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Global Existence of Weak Solutions for the Nonlocal Energy-weighted

Reaction-diffusion Equations

Mao-Sheng Chang* and Hsi-Chun Wu

Abstract. The reaction-diffusion equations provide a predictable mechanism for pat-
tern formation. These equations have a limited applicability. Refining the reaction-
diffusion equations must be a good way for supplying the gap between the mathemat-
ical simplicity of the model and the complexity of the real world. In this manuscript,
we introduce a modified version of reaction-diffusion equation, which we have named
“nonlocal energy-weighted reaction-diffusion equation”. For any bounded smooth do-
main  C R", we establish the global existence of weak solutions u € L?(0,T; H (2))
with u, € L?(0,T; H-1(2)) to the initial boundary value problem of the nonlocal

energy-weighted reaction-diffusion equation for any initial data uy € Hg ().

1. Introduction

The reaction-diffusion equation proposed by Alan Turing [23] is a mathematical model for
understanding biological pattern formation. This model is one of the best-known theo-
retical models used to explain self-regulated pattern formation in the developing animal
embryo. However, this equation has yet to gain wide acceptance among scientists. One
reason is the gap between the mathematical simplicity of the model and the complexity of
the real world. The logic of pattern formulation can be understood with simple models,
and by adapting this logic to complex biological phenomena, it becomes easier to extract
the essence of the underlying mechanisms |15]. The reaction-diffusion equations provide a
predictable mechanism for pattern formation. These equations have a limited applicabil-
ity. Refining the reaction-diffusion equations must be a good way for supplying the gap
between the mathematical simplicity of the model and the complexity of the real world.

The study of the nonlocal energy-weighted reaction-diffusion equations is strongly
inspired by the following concept of gradient flows with non-local sense.

Let (X, (-,-)x) be a real Hilbert space (hence (X, ||-|x) is a Banach space with norm
llullx = v/ {u,u)x). Let E: X — R be a functional defined on X. We say that E is Fréchet
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differentiable at u (€ X) if there exists a (unique) bounded linear functional DE(u): X —
R (i.e., DE(u) € X* = L(X;R) = the space of all bounded linear functionals on X; X*
is called the dual space of X.) such that

E(u+h) — E(u) — DE(u)(h)

im = 0.
11l x —0 IRl x

Suppose that E is Fréchet differentiable at u. Using the Riesz Representation Theorem,

there exists a unique element © € X such that
DE(u)(v) (= (DE(u),v)x+ x) = (u,v)x, VvelX.

Let we write

VxE(u) = .
VxE(u) is called the gradient of E at u. (Note that VxFE(u) € X.) Letu € X andv € X
with v # 0. The first variation of F at u in the direction v, d E(u,v), is defined by

_ .. Blu+tv)—E(u) d
SE(u,v) = %g% . == (E(u+ tv)) o’

Assume that E is Fréchet differentiable at w. Then 0E(u,v) exists for each v € X with
v # 0, and

0E(u,v) = DE(u)(v) = (VxE(u),v)x forall v e X with v # 0.

Let v: R — X be a differentiable curve in X. Then

S(BEGW)] = (VxBGM)Y())x, YreR.

t=T1

Moreover, for any tg,t; € R, we have

EG(0) - Eofto)) = [ L (EG@) = [ (TxEGE).(0)x d.

to to

Suppose that v: [0,7] — X is a solution of the gradient flow
V() =-VxEQy(t), Vtel[0,T].
Then we have
BO0) - E6O) = [ SEam) = [ (TxBm), ~VxEa @) i

/WWE WM—t/m )3 dr <0, Vieo,T).
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Suppose that X is a real Hilbert space with inner product (-,-)x and corresponding
norm || - ||x. Let E € CY(X;R) and let v: I C R+ X be a differentiable curve in X with
v(to) =z € X. Then

d

iy BO®) = (VxB(y(t0)), 7 (t0)) x

= [IVxE(v(to))llx - [V (o) |lx - cos o,

where 0 is the angle between VxE(v(t9)) and +/(t) in the sense of geometry. Assume
that u: I — X is a solution of the gradient flow [2]

(1.1) duu(t) = —VyE(u(t)) € X, Vtel.

Obviously, the direction of Vx E(u(t)) and d;u(t) is opposite. Hence, the curve (solution)
u of is the best path for decreasing the energy E with steepest descent. Evolution
equations with the corresponding gradient flow have been of special interest in analysis
and mathematical physics since 2001 [17].

Over the last ten years, a great attention has been focused on the research of non-
local operators, both for the pure mathematical study and the wide range of applications.
These non-local operators arise in a quite natural way in many different contexts, such
as, among the others, the thin obstacle problem, optimization, finance, phase transitions,
stratified materials, anomalous diffusion, crystal dislocation, soft thin films, semipermeable
membranes, flame propagation, conservation laws, ultra-relativistic limits of quantum me-
chanics, quasi-geostrophic flows, multiple scattering, minimal surfaces, materials science,
and water waves [21]. It’s well-known that reaction-diffusion equations are important
in many area of applied mathematics involving phase transition. In view of the recent
progress in understanding the behavior of non-local operators, it gives us a motivation to

study the non-local energy-weighted reaction-diffusion equations:
u = —Ee(u)Vx Ee(u),

where

E.(u) E/Q [5‘2“’2 + W;“q dz

and
VxE:(u) = —cAu+ éf(u), X = L2(Q), f=w.

On the other hand, the non-local energy-weighted reaction-diffusion equation is the
following gradient flow:
uy = —VxFo(u),

where F.(u) = E?(u)/2. This is another motivation for studying the reaction-diffusion

equations with non-local coefficients.
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In general, we assume that the coefficients of partial differential equations which are
belong to L in some sense. Notice that the speed ||u|| is in terms of E.(u) and the
slope ||Vx E.(u)]| in the sense of physical meaning. Therefore, we use the truncation term
EM(u) = min{E.(u), M} as our non-local energy-weighted coefficient of reaction-diffusion
equation.

