w).
A similar argument shows that
E*[X: =w, B] < (14 cR/R)P*(B)Hyp(o,r)(z, w),

and we thus obtain (2.15).
By the Markov property at 71, for any z € dD(0, R),

P(B) = P*(B, I =0)

+ Z ﬁaD(O,r)UaD(O,R’)(Zsx)Px(B)-
x€dD(0,r)
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The term involving {B, I = 0} is dealt with by (2.4), and (2.16) follows by (2.12)
and our assumptions about r, R and R’ values. [J

Building upon Lemma 2.3 we quantify the independence between the o -algebra
g~ of excursions from dD(x, R") to dD(x, R), and the o-algebra #*(m) of ex-
cursions from dD(x,r) to dD(x, R) which occur during the first m excursions
from dD(x, R) to dD(x, R'). To this end, fix 4r < R < R’ < K/2 and x € Z%, let
To=0,and fori =1, 2,... define

T, =inf{t >T,_1:X; € dD(x, R)},
T, =inf{t > 1;: X; € dD(x, R)}.

Then * is the o-algebra generated by the excursions {e!/), j =1,...}, where
eV = (X, :Tj—1 <t <tj} is the jth excursion from dD(x, R’) to dD(x, R) (so
for j =1 we do begin at t = 0). We denote by #*(m) the o-algebra generated
by all excursions from d D(x, r) to d D(x, R) from time 7| until time T,,. In more
detail, foreach j =1,2,...,m let Ej,O =rtjand fori =1,... define

¢ji =inf{r > Ej,i—l : X, €dD(x,r)},

¢ji=inf{t > ¢;i: X, €9D(x, R)}.
Letvj; ={X;:¢j;i <t =< EJ-J-} and Z/ = sup{i > O:Zj,i < T;}. Then, #*(m) is

the product o -algebra generated by the o -algebras J(’j‘ =o(j;,i=1,..., 77y of
the excursions between times 7; and 7, for j =1, ..., m.

LEMMA 2.4. There exists C < oo such that uniformly over R < 4r < R <
R’ < K/2 withlog(R'/R) > (1/4)1og(R/r), all m < R/(rlog(R/r)), X, Yo, y1 €
73 and A € H*(m),

r R
(1 — Cmﬁlog 7)Py' (A) <P(A|gY)
(2.18) , R
< (1 + Cm—log —)Py‘ (A).
R r

PROOF. Applying the monotone class theorem to the algebra of their finite dis-
joint unions, it suffices to prove (2.18) for the generators of the product o -algebra
F*(m) of the form A = Ay x Ay x --- X Ay, with Aj € ij‘ for j=1,...,m.
Conditioned upon " the events A ; are independent. Further, each A ; then has the
conditional law of an event B; in the o -algebra # of Lemma 2.3, for some ran-
dom z; = X —x€ 0D(0,R) and w; = Xz, —x € aD(0, R"), both measurable
on §*. By our conditions on r, R and R’, the uniform estimates (2.15) and (2.16)
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yield that for any fixed z' € dD(0, R),

m
PO(A] x Ay x -+ x Apl§Y) = 1_[ P (leXTaD(o,R’) =wj)
j=1

m R : .
(2.19) =,~11<l+0(ﬁ)>1) (B;)

r R m.m Z/
=<1+0(E10g7>> j];[IP (B)).

Since m < R/(rlog(R/r)) and the right-hand side of (2.19) depends neither on
Yo € Z%( nor on the extra information in §*, we get (2.18) by averaging over §*.
O

REMARK. Lemma 2.3, which deals with the path of the walk in l_)(O, R,
applies for the simple random walk S, in Z2. Consequently, by the same argument
as above, the bounds of (2.18) also apply for S,,.

3. Hitting time estimates and upper bounds. For any first hitting time 7" we
set || T|| = sup, E(T). By Kac’s moment formula for the strong Markov process
X, (see [5], (6)), we have for any n and y

(3.1) EY(T™) < n!EY (T)||T|"".

Throughout this section, consider constants r, R such that 0 < 2r < R < %K .
Per fixed x € Z%{, we let

(3.2) 1O =inf{r >0: X, € dD(x, r)},

(3.3) oD =inf{t > 0: X, 0 € dD(x, R)},

and define inductively for j =1, 2, ...

(3.4) ) =inf{t >0 : X, 4g, | €3D(x, 1)},

(3.5) ot =inf{t > 0: X,45, € 0D (x, R)},

where T ; = Z,j:of(i) for j=0,1,2,.... Thus (), J = 1,1is the length of the jth
excursion &; from 0 D(x, r) to itself via 9D (x, R), and o) is the amount of time
it takes to hit d D(x, R) during the jth excursion &;. Hereafter, we set T = M and

use the abbreviation 0r = 9D (x, r).
The following lemma will be used repeatedly.
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LEMMA 3.1. There exists c; < oo such that for all 1 > n>ci(1/r +r/R)
and R < K /6,

2 R
(1- n)—K210g<—> < min E’(r) < max EY(7)
Y r x,yeZ% x,yeZ3

(3.6) , .
<+ n)—K210g<—),
s r

2 R
3.7) max max EY(Typu.r)) <c1K log| — ),
xeZy y€dD(x.R) r

and for all r > ¢y,

2 K
(3.8) max ” Typ(x,r) H <c1K“log|l — ).
er%( r

PROOF. Let X be distributed uniformly on Z%(. Then {X,} is a stationary and
ergodic stochastic process. By Birkhoff’s ergodic theorem we then have that

R 1
Th_)moo - ; 1 (X)) = e a.s.
Thus, with ¥_1 =0,

)
1/nY"_ [ | (X; 3&_) 1
(3.9) tim ZJ—OZ’—,? ks L
n—00 1/,12],:01(1) K2

a.s.

For j>1setZ; = ) — Ep(r(j)lff”g]._l) = () _E¥5ja (t), where p is uni-
form measure on Z%(. By the strong Markov property we see that {Z;} is an or-
thogonal sequence. Since any irreducible Markov chain with finite state space is
positive recurrent, we have that || 75, |, || Tar || < 00, and using (3.1) we see that the
sequence {t/)} and hence {Z ;j} has uniformly bounded second moments. It fol-
lows from Rajchman’s strong law of large numbers (see, e.g., [2], Theorem 5.1.2)
that

L& Xz
(3.10) lim — Z{r(f) —E"Si-1(1)} =0  as.
n—-oon j:1

Similarly, set 0@ =7 and for j=0let

() )

Yi=3 1wm(Xisx, ) =D L (Xits; ),
i=0 i=0

5 Xz
Yj=Y; —B/(Y;|Fx, ) =Y; —E 511
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By the strong Markov property (Y i} 1s also an orthogonal sequence, and since
Y; < (), the sequence {Y;} also has uniformly bounded second moments. Thus,
by Rajchman’s strong law of large numbers,

1 X,
(3.11) nlgr(}o; E I{Yj —E*Si-1(Y)}=0 a.s.
]:

It follows from (2.2) that for some finite universal constant co > 1 and all 1 <
r<R/3<K/6,

2 /R L
— log<—) —cor” " < minminE”(Y7)
T r X yedr

(3.12) < maxmax EY (Y})

X  yeor

< —log<—> +cor .
/4 r

With t© finite, we get by combining (3.9), (3.10) and (3.11) that almost surely,

n Xt
. <1/n>z,~:1EXff ® _ 2
"1/ n) Y BTN

Consequently, in view of (3.12), for some finite universal constant ¢; and all
I1>n>ci(1/r+r/R),

2 R
—<1 — Q)K%og(—) <maxE’ (1),
T r

3 year

2 R
rmnE%ryg—(1+ﬂ>K2mg(—)
T 3 r

yeor

(3.13)

For y € dr, we have 7(¥) = 0 and by the strong Markov property at the stopping
time oV,

(3.14) EY(0) =E(Tyr) + ) Har(y, DE (Tyy).
zedR

Thus, enlarging co as needed, it follows from (2.3) and Lemma 2.1 that for all
1 <r <R/co,

(3.15) mmeﬂ5(1+mi>mmeﬂ.
yeor R/ yeor

Taking also c¢; > 3cg, we get (3.6) by combining (3.13) and (3.15).
Turning to prove (3.7), consider (3.14) for y € dr and 3R instead of R. Then,
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by (3.6) and (2.9),
(3.16) c(1/3)EM3R(Ty,) <2K?1og(3R/ 7).

Using the strong Markov property, (2.3), (2.9) and (3.16), we thus have that for
any y € 0R,

EY(Ty,) <EY(To3r) + E(Tsr — Tazr; Tor > Th3r)

(3.17) <GR+12+4 C<%>E“3R(Tar)

2 R
<c2K“log( — ),
r
for some universal ¢y < 0o and any r, R as in the statement of (3.7). Making sure
that ¢ > ¢, this completes the proof of (3.7).
To prove (3.8) we use the bound (3.17) when the distance of y from x is between
Ry =r/ci and K /6, and that of (2.3) when y € D(x,r). As for y € D(x, Rp) \
D(x,r), since

EY(Ty,) <EY(Tyr,) + max E*(Ty,),
ZEaR()

we get the stated bound by combining (2.3) (for the first term above) and (3.17).
Finally, fixing y € Z% \ D(x, K/6), we establish the bound of (3.8) by noticing
that the value of IEY(T}3,) for the random walk on Zgz K is then nondecreasing in £,
and adjusting c¢] accordingly (to accommodate the use of, say, Zfé k) U

The following lemma, which shows that excursion times are concentrated
around their mean, will be used to relate excursions to hitting times.

