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ESTIMATION OF A k-MONOTONE DENSITY: LIMIT
DISTRIBUTION THEORY AND THE SPLINE
CONNECTION
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University of Goettingen and University of Washington

We study the asymptotic behavior of the Maximum Likelihood and Least
Squares Estimators of a k-monotone density g at a fixed point xg when
k > 2. We find that the jth derivative of the estimators at xy converges at
the rate n~&=7)/Q2k+1) for j=0,...,k — 1. The limiting distribution de-
pends on an almost surely uniquely defined stochastic process Hj that stays
above (below) the k-fold integral of Brownian motion plus a deterministic
drift when k is even (odd). Both the MLE and LSE are known to be splines
of degree k — 1 with simple knots. Establishing the order of the random gap
t,t — 1,7, where 75 denote two successive knots, is a key ingredient of the
proof of the main results. We show that this “gap problem” can be solved
if a conjecture about the upper bound on the error in a particular Hermite
interpolation via odd-degree splines holds.

1. Introduction.

1.1. The estimation problem and motivation. A density function g on R is
monotone (or 1-monotone) if it is nonincreasing. It is 2-monotone if it is nonin-
creasing and convex, and k-monotone for k > 3 if and only if (—1)/g") is non-
negative, nonincreasing and convex for j =0, ...,k — 2.

We write Dy for the class of all k-monotone densities on R™ and M for the
class of all k-monotone functions (without the density restriction). Suppose that
go € Dy and that Xy, ..., X, are i.i.d. with density go. We write G,, for the em-
pirical distribution function of X1, ..., X;;. Our main interest is in the Maximum
Likelihood Estimators (or MLE’s) g, of go € Dy.

When k = 1, it is well known that the maximum likelihood estimator g, of g €
D, is the Grenander [14] estimator, that is, the left derivative of the least concave
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majorant én of G,,, and if g6 (x0) < 0 with g6 continuous in a neighborhood of xy,
then

(L1 1" (80 (x0) = g0(x0) > (3800 8o xo)l)'*22.

where 2Z is the slope at zero of the greatest convex minorant of two-sided Brown-
ian motion +¢2, t € R; see Prakasa Rao [35], Groeneboom [15] and Kim and
Pollard [24].

When k = 2, Groeneboom, Jongbloed and Wellner [18] considered both the
MLE and LSE and established that if the true convex and nonincreasing density go
satisfies g(/)’ (x9) > 0 (and g(/)’ is continuous in a neighborhood of xg), then

(1.2) <nz/5(§n(xo)—go(xo))) d (8208l () P HO) (0)
. n'/3(g) (x0) — g'(x0)) (Z}TgO(XO)gé/(XO)3)1/51-1(3)(0) ,

where g, is either the MLE or LSE and H is a random cubic spline function
such that H® is convex and H stays above integrated two-sided Brownian motion
+1%, t € R, and touches exactly at those points where H® changes its slope; see
Groeneboom, Jongbloed and Wellner [17].

Our main interest in this paper is in establishing a generalization of the point-
wise limit theory given in (1.1) and (1.2) for general k e N, k > 1.

Beyond the obvious motivation of extending the known results for k = 1 and
k = 2 as listed above, there are several further reasons for considering such exten-
sions:

(a) Pointwise limit distribution theory for natural nonparametric estimators of
the piecewise smooth regression models of smoothness k considered by Mam-
men [29] is only available for k € {1, 2}. Similar models (with just one element
in the partition) have been proposed for software reliability problems by Miller
and Sofer [33]. Similarly, pointwise limit distribution theory is still lacking for the
locally adaptive regression spline estimators considered by Mammen and van de
Geer [30].

(b) The classes of densities £y have mixture representations as scale mixtures
of Beta(1, k) densities: as is known from Williamson [43] (see also Lévy [26],
Gneiting [13] and Balabdaoui and Wellner [2]), g € Dy if and only if there is a
distribution function F on (0, o0) such that

00 00 k—1
13 sw= [ So-vitarm = | w(1-25)  dFw.
oy 0 k /4
where z4 = z1{z > 0} and F=F (k/-). The second form of the mixture repre-
sentation in the last display makes it clear that the limiting class of densities as
k — 00, namely Do, is the class of scale mixtures of exponential distributions. In
view of Feller [11], pages 232-233, this is just the class of completely monotone
densities; see also Widder [42] and Gneiting [12]. To the best of our knowledge,
there is no pointwise limit distribution theory available for the MLE in any class
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of mixed densities based on a smooth mixing kernel, including this particular case
in which the kernel (or mixture density) is the exponential scale family as stud-
ied by Jewell [22]. On the other hand, maximum likelihood estimators in various
classes of mixture models with smooth kernels have been proposed in a wide range
of applications including pharmacokinetics (Mallet [27], Mallet, Mentré, Steimer
and Lokiec [28] and Davidian and Gallant [6]), demography (Vaupel, Manton and
Stallard [41]) and shock models and variations in hazard rates (Harris and Singpur-
walla [20], McNolty, Doyle and Hansen [31] and Hill, Saunders and Laud [21]).

(c) The whole family of mixture models Dy corresponding to k € (0, 0co) in
(1.3) might eventually be of some interest, especially since the family of distri-
butions corresponding to the classical Wicksell problem is contained in the class
D1 2; see, for example, Groeneboom and Jongbloed [16].

(d) The subclass of k-monotone densities with mixing distribution F satisfying
g%*=D0) = k! I y % dF(y) < oo can be regarded as the class of distributions
arising in a generalization of Hampel’s bird-watching problem (Hampel [19]), in
which birds are captured k times, but only one “intercatch” time is recorded. Based
on those observed intercatch times, the goal is to estimate the true distribution F
of the resting times Y of the migrating birds, which we assume to have a density
f with kth moment ui(f) < oco. Furthermore, we assume that the time points of
capture form the arrival time points of a Poisson process with rate A, that given
Y =y, the number of captures by time y is Poisson(Ly) with A small enough so
that exp(—Ay) &~ 1 and that the probability of catching a bird more than k times is
negligible (see also Hampel [19] and Anevski [1]). If Sk,1 denotes the elapsed time
between the first and second captures (the only observed intercatch time), then it
follows by a derivation analogous to Hampel’s that the density of the time Sk ; is
given by

1 o k-l
=" /O k(y — 05U F () dy.

which is clearly k-monotone. We obtain F, the probability distribution of Y, by
inverting the previous mixture representation, that is,

Q)

FO=1= & n0n

at any point of continuity ¢ > 0 of F.

In connection with (a), it is interesting to note that the definition of the fam-
ily Dy is equivalent to g € Dy if and only if (—1)*¥1g*=D (where g*=1 is
either the left or right derivative of g*~2)) is nonincreasing. This follows from
Lemma 4.3 of Gneiting [13] since Gneiting’s condition lim,_, o, g(x) = 0 is auto-
matic for densities. Thus the equivalent definition of £y has a natural connection
with the work of Mammen [29] in the nonparametric regression setting. In parallel
to the treatment of convex regression estimation given by Groeneboom, Jongbloed
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and Wellner [18], it seems clear that pointwise distribution theory for nonparamet-
ric least squares estimators for the regression problems in (a) could be developed
if adequate theory were available for the Maximum Likelihood and Least Squares
estimators of densities in the class Dy, so we focus exclusively on the density case
in this paper. In Section 5, we comment further on the difficulties in obtaining
corresponding limit theory for the smooth kernel cases discussed in (b).