Owing to the non-local coefficient EM (u) in the equation, the Galerkin approximation
method is adapted with more difficulties and complexities.

The reaction-diffusion equation (or Allen-Cahn equation)
1
(1.2) up = eAu — gf(u)

was introduced by Allen and Cahn [1] to describe the macroscopic motion of phase bound-
aries derived by surface tension. The small parameter € > 0 is the thickness of the phase
boundaries. The function f is the derivative of an energy potential W with two wells of
equal depth at £1. The function v indicates the phase state in its domain. There are
many articles related to the study of Allen-Cahn equation . The formal derivation of
was given by Fife [11], Rubinstein, Sternberg and Keller [20], and others. Suppose
that there exists a classical solution of , the existence result of the limit function
of solutions of is proved by De Mottoni and Schatzman [16], Chen [5], Chen and
Elliott [6] and others. The convergence result of radially symmetric solutions of is
obtained by Bronsard and Kohn [4]. Evans, Soner and Souganidis [9] claimed that the
result of the limit of the level-set solution of is contained in the viscosity solution for
the mean curvature flow studied by Evans and Spruck [10], Chen, Giga, and Goto [7] and
others. The result of the limit is a mean curvature flow in the sense of Brakke [3] is given
by Ilmanen [13]. The non-local Allen-Cahn equation [19,24]

1
= B J)+ /Q F(u(y)) dy

was introduced by Rubinstein and Sternberg [19] as a model for phase separation in a
binary mixture.

The study of this manuscript is strongly inspired by the above motivations, and the
goal of this manuscript is devoted to the study of the global existence of weak solutions
for the nonlocal energy-weighted Allen-Cahn equation with Neumann boundary condition

of the type

uy = —min{ E.(u), M} - V2 E-(u) in Qr,
(AC)m u = ug on Q x {t =0},
gu =0 on 99 x (0,77,
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under the assumptions || f||co < M and || f||c1 < M. Here

E.(u) :/Q [E’VQ“‘Q + Wg(“)} dz,

W is a double-well potential with wells +1, f(u) = W'(u), M > 0 is a constant,
1
Vi) Ee(u) = —eAu + gf(u),

Q C R" is a bounded, connected, open subset of R”, with a C! boundary 09, Qr =
Q x (0,7T] for some fixed time T" > 0, ¢ > 0 is a small parameter, and the function
ug: 2 — R is the initial datum.

In this work, we prove that for any 7' > 0, problem (AC) s admits a weak solution uy,
for each M > 0. It is unclear for us that whether or not (AC). admits a weak solution

Uso Without the assumptions || f||co < +o0 and || f||c1 < +00, where (AC) is defined as

up = —E:(u) - Vi Ee(u) in Qr,

(AC) u=0 on Q x {t =0},
gu =0 on 9N x [0,T].

Without loss of generality, we assume that ||f|co < 400 and || f||c1 < 400 in The-
orems To the best of our knowledge, this is the first work on non-local energy-
weighted reaction-diffusion equations. The non-local energy-weighted gradient flows of F.
with respect to H~1(Q2), H'(Q), and H*(Q) respectively are our next work in the near
future. Here 0 < s < 1, and H*(Q?) is a fractional Hilbert space.

Now, let we consider the nonlocal energy-weighted Allen-Cahn equation of the form

(1.3) Oru = —EM () - V2 Ex(u)
with

(1.4) (@, 0) = uplx) in O,
(1.5) % ~0 ondQx[0,T).
Note that

(1.6) V2@ Fe(u) = —<Bu+ - f(u),
where

EM(u) = min{E.(u), M}.

€
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Let {¢;}3°, be an orthonormal basis of L?(2) and let {);}22; be a sequence of eigenvalue
with \; — +00 as ¢ — +00 such that

0= <A< SN< -,

—Ag¢i = A\i¢g; in €,

%‘ZZ" =0 on 09,

¢ € HY(Q) N C™(Q).

(1.7)

For each N € N, we consider the function u”" defined by the Galerkin ansatz
N

(1.8) uN(z,t) = al (t)ei(x).

i=1
In this paper, we are interested in the global existence (Theorem [1.4)) of weak solutions

to (1.3), (1.4), , and (1.6 for the initial data. We first establish Theorems

and and based on these properties, we then establish Theorem

Theorem 1.1. Let T > 0, ||f]lco < 400, ||fllcr < 400, and suppose that ug € Hi ().
Then

i) For each N € N, there exists a solution (a¥,ad’,...,aY) of the initial value problem
1,03 N
(@) (t) = —e- BMuN) - Aj-a)Y () = 2EM (W) - fo f(u™)g;(x) da
N) = [quog;, j=1,2,...,N

globally defined on (0,T).

(ii) The function u" defined by @ ) exists globally in Q x [0,T] and satisfies
1
(1.9) / ulN g = / EMuN) . eVl . Ve — / EM ()= f () - o,
Q
(1.10) / u® (2,0)¢; = / uo;
Q Q
fori=1,2,...,N and for all t € [0,T].

(iii) The function u’ satisfies equations (2.1) and [2.2)) on 2x[0,T)], and for each N € N,
we have

(1.11) sup /\VUNIQ(QC T)dr < esz”ClMT/a/ |Vuo|? de,
T7€[0,T

(1.12) /ut v—/EM <5Au if(uN)> v, Yoewh,
(1.13) /u (:U,O)-v:/uovda;, Voe W,
Q Q

where WY = span{¢y,...,én}.
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(iv)

sup [|uM|| ) < Kig = (C(n, Q) +1) - <€Hf”01'M'T/€ : HVU0||L2(Q))

t€[0,T]
/ uo dx
Q

_’_|Qfl/2| < .

i Ule 4T

for each N € N.
(v) N € L*(0,T; H}(Q)) for each N € N.

