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Blow up Solutions to a System of Higher-order Kirchhoff-type Equations
with Positive Initial Energy

Amir Peyravi

Abstract. In this paper we investigate blow up property of solutions for a system of
nonlinear higher order Kirchhoff equations with nonlinear dissipations and positive
initial energy. Some estimates for lower bound of the blow up time are also given.
This improves and extends the blow up results in [16] by Liu and Wang (2006) and
Gao et al. [7] (2011).

1. Introduction

In this paper we are concerned with the following system of higher order Kirchhoff type

equations with damping

uge + M(ID™ a3 + | D™20l|3) (= A) ™+ ar g " wp = fi(u,v)  in Qr,

(1.1)
v+ MID™ 2 + | D720l (~ )20 + az fur 2 v = fa(u,v)  in Qo

and initial-boundary conditions

p

u(z,0) = up(z), w(z,0) =wui(z) inQ,
v(z,0) =vo(x), vi(z,0)=wvi(x) inQ,

(1.2) :
Ou—0, i=01,....m—1 on I'r,
[44=0, i=01,...,my—1  onTp,

where € is a bounded domain in RY (N > 1) with smooth boundary dQ, T is a positive
constant, v represents the unit outward normal on the boundary, Qp = Q x (0,7T), I'pr =
o0 x (0,T), m; > 1 (i = 1,2) are positive integers, ¢, > 2, a; > 0 (i = 1,2) are
positive constants, M is a locally Lipschitz function which satisfies in some conditions (to
be specified later). The functions f1, fo: R? — R are given by

fi(u,v) = alu+ o> P (w4 v) + blufP 2 u|v]?,

1.3
(1:3) fo(u,v) :a|u+v|2(p71) (u—}—v)+b\v|p72v|u|p,
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which satisfy
ufl(u,v)+vf2(u,v) :2pF(’LL,’U), V(’LL,’U> Gsz

where a,b > 0, p > 1 and
F(u,v) = = lu +v|? + b luv|P .
2p p

One can easily verify that 0, F = f; and 0,F = fo.

Consider a problem of a single wave equation of the form

wi+ MID™2) (=AY + 8 [l = plufP 2w, 20, 2 € Q,

(1.4) u(z,0) = up(x), u(z,0)=ui(x), x €,
%(l‘,t):o, i:o,l,...,m—l, tZO,ZL’E@Q,

where o, > 0, p > 2, g >2and m > 1. When M =1 and m = 1, hasbeen
investigated by many authors. In [12] Levine showed the nonexistence of solutions in
presence the linear damping case (¢ = 2). Gorgiev and Todorva [8] extended this result
to nonlinear damping case (p > ¢ > 2) where initial energy is negative. Ikehata in
[10] considered when ¢ = 2 and obtained blow up result with small positive initial
energy in some sense. Later, Levin and Todorva [14] proved that the solutions can not
exist globally if p > ¢ > 2 and the initial energy is positive. In connecting with global
nonexistence and blow up of solutions we refer to the studies [3,/13,20,26},[30] and the
references cited in this works. In the case M = 1 and m = 2 the problem deals whit
Petrovsky wave equations. In this regard we may also recall the works by Komornik [11],
Guesmia [9], Wu and Tsai [29], Messaoudi |1§], Chen and Zhou [6] and the references
therein.

For the case M # 1 the equation in converts to a Kirchhoff type. Matsuyama
and Ikehata in [17] considered with m = 1 when M is a C'-class function for s > 0
and M (s) > mg > 0. They obtained a global solvability in the class H? x H{ and energy
decay. In the same time, Ono [21] obtained the global existence and decay properties of

solutions when ¢ = 2 with
(1.5) M(s)=a+bs’, a>0,b>0,a+b>0,~>1,

for degenerate (a = 0) and non-degenerate (a > 0) equations. In the immediate work by
Ono [22] we can see global existence, decay and blow up of solutions for the nonlinear
damping case ¢ > 2 and a > 0. In this regard, we may also mention to some other works
by Benaissa and Messaoudi [4,5] and Ono [23].

When m > 1, Li [15] considered with M(s) = s7, v > 0 and proved that the
solution exists globally if p < ¢ while if p > max{q, 27}, then for any initial data with
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negative initial energy, the solution blows up at finite time. Later Messaoudi and Houari
in |19] improved this result and showed that under some considerations on initial data
solutions also blow up in finite time with positive initial energy. Recently, Gao et. al |7]
improved some results in the literature [6}/15,|18] and obtained local existence and blow
up of solutions where M is a locally Lipschitz function satisfying some conditions. More
recently, for M (s) = s*7, v > 0, Ye in [31] by constructing stable set in H{* showed that
the solutions exists globally in time if p < ¢ and proved the global nonexistence under
some consideration on initial data when p > 2(vy + 1).

