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TAUBERIAN THEOREMS IN THE STATISTICAL SENSE
FOR THE WEIGHTED MEANS OF DOUBLE SEQUENCES

Chang-Pao Chen and Chi-Tung Chang

Abstract. Let p := {p;}32, and ¢ := {qx}32, be complex sequences with
p,q € SVA. Assume that { s, }75 ,,—o iS @ double sequence in C (or one of R,

a Banach space, and an ordered linear space), with s,,,, g (N,p,q; a, B),
where (o, 8) = (1,1), (1,0) or (0,1). We give sufficient and/or necessary

conditions under which s,,,,, L s The theory developed here is the statistical
version of the work of Chen and Hsu in [Anal. Math., 26 (2000), 243-262].
Our results generalize Méricz, [J. Math. Anal. Appl., 286 (2003), 340-350].

1. INTRODUCTION

Let p := {p;}32, and ¢ := {qx}32, be two complex sequences with P,
Z;’;O p; # 0 forallm>0and Q, :=>"}_,q # 0 for all n > 0. The weighted
means 27, of a given complex double sequence { sy, }° are defined by

m,n=0

an Z ZPJkajk7

Jj=0 k=0

t}’r?n = ijsjnv mn Q Zkamkv
n

where m,n > 0. We say that the sequence {s,un }5; o i (N, p, ¢; o, ) summable
to s, in Symbol, sy — s (N, p, q; o, B), i limp, nooo tas, = s, Where (o, 8) =
(1,1), (1,0) or (0,1). The symbol limy, ;oo t28 = s means that 55, converges

to s as min(m, n) — oo.
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In [1], C.-P. Chen and J.-M. Hsu considered those p and ¢ from the class SVA
or its subclasses SVA and SVA,, which are defined as follows. We write p €
SVA, if P,, # 0 for all m >0 and

P .
liminf|=22 — 1| >0 forall A >0 with X # 1.
m—0o0

m

Here \,, := [Am] denotes the integral part of Am. The space SVA, is the set of
all real sequences in SVA. Analogously, SVA, stands for the set of all nonneg-
ative sequences p with p € SVA. Obviously, SVA, C SVA, C SVA. As shown
in [1], Chen and Hsu presented some kind of Tauberian conditions under which
the convergence of t,%% implies that of s,,,. These conditions can be Landau’s
conditions, Schmidt’s slow decrease conditions, or more general conditions involv-
ing the concept of deferred means. The work of Chen-Hsu extends Moricz’s and
Baron-Stadtmuller’s results from p, g with p; = ¢, = 1 to p,q € SVA, SVA, or
SVA,. Their results also hold for Banach spaces and ordered linear spaces.

The purpose of this paper is to give the statistical version of the results of Chen-
Hsu given in [1]. The concept of statistical convergence was originally introduced
by H. Fast [2] for single sequences, and extended to double sequences by F. Méricz
[4]. We say that {sn}or —o is Statistically convergent to some number &, in
symbols,

. t
St-im sy =& O Sy — &,
if for each ¢ > 0,

1
li H <Mandn<N: _ >}
MNooo M+ D)(N+ 1)U = NS N smn =€l 2 €

:07

where m < M means m = 0,1,2,..., M and |S| denotes the cardinality of the set
S CNxNwith N = {0,1,2,...}. We also say that {s,, }y ,—o is statistically

(N, p, ¢; o, ) summable to s, in symbol, s, s (N, p, q; o, 3), if st-lim 98 =
s. We are interested in finding conditions on p,q and {s,u}55,,—o under which

the statistical convergence of of implies that of s,,,. Our results extend [3]
from (C,1,1) summability to (N, p, ¢; o, 3) summability with p, ¢ € SVA. We also
establish Tauberian theorems for double sequences in a Banach space or in an

ordered linear space.