Theorem 1.2. Suppose that T > 0, ||f||co < +oo and ||f|lcr < +oo. Let u™ be defined

by , and . Then
(@) NullL20,0m-1()) < C for each N € N,
(i) luy (t)| g-1() < K for each t € [0,T] and N € N, and
(iii) HU/NHLQ(O’T;H(%(Q)) < C for each N € N,
where constants C = C(T), K = K(T), and C = C(T) do not depend on N, respectively.

Theorem 1.3. Suppose that T > 0, ||f|lco < +00 and ||f|lc1 < +o0o. Let u™ be defined

by (1.8), (1.9) and (L.10)). Then at the expense of extracting and relabeling subsequences
one may assume there exists a limit function u € L?(0,T; L?(Q2)) such that, as N — oo,

(i) uN — w a.e in Qp =Q x (0,7,
(ii) uv — u strongly in L*(Qr),
(iil) w® — u weakly in L*(0,T; H}(Q)),
(iv) VuV — Vu weakly in L*(Qr),
(v) 0N — Oyu weakly in L?(0,T; H=1(Q)),
(i) f(u) = f(u) a.e. in Qr,
(vii) fuN) = f(u) strongly in L2(Qr),
(viil) uV(t) = u(t) in HE(Q) for a.e. t € [0,T),
(ix) u (t) = w(t) in H=1(Q) for a.e. t € [0, T].

Theorem 1.4. Let T > 0, || fllco < 400, || fllcr < 400, Qr = Q2 x (0,T), ||W]|co < +o0
and suppose that ug € HE(Q). There exists u € L*(0,T; HL()), us € L2(0,T; H1(Q)),
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uw(0) = ug in L*(Q), and u satisfies (1.3), (1.4), (1.5), and (1.6) in the following weak

sense:

(1.14) //Q wo=— [ [ By -2y - / 5 M ()2 f(u)o

for all ¢ € L?(0,T; H()).

This paper is organized as follows. In Section[2] we will establish some auxiliary results
and present a proof of Theorem [I.1] In Section 3] we will prove Theorem[I.2] In Section[d]
we will prove Theorem [I.3] Finally in Section [5] we present a proof of Theorem [I.4]

2. Proof of Theorem
We list some useful well-known identities in the following lemma:
Lemma 2.1. [14, Lemma 2.2]

1) [ Véi-Voj = Nidi;. In particular, if i = j, then [, IVi|?> = \i, where §;; = 1 if

(ii) fo VuN]2 =N, Ai(ad)2.

(i) f(Au™)? = T2, X(aM)2.
(i) o IV(AuM)2 = SN X (al)2.
(v) =N Al gy = —Aul,

(vi) SN, Nal g = A%V,
(vid) [o(u™)? =371, (af)?.
(viii) Bo(u™) = § X, M) + 1 (319 = £ @)+ o (2 0l ()64(2)) da).
(%) fo (XN, a¥(t)¢i(x))" da is a 4th degree polynomial of al (t),...,aN(t).
%) Joéi =0 fori>2.

Proof. (i) By (1.7) and the Green’s identity,

Vo Vo= [ oide+ [ 658 ds= [ 6 neydo
0 0 o0 Ov Q
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(ii) By and (i),

/ V| =
Q

V@

ZZZafV( </ Vo - V@) —fx (1),

i=1 j=1 i=1

(v) Since —A¢; = Ai¢;,

N

N
Z Nal (t Z al (t)(—=A¢;) = —A <Z afv(t)@-) = —Au?.
i=1 '

(vi) Note that A%¢; = A(A¢;) = A(=Nigy) = —NAg; = )\?qﬁi. Hence, using the
linearity of A2, we have

N

N N N
Y Nal (Mg =D al(t)(Nigi) =D a) (t)A%p; = (Z aly (t)qi)i) = A%V,
i=1 i=1

=1 i=1
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(vii)

i=1 j

(viii) Using the fact that

5 1 1 1
E-(u™) =3 /Q Va4 (/Q 5~ @)+ Q(UN)4dx>
and combining (ii) and (vii) yields that (viii) holds.
(x) By the divergence theorem and (1.7)), (x) holds true.

- N S N b | = - N (4))2
> "al(t) a; (t) | ¢id; Y (a (1)
1 Q i=1

O

The following lemma is useful for the proof of Theorem[I.I]but its proof is quite trivial,

so we omit the details here.

Lemma 2.2. Suppose that f and g are real-valued functions defined on a domain D C R"™.

() If f is a C'-function on D (i.e., f has continuously first partial derivatives in D),

then f is locally Lipschitz on D.

(ii) If f and g are locally Lipschitz on D, then af + Bg is locally Lipschitz on D for any

a, B eR.

(iii) If f and g are locally Lipschitz on D, then f-g is locally Lipschitz on D, and |f — g|

is locally Lipschitz on D.

(iv) If f and g are locally Lipschitz on D, then min{f,g} (= (f+g—1|f—gl|)/2) is locally

Lipschitz on D.

(v) Let mj(v1,...,vn) =vj. Then m; is locally Lipschitz on D for j =1,2,...,n. Every

projection function is locally Lipschitz on D.

Using (1.3)), (1.4) and (1.6]), we have

20 [s = [ BN (s - 1)) 6 j=120N

(2.2) /QUN(:U,O)-QZ)]-:/QUO-QZ)]', j=1,2,...,N.

Note that

23) [avo,= [ [_Zwﬁv V) qz-] 6= (a)") (1),
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Setting bY (t) = EM (u") and using Lemma [2.1] .