In connecting with the systems of wave equations of Kirchhoff type Park and Bae [24,
25] investigated the existence of solutions for f with mq, = mg = 1 in degenerate
case M(s) = s7, v > 1 and non-degenerate case . Later, with v = 1 in ,
Liu [16] obtained global existence for nonlinear damping terms and proved blow up results
in linear damping case (¢ = r = 2) for some class of sources. In an other work, when
m1 = meo = 1 and nonlinear damping terms in are replaced with strong damping
terms, Wu in [27] proved that the local solution blows up in finite time by applying concave
method. Very recently, Ye [32] considered the problem (L.I)—(1.2) and proved decay and
global existence of solutions in Hj" x H)" where M is a locally Lipschitz function such
as M(s) = a + bs” with the source terms defined in . However, blow up properties
has been not considered. Our main aim in this paper is to investigate blow up properties
for the solutions of f. More precisely, for a locally Lipschitz function M, we
prove that the L? norm of solutions (||u||§ + ||’UH§) blows up at a finite time 7% > 0. This
extends and improves some results in the literature such as the one in |7 in which the blow
up result obtained only for a single higher order Kirchhoff type wave equation and the
nonexistence results in [16] for ¢, > 2, m1,my > 1 and more general M. Some estimates
for lower bounds of the blow up time are also given.

This paper is organized as follows: In Section [2] we give some preliminary materials
needed throughout our proofs. In Sectionwe prove a local existence result (Theorem.
In Section [4] we state and prove our main result on the blow up of solutions. In Section

we obtain lower bounds for the blow up time.

2. Preliminaries

In this section we present some notations, assumptions and lemmas needed for our work.
First of all we state the following Sobolev-Poincaré inequality which will be used frequently

throughout our proofs.

Lemma 2.1. (Sobolev-Poincaré inequality [1]) Let 2 < s < 2N/(N — 2k) if N > 2k and
2 <s<+o0if N <2k. Then there exists a constant B depending only on 2, N, k and s
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such that
lull, < B|(-a)"2||
holds for all w € HE(Q).

In order to obtain our results we consider the following assumptions on the prob-
lem f:
(Hy) M € CY([0,4+0),R) is a locally Lipschitz function satisfying
(2.1) M(1) > mg, M(t)>7M(1), VT7€R,,
where my is a positive constant and M(7) = [ M(s) ds.
(Hz) ¢,r>2,m; > 1 (i=1,2) and

1 <p<+oo, N < 2min{mi,ma},
N N
2(N — 2777,1), 2(N — 2m2)

1<p§min{ }, N > 2max {my, ma}.

(Hs) g € HJ" () N H?>™(Q), vo € HY"(Q) N H?™2(Q), uy,v1 € L2(Q).
(H4) There exist two positive constants ¢y and ¢; such that

(2.2) co(lul™ + [0[**) < 2pF (u,0) < ex(|ul™ + [v]).

Next, same as in [32], we define the following functionals on H)" (Q) x Hj"(Q):

(23)  B() = Blwv) = gl + o) + T(0),
IO = Ta,0) = SMAD™ ull+ |D™0l3) - [ Fu,v)da,
(2.4) K(8) = K(u,0) = M(|D™ 2 + [|D™0]2) 2p/QF(u,v) dz.

Lemma 2.2. Let (u,v) be a solution of (L.1))—(1.2) and (Hsz) holds. Then E(t) is a

non-increasing function for t > 0 and

t t
(2.5) E(t) - B(0) = a1 // lua(s)|? dds — ag// oy (s)|" dads.
0JQ 0JQ
Proof. Multiplying the first equation in (1.1)) by u; and the second one by v, integrating
over {2 and using the initial-boundary conditions ([1.2)) we obtain ({2.5)). O

Local existence result associated to (|1.1)—(1.2) can be established by combining the
arguments in [2}/7,8]/18.21,22]. However, we give a proof of the following result in Section
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Theorem 2.3. Suppose that the assumptions (H1)—(Ha) hold. Then there exists a unique
local solution (u,v) of (L.1)—(1.2) in the class

ue C([0,7), Hy" (), v e C([0,T), Hy" (),
ug € C([0,T), L2(Q)) N LYQ x [0,T)), v € C([0,T),L*(Q))NL"(Q x[0,T))

for some T > 0.
Consider the space

Wr = {(u,v) :uwe C([0,T), H"™ () N N H*™1(Q)),
Hy™ ( ),

v e C([0,7), Q) N H>2(Q
ue € C([0,T), L*()) N LI(Q x [0, 7)),
v € C([0,T), L2 (Q) N L' (2 x [0,T))},

with the norm

2 2 2 2 2
1ot 0) R, = e, ([l + el + D™ 3+ D720 3)

2 2
+ lluellzaqx o,y + Vel zr@xjo.)) -

Definition 2.4. Let the assumptions (H;)—(H4) hold, (u,v) be a solution of (L.1])—(1.2)

and

T* =sup{T > 0: (u,v) € Wr exists on [0,T)}.
If T* = +o0 then we say that the solution of (1.1)—(1.2]) exists globally and if 7% < +o0
we say that the solutions blow up at the finite time 7™ in the sense

luell3 + lloellz + D™ ully + | D™2vlly — +oo ast =T

Remark 2.5. In the case T* = 400 and under the hypotheses (H;)—(Hy4) the problem (1.1))—
(1.2) has been investigated in [32].