1.2. Description of the key difficulty: the gap problem. The key result that
Groeneboom, Jongbloed and Wellner [18] used to establish (1.2) is that t,jL -1, =
Op (n=1/3) as n — oo, where 7, and 7 are two successive jump points of the first
derivative of g, in the neighborhood of x¢. Such a result was already proved by
Mammen [29] (see Lemma 8) in the context of nonparametric regression, where
the true regression curve, m, is piecewise concave/convex or convex/concave
such that m is twice continuously differentiable in the neighborhood of xp, and
m” (x0) # 0. Furthermore, Mammen [29] conjectured the right form of the asymp-
totic distribution of his Least Squares estimator, which was later established by
Groeneboom, Jongbloed and Wellner [18].

To obtain the stochastic order n~!/3 for the gap, Groeneboom, Jongbloed and
Wellner [18] used the characterizations of the estimators, together with the “mid-
point property” which we review in Section 4. For k = 1, the same property can
be used to establish that n~!/3 is the order of the gap. As a function of k, it is
natural to conjecture that n~!/¥*1 s the general form of the order of the gap.
In the problem of nonparametric regression via splines, Mammen and van de Geer
[30] have conjectured that n~ !/ @+ is the order of the distance between the knot
points of their regression spline 7 under the assumption that the true regression
curve my satisfies our same working assumptions, but the question was left open
(see Mammen and van de Geer [30], page 400). In this paper, we refer to the prob-
lem of establishing the order of 7,7 — 7, as the gap problem.

In Section 4, we show that when k > 2, the gap problem is closely related to
a “nonclassical” Hermite interpolation problem via odd-degree splines. To put the
interpolation problem encountered in the next section in context, it is useful to
review briefly the related complete interpolation problem for odd-degree splines
which is more “classical” and for which error bounds uniform in the knots are
now available. Given a function f € C*~1D[0, 1] and an increasing sequence 0 =
Yo <Y1 <--<¥Ym <Ymt+1 =1, where m > 1 is an integer, it is well known that
there exists a unique spline, called the complete spline and denoted here by Cf, of
degree 2k — 1 with interior knots yy, ..., y,, that satisfies the 2k + m conditions

(CHD = i), i=1,....,m,

CHP00) = P00, €HPOms) = FOOme), 1=0,...,k—1;

see Schoenberg [36], de Boor [8] or Niirnberger [34], page 116, for further discus-
sion. If j € {0, ..., k} and f € C**7[0, 1], then there exists ¢k, ; > 0 such that

(1.4) sup S = Cflloo < e | £ o

O<yr<-<ym<l
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For j =k, this “uniform in knots” bound in the complete interpolation problem
was first conjectured by de Boor [7] for k > 4 as a generalization that goes beyond
k =2, 3 and 4, for which the result was already established (see also de Boor [8]).
By a scaling argument, the bound (1.4) implies that if f € C?®[a,b],a < b € R,
then the interpolation error in the complete interpolation problem is uniformly
bounded in the knots and the bound is of the order of (b — a)**. One key property
of the complete spline interpolant Cf is that (Cf)® is the Least Squares approxi-
mation of f(") when f(k) € L, ([0, 1]), that is, if 8;(y1, ..., ym) denotes the space
of splines of order k (degree k — 1) and interior knots yy, ..., ¥, then

.....

(see, e.g., Schoenberg [36], de Boor [8], Niirnberger [34]). Consequently, if Lo
denotes the space of bounded functions on [0, 1], then the properly defined map

c®10, 11— $c(y).
o= @n®.

where y = (y1, ..., ym), is the restriction of the orthoprojector Ps, (y) from Lo to

8x (v) with respect to the inner product (g, h) = fol g(x)h(x)dx which assigns to
a function g € Lo, the k-th derivative of the complete spline interpolant of any
primitive of g of order k (note that the difference between two primitives of g of
order k is a polynomial of degree k — 1).

de Boor [8] pointed out that in order to prove the conjecture, it is enough to
prove that

I Ps(y) (8)lloo

sup| Py |, = sup sup 2
y = Y geloo 1glloo

is bounded. This was successfully achieved by Shadrin [38].

The Hermite interpolation problem which arises naturally in Section 4 ap-
pears to be another variant of interpolation problems via odd-degree splines which
has not yet been studied in the approximation theory or spline literature. More
specifically, if f is some real-valued function in C/[0, 1] for some j > 1 and
0=y <y1 <--- < yu—a < y2x—3 = 1 is a given increasing sequence, then there
exist a unique spline F€ f of degree 2k — 1 and interior knots yi, ..., yor—_4 satis-
fying the 4k — 4 conditions

(1.6) (HHi)=f(yi) and  (Hef) (i) = £ (3), i=0,...,2k-3.

It turns out that deriving the stochastic order of the distance between two succes-
sive knots of the MLE and LSE in the neighborhood of the point of estimation is
very closely linked to bounding the error in this new Hermite interpolation inde-
pendently of the locations of the knots of the spline interpolant. More precisely, if
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g(x)=(x— t)]ffl /(k — 1)! is the power truncated function of degree k — 1 with
unique knot ¢, then we conjecture that there is a constant di > 0 such that
(1.7) sup sup I8 — Hugtlloo < di.
te(0,1) 0<y)<--<ypp—sa<l
As shown in Balabdaoui and Wellner [3], the preceding formulation implies that

boundedness of the error uniformly in the knots of the spline interpolant holds true
for any f € C**7) thatis,

sup If = Heflloo < dij || £4) -

O<yr<--<ya-a<l

If j =k and || f®9) ||« < 1, it follows from Proposition 1 of Balabdaoui and Well-
ner [3] that the interpolation error must be bounded above by the error for interpo-
lating the perfect spline,

S*(t) =

1 ” 2k—4 . o
301 (z +2 ; (- —Tj)+>.

For a definition of perfect splines, see, for example, Bojanov, Hakopian and Sa-
hakian [5], Chapter 6. Based on a large number of simulations, we found that

sup 1S* — HpS¥ |l < 2
o0 =
O<yr<-<yz—a<l (2]{)'
for fairly large values of k (see the last column in Table 2 in Balabdaoui and Well-
ner [3]). The latter strongly suggests that for f € C?0[0, 1], we have
2

(1.8) sup 1f = Hiflloo < — 9| ..
O<y)<--<yp—a<l * (2]()' ” ”OO

Based on conjecture (1.7), we will prove that the distance between two consecutive
knots in a neighborhood of x¢ is O, (n~1/@k+D)y,

After a brief introduction to the MLE and LSE and their respective characteri-
zations, we give in Section 3 a statement of our main result which gives the joint
asymptotic distribution of the successive derivatives of the MLE and LSE. The
obtained convergence rate n~*—//k+D for the jth derivative of any of the es-
timators was found by Balabdaoui and Wellner [2] to be the asymptotic minimax
lower bound for estimating g(()J )(xo), j=0,...,k — 1, under the same working
assumptions. The limiting distribution depends on the higher derivatives of Hj, an
almost surely uniquely defined process that stays above (below) the (k — 1)-fold
integral of Brownian motion plus the drift (k!/ (2k)1)73K when k is even (odd) and
whose derivative of order 2k — 2 is convex [ H is also said to be (2k — 2)-convex].
The process Hy is studied separately in Balabdaoui and Wellner [2]. Proving the
existence of Hy also relies on our conjecture in (1.7) since the key problem, also
referred to as the gap problem, depends on a very similar Hermite interpolation
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problem, except that the knots of the estimators are replaced by the points of touch
between the (k — 1)-fold integral of Brownian motion plus the drift (k!/ (2k)!)r2k
and Hj. For more discussion of the background and related problems, see Balab-
daoui and Wellner [2]. For a discussion of algorithms and computational issues,
see Balabdaoui and Wellner [2].