LEMMA 3.2. With the above notation, we can find 69 > 0 and C > 0 such that
if R<K/2and < 68ywithé > 6ci(1/r +r/R), then for all x, xg € 73,

N 2
pio (Z D < (1 - 5)2K log(R/r)N>
j=0 &

(3.18)
< ¢~ C8*(log(R/r)/log(K /r))N
and
N 2K21og(R/r)
P> V> (148 —5N
. V4
=0
(3.19) !

< ¢~ C8%(log(R/r)/log(K /)N
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PROOF. With t =11 = {(Tyg + Ty, 0071} 0 Or,,, clearly
max EY (t") < maxE” ({Tyr + Ty 0 01,5 }")
y year

= Z ( )maXEy TajR(Tanr 0 01,,))

year
< B (T B2 (T,
2 () e rh e

Let v =22 log(R/r) and u = 2% 1og(K /r). Thus, by (3.1) and (3.7), there exists
a universal constant ¢3 < oo such that for all x € Z3,

max Y (t") < max EY (Tyg) | Tyr |~
y year

n—1
(3.20) +2c1 Y nUTyrI vl Ty, "7 "
j=0

<v(caw)" '+ 1),

where we also used (2.3) and (3.8) in the last inequality. Taking n = §/6 > 0, with
our choice of r and R, it thus follows by (3.6) that for p = cquv and all 6 > 0,
max max E'(e %")<1—60min min E’(z)
X yedD(x,r) X yedD(x,r)
92
Z EY
(3.21) + > mj?xyeg%aé " (r )
<1-60—n)v+ pb?

<exp(pf? —6(1 —n)v).

Since 7(» > 0, using Chebyshev’s inequality we bound the left-hand side of (3.18)
by

N .
PXO(Z W <1 - 6n)vN) < e@(lf3n)vNEx0(e—9 PO Tm)
—
322

< ¢0VNY/3 [69(1—;7)1; max  E (e—ar)}N’
yedD(x,r)
where the last inequality follows by the strong Markov property of X, at {T;}.
Combining (3.21) and (3.22) for 8 = §v/(6p), results in (3.18) with C = 1/(36c¢4).
Since @ =Ty, by (3.1) and (3.8) there exist universal constants cs, cg < 00
such that

0)
max E” (e* /05”) < cg,
X,y
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implying that
©
po (,(0) - évN) _ pXO(T_ . iBN) < cge—Be 80N
-3 csu ~ 3csu -

Thus, the proof of (3.19), in analogy with that of (3.18), comes down to bounding

N N
P (Z V> (1 —|-477)vN> < ¢ 0UN/3 (6_9(1”'7)” max Ey(eef)) .

= yedD(x,r)

Noting that, by (3.20) and (3.6), there exists a universal constant cg < oo such that
for p =cguv and all 0 < 6 < 1/(2c3u),

n

o0
0
max max BEY(’T) <1+46(1+n)v+max max Z —EY (")

X yedD(x,r) X yedD@.r) = n!

<1461 +2nv+ p6% <exp(6(1 +2n)v + pb?).
Taking &9 < 3cg/c3, the proof of (3.19) now follows that of (3.18). [

We next apply Lemma 3.2 to bound the upper tail of Tk (x), the first hitting time
of x € Z%.

LEMMA 3.3. Forany § > 0 we can find c < oo and Ky < 0o so that for all
KzKo,yEOandx,xer%(,

(3.23) PO(Tk (x) = y(K log K)?) < ck—(1=970/2,

PROOF. Fix § € (0,80). Set R = K/7 and r = R/log K, noting that
Lemma 3.2 then applies for all K > K and some Ko = K((8) < oco. Fixing y >0
and such K, let

my(log K)?
ng :=(1-8§——7>——.
2log(R/r)
Then,
PY(Tk (x) = y(K log K)?)
(3.24) . ik 5
<P Tx(x)> Z )| 4 po Z TV > y(KlogK)? ).
j=0 j=0
It follows from (3.19) that

ng
Pro (Z ) > y(K log K)Z) < e—C’y(logK)z/loglogK
Jj=0
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for some C’ = C’(8) > 0. Moreover, the first probability in (3.24) is bounded above
by the probability of not hitting x during nx excursions of SRW in Z?, each start-
ing at some point in d D(x, r) and ending at d D(x, R), so that by (2.1)

ng nkg
Po(Tx(x) > V) < <1 _ logR/r+ 0(1/1°gK)>
) log R

(3.25)
< e—(1—28)10g(K)ny/2’

and (3.23) follows. [J

We next provide the required upper bounds in Proposition 1.1. Namely, for any
a € (0,1] and y > 0, we have by Lemma 3.3, that for y/(2«) > 6 > 0 small
enough,

P(Hx c72 . Tk 40‘/77}‘ - Kz(l—a)+y>
K (Klogk)? = -

{er%‘%_ a/n”)

2w Tk (x)
2(1—a)—y Z ((K]igK)2_4a/n>

2

< K—2(1—a)—yE<

(3.26)

< K¥e—rv .
K—o0

4. Lower bounds for probabilities. Fixing a < 2, we prove in this section
that for any & > O there exists ng(§) < oo such that

4.1 P cez2 K o, > K27470) > 1 — 28,
@ <{x T ATy Al R A

for all integers K, = n}’(n!)3 with n > ng and y € 4 = [b, b + 4] for some univer-
sal b > 10 (determined in Lemma 4.2). Because such K, cover all large enough
integers, it follows from (4.1) that

7,
lim P< {x eZ?: _Iml) > 2a/n” 2—0—5) =1,
m—00 (mlogm)?

which in view of (3.26) results with Proposition 1.1. Hereafter, any estimate in-
volving the fixed sequence K, = n” (n!)? holds uniformly in y € { (even if this
is not stated explicitly). Consequently, we may and shall prove each of our results
only for this sequence, which already implies that they hold true for all integers
large enough.

We start by constructing a subset of the set appearing in (4.1), the probability of
which is easier to bound below. To this end, let ro =0 and r; = (k)3 k=1,....
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For any a > 0 set ny = ni(a) = 3ak®logk and for x € Z and k =3,.
let Ry = Ry (a) denote the time until completion of the ﬁrst ny(a) excursions
from 8D(x rr—1) to 9D (x, rr). (In the notation of Section 3, if we set R = r; and
r=rg-1, then R =3 7)) For x € Zg, , 2 <l <k —1,let N, = N (a)
denote the number of excursions from d D (x, r;—1) to dD(x, r;) until time Ry (a).
Let N ,f’O =N ,f’o(a) denote the number of visits to x prior to time Ry (a).

Fix p < (2 — a)/2. Writing m !ink if [m — ng| <k, we will say that a point
X € Z%(n is n-successful if

(4.2) Nig=0, N Am  Vk=pn,...n—1

n,

Note that N7, = 0 is equivalent to the statement Tk, (x) > R; . Hence the next
lemma relates the notions of n-successful and first hitting times.
LEMMA 4.1. Let
8, ={x e Z% : Tk, (x) > R }.
Then, for some c > 0 independent of y and all n > ny,

TK (x) } -1 — 2 1
P T <a/w —2/1 < cn/logn
(xg {(K log K, )2 = a/mw /logn )_c e

PROOF. We have that for some C > 0 and ng < oo, both independent of y, all
n >ngp and any x, xg € Zzn,

Py :=P(Tk,(x) < (2a/m —2/logn)(K, log K,)?, Tk, (x) > R;)

3an210gn

< Px0< Y Y <@a/m —1/logn)K;(3n logn)2> < ¢=Cn*/logn,
j=0

where the last inequality is an application of (3.18) with R =r,, r = r,_1 [so

log(R/r) =3logn] and § = w/(2alogn). To complete the proof of the lemma,

sum over x € Z%{n and let ¢ < C/2 be such that c~le=ens >1. O

For any x € Z%{” let Y (n, x) be the indicator random variable for the event {x is
n-successful}. In view of Lemma 4.1, we have (4.1) as soon as we show that

(4.3) P( > Y(n,x) = K,%_“_‘S) >1-3,

2
xEZK”

for any § > 0, all n sufficiently large and y € J.
Adopting hereafter the convention that o(1,) terms are uniform in y € {, the
key to the proof of (4.3) is the next lemma (whose proof is deferred to Section 5).
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LEMMA 4.2. Fixp<p' <2—a)/2andletl(x,y)=max{k:D(x,re+1)N
D(y,ry + 1) = &} A n. There exist b > 10 independent of a and p, and g, >
_a+0(1n)
Tn such that

(4.4) P(x is n-successful ) = (1 4+ o(1,))Gn,

uniformly in y € § and x € Sk, = Z%{n \ D(0, r,). Furthermore, for any € > 0
we can find C = C (b, ¢) < 0o such that for all n and any x,y € Sk, with p'n <
I(x,y) <n,

n a+e
4.5) E(Y (n, x)Y (n,y)) < q‘,%an”—“"’”(—) :
Fi(x,y)
while for all n and x,y € Sk, withl(x,y) =n,
(4.6) E(Y (n, )Y (n, y)) < (1 +0(1,))q,
Let
V= > E(Y(n, x)Y(n,y)), t=0,1,...,n.

x,yeSk, l(x,y)=¢
Since, by (4.4),

E( > Y(n,)c)) = (14 0(1,))K>2g, > K2~ +oln),

xESKn
by (4.6) and the Paley—Zygmund inequality (see [6], page 8), inequality (4.3) is a
direct consequence of the bound

n—1

4.7) Y Ve <o(1n)Kpgp-
=0

Turning to prove (4.7), the definition of /(x, y) implies that
d(x,y) <2(ri¢e,y+1+ 1),

and there are on Z%( at most C()r(Z 1 points y in the disc of radius 2(rg41 + 1)
centered at x, where in the sequel we let C,,, denote generic finite constants that
are independent of n. Since 2p’ <2 —a,

p'n—1
“8) Y Vi< > E(Y (n,x)) < C1Gn Ko, < 0(1) Ky
= x,yeZ%(n,d(x,y)fbprn

Choose ¢ > 0 such that 2 —a — ¢ > 0 and fix £ € [p'n, n). Then, by (4.5), we have
that

r ate

- — n

Ve < Cngrqunzan” E(r_) .
¢
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Consequently,

n—1 ro\ 4t
S Vi < Cok22nt Z cn—t £+1( n>
re

{=p'n {=p'n

2—a—¢
(4.9) < C2g?Kn= nb*o Z cn- E( )

{=p'n
OO .
< C2q2K4 -2 Z erj_(z—(l—é‘).