3. Local existence

First, note that in what follows C; are various positive constants which may be different
at different occurrences. To prove the Theorem we first state the following lemma
which can be obtained by exploiting the Faedo-Galerkin method and using the similar

arguments as in [1,[28]:
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Lemma 3.1. Suppose that (ug,u1) € H*™(Q)NHT'(Q) x L?(Y), then there exists a unique

solution u of
u + M) (—A)"u 4+ aQr(u) = f(x,t), (x,t) € Qx[0,T],
U(O) = Uuo, ut(o) = ui, S Qv
u(z,t) =0, zed, t>0,
satisfying

w e C([0,T), H*™(Q) N HJ'(R)) and wu; € C([0,T], L*(Q)) N L"(Q x [0,T)),

where a > 0, m > 1, M is a positive locally Lipschitz function, Q. (z) = |z|" 2z (r > 2)
and f € HY([0,T], L?(£2)).

Similar as in [22,27], for R > 0 and 7" > 0 we define
Xrr={(u,v) € Wr:e(u,v) < R?, u, v satisfy the initial conditions in 12},

where

2 2 2 2
e(u, v) = fluglly + oellz + [[D™ ully + [ D™=l

2 2 2 2
+ D™ ully + [D™2 0l + [(=A)™ ully + [[(=4)"20]f; -
Then, X1 g is a complete metric space with the distance

d(wl, w2>

1/2
= sup <||(U1 —v1)ell3 + 1D™ (ur = 01)l[3 + [[(uz — v2)el5 + |D™ (ug — U2)||§) :
0<t<T
where wy = (u1,u2),ws = (vi,v2) € Xrr. Next, for (u,v) € X1 r we consider the

following system

e + M([D™@|5 + [|D™20][5) (—A)™ u + a1Qq(ue) = f1(3, D),

(3.1)
vie + M (| D™ |5 + [|D™23]|5) (= A) ™20 + a2Qy(vr) = fa(@, D),

with initial and boundary conditions . By Lemma this problem has a unique
solution (u,v). We define a nonlinear mapping V¥ in the following way: For (u,v) € X1 g,
(u,v) = ¥(x,?) is the unique solution of the problem (L.I)—(L.2). We show that there
exists 7' > 0 and R > 0 such that ¥ maps X7 g into itself and ¥ is a contraction mapping
in X7 r with respect to the metric d(-,-).

For simplicity in computations we let a; = as = 1. Multiplying the first equation in

(3.1)) by ug, the second by vy, integrating over {2 and summing up the results with together
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we obtain

=2 (lhell3 + el + M (D™ @3 + 1D™253) (D™ ul3 + |D™20]3))

+ 2 (g, Qqlue)) + 2 (v, Qr (vr))
(3-2) = 2 (uy, f1(@,0)) + 2 (ve, fo(T@, D))
+2((D™T, D™ @) + (D™25, D™ 6)) M(|| D™ a3 + || D™25]|3)
x (| D™ ull3 + [ D™2v]3).

For the first term on the right-hand side of (3.2)), by using Hoélder’s inequality, (Hs),
Lemma [2.1) and using the same way followed in [2] we have

1/2

PPN ~14p—2 ~14p—2 ~(12p—2 ||~12

[ uesi@ oo < o (1153 + 191873+ @2 1)

. ~12p—1 ~12p—1 ~np—1 ~

33 < Gy (D™l + D™=l + D™ ally ™ |1D™5]5) fluly
< 3CoR¥P ™ ||uy |, -

Similarly,
(3.4) / vfo(@,5) dx < 3C5 R [lur,
Q

Also, by using Young’s inequality we have

(D™, D™ ) + (D™20, D™20) < [[D™ g [| D™ ]y + [D™20]y [| D™ 01|,

3.5
(3:5) < 2R

Letting My = supg<,<re |M'(s)|, using (H;) and (3.2)—(3.5), by integrating over (0,t) we
get

lwell3 + [loell3 + [ D™l + | D™
t
+277”Lo/0 ((ue(s), Qq(ue(s))) + (ve(s), Qr(ve(s)))) ds
t
< Lo+ 1230 R [ ()l + ) ) ds
0
t
+4RZWA®0M6/ (ID™u(s) |5 + [ D™v(s)|3) ds,
0
where Mg = (min {1,mo}) "}, C4y = max {Cs, C3} and
Ly = g (IlulH2 + [lvill3 + M| D™ gl + [|ID™2G15) [ D™ woll3 + | D™2v ||2>
2 1il2 0ll2 0ll2 0ll2 Oll2 ) -

