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Positive Almost Periodic Solutions for an Epidemic Model with Saturated

Treatment

Gang Yang* and Luogen Yao

Abstract. This paper is concerned with a non-autonomous SIR epidemic model, which
involves almost periodic incidence rate and saturated treatment function. By using
the differential inequality technique and Lyapunov functional method, we obtain the
existence and global exponential stability of almost periodic solutions for the addressed
SIR model, which improve and supplement existing ones. Also, an example and its

numerical simulations are given to demonstrate our theoretical results.

1. Introduction

In the study of epidemic dynamics, the effects of a periodically varying environment are
important for the evolutionary theory, as the selective forces on systems in a fluctuating
environment differ from those in a stable environment. Hence, the effects of the periodic
environment on epidemic models have been the object of intensive analysis by numerous
authors, some of the results can be found in [1,2,4-6,8,/10,|13] and the references are

therein. Recently, the following epidemic model with saturated treatment:

50 = 40 - as(o) - 250,
, (t)S(t)I(t) ) Y()I(t)
(1.1) I'(t) = AN ([:;(It()t;— (&) + pON ) — - NONO)
R'(t) = p(t)I(t) + W —d(t)R(1),

was produced in [9], where S, I and R are the susceptible class, the infectious class and

the recovered class, respectively. Positive functions A, d, p, v are the recruitment rate

Received April 29, 2016; Accepted June 7, 2016.

Communicated by Yingfei Yi.

2010 Mathematics Subject Classification. 34C25, 34K13.

Key words and phrases. SIR model, Global exponential stability, Almost periodic incidence rate, Almost
periodic solution.

This work was supported by the National Social Science Fund of China (15BJY122), the Humanities and
Social Sciences Foundation of Ministry of Education of P. R. China (Grant No. 12YJAZH173), and the
Aid program for Science and Technology Innovative Research Team in Higher Educational Institutions of
Hunan Province.

*Corresponding author.

1377


http://journal.tms.org.tw

1378 Gang Yang and Luogen Yao

of the population, the natural death rate of the population, the natural recovery rate of
the infective individuals and the disease-related death rate, respectively. While contact-
ing with infected individuals, the susceptible individuals become infected at a saturated
incidence rate A\SI/(1 + BI). Through treatment, the infected individuals recover at a
saturated treatment function vI/(1 + af). Assume that all the coefficient functions are
periodic, the author in [9] derived a criterion on the global exponential stability of positive
periodic solutions for this model.

On the other hand, if the various constituent components of the temporally nonuniform
environment are with incommensurable (nonintegral multiples) periods, then one has to
consider the environment to be almost periodic since there is no a priori reason to expect
the existence of periodic solutions. For this reason, the authors in [7] used continuous
theorem to establish some sufficient conditions for the existence and multiplicity of positive
almost periodic solutions of SIR model with saturated incidence rate and constant removal
rate. Unfortunately, we found that the mapping NV of Lemma 3.4 in |7] is not guaranteed to
be L-compact. For more details, we refer to |11}12//18], where the authors declared that the
continuous theorem of coincidence degree is not suitable to solve almost periodic problem,
for the reason that almost periodic function family does not meet the compact condition
of coincidence degree theory. Therefore, the existence of almost periodic solutions for
is incomplete to hold in [7]. Moreover, to the best of our knowledge, there are few
papers published on positive almost periodic solutions of epidemic model with saturated
treatment. Motivated by the above discussions, in this paper, we aim to employ a novel
argument to establish the existence and global exponential stability of positive of almost
periodic solutions for system (|1.1).

For convenience, it will be assumed that A,d, 8, a, v, u,v: R — (0,400) and \: R —
[0, 4+00) are almost periodic functions. We denote by R™ (R = R!) the set of all n-
dimensional real vectors (real numbers). For any z = (x1,x2,...,2,) € R", we let |z|
denote the absolute-value vector given by |z| = (1], |x2|,...,|z,|) and define ||z| =
max;c(1,2,...n} |z;|. A matrix or vector A > 0 means that all entries of A are greater than
or equal to zero. A > 0 can be defined similarly. For matrices or vectors A; and As,
Ay > Ay (resp. A; > Ag) means that A7 — A > 0 (resp. 41 — Az > 0).