[ GAu —ﬂMW)%
(2.4) =N (t -[—5 ZAa /qbz qb]—/f ]
=*fbwﬂ*ﬂﬂﬂ—gwﬁWAfWN

Equation (2.2) implies that

Q
Note that if u¥ € W& = span{¢1,...,¢n} satisfies (2.1)) and (2.2), then direct calcula-

tions imply that u”V satisfies

/ut v—/EM <5Au if(uN))-v, Voe WV,

/u (m,O)-v:/uovdx, VoeWwh.
Q Q

Such a function u' is called a weak solution of (1.3]) with (T.4) on finite dimensional space
W,
Equations ([2.1)—(2.5|) yield the following initial value problem for aév (t),j=1,2,...,N:

™=

afv (0)@(%)] - ¢j(z) dx
(2.5)

||Mz S—

/¢z@dm—a<>

(@) (t) = — - bN(t) - Nj - a)Y () — ) Jo £ (™)
N(0) = Jo uod;-

Using Lemma [2.1] .(viii and (ix), we see that E.(u® ) is a polynomial function of variables

alV,all, .. aN with degree 4. Let Py(al¥ ,...,a% uN). Note that the term

(e )

is a 3rd-degree polynomial function of a1 ,a2 )

Pl )= [ 5 (za ) oy(a)ds

Note that b can be expressed as

(2.6)

t

bY = min{Py(al,ad, ..., al), M} = Q(al,dy, ..., al).
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Let m; denote the projection function defined by
ﬂ'j(Ul,UQ,...,Un)Z’Uj, j:1,2,...,n

Now, (2.6 can be expressed as

vj(t) = =€+ Qv) Xy - mi(v) = 1Qv) - P (v),
UjO :fQu0'¢j, jZl,Q,...,N,

where v = (vq,...,vn) and v; = a . Define Fj(t,v) by

Fy(t,v) = —e-Q(v) - Aj - mj(v) — éQ(v) - P(v).

The function Fj(t,v) is continuous in its domain. Using Lemma we see that Fj(t,v)
is locally Lipschitz with respect to v in its domain. Thus the function F' = (Fi,..., Fy)
is continuous with respect to ¢t and v and locally Lipschitz with respect to v.

By Picard-Lindel6f Existence and Uniqueness Theorem, for any (¢p,v0) in D, there

exists a unique solution v = v(t, to, vo) with v(to, to,vo) = vo of
v'(t) = F(t,v(t))

passing through (tg,vg). Furthermore, the domain E in R¥*2 of definition of function

v(t, to,vp) is open and v(t,tg,vp) is continuous in E. Therefore the initial value prob-

lem (T.12) and (T.13) has a local solution u®(t,z) = E; 1 G5 N(t)pj(x) for t € (0,6) for
some & > 0 and for all x € Q, where (a) (t),...,a¥(t)) are local solution of IVP (2.6) on

(0,9).

Now we want to show that a global solution (af', .. a%) exists on (0,7") for any 7' > 0.
Hence it follows that u™ (¢, ) is a global solution of IVP and (| - on (0,7) for
any T > 0.

Multiplying by —)\jaév and adding over j =1,2,..., N, we have

N
i ZA A0)] == X v 00
(2.7) =g bN Z)\2

+ bN / ZAJ% t)oj(x)| ful)da.

Using Lemma [2.1(ii), (iii) and (v), we get (follow from (2.7))

@8 -y | L] = [ @ 2 [ansah).
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By Green’s identity and ([1.7)) (%‘fj = 0 on 012), we have

ou™N
[ @) = - [ v v + 2 )
(2.9) N %,
= — 'LLN ! UN UN CLN L= n
== V(1 >V><ZZ =0 Q)
:_/f/(uN)\wN\?
Q

Following ([2.8)) and ( ., we get

(2.10) 7@ [/ IV NP} — Nt )/(Au )2 + bN /f Ny 2.

Hence we have the following inequality:

Ci[/QWuNF(:B,t)d:L‘] :—nggv(t)/(m bN /f Mvu|?
200 [ eV
WMA\VUNIQ.

(2.11)

IN

IN

The above last inequality is obtained by (—f’) is bounded above by || f|lc1 and b is less
than M. By Gronwall’s inequality (differential form) [8, p. 624] and (2.11]), we have

/IWN\2(:E,T) dr < (/ IVul|?(z,0) dx) 2l fllgr Mr/e
L Q

for all 7 € [0, 7], for each N € N. Moreover, we have for each N € N,

sup / \VuN |2 (2, 7) dx < </ IVulV)?(z,0) d$> 2l MT /e
Q

ref0,7]/Q

By Lemma [2.1[ii) and (2.5)),

/\qu\ z,0)d

ﬁ: Z/\ (/uo@dx)Z
<3

(/ uogz&zdx) /\VUOF
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The last equality is obtained by the following;:

/ ’VU0|2 = / VUO-VUO
Q Q

:/Q (Z<u0’¢k>L2(Q)V¢k> : (ZWo,@)L?(Q)V%) du

k=1 j=1

[y

= (uo, $)r2(0) (Z Uo7¢j>L2(Q)/QV¢k‘V¢j)
— 7j=1

= (uo, ¢k} r2(0) (U0, Sk} r2@y k) (By Lemma R11))

k=1

= Mel(uo, $r)12(0))?
=1

00 2
= A(ugbd:ﬁ).

Therefore we have for each N € N,

3

sup /’qu|2(x77')dZC<62”fClMT/5/ |VU0‘2d:L‘.
T€[0,T] JQ 0

We notice that A; = 0 (A; has multiplicity one), and —A¢; = 0-¢; = 0in 2, hence —A¢; =
0 in Q. Choosing ¢1 = |Q"Y/2. Then ||¢1||,2() = (fy, #3dx)"? = (12171~ 1Q)"? = 1.
The initial value problem (2.6)) for a{(¢) takes the form

{WN V(1) = — L0V (@) [, £ ) de,

ay’(0) = |92~ 1/2f (w)dﬂf-
Moreover, by assumption || f||co < 400,

|Q‘ 1/ 2 |Q|1 /2

M=Cy foralltel0,T].