2. The estimators and their characterization. Let Xi,..., X, be n inde-
pendent observations from a common k-monotone density gg. We consider non-
parametric estimation of gg via the Least Squares and Maximum Likelihood meth-
ods, and that of its mixture distribution Fy, that is, the distribution function on
(0, co0) such that

O k(t —x

g0t = [ %dﬂ)(t) x> 0.
0 t

In other words, go is a scale mixture of Beta(1, k) densities. The mixing distribu-

tion is, furthermore, given at any point of continuity t by the inversion formula

2.1) Fo(r) = Z( 1>f Gé”(r)
j=0

where Gy(t) = f(g go(x) dx. An estimator for Fy can be obtained by simply plug-
ging in estimators of G(()j) = g(()jfl), j=0,...,k, in the inversion formula (2.1).
We call estimation of the (mixed) k-monotone density ggo the direct problem and
estimation of the mixing distribution function Fy the inverse problem. For more
technical details on the mixture representation and the inversion formula, see
Lemma 2.1 of Balabdaoui and Wellner [2].

We now give the definitions of the Least Squares and Maximum Likelihood
estimators; these were already considered in the case kK = 2 by Groeneboom, Jong-
bloed and Wellner [18]. The LSE, g, is the minimizer of the criterion function

O,(g) = 4 /0 20 di — /O ¢()dGo (1)

over the class My, whereas the MLE, g,, maximizes the “adjusted” log-likelihood
function, that is,

() = /0 log ¢(1) dGy (1) — /O g(t)dr,

over the same class. In Balabdaoui and Wellner [2], we find that both estimators
exist and are splines of degree k — 1, that is, their (k — 1)st derivative is stepwise.
Furthermore, as shown in Balabdaoui and Wellner [2], the LSE’s and MLE’s are
characterized as follows: let H, and Y,, be the processes defined for all x > 0 by

X flk—1 5]
Yn(x>=/0/ / Go(ty) dty diz -+ diy—y

_ (x—t)k 1
/ k=1 = e

(2.2)
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and
o X 1] 15
Hn<x>=/0 /Ok---fozgn(mdndrz---drk
2.3)
_[fa=-n ©ds
Tl k=1

Then the k-monotone function g, is the LSE if and only if

> Y, (x), for all x > 0,

= Va0, i (DE TV a0 < (-DF g
For the MLE, we define the process

Q4 A { o

) (x+).

o k-1
2.5) Au(x.g) = / D G0

0 X kén (1)
for all x > 0 and g € Di. A necessary and sufficient condition for the k-monotone
function g, to be the MLE is then given by

<1, for all x > 0,
=1, if (=DM Vo) < (=10 P (e ).

These characterizations are crucial for understanding the local asymptotic behavior
of the LSE and MLE. They were exploited in Balabdaoui and Wellner [2] to show
uniform strong consistency of the estimators on intervals of the form [c, 00), ¢ > 0.
Here, they prove to be once again very useful for establishing the limit theory in
both the direct and inverse problems.

2.6) Hlx. 80 {

3. The asymptotic distribution.
3.1. The main convergence theorem. To prepare for a statement of the main
result, we first recall the following theorem from Balabdaoui and Wellner [2] giv-

ing existence of the processes H.

THEOREM 3.1. Forall k > 1, let Yy, denote the stochastic process defined by

kel ok
/I%dW(sH(l)’k!ﬁ", 1>0,
V=17, $- 0, o
/ %dW(s)—i—(zz]z)‘ 2k <0
t —1)! !

If conjecture (1.7) holds (see also the discussion in Balabdaoui and Wellner [2]),
then there exists an almost surely uniquely defined stochastic process Hy charac-
terized by the following four conditions:

(i) the process Hy stays everywhere above the process Yy:

Hi (1) = Y (1), teRR;
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(i) (—1)%Hy is 2k-convex, that is, (—1)* H** ™
(iii) the process Hy satisfies

CH) — Ye) dHE D (1) = 0;
| )dH

exists and is convex;

(iv) ifk is even, limjy oo (H (1) = Y (£)) = 0 for j = ,(k—2)/2; 1f
k is odd, lim,_)oo(Hk(t) — Y (1)) = 0 and limyy oo (HHF 1)(1‘) _ Yk(2’+ Dy =
for j = . (k—3)/2.

We are now able to state the main result of this paper, which generalizes The-
orem 6.2 of Groeneboom, Jongbloed and Wellner [18] for estimating convex
(2-monotone) densities.

THEOREM 3.2. Let xo > 0 and go be a k-monotone density such that gg is
k-times differentiable at xo with (— Dk g(()k) (x0) > 0 and assume that g(()k) is contin-
uous in a neighborhood of xq. Let g, denote either the LSE g, or the MLE g, and
let F, be the corresponding mixing measure defined in terms of G, = Jo&n(s)ds
via (2.1). If conjecture (1.7) holds, then

n*/ kD (g, (x0) — go(x0)) co(xo) H¥ (0)
_ —(1 1
nDICED (30 () — 8" 00) | a | ereo) BT (0)

nl/(2k+l)(§,(,k_l)(xo) (k 1)()50)) Ch1 (X())Hk(Zk_l)(O)
and
a (—DFkxk

Tckf 1 o) HZ D (0),

n'/ @A (F (x0) — F(x0)) >

where

’

Dk k) 2j+141/2k+1)
Cj(xo)={(go(x0))k ,(%) }
for j=0,...,k—1.

3.2. The key results and outline of the proofs. Our proof of Theorem 3.2 pro-
ceeds by solving the key gap problem assuming that our conjecture (1.7) holds.
This is carried out in Section 4 in which the main result is the following.

LEMMA 3.1. Let k > 3 and g, denote either the LSE g, or the MLE g,.
If go € Dy, satisfies g(()k)(xo) # 0 and conjecture (1.7) holds, then tyr_3 — 19 =
0 (nfl/(QkH)), where 19 < --+ < Tog—3 are 2k — 2 successive jump points of

g,gk Yina neighborhood of x.

Using Lemma 3.1, we can establish the rate(s) of convergence of the estimators
g, and g, and their derivatives viewed as local processes in n~ /D neighbor-
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hoods of the fixed point x¢. This is accomplished in Proposition 3.1. Once the rates
have been established, we define for the LSE localized versions Y}fc, H,llOC of the

processes Y,,, H, given in (2.2) and (2.3), respectively, and ?(LOC, ﬁ,loc related to

the process H, given in (2.5) in the case of the MLE. The proof then proceeds by
showing that:

o the localized processes Y!°¢ and ?loc converge weakly to Y, », where

e dsi- - d D~ k! (2K
o W(s1)ds s +a ,
fo/o / (s1)dsy - k—1 (=D (2k)'

t >
Ya,a(t)z _00 0 k! 2k
o W(sp)dsy---dsg—1 +a(—1)" ——t°",
/t /SH /32 (s1)dsy - k=1 +a(=1F (2k)'
t <0,

with 0 = /g(xg), a = (—l)kg(()k) (x0)/ k!, and where W is a two-sided Brown-
ian motion process starting from 0; this can be shown by classical methods from
Shorack and Wellner [39] or alternatively via the strong approximation of Kom-
16s, Major and Tusnéady [25];

e the localized processes H, 710 and H, Ho¢ satisfy Fenchel (inequality and equality)
relations relative to the locahzed processes Y and Y'OC respectively.