Combining (4.8) and (4.9) we establish (4.7), and hence complete the proof of (4.3)
and thus of (4.1).

5. First and second moment estimates. Fory e Z andn >1>3let§; j de-
note the o -algebra generated by the excursions of the random walk from d D (y, r;)
to dD(y, r;_1) as defined in Lemma 2.4 (for R’ =r; and R = r;_1). We start with
the following corollary of Lemma 2.4 which plays a crucial role in the proof of
Lemma 4.2.

COROLLARY 5.1. LetI'; = {N k=mi;k=0,2,...,1—1}. Then, uniformly

overallnleno,)?6i,mlAl/nl,{mk:kzO,Z,...,l—l},yEZ%(H and xg, x1 €
Zx \ D(y, ),

(5.1) PO(TYIN,, =mp §)) = (14+ 0™ (log )P (TN, = mp) Ly,

=m}*

PROOF. For j=1,2,...and k=2,...,] — 1, let Z,{ denote the number of
excursions from 0D (y, rr—1) to 8D(y rr) by the random walk during the time

interval [, T ;]. Similarly, let Z denote the number of visits to y during this time
interval. Clearly, the event

mj .

Y Zi=mp:k=0,2,....1—1

j=1
belongs to the o-algebra F#¥(m;) corresponding to r = r;_p in Lemma 2.4. It is
easy to verify that starting at any x ¢ D(y, r;), when the event {Nny, [ =m} € 9,5

occurs, it implies that N,fk = Z"l] Z,{ fork=0,2,...,1—1. Thus,

(5.2) P11y =PO(AIg)1

—fm} - _ml}

For some universal constant ny < oo and all [ > n( the conditions of Lemma 2.4
apply for our choice of R =r;, R =r;—y and r = r;_p with (r/R)log(R/r) <
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4173 1ogl. With m; /(1> logl) bounded above, by (2.18) we have, uniformly in y €
Z% and xo, x1 € Zg \ D(y. ),

(5.3) P (A[g)) = (14+ 0™ (log))?))P*1 (A).
Hence,
PXO(F,|97)1{N3J:W} = (1+ 0 ' (logh*))P"! (29 V-
Taking xo = x; and averaging, one has
PNy =mp) = (1+ 0" (log)*)P*I (A)
= (140" (og)*))P(Al§]),

where the second equality is due to (5.3). Using that {Ng’l =my} C gly, (5.2)
and (5.4) imply (5.1). O

(5.4)

PROOF OF LEMMA 4.2. We start by proving the first moment estimate (4.4).
To this end, let m = (mpy, mpn41, ..., my) be a candidate value of N,f’k, k =
on,...,n,and set |m| =2 mj — 1. Let J¢,(m) be the collection of maps
(“histories™),

n
j=pn

s:AL2,...,|\m|}— {pon—1, pn, ..., n}

such that s(1) =n — 1,s(m|) =n, |s(j + 1) — s(j)| = 1 and the number of up-
crossings from £ — 1 to ¢

u@ =:|{(, j+ DI(G),sG+ D)= —1,0} =me.

The number of ways to partition the u(£) up-crossings from ¢ — 1 to £ before
and among the u (£ + 1) up-crossings from £ to £ + 1 is

(u(€+ 1) +u() — 1>
u(l) ’

Since the mapping s is in one-to-one correspondence with the relative order of all
its up-crossings,

196,07 = [] (””“*’”6‘1).

m
{=pn ¢

To each path w of the random walk X. we assign a “history” h(w) as follows. Let
7(1) be the time of the first visitto d D(x, r,—1), and define 7 (2), (3), ... to be the
successive hitting times of different elements of {0D(x,7p,—1),...,90D(x,1y)}.
If y e 0D(x,ry) for some k, let ®(y) =k and set h(w)(j) = P(w(r(j))). See
Figure 1.

Let h), be the first k coordinates of the sequence h. Let py = log(re+1/re)/
log(re41/re—1) and g, = log(r¢/re—1)/logre. Note that log(d(y,x)/r) =1+
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FIG. 1. A path with “history” h(w) = (4,3,2,3,2,1,2,3,4,5).

O(r~") for any r, uniformly in x and y € 3D(x,r). So, applying the Markov
property successively at the times t(1), 7(2), ..., t(|m| — 1) and relying on (2.4)
except for up-crossings from pn — 1 to pn, for which (2.1) applies, or for down-
crossings from n to n — 1, which occur with probability 1, we get that uniformly
for any s € #,(m) and x € Sk, ,

P{hw =s, Tk, (x) > t(Im|)}

n—1
=[] tpe + 0 DY™ {1 = pe + Oty
{=pn

X {1 =qpn+O((n logn)_z)}mf’”.
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Taking m, = n,, we see that uniformly in x € Sk, and y € {,

P(x is n-successful) = Y Plh),; € H,(m), Tk, (x) > t(Im|)}
MppyseeeMy—1
lme—ng|<t
(5.5) B
= (14 0(14))qn,
which is (4.4) for
" Fme — 1
CONED STl § K i AT AL
£
Mpps..es Mp—1 {=pn
lme—ng|<t
Since py =1/2 — O((¢ log[)*l), by the proof of [3], Lemma 7.2, we have that

. . l {41
uniformly in mg ~ng,mey1 ~ npyq

/p—3a—1
4(? ¢ < (m(i—i-l +mg — 1)172”(1 — pp)"e

Jogtl T myg
(5.7) &
C€_3a_1
<
- Jlogt

with 0 < C’, C < oo independent of ¢. Further, with g, = ¢~' + O(1/£logt) we
have that uniformly in m Zn on

(5.8) (1= g™ = rptetin,
Putting (5.6)—(5.8) together we see that g, =ry, ”+0(1”), with the o(1,) term inde-
pendent of y, as claimed.

Setting M; :={l,/+ 1, ..., n — 1} note that the same analysis gives also for any

[ > pn, uniformly in x € Sk, y and my <k!,
P(N,f,k =my, k € Mp)

59) = _
=t o) TT (™M ) gt = poe.
k=l

Recall that ny(a) = 3ak? logk and that we write N 3 ny if [N — ng| <k for
on <k <n—1and N =0 when k = 0. Relying upon the first moment estimates
and Corollary 5.1, we next prove the second moment estimates (4.5) and (4.6). To
this end, fix x,y € Sk, with 2r;4; +2 > d(x,y) > 2r; + 2 for some p'n<l<
n — 1. Since rj4o — r; > 2141, it is easy to see that D(y, r;)) NdD(x, ry) = & for
all kK #£1 4 1. Replacing hereafter / by [ A (n — 3), it follows that for k £/ + 1,

k #1042, the events {N;, 9 ni} are measurable on the o -algebra 9,5 With J; =

n

{0,pn,...,1—1}and I :7:{0,pn,...,l,l+3,...,n—1},wenotethat

{x, y are n-successful} C {N,’;k 3 ng, ke lj}N {N,{k 3 ng, k € Jiy1}.
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Applying (5.1), we have that for some universal constant C3 < oo,
P(x and y are n-successful)
k
< Y E[P(N;  ~ni. k€ JiIN,  =m,§)): Ny, Lne kel
(5.10) m*ny
< CG3P(NI  ~ny ke ) > P(N;, L ke JIN? L =my).
l'é”’ll
Using Corollary 5.1 once more, we have that
(1+0(11))gn
=P(yis n—successful)
= Y E[P(N,,~ ke nIN? L=mi )
m;Ln;

(5.11) N’

k
nl—mz,Ny,ank,kGMzﬂ]
> Cy Z P(N, ,=my, N, K ke Miyy)

ml””l

x P(N, ~nk,ke TN,y =my),

for some universal constant C4 > 0. Hence by (5.9) and (5.7), for some universal
constant C5 < 00,

n—1
(5.12) ZP(N,{kﬁnk,keJllNl_m1)<C5 (]‘[k“,/logk)qn

/ k=l
mp~nj

Similarly, using Corollary 5.1,
P(N & I’lk, kel)
(5.13) < Z E[P(N;  ~ ik € JINS = m, §5): Ni o~ i,k € Migs]
m1~n1
k k
< C6P(N; | ~ni, k€ Miy3) Y PNy, ~ni, k€ JiINy  =my).
ml'lvnl
Comparing (5.13) and (5.11), and applying once more (5.9) and (5.7), we get that

1+2
(5.14) P(N,;{kiink,ke 1) 5c71(]"[ k3“,/1ogk>q”

k=l
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Putting (5.10), (5.12) and (5.14) together proves (4.5).
In case d(x,y) > 2(r, + 1), the event {x is n-successful} is % measurable,
hence

P(x and y are n-successful)

=E({P(y is n-successful|§)}; x is n-successful)
=E({P(N; , K ke JuIN}) =1, §))}; x is n-successful),

and (4.6) follows from Corollary 5.1. [

6. Large deviation bounds. This section provides crucial large deviations es-
timates that are key to the proofs of Theorem 1.2 and of the upper bounds in Theo-
rems 1.3 and 1.4. Roughly, we will be providing precise decay rates for the events
that certain normalized excursion counts of balls concentric to a point z (excur-
sions between levels rg, 1 and rg,, before making n, excursions between levels
rn—1 and ry,) are atypical, together with forcing one or two points nearby not to be
visited during these excursions.