Multiplying first equation in (3.1]) by (—A)™ 1wy, the second by (—A)™2v,, integrating over
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) and summing up the results we gain

d ~ ~
= (1D w3+ D™ 203 + M(ID™ @3 + | D™233) () (=A™ ull3 + [(=2)"20]3)

+2(Qq(ur), (—A)™ ur) + 2(Qr(ve), (—A)™2vy)
=2(f1(@,0), (=A)" us) + 2 (f2(U, ), (=A)"v)
+2((D™, D™ @) + (D™, D™26,)) M'(||D™l|3 + | D™23]]3)
X ([[(=A)™ull3 + [(=2)"0][3).

Integrating over (0, t), using (3.5 and (H;) we obtain

(3.7)
D™ ugll3 + (|02l + M (|| D™ 5 + | D™25]13) ([[(—=A) ™ ulls + [[(=A)™>v]3)

2/0 (Qq(Ut(S)),(—A)mluzt(S))dSJr?/O (Qr(ve(s)), (—A)™vi(s)) ds
<Ly+2 /0 (Fr(@(s), 5(s)), (—A)™ ug(s)) ds + 2 /0 (fol(s), 5(s)), (—A)™vy(s)) ds
+4R2M6/0 (I(=2)™u(s) 3 + [|(=2)2v(s)[|3) ds
where

= [[D™ s |3 + | D201 |3
~ 12 -~ 112 2 2
+ M(|ID™ o |5 + [1D™*voll5) ([[(=A)™ uol|3 + [[(=A)™2vo][3).-

For the second term on the right-hand side of (3.7]), using integration by parts, we have

/t/ J1(u(s),0(s))(—A) ™ uy(s) duds

(3.8) /fl ml“dx—/fl o, Vo) (—A) ™" ug d
// <8f1 ),u(s))ur(s) %( (8)7@(5))@(8)) (=A)™u(s) dxds
=0+ 1+ 1Is.

By Young’s inequality and Holder’s inequality, we then get

1 o~
(3.9) h <l =AMl + o IAG DI,
(3.10) I < || f1(@o, Do) [l [1(—A) ™ uoll;
(3.11) I < (Hafl ), 5(s))@ Hafl ), 5(5))5i(s) >||<—A>mlu<s>u2ds.
2
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To estimate the terms in (3.11]), without lose of generality we suppose that m; > mao.
Then, by (Hz) and Lemma [2.1) we have

Hafl (@.9)a

- 1/2
o[ (mwr‘(p Vot [P ) @) s
L/ Q

- 1/2
< Cs / (11" ®= 4 ol e + a2 + 1) (at>2dx}

(3.12) - A1 4(p—2)
< Co | (Il 1§N/m1+|| e P 3 ET.

_dp o 1/2
o (R O (O [ A

< Cr (D™l + D™l ® ™ + |95 + | D™l ) D™,

<y <R2(p—2) +2R2(p—1) 4 R2p> R,
where we have used 2N/(N — mg) < 2N/(N —my). We also have

Haﬁ SRR

%(Ua U)Ut

1/2
<G| [ (14 a0 + @R ) (0 e

G| [ () 401 @) ]

4 1)
Co (I1EE )+ 12 ) 1 o

~ 1) 1) ~
Cro (1023570 + | D255 ) D™=

2

IN

(3.13)

| /\

For the first term on the right-hand side of the last inequality in (3.13]) we have

| D™ = /Q A(—A)™ade < [ll, | (—A)™al,

< B||D™|, ||(~A)™all, < BR?,

(3.14)

where B depends on B and €. Therefore, by (3-13) and (3.14) we get

Hafl (@, 5)5

(3.15) < C11R?P VR,

u,v)vy

Thus, by (3.12) and (3.15)) we get

(3.16) I < CaC(R) /0 l(=A)™u(s)], ds,

where C(R) = (R*P=2) + R2(p=1) 4 R?P)R. By similar way followed in (3.8)(3.13)), using
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again (H) and considering (3.14)), we can see

//fg ( A)"™2yy(s) dxds

(3.17) <e (=)ol + Hf2( )13+ [l f2(@o, Bo) 1 (—2)™2wo

+ C13C(R / I(— ()l ds.