2. PRELIMINARIES

The first lemma gives another representation of SVA and was proven in [1,
Lemma 2.1].
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Lemma 2.1. Letp:= {pj}g';o be a complex sequence with P,, # 0 for all
m > 0. Then for A > 0 with A £ 1,

P
A’"—1 >0 <= liminf > 0.

m—00

lim inf
m—0o0

P
Py,

m

The next lemma shows that the statistical limit relation is linear. It was given
in [5] for single sequences.

Lemma 2.2. Let c € C, st-lim zj;, = Ly and st-lim y;;, = L. Then

(I) st-lim (xjk + yjk) = L1 + LQ,
(i) st-lim (czjx) = cLy.

Proof. The proof is based on the following two facts:
{j <mand k <n:|(xj+yjx) — (L1 + L2)| > €}
Cl{j<mandk <n:|zj—Li|> 5}
U{j<mandk<n:|y,—Lo| > 5§},
and for ¢ #£ 0,
lcxjr, —cli| > € <= |zjp — Li| > €/|c|. u

The following lemma plays a key role in the proofs of the main results in §3 -
65. This lemma was stated in [3, Lemma 1] with p; = ¢, = 1.

Lemma 2.3. Let (o, 8) = (1 1) (1,0) or (0,1), and s, > s (N, p, ¢; o, B).

Then for A\ > 0, we have ti‘f s L to‘ﬂ £ s, and tf‘f/\n s,

Proof. We only show t/\ﬂ s *L s in the case (a, 3) = (1,1). The proofs for
other cases are similar and are left to the readers. The case A = 1 is trivial. Let
A > 1and e > 0. We know that f(m,n) = (A, A,) defines a one to one mapping,
0]

1
(M+1)(N+1)
)\2
A +1)(Av +1)
— 0 as min(M,N) — oc.

Hm<Mandn<N G A —S\Ze}

ng)\Mandng)\N:\ti,%n—s\Ze}
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The last step follows from the fact that s,,,,, s (N,p,q;1,1). For 0 < A < 1, the
sequence {\;}72 is nondecreasing. If for some integers j and [ with

m=X =X == Ajpi—1 < Aj,
thenm < A\j < A([J+1)<---<AF+1—-1) <m+1<A(+1). This implies
m+Al=1) < Nj+A1=1)=AG+1-1)<m+1,

and so I < 1+ AL Hence, the pairs (j, k) with A\; = m and A\, = n occur at
most (1 4+ A~1)2 times. Moreover, we have (\y + 1)/(N + 1) < 2) for N >
max{\~! — 2,0}. This leads us to

(M+1)1(N+1)H

(142712
- (M+1)(N+1)

(L+ 27220
Av+1)(An +1)

— 0 as min(M, N) — oc.

mSMandngN:]t}\i“M—s\Ze}

Hm<)\M and n < Ay : \tn — 5] Ze}

ng)\Mandng)\N:\ti,%n—s\Ze}

We complete the proof. [ ]

3. DouBLE COMPLEX SEQUENCES

The following theorem gives a statistical version of [1, Theorem 3.1]. It gener-
alizes [3, Lemma 2].

Theorem 3.1. Assume that p, ¢ € SVA and s 2> s (N, p,q;1,1). Then

>\77L Tl

(31)  stlim ;Qk o L X masp=s (A>1)

j=m+1 k=n+1

and

. 1
(3.2) stlim Z Z piaksik=s (0<X\<1).

(P —=Pr, ) (@u=Qx.) 5, 5~

Proof. Let A > 1. Eq. (3.3) in [1] tells us that
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>\77L >\Tl

1
(Py,, — Pn)(Qx, — Q) Z Z Pk Sjk

j=m+1 k=n+1

1

11 11 11
= t>\m7>\n + <PA ) 1 (t>\m7>\n - tm)\n)
(3:3) " 11 11
RN s WS Wl 5 W
n) -1
(%)
1 1 11 11 11

+ (t%in)\n - tm)\n - t)xm,n + tmn)'

Pkm 1 an 1

Pm Qn

We have p, g € SVA and s, s (N,p,q;1,1). By Lemmas 2.2 - 2.3 we obtain

1 11 11 1 11 11
Y e —tmna)| S - P, [Exnrn — tmrn |
- o G

=0 as min(m, n) — oo.

