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By a mixture density is meant a density of the form 7, (-) = [ (-) x
n(dO), where (7g)gece is a family of probability densities and p is a prob-
ability measure on ®. We consider the problem of identifying the unknown
part of this model, the mixing distribution w, from a finite sample of inde-
pendent observations from 7. Assuming that the mixing distribution has a
density function, we wish to estimate this density within appropriate function
classes. A general approach is proposed and its scope of application is inves-
tigated in the case of discrete distributions. Mixtures of power series distribu-
tions are more specifically studied. Standard methods for density estimation,
such as kernel estimators, are available in this context, and it has been shown
that these methods are rate optimal or almost rate optimal in balls of various
smoothness spaces. For instance, these results apply to mixtures of the Pois-
son distribution parameterized by its mean. Estimators based on orthogonal
polynomial sequences have also been proposed and shown to achieve similar
rates. The general approach of this paper extends and simplifies such results.
For instance, it allows us to prove asymptotic minimax efficiency over certain
smoothness classes of the above-mentioned polynomial estimator in the Pois-
son case. We also study discrete location mixtures, or discrete deconvolution,
and mixtures of discrete uniform distributions.

1. Introduction. Let ()¢, ) be a measurable space and let (7p)pce be a
parametric family of densities on X with respect to a common measure ¢. The
parameter 6 is assumed to range over a set ® € B(R?); here d > 1 and B(-) de-
notes the Borel sets. For any probability measure n on (®,B(®)), the mixture
density 7, is defined on X by

7 = [ 7).

Here the family (;g) is called the mixands and w is the mixing distribution. If
w has finite support, , is called a finite mixture (density). Estimation of such
mixtures from an i.i.d. sequence (X;)1<;<p distributed according to 7, with the
aim of recovering the unknown support points, their weights and maybe also their
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number, has a long history and we refer to the monographs by McLachlan and
Peel [18], Titterington, Smith and Makov [20] and Lindsay [15] for further reading.
In the present paper we are interested in nonparametric estimation of the mixing
distribution . We will assume that each such distribution under consideration has
a density, called the mixing density and denoted by f, with respect to a known
reference (Radon) measure v on (®, B(®)).

The problem of estimating f for mixtures of discrete distributions (X is dis-
crete) has been investigated, for instance, by Zhang [23] and, for Poisson mixtures
with v being Lebesgue measure, by Hengartner [12]; see also references in these
two articles. The estimators examined by these authors are of two sorts. Zhang [23]
used a kernel density estimator and adapted it to the mixture setting to estimate f
pointwise. Hengartner [12] used a projection estimator based on orthogonal poly-
nomials to obtain an estimator of f as an element of L?[a,b],0<a <b < co.Loh
and Zhang [16] used the kernel estimator to derive estimators of f in the two cases
f e LP[0,b] and f € LP[0, o0) with 1 < p < 0. The main results of these works
are concerned with establishing rates of convergence of the estimators, depending
on smoothness conditions assumed on the mixing density, and with establishing
bounds on the achievable minimax rate for mixing densities within balls defined
by similar smoothness conditions.

The results on both estimators were condensed and slightly generalized by Loh
and Zhang [17], who also carried out a numerical study of their finite sample per-
formance. A conclusion of their work is that, although both types of estimators
achieve similar rates with similar smoothness conditions on the mixing density,
projection estimators seem to behave much better for finite samples. As pointed
out by Loh and Zhang [17], the rates being logarithmic, it is not surprising that
identical rates do not imply similar performance for finite sample sizes.

Another important point of the works cited above is that, although the rates of
the estimators are derived over a wide range of smoothness classes, minimax rate
optimality is proved only for particular instances. For example, Hengartner [12]
obtained the rate of the projection estimator over Sobolev classes with arbitrary
index of smoothness, but proved this rate to be minimax optimal for integer indices
only. Similar remarks apply to the results of Loh and Zhang [17], but for a family
of ellipsoidal classes.

In this paper we develop a general framework for studying projection estima-
tors, with the main focus on mixtures of discrete distributions. Let us denote by I1
the linear operator mapping a real function z on X to a real function I1h on ©,
defined by

(1) Hh(@):n'gh:/ hmo dt forall 0 in ©,
X

whenever this integral is well defined. Here we use the classical functional analy-
sis notation wh := [ hdm. Above we defined 7y and 7, as densities on X with
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dominating measure ¢, but we will also use the same notation for the correspond-
ing probability measures. Observe that, by Fubini’s theorem, for all 4 such that
mulh| < oo,

@) muh= [ 1) ( [ mo00nd6) ) (@) = urth

The mean 7, h may be estimated by a sample mean obtained using i.i.d. observa-
tions from 7, ; see also [1], where this problem is addressed for 4 within a given
class of functions. The basic idea of what we call the projection estimator is now
to estimate 7, & for a suitable finite collection of functions 4 and then to use (2) to
obtain an estimate of w. The precise definition is given in Definition 1.

Our objective, classical in a nonparametric approach, is to find the asymptotic
behavior of the minimax risk

Jinf sup (i, ),

an€dn pee
where C, [ and 4,,, respectively, denote a class of distributions, a loss function and
a set of estimators defined on X" and taking values in a set compatible with the
choice of [; nl‘?” is the distribution of n 1.i.d. observations from 7. It turns out
that there is a simple argument to lower-bound this quantity in a general mixture
framework (Proposition 1).

However, for exploiting this lower bound and studying the projection estimator,
we will, as in the papers cited above, consider the case when u is defined by
its density f = du/dv for a fixed v. In this setting we will likewise write 7 ¢
for ;. Furthermore, the density f will be assumed to belong to the Hilbert space
H = L?(v) with scalar product ( f, g)y = | fg dv. Given an estimator f: X" —H
of f,itis natural to consider a risk given by the mean squared error £ || f —f ”1%1;
here £ s denotes integration with respect to n?” and || - || is the norm on H. In
nonparametric language this is a mean integrated squared error (MISE). We will
notice that, in order to arrive at interesting results, it is sensible to define the class
C above, which is now a class of densities in H, in accordance with the mixands. In
the case of power series mixtures, this class is closely related to polynomials. Such
ideas were used already by Lindsay [14] in a parametric framework. Still in the
context of power series mixtures, we will obtain results on minimax rate optimality
of the projection estimator, using classical results on polynomial approximations
on compact sets (Theorem 3).

Having said that, we note that, quite generally, including Poisson mixands, the
mixing density f may also be estimated using nonparametric maximum likeli-
hood; Lindsay [15] is excellent reading on this approach. The optimization prob-
lem so obtained is an infinite-dimensional convex programming problem, and
numerical routines for approximating the nonparametric MLE (NPMLE) can be
constructed, at least in certain models. The problem with the NPMLE is rather
on the theoretical side. van de Geer [21] proved a rate of convergence result in
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terms of Hellinger distance in a rather abstract setting, and it still remains to be
determined what this result implies for the problems studied in the present paper.

The paper is organized as follows. In Section 2 we give a general lower bound,
in an abstract framework, on the obtainable error over certain classes of mixing
distributions. This result is then specialized to the Hilbert setting outlined above,
that is, we consider the MISE obtainable over smoothness classes of densities. In
Section 3 we define the projection estimator and give a bias-variance decomposi-
tion of its loss. Section 4 focuses on mixtures of discrete distributions, containing a
main theorem that provides a lower bound on the minimax MISE achievable over
smoothness classes related to the definition of the projection estimator. An upper
bound is also given and we discuss how these two bounds apply in a common set-
ting. In Section 5 we apply these results to power series mixtures and complete
the results obtained by Hengartner [12] and Loh and Zhang [17]. Section 6 is de-
voted to translation mixtures, or discrete deconvolution, while Section 7 provides
applications of our results to mixtures of discrete uniform distributions. Finally, in
Section 8 we give some examples in which the general methodology of the present
paper may be valuable, but which we have not explored further.

Before closing this section we give some additional notation that will be used
in connection with the above-mentioned Hilbert space H. We write H for the set
of nonnegative functions in H, that is, H; = {f € H: f > 0}, and H] for the set of
functions in H that integrate to unity, that is, H; = {f € H4 :vf = 1}. In other
words, H is the set of probability densities on ® which are also in H. For any
subset V of H, we write V- for the orthogonal complement of V in H, f L V if
feVtand Projy, for the orthogonal projection on V. For two subsets W C V,
we shall write V. © W for V. N W=, A subset V is called symmetric if V = —V,
that is, if —f isin V whenever f is.

2. A general lower bound. In this section we first give a lower bound on the
obtainable loss in a more general framework, before turning to the setting specified
in Section 1. To that end, let (X, ) and (®, §) be measurable spaces and let the
function (6, A) — m(A) from ® x § to [0, 1] be a probability kernel. That is,
m.(A) is measurable for all measurable subsets A € X and 7y (-) is a probability
measure on (X, ¥) for all 6 in ®. For instance, w may be a regular version of
a conditional probability P(X = |6 =) (we refer to [19], Section 3.4, for more
details).

We let M(X, ) and M(®, §) denote the sets of all signed finite measures
on (X, ) and (O, §), respectively. For any set A, we write 14 for the indicator
function of A. As in (1), the linear operator IT maps a real function # on X to
a real function on ® defined by I14(0) = mgh. Considering IT acting on bounded
functions, its adjoint operator IT* operates from M(®, §) to M((X, ) and is given
by

M u(A) =TT uly = ullly forall A e F.
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When p is a probability measure on ©, its image IT*u by IT* also is a probability
measure; indeed, it is the mixture distribution obtained from the mixands (77y) and
mixing distribution p.

For any real function & on X, we denote by M), the multiplication operator
which maps a real function f on X to the real function defined by My, f(x) =
h(x)f(x) for all x € X. Considering this operator acting on bounded functions,
its adjoint M’ is an operator on M(X, ) given by M} i1 = M}, In other words,
M;; 1 is the measure with density & with respect to .

Finally, we consider a subspace E of signed measures on ®, equipped with
a semi-norm & . We assume that E is endowed with a o-field which makes this
semi-norm measurable. We write 4,, for the set of all E-valued estimators based on
n observations, that is, the set of all measurable functions from X" to E. Finally,
E| is the set of all probability measures that belong to E.

PROPOSITION 1. Let h be a real nonnegative function on X, bounded by 1.
Let C be a symmetric set included in the kernel of M} o I1* and let 1o be a prob-
ability measure on ®. Then for any number p > 1,

inf  sup (MW@' WP (i — p)
AE€Sn pe(uo+C)NE,

> sup{N P (u): € C, uo £ € E1}(IT* oh)".

3)

REMARK. An obvious and interesting problem raised by the proposition is
that of optimizing the right-hand side of (3) with respect to /.

REMARK. One can allow the function / to depend on an index i as long as C
is a subset of the kernel of each M ;l‘i o IT*. Doing so, the second factor in the lower
bound becomes [, <; <, IT*1oh;.

REMARK. The supremum in the lower bound is also that of N7 over C N
(E1 — o) N (o — Eyp). Since this set is symmetric, the supremum is the pth
power of its half diameter.

PROOF OF PROPOSITION 1. Write %" for the function on X" mapping
(x1,...,Xy) to [T{_; A(x;). Let p be in the kernel of M} o IT* such that uo + u
is a probability measure. Then, since /%" is bounded by 1, for all nonnegative
functions g on X",

(IT* (o 4+ w))®" g = (IT* (o 4+ )" (gh®")

= (M}TT* (1o + 1)) ®" g
= (M;TT* o)®" g.
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Now pick an estimator /& in 4,. Let u be a signed measure in the kernel of
M o T1* such that both p4 := o & p are probability measures. Applying the
above inequality twice, with g equal to g+ := NP (L — ju+), we obtain

) (M up)® gy + T p)®" g > (MiTT* 10)®" (g4 + g-).
Furthermore, note that
g+ +8-=2""PNPQu) =2N (),

so that the right-hand side of (4) is at least 2N 7 () (IT*uoh)". The supremum in
the left-hand side of (3) is at least half the left-hand side of (4), hence, at least
NP () (IT* oh)™. This corresponds to bounding the supremum risk from below
by a two-point Bayes risk with uniform prior. We conclude the proof by optimizing
over u. [

We note that Proposition 1 holds for norms such as the L? norms or the total
variation norm in a nondominated context. Our particular interest in this result,
however, is when 79 (A) = [, mg d¢ (what we call the dominated case) and when
E is the set of all finite signed measures with a density with respect to v in H =
L?(v). As this is the main topic of the remainder of the paper, we now restate
Proposition 1 in this context as a separate result. From now on, 4, will denote the
set of estimators in H from n observations, that is, the set of measurable functions
from X" to HI, where H is endowed with its Borel o -field.