Therefore, by (3.7 .f 10) 3.16]) and -, using similar argument as in [7] for nonlinear
ng 1 D

damping terms and t into account, for € = mg/2, we get

e(u, U) S L1 + m0L2 + L(R)

(3.18) + (12C4moR* ™" + 2(C12 + Ci13)moC(R)) /Ot e (u(s),v(s)) ds

, t
+4R moMO/O e(u(s),v(s)) ds,

where 1M = (min {1,m0/2})~! and

9rno(C2 + C2)R2(2p—1) o "
L 53) + 2| f1 (2o, Do) [l | (=2A)" uo][,

+ 2 f2(to, vo)[l2 [[(=2)"2voll5 -
Then, by (3.18]) we get

(319) 6(“’7”) < 6(“07v07a07@\07u17UlaR)264R2mOM6T7 Vie <O7T]7

L(R) =

where

& (ug, vo, o, Do, u1, v1, R) = /L1 + moLs + L(R)
N 12CymoR?* ™! + 2(C12 + C13)moC(R)
4R?mo M}, '
If T and R satisfy f(uo,vo,ﬂo,ﬁo,ul,vl,R)2e4R2m0M6T < R?, then we have e(u,v) <
R?. Thus, the solution (u,v) satisfies the regularities described in Wy. Specifically, by
Lemma and it follows that u; € C([0,T], L*(Q)) N LI(Q x [0,T]) and
ve € C([0,T], L2(2)) N L" (2 x [0, T]). Hence, ¥ maps Xt g into itself. Next, we show that

VU is a contraction mapping with respect to d(-,-).

Assume that (u1,v1), (U2,02) € X7 . Let (u1,v1) and (ug2,v2) be two solutions of
(3-1)—(1.2)) in X7 r. Suppose that w = (wy,w2), where wy = u; — ug, wy = v1 —v2. We
then have

(wn)ee + M| D™ 1[5 + | D201 [[5)(~A) ™ wy
+ [M(HDmlﬂﬂlz + [[D™204[3) — M(|[D™ @23 + | D™T23)| (—A)™ uz

+ Qq((u1)e) — Qq((u2):)
= f1(ur,v1) — fi(uz,v2)

(3.20)
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and
(w2)ir + M(|D™ |5 + | D251 ]3) (—A) 2wy
(3.21) + | M(|D™ @[5 + [ D™ [13) — M(| D™ @5 + D™ 02]13) | (—=A)™ v,

+Qr((v1)e) — @r((v2)s)

= fo(u1,01) — fa(uz, v2),

with the initial conditions
(3.22) w1(0) = (w1)¢(0) =0, w2(0) = (w2):(0) = 0.

Multiplying (3.20)) by (w1); and then integrating over 2 we get
1d
2dt
+(Qq((u1)e) — Qq((u2)e), (w1)e)

(3:23) = |M(ID™ @I} + |D"2Tl3) = MOID™ @3 + |1 D"251]3)] ((=8)™ s, (w1)s)

1d ~ . . I I
+ S M| D™ |13 + | D™250[[3) (| D™ wal|3 + (f1(@1, B1) — f1(Ta, Ba), (wr)s)
2dt
=J1+ Jo+ Js.

(Iwnr 3+ MAD™ @[3 + 1D™513) [ D™ 01 2)

We have
(3.24)
Ji < L{([ID™ Tzlly — [[D™ T [l) (| D™ Gz lly + |1 D™ 2x|,)
+([D™202|y — [[D™*01[l5) (|ID™ 2[5 4+ D20 [|5)] |(=A)" uglly [|(wi)ell
<ARL(| D™ uy — D™ z|y + [[D™201 — D™ 0sl|y) [[(=A)™ uz|l5 [[(wi)ell

< AR’ LEV2 (T — Ty, 01 — Do) ? (w1, wo),

where L is the Lipschits constant of M in [0, R] and

e(z1,22) = [(21)ell3 + I (z2)ell5 + [ID™ 2113 + |1 D222 -
Using (3.5) we have
(3.25) Jo < 2R?Me(wy, ws).

To estimate J3 first, from the relations (1.9) and (1.10) in [2], we have
| f1(u1,01) — f1(u2, )]
(326) < Cullin — @l + 51 = Bal) (| P07 + [51P070 + [P0 + [P0

o+ Cus [ = Tl [5a P ([P~ + 2™ + 51 = Bl [@l” (" + 2]
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Then, as a typical estimate, we have

/ @1 — ] [ 20D [y )| d
Q

2 1
(3.27) < i = Galla vy 11150y 100D

< BT D™ (g — ) o D™ 57 || (wr)ell
< CleR¥P=VEV2 () — Ty, 0y — D) (wy, wy).

Recalling m; > mq and taking (3.14)) into account we can obtain the same estimates as in

(3:27) for other similar terms in (3.26). From (Hs), (3.14), for the following typical term,
we get,

/ @1 — o [01]P |1 [P~ [ (w1)e| doo

0

< i = Ballong (v —ma) 191155/, 1701 ||pp 1v/ms w1l
< B||D™2 (@ — Ua)||, B | D™261 |5 BP~ 1 {|D™ 2 |[5 [[(wr )¢l
< 2BBR||D™ () — )|, (BPRP)(B*®P~D/2RP=1) || (w1 )y

S 017R2pg1/2(a1 — ’zl,\g, 51 — ﬁg)gl/Q(wl, ’U)Q).