The initial conditions associated with are defined as follows:

(1.2) S(to) > 0, I(to) > 0, R(to) > 0.

For the sake of simplicity of notations, for a bounded continuous function g defined on

R, we denote

gt =suplg(t)], ¢~ =inf|g(t)|.
teR teR
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Throughout this paper, we make the following assumptions for (1.1f):
(1.3) A" >0,d >0, >0, u >0, B(t) <at) forallteR.

The main purpose of this paper is to establish some sufficient conditions on the exis-
tence and exponential stability of almost periodic solutions for . To the best of our
knowledge, this has not been done before. The remaining of this paper is organized as
follows. In Section [2| we give some basic definitions and lemmas, which play an important
role in Section [3| to establish the existence of the almost periodic solutions of . Here
we also study the global exponential stability of almost periodic solutions. The paper con-
cludes with an example to illustrate the effectiveness of the obtained results by numerical

simulations.

2. Preliminary results

In this section, we shall first recall some basic definitions and lemmas which are used in

what follows.

Definition 2.1. [3,[14] Let u: R — R be continuous in t. wu(t) is said to be almost
periodic on R if, for any € > 0, the set T'(u,e) = {0 : |u(t +9) —u(t)| < e for all t € R}
is relatively dense, i.e., for any € > 0, it is possible to find a real number | = i(g) > 0,
for any interval with length [(¢), there exists a number § = §(¢) in this interval such that
lu(t 4+ 0) —u(t)] < e for all t € R.

Lemma 2.2. |9, Lemma 2.1] Every solution (S(t),1(t), R(t)) of (L.1) with initial value
conditions (1.2)) is positive and bounded on (tg, +00).

Lemma 2.3. [9, Lemma 2.2] Let
A A
LS:supﬂ zlszlnfiﬂ
ter d(t) <k d(t) + 53
: Al)
' A®) tlg]g d()+ 50 (®)
= inf

teR B(t) | d(t) +v(t) + u(t)

> 0,

=

I —1| >0,

and (S(t),I(t), R(t)) be a solution of system (1.1)) with initial values condition (1.2)). Then,
1° < liminf S(t) < limsup S(t) < L°, liminfI(t) > 1! and liminf R(t) > 0.
t— t—+00

t—+o00 t—400 +oo

Lemma 2.4. Assume that

A(t)LS
(2.1) sup {—d“) YO EYIO) } <0
A(#) At LS
(22) s {— () + 1O+ u OV 30+ A Bmm T B0 } =0
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and the assumptions of Lemma hold. Moreover, assume that x(t) = (S(t), I(t), R(t))
is a solution of equation (1.1)) with initial condition (1.2)). Then, for any ¢ > 0, there
exists | = I(e) > 0 such that every interval [T, + 1] contains at least one number § for

which there exists N > 0 satisfying
|S(t+0)—S(t)| <e, [I{t+6)—I(t)<e, |R(t+6)—R(t)]<e forallt>N.

Proof. Observe (2.1)) and (2.2)). Let

limsup I(t) = L', limsupR(t) = L® and liminf R(t) = I%.

t—+o0 t—+o0 t—+00

Without loss of generality, we assume that 0 < ¢ < min {l[ NS lR},

B At)(LS +¢)
32]%5{ W) F T B0 - L+ B0 —2) } <0

and

A(t) M) (LS +¢)
sup {‘[d“) O O 50 T T B0 — oL+ BT —2) } <0

Consequently, we can choose two positive constants ¢ and 7 such that

_ AB)(LS +¢)
@9 w<d s {<-d0+ g gy g <1<

(2.4)
A(t) AB)(LS +¢)

o = 0+ 200+ WO+ 55+ [ e A

From Lemmas and there exists 7y > t such that

}<—n<0.