More precisely, fix 0 < 8 < 1 and n > n. Recall the definition Fj g(y) =
(1 —yB)?/(1 — B) + hy?B of (1.10). For any h > 0, the unique global min-
imum of Fj g(y) is at y, = yp(B) = 1/(h(1 — B) + B). For 0 < a < 2, with
N; = N;(a) and R; = R; (a) as in Section 4, we establish large deviations
bounds away from y;, for the random variables ﬁ,f pn (a) = le" pn (a)/ngn(a) to-
gether with the events {7k (x) > R;;(a)} and {Tk; (x") > Ri(a)} for n > n and
x, x’ not too far from z € Z2 _, that s, (z, x) and (z, x, x") belonging to the sets

(6.1) Go(i)) = {(z.x):2 € Lk, x € D(z, rgn—2) N L.},

Go" () = {(z, x,x") : (z, x) € Go(7),
(6.2)
(z,x") € Go(), x" & D(x, rghn/2—3)},

where & € (0, 2). To express the bounds, define

[0, 21, Y < Vn
In(y) =1 [0, 00), Y =Vh,
[y2,00), v >

LEMMA 6.1. Fixing0<h <2anda,y,8 >0, foralln > n > ny we have the
bounds

(6.3) max P(NZ 5, (a) € Io(y)) < K, " *P™,

2
Z€Z
Ky
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max P(7k.(x) > R:(a), N* cl
(z.x)eGo(ii) (5 () 7(@), Ny g, (@) 1(¥))

(6.4) - 5
< Kn—u L8+ ,
max  P(Tx, (&) > Ri(a), Tk, () > R (@), N2 g, (@) € In(»)
(z,x,x’)eGOh(ﬁ) ’
(6.5)
< Kn_th‘ﬂ(y)H.

As is often the case with large deviation statements, the key to the proof of
Lemma 6.1 lies in the evaluation of certain moment generating functions. To state
these, fix z € Z>2 _, and abbreviate 9y for dD(z, rr). Consider a path of the simple
random walk sta;ting at a fixed y € 9,—1. Let Z denote the number of excursions
of the path from dg,_1 to dg, until Ty, and A(x) = {Tj, < T, }. See Figure 2.

Fic.2. Z=4.
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Let2f =1/(1—g)+h/Bfor0<h<2.

LEMMA 6.2. Uniformly in (z,x,x’) € Go (1), 7t > n and yeadD(z,r—1),

1 A c(0, 1)
V(rl/n _
(6.6) E’ (e )51+n(1_(1_m>+nlogn,

for some ¢(0, L) < o0 and all & < AJ,

(6.7) Ey(e)‘z/"lA(x)) <1+ l( pr—1 ) i c(1,2)
n

B—(1—-pGB—1/  nlogn’

or some c(1,A) < oo and all . < \*, and
1

1 BA—h c(h, A)
6.8) EY(*?/"1qnlain) <1 —( ) ,
©8) BN M awlaw) =1+ B—(-p0g—m) " nlogn
for some c(h, L) < oo and all . < Aj,.

REMARK. The bound (6.8) is an improvement over (6.7), and will be used,
only in the region /& > 1 (in fact, 4 near 2).

PROOF OF LEMMA 6.2. Recall that by (2.4), for some c¢; < oo, all n > ng and
any z:

(6.9) g < min P*(Ty, < Ty, _,) < max P*(Ty, < Ty,,_,) < q+,

VEIB, V€I,
(6.10)  g- < min P"(Ty,,_, <Tp,) < max P"(Ty,,_, <Tp,) <q4+,
VED,—1 VE—1

where g+ = (1 — )~ 'n=1(1 £ ¢1/logn). By (6.10), for any y € 8,_1,
(6.11) PY(Z=0)=P'(Ty,,_, >Ty,)<1-q_,

and for j =1,2,... we have Z = j if we first visit dg,—1 prior to 9, then have
exactly j — 1 cycles consisting of visits to dg, and back to dg,_1, prior to the
first visit to d,,. Hence, by (6.9), (6.10) and the strong Markov property, for any
y € 0,1 wehave that PY(Z =j) < (1 — q,)j_lqi. The bound (6.6) then follows
from the & = 0 case of the inequality

(I—g)+ > "1 —pr)/ (1 —q-) g3
(6.12) =t
- Br—h c(h, )

+o( )+
- n\B—0-=8)AB—h) nlogn’

where in general
h

5 (1—c'/logn) and A <Aj.
n

Ph=
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To see (6.12) let v=1/(1 — B) + h/B — XA. Then, for some finite C and ng
(both depending on ¢’,c1, A, and B), we have that g2 (1 — pp)e*/™ < (n(1 —
)21+ C/logn) and 1 — e*™*(1 — pp)(1 —g_) = n"'v(1 — C/logn), for all
n > ng. Consequently, for some ¢ = c(h, A) < oo and all n > ny,

o0
(1—g )+ Y MU —pp)(1—g-) g2
j=1

q> (1 — pp)e*/n

—e*n(1 = pp)(1 —gq-)

z(l—q—)+1

<1+_( 1 _ 1)+ c
- n\(1-82* 1-8 nlogn

1 Br—h c
et =
n\B+h(l1—-p8)—B0—-pB)Ar nlogn
which gives (6.12).
We next turn to (6.7). Enlarging c; as needed, by (2.1) we have that for all
n>n>ngand (z,x) € Go(n),

min PY(T, < Ty, ) > min  PY(T. < T
VEDdpn—1 ( * aﬁ") T veD(x,2rgu—1) ( * 8D(x’0'5rﬁ”))

(6.13)

We have Z14(x) = j > 1 if we first visit dg,_1 prior to 9d,, then have j — 1 cycles
consisting of visits to dg, and back to dg,_1 without hitting x or 9,, and finally,
a visit to d, without hitting x. Hence, by (6.9), (6.10), (6.13) and the strong Markov
property, for any z, y and x as above,

(6.14) P (Z=j.A@)<(1-p)Y(1—-q ) g3

Note that A(x) occurs when Z = 0, so that (6.11), (6.14) and the & = 1 case of
(6.12) give (6.7).

We finally turn to (6.8). By the strong Markov property at min(7y, 7,'), for
v € dpp—1 and x, x’ € D(z, rgn—2),

P (max(Tx, Tx’) < Taﬂn)
(6.15) <P'(Ty < Ty, )P" (Ty < Ty,
—I—Pv(Tx < Taﬁn)Px(Tx/ < Taﬁn).

Enlarging c¢; as needed, since logrgpn,/2—3/logrg, =h/2+ O(1/logn), similarly
to the derivation of (6.13) we have by (2.1) that for all n > ng
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and (z, x, x') € Go (7),

P (T < Ty,,) max PY(Ty < Ty,,)

VEIBy—1

= PX(Tx’ < TBD(x’,Zrﬁ,,))d(v x)n>1(2)u§rﬂ » Pv(Tx < TBD(x,Zrﬂ,,))

1 ( h Cq )
<—\1-=+ .
Bn 2  logn

The same bound applies to the other term on the right-hand side of (6.15). When
combined with (6.13) which applies for both x and x’, these bounds yield (by
inclusion—exclusion) that for all n > ng, uniformly in (z, x, x’) € Go" (n),

v
max P (Tx > Taﬂn, Tx/ > Taﬁn)
vedﬂn,l

<1-2 +2<1 h, o >—-1 5

- b Bn 2 logn) Ph
with pj, = %(1 —c’/logn) of the same form as pj,. Note that Z1 414y = j > 1
if the walk visits dg,_ prior to 9,, then has j — 1 cycles consisting of visits to
dpn and back to dg,—1, without hitting x, x’ or 9,, and finally, visits to d,, without
hitting x or x’. Hence, by (6.9), (6.10), (6.16) and the strong Markov property,
for any z, y, x and x’ as above,

PY(Z = j, A(x), AX))) < (1 — pn)/ (1 — q-) 742,

and (6.8) now follows as in the derivation of (6.7). This completes the proof of
Lemma 6.2. [

(6.16)

PROOF OF LEMMA 6.1. A straightforward calculation shows that for any
h>0andy >0,
Brny —h
B—0—=B)(nyB—h)
_B+hd-=p)—1/y

where Aj, , = <Ap,

g —p)

Fup(y) =nn,y2p* —
(6.17)

and Ay, <0if and only if y < y.