PROPOSITION 2. Let fy be in H; and let h be a real nonnegative function
on X, bounded by 1. Let C* be a symmetric subset of H such that, for ¢-a.e.
x € X, the mapping 6 — h(x)my(x) belongs to C*+. Then

inf  sup  Efllf - fIE
f€8n fe(fo+C*)NH,

(5)
> sup{|| fII5: f € C*, fo£ f e Hi)(mph)".

PROOF. Take E = {M.’;v feHnN Ll(v)} and define the norm N(M}‘Ev) =
Il f Iz on this space. Note that, for all f in Hj, H*M;ﬁv =my. Thus, forall f € Hj,
if p=2and u= M}'Zv, the expectation in the left-hand side of (1) equals that in
the left-hand side of (5).

Now put o = M;‘Zov andlet C = {M;‘Zv 1 f € C*INM(O, ). From the assump-
tions on C*, it is clear that C is a symmetric set included in the kernel of M} o IT*.
Hence, in order to apply Proposition 1, it only remains to verify that

(6) {Mpv:fe(fo+CHNHI}=(ro+CNE,

where E; is the set of probability distributions in E, that is, £ = {M’}v i f e
H}. By observing that € C {M’;v : f € C*}, we get the inclusion “2” in (6). For
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showing the inverse inclusion, pick g € C* such that f := fj + g is in H];. Since
fo is in Hj as well, M;‘v € M(®, 4). This proves (6). [

Re-examining the proof of Proposition 1 in this context shows that it uses argu-
ments similar to those of the second part of the proof of Theorem 3.1 in [12], but
does not use Lemma 1 in [23], where a lower bound on sup IP’f{llf — fllm = A}
is derived, the supremum being over a given subset of H.

3. The projection estimator. Assume that (X;)1<;<, are i.i.d. with density
¢ with f in H;. We denote by P, the empirical distribution defined by

1 n
P,,h:/th =-> h(X;)  forallh:X—R.
k=1

Let #¢ denote the linear space containing all real functions & which satisfy g |h| <
oo for all 8. For introducing the projection estimator, it is convenient to consider I'1
defined by (1) acting on #. The definition of the projection estimator depends on
a given nondecreasing sequence (V,,);,,>1 of finite-dimensional linear subspaces
of H. We put d,, := dim V,, and define Vy := {0}. We assume without loss of
generality that V), is included in IT(#); otherwise we let V,,, N I1(H) replace V,,.
We furthermore assume that, for any g in |J,, V,,, there exists a unique 4 in #
such that ITh = g, and we write & = [T~ 'g. In other words, we assume that IT is
one-to-one on H_I(Um V.n). This is ensured, for instance, if IT is one-to-one on
J€, which, as observed by Barbe ([1], Lemma 5.1) simply means that the mixands
are complete in the sense that, if [1Th(6) = 0 for all 8, then & = 0 (our IT and H
correspond to Barbe’s #? and ¥, resp.). Moreover, he showed that for location and
scale mixtures identifiability of the mixands in the sense 7, = 7, if and only if
wu = u’ implies that IT is one-to-one ([1], Lemmas 5.2 and 5.3).

DEFINITION 1. Let fAm » be defined as the unique element in V,, satisfying
(7) (fnn»@u=P,MTI"'g  forall gin V.
This estimator is called the projection estimator of f of order m [from n observa-

tions and with respect to (V,,,)].

From the assumptions above, the function which maps g in V,, to P,IT"'g is
a linear functional and, thus, (7) completely defines ﬁl,n by duality of the scalar
product. The projection estimator relies on the following idea. First observe that in
the Hilbert setting (2) reads

®) mph=(f, ITh)m

and holds for all / such that I14 is in H. Hence, for all g in V,,,, by the law of large
numbers, Pnl'I_lg tends to nfl'[_lg = (f, l'[l'[‘lg)H = (f,g)m as n — 00, so
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that f,\n,n is approximately Projy, f for large n. Making m large as well, Projy, f
is roughly f, provided the closure of (J,,~ Vi, contains f. An important part of

the development is thus to find a suitable rate at which to increase m with respect
to n.

In practice, the projection estimator can be expressed using an orthonormal se-
quence (¢ )r>0 in H such that (¢x)o<k<d,—1 1S a basis of V, for all m > 1. The
expansion of the projection estimator in this basis then reads

dn—1

©) Fon =Y (PaTT ' $p)hx.

k=0

For any random element g in H such that 7 /|| g||]%I < 00, we define its vari-
ance as vary(g) :=Er|lg — Efg||]%{. Under the i.i.d. assumption, the MISE of the
projection estimator admits the following bias-variance decomposition.

PROPOSITION 3. Forall f in Hy, the MISE of ﬁnn writes
. , 5 1 .
(10) Efll fnn = fl = f = Projy, flig+ vars (.-

PROOF. Pythagoras’ theorem gives

| Fon = £ = | Fonn = Projy,, £ 5+ | f —Projy,, £l
From (9) and (8), we have

dp—1 dp—1
Effun= Y Ef(PIT "¢k = > (f. ¢)uex = Projy, f.
k=0 k=0

Inserting this equality into the next to last display and taking expectations yields
Efll fnn — flly = IL.f = Projy, flI3 + vars(fim,n). Using (9) and the orthonor-
mality of (¢), we obtain

d,—1 dn—1
Y m _ 1 m _
(1) varg(fun) = Y varp(P,I1 1¢k)=; > varp(PIT gp).
k=0 k=0

The proof is complete. [

We finish this section by noting that in many cases the sequence (V) is defined
as V;, = Span(Ilhy, ..., I[1hg,—1) forasequence (h)r>0 in # such that (IThy)r>0
is a linearly independent sequence in H. This constructive definition of (V) au-
tomatically ensures that all the above assumptions are verified. Observe, however,
that the projection estimator only depends on the sequence (V,,), whence different
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choices of (hy) are possible. In particular, by the Gram—Schmidt procedure, we
can construct an orthonormal sequence (¢y) as

k
:Zfbk’gnh[ forall k > 0,
=0

for some real coefficients (®y ¢)k ¢>0 for which we set @ o :=0forall £ > k > 0.
The sequence (¢x) may then replace (h;) for defining the same sequence (V,),
and in this context (9) becomes

dm—1 k

(12) Fon =Y > Pro(Puho)r.

k=0 ¢=0

4. Application to mixtures of discrete distributions. The basic assumption
of this section is

X = Z4 and ¢ is counting measure.

The case of continuous X seems to require deep adaptations and is left for future
work. In the present setting we write 1; for the indicator function 1 (x) = 1(x = k)
and take

(13) Vin := Span(ITly, 0 < k < m).

Notice that [T1; = m.(k). We are hence in the constructive framework of Section 3
with dim V,, = m, provided that (77.(k))x>0 is a sequence of linearly independent
functions in H. In this section we thus make the following assumption.

(A1) (IT1x)k=o is a sequence of linearly independent functions in H N L'(v).

Obviously, since (1) is a linearly independent sequence in #, so is (IT1),
provided IT is one-to-one. We recall that this holds whenever the mixands are
complete (see Section 3). Assumption (Al) implies that the prO]eCtIOIl estimator
fm n is well defined and, as a linear combination of [T1;’s, belongs to L'(v) forall
m and n. Hence, it is a good candidate for estimating a probability density function
with respect to v. We elaborate further on this assumption in Section 4.3.

The results of Sections 2 and 3 may be used for bounding the minimax MISE
inf Fes, SUPfee Efll f —f ||%I for particular smoothness classes €, which we now
introduce.

For any positive decreasing sequence u = (u,;)m>0, any positive number C and
any nonnegative integer r, define

(14)  Cu,C,r):={f eH:|f —Projy f|y < Cum forallm=>r}.



ESTIMATION OF MIXING DENSITIES 2075

Note that, for r > 1, the classes C(u, 0, r) do not reduce to {0} but to V... Also note
that one may assume uy = 1 without loss of generality, in which case, recalling the
convention Vy = {0},

Cu,C,0)

={feH:|flu=<C,

Usually we simply write C(u, C) for C(u, C,0). This set can be interpreted as
the ball of functions whose rate of approximation by projections on the spaces Vj,
is controlled by (u,,) within a radius C. Finally, observe that having limu,, = 0
amounts to saying that C(u, C, r) is a subset of the closure of | J,,~; Vi in HL.

For any fixed fy in H;, we define the following semi-norm on H:

£ ©)
a16) 17 oo, gy 1= v-ess sup ==,

with the convention 0/0 = 0 and s/0 = oo for s > 0. This semi-norm is not neces-
sarily finite. Also introduce, for any subspace V of H,

Koo, fo(V) :=sup{ll flloc, fo: £ € V. Il fllm =1}

Finally, we define for any positive numbers K and C, any sequence u = (u,,;) as
above and any nonnegative integer r,

Cr(K,u,C,r):={feC,C.r):||flloc.fo < K}

(15)

f—Projy f|g < Cup forallm > 1}.

(17)
=Cu, C,r)N{f eH: | fllooso < K};

again, just as for C(u, C), we write Cz (K, u, C) for Cz, (K, u, C,0).

4.1. A lower bound on the MISE under (A1). The following result is derived
from Proposition 2 using the smoothness classes above.

THEOREM 1. Let fo be in Hy, u = (umn)m>0 a positive decreasing sequence,
C a positive number, r a nonnegative integer and K a positive number such that
K < 1. Then for any positive integer n, any estimator f, in 8, and any integer
mz=r,

sup Efllf— £}
fe(fb+@_f()(K,u,C,r))ﬂH1
(18)

> ( K A(C ))2( (0 13)"
= u 1 T s e, M — .
Koo,fo(vm+2 © Vm) " T

REMARK. For the lower bound (18) to be nontrivial, Ko, £, (Vin4+2 © Vi) must
be finite. Since V,,42 © V), is finite-dimensional, this is true if || - ||o, £, is a finite
normon V42 © V.
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REMARK. The lower bound (18) can be optimized over all m > r. In most
cases Koo, fy(Viny2 © Vi) behaves like Ko, 7, (Vi) and thus increases as m gets
large. Hence, the squared term in the lower bound decreases when m gets large
while, in contrast, 7 7, {0, ..., m — 1} increases to 1 as m tends to infinity.

The proof of the theorem is prefaced by two lemmas.
LEMMA 1. Let fo be in H.. Then for all f in H,

[(fs &)l
19 o = sup L &EL
(1% 1/ llo. £ ;lelﬂl-)]l (fo, lghm

with the convention 0/0 =0 and s /0 = oo for s > 0.

PROOF. First assume that there is a Borel subset A of ® with v(A) > 0 and
such that both fy =0 and | f| > 0 on A. It then follows immediately that the left-
hand side of (19) is infinite, and so is the right-hand side (take g = f14).

Now assume that there is no such set A. Using the convention 0/0 = O,
we then have f = (f/fo)fo v-a.e. Letting uo be the measure having density
fo with respect to v, we find that the left-hand side of (19), v-esssup|f/fol,
equals po-esssup | f/fol. Furthermore, pg is a o-finite measure. Indeed, since
v is o-finite, the Cauchy—Schwarz inequality shows that po(K) = (fo, 1x)m <
||f0||H(v1K)1/2 < oo for any compact set K. Hence, the space L°°(u0) and the
dual L'(o)* are isometric (see [9], Theorem 4.14.6), implying that the left-hand
side of (19) equals

woresssuplf/fol = sup luol(F/fgll=  sup LALSHOEN
g tolgl=1 g olgl<oo Holg|
again with the convention 0/0 = 0. It now remains to show that this display is
equal to the right-hand side of (19).