P —e<St) <LV +e, Il —e<I{t)< L'+ 1" —c<R(t)<LE+e forallt>t.

For simplicity of notations, we denote

€1(6,t) = [A(t + 8) — A(t)] — [d(t + &) — d(t)]S(t + 6)
I(t+8)S(t+96)
1+ B(t+0)I(t+9) At +3) = A®)
A0S @+®{ (t+0) I(t+96)

1+5@+5)@+ﬁ)_1+5@ﬂ@+5ﬂ’

€2(6,t) = {[d(t) — d(t + &) + [v(t) —v(t +0)] + [u(t) — u(t + )|} I(t +9)
I(t+6)S(t + 6)
14 B(t+0)I(t+96)

+A@S@+®[

(At +0) = A®)]

I(t+9) I(t+9)
1+ﬁ@+6ﬂ@+ﬁ)_1+ﬁ@ﬂ@+5ﬂ
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I(t+9)
71+a@+5ﬂ@+5ﬂﬂﬁ+®*7@ﬂ
I(t +9) I(t+9)
_v@)1+a@+5ﬂ@+5y_1+a@ﬂ@+®

and

e3(6,8) = —[d(t + 8) — (D) R( + ) + [t + 8) — p(D)I(t + 6)
I(t+96)
Tt 0lgray o) -0
I(t + 6) I(t+6)
T TG+ 0G0 1+a®It+0)]

From the theory of uniformly almost periodic family in [14], we know that for any
g > 0, it is possible to find a real number | = [(2) > 0, for any interval with length I(2),

there exists a number § = §() in this interval such that
[A(t+0) — A@t)| <&, |d(t+3d)—4d(@t)| < [Mt+)—=ARt)| <& [B{t+I)—pB(t)<E,
w(t+6) —v(t)] <& |ut+0)—pu@)] <& |at+0)—al)| <& [(t+6)—()| <E
Here, we choose ¢ is sufficiently small such that
(2.5) lei(0,1)] < 2+13dA_n£ forallteR,i=1,2,3,
and

_ v(t)
A= s 1O+ T amm A el |

Pick Ny > max {to — (5,tAo,fg — 5}. For t € R, denote

(z1(t), x2(t), z3(t)) = (S(t+9) — S(t),I(t+0) — I(t), R(t + ) — R(t)).
Then, for all t > Ny, we get

21 (t) = [A(t +0) — A()] — d(t)[S(t + 6) = S(t)] — [d(t + 6) — d(1)]S (¢ + )
(

I(t+6)S(t + b)
1+5@+5ﬂt+5ﬂ“'*® A®)]
t+5 I(t+90)
)[1+6 I(t+6) 1+ﬁuﬂu+5J
It+5 I(t) A()I()
t+6[1+6@ I(t+0) 1+5()(J“1+5@ﬂ@ﬂ3@+5%—5W]
(2.6) = —d(t)[S(t+6) - S()] - 1;3%%)W@+®—5®]

ADS(t+0)

T BOI I ey O T
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+[A{E+8)— A@)] — [d(t+d) — d(¥)]S(t + 0)

I(t+6)S(t + )
T TT A+ I+ a) T AW

I(t +9) I(t+9)
—A)S(t +9) [1+6(t+6)[(t+5) 1+ BM)I(t+0)
B DI ) ADS(E 4+ 9) e
__{ﬂﬂ+1+6@ﬂﬂth AT BT 1 Ay oy 2t el

zo(t) = —[d(t) + v(t) + p®)][I(t +6) — I1(t)]
v(t)

( A(t)I(t)
T 0T aIm) 0 +amicro LTI~ IO+ T 5mTm

+{[d(t) = d(t + 0] + [v(t) — vt + O)] + [u(t) — p(t + )]} I(t +9)

[S(t+6) = S(1)]