Let 20 denote the number of excursions from dg,—; to dg, before X, first hits
dn—1 and let Ag(x) denote the event that x is not visited during this time interval.
For any j > 1 let 7 j denote the number of excursions from dg,— to dg, during
the jth excursion of X; from 9,1 to d, and let A;(x) denote the event that x is
not visited during this excursion. With this notation,

3an2logn

Nip@= 32 Zj.
j=0



248 DEMBO, PERES, ROSEN AND ZEITOUNI

and the event {7k, (x) > Ri(a)} is the intersection of the events A;(x) for
j=0,...,3an*logn. Consequently, using Chebyshev’s inequality and the strong
Markov property (at the start of the 3an”logn excursions from ,_1 to d,), for any
8 > 0> X and all 7 > n > ngp, uniformly in z,

P(N; 5, (@) < y?) < &7 /g (o0 20 7y

(6.18) >3an210gn

< Kn—a)\y2,32+8< max EY (eAZ/n)
YE—1
Per y < yp consider (6.18) for A = 4¢, < 0, applying (6.17) and (6.6) to ob-
tain (6.3) in case y < yp. Turning to deal with y > yy, note that PY(Z = j) <
(1—¢q_) gy forall j >1,evenifye dgn—1. Thus, for any A < A§, similar to
the derivation of (6.6) we get that for some ¢5 = c5(1) < oo and all n > n > ny,
uniformly in z,

(6.19) E(e*%/") < max EY(M/") <es.
YE€IBn—1

Analogous to (6.18) we also have that for any § >0, A > 0,7 >n > ng and z,
P(ﬁrf pn (Cl) Z )/2) E e_)hyznﬁ"/nE(e()\/n) Z’;’;O ZJ)

(6.20) ny
< CSKrl—aAyzﬂ2+5< max Ey(e)LZ/n))
YEp—1
Considering (6.20) for A = Ag,,, > 0 (as ¥ > yp), and applying (6.6) and (6.17), we
complete the proof of (6.3).
Similarly, we have that for any § > 0 > A, n > n > ny, (z, x) € Go(n),

P(Tk, (x) > Ri(a), N% 4,(a) <)

Np
14,2 7.
. <o ”ﬂn/”E(l_[ e(k/n)ZJIAj(x)>
Jj=1

20 3an210gn
< Kn—a)»)/ p +8( max Ey(eAZ/nlA(x))>

YE—1
Given y < y1, consider (6.21) for A = A1, <0, and apply (6.17) and (6.7) to
get (6.4) for y < y;. Further, the same argument leading to (6.19) shows also that
MaXyep,, | ]Ey(ekz/"lA(x)) <cs5 for all A < )ﬁf. Consequently, for § > 0, A > 0,
n>n>ngand (z,x) € Go(n),

P(Tk, (x) > R5(a), Ni g,(a) = y?)

2 ny
<cs Kn—a)»y /32+5 <yrenaaxl EY (e)»Z/n 1A(x))> ,
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and since A1, > 0 for y > y, we complete the proof of (6.4) by using again (6.17)
and (6.7).

Using (6.8) and A = Ay, ,, the proof of (6.5) proceeds along the same lines, thus
completing the proof of Lemma 6.1. [

7. Late points in a small neighborhood. We devote this section to the proof
of Theorem 1.2, as the basic large deviations bounds needed are already in place.

PROOF OF THEOREM 1.2.  We actually show that for 0 < o < 8% < 1, some
b <oo,any &,8,n>0,andall n >no, y € 4 and x =x, € Z ,

(7.1) P(| Lk, (@) N D(x, rpa—p)| = K~ Cem0/PH80) <o,
(7.2) P(|Lk, (@) N D(x,rpatp)| = KP~CetO/F=0) = 1 — 2y,

Since logrg,+p/log K, — B and the set of K, values cover all large integers, the
theorem follows by considering 1 | 0 and adjusting the values of 8, § > 0 and
£E=>0.

Starting with the upper bound (7.1), recall the notation Rj (a) for the time
until completion of the first nx(a) = 3ak? logk excursions from dD(x, ry—1) to
dD(x,rr), k =3,...,n, then N,i"o(a) for the number of visits to x until time
R3(a),and N,f’l(a), 2 <[ <k — 1, for the number of excursions from 0D (x, r;_1)

to dD(x, ry) until time R (a). Let t;; = g(K,, log K,,)? and

(7.3) Lk, (@)= {y €Zk Tk, (y) > max ﬁ;(&)},

zeZKn

taking hereafter & € (0,2«) and a = 2o — & > 0 (in the remainder of the paper
we always have a < 2o < a). Applying (3.19) with R =r,, r =r,_1 and N =
3an? logn, we see that for some ¢ = c(«, §) > 0 and all n,

~ 1 2
(7.4) max P(R3(@) > at’) < ¢ leemlogn,
€Ly,

resulting with

(7.5) lim P(Lx, (@) € £k, @) = 1.

Hence, to establish (7.1) it suffices to show that

(7.6) P(| Lk, (@) N D(x, rgn—2)| = K ~4/FH9) <.

Since Fo g(y) > 0 for y <y =1/, it follows from (6.3) that for any §" > 0,
(7.7) lim max P(N; g,(@ < (1 - 8"ny(a)) =0.

}’l‘)OOer%(
n
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Recall that Fy g(1/8) =1/ and rg, < K,’f for all n. Moreover, (1 — §)n, >
yznlgn for y = (1 — §’)/B and all n. Hence, if y > yy, then by (6.4) we have that

P(|Lk, (@) N D(x,rpn—2)| = K48 NX (@) > (1 —8)na(@))
(7.8) <K, ®P-UP=%2 max  P(Tk,(y) > Ry (@), N\ 4,(@) > y?)
YED(x,rgn-2)

< Kf(Fl,ﬂ(l/ﬂ)—Fl.ﬁ(y))—%.

With 8 < 1, for 8’ > 0 small enough we have both y > y; = 1 and Fl,ﬁ(%) —

F1,(y) < 8. Thus, considering (7.7) and (7.8) for such 8" completes the proof
of (7.6), hence also of (7.1).

Turning to prove the lower bound (7.2), fixing 0 < £ < 2(,32 —a)soad = QRa+
£)/B> <2and 0 < p < (2 —a’)/2 we say that a point y € Z%(n is Bn-successful if

k
Np,o@)=0, Nz (@)~n@)  Yk=ppn,...,pn—1.

In particular, if y is Sn-successful, then Tk, (y) > ﬁzn (a’). Let OCji{n (d’, Bn) be
the set of points in Z%(n which are Bn-successful. A rerun of the proof of (4.3),
this time with gn replacing n, shows that for some b > 10, any § > 0, n > 0, all
n>ng,y €4 andx eZzn,
(7.9) P(| LS (@ ) N D, rpnsp)| = KEC™O ) > 1,
Consequently, (7.2) follows once we show that uniformly in x,
(7.10) P( min Ry, (@) < at;;) — 0.

yED(x,rﬁnH,)
To see this, let Y, be a minimal set of points in D(x, rg,45) such that

D(x,rgnip) C U D(y,rgn-2).

yEYn

Let ﬁ%}n (a") denote the time until completion of the first ng,(a’) excursions from
0D(y,rgn—1 +rgn—2) to 0D(y,rgy — rgn—2). For any z € D(y, rg,—2) we have
that

D(z, rﬁn—l) C D(y, r'gn—1 +r,3n—2) C D(y, I'Bn _rﬁn—Z) c D(Z,rﬂn)a

implying that each excursion from dD(z,rg,—1) to dD(z, rg,) requires at least
one excursion from ap(y, Tgn—1+rgn—2) 0 dD(y,rgy —rgn—2). See Figure 3.
Thus, ngn (a) > C‘Rlygn (a’) and consequently,

7.11 P i RS (d) < t*><Pﬁy Y < ath).
( ) (zeDf?,lrr/l%nz) ’Bn(a)_an - ( 5n(a)_0(n)
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FIG.3. A=0D(z,7gp—1),a=03D(y,7gn—1+78n—2),b=03D(y, 78y —7gp—2), B=03D(z,7p).