(@)Y @) < [ flleol€ = [[fllo

By Mean Value Theorem, given any t € [0, 7], a¥ (t) — a¥ (0) = (a})/(7) - (t — 0) for some

€ (0,1),
/Quo(a:) dx

/Q uo(z) dz

la’ (0] < lay ()] + [(al)' (7] - |t 0] < ||/

+C,-T, Vtelo,T].
Hence we have

(2.12) o | oo 0.1y < 1927172 +C - T
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Owing to

N

Luw¢mx:/[§p5 ]¢x>
— o (1) [ /Q 42 dq:] (note (1, 6;)z2(a) = 0iy)
_

7

by ¢1 = || 71/2, we then obtain
/ u (2, t) de = a (t) - Q)2
Q
Using (2.12)), we have

/wﬁﬂwmwmmngwﬂ/mw
Q (9]

By Poincaré inequality, there exists a constant C'(n, ), depending only on n and €2, such
that

(2.13)

+ O - T> Q2.

(2.14) [u™ = (@™)allL20) < C(n, Q)IVU™ | L20)-
By Minkowski’s inequality, (2.14) and (2.13)), we have that

a2 () = (@™ = (@™)a) + (uV)allz2(q)
(2.15) < [l = (@Mall 2 ) + [(@Mell 2@
< C(n, DIVl 20 + (@Mallz2 (@),

Il = | [ 16 mwﬁmzmwmimwz
o =iy |

< <|m—1/2- /uodaz
Q

QY2 < |02, ’/ u® dx
Q

LaT).

In view of (2.15) and (2.16)), we have

(2.17) 1w 22y < C(n, QIVU || 20y + Q)72 - ’/Quodx +Cy-T




710 Mao-Sheng Chang and Hsi-Chun Wu

It follows from (2.17) and (1.11)) that

1/2
Il gy = (1™ By + 196V 122
(2.18) < M| z2@) + Ve 2o

< (O, Q)+ 1) [Vu || oy + 122 ‘ [wie| v 0,
Q

196 220 = [ [ 19 dx]

< sup /|VuN|2(m,T)d:U
ref0,1]JQ

A

< 62f|clMT/€/ |Vug|?dz for all t € [0,T],
Q

(2.19) VUM || 20y < elflerMT/e [ Tug)| 2y for all t € [0,T].

Following (2.18) and (2.19)), we conclude that
e iy < (€0, Q) + 1) (I M2 T 12 )

/ uo dx
Q
for all t € [0,T]. Moreover, we get

sup_[|u™ | 10y < (C(n, Q) +1) (ellfnclMT/EHVuoHL2(Q)>

+ Q12 +Cy-T

te[0,7)
Q12 M
—i—‘Q’_l/Q /ude‘ + Hf”CO | ‘ T
Q 13
=K.
Then we have
(2.20) e lu™ | g2 ) < Ko

where K7 7 is independent of N. In view of Lemma (ii), we conclude that

N

Y @) xi = VM) < el me)
i=1

N
< sup lu g1y < Kir
te[0,7)

for all t € [0,7]. Hence we have

—1/2 o« —1/2 o«
(2:21) laM ooy < A2 K2g < X517 K2y
fori=2,...,N. Here \y 2 g . is a constant which is independent of N. Combining
(212) and (2.21), a¥ (t) exists globally on [0,7T7], for i = 1,2,..., N, and for each given
T > 0. This completes the proof of Theorem
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3. Proof of Theorem

Let TIx: L?(Q) — WY = span{¢i,...,¢n} be the projection operator, i.e., Iy (1)) =
Z¢:1<wa¢i>L2(Q)¢i for each v € L%(Q). By (1.3), for each j = 1,2,..., N, we have

/ No; = /EM ceAul - ¢ — /EM 1f(uN)¢j.

By the Integration by Parts,

N

/Eéw(“N) e(Au™)p; = —/ EM@uN) . evulY - Vo, -|—/ Eé”(uN)g(ﬁjaL ds
Q@ Q o9 ov

(11.7)), 8;;:’ =0 on 02 x [0,T]. Hence we have

/Eéw(uN)s(AuN)d)j = —/ EM(uMevul - Ve,
Q Q

Therefore, we obtain that

(3.1) /ut /EM eVt - Ve, — /EM Wi, j=1,2,...,N.
Since
N
UN($,t) = Zai (t>¢z($),
i=1
we have
N

u =) (@) ()gi(z) and Vul Za BV i

=1
Note that given any ¢ € L*(0,T; H}(2)), we have ¢(t) € H}(Q) for each t € [0, T]. Using
the Fourier Series Theorem, we have

[e.9]

Then
N [e's)
/Q up ¢(t) dx = /Q (;(a%’(t)asj) (;w(o,@mmwi) dx
N [ee)
:/Z(a?’)’(t) ( <¢(t)7¢i>L2(Q)d)i¢j) dx
N 00 Z
(3.2) = Z(@V)/(t) (Z(Wﬂa@ﬁ?(ﬂ)/g@% d$>

i=1
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Mz

.