The last two terms in (3.3) also tend to zero statistically as min(m,n) — oc.
Therefore, (3.1) follows from (3.3). As for the case 0 < A < 1, by Lemma 2.1 we

have P

liminf | =" — 1| >0 and liminf &—1 > 0.

m—00 >\7n n—oo Q>\n
By making the changes \,, < m and \,, < n, an argument similar to the case
A > 1 leads us to (3.2). [ ]

Theorem 3.1 says that the statistical convergence of (N, p, ¢; 1, 1) means implies
that of the corresponding deferred means. As a consequence of Theorem 3.1, we get
the following generalization of [3, Theorem 2]. Our result is the statistical version
of [1, Theorem 3.2].

Theorem 3.2. Let p,q € SVA. Assume that s, <> s (N, p,¢;1,1). Then the
following four assertions hold.

(i) Smn =5 s if and only if for all € > 0,

1
inf lim su
Aot e (M + 1)(N +1)

(3.4) 1 o
(PA — Pm)(QA — Qn) Z Z pJQk(Sjk - Smn) > € = 0.

j=m+1 k=n+1

l{mSMandngN:
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(i1) smn > s if and only if for all € > 0,

1
inf limsup

<Mandn<N :
o<1 M,N—oco (M + 1)(N + 1) Hm B "=

(3.5) 1 ) )
(Pp—Py, ) (Qn—Qx,) S > pigk(smn—sik)| =€ p|=0.

j:>\m+1 kf:)\n‘f'l

(7i7) Condition (3.4) can be replaced by (3.4*) for some A > 1, and (3.5) can
be replaced by (3.5*) for some 0 < A < 1:

1 >\77L >\Tl

(3.47) st-lim (Pr. — P (Or — 0w Z Z Piqk(Sjk — Smn) =0,

j=m+1 k=n+1

- 1 m n
(3_5*) st-lim — — Z Z ijk(Smn - Sjk) =0.

(iv) Moreover, if (3.4%) holds for some A > 1, then it is true for all A > 1.
The same situation happens to (3.5%).

Proof. It is clear that (3.4*) = (3.4) and (3.5*) = (3.5). Assume that
Smn s Let A > 1. By Theorem 3.1 and Lemma 2.2, we have

A A
1 m n
st-lim Z Z Pjak(Sik — Smn)
1 >\"L >\n

= st-lim DiqrSik — St-lim s
(P>\m - Pm)(an - Qn) Z Z ’ ! "

j=m+1 k=n+1

and so (3.4*) holds for all A > 1. Conversely, we show that (3.4) implies s, s,
We have

A A
1 m n
s _ PjiqkS;k
mn (P>\m - Pm)(an — Qn) j%;-l kzn-:i—l o
Am An

1
(Pa, = Pu)(@Qx, — Q) > D pitk(sik = smn)

j=m+1 k=n+1

= A— B, say.
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For € > 0, we know that

{m < Mandn <N :|spu, —s| > €}
Q{mSMandngN:]A—slzg}U{mSMandngN:]BIZE}.

2
This implies
1
lim su Hm<Mandn<N:3 —s>}
W Gr (N U SN foma = o] 2 ¢
1 €
< limsu Hm<Mandn<N:A—s >—H
S G ) VTS SNz g

1
+ lim sup H
M,N—oo (M + 1)(N + 1)

mSMandngN:]Byng.