We then show via tightness that the localized processes H'°° and H'°° (and
all their derivatives up to order 2k — 1) converge to a limit process satisfying the
conditions (i)—(iv) of Theorem 3.1 and hence the limit process in both cases is
just Hy (up to scaling by constants). When specialized to ¢ = 0, this gives the
conclusion of Theorem 3.2.

The following is the key proposition concerning rates of convergence.

PROPOSITION 3.1. Fix xo > 0 and let go be a k-monotone density such

that (—l)kg(()k) (x0) > 0. Let g, denote either the MLE g, or the LSE g,. If conjec-
ture (1.7) holds, then for each M > 0, we have

n - J)/(2k+1)g(t)(x)
@ =N

— OP(n—(k—])/(Zk-H)) for j = k—1.

sup |g
lt|l=M

59 (g 4+ GRHD )

||_M|

3.1

For the LSE, we define the local Y,,- and H,-processes by

xXo-pin—1/QkFD)
loc ,y _ . 2k/(2k+1)
Y1) = n /

3 _ /Ok ---/x:z{Gn(vl) — G (x0)

vy k=1

_ J . k—1
- f > %gé])(xo) du] [T dv

0 j=0 i=1
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and

xo-Htn 1/ @k+D)

51 2%/ (2k+1 vk 2.
Hnoc(t):n /(2 )/ / f gn(v1)
X0 X0 X0
k—1 ;
(v1 —x0) (j
—Z%,g(()j)(xo) dvy -+ dug
=0

+ A g ut T At T At + Ag
respectively, where
~ k=) Ck+1) ) ) .
Aj’n:T(Hnj (x0) = Y, (x0)), j=0,....,k—1.

Let ry = 1/(2k + 1). In the case of the MLE, the local processes YA(LOC and H'* are
defined as

?LOC(I) 2k, /xo+tn—’k /Uk—l /Ul go(v) — Zl;;(l)(v — xo)j/j!g(()j)(xo)
—_ - n “ e =
X X X

go(xo) B 0 0 0 gn(v)
dvdvy--- dvgp_
xo+tn~k pug_g V] 1
2k / / / —d(Gy — Go))dv; - -dvp;
X0 X0 xo &n(v)

and

ﬁrltoc(t) _ 2 /xo-Hn’k /Uk—l N /‘Ul gn(v) — ZI;;(I)(U — XO)j/j!g(()J)(X())
X X x

go(xo) 0 0 0 gn(v)
dvduvy -+ dvg_
+ At o+ A,
where
- (2k=J)ry . k—1)! .
T D (py _ ¢ k=i _ _
A==t (A0 0o = gt 7). =0 k=1

In the following lemma, we will give the asymptotic distribution of the local
processes Y!°¢ and Y1¢ in terms of the (k — 1)-fold integral of two-sided Brownian
motion, go(xop), and g(()k)(xo) assuming that the true density gg is k-times continu-
ously differentiable at xo. We denote by Y% either Y!°¢ or Yo¢,

LEMMA 3.2. Let xg be a point where g is continuously k-times differentiable
in a neighborhood of xo with (—l)kg(()k) (x0) > 0. Then Y}fo =Y, in C[—K, K]
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for each K > 0 where

R K k! (2K
a//o / Wsdsi--dser a0 goi® =0,

0 0 k!
o W(s1)dsy---ds +a(— Zk, t <0,
ft /Sk / (sp)dsy - k1 +a(—DF—— 20!

Ya,a(t) =

where W is standard two-sided Brownian motion starting at 0, o = \/go(xo) and
= (=1 k (k) k!
a=(=1)"gy (x0)/k!.

Now, let H!°® denote either H'°® or H'°,

LEMMA 3.3.  The localized processes Y'°° and H\*° satisfy
H@t) = Y"(t) >0  forallt >0,

with equality if xo + tn= "/ K+ s a jump point ofg(k b,

LEMMA 3.4.  The limit process Y, » in Lemma 3.2 satisfies

ao(t)ilYl 1(2)

where
(3.2) 1= (<—1>kgék)<xo>)<2k—1>/<2k+1>
Vg0 \ k!/go(xo) :
Vgo(xo) 2/(2k+1)
(3.3) s2=( { ) |
(—Dkgg” (x0)/&!

To show that the derivatives of H)°° are tight, we need the following lemma.
LEMMA 3.5. Forall j €{0,...,k— 1}, let Aj,n denote either Aj,n or gj,n.
If conjecture (1.7) holds, then
(3.4) Ajn=0,().
We now rescale the processes Y!¢ and H1°° so that the rescaled Y!°° converges

to the canonical limit process Yj defined in Lemma 3.4. Since the scaling of YLOC
will be exactly the same as the one we used for Yy, we define H! and Y/, by

H\ 1) =s1H(s21), Y, (1) = 51 (520),

where s1 and s, are given by (3.2) and (3.3), respectively.
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LEMMA 3.6. Letc > 0. Then
(AHO, @YD, .. @YD) = (5O BV, BFY)

in (D[—c, c])?*, where Hy is the stochastic process defined in Theorem 3.1.

To keep this paper to a reasonable length, proofs of the results of Section 3.2 and
of the main convergence Theorem 3.2 can be found in Balabdaoui and Wellner [4],
Appendix 1. The arguments there are constructed along the lines of Groeneboom,
Jongbloed and Wellner [18]. However, those arguments had to be adapted and fur-
ther developed to be able to treat k-monotonicity for an arbitrary integer k > 2. In
this general case, we found that it is very useful to consider perturbation functions
to learn about the asymptotic behavior of the estimators. Such perturbation func-
tions need, of course, to be permissible, that is, the resulting perturbed function
must belong to the k-monotone class, but they also need to have a compact support
to suit the local nature of the current estimation problem. It turns out that choices
are rather limited and that B-splines with degree k — 1 and support [ty 1, T k+1]
where 7, 1, ..., Ty k+1 are knots of either the LSE or MLE in the neighborhood of
Xo, are found to be the most sensible perturbation functions to consider. For a defi-
nition of B-splines, see, for example, Niirnberger [34], Theorem 2.2. For technical
details on the use of B-splines for constructing perturbations, see, for example,
Proposition 6.1 in Balabdaoui and Wellner [4], Appendix 1.

4. The gap problem—spline connection. Recall that it was assumed that go
is k-times continuously differentiable at xo and that (—k g(()k) (x0) > 0. Under a
weaker assumption, Balabdaoui and Wellner [2] proved strong consistency of the
(k — 1)st derivative of the MLE and LSE. This consistency result and the above
assumptions collectively imply that the number of jump points of this derivative,
in a small neighborhood of xgp, diverges to infinity almost surely as the sample
size n — oo. This “clustering” phenomenon is one of the most crucial elements
in studying the local asymptotics of the estimators. The jump points then form a
sequence that converges to xo almost surely and therefore the distance between two
successive jump points, for example, located just before and after xq, converges to
0 as n — oo. But it is not enough to know that the “gap” between these points
converges to 0: an upper bound for this rate of convergence is needed.

To prove Lemma 3.1, we will focus first on the LSE because it is somewhat
easier to handle through the simple form of its characterization. The arguments for
the MLE could be built upon those used for the LSE, but in this case one has to
deal with some extra difficulties due to the nonlinear nature of its characterization.