Applying (3.18) with R =rg, — rgn—2, ¥ =rgn—1 + rgn—2 and N = ng,(a’) =
3QRa + ég‘)n2 log(Bn), the right-hand side of (7.11) is bounded by

log(R

c~! exp{—C(M)nzlogn} <c! exp{—cnlogn},
log(Ky/r)

for some C, ¢ > 0 that depend only on «, & > 0, yielding (7.10) (recall that |Y,,| <

cn'%), O

8. Clusters of late points. Fixing 0 < «, 8 < 1, this section is devoted to
the proof of Theorem 1.3. As usual, it suffices to establish (1.5) and (1.6) for the
subsequence K, = n? (n!)3, provided all our estimates are uniform in y € {. To
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this end, set

(8.1 W (B2, B1) = |{y € Lk, (@) :7pn-3 <d(x,y) <rgn—3}
with W* = W*(0, B). We actually prove that:

’

LEMMA 8.1. For each § > 0 there exists ¢ € (0, §/2) such that
(82)  pu:=K2*T max P(x € L, (a), W* < K2P1-0=3%) __, ¢

2 n—o00
erKn

LEMMA 8.2. For each § > 0 there exists ¢ € (0, §/2) such that

(83)  pni= K2 max P(x € L, (), W¥ = K100 __, ¢

XEZ%(V! n—oo
2(1—a)—¢e/2 .
By (1.2), we have P(|Lk, (@)| > K, ) = 1 for n — oo, and with
logrg,—3/log K, — B, the bounds (8.2), (8.3) imply that (1.6) holds (adjusting
B as needed). These bounds also imply that (1.5) is a consequence of the uniform

lower bound P(x € Lk, (a)) > K,, 20-¢/ 2, holding for any n large enough and all

X € Z%(n, x # 0. Applying Lemma 4.1 we get the latter bound as soon as

(8.4) min  P(Tk, (x) > R (a)) = K, 2*~¢/3
er%(n\{O}

holds for a =2« + ¢/7 and all n sufficiently large. Since Tk, (x) > R; (a) when-
ever x is n-successful, by (4.4) and translation invariance of the SRW we have
that

(8.5) min ~ min P’ (7%, (x) > R¥(a)) > Kn—2a—8/6'
xEZ%n y¢D(x,rn)

For any finite r > 0 there exists ¢ = c¢(r) > 0 such that P(T > Typ(y,r)) > ¢ for
all n sufficiently large and all x # 0. Consequently, by (2.1) we have that P(7, >
Typ(x,ry)) = '/ logry, > K,,_e/6 for some ¢’ > 0, all n sufficiently large and all x #
0. Combining this with (8.5) and the strong Markov property at Ty p(y,,,) results
with (8.4), thus completing the proof of Theorem 1.3.

PROOF OF LEMMA 8.1. Let 2;/3 ={ze€ Zn’ﬂ :2#0,d(x,2) <0.5rg,—3},
where 2,1, p denotes for each 0 < B’ < 1 a subgrid of Z%(n of spacing 4rg,_4 such
that 0 € Z,Mg/. Fixing £ € (0, 2«) and 5 € (0, 1) to be chosen later, let a = 2« + &,
a' = (1+2n)%a and

We=|{y € Dz, rpu—6): Tk, (y) > R5,_4(a)}].

Fixing x € Z3 o let Ci={W* < K'%ﬂ(l—a)—SS} and for any z € 2;}3 define the

events A, := {R:(a) > at)}, B, := {Nj’ﬁn_df(a) < ngp—4(a’)} and C; = (W? <
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K,%ﬂ(l_a)_ss}. Observe that A, N B, implies that W~ > W? and hence A;NB;N

CCC,forany z € 2ﬁ p- Further, setting a =2a — & and considering the events

F, :={Tk,(x) > R:(a)} and H; := {R:(a) > at)}, we have that if x € Lk, (),
then H, U F, holds for each z € Zx - Note that by the preceding A, NF. NCC
(F,NB)UC, foreach z € Zﬁ’ﬂ and hence

{x € Li,(@),C} | JH. | JASU (ﬁ(AZ NF. N C))
c | JH [ JASU (ﬂ CZ) J®E.nBY).

With |2fl sl =K 2 for all ¢ > 0 and n sufficiently large, we thus have that

Pn < K2“+€P< max R:(@) > at ) + K2“+8P( min R (a) <ot )

ZGZ ZEZ

+ K2 max P( max We < K2P0-- 55)

er zeZ"

+ K2 max P(Tk, (x) > R3(a@), N? pn_a(@) > nga_a(@"))

X,2€Z, o
= Pn,0+ Pn1+ Pn2+ Pn3.

By (7.4) we have that p, o — 0 as n — o0o. With a > 2w, by (3.18), similar to
the derivation of (7.4) we get also that p, 1 — 0 as n — oo.

Turning to deal with the term p, 2, consider the o-algebra § = (), 5» 5 gz,
for §° corresponding to R' = rg,—4 and R = rﬁn _s in Lemma 2.4. Since

D(Z',rgn—4) € D(z,rp—1)\ D(2,rgn—4) forany z,z' € Zn B it follows that condi-
tional upon §, the random variables (W%} ze2z , A€ independent with W? measur-

able on the o -algebra F*(ng, 4(a’)) corresponding to r = rgn—6 in Lemma 2.4.
With |Zx | > n? for all n sufficiently large, it follows from the latter lemma that

Pn 2_K2a+8 mazx E( 1_[ P Wz < K2,3(1 o)— 55|9)>
xEZKn ZGZi,CAﬂ

n2

< K,%a+€<(1 +o0(1,)) max P(W? < K2PU-2)- 55)) — 0,

ZEZ n—oo

provided that for some universal constant ¢ > 0

(8.6) min P(W? > K2#(1-0=5) > ¢

2
€2y,
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Applylng (3.19) for R =rgy—4, r =rgy—s5 and N =ng,_ 4(a’), we have that for
o' = (14 2n)a’B?/2 and n large enough,
(8.7) max P(Rgn 4@)>a'th) — 0.

ZGZ n—oo

Further, if ﬁfgn%(a/) < d't), then W > |Lk, (@) N D(z,rgn—6)|. Thus, taking
n >0 and & > 0 small enough for &’ < B2 and 28(1 — &) — 48 < (28 — 2’ /B),
we get (8.6) by combining (8.7) and Theorem 1.2.

It thus remains only to show that p, 3 — 0 in order to complete the proof of the
lemma. To this end, let a = (1 4+ 2n)a, recall the set Go(n) [taking 7 = n in (6.1)]
and note that

Pn3 < KT max  P(Tk,(x) > RL@). INf 4, (@) — 1] = 1)
(z,x)eGo(n)

+ K2 max P(NZ 4,(@) <1+ 1, NZ g,(a) > 1+2n)

ZGZK,,

+ K226 max P(Nﬂn pn_a(@ > (1+2) %)

ze7? Kn

= pu(B) + Pn,4+ Pns,

where

NEp ones@ = N5, 5 4(@)/npn—4(@)

and the bound above (and in particular the last term p, 5) follows from the inclu-
sion

(N; pu_sy(@) > npn_s(@). Ni g, (@) < (1+20)} C N}, 5,_@ > (14207},

which is obtained by unraveling the definitions.
Since @ = 2o — & and y;(B’) = 1, we have by (6.4) that for any 8’ € [B(1 —

«), B,
~ 20— Ra—E)F| g (y)+3e
(8.8) Pn (,B/) =< sup K, b
B'elB(1—a), Bl ly2=1|=n

for ¢ = ¢(e, B,n) and & = &(w, B, n) sufficiently small, using the fact that
(v, B)— Fi,p(y) is continuous and Fy g/ (y) > Fy g/(1) =1 fory # 1.

By the strong Markov property of the simple random walk at RZ(a) and the
bound of (6.3) at y = ((1 4+ 2n)a — (1 + n)a)/(a — a), we have that

Pna < K30 max PY(N} 4, (a—a) = y)
2€Z% . y€ID(2,ry)

— 0,

n—oo

(8.9)
20+3e—(a—a)Fy g (y)

<K, — 0,

n—oo

for &€ = £(, B, ) small enough, since y — oo and (a —a) Fy g(y) = 2§F0,5(% +
1+n)—>o0asé | 0.
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We complete the proof of the lemma by showing that p, s = O(e_”Z). To
this end, first note that by (2.4), the probability that the number of excursions
from dD(z, rpn—s) to D(z, rpn—4) until time Typ(;,ry,) exceeds 2nng,—4(a) is
bounded for large n and all z by (9/10)7n—4(@ — 0(6—2"2), Hence, using the
strong Markov property at Ty p(z,rg,) and translation invariance of the simple ran-

dom walk, it suffices to show that P¥ (N0 P 4@ >1+2n)=0(" 2”2) uni-
formly in x € dD(0, rg,). Let P, denote probablhtles with respect to the random
walk in ZZ X, Then, uniformly in x € 9 D(0, rg,,), by conditioning on the o -algebra

0 of excursions from aD(0,rgy) to dD(0, rg,—1) and twice using Lemma 2.4
B B
[for r =rgn_s, m =ng,(a), first with K = K, and then with K = Kg, ], we see
that

PY (NG, gu_a(@ > 142n)

= (1+o(1,))Pg (Nﬂn pn—a(@ >1+2n).
Then, for @ = (1 + n)a/2, uniformly in x as above P/gn({ROn(é) > Etgn) =
O(e™") by (3.19) and P4, (R, _,((1 + 2ma) <@t},) = O(e~>"") by (3.18).
So, the right-hand probability in (8.10) which can be rewritten as Pxn(ﬂon(&) >
ﬂ?gn%((l + 2n)a)) is uniformly in x at most 0(6_2”2). ]

(8.10)

PROOF OF LEMMA 8.2.  With Zn g’ as in the proof of Lemma 8.1, let zg/(x)
denote the point in Zn g closesttox,and Zg ,, = {z € Zn BN /3, (a)—1] <n}.