To do that, notice that, for any g in H, (f, g)m = v(fg) = wol(f/fo)g] and
(fo, g = wolg|. Thus, the right-hand side of (19) is the supremum of the same
ratio as in right-hand side of the last display, but over g in H rather than over g in
L! (o). However, these suprema are, in fact, identical, which concludes the proof.
To see the equality, first observe that since wolg| = (g, fo)u < llgllmll follm for
any g in H (Cauchy-Schwarz), H is included in Ll(uo). The inverse inclusion
does not hold, but, by optimizing the sign of g in the two suprema, we may replace
f by | f| in the numerators and restrict the suprema to nonnegative g’s and then
use the result that any nonnegative function g in L! (1) can be approximated by
an increasing sequence of functions in H [e.g., by (g1lgj<m)m>0]. U

LEMMA 2. Adopt the assumptions of Theorem 1 and denote by C* the set
Cr(K,u,C,r)yn V,,f. We then have the upper and lower bounds

(20) sup{ll fllm: f € C”, fo+ f € Hi} < Cup
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and
K

@1 sup{[l flle: f €C* fo+ f € H1} > Cltas A .
P ! 2 Ko 1o (Vims2 © Vi)

PROOF. We start with the upper bound (20). Pick f in C*. Since f is then
in Clu,C,r), || f — Proij fllm < Cu,, for m > r. However, because f is also
in VmL, Projy, f =0, and, thus || f[lm < Cupm.

We now turn to the lower bound. Let (¢ )r>0 be an orthonormal sequence in H
such that V,,, = Span(¢o, ..., ¢,—1) for all m > 1 (see Section 3). Using the fact
that > ;- [11x = I11 = 1, monotone convergence provides

> (M1, Mg = (Mg, D = v, forall £>0.

k>0
The right-hand side of this equation is finite by (A1). Since ¢ is a linear combina-
tion of (IT1;)o<s</, We obtain

(22) > e, Mp)m| <oo  forall £>0.
k>0

We shall now prove (21) by constructing a function f in C* satisfying fo £ f €
H; and whose norm equals the right-hand side of (21). To that end, note that,
by (22), we can find two numbers « and S such that

(23) @Y (¢m TE+ B Y (1, TE =0

k>0 k>0

and, putting f := ¢, + Bdmi1,
K
Koo,fO(Vm+2 S Vm) ‘

To finish the proof, we need to show that f € C* and fo+ f € H;. To start with
we note that f lies in Vyy42 and that f L V,,. Therefore, | f — Projy, fllu =0
for all p > m + 2. Moreover, || f — Projy, | fllm =8| < Cum41 and, since (up)
is decreasing, || f — Projvp flla = (> + gHY? < Cup forall p=r,...,m. All
this implies that f lies in C(u, C,r). Using (24), we also see that || f|loo, f, <
| fllnK oo, fo(Vint2 © Vi) < K, so that f belongs to C(K,u, C,r). Thus, f € C*.

Finally, as a finite linear combination of L'(v) functions, fisin L'(v). Hence,
dominated convergence and (23) yield vf = > ;- o(f, [11x)g = 0. By Lemma 1,
we also find that, for all g in H, -

(fo+ f.9m = (fo, Ou(l = I fllee, 55) = O,

where we have used K < 1. Taking g = (fo + f)— = —(fo + f) Vv 0 yields
—I(fo+ f)=llm = 0, whence (fo + f)— =0 and fy + f € H,. Together with

(24) 1fllm = (@® + B = Cupyr A
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vf =0, this shows that fy + f € H;. The same arguments hold true for fo — f
and the proof is complete. [

PROOF OF THEOREM 1. Take C* as in Lemma 2 and define i : X — {0, 1}
by h(x) :=1(0 < x < m). Then any mapping 6 — h(x)mg(x) is either identically
zero (if x > m) or equal to mg(x) = I11, (when x < m). Since such a IT1, triv-
ially lies in V,,, it is orthogonal to C*. Thus, the conditions of Proposition 2 are
met. Proposition 2, Lemma 2 and the trivial observation C* C C, (K, u, C, r) now
prove the theorem. [J

4.2. An upper bound on the MISE under (Al). We shall now derive an up-
per bound on the MISE in the same context as above, by bounding the MISE of
the projection estimator. The bias in Proposition 3 is trivially bounded within the
smoothness classes defined above, so what remains to do is to bound the variance
term uniformly over the same classes.

In the following we denote by R,, the m x m upper-left submatrix of the infinite
array [(IT1g, I11;)i ]k ;>0. Under (A1), R, is a symmetric positive definite matrix
forall m > 1. For f in H, we denote by A ¢, the m x m diagonal matrix having
entries 7w ¢ 1; = (f, [11;)y on its diagonal.

THEOREM 2. Let foo be in H, u = (u;,)m>0 a positive decreasing sequence,
K and C positive numbers and r a nonnegative integer. Then for any positive
integer n and any integer m >r,

— 5 , K .
(25) sup Efll fon — fI1E < (Cm)? + = (R, A o )-
feCpy (K,u,C,r)NH; n

REMARK. The upper bound (25) can be optimized over all m > r. As ex-
pected, the bias term decreases and the variance bound increases as m grows.

PROOF OF THEOREM 2. Pick a probability density f in Cf, (K, u, C,r) and
depart from Proposition 3, noting that the squared bias term is bounded by (Cu,,)>.

Regarding the variance term, it is sufficient to consider n = 1. Let 1, denote the
column vector of coordinates of f, 1 in the basis (IT1x)o<k<m 0f Vj,. By Defini-

tion 1 and the definition of Rm,/fm = anl P11 where 17 is the column vector
function with entries 1;, 0 <k < m. Then

var g (fu. ) =Egll fn 1 I — 1E £ fn1 I
<EARufn —0
=E;((P1™)" R, (P11™))
=tr(R,, w117,
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The proof is concluded by observing that, as a positive definite symmetric matrix,
R,,! has positive entries on its diagonal and by noting that 7 (11T = A ;,, <
I flloo, fao A fog,m- T

REMARK. Our objective here is only to provide an upper bound that is uni-
form over a given class of densities. For power series mixtures (Section 5) and
mixtures of uniforms (Section 7), the bound on the variance var f(fAm,]) will be
made more explicit by using orthogonal sequences. These bounds will then be
derived directly from (12). However, they are closely related to the upper bound
derived above. Indeed, let ®,, denote the matrix (P ¢)o<k,¢<m, Where Py ¢ is as
in Section 3. Observing that (¢x, ¢¢)m = (P R d>nT1)M forall 0 <k,f <m, we
obtain anl = CD,E ®,,,. This relates (25) to orthonormal sequence techniques.

4.3. Existence of smooth densities. Theorems 1 and 2 provide lower and upper
bounds, respectively, on the MISE. The classes over which these bounds apply are
different in structure though; the class in Theorem 1 is a ball centered at fy, while
that in Theorem 2 is centered at 0. Therefore, the two bounds are not immediately
comparable. The purpose of the following result is to show that under some con-
ditions the former class is included in the latter one, thus implying that the lower
bound is indeed smaller than the upper bound.

PROPOSITION 4. Let fx be in Hy, u = (uy)m>0 a positive decreasing se-
quence and r a nonnegative integer. Assume that we have a density fo in H and a
nonnegative Cq such that fy belongs to C(u, Co, r).

Then for any positive K and K’ satisfying K'/(1 + K) > || folloo, £, and any
nonnegative C and C' satisfying C' — C > Cy, the inclusion

(26) fo—l—@fO(K,u,C,r)g@foo(K/,u,C/,r)
holds.

PROOF. This follows from the inclusion C(u, Co, r)+C(u, C,r) C C(u, Co+
C, r) and the inequality || fo + flloo, f.o < (1 + I flloo, o)l fOll oo, foo- T

In the case where the inclusion (26) holds, the lower and upper bounds of The-
orems 1 and 2, respectively, apply in a common setting. Hence, it is important to
be able, given a smoothness class, to find fy satisfying the assumptions of Propo-
sition 4. Under (A1), given any sequence u = (u,,), it is always possible to find a
nonnegative number Cg such that the class C(u, Co, r) contains a probability den-
sity fo for all nonnegative r. Take fy = I[11¢g/vI11g; we then trivially have fj € Hj
and fy € C(u, Co, r) forall Co = 0if r > 0, or for all Co > || follm otherwise. This
choice will indeed be made in the case of a power series mixture in Section 5.
In general, this fy does not guarantee the norm || - ||, , to be finite on the sets
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(Vin)m>0, however, which is crucial for the lower bound (see the remark follow-
ing Theorem 2). In the rest of this section we provide a general construction of fj
which satisfies this constraint.

Define

H, := {Zakl'llk eH: o >Of0rallk20}.
k>0

By > >0k I11; € H, we mean that ) }'_ o IT1; converges in H as n tends to in-
finity. Note that the series having nonnegative terms, by the monotone convergence
theorem, this is equivalent to saying that

/(Zaknlk>2dv < o0.

k>0

Of course, H, is contained in H, and for any function f =} ;.o 11} € H,,
we have [|[TT1i|loo, r < ozk_l for all k; consequently, || - ||oo,  is a finite norm on
every V,,,. We now show the existence of a “smooth probability density” foy in H,,
given any smoothness sequence u = ().

PROPOSITION 5. Assume (Al). Then H, and H| have a nonempty intersec-
tion. Moreover, for any positive decreasing sequence (u,,), the following holds:

(i) For any positive Cq, there are elements in H, N H which also belong to
C(u, Co, 1) and, hence, to C(u, Co, r) for any positive integer r.

(ii) There exists a positive constant Cq such that there are elements in H, N H;
which also belong to C(u, Cyp).

PROOF. The linear independence part of (A1) implies vIT11; # O for all k. For
any positive sequence (), a simple sufficient condition to have ) o IT1; in H
is absolute convergence, that is, Y ; ok || [11x || < 0o. Moreover, by the monotone
convergence theorem,

v Zaknlk = Zakvnlk.
k>0 k>0

Hence, we may pick («x) with ax > O for all k and such that > o IT1; is both in
H and in L!(v). It is then also in H by normalizing appropriately. Hence, the first
part of the proposition.

For any f =) ; o411} € H,, since kaz_ol a1, € V,, and since Projvm f
minimizes || f — g||i over g € V,,,, we have

Z o IT1

k>m

<> olMllm  forallm>0.
H  k>m

| f = Projy, fy <




ESTIMATION OF MIXING DENSITIES 2081

Hence, for having f in C(u, C,r) NH, N Hjy, it is sufficient that (ox) satisfies

27) Y opvMlg=1 and > opllMlllg <Cuy  forallm>r.
k>0 k>m

The second constraint simply says that the a’s cannot be too large for k > r.
If r > 1, the first constraint is then met by adapting the values of o for k =
0,...,r = 1.If r =0, then C must be taken large enough for both constraints
to be compatible. We now formalize these ideas.

Let (v )m>0 be a positive decreasing sequence such that v,, <u,, forallm >0
and lim v, = 0. Define a sequence (f) by

Br = (ke — ver ) (1Ml vV vITL) ™" forall k > 0.

Then, by construction, (8x) is a positive sequence and, for all m > 0, both
> ksm BT |lm and 3 -, BevIT1y are less than u,,. Now pick a positive num-
ber C. Take oy = ABy forall k > 0, where 0 <A <C and L < (Q_ 4~ ﬂkvl'llk)_l.
Then the second part of (27) holds with r = 1 and we may choose « > 0 for insur-
ing the first part of (27). It follows that fy:= > ; o1y e H, NH; N C(u, C, 1).
This proves (i).

For the case r = 0, define Co := (3 _4>0 ,Bkvl'llk)*1 ; this a finite positive number
by the definition of (B). Putting oy = Cofy for all k > 0, (27) holds for C > Cy
and r = 0. This proves (ii). [

4.4. Minimax optimality. By optimizing the bounds (18) and (25) over m > r
in a common setting (as detailed in the previous section), we obtain lower and
upper bounds on the minimax MISE over classes C. (K, u, C, r) under the simple
assumption (A1). Depending on how these bounds compare, we may obtain the
minimax rate and possibly the asymptotic constant of the MISE achievable over
such a class. However, this is not guaranteed. A crucial step for the lower bound is
the computation of K« 7, which will be possible only for particular smoothness
classes. Concerning the upper bound, we will need to find a tractable bound on the
variance, and this will only be possible in cases where orthonormal sequences are
easily obtained.