Ty B(t)fk(itls(s()t)aél BOI0) [I(t+0) —I(t)]
1 i(tﬁ?; i)i)(j;;i)(s) Nt +6) — A(t)]
(27) '*““S“+®[1+ﬂéﬁ§§%+5>—1+§$§8L5J
1+ aé%{?@ ) [y(t+8) — y(1)]

I(t+6) I(t+96)
—®) L Talt+0It+o) 1+ a(t)[(t—kd)}

7(t)
1+ o)1) 1+ a(®)I(t+0))
B A(t)S(t+9) } a(t) + At)I(t)
(L4 B+ 6))(1+ BE)I(t)) 1+ B(t)I(t)

, v(t)
z5(t) = —d(t)zs(t) + [“(t) T 0+ eI + a®I( + 5))} z2(t)
t

(
—[d(t+8) —d@®)|R(t + 0) + [u(t + &) — pn@®)]I(t + 0)
I(t+9)
(2.8) + 1+ Oé(t + 5)I(t T (5) [7(75 + 5) - V(t)]

I(t +6) I(t + )
+(®) [1+a(t+5)](t+5) a 1+a(t)1(t+5)}

=—ﬁaw+mw+mm+

.’El(t) + €2 ((5, t)

and

_ v(t)
‘“d@“““¢””+u+awamu+awuuw»%“”+“@“

We trivially extend (S(t), I(t), R(t)) to R by letting (S(t), I(t), R(t)) = (S(to), I(to), R(to))
for t € (—o0,tp]. Set u(t) = (x1(t),z2(t)) and

U= swp {e u(s)] }-

s€(—o00,t]

It is obvious that e ||u(t)|| < U(t) and U(t) is non-decreasing. Calculating the upper left
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derivative of ¢t |z1(t)| and et |ao(t)|, in view of (2.6) and (2.7), we have

D (et ol} =~ { ) + 20 - et
A(H)S(t + 6) e,
(2.9) A AmI)a + sy Bl T el )l

M) (LS +¢)
[L+ B =o)L+ BE)(I! —¢)]

< —[d(t) — ¢le" |z ()] + j2(t)] e

+ et |e1 (5, 1)
and
D~ {eCt |x2(t)|}
v(t)
s - {[d(t) O+ Ol T @I E 0 £ eI T 0)
B A()S(t + 6) - C} 2ol
(14 B)I(t+6))(1+ B(t)I(t+0)) 2
(2.10) M) (t)
1+ BOI)

- , M) (LS +¢)
< e [0+ vl + 401 + g
A(t)

N ¢ ¢
+ B(t> |l‘1(t)|6 t+e t|€2(57t)‘7

w1 (t)] e + € |ea(0, )]

b (o)

where t > Ng.

Now, we distinguish two cases to prove that

lu(@)] <

= A
243

e for sufficiently large t¢.

Case 1: U(t) > et ||lu(t)|| for all t > Ny. We claim that
U(t)=U(Ny) for all t > Ny.

Assume, by way of contradiction, that there exists t; > Ny such that U(t;) > U(Ny).
Since
S luty)|| < U(ty) and  eSt|ju(t)|| < U(Ny) for all t < N,

there must exist & € (Np,t1) such that eS¢ [|u(¢)| = U(t1) > U(€), which is a clear
contradiction of the fact that U(&) > €¢¢ ||u(€)||. This proves the claim. Then there exists
to > Ny such that

uw(t)|| < e U (t) = e tU(Np) < e<e forallt>ts,
2434

a

where to satisfies e 71U (Np)(2 + 3(%_) < eSt2,
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Case 2: There is a t* > Ny such that U(t*) = 5" ||u(t*)]|.
If U(t*) = et |Ju(t?)]| = et |21 (t¥)], then (2.9) implies that
0< D~ {eCt \xl(t)\}(

. AE)(LS +¢)
[1+B) (1" —e)][1 + () (U —¢)]