(3.28)

Following the same steps in (3.28)), it is easy to see
/ 151 — | [T1|P |1 [P~ |(wn)e| dae < C1a RPN 2(0y — T, 0y — )@ % (w1, wy).
Q
Therefore,

(3.29) J3 < C19C(R)EY? () — Ua, 01 — 02)e? (w1, wo),

where C(R) = R2r=1) 4 R%~1 4 R Thus, by ([3.24), (3.25), (3-29) and using the fact
that

(Qq((u1)t) = Qq((u2)e))((ur)e — (u2)e) = 0,
from (B.23)), (H;) and (3.22)), we get

I(wn)ell3 + D™ w3

(330) < CaRMj /0 S (5), wa(s)) ds

+ O (1R + O(R)) / SU2(3 () — @ia(s), 51 (5) — B ()2 (wr (5), wa(s)) ds.

0
Analogously, by the same way followed in (3.23)—(3.30]), from (3.21]) we obtain
I(ws)ell3 + | D™ w25

(3.31) S 022R2M0/0 e(wi(s), wa(s)) ds

1 Oy (4R2L n 5(3)) /O S2(T (s) — Ta(s), 1(s) — ()82 (wi (), wa(s)) ds.
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Finally, by (3.30), (3.31]) and applying Gronwall’s inequality, we find

~ 2
~ Co C(R) Cos M{R?*T /20~ s
< L 25 M / _ _
e(wy,we) < (M6)2 ( + R? € OzltlgTe (uy — Uz, 01 — v2),

which gives us
d((ub Ul)a (u2a U2)) < K(T> R)d((alv 61)7 (a% 62))»

where K(T,R) = (v/Caa/M})(L + C(R)/R2)eCMiB*T/2 . Now, we choose R sufficient

large and T sufficient small so that
K(T,R) <1 and &(ug,vo, o, o, u1, 01, R) 2 TOMT < R2.
Thus, the map ¥ is contraction. Therefore, applying the Banach fixed point theorem

completes the proof of Theorem 2.3

4. Blow up

In this section, we study the blow up of the solutions to the system (1.1)—(1.2). First we

introduce the following:

_ 1
(4.1) Bi=9p% o =pl/2 g0 <1 - > o2,
2cy 2 P

Our main result reads in the following theorem.

Theorem 4.1. Suppose that the assumptions (Hy)-(Hs) hold and p > §max {q,r}. As-

sume further that
(4.2) (ID™ |5 + [ D™ wo[[3)/* > a1, E(0) < Ei.

Then any solution of (L.1)—(1.2) can not exist for all time.

To prove above theorem we need the following lemma.

Lemma 4.2. Suppose that assumptions (Hy)—(Ha) hold. Let (u,v) be a solution of (1.1)—
(1.2). Moreover, assume that E(0) < Ei and (HDmluOHg + ||D’”2v0||§)1/2 > ay. Then

there exists a constant as > o such that
(4.3) (D™ w3 + [ D™20]3)"? > a

and

(4.4) % 2</Z < /Q Flu(t), o(t) d:c> Y e WEBO
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Proof. By the assumptions (Hi), (Hz), (Hs), Lemma [2.1] and (2.3) we have

1
E(t) > §M(HD"“U||§+ 1D™20][3) —/ F(u,v)dx
Q

m m m c
(45) > TPl + D7 20l3) = 5 (ull3) + lel3)
> ) = S B a(t) = Gla(),

where a(t) = (| D™ ulf3+ || D™>v||3)"/? and G(a) = mog? — %BZpa2p. It is not difficult to
see that G is strictly increasing in (0, o1 ), strictly decreasing in (o, +00) and G(a) — —o0

as a — +o0o. By a simple computation we can also see
G(al) = El.

There exists ag > aq such that G(ay) = E(0). This is possible since F(0) < Ej. Therefore,
by (4.5) we have
G(a(0)) < E(0) = G(ag).
Thus «(0) > ay. To show (4.3)) we suppose that there exists g > 0 such that a(ty) < o
and by continuity of a(-) we can choose ty such that oy < a(tp). Since G is decreasing on
(a1, +00) we have G(a(tp)) > G(ag) = E(0) and by (4.5) we know that G(a(ty)) < E(to)
which yields E(tg) > E(0) and this contradicts (2.5)). Hence (4.3)) holds.
To establish (4.4)), we use (Hy), (2.3) and (2.5)) to obtain
E0) + o (afu®) +v®)lz + 2 [luv@)];) = 5~ (@)
Then, from (4.3) we yield

oN

2
/ F(u(t),v(t)) dz > 2062 — Gap) = 2 B?a2.
Q 2 p
Therefore, (4.4]) follows. This completes the proof of Lemma O

Proof of Theorem [£.1] We set

then
L'(t) = 2/ (uuy + voy) de
and !
L7(8) = 2(]luel2 + loel2) + 4p /Q Fu,v) da
(4.6) — M (D™ ul3 + D2 (1D ul2 + | D™v]2)