S~

N N
Z ¢] L2(Q <Z (ﬁl LQ(Q)61J>
i=1 ]:1 =1
N N

(Z(aé\[)/(t)ﬁbj) <Z ), $i) 120 )

Q i=1

= / up (My¢).
Q
Following (3.1]) and (3.2), for each ¢ € H}(f2), we have

N
/Quiv'éﬁ:/ﬂuiv(ﬂmﬁ):/ﬂuiv (Z<¢7¢j>L2(Q)¢j) dz

J=1

(3:3) ]g; </ (. 05) 2’ 6 dx) = i(éf% D) 2(0) </Q uivgbj)
N
Z

b, 05) 12(Q) < /E eVu -Vo; — /EM )if(uN)d)j)

/ EM(u™)eva - V(TTyg) do — /Q E&.M(UN)% FN)(Txg) do

The last equality is achieved by using

N N
Ing = ($.8j)r2@d; and V(Ing) =D (¢, ¢;)r2(e) Vs
7=1

J=1

Integrating (3.3) from 0 to 7', we have

/OT/Qu%:—/ /EM eVulY - V(IIye) — //EM My (IIy¢)

for each ¢ € L2(0, T; H ().
/ EM(uM)evul - V(IIye) dx
(3.4) / EM(u ) (yo)de+ [ B (uN)e%“;V - (Tyg) ds
/ EY(u ) - (TIn¢) d
By and (3.4)), we have
(35) [ ods= [ B3N (dau®) - L)) (o) do
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for each ¢ € L?(Q2). Suppose that ¢ € L?(0,T; H}(2)). Then ¢(t) € HE(Q) for each
t e 0,T]. By- we have

utgzbdmdt‘ //sEM N AUN| - |y ¢| dzdt

/ / LEM @) ()| - [Ty @] dadt .

=(5)
Let hV(t) = [, |VuN[*(z,t) dz, Vt € [0,T]. Equation (2 can be expressed as

B1) =500 =0 [

(AN Y2z, 1) do + 5V (1) / £ (z,0)) Va2 (2, 1) do
€ Q

Q
for all t € [0,T]. Integrating (3.7]) from O to 7, we have
1 T
-5 (AN (7) — KN (0)] :/ b (t) (/ (AuM)2(z, 1) d:v) dt
0 Q
=n(7)>0

+/ be (/f (z,1))|Vul¥|? da:)d.
0
Hence we have

(3.8) hWWﬂW@—MW—AW Q% mmdﬂ
for all 7 € [0,T]. By .,

0<n(r)= [hN(O) / / o @) ()| VN ? dadt
< 8bN My wul \Qdmdt‘
Q
h
(3.9) 32( // M| fllen | VU 2 dadt
hN(O)

_ 1 ) N
=2 Ml [ RV ar

[sup /|VuN|2(1:,t)dx

T€l0,T

IA
DO | =

1
M| flenT

sup /|VuN|2(ac,T)dx]
r€(0,7] /0

for all 7 € [0, 7). By Theorem [1.1fiii) and (3.9), we get

_ / / b (1) (Au)2(w, 1) dadt
0 JQ

1 M
(3.10) < [2+€||f||01T}- sup /|VuN2(x,7')dm

relo,71Ja

1 M
< (3 + Zistorr) emttermre. ([ \wuf ) = e
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By Hélder’s inequality, (3.6) and (3.10]), we have

(// (eEM (u™)| Aul) dxdt>1/2 (//\HN¢|2dxdt>

< (e- M) (D)) 2l 2 ()
< (e- M)l/Q(M )1/2||¢”L2(0TH1(Q))

By Holder’s inequality and |IIx¢| < |¢|, we have

5= | / LEM ()| £ ()| T | dadt
- Slsles ( / / |HN¢rdxdt)

%MHfHCo </0 /Q|¢|2d:cdt>1/2 </0T/Q 12d;vdt>

1 1
EMHfHCO(|Q‘T)l/2||¢”L2(QT) = EM”JCHCO(|Q|T)1/2H@Z)HLQ(O,T;H(}(Q))’
Combining (3.6]), (3.11)) and (3.12) yields

(3.13)

1/2

(3.11)

| /\

1/2

IN

IN

ul gbdxdt' < O D¢l r20,7;m302))

for all ¢ € L2(0,T; H}(Q)). Here C(e,T) is a constant which is independent of N. By
(3.13]), for each N € N, we have

‘fOTfQ ul (t)p( dmdt‘

101l L2 0,712 (02))

”ui\]HL%O,T;H*l(Q)) = sup { ‘ ¢ # 0} < C(e,T).

This concludes the proof of the assertion (i). Next, using Cauchy-Schwarz inequality,
Holder’s inequality, (3.3)) and (2.20)), we get, for each ¢ € HE (),

/ngv(t>-¢'geM/Q\vU V(Iyo) \+/f M)
<M [ 96 Vo) + e [ 1o
< M|V a0y - 920y + ol 220
< (M1 iy + ||f|!oo|9|1/2> 19l
< (Mrzr + ool 16y

= K(T) - |9/l 3 o) -
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Thus we have for each t € [0, 7],
||Uiv(t)||H—l(Q) < K(T) forall N €N.

Hence the conclusion of (ii) holds true.

Now we want to show H’U/NHLQ((LT;H(%(Q)) < C for all N € N, i.e., show that

T T
/ /(uN)2dxdt+/ / \Vu > dzdt < C* for all N € N.
0 JQ 0 JQ

By (2.20),
y|uN||§{é(Q) (t) < (Kip)? forallte[0,T], for all N €N,
/OT HuNH?q(}(Q)(t) dt <T-(K!p)* =K% foreach N €N,
1™ 20,7113 )y < (KZ7)M? for each N € N.

This yields the conclusion of (iii).