By (3.4) and Theorem 3.1, we get s, *4 5. This completes the proofs of (7) and
the first parts of both of (iii) and (iv). For 0 < A < 1, it can be verified in a
similar way. We leave it to the readers. |

Following [3], we say that {smn}p; - is statistically slowly oscillating with
respect to the first index if, for every € > 0,

1
inf lim sup

< :
(3.6) A>1 M N — 00 (M+1)(N+1)Hm‘Mandn§N

:07

max |Sip — Smn| > €
m<j§>\m‘ J ‘

and that {smn}p;,—o is statistically slowly oscillating in the strong sense with
respect to the first index if (3.6) is satisfied with

max |[Sjk — Smk| in place of max |Sjn — Smn-
m<j<Am m<j§>\m
n<k<Ap

The statistically slow oscillation property with respect to the second index is defined
analogously. Now consider p, ¢ € SVA;. We have

>\77L >\Tl

1
(Pxr,, — Pn)(Qx, — Qn) > piar(sik — smn)

j=m+1 k=n+1

< max |sjp — Smk|+ Max [Spmrk — Smal-
m<j<Am n<k<Ap
n<k<Ap

Hence, if {smn}50, _ is statistically slowly oscillating with respect to the second

index and statistically slowly oscillating in the strong sense with respect to the first
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index, then (3.4) holds for all ¢ > 0. By Theorem 3.2, we obtain the following
result, which generalizes [3, Corollary 3].

Corollary 3.3. Let p,q € SVA, and s, =5 s (N,p, ¢; 1, 1) 1f {80 }25 0
is statistically slowly oscillating with respect to both indices, in addition, in the
strong sense with respect to one of the indices, then s, s,

Consider the following two-sided Landau’s conditions for the complex case:

(37) ]‘Sjn - sj—l,n‘ S H (.]7 n > n)7

(3.8) ElSmk — Smp—1] < H (m, k> f),

where i > 0 and H are suitable constants. For A > 1 and m, n > fi, we have

J
1
max |[Sjk — Smi| < max Z - sup sk — si—1.k|
m<j<Am m<j<Am l m<l<j
n<k<An n<k<xn O \l=m+1 <
>\'I7L
< Y T <Hlogh
l=m+1

This indicates that if (3.7) holds, then {s .}y ,—o is statistically slowly oscillating
in the strong sense with respect to the first index. Similarly, (3.8) implies the
statistically slow oscillation property in the strong sense with respect to the second
index. As a consequence of Corollary 3.3, we get the following generalization of
[3, Corollary 4]. It is the statistical version of [1, Corollary 3.4].

Corollary 3.4. Letp,q € SVA} and sy > s (N,p,q3 1, 1). I {80 }20, g
satisfies (3.7) and (3.8) for some fi > 0 and some H, then s,,, s

As in [1], we write (N, p, x; 1,0) in the place of (N, p, ¢;1,0). For A > 1 and
Am > m, We have

>\77L

1 10 1 10 10
(3.9) P _p E Pisin =tx,nt 75 (txmin = tmn)-
Am T et <ﬁ“) !

To replace (3.3) by (3.9), the same argument as given above will lead us to the fol-
lowing two results, which are the statistical versions of those given in [1, Theorems
3.6, 3.7].
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Theorem 3.5. Assume that p € SVA and s,n, == s (N, p,*;1,0). Then

A
1 m
st-lim ————— S = A>1
P, — P, 2 Piem=s (=1
j=m+1
and
1 m
st-lim ——— iSin = 0< A<
J=Am+1

Theorem 3.6. Assume that p € SVA and s, =5 s (N, p,*;1,0). Then the
following four assertions hold.

(i) $mn = s if and only if for all € > 0,

1
inf lim su
A1 N (M + 1)(N + 1)

‘{mSMandngN:

(3.10) .

Z P (Sjn — Smn)| > €| =0.

j=m+1

1
P)xm_Pm

(i1) smn > s if and only if for all € > 0,

1
inf limsup

<Mandn<N:
0SA<T MN oo (M+1)(N+1)|{m = "=

(3.11)

m

1
P Y pi(smn— sjn)| =€ p| =0.
m — LAy
J*>\m+1

(7i7) Condition (3.10) can be replaced by (3.10*) for some A > 1, and (3.11)
can be replaced by (3.11*) for some 0 < \ < 1:

1
10% st-lim ——— (Sjn — =0
(3.107) Py, — Pn %;Llpj(sm o) =0
1 m
3.11* st-lim ———— i (Smm — Sin) = 0.
( ) Pm - P)\m jg—f—l j( " jn)