In Section 5 these steps will be carried out for power series mixtures, resulting
in minimax rates over smoothness classes as defined above. However, we will also
give examples of mixands with different characteristics. In the setting of translation
mixtures or deconvolution, treated in Section 6, an upper bound applies uniformly
over all f in H;. We will then derive a better adapted lower bound of the same rate.
In the setting of mixtures of discrete uniform distributions examined in Section 7,
[11; is not in L!(v) for the most natural choice of v. We will then choose (V,,)
different from (13) and adapt the proof of Theorem 1 to this choice. Finally, in
Section 8 we give situations in which how the lower and upper bounds compare is
an open question.
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5. Power series mixtures. Let (ax)r>0 be a sequence of positive numbers
with ag = 1, and let R, 0 < R < oo, be the radius of convergence of the power
series

Z@t) =Y axtt.

k>0

Obviously, Z(0) =1 and Z is an increasing function on [0, R). Put 2(t) =
1/Z(t). For all 6 € [0, R), the discrete distribution 7y is defined by

(28) mo(k) = M1 (0) = ;0% Z(®)  forall k > 0.

In particular, the Poisson and negative binomial distributions are obtained using,
respectively, ar = 1/k! and a; = (V+]]§_l). It is without loss of generality to assume
ap = 1, since any constant multiplier of (aj) does not alter my.

Recall that H = L?(v), where v is a Radon measure on ®; in the case of the
above power series mixture, ® is a Borel subset of [0, R). Let us first give suffi-
cient and necessary conditions on v for our previous results to apply, that is, for

assumption (A1) to hold. These conditions are as follows.

PROPOSITION 6.  For mixands given by (28), (A1) is equivalent to having both
the following assertions:

@ fo 0% Z(0)v(dB) is finite for all nonnegative integers k;
(i1) v is not a finite sum of point masses.

PROOF. Condition (i) exactly says that 11y is in L'(v) for all k. Since Zis
bounded by one, it also gives that [ 92k22(9)v(d9) < 00, that is, IT1 is in LZ(v)
for all k. Hence, (i) is necessary and it is sufficient for having a sequence in both
L'(v) and L?(v).

We now claim that the sequence (IT1;)x>0 is linearly independent in H if and
only if (ii) holds. First note that if (ii) does not hold, then H is finite-dimensional
and cannot contain an infinite sequence of linearly independent elements. To prove
the converse implication, assume that (ii) holds, so that the support of v is infinite.
Pick a nonnegative integer p and let (Ax)o<k<p be scalars such that } 54 - » M IT1
is the zero element of H, that is, Z()fkfp Mg (k) =0 for v-a.e. 6 € ©. Since
m.(k) is continuous on ® for all k, {# € ®:ZO§k§p Mty (k) =0} is a closed
set (in the relative topology on ®). Consequently, it contains the support of v
and, thus by (ii), p + 1 distinct points 6; € ®, i =0,..., p. As 7> 0, it fol-
lows that ZOSkSp )»kakeik =0 fori=0,..., p, which in turn implies A; = 0 for
k=0, ..., p. This shows that (IT1;)o<x<, are linearly independent for all p > 0,
which completes the proof. [J

The objective of the remainder of this section is to carefully apply Theorem 1
to power series mixtures when v is Lebesgue measure on a compact interval, and
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to find upper bounds on the MISE for the projection estimator. This is organized
as follows. We first provide computational expressions for the projection estima-
tor in Section 5.1. We then examine the smoothness classes defined by (14), (15)
and (17), and how these classes intersect H; (see Section 5.2). In this context and
under a submultiplicative assumption on the sequence (ay), we find that the upper
and lower bounds on the MISE have the same rate, the minimax rate. A closer look
is made when R < oo and also for Poisson mixtures (for which R = 00). These
results are stated in Section 5.3, where they are also compared to previous results
found in similar settings.

5.1. Computations based on orthonormal polynomials. In this section we
shall elaborate on the use of orthonormal polynomials in connection with the pro-
jection estimator and power series mixands. These polynomials will serve two
purposes: being building blocks for numerical computations of the projection esti-
mator and being a mathematical vehicle for establishing bounds on its variance.

The projection estimator may be computed using the techniques of Section 3.
More precisely, since V,, = Span(I11;, 0 < k < m) and P,1, is the empirical fre-
quency of £ in the sample (X;)1<j<n, (12) translates into

m—1 k m—1 n
- 1
(29) Jn =YY Pre(Pldr ==Y ) Drx, i
k=0 ¢=0 ni=oi=i

recall that @4 o := 0 for £ > k. In the case of power series mixtures, we may use
orthogonal polynomial techniques for constructing the sequence (¢%). Let &, be
the set of polynomials of degree at most m (with the convention #_; = {0}). In
view of (28),

(30) Vin={pZ:p € Pu_1}).

Define the measure v’ on © by dv' = Z2dv and let H' = L2(v’). Then for any two
polynomials p and ¢q, (pZ,qZ)u = (p, ¢)w - Hence, if (q,‘{’/)kzo is a sequence of
orthonormal polynomials in H' with

k
31) al =Y 01,

1=0
then the sequence (¢ )x>0 defined by
Py )
ROEFMOVAGEDININVAGEDY m)

=0 =0

is an orthonormal sequence in H such that (¢x)o<k<m spans V,,. Thus, &y ; =
(szl /a1(l < k) in (29). This shows that f,\nn is the same estimator as the one
defined by Loh and Zhang ([17], equation (18)) with weight function w = 1. How-
ever, it differs from the one studied by Hengartner [12], since the latter is a poly-
nomial, and ours is in V;,. The coefficients Q;::z may be obtained using standard
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methods to compute orthogonal sequences of polynomials; a particular method is
described in the Appendix.

Let us also derive another estimator, denoted by fm » and belonging to the space
Vm ={pZ:p e n—1}. In analogy with Definition 1, this estimator is defined as
the element of V,, satisfying

(32) (fm,nv Qu=P, 01 g forall g € Vj,,.
Observe that (fy., &)1 = (Z fu.n, Z8)m, so that (32) is equivalent to
(33) (Z fun, P = BT (Zp) forall p e Pp_1.

Since P,I1~ 1(Z ) is a linear functional on #,,_1, this uniquely defines Z fm 5 1N
Pmn—1 and thus fm’n

We see from (32) and (7) that ﬁnn = Projvm fmn Therefore, by linearity,
fAm,n —E fﬁn’n = Proij ( fmn —Ef fm,n). Since projections do not increase the
norm, taking the squared norm and expectation gives

(34) varf(foun) <vary(fmn)  forall feHj.

We will use this property below to bound the variance of fmn At the moment

let us note that this bound indicates that fm,n does not behave as well as fAm,n,
even though, for brevity, we leave aside the problem of the bias. Nevertheless,
the estimator fmn has the appealing property that it may be expressed by using a
sequence (g} )x=0 of orthonormal polynomials in H = L?(v) that does not depend
on the sequence (ax) but only on v. To see this, let us write, as in (31),

k
HOED I
1=0
Again, by convention, we extend the values of Q} ; to the domain / > k by zeros.
An algorithm for computing @y, is given in the Appendix for ® = [a, b] and
certain choices of v. Let us now express fm,n in terms of this sequence. By (33),
as =Y (Z()t") = 1~ (7.(1) Ja;) = 1; /a;, we obtain
5 £ 0L
(me,n’ QI‘;)H = Z —=P,1y.
=0
Since Z fm n belongs to £, 1, we conclude that the right-hand side of this display
has the coefficients of the expansion of Z fm » in the orthonormal basis (g;'). Thus,

m—1 k ka 7 m- 1 n QkX
(35) fmn—zZZ—(Pwk: Yy Sty
k=0 ¢=0 k=0 i=1 Xi

Below we will use this expression to bound the variance of fm,n.
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5.2. Approximation classes. Recall the definitions (14), (15) and (17) made in
Section 4. These smoothness classes are closely related to those used in previous
works on power series mixtures, as will be shown in this section. The discussion
will be devoted to the case

v is Lebesgue measure on [a, b] with0 <a < b < R.
Hence, H is the usual L? space of functions on [a, b]. Let, for any positive «,
u® = ((1 +")_a)n30'

It turns out that, for these particular sequences, the classes C(u%, C) of Section 4
are equivalent to classes defined using weighted moduli of smoothness. This, in
turn, will relate them to Sobolev and Holder classes, classes that were considered
by Hengartner [12]. To make this precise, let || - ||, be the L? norm over [a, b],

define the function ¢ (x) = +/(x —a)(b — x) on this interval and let A} (f,x) be
the symmetric difference of order r, that is,

r

A(f)= (:) (1) f(x + G —r/Dh),

i=0
with the classical convention that A} (f, x) is set to 0 if x + (i —r/2)h is outside

[a, b] for i =0 or r. Then for any function f on [a, b], the weighted modulus of
smoothness is defined as

(36) of (f,1)p = sup [Ahyiy(f: )],
O<h<t

The effect of the weight ¢ here is to relax the regularity conditions on f at the
endpoints a and b. Finally, for all positive numbers « and C, define the classes

37) @@ C)i={f eH:||flu<C b, (f,02<Cr¥forall 1 > 0}.

The following result shows that these classes are, in a certain sense, equivalent to
Cu%, C).

PROPOSITION 7.  For any positive number «, there exist positive constants C
and Cy such that

(38) C(u*, CiC) C C(a, C) C C(u*, C,0) forall C > 0.

Before giving the proof of this proposition, we explain the point of this result
and of defining the classes C(«, C). Recall that the standard modulus of smooth-
ness

wr(fit)p:= sup [AL(f,)lp
O<h<t
provides definitions of semi-norms for Besov and Sobolev spaces (see, resp. equa-
tion (2.10.1) and Theorem 2.9.3 in [4]). In particular, the classes defined as in
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(37) but with the weighted modulus of smoothness (36) replaced by the stan-
dard one with the same parameters r = [«] 4+ 1 and p = 2 are balls in the Besov
space B, (L*[a, b]). Now using Theorems 6.2.4 and 6.6.2 in [4] and the fact that
Nl wr(g) = (Wal wr s from [4], equation (6.6.5), we have that, for a constant Cp > 0

only depending on p and r,
ol (f,1), < Cowr(fit),  forO<t<(@2r)~'

Furthermore, bounding wy ( f:)p by | fllp up to a multiplicative constant for
t> 2r)"" as in [4], equation (6.6.5) shows that G(a C) contains Besov balls
Hinal Be (L2[a,b]) = COC} for a constant CO, but is not contained in such balls. Us-

ing inequalities between Holder, Sobolev and Besov semi-norms, it also follows
that C(«, C) contains balls of the Holder space C*[a, b] and of the Sobolev space
W3’ and, of course, converse inclusions are not to be found. In view of Proposi-
tion 7, since @(oz C) contains Besov, Holder and Sobolev balls as just described,
so does C(u“, C).

These inclusions are helpful for comparing our results to those of Hengartner
[12], where minimax rates are given for Sobolev balls with integer exponents and
conjectured for Holder balls. In his paper, as well as the present one, rates for
the projection estimator are obtained using properties which hold over the classes
C(a, C) and, consequently, over smaller ones such as Sobolev and Holder balls.
Minimax bounds, however, are obtained using different methods. Our approach
takes advantage of the whole class over which the rate applies, whereas Hengartner
[12] only used subclasses to derive minimax bounds. This “closer look™ allows us
to derive minimax bounds applying to C(a, C) for all @ > 1, not only integers,
and to obtain results on the asymptotic constant when refining the class C(a, C) to
Cu,C,r).

PROOF OF PROPOSITION 7. Write the equivalence relationships (38) as
C®, )= Ca, ).
We start by relating C(a, C) to classes of the form

Cu,C):= {f eH: inf | f— plu<Cu,, forallm 20};
PEPm-1

recall that &, is the set of polynomials of degree at most m. Theorem 8.7.3 and
equation (8.7.25) of [4] show that, for all @ > 0 and all r > «, there exist constants
Cj and C}, such that, for all C >0 and f € H,

supaf (f.1/0)pt* <C = sup inf | f — pllam® <C]C,

t>r m>4r PEPm

sup 1nf | f— plum® <C}C = supa)‘f(f, 1/1)t* <C.
t>r

m>r PE€
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Here C| and C) may depend on « and r. Taking r = [«] + 1, observing that
1+m)?* = (m — 1)% for m > 2 and using || f ||y for bounding inf,cp, , || f —
plia and oy ( f,1/1)2 in cases not covered by the above implications, we ob-
tain G(a ) = C(u?,-). Thus, also ZG(a ) =< ZC(u%, "), where ZG(oz C) =
{Zf:f € C(a, €)} and so on.