4. Proof of Theorem

First, we recall the following proposition:

Proposition 4.1 (Aubin-Lions compactness theorem). [22] Let X be a Banach space,

and let Xg, X1 be separable and reflexive Banach spaces. Suppose
Xo — X < Xl,

with a compact embedding of Xo into X. Let {un}22, be a sequence that is bounded in
LP(0,T; Xo) and for which {Oyun}o2 is bounded in L9(0,T;X;), with 1 < p,q < +o0.
Then {un}o2, is precompact in LP(0,T;X). This means that there exist a subsequence
{un; 1521 of {untpZy and uw € LP(0,T; X) such that

lim. [|un; — ul| Lo o,7,x) = 0.
J—0o0

By Theorern the sequence {u™ }3°_, is bounded in L2(0, T; H} (), and {ul¥ }5_, is
bounded in L?(0,T; H~1(Q2)). By the weak compactness theorem, there are a subsequence
{uNJ'}]Qi1 C {uMV}_; and a function u € L%(0,T; H}(Q)), with u; € L?(0,T; H~1(Q)),
such that

uNi —~u  weakly in L*(0,T; H} (Q)),

uivj — u;  weakly in LZ(O,T§ Hil(Q))'
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By Proposition there exist a subsequence {u™}X, C {uV}%_, and a function u €
L?(0,T; L?(£2)) such that

uM — @ in L*(0,T; L*(Q)).
Without loss of generality, there exist a subsequence of {uV}%_,, say still {uV}3%_,, and
a function u € L?(0,T; H} (Q)), with u; € L2(0,T; H~1(£2)), such that

(4.1) u™ = in L2(0,T; L3(Q)).
Note that if u € L?(0,T; H}(2)), then u € L?(0,T; L*(Q2)). Moreover,

(4.2) L*(0,T; L*()) = L*(Q7),
(4.3) L*(0,T; H) (Q)) = H} ().

Using the norm convergence ([4.1)) and (4.2)), there exists a subsequence of {u’}_,, say
still {uV}3%_, such that

(4.4) uN = u ae. in Qp = Q x (0,7,

and

u™ — u  strongly in L?(Qr).

Recalling that the boundedness of {u~}3%_, in L?(0,T; Hi(Q2)) and (4.3) imply that there
exists a subsequence of {u™N}%_,, say still {uV}3_,, such that

uN —u  weakly in L*(Qp),

and
Vu — Vu  weakly in L*(Qr),

by means of the weak compactness theorem.

Assertion (vi) follows from and the continuity of function f. Let Ep be the subset
of Qr consisting of the points for which the sequence {f(u™)}%_, does not converge to
f(u) at that point. By assertion (vi), |Er| = 0 and

f(u™) = f(u) at each point of Dy = Qp — E7.

For each ¢ > 0, there always exists a measurable set E., say E. = Dr, such that
|Ee| = |Dr| = |Qr — Er| = Q7| < 00 and

[P ae= [ 5P de < 512 1B =0 <
E

Ep
For each € > 0, there exists 6. = ¢/(1+ || f[|20) > 0 such that if E C Qp with |E| < ¢,

then

I£112
)P e < 1120 1) < 17120 5. = (H”fcyc) e<e
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By assertion (vi) and the Vitali’s Convergence Theorem [12], it follows that assertion (vii)
holds. By Theorem (iv) and the weak compactness theorem, after taking subsequences,
we have (viii). Applying the weak compactness theorem and Theorem [1.2[(ii), after taking

subsequences, we conclude that (ix) holds.

5. Proof of Theorem

By Theorem for each N € N, we have

(5.1) (A#W%—Aﬂﬂﬁ%WWVM—AEWWfﬂWMW

g
| @016 = [ uao®

for each ¢V € W = span{¢1,¢2,...,on} C HL(Q) N C>®(Q). Tt’s well-known that if
H} () is provided with the inner product

(u, 0) 1 () = /QVu-VU,

then {$k}g°:1 is an orthonormal basis for H}(€2), where ngSk = )\,;1{2@;“ for each k € N.
For each ¢ € L?(0,T; H}()), and for each N € N, we define ¢™ : [0,T] — H}(Q) by

N
oV (t) = Z<¢(t)a $k>Hé(Q)$k'

k=1

By the Fourier Series Theorem (see [18, p. 194]), for each ¢ € [0,T], we have
(5.2) oM (t) = ¢(t) in HY(Q) as N — +o0.

By Theorem [L.3)ix), for each t € [0, T,

(5.3) (g (8), $(1)) -0, 3 (@) = (ue(8)s D) -1 ma() a5 N = Fo0.
Using Theorem [1.2(ii) and (5.2)), we have
(5.4) (' (£), 6™ () = d(t) g-1(0) 1) = 0 as N — foo.

For each t € [0,T] and for each N € N, we have

(' (8), 8™ (0)) pr-1 (), 120 = (it (1), 0(0) ir-100), 12 ()
+ (! (£), 0™ (1) = (1)) 1), 113 ()
Combining (5.3)), (5.4) and (5.5)) yields

(5.6) (' (8), 8™ (0) i1 (), ma () — (we(t), () g-1(0), 1) s N = +o0

(5.5)
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for each t € [0,T]. We observe that for each t € [0, 77,

<uiv(t)’¢N(t>>H*1(Q),H3(Q) < Huiv(t)HH*l(Q)HqﬁN(t)HHg(Q)
< Ko@)l 2 ()

(5.7)

by using the uniform bound of {u{'}3¥_, on [0,7] (see Theorem [1.2) . ii)). Owing to ¢ €
L*(0,T; H}(2)), by Lebesgue’s Dominated Convergence Theorem, (5.6] and , we have

(5.8) //ut ()™ (1) dmdt—>//ut t)dxdt as N — 400

for all ¢ € L2(0,T; H}(€2)). Now we have the following:
Claim 1. For each ¢ € L*(0,T; H}(f)), we have

T T
(5.9) //E;”(uN)equ-v¢Ndxdt—>/ /Eév‘[(u)sVu~qubd:ndt as N — +oo0.
0 JQ 0 JQ

By Theorem [L.3)viii),
Vul¥(t) = Vu(t) in L*(Q;R").

It is readily seen that for each ¢ € L?(0,T; H}()),
(5.10) /Vu -Vo(t)de — / Vu(t) - Vo(t)dr as N — +oo

for each t € [0,7]. Owing to u* € L2(0,T; H}(2)) for each K € N, by (5.10), we have

(5.11) /Vu - Vu(t) d:n—>/Vu -Vuf(t)de as N — +oo.
Utilizing ([5.10)) to , we obtain
(5.12) / (V™ ()| da —>/ |Vu(t)|?dez as N — +oc.