We start by describing the difficulties of establishing this result for the general
case k > 2.



k-MONOTONE DENSITY ESTIMATION 2549

4.1. Fundamental differences. Lett, and 7, be the last and first jump points
of the (k — 1)st derivative of the LSE g, located before and after x, respectively.
To obtain a better understanding of the gap problem, we describe the reasoning

used by Groeneboom, Jongbloed and Wellner [18] in order to prove that 7,7 — 7,7 =

Op (n—1/3) for the special case k = 2. The characterization of the estimator is given
by

' 7 Z Y}’l (x)v X Z 0’
@.1) Ha () { =Y, (x), if x is a jump point of g,
where H,(x) = Jo (x — )& () dt and Y,(x) = [y Gu(r)dt. On the interval
[z, ,t,), the function g/, is constant since there are no more jump points in this
interval. This implies that H, is a polynomial of degree 3 on [z, , 7,"). But from
the characterization in (4.1), it follows that

Hy(t) =Ya(5,),  Hy(5) =Y, (z).
These four boundary conditions allow us to fully determine the cubic polynomial
H, on [z, , 7,']. Using the explicit expression for H, and evaluating it at the mid-
point T = (7, + r,;* )/2, Groeneboom, Jongbloed and Wellner [18] established that
Y, (Tn_) + Yn(f;j—) Gn (Tfj_) -G, (Tn_) + _

— (t, —7,)-
2 8
Groeneboom, Jongbloed and Wellner [18] refer to this as the “midpoint property.”
By applying the first condition (the inequality condition) in (4.1), it follows that
Yo(t,) + Yt  Gu(r,)) —Gu(r,

2 8

The inequality in the last display can be rewritten as
Yo(r;) + Yo(r,)) Go(z,) — Go(r,

where G and Y are the true counterparts of G, and Y,, respectively, and E,
is a random error. Using empirical process theory, Groeneboom, Jongbloed and
Wellner [18] showed that
(4.2) IEa| = 0,(n*3) 4+ 0,((5,” — 7,)%).

On the other hand, Groeneboom, Jongbloed and Wellner [18] established that there
exists a universal constant C > 0 such that

Yo(r,)+Yo(z;))  Go(r;)—Go(r,) . _
2 8
=—Cg((x0)(z,[ — rn_)4 +o0,((x, — rn_)4).
Combining the results in (4.2) and (4.3), it follows that

r,j—‘r,f:Op(n_l/s).

Hy (%) =

(4.3)
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The problem has two main features that make the above arguments work. First, the
polynomial FI,, can be fully determined on [z, r,f ] and can therefore be evaluated
at any point between 7, and 7,”. Second, it can be expressed via the empirical
process Y, and that enables us to “get rid of” terms depending on g, whose rate
of convergence is still unknown at this stage. We should also add that the problem
is symmetric about 7,, a property that helps in establishing the formula derived
in (4.3).

When k > 2, it follows from the characterization of the LSE given in (2.4) that

for any two successive jump points of g,ﬁ"‘”, 7, 7,7, the four equalities

H,(t5H) =Y, (z5) and H (z5) =Y (5

still hold. However, these equations are not enough to determine the polynomial
H),, now of degree 2k — 1, on the interval [z, r,f ]. One would need 2k conditions
to be able to achieve this. [We would be in this situation if we had equality of the
higher derivatives of H, and Y, at t,” and 7,/ i.e.,

(4.4) @)=Y,  H@H=Y7)),

for j =0,...,k — 1, but the characterization (2.4) does not give this much.] Thus
it becomes clear that two jump points are not sufficient to determine the piecewise
polynomial H,,. However, if we consider p > 2 jump points 7,0 < - < Ty p—1
(all located, e.g., after xg), then ﬁn~is a spline of degree 2k — 1 with inte-

rior knots T, 1,..., Ty, p—2, that is, H, is a polynomial of degree 2k — 1 on
(T, j» Tn,j+1) for j =0,..., p— 2 and is (2k — 2)-times differentiable at its knot
points 7,0, ..., Tn,p—1. In the next subsection, we prove that if p =2k — 2, the

spline H, is completely determined on [t,, 0, T»,2k—3] by the conditions

Hn(fn,i) = Yn(Tn,i) and Hr/;(fn,i) = Y;(Tn,i)v
4.5)
i=0,...,2k—3.
This result proves to be very useful for determining the stochastic order of the
distance between two successive jump points in a small neighborhood of xqg if
conjecture (1.7) on the uniform boundedness of the error in the “nonclassical”
Hermite interpolation problem via splines of odd degree defined in (1.6) holds.

4.2. The gap problem for the LSE—Hermite interpolation. In the next lemma,
we prove that given 2k — 2 successive jump points 7,0 < - - - < T 2k—3 Of gx}/‘“),
Hy, is the unique solution of the Hermite problem given by (4.5). In the following,
we will omit writing the subscript n explicitly in the knots, but their dependence

on the sample size should be kept in mind.

LEMMA 4.1. The function H, characterized by (2.4) is a spline of degree
2k — 1. Moreover, given any 2k — 2 successive jump points of I:I,SZk_l), <<
Tok—3, the (2k — 1)st spline I:I,1 is uniquely determined on [1g, Tox—3] by the values
of the process Y, and of its derivative Y, at 1o, ..., Tog—3.
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I‘}yEZk_l)

PROOF. We know that for any jump point t of , we have

H,(t)=Y,(r) and H () =Y, (7).

This can be viewed as a Hermite interpolation problem if we consider that the
interpolated function is the process Y, and that the interpolating spline is H,
(see, e.g., Niirnberger [34], Definition 3.6, pages 108 and 109). Existence and
uniqueness of the spline interpolant follows easily from the Schoenberg—Whitney—
Karlin—Ziegler theorem (Schoenberg and Whitney [37], Theorem 3, page 258;
Karlin and Ziegler [23], Theorem 3, page 529; Niirnberger [34], Theorem 3.7,
page 109; DeVore and Lorentz [9], Theorem 9.2, page 162). [

In the following lemma, we prove a preparatory result that will be used
later for deriving the stochastic order of the distance between successive knots,
70, ..., T2k—3, of g, in a neighborhood of xg. Let #; again denote the spline in-
terpolation operator which assigns to each differentiable function f the unique
spline #[ f] with interior knots 7y, ..., Tox—4 and degree 2k — 1, and satisfying
the boundary conditions given in (1.6).

LEMMA 4.2. Let T € U?i54(fi, Ti+1). If ex(t) denotes the error at t of the
Hermite interpolation of the function x> /(2k)!, that is,

l2k X 2k
am=aﬁ—mhmjw

then
(4.6) eV (@)er(7) <E, +R,,

where |E,, defined in (4.8) is a random error and R,, defined in (4.9) is a remainder
that both depend on the knots 1, ..., Toy—3 and the point T.

PROOF. Lett e Uizi64(fi, 7i4+1). From the characterization in (2.4) and the
fact that I:In = J#[Y,] on [tg, Tox—3], it follows that
Hi[Y,1(T) = Y, (7).