—2ay / wug w7 da — 2a2/ vy | |" 2 d.
Q Q
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Using Holder’s inequality and the left inequality in (2.2]) we get

/ wy |ug| 72 da
Q

—1 2p— 2 —1
< Jfull, el < 1QI@PD7CPD flg]| g

1/(2p) 1/(2p)
< paer-orera (YT pan) g

(4.7)

€o

Then, by (4.4)), the inequality (4.7) turns into

1/q
(4.8) '/ wuy |ug| T2 dx| < ky (/ F(u,v) dx) ||utHg—1.
Q Q
Similarly,
1/r
(19) [t as] <o ([ Poyas) ;™
Q Q
where

. L 79\ V2P 1/(2p)—1/k;
ki = |Q’(2P—RZ)/(2P"%) <Cp> <2Q§PB2p> y R1=¢, RK2=T, 1= 17 2.
0

By applying Young’s inequality to (4.8) and (4.9) we have

q —
< ki {81/ F(u,v)dm+€1_q/(q_1) <ql> / |ut\qdw}
qa Jq q Q
< ko {82/ F(u,v) dx—l—az_r/(r_l) <M>/ log|" da:},
T 0 T Q

where €1,e2 > 0 will be chosen later. Then, by (Hy), (2.4), (4.10) and (4.11]), the equal-
ity (4.6|) turns into following inequality

(4.10) / wy [ug| 72 d
Q

and

(4.11) / v oy da
Q

gl €h
L0 2 2l + o) - 280~ 2 (anks L+ 0aks ) [ Py o
Q
-1\ _g/(0— r—1\ _,/(r— r
= 2arky (1) 7 fualy = 20y () 707

By the definition of E(t) we have

(4.12)

2K (t) > —2K(t) + 20(E(t) — E(0))
(4.13) = o((Juell3 + [lve]l3) + (o = 2M(ID™ ull3 + || D™ v]3)

+2(2p—o0) /Q F(u,v)dx — 20 E(0),
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where o is a positive constant to be specified later. Therefore, by (4.12) and (4.13) we

arrive at

L"(t) 2 (0 +2)(lluellz + [[vel3) + (o = 22M(ID™ ull3 + [ D™20]3)

q
€1

(4.14) +2 [(217 —0)— (alqu + azkgié)] /QF(u, v) dz — 20 E(0)

—1 — — r—1 —r/(r— r
2k <qq> e gl — 202k () & iy

Since E(0) < E; we can choose ¢ such that
2pE1
p(E1 — E(0)) + E(0)
Then, by Lemma (2.1), (4.1) and (4.3) we have
(o = 2)M(ID™ ul3 + [ D™20]3) — 20E(0) = (0 — 2)moai — 20 E(0)

pEy 4pEr
=2 — E(0 — 0.
(p—l ())J p—1>

< o < 2p.

We now fix €1 and &9 such that
q r
wi=2p—o— (allﬁgl + (12]{}282> > 0.
q T
Integrating (4.14)) over (0,t) we get

L'(t) > 2u t F(u(s),v(s)) dzds
. b

— Cen,q) /0 Jue(s)|1? ds — Clea, ) /0 len(s)[7 ds + L'(0).

where C(g;,s) = 2aiki(ﬂ)5fs/(s_l), i = 1,2. Taking (4.4) and (2.5) into account and

S 2

using the fact that E(0) — E(t) < Ej, the inequality (4.15) takes the form
C(e1,q) + Clez,r)

a a2

(4.16) L'(t) > 2u <232pa§) t— By <
Finally, by integrating (4.16]) from 0 to t we find

ai a2

) + L'(0).

which shows that ||u(t)||3 + ||v(t)||3 has quadratic growth for ¢ > 0. On the other hand by

using Holder’s inequality we have

t
lu(®)lly < lluolly + /0 lue(s)]l ds

(4.18) t .
B (a—=1)/q
< [uolly +C ; [ut(s)]l, ds < Jluolly + C o) ! :
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where C' is some positive constant. Similarly,

E 1/r -
(4.19) o)l < |lvolly +C <a21> fr=1)/r
By (4.18)) and (4.19) we obtain

L(#) < 2([luol3 + lvoll3) +2C°

2/4 2/r
BT e@-nsa o (BT -
al a9 ’

which contradicts (4.17). Hence, the solution (u(t),v(t)) of (1.1)—(L.2)) can not be extended
to the whole interval [0, 400). This completes the proof of Theorem O

Remark 4.3. By Theorem .we showed that the L? norm of solution ||(u,v) H2 ||u||2
|v]|3 blows up in a finite time T* > 0. Therefore, by Lemma .

(4.20) D™ |2+ || D™20||2 — 400 ast— T .