< —[d(t*) = (Il (¢)] e + ()| e

+ |e1(0,t%)] St

M) (LS +¢) } |
§sup{—dt— + Ut*) + e €
O I @ — e s = VT A
* 1
<_ U t* Ct
S —u(E) Fe 24 3A "
d
which yields
2.11 SV ()] = UE) < eV ———¢  and  Ju(t)]| < ——¢.
(2.11) [z ()] = U(t") < e H()H_2+3dA_

On the other hand, if U(t*) = e$*
0< D™ e |ao(t
<o (S,

< {g —[d(t*) + v(t*) + p(t*)] +

u(t) | =

xo(t*)|, then (2.10) gives us

AL +e) CH
[1 + B(t*)(ll — 5)”1 + B(t*)(ll _ 6)] } et |aa(t")|

- 28; 1 (£)] €7 + " Jea(6, 7))
- A(t) M) (LS +¢) } «
< sup {< A+ O+ 1Ol 5oy T e -+ swa = )
.1
+ ¢t 21 3% ne
.1
< —qU(t*) + e,
2+328
which implies
(2.12) e aa(t) = U () < e e and [|lu(t”)] < 2rsA”

For any ¢t > t*, with the same approach as in deriving (2.11)) and (2.12]), we can show

2.13 eStllu(t)]] < eet  and u(t)|| <
@13 e ] < g Ol < 5

e i U®) = et u(t)] .

On the other hand, if U(t) > e |lu(t)|| and ¢ > t*, then we can choose t* < t < t such
that

U@ = e |lu@)| and U(s) > e u(s)|| for all s € (£,1].
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- ~1
This, together with (2.13)), leads to Hu(t)H < (2 + 3[%) €. Using a similar argument to
that in the proof of Case 1, we can show that U(s) = U(#) for all s € (¢,t], which implies

1

(0] < V) = U = u@] D < e

~ -1
Therefore, there must exist tg > max {Np,t*} such that ||u(t)] < (2 + 3%) ¢ for all
t> tN().
Next, we show that |x3(t)| < ¢ for sufficiently large ¢. From ({2.8), we have

t
e i d@ 0 G L /~ o S ) d
to

7(v)za(v)
a(v)I(v))(1 + a(v)I(v))

< e |ag(fo)| et e t/;o ¢ sup [“ O+ T+ oz(t)l;y)((ti + aW)] "

|z3(t)] =

+ e3(9, v)] dv

X [,u(v):z;g(v) + i+

for all t > to, which implies that there exists N > to such that |z3(t)| < ¢ for all t > N.

In summary, for all t > N, we obtain

[z ()] = |S(E+6) = S(H)| <e,
|zo(t)] = [1(t +0) = I(t)| <,
|z3(t)| = [R(t +6) — R(t)| <e.

This ends the proof. O

3. Main results

In this section, we establish sufficient conditions for the existence and global exponential

stability of almost periodic solutions of (|1.1)).

Theorem 3.1. Under the assumptions of Lemma equation (1.1)) has one positive
almost periodic solution (S*(t), I*(t), R*(t)), which is globally exponentially stable.

Proof. Given a solution (S(t), I(t), R(t)) of equation (|1.1)) with initial conditions satisfying

S(to) > 0, I(to) > 0, R(to) > 0.
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We also trivially extend (S(t), I(t), R(t)) to R as before. Set

ei(k,t) = [A(t +tx) — A(D)] — [d(t + tg) — d()]S(t + ti)
A+ ) SEH I+ ) AB)SE+ )+ )]
| 1+ B(t+tp)I(t+tg) 1+ B8 I(t+te) |’
ek, t) = —{[d(t +tx) — d(t)] + [v(t +tr) — v(t)] + [t +te) — p(t)]} I(t +tr)
L [AEEB)SE ) IE ) ADS(E t) (t+tk)]
1+ B(t+ tg)I(t + tx) 1+/3 I(t+ty)
A+t I+ te) t—i—tk
|1+t +t)I(t+ty) 1—|—a I(t+1t)
and
e3(k,t) = [p(t +tg) — p(O)I(t +tg) — [d(t + tg) — d(t)|R(t + t1)