(iv) Moreover, if (3.10*) holds for some A > 1, then it is true for all A > 1.
The same situation happens to (3.11%).
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For p € SVA, we have

A
Y
p’(s’n_smn) < max ‘S’n_smn‘-
P)\m_Pm JR—t I m<j<Am J

Hence, (3.10) follows from the condition that {s;.,, };y . is statistically slowly
oscillating with respect to the first index. As indicated in the paragraph before
Corollary 3.4, the condition (3.7) ensures that {s..,};;,,—, is statistically slowly
oscillating in the strong sense with respect to the first index. As a consequence
of Theorem 3.6, we get the following result, which is the statistical version of [1,
Corollary 3.8].

Corollary 3.7. Let p € SVA; and s, s (N, p, %;1,0). If {8mn Frmn=o 18
statistically slowly oscillating with respect to the first index or (3.7) is satisfied for
some il > 0 and some H, then s,,, s

4. DouBLE REAL SEQUENCES

The following result is the statistical version of [1, Corollary 4.3]. Our result
generalizes [3, Theorem 1].

Theorem 4.1. Let p,q € SVA,. Assume that {s,,,} is a double real

sequence and sy, = s (N, p,q;1,1). Then s, = s if and only if the following
two conditions are satisfied for all € > 0:

1
inf lim su
A1 N (M + 1)(N + 1)

9]
m,n=>0

{mSMandngN:

(4.1) ) o
— — Z Z Pjak(Sjk—Smn) < —€ 2| =0,
inf i ! <Mandn<N
1mn 1m su .
o<t N M+ DN+ 1)1 =
(4.2)

1 m n
(Pr— Py, ) (Qn—Qx,) Z Z Pk (Smn—5jx) < —€ p| =0.

j:>\m+1 kf:)\n‘f'l

t
Proof. Assume s,,, — s. For A > 1, \,, > m and \,, > n, let
>\'I7L >\’I'l

1
oo (Prm = Pn)(@x, — @n) > D pitr(sik — smn).

j=m+1 k=n+1




Tauberian Theorems 1337

Then {m < Mandn < N : B < —} C{m < Mandn < N : |B| > €}.
By Theorem 3.2 (i), we get (4.1). A similar argument will also lead us to (4.2).
Conversely, assume that both of (4.1) and (4.2) hold. Let A > 1, ¢ > 0, and § > 0.
Rewrite s,,,, — s in the following form:

>\77L >\Tl

1
L e AT NI P DI

j=m+1 k=n+1

>\77L >\Tl

1
P PO =0y 2 2 Pit(sih = smn)

j=m+1 k=n+1

= (C - B, say.

By (4.1), there exists A > 1 such that

1
(4.3) lim sup

MN-sso (M A1) (N +1) {m<mandn<n:B<-S}<a

For such ), it follows from Theorem 3.1 that

(4.4) M,ljivrgoo(M+1)1(N+1)HmSMand”SN:ngHZO'

Putting (4.3) and (4.4) together yields

1
lim sup < 0.

m<Mandn < N :s —s>}
MVN_,OO(M+1)(N+1)H = = mn T 8 = €

Let 6 \, 0. We find that

=0.

1
(4.5) limsup Hm <Mandn < N : sy, —8> e}

M,N—oo (M+ 1)(N+ 1)

Next, consider 0 < A < 1. We have

1 m n
Skl [y o romrorm NP DEND DI UL ks

j:>\m+1 k:>\n+1

1 m n
" (Pm_PAm)(Qn—an) Z Z ijk(Smn—Sjk)

j:>\m+1 k:>\n+1

=C' +B, say.
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Employing the argument given for the case A > 1, we get

1
li < <N: —s< —ep| =0.
(4.6) A}{?VS:)IOI;(M+1)(N+1)‘{m_Mandn_N S — 8 < e} 0
Putting (4.5) and (4.6) together yields s, *4 5. This completes the proof. ]

Following [3], we say that a double real sequence {s,.,}o; ,—o IS Statistically
slowly decreasing with respect to the first index if, for every € > 0,