Taking h < 2, to be chosen below, set B; = ,B(h/2)/ for j =0,1,... and let £
be the smallest integer so that 8y < B(1 — «). Let Wx( -) be as in (8.1), but
with the set ch (a) of (7. 3) instead of Lk, («). Note that if Ri(a) < at) for
all z € Z2 _» then Lk, (o) S L k,(a) and W*(-,-) < Wx( 3. Also automatlcally

WX, B¢) < K, 2p(1-0) , so for all n sufficiently large the event W* > K, 2p(1—)+58
implies that W*(B8;41, B;) > KZﬂ JU=0H or some j=0,...,¢— 1. Thus, we
2B8(1—a)+58

bound the event {x € Lk, (o), W* > K, } in the definition of p, by the
union of the events {JRZ (a) > at; for some z} and {x € °£Kn (a), wx Bj+1,Bj) =

,% pi(1-a)+4s },for j =0, ..., £—1. Splitting the latter events according to whether
zp;(x) € Zg, n or not, we get that
£—1 £—1
ﬁn =< Pn,0 + Z ﬁn,j + Z ﬁn(ﬁj)y
j=0 j=0

where

Pn,j = Kg‘”g max P(x € £Kn(a) z2p;(x) € Zg;

er

28 (1—a)+48
WEBim1,B) =K '" ).
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By (7.4) we know that p, o — 0 and by (8.8) also p,(B8;) — Ofor j =0,...,£—1.
Turning to deal with p, ;, let D, j(x) denote the annulus D(x,rﬂjn_g) \

D(x, rﬂj+1n_3). Since, for any w > 0 and x € 73 )
P(x € Lk, (@), 2p,(x) € Zp,.. W (Bj11. ) = w)

<w ' Y Px,yeLx, @) zp(x) € Zg, ),
V€D, j(x)

while logrg;,—3/log K, — B; and yn(B;) < +/1 —n, which we may assume by
taking 7 sufficiently small, it follows from (6.5) that for all n large enough

_ 20(148,)—28 ~
Dn,j < K,,a Pi max P(x, yedLg,(a), 28 (x) € Zﬂj,n)

X,yeDn,j(x)

2(14+B")—aF, g (/T—n)—8
< sup Knoc( B)—aF), g (V1=n) ‘

T BU-a)<p'<B

Then, p, j — 0 as n — oo for n, § sufficiently small and & < 2 sufficiently close
to 2 using the fact that (y, i, B') = Fj /() is continuous and F; g(1) =1+ p’.
Possibly decreasing ¢ and £ for (8.8) to hold we complete the proof of (8.3). [

9. Upper bounds for pairs of late points. Recall that Fj, g(y) = % +
hy?B. We begin by showing that

O.1) 24282« inf Fg(y)
yEFa,ﬁ

2428 —4a/2—B), ifﬂgz(l_ﬁ),

s -va) -4 -va)’/s,  ifB=2(1- Va),
where I'y g ={y >0:2 — 28 — 2a Fy g(y) > 0}, thereby establishing the equiva-
lence of (1.8) and (1.11). Indeed, as noted before, F; g(y) is quadratic, with mini-

mum value F, g(y2) =2/(2 — B) achieved at y2(8) =1/(2 — B) < 1. Itis easy to
check that I'y g is the interval [y_, y] for

(9.2) ye = yr(a, p) =B 'max{l o 2(1 - B),0}.

Since y» < 1 < y4 we see that y, € I'y g if and only if y_ < y», leading to the
explicit formula

9.3) pla, ) =2+42B —2aF g(max{y—, y2})

[where we denote hereafter the left-hand side of (9.1) as p(«, 8)]. Combining this
with the fact that y_(«, 8) > y2(B) is equivalent to 8 > 2(1 — /o), we obtain
the identity (9.1). Clearly, 8 — p(«, B) is continuous on (0, 1) and by (9.1) it
is also monotone increasing in B [for B > 2(1 — /) by inspection, while for
B <2(1 — /o) we have that dp/dp > 1].
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We prove in this section that for any 0 < «, 8,8 < 1,

94)  lim P({(x,y):x,y € Lx(@).d(x,y) < K/} = KPPH) =0,
To this end, let

(95) \Ija,ﬁz,ﬁl,n = {(xv y) X,y € £K,,(a)a I'gon—-3 < d(xv y) = rﬂln—3}-

It suffices (as usual) to prove that (9.4) holds for K, = n? (n!)3, uniformly in y € {.
Further, logrg,—3/log K, — B,so fixing 0 < «, 8,8 < 1, itis enough to show that

9.6) Tim P(|Wa,0,p] = KL P T4) =0,

Note that W 0,801-a)nl < K,%ﬂ(l_a)w](” ()| for some universal ng =
no(o, B) < oo and all n > ng, while

pla, f) =242 =2k (1) =2(1 —a) +28(1 — a),
so that it follows from (1.2) that

: ,B)+4s
nlirgoP(“pa,O,ﬁ(l—a),ﬂ > K,f(a 2 )

9.7)
< lim P(l£x, @] = K20-0H) Zo,

The following lemma will be proven below.

LEMMA 9.1. We can choose h < 2 sufficiently close to 2 and a < 2a suffi-
ciently close to 2a such that for any B’ € [B(1 — @), B]
(9.8) Gn,p = P(|(I}&,h,ﬂ’,n| > Kf(a,ﬂ/)—k’j‘a) — 0,

n—oo

where

-~

Winpn={(xy):x,ye Lk, (@), rginj2—3 <d(x,y) <rgy_3}.

Fix h <2, a < 2a according to Lemma 9.1. We then set 8; = B(h/2)/ and ¢
as the smallest integer such that 8, < (1 — «). By Lemma 9.1 we have that
q,17/3_/.—>0, as n — oo for j =0,...,£ — 1. Combining this with (7.5), the
monotonicity of 8 +— p(«, B) and (9.7), we establish (9.6).

PROOF OF LEMMA 9.1. Let D, g(x) denote the annulus D(x,rg,—3) \
D(x,rgpn2—3). Fix 0 < n < 1 to be chosen below, abbreviating y_ = y_(«a, B,
ve = (1 —n)y—(a/2,B") and y, = y»(B"). We will argue separately depending on
whether or not y, < y;. Consider first the case where y, < y,. Applying (6.5) at
y =y, we conclude that for all n large enough,

—aFy, g (yn)+3s

max max P(x,ye€ fk,, (@)) < K,
xEZ%(n yeDn,[i/(x)
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By (9.3) at B, this implies that if y, < y;, then
’ / h)—6
Gnpr < Kﬂ—p(a,ﬂ)—% Z Z P(x y chK (a)) < Kgfs (n.a,h)— ’
er%(n yeD, g(x)

where gg/(n,a,h) = 20F, g(max{y_,y2}) — aFy g (max{ys,yn}). (Here
max{ys, yn} = y;.) Note that gg(0,2a,2) =0 for all g’; hence for any § > 0
we can and shall take & sufficiently close to 2, a < 2« sufficiently close to 2«
and 7 > O sufficiently small so that gg(n, a, h) < 6/2 for all B €[B(1l —a),Bl.
Clearly, this choice of parameters guarantees that g, g =2 0 whenever y, < y.

Keeping this choice of /4, a and 5, we turn to deal with the case where y, > yy,
denoting by Z, g the subgrid in Z%{n of spacing 4rg,_4. Let zg (x) denote the
point closest to x in ,/Z\n, g’ SO

Zlg/ (X)

PR, @ = v2) <P( min (%, @) =72) = an B

Then, using again (9.3) at 8’ and the bound (6.5), now for y = y, > y,, we get
that

qn,fySqn(ﬁ')JrKn_p(a’ﬂ/)_% Z Z P(x,yefkn(a) N ﬂ, ( )>y*)
XGZZ yeDn,ﬁ’(x)

20 F, gr(max{y_,y2})—28
<qu(B)+Kn 7’

X max max P(x,y e Lk, (@), N; pra(@) = v2)
ZEZ%( xvyeD(Z’rﬂ’n—Z) ’
n
d(xX,Y)=T g/ /23

8g(n,a,h)—3§
<an(B) + K’
(Here max{yy, yn} = v«.) As we have seen, our choice of parameters guarantees
that gg/(n, a, h) < §/2. Moreover, since yx < 1 < yp [for any B’ € (0, 1)], it fol-
lows by (6.3) that for any ¢ > 0 and all n large enough,

—aFy g (vs)+e 2—-2B'—aF, 4 (ys)+2¢e
9.9) 0 (B) <1Znp|Kn " <K o :
Note that for 27 < 2 we have y; > 1/2. Hence, using our assumption that y, > y;,
and the definition of y,, we have that y_(a/2, 8’) > 1/2 > 0. This guarantees that
y—(a/2,p’) is the lower boundary of {y:2 — 28" — aFy g (y) = 0}. It follows
that 2 — 28" — aFy g/ (y%) < 0 uniformly in g’ € [B(1 — @), B] for which y, > yj,.
Hence we can find & > 0 so that g, (8') = 0 uniformly in this set of values of ',
implying in turn that g, g = 0. This completes the proof of Lemma 9.1. [
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10. Lower bounds for pairs of late points. Fix 0 < «, 8 < 1. Recall the nota-
tion K, = n” (n!)3 and the sets Wy.0,8,n of (9.5). We show thatif y_(a, B) <y <1
and 1 —a > 68 >§& > 0aresuchthat 2 —28 — 2a + &) Fo g(y) > 24, then

(10.1) lim P(|We 0,5, = Ko 0 G000 _
n—oo

uniformly in y € {. In view of (9.3), taking &, § | O followed by y € (y_(«, B), 1)
that converges to max(y_(«, 8), y2(B)), we get the lower bound in Theorem 1.4
for the subsequence K,,. By the uniformity in y this bound extends to all integers.