Y+ ) I(E+ tr)
1+t + tg)I(t +ty)

@I+ k) ]
L+a(t)I(t+t)

where {{} is any sequence of real numbers.
It follows from Lemma[2.2and Lemmal[2.3|that the solution (S(t), I(t), R(t)) is bounded

and positive, and there exist positive constants M and m such that

(m,m,m) < (S(t),1(t),R(t)) < (M,M,M) forallteR,

which implies that the right-hand side of (1.I)) is also bounded and (S'(¢t),I'(t), R'(t))
is a bounded function on [tg, +00). Thus, since (S(t),I(t), R(t)) = (S(to), (to), R(to))
for (—o0, ], we see that (S(t),1(t), R(t)) is uniformly continuous on R. Then, from the

almost periodicity of A, d, A\, «, 5, v and u, we can select a sequence tp — oo such that

A+ 6) — AW < 1 1+ 1) —d)] < 7, N8~ A0 < 1
(1) 1B+ 1)~ W1 < 1o Wle+8) — Ol <3, lule+8) —u(o)] < 7,
at+6) —al <3, ht+6) =20 < 1. koIS, =123,

for all ¢t € R. Since {(S(t + tx), I[(t + tx), R(t + t))} is uniformly bounded and equicontin-
uous, by the Ascoli-Arzela theorem and the diagonal selection principle, we can choose a
subsequence of {t;} (not relabelled) such that {(S(t + tx), I(t + tx), R(t + tx))} uniformly

converges to a continuous function (S*(t), I*(¢t), R*(t)) on any compact subset of R and

(m,m,m) < (S*(£), I*(t), R*(t)) < (M, M, M) forall t € R.

To complete the proof, we first prove that (S*(t), I*(t), R*(t)) is a solution of (1.1)). In
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fact, for any t > tp and At € R, from (3.1)), we have
S*(t + At) — S*(1)
= klim [S(t+ At +tg) — S(t+ty)]
—00

t+ At s s s

= leII;O t [A(S +tr) —d(s+tp)S(s +tr) — Al 1—:1&;25:_ :I;)?();S_ t—:)tk)} ds
3.2 Y A($)S(s + te)I (s + tr)
(32) = | [A(s) — d(s)S(s + t) = =2 ﬁ(s);(s = K ] d

t+At
+ kli_)n; €1(k,s)ds
Y oy MBS (I (s)
- s

I"(t+ At) = I"(t)
= lim [I(t+ At + 1) = I(t+ )]
At [/\(5 +t3)S(s + ti)I(s + t1,)
1+ B(s+tg)I(s + tg)

s +t)I(s +t) }d
(3.3) 1+ ofs + te)I(s + tr)

= lim
k—oo J;

_ AL TA(s)S (s + tr) I (s + tr)
= klggo t [ YOI (d(s) +v(s) + p(s))I(s + ty)
v(s)I(s + 1) . At
e ) o [ s

I A PYORNOING . V()" (s)
- [ e e e - e
and
Ri(t+ At — Ri(1)
= leI{:O[Rg(t + At +t) — Rs(t + tk)]
Y A (s + i) I(s + tr)
= lim t {u(s +t)I(s+tg) + T+ als —ftk)l(s ‘:tk) —d(s+ty)R(s+ tk):| ds
(3.4) . [ Y(s)I(s + tx)
= kll)n;o t {u(s)](s +ty) + T+ al) (5t t) d(s)R(s + tk):| ds
t+AL
+ len;O és(k,s)ds

t+At s * s
= [ e s 15 awr )| as

where t + At > tg. Consequently, (3.2)), (3.3) and (3.4) imply that

%Sf(t) = A(t) — d(t)S*(t) _ W7
d pry = AOS"OI' () O
iU Ty CORE ORI O R wvay Tt

1387

= (d(s +tr) + v(s +tr) + pu(s + te) (s + ti)