Next we proceed to study ZC(u%, C). By (14) and (30),

C’(u,C):{feH: inf ||f—pZ||chumforaumzo}.
PEP,

m—1
Since Z is positive and decreasing on [a, b],
(39) ZOWflu<1Zflu<Z@Iflu  forall finH.

This shows that || f — pZ||H = |Zf — pllm, whence C(u®, -) < ZC(u%, -). Recall-
ing that Z G(a y=xZ G(u“ -), we thus see that in order to prove (38) it is sufficient
to show Z(:’(oz )= @(a 2.

The remainder of the proof is thus devoted to showing that there are constants
C and C} such that f € C(a, C) implies Zf € C(a, C|C) and Z f € C(a, C}C).
Since b < R, Z is bounded away from zero and infinity on [a, b] and both Z and
Z are thus infinitely continuously differentiable on this interval. Having made this
observation, both of the desired implications follow from the claim that, for any
[a] + 1 times continuously differentiable function g on [a, b], there exists ¢ > 0
such that

(40) feC@ C) = gfeCla,cC).

To prove this claim, pick an f in C(a,C) and let r := [a] + 1. Recalling
that é(oe, ) =< C(u%,-), we see that the union Ue=0 é(oz, ¢") coincides with
Ue=o0 C(u%, '), and is, hence, increasing as « decreases. As the union can be
written |~ ¢ C(a, ¢'C), there exists a positive ¢, depending only on «, such that
Cla,C) CCa—r—+i,dC)foralli=1,...,r.Since f is included in all these
classes and r = [ar] + 1, we find that of (f,1)2 = &,_, ;1 (f.0)2 < /C1o"
for these i, and also for i = 0 with the usual convention a)g(f, t)2 = || fllm.
Now the equality (obtained by standard algebra)

r

AL (fg.x)=)_ (:) AL (f,x + @ —ih/2) A (g, x —ih/2)

i=0

and the bound |A} 7 (g, x —ih/2)| < |§" ™| Locja.py(rh) ™ forall 0 <i < r and
X € [a, b] yield

o (fg.1)2 < M, Z( )w?(f, Da(rty

i=0
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where M, := maxo<< |g [l Lx(.»). Since, as shown above, wf (f,1)2t" " <
¢’Ct*, the claim (40) follows with c = ¢'(14+r)" M,. O

Let us now consider the smoothness classes C (K, u, C, r) defined in (17). We
take fo such that, for two positive constants c¢; and ca,

41 c1 < fo(t) < forall r € [a, b].
Under this condition the norm (16) satisfies
1 1
(42) —esssup | f ()] < || flloo, fy < —esssup| f(1)].
2 a<t=b Cl a<t<b

Thus, as in (38), the classes defined by (17) are equivalent to classes defined by
the weighted modulus of smoothness and a bound on the sup norm. Indeed, with
C(K,a,C):={f €C(a,C):ess SUPg<r<p [f (O] <K},

(43) Cf,(K/c2,u”, C1C) C C(K,a,C) C Cpy(K /c1,u”, C20).

Another important consequence of (42) is that for bounding K, £,(V,,) we may
use the Nikolskii inequality (see, e.g., [4], Theorem 4.2.6). This inequality states
that there is a universal positive constant C such that, for all nonnegative inte-
gers m,

1

Sup{ sup IP(t)IthJPm—l,/ lp(t)1*dt = 1} <Cm.
—1<t<l1 -1

Also recall (30), that is, V,, = { pZ :p € Pu—1}. Combining these observations

with (39) and the Nikolskii inequality yields, for all m > 1,

(44) Koo,fo(vm) < Cqpm

for a positive constant C, 5 depending only on (ax), a, b and c3.
The following useful result says how the class C(«, C) intersects Hj.

LEMMA 3. Let « be a positive number. If C < 1/+/b — a, then the intersection
of C(a, C) with H is empty. Furthermore, the intersection of C(w, 1/v/b —a)
with H is the singleton set {14.51/(b — a)}.

PROOF. Pick f in H;. Applying Jensen’s inequality Eg(Y) > g(E(Y)) with
g(t)= 2 Y = f and probability measure dt/(b — a) on [a, b] gives
b
) 1

> dt = ;
H a b—a b—a

f
Hvb—a
so that || f|lm > 1/4/b — a. Hence, the first part of the lemma. Now, using the strict

convexity of the square function, equality in the above relation implies that f is
constant. Thus, to prove the second part of the lemma, we need to check that the
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uniform density 1j,.51/(b — a) belongs to é(a, 1/+/b — a) for all @ > 0. This is
trivially true since a),(f(l[a,b], t)p=0forallt >0and k > 0. [

We conclude this section with a remark on the somewhat more general case
when ® = [a, b] and v(dt) = dt/w(t) for a weight function w, investigated by
Loh and Zhang [17]. In this case the classes denoted by G («, m, M, wq) in [17]
are included in the classes C(u“, C, m) as

G(a,m, M, wp) CC*, MM, m+ 1) for all « > 0,
gn(o/,m,M, wo) 2 Cu*, MoM, m+1) forall > o’ > 0,

for positive constants M and M, depending on m, o and «’. Hence, our setting is
very close to the one adopted by Loh and Zhang [17] in their Section 3, where they
provide lower and upper bounds on the MISE over these classes. However, all their
results in this section rely on special conditions, namely, their (19) and (20), which
imply restrictions on the parameters « and m defining the classes ¢ (o, m, M, wy)
(see their Remark 3). In particular, the rate optimality in these classes is only ob-
tained for integer o (we refer to the closing comments of Section 3 in [17]). As re-
marked above, a similar restriction applies in [12], where minimax rates are proved
in Sobolev classes with integer exponents. In contrast, the lower bound of Theo-
rem 1 will provide the minimax rate for all « > 1 in our classes and we will also
obtain results on the asymptotic constant.

5.3. Minimax MISE rates. The following result is concerned with the asymp-
totic properties of the projection estimator and lower bounds on the MISE over the
approximation classes of Section 5.2.

THEOREM 3. Assume that v is Lebesgue measure on [a, bl with0 <a < b <
R,andlet A .=y +y> + 1 withy = 2+ a +b)/(b — a). Then the following

assertions hold true:

(a) Let a and C be positive numbers, r be a nonnegative integer and (m,) be a
nondecreasing divergent integer sequence. If there exists a number Ay larger than
A such that

k

45) —A?m" max — — 0 asn — 00,
n 0<k<m, ay

then

n 2 _
sup B fungn — g < CPmy > (14 0(D)).
feC*,C,r)NH;
(b) Let @ > 1, C be a positive number, r be a positive integer and (m),) be a
nondecreasing divergent integer sequence. Put

(46) Wy :=n Z vIl1; for any positive integer n.

/
k>m;,
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If (wy,) tends to zero, then

@7) inf  sup  Eff = fllE = CPmy (14 o(1)).
fedy, feC*,C,r)nH;

(¢) Leta = 1and C > 1/+/b — a. If there exist sequences (my,) and (m))) satis-
Jying the conditions of (a) and (b) and such that liminfy,_, oo mp / m), > 0, then the
minimax MISE rate over C(a, C)NH; is m, —2% and it is achieved by the projection
estimator fp, n.

Before giving the proof in Section 5.4, we make the following remarks and
examine the particular cases of mixands with R < oo and Poisson mixtures:

(i) The condition on C in (c) is necessary since otherwise the class is empty or
reduces to one element; see Lemma 3. In contrast, under the assumptions of (c), a
direct application of (a) and (b) provides the same minimax rate over C(u®, C,r)N
H; foraa >1,r>1and C > 0.

(i) The same lower and upper bounds apply to classes defined by adding a
bound on the uniform norm. For instance, part (c) holds when replacing C(«, C)
by C(K,a, C) for any K > 1 (for K <1, this class is empty or reduces to the
uniform density as for a too small C). This can be verified easily by reading the
proof.

(iii)) The o-terms in parts (a) and (b) can be made more precise. In part (a),
m;z"‘(l + 0(1)) can be replaced by (m,, + 1) 2% + k£ where £ > | and k > 0
depend only on (ax), a and b and the inequality holds for m, > r. In part (b),
m;_z"(l + o(1)) can be replaced by (m), + 2) 2% exp(—«’w,), where k' > 0 de-
pends only on (ay), a and b, and the inequality holds for n sufficiently large.

(iv) The estimator f,\nn,n in (a) depends only on (m,), which is fixed by (ax),
a and b through (45). Thus, it is universal in the sense that it does not depend on C
or «, although, under the conditions of (c), it is rate optimal in é(a, C)NH, forall
o >1andall C > 1/4/b — a. However, an interesting problem, which is left open
in the present work, would be to build an estimator which adapts to an unknown
[a,b] C [0, R).

(v) Clearly, one can always find two sequences (m,) and (m),) satisfying the
conditions of (a) and (b), respectively. In contrast, for obtaining (c), it remains to
show that these sequences can be chosen equivalent. This requires further condi-
tions on the asymptotics of (ay).

A condition addressing the issue of item (v) above is the following:

There exists a positive constant cg such that ax4; < coara;

(A2) for all nonnegative integers k and /.

This condition holds in various important situations including Poisson and neg-
ative binomial mixands. In Proposition 8 below we show that it ensures that The-
orem 3(c) applies. The condition says that (ax) is submultiplicative up to the
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constant cg. Mimicking the argument of the subadditive lemma (see, e.g., [3],
page 231, and Exercise 6.1.17, page 235), L = lim,_,oo n~ ' loga, exists and is
given by L = inf,> n_l(logco + logay). Thus, coa, > el for all n > 1. Note

that L = —oo is possible. Since a;, = 0 ("Lt and "L = O(ay) for all posi-
tive €, L is related to the radius of convergence through the relation Rel = 1, that
is, L = —oo if and only if R = oo and L = —log R otherwise. In addition, for

R < o0, we see that the series Y a0 is divergent at 6 = R.
A first simple application of this assumption is the following lemma:

LEMMA 4. Under (A2), we have, for any nonnegative integer m,

Z vIT1, fcoam/tmv(dt).

k>m

PROOF. A direct application of (A2) with (28) shows that, for all £ > m,
M1 (1) < coamt™ I1g_,, (). Thus, by monotone convergence and the observation

ZkZO Hlk - 1,

Y ovI=v ) Ml < coam/tm Y T (n)v(dr) = coam/tmv(dt).

k>m k>m k=0

PROPOSITION 8. Under (A2) there exist a sequence (my),>o satisfying the
conditions of Theorem 3(a) and a number n > 1 such that, by setting m), := [nm,],
the sequence (m))n>0 satisfies the conditions of Theorem 3(b). Hence, Theo-
rem 3(c) applies.

We note that, with m), := [nm,], the asymptotic constants of parts (a) and (b) of
Theorem 3 differ by a factor n>*. Thus, up to this factor, the projection estimator
is minimax MISE efficient over classes, C(u%, C,r) NH; with « > 1 and r > 1.
How large n needs to be taken depends on the model through (ax), a and b. The
following result is a sharpened version of Proposition 8 in the case where R < oo,
obtained by optimizing with respect to . We refer to the proof for details. The
proof of Proposition 8 in the case where R = oo is postponed to Section 5.5. It
provides an explicit, although more involved, construction of (m,) and n in a way
making n > 2 necessary.

COROLLARY 1. Let v be Lebesgue measure on [a,b] with 0 <a < b < R.
Assume that R is finite and that (A2) holds. Let o« > 1 and C > 1/(b — a). Then
the minimax MISE rate over é(a, C) NHy is (log n) "2 This rate is achieved
by the projection estimator f;nn with m,, := [t logn] for any positive t less than
1/1og{x2(1 vV bR)}. Moreover, if « > 1, then for any positive C and any positive
integer r,

(48) lim sup(log n)“ sup Ef| Fonnon — flg=st7%C
n—0oo feC*,C,r)NH;
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and

49)  liminflogm)® inf  sup  Efllf — fllu = (log(R/b))*C.
fesy feC*,C,r)NH;

PROOF. Put 15 :=1/ log{kz(l V bR)} and consider (45). We will make use
of the properties derived above from (A2). First we note that, since ax > ¢, lelk —

co_1 R~* for all k, we have

k
;)ﬁm Jmax Z—k < %)ﬁmco Orsr}{ajm(bR)k = %x%mco(l VbR,

Thus, the log of the left-hand side of this equation is at most m log()\%(l V bR)) —
logn + log cp, so that for m;, = [t logn] with t log(k%(l V bR)) < 1, (45) holds.
Combining this condition with the requirement A; > A, we obtain the bound 7 <
Tmax. Hence, for such (m,), Theorem 3(a) applies and gives (48).