1
inf lim sup

<Mandn<N:
(4.7) k>1M7N~oo<M+1)<N+1)‘{m‘ s

=0.

min  (Sjn — Smn) < —€
m<j<Am

We also say that {s;., oy ,—o is statistically slowly decreasing in the strong sense
with respect to the first index if (4.7) is satisfied with

min (s — s in place of min (s;, — S .
m<j§km( jk mk) p m<j§>\m( I mn)
n<k<Ap

The statistically slow decrease property with respect to the second index is defined
in a similar way. As indicated in [3, Remark 2], condition (4.7) implies

1
inf limsup

<Mandn<N:
04 NN (M+1)(N+1)Hm = "=

:07

min  (Smn — Sjn) < —€
>\m<j§m( J

and vice versa. Similar conclusions also hold for the second index or in the strong
sense. Now, consider p,q € SVA,. For A > 1, we have
>\77L >\n

1
(P>\m — Pm)(QAn _ Qn) Z Z pJQk(Sjk - Smn)

j=m+1 k=n+1

> "Lgiggnl(Sjk — Smk) + nirl;isrin(smk — Smn)-

n<k<Ap
Hence, if {smn}py =0 IS statistically slowly decreasing with respect to the second
index and statistically slowly decreasing in the strong sense with respect to the first
index, then (4.1) holds for all ¢ > 0. Similarly, (4.2) holds for all ¢ > 0. By
Theorem 4.1, we obtain the following generalization of [3, Corollary 1].

Corollary 4.2. Let p,q € SVA; and {smn};;,—o be a double real sequence
with s, LA (N,p,q;1,1). If {8mn Jren=o IS statistically slowly decreasing with
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respect to both indices, in addition, in the strong sense with respect to one of the

. . t
indices, then s,,, — s.

Consider the following Landau’s conditions:
(48) .](Sjn - Sj—l,n) Z —-H (.]7 n > n)7
(4.9) E(Smk — Smp—1) > —H (j,n > A),

where i > 0 and H are suitable constants. For A > 1 and m, n > i, we have

J
1
in (s — > mi S o (Cinf 2 (s — s
mggm(sjk Smk) _mglg;m{< l> (mlggj (st — s1 1,k))}

n<k<p n<k<p I=m+1

A
m H
2—( > T> > —Hlog \.

l=m+1

Therefore, under (4.8), {smn }pyn—o is statistically slowly decreasing in the strong
sense with respect to the first index. Similarly, (4.9) implies the statistically slow
decrease property in the strong sense with respect to the second index. By Corollary
4.2, we get the following generalization of [3, Corollary 2]. It is the statistical
version of [1, Corollary 4.4].

Corollary 4.3. Let p,q € SVA; and {sy )5, ,—o be a double real sequence
With spn =5 s (N, p, g3 1, 1). If {800}, satisfies (4.8) and (4.9) for some f
st
> 0 and some H, then s,,, — s.

For the (N, p, *; 1,0) summability, a parallel theory to the one given above can
be derived. We list these results below and omit their proofs. Our results are
statistical versions of [1, Corollaries 4.9 - 4.11].

Theorem 4.4. Let p € SVA, and {sn };y ,—0 b€ a double real sequence with

Smn 2> s (N, p, #;1,0). Then s, > s if and only if the following two conditions

are satisfied for all € > 0:

1
inf lim su m<Mandn <N :
A1 ar N (M + 1)(N + 1) H = =
1 >\"L
P P Z Pj(Sjn = smn) < —€ p| =0,
m m

j=m+1
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1
.
0A<1 a1 N o (M + 1) (N + 1)
1

P Z P (Smn — Sjn) < —€ p| = 0.
Pm P>\m j:>\m+1

ngMandngN:

m

Corollary 4.5. Let p € SVA, and {s;, }qy ,—o b€ a double real sequence with

Smn s (N,p,#;1,0). If {s,00}52,,_, is statistically slowly decreasing with

respect to the first index or (4.8) is satisfied for some A > 0 and some H, then

st

Smn — S.