Q Q

Based on Theorem [L.3[i), the continuity of function W, and ||W||co < 400, we can apply

Lebesgue’s Dominated Convergence Theorem to obtain

(5.13) /WouN(t)da;%/Wou(t)dx as N — 400
Q Q

for each ¢t € [0,7]. Combining (5.12)) and (5.13) and recalling that

_ B (1) + M — |E(u" (1) — M|

we have for each ¢ € [0, 7],

(5.14) lim EM (4N (t)) = BM (u(t)).
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This, combined with , implies that
/ EM N (#)eVul (t) - Vo(t) de = e EM (u / vu® o(t) dx
Q
(5.15) Ly eBM (u(t) / Vu(t) - Vé(t) da

/ EM(u(t))eVu(t) - Vo(t)dz as N — 400

< / [Vul(t) - V(" (1) - 6(t))| da
Q

< VU ()]l 2y - V(Y () — o() ]l 220
< \\UN(t)’\Hg(Q) o™ () — ()l 1)

by Theorem (iv) and the Fourier Series Theorem, we have

for each t € [0,T7]. Since

/Q VaN (1) - V(N (1) - 6(t)) da

(5.16) /Qqu(t) V(N () — () dr — 0 as N — +oo

for each t € [0,7T]. Combining (5.14)) and (5.16)), we have that for each t € [0, 7],

(5.17) / EM N ()eVulN (t) - V(N (t) — ¢(t)) dz — 0 as N — +oo.
Putting (5.15) and (5.17) together, we obtain that
/ EMuN()evVul (t) - Vo (t) dz — / EM(u(t)eVu(t) - Vo(t)dz as N — 400

for each ¢ € [0,7]. By Theorem [L.1fiv), we have

/ EM N (#)eVul (t) - Vo (t) dz

te[0,7)

<eM ( sup ||uN(t)||H5(Q)> 1) 1130
<eMKZp-|dllho

for each t € [0,7] and each N € N. Since ¢ € L?(0,T; H}(9)), &1 712 (@) Is integrable on

[0,T]. Now we can apply Lebesgue’s Dominated Convergence Theorem to conclude that

(5.9) holds.
Claim 2. For each ¢ € L*(0,T; H}()), we have
(5.18) //EM ¢Ndxdt—>//EM u)pdrdt as N — +oo.

By Theorem [1.3]i), for a.e. t € [0,T], we have

(5.19) uN(t) — u(t) ae. in Qas N — +oo.
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By the continuity of f and (5.19), we have
foulV(t) = fou(t) ae. inQas N — 4oo.

Moreover,
foul(#)-é(t) = fou(t)-(t) ae. in Qas N — 4oo.
Since |fou™ (t)- (1) < ||fllco - |¢(t)| on Q, for each N € N, and |¢(t)| € HE(Q) € LY(),

we can apply Lebesgue’s Dominated Convergence Theorem to obtain

(5.20) o) oy dr — [ 2rou(t) o(t)dr as N — +oo
Q¢ Q¢

for a.e. t € [0, T]. On the other hand, for a.e. t € [0,T],

< 1QY2 - fllco - 19V (#) = &) 135

/Q foul(t)- (6¥(t) - o(t)) da

This, combined with the Fourier Series Theorem, implies that
(5.21) [ %f ouN(#) - (N () — d(t) dz — 0 as N — +o0
for a.e. t € [0,7]. Combining (5.14), and together yields
EM N (#) /Q éf ou(0)- 0" (0 do — B (utt) | éf ou(t) - d(t)dr as N — +oo

for a.e. t € [0,T]. Since

o Ml - |
€

1
22w 0) [ Lrowt 0 00 N6l gy e on 0.7
for each N € N, and ||¢||H§(Q) € L0, T], we can apply Lebesgue’s Dominated Convergence
Theorem to conclude that (5.18)) holds.
It follows from (j5.1) that for each N € N,

s [ [N = [ [ Eranena v - [ Ean e

for each ¢ € L?(0,T; H}(R)). Finally, combining (5.22), (5.8), and ([5.18)), we obtain
that u € L2(0,T; H}(Q)) with w, € L?(0,7; H-1(Q)) and u satisfies for all ¢ €
L*(0,T; H(Q)).

Next, claim that u(0) = ug in L?(2). Choosing v € C*([0,T]); H}(Q2)) with v(T) = 0,
we have

%(uN (8), v(8)) £2(0) = (ur’ (8),0(8)) p2(0) + (™ (1), V(1)) L2,
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and, as a consequence,

T =T T
| ¥ @ o0hadt = @O0~ [ @ 0002 e
(5.23) 0 -y
= (¥ ), 00120~ [ (00,02 .
0
For each N € N, we have
N N
uN(0) =) (@N(0), ) r2ybr = Y (0, b} r2(0) bk
k=1 k=1

by using (1.13). Here {¢;}3°, is an orthonormal basis of L?((2) satisfying (1.7). By the
Fourier Series Theorem, we find that

(5.24) u™N(0) = ug  in L*(Q) as N — 400,
and we see that

(5.25) <uN(0),v(0)>L2(Q) — (u0,v(0))r2(0) as N — 400

by using (5.24) and Holder’s inequality. Using Theorem [L.3|viii), (ix), (5.23) and (5.25)),

we get,

T

T
/ (ut(t), v(t)) L2 () dt = —(uo,v(0)) 2 (q) —/ (u(t),v'(t)) L2(q) dt.
0 0

By
d

—(u(®) 0() 20 = (W' (1), (1) L2(0) + (ult), ' (1)) L2()

we have
(ug,v(0)) 2y = (u(0),v(0)) r2(0)
for each v(0) € HZ(Q). This yields the conclusion of

u(0) = up in L*(Q).

This completes the proof of Theorem
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