1388 Gang Yang and Luogen Yao

. AT
GO =IO+ 7

In other words, (S*(¢),I*(t), R*(t)) is a solution of (L.1)).
Next, we show that (S*(t), I*(t), R*(t)) is almost periodic. From Lemma for any

e > 0, there exists [ = () > 0 such that every interval [7,7 + [] contains at least one

— d(t)R*(t).

number ¢ for which there exists N > 0 satisfying
|(S(t+0d)—S(t),I(t+9d)—I(t),R(t+9)— R(t))|| <e forallt>N.

Then, for any fixed s € R, we can find a sufficiently large positive integer N; > N such
that for any k > Ny, s+t > N and

|(S(s+tr+06)—S(s+tg), [(s+tx+0) —I(s+tr),R(s +tp+9) — R(s+tx))|| <e.
Letting £ — oo, we obtain
1(15%(s +0) = S*(s)[, [I"(s + 6) = I"(s)], [R*(s + &) — R*(s)[)]| < e.

This tells us that (S*(¢), [*(t), R*(t)) is a positive almost periodic solution.
Finally, let (§ (1), i (1), ]:?(t)) be a solution of system (|1.1)) with initial value conditions
(1.2). Then, arguing as in the proof of Lemma 2.3 in [|9], we can show that there exist

T >ty and two positive constants ¢ and K such that
(3.5) ‘§(t) - S*(t)‘ < Ke ‘f(t) - I*(t)‘ < Ke " forallt>T.

Moreover, there exist two constants tg > T and Kgr > 0 such that

(3.6) ‘fi(t) - R*(t)‘ < Kre ™ forall t > tp.
Hence, (3.5) and (3.6)) entail Theorem This completes the proof. O

4. An example

In this section, we give an example to demonstrate the results obtained in the previous

sections.

Example 4.1. Consider the following SIR model with almost periodic incidence rate and
saturated treatment function:

(4.1)
(2x 1073 +2x 107*sin(ZE) 4+ 3 x 10~ *sint)S(t)1(t)
S'(t) =20 — 0.025(t) — :
®) ®) 1+ 0.51(¢) ’
(2% 1072 4+2 x 10~ *sin(%) 4+ 3 x 10~ *sint)S(¢)1 () 0.001(t) 0.051(t)
140.51(t) ' 1+0.51(t)’
— 0.02R(¢).

r') =

R'(t) = 0.021(t) +

0.051(t)
1+ 0.51(t)
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One can easily check that the assumptions of Lemma [2.4] are satisfied. Hence, from
Theorem system (4.1]) has exactly one positive almost periodic solution. Moreover, the
almost periodic solution is globally exponentially stable with the exponential convergent

rate o = 0.001. The fact is verified by the numerical simulation in Figure
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39.5 ~__ i

39 |-

38.5 \ 7 s g
38| i 7 .
37.5H pd B

37\ / b

36.5 e . . . . . )
o 50 100 150 200 250 300 350 400

Figure 4.1: Numerical solutions of system (4.1)) for initial values (S,I,R) =
(780, 25, 38), (810, 30, 39), (850, 40, 40), respectively, where ¢ € [0, 400].
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Remark 4.2. Since the almost periodic functions contain periodic functions, we can find
that all the results on periodic solutions of in [9] are only special cases of Theorem 3.1
Moreover, the global exponential stability of positive almost periodic solutions has not be
mentioned in [1}[2,/4-8,/10-13}15H18]. This implies that all results in [1,2,4-13}|15-18]
and the references therein cannot be applied to prove the global exponential stability of
positive almost periodic solutions for . In particular, without using coincidence degree
theory, we employ a novel proof to establish some criteria to guarantee the existence and
stability of positive almost periodic solutions for non-autonomous SIR epidemic model
with saturated treatment. The method used in this paper provides a possible method to

study the almost periodic problem of other SIR epidemic models.
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