Let Yy be the true counterpart of Y,,, that is, Yo(x) = ]5‘ (x — k-1 go(t)dt/(k —
1)!. We can then rewrite the previous inequality as

4.7 Hi[Yol(T) — Yo(T) = —E,(7),
where

(4.8) En = Hi[Yn — Yol(T) — [Yn — Yol(2).
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Based on the working assumptions, the function Yy is (2k)-times continuously
differentiable in a small neighborhood of xg. Now, Taylor expansion of Y(¢) with
integral remainder around T up to the order 2k yields

2k—1 2k—1

t—10) o k-3 (f —
CORDY %Yé”(r) + %gé’”(u)du,
j:

for all ¢ € [1g, Tox—3]. Using this expansion, along with the fact that the opera-
tor J€ is linear and preserves polynomials of degree 2k — 1, we can rewrite the
inequality in (4.7) as

1 k-3 e ®
m_/f ]fk[(l‘ — u)+ ](T)go (u) du > _]En
In the previous display, #[(+ — u)3*"'1(7) is the Hermite spline interpolant of

the truncated power function ¢ — (¢t — u)%ffl (u is fixed), evaluated at the point 7.

Now, we can rewrite the left-hand side of the previous inequality as

T2k—3 1 o
[ Gyt -t o w

_ W= 1 k=3 2k—1q,=
=& (T)m‘/; Hi[(t —uw)1(T) du
_

+ 2k — 1)!

4.9) .
/f - 0F @ P w) - g @) du

T

ENCPEENS
—% (r)(2k—1)!ﬂk[

once again using linearity of the operator J¢;. The remainder R, is equal to the
Hermite interpolant of the function

1 Z(l»_ )2]{—1 .
' (2k—1)!/f (2ku_ ! (8((>k)(u)—g(()k)(f))du

at the point 7. On the other hand, we can further rewrite the integral term in (4.9)
as

f T u)i"—lldu](f) +R,,

1
2k — 1)!

_ 1 L k-1 _
—(2]{_1)!}(/{[‘/; (t—u) duj|(‘17)

Hil(t — T)*1(%).

Ho [/_12“ (t — u)2! du](f)

= (2k)!

In other words, the integral term in (4.9) is nothing but the value of the Hermite
spline interpolant of the function ¢ — (# — 7)2k /(2k)! at the point T. As claimed in
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the lemma, this value is also equal to —ey(7), where e is the error of the Hermite
interpolation of the function x%*/(2k)!. Indeed, let Pyr_1(t) = (t — 7)?*/(2k)! —
g2k /(2k)!. Since Py;_1 is a polynomial of degree 2k — 1, we have

ﬂk[ﬂ]( n=dt| . Jor+ Pacao.
(2k)! (2k)!
Ift =7, Py_1(7) =0 — 72k /(2k)! = —72k /(2k)!, which implies that
(x — .E)Zk 2k 72k )
‘%"[W](”_ [(%)J( TR O

The error e; defined in Lemma 4.2 can be recognized as a monospline of degree
2k with 2k — 2 simple knots 7, . .., Tox—3. For a definition of monosplines, see, for
example, Micchelli [32], Bojanov, Hakopian and Sahakian [5], Niirnberger [34],
page 194, or DeVore and Lorentz [9], page 136. In the next lemma, we state an
important property of e.

LEMMA 4.3. The function x — ey (x) has no zeros other than 7y, ..., Tox—3
in [t0, Tak—3]. Furthermore, (—1)*e; > 0 on [0, Tor—3].

PROOF. See Balabdaoui and Wellner [4], Appendix 3. [

In Lemma 4.2, the key inequality in (4.6) can be rewritten as
(4.10) (=DFge” (@) - (= DFer(®) < By + Ry,

where the first factor on the right-hand side is already known to be positive by
k-monotonicity of go. Lemmas 4.4 and 4.5 are the final steps toward establishing
the order of the gap for the LSE based on conjecture (1.7).

LEMMA 4.4. If conjecture (1.7) holds, then E,, in (4.6) of Lemma 4.2 satisfies
IE,| = 0, (n X/ D) 40, ((tax—3 — 10)%).
PROOF. We have
E, = #[Y, — Yol(T) — [Y, — Yol(7).
Using (generalized) Taylor expansions of Y,, and Y around the point T up to order

k — 1 yields

—( ) fr =)t
Y (1) — Yo(t) = Z W() Yo" ()] + . = 4G = Gow.
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and therefore,

E, =X /t ! — k! — T
n=Hel | (t —x)"" d(Gy — Go)(x) [(7)

(k—1)!
_ 2k-3 4G G ~ N B (t — x)]f’__l
- k[ﬁ gt(-x) ( n— 0)(x):|(‘c), where gt(x) = W
= [ Ml I @ A€, — G, by Tinearity of i

_ / 7 @G, - Gow).
70

Given x € [T, k3], fz(x) = Hrlgr (X)1(T) 1z, 1p_51(x), Where Hi[g(x)](T) is
the value at T of the Hermite spline interpolant of the function ¢ — g;(x) = (f —
x)l_‘[l/(k — 1)!. Thus fz(x) depends on the knots 1y, ..., Tor—3 and the point s =
T € [10, T2k—3] and can be viewed as an element of the class of functions

(4 11) ?yO,R = {fS(x) = fs,yo ..... y2k73(x) X € [yo’ y2k—3]7 = [)707 y2k—3],

X0—8=<yo<y1 <---<ymu-3=yo+ R =<xo+ 6},

where 6 > 0 is a fixed small number. In view of conjecture (1.7), together with the
triangle inequality, there exists a constant C > 0 depending only on & such that

|fs ()] < C(rar—3 — Y0)* My yas1(X)

and hence the collection ¥y, g has envelope function F, g given by

Fyy () = CR* My o1 ().

Furthermore, ¥y, g is a VC-subgraph collection of functions (see Proposition A.1
in the Appendix for a detailed argument) and hence by van der Vaart and Wellner
[40], Theorem 2.6.7, page 141,

K\
sup N (€l Fllo2: Fi. 1 L2(0) = (;) ,

for 0 <& < 1, where Vi = 2(V (Fy,,r) — 1) with V(Fy, g) the VC-dimension of
the collection of subgraphs and where the constant K depends only on V (Fy, r)
[note that from our proof of Proposition A.1, it is clear that V (¥, r) depends only
of k]. It follows that

1
sup /0 JU+10g Nl Fyy &l 0.2 Fyo.r. L2(Q)) de < .
o

On the other hand,

Yo+R
EFy p(X1) = C?R*D / go(x)dx < C*MR*™!

Yo
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with M = go(xo — 8). Application of Lemma A.1 with d = k yields
IE,| = 0p((tak—3 — 10)*) + 0, (n =/ kD), 0

LEMMA 4.5. Ifthe bound in (1.8) holds, then R,, of Lemma 4.2 satisfies
IR, | = 0, ((t2x—3 — 70)%).