5. DouBLE SEQUENCES IN ORDERED LINEAR SPACES

The theory developed in §4 can be extended to the case of double sequences in
ordered linear spaces. As defined in [1], let (X, <) be an ordered linear space over
R and 7 € X be a nonnegative element. We assume that {s,.,};y ,,— is a double
sequence in X. We say that {s,, }; .o IS statistically convergent (in Pringsheim’s
sense) to s relative to 7 € X, and we write

. st
st-im sy =(7) s or Smn —(r) S

if for each ¢ > 0,

lim !
M,N—oo (M +1)(N +1)

ngMandngN:
smn—sg—eTorsmn—sZeT}‘:O.

For (o, 8) = (1,1), (1,0), or (0,1), we write

Smn it)(fr) $ (vav 4q; Oé,ﬁ) if St'“mt?’érﬁb =(r) S

The sequence {smn}y,—o is said to be statistically slowly decreasing with
respect to the first index relative to = € X if, for each € > 0,

1
inf lim sup

< Mandn < N :
ey <M+1><N+1>|{m— "=

(5.1)
=0.

min  (Sjn — Smn) < —€T
m<j<Am

We also say that {smn }py,,—o is statistically slowly decreasing in the strong sense
with respect to the first index relative to 7 € X, if (5.1) is satisfied with
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min (s — smk) in place of min  (Sjn — Smn)-
m<j<Am m<j§>\m
n<k<Ap

The statistically slow decrease property with respect to the second index relative to
7 € X is defined in a similar way. Based on the above concepts, we can derive the

following results, which are the statistical versions of the corresponding ones given
in [1, §5].

Theorem 5.1. The conclusions in Theorems 3.1 and 3.5 remain true, if we
replace “ SVA ” by “ SVA,. 7, “ L by “ it>(7) 7 and “ =" by “ =

Theorem 5.2. Letp, g € SVA, and s, 8—t>(7) s (N,p,q;1,1). Then s, i’i(T)
s if and only if the following two conditions are satisfied for all € > 0:

1
inf lim su
Mot e (M + 1)(N +1)
1 >\77L >\Tl

PO =0 o 2 Pitklsi = sm) < —er 0 =0,

j=m+1 k=n+1

ngMandngN:

1
f 1
B s
1 m n
(P, — Pr,,)(@Qn — Q1) Z Z Pk (Smn — sjk) < —€T p| = 0.
m m n n

j:>\m+1 kf:)\n‘f'l

{mgMandngN:

Corollary 5.3. Letp,q € SVAL and s 5y s (N,p, @1, 1) If {800 152,
is statistically slowly decreasing with respect to both indices relative to 7 € X, in
addition, in the strong sense with respect to one of the indices, then s ., i’i(T) s.

Theorem 5.4. Let p € SVA, and s,,,, 5—'3(7) s (N, p,*;1,0). Then s, it>(7) s
if and only if the following two conditions are satisfied for all ¢ > 0:

1
inf lim su
Aot e (M + 1)(N +1)

{mgMandngN:

A
1 m
e pi(Sin — 8 < —eT p| =0,
Py, — Pm j%;f—l {8 )
1

of 1
02A<1 ]\14151\[5_1)101; (M+1)(N+1)

1 m
Z P (Smn — Sjn) < —er p| =0.
j:>\m+1

ngMandngN:

P, — Py,
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Corollary 5.5. Let p € SVA, and s, S—t>(7) s (N,p,*;1,0). If {8mntmn=0
is statistically slowly decreasing with respect to the first index relative to 7 € X,
then s,,, 8—t>(T) s.

6. DOUBLE SEQUENCES IN BANACH SPACES

It is easy to see that the theory developed in §3 can be extended to any Banach
space (X, | - |) over C (or over R), provided we make the following changes:
replace | -| by || - || whenever it applies to elements of X, and regard st-lim s,,,, = s
as st-lim ||s,,n, — s|| = 0. We leave the proofs to the readers.
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