Fixing y, 6 and & as above, set a = 2« + &, recall the notation ry, ny(a), Ry (a)
and N ,f ;(a) of Section 4 and let

_ 2
(10.2) iy = 3a*(k _ %O logk,  pn<k<n,

where a* = a(1 — yB)?/(1 — B)?, so that i, = ny,(a) and 7ig, = y>ng,(a).
Let Z, C Z%{n be a maximal set of points in Z%(n \ D(0,r,) which are

4rpny4 separated, such that (0,2r,) € Z,. We will say that a point z € Z, is

(n, B)-qualified if N,ik 9 ny for all Bn <k <n — 1 and in addition

W= |{y € Dz rpu-a): Tk, (y) > Ri(@)}| = KfC-r)-2
(compare with the definition of n-successful points in Section 4). If

. z *
m12n R, (a) > at,,
€2y,

then

~ . . —ay?)—
Wa 0.6 = Y (W9 > [{z € Zy : 2 is (n, B)-qualified}| K 7P G474,
€2y
Since P(minzeZ%(n Ri(a) <aty) — 0asn — oo (see the term p, 1 in the proof of
Lemma 8.1), and (1 — B)a* = aFy g(y), we thus get (10.1) as soon as we show
that

(10.3)  lim P(/{z € Zy: 2 is (n, f)-qualified)| > K(1=PC=aD=8) — 1

The following analogue of Lemma 4.2, whose proof is deferred to the end of
this section, is the key to the proof of (10.3).

LEMMA 10.1. For any x,y € Z,, let l(x,y) = max{k:D(x,r; + 1) N
D(y,ri + 1) = @} An [note that [(x, y) > Bn + 4]. Then there exist b > 10 and
Gn > (rn/rﬂn)_”*"’”(l”) such that

(10.4) P(z is (n. B)-qualified) = (1 + 0(1,))Gn.
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uniformly in y € § and 7 € Z,. Furthermore, for any ¢ > 0 we can find C =
C(b, &) < oo such that for all n and any x,y € Z, withl(x, y) < n,

a*+e
(10.5)  P(x,y are both (n, B)-qualified) < ZjnzC”l(x’y)nb(r—") ,
Tl(x,y)

while for all n and x,y € Z,, with [(x,y) =n,
(10.6) P(x, y are both (n, B)-qualified) < (1 + 0(1,))q,>.

The proof of (10.3) then proceeds exactly as the proof of (4.3), where the con-
dition 2 — 28 — aFp g(y) > 26 implies that a* < 2 and by (10.4) the expected

number of (n, 8)-qualified points is K,(,l_ﬁ)(z_a*)+o(l”). So, with

Ve = Z P(x, y are both (n, B)-qualified), L=PBn+4,...,n,
X, Y€Zn,l(x,y)=CL

it suffices by (10.6) to show that

n—1

(10.7) Yo Ve<o(1,)|Zal’G,
{=pn+4

With C,, denoting generic finite constants that are independent of n, for any
£ e[Bn+4,n) and x € Z, there are at most Corg+1/r§n+4 points y € Z, N
D(x,2(r¢+1 + 1)). Consequently, we have by (10.5) and the definition of /(x, y)
that for any ¢ € [8n + 4, n),

2 a*+e
v 7,

Ve §C2|Zn|< s ) Zl\nznbcn_g(—n> .
T4 re

Similarly to the derivation of (4.9), taking ¢ < 2 — a¢* and summing over ¢ results
with (10.7), hence completing the proof of (10.3).

PrROOF OF LEMMA 10.1. Let ‘RZn,m denote the time until completion of
the first m excursions from dD(z,rg,—1) to dD(z,rg,), and set th = {W,; >

2\ —~ ~
K,,f?(z_ay ) 26} for Wyi — |{y = D(Z, rﬁn_4) : TKn(y) > e7%2}7”?1}'. Recall that nﬂn =

nﬁn(y2(2a +£)), so applying (3.19) with R =rg,, r =rg,—1 and N =7g, + Bn,
we see that for all m <7ng, + Bn,

P(W5, > |D(z. rpn—a) N L, (@ + &)y 7))
>P(R5, ,, < (@ + &)y B°1y) =1—o(l,).

Hence, by Theorem 1.2 we have that

(10.8) PAI)=1-o(l,) uniformlyinm 2 fig,.



LATE POINTS FOR RANDOM WALKS 261

Starting at 0 ¢ D(z, rg,) we see that the event Kfn belongs to the o -algebra #(m)

corresponding to r =rg,—2, R =rg,—1 and R’ =rg, in Lemma 2.4. Further, if the
—av?)—

event {N; 5, =m} € 5, occurs, then the law of A}, — (W2 > gfC )2

conditioned upon g g 18 the same as the law of Afn conditioned upon ggn Conse-

quently, by Lemma 2.4 and (10.8), uniformly in m £ Mg,
(10.9) P(Azn|gﬁn, W pn =Mm) = P(AZ |9,5n, b pn=m)=1—0(1,).

With M; ={l,...,n — 1}, by (10.9) and the fact that {N,; 'Iiﬁk, ke Mpg,}e ggn
we get that

P(z is (n, B)-qualified) = P(N; & nk, ke Mg,; A,sn)

= Z IE(NZ nk,kEMﬁn_H,
Bn_.

m~ngy

Nrf pn =m; P(A,Bn|g’,6n’ n,Bn _m))

= (14 0(1)P(NZ , ~ fig k € Mgy).
Therefore, taking m,, =n, = n,(a), by (5.9) we get (10.4) for

_ 1\ m m
(10.10)  Gu= > ]‘[(’”““Lm‘Z )pgf(l_pe) 41

mpn,....Mp—1 {=PBn
lme—mg|<¢

It is not hard to check that our choice (10.2) implies that for some C < oo and all
ke Mgy, if [m —ny| <k and |l + 1 —ng41| <k + 1, then
’m 2

c
1 —
k—=((B—=yB)/(1—yp)n

< b
~ klogk

which by adapting the proof of [3], Lemma 7.2, shows that uniformly in my 3 Nk

k1
and myy1 ~ Ngg1,

=3a*-1 IR
(10.11) Ck— < (mk—f—l +mi — 1) Pl — pr)™eHt < Ck—
J/logk nmy Jlogk

with 0 < C/, C < oo independent of k. Putting (10.10) and (10.11) together we see
that g, = (rn/r/gn)_“*”(l") as claimed.

It suffices to prove the upper bounds of (10.5) and (10.6) with the events
{zis (n, B)-qualified} replaced by the larger events A(z,n,B) = {N, , nk,

k € Mgy}. The proof is a rerun of the argument used in Section 5 to prove
(4.5) and (4.6), respectively, replacing the events {z is n-successful} by A(z, n, 8),
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taking p = B and Bn + 4 instead of p'n, excluding 0 from the sets J; and [; and
replacing everywhere there g, with g,,, ny with 7y, and a with a*. Indeed, the effect
of the values 71y is in the application of (10.11) whenever (5.7) is used in Section 5.

O

11. Complements and unsolved problems. (A) Let L; denote the number
of times that x € Z? is visited by the simple random walk in Z? up to the time
T5p(0,n) of exit from the disc of radius n. For any 0 <« < 1, set

X

LI’Z
(11.1) W, (o) = {x e D(0,n): Tog ) 40{/71}.

Since log Ty p(0,n)/ logn — 2 almost surely as n — oo (see, e.g., [8], equation (6)),
our result ([3], (1.3)) is equivalent to

. log | W, ()]
m e —

(11.2) li

L T =2(1 —a) a.s.

Following the line of reasoning of this paper, we expect that forany 0 < o, 8 < 1,
choosing Y, uniformly in ¥, (o),
log [W,, (@) N D(Y,,, nP))|

(11.3) lim sup =261 —a) a.s.
n—o00 logn

We also expect that the analysis in this paper can be extended to yield

. B
log|{x,y € Wn():d(x,y) =n”}| =p(a, B)  as.

(114)  lim
n—oo 10g n

(B) Our study of planar random walk suggests that the analogous results hold
for the planar Wiener sausage. Let S, (r) = {x € T?:3s < ¢, |W, — x| < &} denote
the set covered by the Wiener sausage up to time ¢, where W; is the Brownian
motion on the two-dimensional torus T2. Consider the uncovered set U, (a) =
T2\ Se Que(loge)? /) for 0 < a < 1 (in [4] we show that U, («) is empty if & > 1).
With [Leb denoting Lebesgue’s measure, we then expect that

log Leb(Ug(ar))
m —— =2«
=0 loge

and for any x € T2, 1 > 8 > Ja,

log Leb(Ue(a) N D(x, ' =P
(116 Tim 92 LebWe@ DG )
=0 loge

(11.5) a.s.

2— (2B —2a/B) a.s.

We also expect that for 0 < ¢, 8 < 1 and Y, chosen according to Lebesgue measure
on Ug (@),

1-p
(117)  lim log Leb(Ug () N D(Ye, &' 7P))

=2-28(1—-w) a.s.
=0 loge
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and that

lo Leb(Us(a) N D(x, e =P))dx
(11.8) lim 2 /v @) (Ue (@) ( ))

=4 — .S.
e—0 10g8 p(a’ 'B) as

We believe that these results can be derived by arguments similar to those used
here, but have not verified it.
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on cover times.
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