PROOF. By definition, R, is the value at T of the Hermite spline interpolant
of the function

21
(4.12) m—>ft (t(zk”) 5 (0 ) — g% () du

By (1.8), there exists a constant D > 0 depending only on & such that
k k) =
Ro| <D sup  [g8”(6) — g ()| (zak—3 — )
t€[to, Tok—3]
In the previous bound, we used the fact that the (2k)-times derivative of the func-
tion in (4.12) is g(k)(t) — (k)(f) But, note that this derivative is 0, (1), which

follows from uniform continuity of g( )

claimed bound. [

on compacts. This, in turn, implies the

PROOF OF LEMMA 3.1 FOR THE LSE. Let jj € {0, ..., 2k — 4} be such that
[Tjy» Tjo+1] is the largest knot interval, that is, 7,41 — ‘L’jo = max0§j§2k_4(tj+1
7j). Let a = 19, b = 12¢—3. Using the inequality in (4.10) and noting that the
bounds on R, and E, are independent of the choice of T in U?‘:_O“(r sy Tj+1), it
follows that

sup  (—=D*e(®) < 0, (0 M) 40, (13 — 10)™).
fe(.[j()ario-H)
Now, on the interval [z}, Tj,+1], the Hermite spline interpolant of the function
x2k/(2k)! reduces to a polynomial of degree 2k — 1. On the other hand, the best
umform approximation of the function x* on [t; jo» Tjo+1] from the space of poly-
nomials of degree <2k — 1 is given by the polynomial

2k
@13) x> x% - (fJoH - %) L T2k<2x miU ks Tj‘)“)),
2 2% Tjo+1 ~ Tio

where Ty is the Chebyshev polynomial of degree 2k (defined on [—1, 1]); see,
for example, Niirnberger [34], Theorem 3.23, page 46, or DeVore and Lorentz [9],
Theorem 6.1, page 75. It follows that

Tk

(4.14) sup  (—Dfer(?) = HW

2k
) H (Tjo+1 = Tjp)
TE(Tj),Tjg+1) 00
1

2k
= m(%ﬂ — Tjy)
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since || Tok|lco = 1. But

2k—4
k-3 — 10 = Z (Tjr1 — 1) < 2k = 3)(Tjo11 — Tj¢)-
=0
Hence,
_ 1
sup (—DFer(?) = (t2k—3 — 10)*%.

(2k — 3)2k24—1(2f)!

TE(Tjy, Tjp+1)
Combining the results obtained above, we conclude that
k
(~D¥gy (x0)
(2k — 3)2k24k=1(2k)!
which implies that tox—3 — 70 = Op(n—l/(2k+l)). ]

(tk—3 — 10) X < 0, (= DY 1o ((rak—3 — 10)*),

4.3. The gap problem for the MLE. To show Lemma 3.1 for the MLE, one
needs to deal with an extra difficulty posed by the nonlinear form of the charac-
terization of this estimator as given in (2.6). In the following, we show how one
can get around this difficulty. The main idea is to “linearize” the characterization
of the MLE and hence be able to re-use the arguments developed for the LSE in
the previous subsection.

LEMMA 4.6. Let 19, ..., Tox—3 be 2k — 2 successive jump points of g(k b,
Then

Hi (Y] — Yo > g0(20) (fo — Hil ful + An — HelAn])

on |1y, Tok—3], where Y, is the same empirical process introduced in (2.2),

ﬂ(x)z—/;(x_’)k_](f - )G - Got)

o (k=D \&n(®)  go(r0)
and
X (x _ t)k—l ( 1 1 )
A, = _ _ ACo () -G .
) v (k—=D! \g,@) go(0) (Gu(®) 0(1‘))

PROOF. Let G,(x) = Jo &n(s)ds. The characterization in (2.6) can be rewrit-
ten as

>0, for x > 0,

(x _ l‘)k 1 >
(4.15) ./ o) d(Gn() = Ga(0) { =0, if x is a jump point of g,

Note that when x is a jump point of §,§k_1), the two parts of (4.15) imply that the
first derivative of the function on the right-hand side is equal to O at the jump point
x, that is,

pU=1)

k=2

(4.16) f (xg (:) d(G (1) — Gy (1)) = 0.
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For x > 0, let

N e L
Hn(x)—/(; Wd(;n(t).

Note that ﬁn #* f—fn defined in (2.5) and that on [1g, T2r_3], ﬁn is a spline of degree
2k — 1 with knots 1, ..., Tox—3. For x € [tg, Tox—3], We can write

(x )kl
f gn(t) d(G (1) — Gy (1))

/ (x — K1 d(Gn (1) — G (1)

:go(fo) 0
X k—1 1 1 A
— — d(G,(t) — G,
+/0 =1 (g%(t) go(fo)) (Gn (D) =G )
(Ho(x) = Yo(x)) | [T caf 1 1 .
- - ~ . < d Gn _Gn
20(0) AR (gn(ﬂ go(fo)) (Gn ) =G )
! k-1 1 1 A
— — - d(G,(t)— G
+/m =12 (gn(n go(fo)) (Ga(®) = Go(0))
X k—1 1 1
+ /m(x 0 (gn(t) go(ro)) (Go(t) = G (1)
1 A v
= (Hp(x) = Y, (X)) + pn(x) — fu(x) — Ap(x).
80(70)
Note that
-1 _1 ! A
n = d Gn _Gn
Pn(x) = / (=1 (gn(o go(ro>> (Ga®) =G )

is a polynomial of degree k — 1. From (4.15) and (4.16), it follows that H, is the
Hermite spline interpolant of the function

Yo + 20(20){=pa + fo + As)
such that
Hy = Yy + 80(20) (=pn + fu + An).
Hence,
HIY o + 20(t0){—Pu + fo + Au}) = Yo + 20(t0){—pu + fo + An}
on [7p, Tox—3] or, equivalently,

Hi[Ynl — Y, > g0(20) (fr — Hil ful + A — HilAnl). O
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Since H[Y,] — Y, has already been studied for the purposes of proving the
order of the gap in the case of the LSE, the final step is to evaluate each of the
interpolation errors

(4.17) €1 =fo— Hilfu] and & = A, — Hi[A,].

LEMMA 4.7. Let &1 and &, be the interpolation errors defined in (4.17). Then
1€11lc0 = 0p((T2k—3 — T0)*)
and

1€20l00 = 0, ((T2—3 — T0) %) + 0, (n =K/ A+,

PROOF. A detailed proof can be found in Balabdaoui and Wellner [4], Appen-
dix3. O

PROOF OF LEMMA 3.1 FOR THE MLE. From our study of the distance be-
tween the knots of the LSE, and using very similar calculations, we can show that
- 2k—4
forall T € Uj=0 (T, Tj+1)s

(—1* e @) (=1ker (@) < By + R, — 20(10)(61(F) + €2(T)),
which implies that by the results obtained for the LSE,
D(to—3 — 1) (1 + 0, (1)) < 0, (n™2/FD) 4 o6(20) (1€1 oo + 162 1100)

for some constant D > O depending on k and xg. Hence, it follows from
Lemma 4.7 that

D(ta_3 — 10)*(1 4 0, (1)) < 0, (n~2K/@+D)y,

which yields the order n~/@*¥+1D for the distance between the knots of the MLE
in the neighborhood of xg. [

5. Conclusions and discussion. As noted in Section 1, one of the motiva-
tions for this work was to try to approach the problem of pointwise limit theory for
the MLE’s in both the forward and inverse problems for the family of completely
monotone densities on R™. This is one very important special case of the family of
nonparametric mixture models with a smooth kernel as was mentioned in part (b)
of our discussion in Section 1. Jewell [22] established consistency of the MLE’s
of g € Do and the corresponding mixing distribution function F in this setting,
but local rates of convergence and limiting distribution theory remain unknown.
Our initial hope was that we might be able to learn about the problem with k = oo
by studying the problem for fixed k& and then taking limits as k — oo. Unfortu-
nately, we now believe that new tools and methods will be needed. The following
discusses the state of affairs as we understand it now.
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In terms of rates of convergence and localization properties, our development
here shows that the local behavior of the estimators near a fixed point xg > 0 be-
comes dependent on an increasing number of jump points or knots in the spline
problem. In other words, one needs to consider 2k — 2 consecutive jump points
(knots) o, < -+ < Ty2k—3 of the (k — 1)st derivative of the estimators in a
neighborhood of xy in order to be able to find a bound on 7, j+1 — 74, ] =
0,...,2k — 4, as n — oo. Thus the problem becomes increasingly “less local”
with increasing k and this leads us to suspect that the situation in the kK = oo
(or completely monotone) problem might be only “weakly local” or perhaps even
“completely nonlocal” in senses yet to be precisely defined.