Now consider part (b) of Theorem 3. Lemma 4 shows that } ;. ,, vI1l; =
O (a,,b™). Moreover, for any & > 0, it holds that a,, < (eZ/(1 — &))" = (R(l —
€))~"™ for large m. Thus, with m), = [nm,] and (w,) defined as in (46), logw, <
logn + nm, log(b/(R — €)) up to an additive constant. Hence, we may choose
n>—1/(rlog(b/(R — ¢))) > 0 such that w,, — 0. This achieves the proof of the
minimax MISE rate by applying Theorem 3(c) with the chosen sequences (m,)
and (m),). Theorem 3(b) gives a lower bound on the MISE asymptotically equiva-
lent to C?(nt logn)~>*. Optimizing with respect to 5t under the above constraints
and letting ¢ tend to zero gives (49). U

We note that Loh and Zhang [17] proved the rate (logn)“ to be minimax over
different smoothness classes, but also under different assumptions on (ag). Corol-
lary 1 extends their results to other classes and mixands, but only for b < R < co.

We now consider the Poisson case. We already know from Proposition 8 that we
can find a universal projection estimator whose rate is optimal in classes C(a, C),
which complements the results of Hengartner [12] and Loh and Zhang [17]. This
does not address asymptotic efficiency, however, which includes computations of
asymptotic constants. It turns out that a direct computation of (m,) provides the
following precise result for C(u“, C, r).

COROLLARY 2. Let v be Lebesgue measure on [a,b] withQ <a < b < R and
suppose that a = 1/k! (Poisson mixands, R = o0). Let o« > 1 and C > 1//b — a.
Then the minimax MISE rate over C(a, C) NH is (logn/loglogn)~2%. This rate
is achieved by the projection estimator ﬁnn with m,, := [t logn/loglogn] for any
positive T < 1. Moreover, if @ > 1, then for any positive C and any positive inte-
ger r, the projection estimator ﬁnn defined as above with T = 1 is asymptotically
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minimax efficient (including the constant) over C(u%, C,r):

. logn \“ =~
lim sup sup Ey | frnpn = fHH
n—oo \loglogn/ rcewe,crnm,

. logn \% . 3
= liminf inf sup Efllf — fllm
n—oo \loglogn/ feg, feC@e,C,r)NH,

=C.
PROOF. Consider (45). By Stirling’s formula, maxo<x < (b* Jax) = O (m™c™)

for a positive c. Since m, < tlogn/loglogn for t in (0, 1], a simple computation
yields

lognloglogl
ognlogloglogn

log(m)"c™ /n) < (v — 1)logn — (T + o(1))
loglogn
Condition (45) follows for any A1 > A (indeed, A simply multiplies c).

Now assume 7 = 1 and consider part (b) of Theorem 3. Use Lemma 4 once
again to see that ) .., vI11; = O (a,,b™). In the present case a,,b™ = O (m~"c"™)
for a positive ¢ (not the same as above). For any o in (0, 1), it holds that m, >
o logn/loglogn for large n. As usual, we set m), := [nm,] for a positive number
n to be optimized later on and define (wj) as in (46). Thus, if no > 1, then up to
an additive constant,

log w,, <log(n(nm,)~""c"m) < (1 —no +o(1))logn — —oo.

The conclusions of the corollary now follow by applying the various parts of
Theorem 3. In particular, the lower bound on the asymptotic MISE, normalized
by the rate (logn/loglogn)?®, is obtained upon observing that we may choose o
and, hence, also 7, arbitrarily close to 1. [J

We recall that, in contrast to Corollary 2, Hengartner [12] did not consider con-
stants and the exact rate was proved for Sobolev classes with entire exponents
only. Likewise, Theorem 5 in [17] does not provide constants, and optimal rates
are obtained only in cases similar to Hengartner [12] (cf. the paragraph ending
Section 5.2 above). By determining the asymptotic constant, we also answer a
question raised by Hengartner ([12], page 921, Remark 4). He suggested that the
optimal 7, in terms of the asymptotic constant, may depend on the smoothness
class under consideration. The above result shows that, at least not over a wide
range of classes, it does not. Furthermore, Loh and Zhang [17] proposed an adap-
tive method to determine 7 in the formula m, = tlogn/loglogn for fixed n, but
the behavior of this adaptive method was not proved to be better than for T con-
stant. Corollary 2 shows that such an adaptive procedure is not needed and that t
can be taken equal to one.
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The final part of Corollary 2, saying that the projection estimator is asymptoti-
cally minimax efficient in the Poisson case, is a theoretical argument corroborating
the conclusions of the empirical study of Loh and Zhang [17]. Indeed, in a simula-
tion study they compared the projection estimator to a kernel estimator and found
that the former performed significantly better for finite sample sizes. Both estima-
tors achieve the optimal rate, but the kernel estimator does not exploit the polyno-
mial structure of the classes C(u®, C, r); this probably introduces a nonnegligible
constant in its asymptotics.

5.4. Proof of Theorem 3. Throughout the proof we denote by K; some con-
stants depending only on (ax), a and b.

We start by proving (a). Take f in C(u*, C,r) N Hj. In the bias-variance de-
composition of Proposition 3, the first term is then bounded by C?(m 4 1)~2* for
all m > r. We now bound the second term in the right-hand side Aof (10). Using (34)
and (35) and recalling that the g;’ are orthonormal in H, var ¢ ( f;;,1) is bounded by

" m-l Oi x ?
Efll fi I} < Z0YEs| Y =2X1gy
k=0 4Xi H
(50)
01 1\?
=Z(b)?* Y (—) wrl.
ai
O<Il<k<m
Moreover,

b ~ ~
7l =/ f@)a0'Z©)do < aib' Z(a).
a

Finally, using the bound on 3, (Q} 1)2 given by Lemma A.1, we obtain, for Ag > A
(recall that A > 1 depends only on a and b) and m > r,

~ _ KA
Efll fnn — flIfg < C*(m + 1) 2”‘+T max —.

Taking A in (A, ki/ 2), this proves (a) [see also remark (iii) following the statement
of the theorem]. N

Next we prove (b). Let fo = cI11g = cm.(0) = cagZ with ¢ > 0 such that fj is
in H;. Observing that the conditions given in Proposition 6 are satisfied for our
choice of v, we can apply Theorem 1. It remains to verify that (18) implies (47)
in this context. Since fy is in all V,, for positive m, fo + C(K,u*, C,r) C
C%, C,r) for any K > 0, say K = 1 and any positive r. Thus, (18) provides
a lower bound on the left-hand side of (47). Next we lower bound the right-hand
side of (18). Note that, for this choice of fy, (41) holds for ¢; and ¢, depending
only on (ax), a and b, so that, by (44) and the observation Koo, o (Vin42 © Vi) <
Ko, f, (Vin+2), we find that, for all m,

1 K>

51 ANC >
(51) um+l_m+2

AC(m+2)7%.
KOO,f()(Vm—i-Z e Vm)
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Since we have assumed o > 1, the right-hand side of this expression equals C (m +
2)~* for large m. Regarding the second factor in the right-hand side of (18), we
note that since fy is bounded on [a, b], there is a positive constant K3 such that
7 fh < K3vIlh for all A > 0. Thus, nfo{O,...,m;l —1}=1- Zkzm;, 7l >

1 — K3n~Yw,, so that, under the assumption wy, — 0,
740, m,, — 1} > exp(nlog(l — K3n_1w,,)) ~ exp(—Kzwy).

By applying Theorem 1 as explained above, the two last displayed equations
prove (47), with the more detailed lower bound claimed in remark (iii) following
the statement of the theorem.

Finally we show (c). The rate of the projection estimator follows from part (a)
already proved, and the equivalence relationship (38) between the classes C(u*, C)
and C(«, C). We now turn to proving optimality of this rate for « > 1. Optimality
over é(oz, C) is established as in the proof of (b), but taking fo(¢) = 1/(b — a) for
a <t < b: we apply Theorem 1 and verify that, for this choice of fy, (18) implies
the lower bound

inf  sup Eg|f— flIE = Kam, ™
f€8u feC(a,C)NH,

for large enough n. Here are the details. Since fy is in C(a, 1//b—a) (as pointed
out in Lemma 3) and a)(rp(f, t)p 18 a semi-norm in f, fo + é(a, 5) C (~:’(a, C)
whenever 6 4+ 1/+/b —a < C. By Proposition 7, fo + C(u*, C18) C fo + (~9(oz, 8)
for all § > 0, where C is as in (38). Adding a constraint on the supremum norm
makes an even smaller class, whence fy + Cy (K,u%, C18) C C(a, C) for any
K > 0, say K = 1, provided § is sufficiently small. Thus, the lower bound of
Theorem 1 applies. Using the same arguments as in the proof of (b), we find that
this lower bound behaves as K5((m;, + 2)" 2 A (m), + 2)~2), which has same rate
asm, 2¢ for all o > 1. This completes the proof of (c).

5.5. Proof of Proposition 8. We first note that, for R < oo, the proof is com-
pletely contained in the proof of Corollary 1. Thus, we here consider the case
R = oo only. Then the conclusions drawn from the subadditive lemma [the para-
graph following (A2)] are not helpful, as we can only conclude that a; = O (¢X)
for any ¢ > 0; the latter is indeed implied by R = oo alone. Thus, a more refined
analysis is necessary, as in the proof of Corollary 2.

First we note that, since b < R, it holds that akbk = O(sk) for any ¢ > 0. Thus,

bk arbk 1
max — = max —— =0(——
O<k<m ay O<k<m aj ming<k <m Ay
and, consequently, the condition (45) on (m,) is implied by rather requiring
1 )\%mn
(52) - 0.

n minoik <my, a,%
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The reason why (52) is not used in Theorem 3 is that one would lose the constant
derived for the Poisson case in Corollary 2. Moreover, using Lemma 4, we see that
for (w,) to converge to zero with m;l = [nm,], it is sufficient that

(53) nagym, 1 b™" — 0.

It remains to check that there exist A1 > A, n > 0 and (m,,) such that (52) and (53)
hold true. We will do this by a constructive proof.

To this end, take A; > A arbitrary. The cornerstone in the construction is the
following claim, to be proved below: we can find 7, a positive number C; and K
in (0, 1) such that, for all m > 0,

2(m+1) -

A b~

(54) — M <km—

ming<i<m+1 dj A[nm)
Given that (54) holds, put

2m
mpy :max{m: %K*mﬂ < n}.
miNQ<k<m A

Since A; > A > 1 and K < 1, the sequence A%m/minoskm a,% x K ~™/2 is nonde-

creasing in m and tends to infinity. Thus, m,, is finite for all n and (m,,) is nonde-
creasing and tends to infinity. Moreover, )\%m” / ming<g<m, a,% <nK™/2 and (52)
follows. On the other hand, from the definition of m,, and (54),
2(my+1) —nmp
pe M Km0/ < ¢y /Y
ming<k <m, +1 dj, Aanm,)

for large n. Hence, (53) follows and the construction is complete.
It now remains to prove the claim (54). To do this, let (r;)m>0 be a sequence
such that a,, = ming<x<m, ar. Applying (A2) yields

. 2 2
co min a; =coa: >a for all m > 0.
00§k<m k 04y, = A2y, =

Now put s = 2r,,,4+1 and ¢ = [pm] and note that since 2r,,+1 < 2m, for any n > 2, it
holds that # > s. In addition, fix p sufficiently large that cpa, < 1 and cpa,b? < 1.