5. Lower bounds for the blow up time

In this section we obtain lower bounds for the blow up time. To prove main results we

need the following assumption instead of (Hz):
(He) q¢,r >2,m; >1 (i=1,2) and

1<p<+oo, N < 2min {mi,ma},
N—m1 N—m2
2(N —2my)’ 2(N — 2my)

1<p§min{ }, N > 2max {mj,ma}.

Remark 5.1. Under the hypotheses (Hy) and (Hz)'—(Hy4) the results of Theorem still
hold because N —m; < N, i=1,2.

Our main results are given in two following theorems:

Theorem 5.2. Suppose (Hy), (Ha)—~(Hy) and (4.2) hold. Assume further that p >
%max {q,r}. Then the finite blow-up time T* satisfies the following estimate:

T +o0 2p ldC
5.1 *
>y :iéw> ?1(<m+<y+%p1wu+7g«Em»%4+4%4y

where ©(0) = [, F( v(0)) dx and the positive constants v; (i = 1,2) are specified in

63).
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Theorem 5.3. Suppose that the assumptions of Theorem hold. Then the finite blow-up

time T™ satisfies the following estimate:

(5.2) T > 21plog [1 + <W> mgp—l] 7

Y1+ 2
where the positive constants 7; (i = 1,2) are specified in (5.3)) and

2 2 2 2
0(0) = [lually + [lorllz + MID™ uoll3 + [[D™2wvol[3)-

To prove the above theorems, we first prove the following lemma (in the proof Cj,

i=1,...,5 are some positive constants):

Lemma 5.4. Assume that (Hs)' hold. Then, there exist tow positive constants v1 and 2
such that

2p—1
(5.3) /]fi(u,v)|2dx§fy,~ (/(|Dm1u|2+|Dm21)|2)da:> , i=1,2.
Q Q
Proof. Obviously, we have

| fi(w,0)] < Crllu+ o~ 4 [uf" ™ [of?)

< Co(Jul ™!+ o7 a7 o).

By Young’s inequality we obtain
a1 Jol? < Coul? ™ + Oy o7
Therefore,
(5.4) / i) de < 04/(\u|4p—2+ o[ 72) e
Q Q
Using (H2)’ and the embedding Hy"(Q2) < L*~2(Q) (i = 1,2) from we get
/Q |f1(u,0)* da < CaBP7>(| D™ ully" 2 + [ D™20]5" )
< Os(| D™ ull3 + [ D™0])5)% .

Therefore (j5.3]) follows. The same way can be followed to obtain similar inequality for
f2. O

Proof of Theorem [5.2] Theorem guarantees the existence of T*. We define
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Then, by using Young’s inequality and Lemma [5.4] we have

o'(t) = /Q (uefi + vify) do

(5.5) S;/Q(ut2+vf)dx+;/ﬂ(f12+f22)dx

1 1 _
<5 [0} + by dat G0+ (ID™ ul + D70l

By (2.1)), (2.3) and Lemma we obtain

/(ug + o) da +mo(| D™ ul3 + [ D™0])3) < 2B(t) +2 | F(u,v)de
Q

(5.6)

S—5—

<2E(0)+2 [ F(u,v)dz.

Consequently, by (5.5) and (5.6) we get

O'(t) < B(0) + O(1) + 2% *my~ (31 + 72)[E(0) + ©(1)]*

(5.7) < B(0) + O(t) + 24P Vi~ (v +42)[(E(0)* 7 + (0(1))*71].

Integrating (5.7)) over (0,t) we get

°® my ! d¢
65 > TR O T E T

From (4.20) and (5.6|) we see that ©(t) — +oo as t — T* . Hence, (5.1]) follows by letting
t — T* in (5.8). Thus, the proof of Theorem is complete. O

Proof of Theorem [5.3 We set
B(t) = [ (6} +oF) do -+ MOID™ a3 + D™ 0],
0

We have
(1) = —2ay ] — 2as |Jur]]] + 2/ (uufr + v fo) da.
Q

Using Young’s inequality, Lemma and (Hp) we obtain

<I>’(t)S/(uf+vf)dm+/(fl2+f22)dx
Q Q
< / (W2 + o) dx + (31 + ) (| D™ ul2 + | Do) 2)% !
(5.9) Q
= /Q<u? o) de + mE 2 (4 ) MDD 4 [ D2

< B(t) +my P+ 72) (D(E) P
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Integrating (5.9)) over (0,t) we get
(@) = —my ™ (31 +72)

5.10
(510 + [(@(0))*1 7P 4+ my ™ (31 + )] exp(2(1 — p)1).

By (4.20) and (2.1)) we can easily see that if t — T* then ®(¢) — +o00. Hence, (5.2)) holds
by letting ¢ — T* in (5.10)). O

Remark 5.5. Theorem [4.1] guarantees the existence of T* in Theorems [5.2] and
Remark 5.6. By (2.3) we have

B(t) = 2B(t) + 20(t) < 2B(0) + 20(2).

Hence, the estimate (5.2)) is also valid for ©.
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