Another aspect of this problem is that although the MLE is asymptotically
equivalent to the (mass-unconstrained) LSE for each fixed k if our conjecture (1.7)
holds, they seem to differ increasingly as k increases. For k = 1, the MLE and
the LSE are identical; for k = 2, the MLE differs from the (mass-unconstrained)
LSE, but the LSE always has total mass 1. For k > 3, the MLE and LSE differ,
and, moreover, the total amount of mass in the unconstrained LSE for n =1 is
My = (2k — 1)/k)(1 —1/Qk — 1)k~ A2e71/2 2 1.21306... # 1 as k — oo.
We do not know how the mass of the unconstrained LSE behaves jointly in n and &,
even though (by consistency) the mass of the LSE converges to 1 as n — oo for
fixed k. We also do not even know if the unconstrained LSE exists for the scale
mixture of exponentials, even though it is clear that the constrained estimator (de-
fined by the least squares criterion minimized over Dy rather than My ) with mass 1
does exist. Since our current proof techniques rely so heavily on showing equiv-
alence between the MLE and the (unconstrained) LSE, it seems likely that new
methods will be required. We do not know if the (mass)-constrained LSE’s and
the MLE’s are asymptotically equivalent either for finite & or for k = co. Our cur-
rent plan is to study the constrained LSE’s with total mass constrained to be 1 for
finite sample sizes in order to investigate the asymptotic equivalence of these mass-
constrained LSE’s and the MLE’s and to (perhaps) extend this study to k = oo via
limits on k. We do not yet know the “right” Gaussian version of the estimation
problem in the completely monotone case.

Another way to view these difficulties might be to take the following perspec-
tive: since more knowledge is available concerning the MLE’s for the families Dy
with k finite and since Do is the intersection of all of the Dy ’s (and hence well
approximated by Dy with k large), we can fruitfully consider estimation via model
selection, choosing k based on the data, over the collection U}?i] Dy.

In summary, we have tried to shed some more light on the local behavior of two
nonparametric estimators of a k-monotone density, the Maximum Likelihood and
Least Squares estimators. We have shown that they are both adaptive splines of
degree k — 1 with knots determined by the data and their corresponding criterion
functions. When (—1)* g(()k) (x0) > 0, the distance between their knots in a neigh-
borhood of a point xg > 0 was shown to be n~!/@*+D if a conjecture concerning
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the uniform boundedness of the interpolation error in a new Hermite interpolation
problem holds. Once this control of the distance between the knots is available,
pointwise limit distribution theory follows via a route paralleling previous results
for k = 1, 2. Although we do not exclude the possibility that this order could be es-
tablished via other approaches, we hope that the techniques developed here demon-
strate that there could still be many interesting and powerful connections between
statistics and approximation theory.

APPENDIX: PROOFS FROM EMPIRICAL PROCESSES THEORY
The following proposition is a slight generalization of Lemma 4.1 of Kim and
Pollard [24], page 201.

LEMMA A.1. Let F be a collection of functions defined on [xog — 8, xo + 8],
with § > 0 small. Suppose that for a fixed x € [xg — 8, xo + 8] and R > 0 such that
[x,x 4+ R] C[xo — 6, xg + 6], the collection

?x,R={fx,yEf1[x,y], fE.‘I:', XSySX-i-R}
admits an envelope Fx g such that
EFx(X))<KR* ' R<R,,

for some d > 1/2, where K > 0 depends only on xy and §. Moreover, suppose that

1
(A1) sup [ \flog Nl Fr.klo.2: Fr e L2(Q) diy < o0.
o

Then for each € > 0, there exist random variables M,, of order O (1) such that

[(Gn — Go)(fry)| < ely — x|FTd 4 p=kFD/ChTD pp,
(A.2)
for |y — x| < Ry.

PROOF. By van der Vaart and Wellner [40], Theorem 2.14.1, page 239, it fol-
lows that

2

K

(A.3) E{ sup |<Gn—Go)<fx,R>|} < —EF’;(X1))=0@m 'R¥
fx,ye-(’)‘vx,R n '

for some constant K > 0 depending only on xg, 6 and the entropy integral in (A.1).
For any fy , € ¥y g, we write

Py — P0)(fr.y) = (Gu — Go)(fr.y)
and define M,, by
My =inf{D > 0: (B, — Po)(fr.y)| <&(y —x)! 4 4 p~*kFD/CHD D
forall fy y € Fy r}
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and M, = oo if no D > 0 satisfies the required inequality. For 1 < j <
| Rn'/CkD | = j  we have

P(M, > m)
< P(|(By = Po)(fxy)| > £(y — ) Hd 4 n = EFD/CRED g
for some fy y € Fx r)

< Y P{n*ED/ DB, — P)(fi )| > e — DM 4 m
1<j<jn

for some fy.y € Fy g, (j — Dn~ /D <y — x < ju7 /D)

E{Sup,.<y < jn-1/@k+) | (Pn = Po)(fr.y—o) [}
(e(j — D 4 m)?

< Z 2 (ktd)/(2k+1)
1<j<jn

SUPf, cr, yaeen | B = POyl
(e(j — DI 4 m)?

E
Z 2(k+d)/ k1)

1</ <in
2d—1
<C Z 2k [ Qk+1)  —1 = (2d—1)/(2k+1) J
=T (e(j — D*F +m)?
j2d_1 00 -2d—1
=C O
1512.5:] (e — DR m)? = ; (e(j — 1)"+" +m)?

as m /" oo, where C > 0 is a constant that depends only on xg, 6. Therefore, it
follows that (A.2) holds. [

In the following, we present VC-subgraph proofs for Lemma 4.4.

PROPOSITION A.1. For k > 2, the class of functions ¥y, g given in (4.11) is
a VC-subgraph class.
PROOF. We first show that the class of subgraphs
={{t,c) eRT xR:c < fi(x)}:
x €10, k=31, X0 =8 <yo<y1 <--- < yu—3<yo+ R <xo+5}

is a VC class of sets in RT x R. If we show this, then the class of functions (4.11)
is VC-subgraph. Alternatively, from van der Vaart and Wellner [40], problem 11,
page 152, it suffices to show that the “between graphs”

={{(t,0) eRT x R:0<c < f;(x) or fi(x) <c <0}:
€ [y, yar—3l,x0—8 <yo<y1 <--- < ym—3<yo+ R <xo+3}
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constitute a VC class of sets. Let
Crj={{t.0) eRT xR:0<c < fi(x)1py,_;.y,1(0)
or fi(x)1py,_;.y;1(t) <c < 0}:
x €10, ox—3], X0 —8 < yo < y1 <+ < yu—3 < yo+ R < x0 + 8}

for j =1,...,2k — 3. Since ¢ — fi(x)1[y;_; y;1(r) is a polynomial of degree at
most k — 1 for each j =1,...,k, the classes € ; are all VC classes. Also, note
that

CICCruU---UCy k-3 = Cry.

By Dudley [10], Theorem 2.5.3, page 153, G is a VC class (or see van der Vaart
and Wellner [40], Lemma 2.6.17, part (iii), page 147). Hence, C; is a VC class and
Fyo,r 18 a VC-subgraph class. [
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