The latter can be done since, as noted above, a;b* = O(e¥) for any & > 0. Apply-
ing (A2) repeatedly, we easily obtain that there is a constant c; > 0 such that

ar < crag(coap)=/PL,
Using 2ry,+1 < 2m again, we find that [( —s)/p] >t —s)/p—1>{(n —2)m —
1}/p — 1. Recalling that coa, < 1, together with the two last displays, this yields

a[nm]Scocl(OSIETEJr]ak)(Coap)((n ym—1)/p

/p\m
SCO( min a,%)(M)

0<k<m+1 (coap)?'P
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for a positive Cyp. Then with

_,2((coap)! /)"

K:
(COap)Z/p

we see that (54) holds for a positive Cy. Finally, since (cpa p)l/ Ph < 1, we can
choose a large enough 1 such that K < 1. The proof is complete.

6. Discrete deconvolution. In this section we take X0 = ® = Z and let ¢ be
counting measure. Let also p be a fixed and known probability mass function on Z
and consider the mixands 7 (-) = p(- — 6). Another way to view this setup is the
following. Take independent random variables ¢ and U, both in Z, with probabil-
ity mass functions p and f, respectively, and put X = U + ¢. Then the probability
mass function of X is the convolution (f x p)(:) =Y g p(- — 8) f(0) of f and p,
which we can also write as ) g g (-) f(6). Our interest in recovering f from i.i.d.
observations from X can thus be phrased as a deconvolution problem. Note that
this setting includes the case of ¢ being zero, that is, we estimate a discrete distri-
bution.

Observe that, for all integer k, [11x = p(k — -). Applying the general approach
of Section 4, we take Vy = {0} and, forallm > 1, V,;, := Span(I11; : |k| < m). This,
of course, defines an increasing sequence of linear spaces. It remains to choose the
measure v or, equivalently, the space H = L?(v). A natural choice is to let v be
counting measure, that is, H =1 2(Z). Then, since p is square-summable, (V) is a
sequence of subspaces of H. It is practical to define the projection estimator using
Fourier series. Thus, let

p¥(A) = Z p(k)e k> forall A € (—m, ]
keZ

be the Fourier series with coefficients (p(k))rcz. Then p* € L2(—n, ] and, be-
cause p is a density, p* is continuous with positive L? norm. The Fourier series
with coefficients (IT1;)cz simply reads p*(—)»)e_’“. Because there necessarily
is an interval on which p* is nonzero, {p*(—A)e ***},7 is linearly independent
and assumption (A1) then follows immediately. Hence, the projection estimator is
well defined and the results of Section 4 apply.

Let us derive the expression for the projection estimator fmn through the
Fourier series fA”f ,, with Fourier coefficients (fAm,n(k))kez. Let P be the Fourier
series associated to the coefficients (P,1;)recz,

P =Y (Pulpe ™ forall h e (—m, 7).
keZ

Then applying Parseval’s formula to (7) with g = IT1g, f,;," , 1 the unique element
in Span(e~'** p*(—1) : |k| < m) which satisfies, for all k = —m, ..., m,

L : 1 4
(55) g/_ﬂ f;’n()‘)p*(}\,)elk}\d}\: P,1;, = Z/_ﬂ P,T()\.)elk)‘d)\,_
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Here we will treat the special case where the following condition holds:

T 1

(56) Kpi= [ LY

This condition implies that p* may only vanish on a Lebesgue null set, and in a
singular way (it cannot have a finite derivative where it vanishes). It is, of course,
verified, for instance, if | p*| is bounded away from zero, which includes the case
of estimating a discrete distribution (¢ = 0). If (56) holds, there is a function in
L2(—m, 7] such that (55) holds for all k € Z. Indeed, since P, is a probability,
| P¥| is bounded by one so that P;"/p* is in L?(—m, ] and satisfies (55) for all
k whenever (56) holds. This amounts to taking the definition of the projection
estimator to its limit m = oo; hence, we put fofj . = PY/p* or, equivalently,

I ™ Pr(})
2 / p*(A)

To compute the expectation of foo, n, first apply (8) and then Parseval’s formula to
obtain

EfPr0) =) mrlge **
keZ

= (f. Mlge ™ = f*O)p*(x)  forall Ain (—m, 7],
keZ

foo n(k) == e da forall k € Z.

where f* is the Fourier series with coefficients (f (k))xez. The two last equations
give

¥ drn=fk)  foralkeZ,

1 T EsP*(A
6D Efaato=o [ B0 )

2 p*(L)

where, as |PY/p*| < 1/|p*| is integrable, we applied Fubini’s theorem. Hence,
foo » 18 unbiased, as expected, since it corresponds to m = oco. Furthermore,

—~ 1 K
(58)  var;(foom) = varf(foo1><—Ef f Foa0Pdis L

As shown by the following result, we are in a case where the minimax MISE rate
is achieved by foo,n over any reasonable subclass of H;. This is a degenerate case
compared to the general setting of Section 4, because smoothness conditions of
the form (14) do not improve the minimax rate. To formulate the result, we define
the line segment [ fy, f1] between fo and f1 as [ fo, fi]l :=={(1 —w) fo+wf1:w e
[0, 11}.

THEOREM 4. Assume that (56) holds. Then the MISE of the projection estima-
101 foo.n has rate n=" over Hy, and this rate is minimax over any class C included
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in Hy and containing a line segment | fy, f1] for distinct fy and fi in Hy. More
precisely, for any fo and f1 in Hy and any positive integer n,

co(K1+ Kaeyn)™' < inf - sup Egllf — fI%
fesq felfo, fil

< sup Epll foon — fllfy < =2
feH

where K| and K, are universal positive constants, co := Y 17 (f1(1) — f()(l))2 and
cr:=2 ezl () —mp D).

REMARK. Observe that the lower bound may reduce to a positive constant
only when the model is not identifiable, that is, if there exist fy and f; in H; such
that ¢; = 0. In this case (56) cannot be fulfilled.

PROOF OF THEOREM 4. Since foo,n is unbiased, the upper bound simply
is (58).

The rate n~! of the lower bound on the MISE generally holds for any reg-
ular parametric statistical model. Here we derive it via a Bayes risk lower
bound. Consider the parametric model {71 —y) fy+ws, : w € (0, 1)}. Put any contin-
uously differentiable prior density » on w € (0, 1) which is symmetric about 1/2:
r(1/2 4+ w) —r(1/2 w). Let L(w) = Eqi—w) fy+wfi [(Bw 108 T(1-w) fotwp (X))?]
and I(r) = fo F(w)? /r(w)dw. Then, for any estimator f from n observa-
tions,

sup Eflf— £l
felfo. fi1l

1 ~
Efo E—w) forws; | f = (1= w) fo + wfi) |3 (w) dw

1 A~
> Ea—w) fyrwn [(FR) = (1 = w) fok) + wfi(6)))*]r (w) dw
keZ
> 1(f1 k) — fok)?
ez Jo L(w)r(w)dw + L(r)

(39

Here the first inequality is the Bayes risk lower bound on the minimax risk and the
second one is the van Trees inequality (a Bayesian Cramér—Rao bound); see, for
example, [11]. We easily compute

Jay =Y (71, (k) — 7, (K))?
i TR+ (R)/24 (w—1/2)(p, (k) — 7 (k)
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with the convention 0/0 = 0. Using the symmetry of r, we obtain

1
/(; J(w)r(w)dw
22/1 |77, (k) — 7t £y (K) [ (w) dw
w0 g k) +mp (k) Qlm g (k) — 7 p, ()]) + (w — 1/2)

1
<> |my k) —nfo(k)}/ wr(w) dw,
keZ 0
where we simply used a + b > |a — b| for any nonnegative a and b for
the inequality. Hence, (59) gives the required lower bound, where K| = {(r)

and K, = fol wlr(w)dw are fixed once a particular choice of r is made.
O

REMARK. There is a tradeoff between K; and K, when the prior density r
is chosen for optimizing the lower bound for finite n. Asymptotically, the lower
bound is equivalent to co/(K2c1n), and it is easy to see that the infimum of possible
values of K3 is 2 (let r tend to a point mass located at w = 1/2). Hence,

.. . A o

liminf inf sup =nE ||f—f||2 > —.

"0 fes, felf il 1720
The right-hand side depends on fp and f; and should be compared to the asymp-
totic upper bound K,/ (27).

The statistical literature on deconvolution is vast, but it is primarily concerned
with continuous random variables having densities with respect to Lebesgue mea-
sure, often on R. Some key references on achievable minimax rates of convergence
over suitable smoothness classes in that setting are [2] and [6] for pointwise esti-
mation of the mixing density, and [5, 7, 8, 22] for (weighted) L” loss. The diffi-
culty of the estimation then depends on whether the characteristic function of ¢,
that is, essentially our p*, vanishes algebraically or exponentially fast at infinity,
these cases being referred to as ordinary smooth and supersmooth error densities,
respectively. With an ordinary smooth error density, the optimal rate of conver-
gence is algebraic in n, whereas it is algebraic in logn when the error density is
supersmooth.

In the discrete setting considered here, the notions of ordinary smooth and su-
persmooth error densities are void, since p* is defined on a compact interval, the
unit circle. The MISE rate n~! of Theorem 4 is also faster than what is obtained in
the papers cited above; it only appears as a limit in the ordinary smooth case when
the unknown density f has infinite smoothness. In the discrete case, the rate n ™!
may not hold when (56) fails; some additional remarks on this issue are given in
Section 8.
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7. Mixtures of uniform discrete distributions. We now take ® = N :=
{1,2,...}, X = Z4+ and let ¢ and v both be counting measure. Thus, H =
12(®). Consider mixands given by the family of uniform discrete distributions on
{0,1,...,60 —1}; thatis, [T1;(0) = mp (k) = 0~ ! for0 <k <6 —1 and 0 otherwise.
Observe that, for all k > 0, IT1;(0) =6~! for large 6 so that I11 is not in 11(®)
and (A1) does not hold. Then letting the space V,, be spanned by (IT1;)o<k<m as
in Section 4 would yield an estimator fm » that is a linear combination of noninte-
grable functions and, hence, a poor estimator of the mixing density. It is possible to
circumvent this problem by replacing v by a distribution such that ((1 + 9)_1)920
belongs to L' (v), but then the difficulty would lie in the definition of the smooth-
ness classes (14). Indeed, in this case a different choice of V,,, provides a much sim-
pler definition of smoothness classes. For all k > 0, we let iy = (k+ 1) (1 — 1541),
which yields

[Mhy = (k+ )11, — TTg4) = 1g4g.

Hence, (IThy)k>0 is itself the orthonormal basis denoted by (¢«) in Section 3. It
follows that

V,u = Span(TThy, 0 <k <m) = {f € [2(®): f(0) =0 for all 6 > m},
the projection estimator is
Fnnk) =kP,(_1 — 1)1k <m)  forallk>1,

and the smoothness classes of Section 4 read

(60) Cu,C,r)=1{fel*(@®):Y f*k) <C%uj forallm=>r¢.

k>m

Since var ¢ (hy) < (k + 1)2(nf(k) +ms(k+ 1)) for any f in H;, Proposition 3,
along with (11), gives, for all m,

R lm—l
OO Efllfun = flif= 30 f2O)+ = 3 k+ DXy 477k +1).
k=0

O>m

As in Section 6, this implies that the MISE rate n~! is achievable as soon as 7
has finite second moment, that is, Y~ o k%7 7 (k) < 0o. Moreover, it holds that 7 ¢
has finite second moment for any f in C(u, C,r) NHy whenever u = (u,,) sat-
isfies > m3/%u,, < co. Indeed, as a simple consequence of the Cauchy—Schwarz
inequality, 7 (k) = O({k™! Sgoi F2(O)}/?) = O(k~'/2uy) for such f. The in-
teresting cases are thus those when (u,,) decreases slowly, and Corollary 3 below
provides such an example.
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THEOREM 5. Let u = (u,) be a positive sequence decreasing to zero,
C a positive number and r a positive integer. Then for all sufficiently large m,

~ C 2 5 n

62 inf s Eglf—fl3> ( ”"’“) (1 _ KCMmH) |
fedy feCu,C,r)NH; 2 2m

and for any integer m > r,

2

n 2m
(63) sup Bl fun — flIf < (Cum)® + ——.
feCu,C,r)NH; n

PROOF. The upper bound (63) follows from (61) and the bound ZZ"Z_OI (k +
)27 ¢ (k) <m?.

The lower bound (62) is obtained along the same lines as the lower bound of
Theorem 1. We apply Proposition 2 with A (k) = 1(k < m),

V = Span{h(k)r.(k), k € X}
={fe 12(®) :there exists A € R such that f(0) = A0~ ! forall o > m}

and C*:=VLn C(u, lc , ). Thus, the assumptions of Proposition 2 are imme-
diately satisfied. To arrive at (62), we still need to find a suitable probability den-
sity fo such that fo 4+ C* € C(u, C,r), and a function g in C* such that fo £+ g
are in H; to bound the supremum in the lower bound of Proposition 2 from be-
low.

In order to do this, let g in I>(®) be one of the two sequences satisfying the
three equations

(i) g(@)=0unless =m, m + 1 orm + 2;

m+2 m—+2
(i) Y g®)=0 and > 67'g(6)=0;
O=m 0=m
m+2 )
(i) Y g*(0) = (5Cum1)".
O=m

Then ||gllsr = 5Cttm+1-
Let fp be such that f5(0) = |g(0)| for8 > 1 and fy(1) =1 —Zm+2 fo(8). Then

O=m
for m sufficiently large, ZZ’:,% fo@@) < \/g(zzzrn% g2O))'/? = gCumH is less
than one. Hence, fj belongs to H for large m. Using (60) and the result that (u)
is nonincreasing, one readily checks that fj is in C(u, lc , r). It is then immediate
that fy + C(u, %C, r) € C(u, C,r), and thus also foy +C* C C(u, C,r).

We now proceed to checking that g belongs to C* and that fy+ g are in H;. The
latter follows from >_ g(0) =0 and | fy| > |g|. The former is also true as g both
belongs to C(u, %C, r), which is checked as for fy, and is perpendicular to V,
which follows from item (i) and the second part of item (ii) in its definition.
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Hence, Proposition 2 gives

inf  sup  Ef|f — fllE > IgllEm 0.1, ... om — 1}
fedy, feCw,C,r)NH;

We easily compute
7101, m—1}
=1—folm+Dm+1D)"" =2fo(m+2)(m+2)~"

V5
>1——Igllu,
m

and (62) follows from the two last inequalities. [

COROLLARY 3. Let o and C be two positive numbers and r a nonnegative
integer. Then the minimax MISE rate over the class @((log_o‘(l +n)),C,r) is
(logn)~ =22 This rate is achieved by the projection estimator fmn n With m, =
[tnP] for any positive number t and any positive B less than 1/2. Moreover, this
estimator is asymptotically MISE efficient up to a factor 4/B>*.

PROOF. Put u,, = (log(1 + m))~“. Use the lower bound (62) with m = n to
obtain the asymptotics (Cu,, / 2)2. Then use the upper bound (63), with m,, = [tnf]
and B € (0, 1/2), to obtain

_ A 2m?
2 sup Ef| fugn — flo < C2+ + = =C*+o(D).
feCu,C,r)NH; nug,,

Finally, (Cuy,)?/(Cu?/2)> — 4/8%*. The proof is complete. []

8. Open problems. In Sections 5 and 6 we have investigated some particular
cases for which (A1) is satisfied and, thus, both Theorem 1 and Theorem 2 apply.
The upper bounds were, in fact, obtained directly without using Theorem 2, but are
essentially similar (see the remark following the proof of Theorem 2). We have also
seen in Section 7 that, in certain situations when (A1) does not hold, this approach
could be adapted. However, only in the case of power series mixtures and in the
adaptation of Section 7 could we compute explicit lower and upper bounds giving
rise to identical rates. In the case of discrete deconvolution of Section 6, we even
gave an alternative lower bound which gives the optimal rate in the degenerate
case where the projection estimator f;n’ »n can be defined for m = oo. In this section
we outline a few open problems for which the framework of the present paper is
potentially applicable, but in which we do not attempt to compute the bounds.
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8.1. Multivariate power series. Proposition 6 shows that Theorem 1 applies
for a large range of dominating measures v. Condition (i) is a simple reformula-
tion of the requirement of having 7.(k) both in L!(v) and in L?(v) for all k, and
easily generalizes to other mixands. Condition (ii) also generalizes when 7.(k) is
related to a well-known sequence of linearly independent functions (here the poly-
nomials). For instance, it trivially generalizes to multivariate power series mixands
(see [13], Chapter 38). A slightly different setting concerns the bivariate Poisson
distributions ([13], Chapter 37) given by, for all 8 = (8, 62, 612) in ® := (0, <><>)3
and all nonnegative integers x; and x7,

X1AX X1—1lpX2—1l i
o (X1, xp) = e~ E1HE2+12) 1222 o' . 0;° 91’.2 |
o (x1 =) (xp —D)Ni!

In this case (i) is modified to [ |0]Fe~@17%2+012)1,(d6) < 00 and (ii) is unchanged.
This is easily seen upon observing that {601 +02+01 (7o (x1, X2) }x;.x,>0 1s a collec-
tion of trivariate polynomials in 8 = (61, 62, 012) that are linearly independent as
the term 9;”9;2 only appears in my(x1, x3). The rest of the proof above applies
similarly.

Although Theorems 1 and 2 apply, the rates they provide are not known explic-
itly.

8.2. Power series mixing distributions with noncompact support. Let again my
be the Poisson distribution with mean 6, and let ® = R,.. Thus, we have power
series mixands with a;y = 1/k!, but with ® being unbounded. Take v as Lebesgue
measure, so that H = L2(R, ). Applying (12) [see also (35)], we find that, for all
f in H, the variance term in Proposition 3 is bounded by

m—1
(64) Ef||fm,1||ﬁ=Ef(Z<D%,x,)s B T

k=0 O<l<k<m

which should be compared to (50). For A; > 2 + +/17/2, this bound, along with
Lemma A.2 in the bias-variance decomposition, shows that for any positive num-
ber C, any nonnegative integer r and any sequences (u,) and (m,) satisfying
2" i, = o(n'?),

lim sup u;f sup Ef || ﬁmn,n - fH]?ﬂ
n—00 feCu,C,r)NH;

< limsup un;f(Czuzn + n_lKl)\%m") =C2.

n—oo "
For sequences u* the obtained root MISE rate is (logn)~* by choosing m, =
[t logn] for small 7. This is better than when b < oo (see Corollary 2).
Concerning lower bounds on the MISE, Loh and Zhang [17] give such a one in
their Theorem 4 over particular classes related to ours, but their assumptions do



ESTIMATION OF MIXING DENSITIES 2105

not apply in the case considered here because they correspond to a weight function
w = 1g, with infinite L' norm. Hence, it is still to be found if the logarithmic rate
of the projection estimator is optimal in this case. Theorem 1 applies and Proposi-
tion 5 shows that C(u, C,r) N H; is nonempty for a positive » or for large C. The
next problem, which we have not solved, rather consists in finding fy in this inter-
section such that u,, = O(1/K«, f()(vm—l—Z S Vm)) which is the key in our method
for showing that the minimax MISE rate is (u )

8.3. Discrete deconvolution with vanishing characteristic function. Let us re-
turn to the setting of Section 6. If condition (56) is not satisfied, our analysis must
be refined. It is indeed possible that the optimal rate is slower in this case, and the
behavior of p* at its zeros may then yield the optimal rate of convergence.

To our knowledge, this problem has not been studied. A possible approach
would be to mimic that of Section 5.1 by observing that the projection estimator
can be easily defined using a sequence of orthonormal trigonometric polynomials
in L2(v') with v'(dt) = |p*|? (1)1(—7,7)(¢)dt, and to express fm n using such a
sequence. However, in contrast to power series mixands, the behavior of the pro-
jection estimator here should be driven by the measure V', that is, by using precise
assumptions on its zeros when (56) fails.

APPENDIX

Recurrence relations for orthonormal polynomials. In this appendix we
give some further results for the orthogonal polynomials (¢;) in H and (g} "y in 1,
introduced in Section 5.1. For any measure vg on R, one can construct an orthog-
onal sequence of polynomials (ry)r>0 with increasing degrees in L2(vp) using a
so-called three terms recurrence relation,

Tie+1(8) = (t — ap)ri(t) — Brrk—1(1) withr_; =0andrg =1,

where (ax)k>0 and (Br)k>0 are sequences depending on vy. Moreover, putting
Bo = ||r0||]%1, one has ([10], equations (1.13))

k 1/2
(65) N = |rellm = (]‘[ ﬁ,) forall k > 0.

j=0
Let the polynomials have coefficients ry (f) = Y, Ri;¢' and put

(66) Q% =Rei/Ny  forallk,1>0.

The latter coefficients are those of an orthonormal sequence corresponding to Qz/ ]

and Q) , for vy equal to v" and v, respectively. The three terms recurrence relation
can be written

(67)  Riy110=Rri—1—axRi;— Bk Re—1, forall k,/ >0, with Ry o =1
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and the convention Ry ; =01if [ <0 or/ > k. Hence, by (65), (67) and (66), we see
that knowledge of (ax)x>0 and (Bx)i>0 provides a simple algorithm for computing
the coefficients QZ")I recursively at a low computational cost.

Let us now derive the coefficients o and Sy for particular choices for vy.

A.1. Legendre polynomials. Let vy be Lebesgue measure on [—1, 1]. In this
caseay =0, B8p=2and By =1/(4 — l/kz) for k > 1 ([10], equation (2.1)).

A.2. Translated-scaled Legendre polynomials. Let vy be Lebesgue measure
on an interval [a, b]. Denote u := (a + b)/2 and § := (b — a)/2. Replacing t by
(u — p)/4 in the three terms recurrence relation for Legendre polynomials, one
obtains an orthogonal sequence for vy satisfying

i’k+1<u ;M) = <u ;M —Otk>7’k<u ; M) —ﬁkrkl(u ; M)

Multiplying by 8**! and identifying (8*r((u — 1)/8))x with a new orthogonal
sequence, the previous equation gives the following coefficients in this case: oy =
—u, Bo =28 and By =8%/(4 — 1/k?) for k > 1.

The following result serves for bounding the variance of fm » [see (34)] when
v =1yp.

LEMMA A.1. Let Ao be a number larger than A ==y + vy* + 1 with y =
2+a+b)/(b—a). Then Y_,(Q")* = O(AF).
PROOF. It follows from (67) that

[ Riq11l < (14 fex DI Rell 4 Bl Rie—1 1l

where || Ri| := (O, R,%’ ,)1/ 2. Consequently, dividing by Ny, as given above, we
obtain

1+ |O‘k| v ﬁk v
(68) 10,° 4 < ——= 1101l + [ 5— 10, II.
kvl VB K T

Note that

1 21
fim 2l 20+ B feraks 1,
k=00 +/Br41 ) Br+1

and that the positive solution of the quadratic equation

2(1 b b—
xz—%x—lzo withM:a; and § = 2a

is A. The lemma follows. [

(69)
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A.3. Laguerre measure. Let vy be the measure with density e~ with respect
to Lebesgue measure over ¢ € (0, 00).
Inthiscase oy =2k + 1, Bop=1 and B; = k2 for k > 1 ([10], equation (2.4)).

A.4. Squared Laguerre measure. Let finally vy be the measure with den-
sity e~ with respect to Lebesgue measure over € (0, 00).

This corresponds to v’ in the case of Poisson mixands, ay = 1/k! and
Z%(t) = e~ . We have a result corresponding to Lemma A.1, but we now study
H' rather than H as in the case of compact support and Lebesgue measure, as our
interest lies in the coefficients @ ; = QZ(,)I /a; (see Section 5.1).

LEMMA A.2. Let A be a number larger than 2 + ~/17/2. Then ), CD/%,[ =
(0 Jan? = O(ATF).

PROOF. Dividing (67) by a; one obtains

Qz(fl 1)1 /2
(=

a

rk + lol Qv02> | Br ( QZO211>
: Br+1 (XI: a " Br+1 XI: a ’

where ry := maxg<;<¢(a;—1/a;). By arguments similar to the ones used for the
translated-scaled Legendre polynomials, ax =k + 1/2, fo = 1/2 and B = k*/4
for k > 1. Since ax = 1/k!, ry = k in (70). Moreover,

(70)

k
im Al g [P 1 forallk s 1

k=00 o/ Br+1 Bi+1

The positive solution of the quadratic equation x> — 4x — 1 =0 is 2 + +/17/2.
Hence the result. [J
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