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Well-posedness and Attractors for a Memory-type Thermoelastic

Timoshenko Beam Acting on Shear Force

Soh Edwin Mukiawa* and Cyril Dennis Enyi

Abstract. In this paper, we study the large time behavior of a thermoelastic Timo-
shenko system with memory effects where the thermoelastic coupling is acting on shear
force instead of the bending moment. We establish the existence of finite-dimensional

global attractor and an exponential attractor.

1. Introduction

In this work, we consider a thermoelastic Timoshenko system with memory effects, where
the thermoelastic coupling is acting on shear force instead of the bending moment. Pre-

cisely, we consider

(plutt — k(ugy +v)z +790, =0, x € (0,1), t >0,
P24 — buge + k(uy +v) — 0

+f0+oo h($)vgg(z,t — 8)ds + g(v) = f(z), =€ (0,1), t>0,

0301 — B0z + y(uy +v) =0, z € (0,1), t>0

with initial data

u(z,0) = up(x), v(z,0) = vo(z), 6(z,0) =0O(x), =€ (0,1),
ur(x,0) = uy (), ve(x,0) = vy (), z € (0,1)

(1.2)
and boundary conditions

0,) =
(1.3)
1,t

0(0,t) =0, t>0,
) =0(1,t) =0,

where u = u(z,t) is the transverse displacement, v = v(x,t) is the rotation angle and

ug(1,t) = v(

t>0,

0 = 6(x,t) is the difference temperature. The physical coefficients p1, p2, k, 7, 8 and

b are positive constants, h, g and f are given functions to be specified later. There are
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quite a number of results that exist in the literature concerning thermoelastic Timoshenko
beam problems. However, a great number of those results are related to the existence,
polynomial and exponential stability as well as general stability. For these types of system,
see for example [1}2,/104/11,|13,|14] and the references therein. For ¢ = f = 0 and finite
memory, system has been studied by many authors and various types of stability

results have been established. Messaoudi and Fareh [16}/17] considered

P1UL — k(ua: + v)a} + 90, =0, T < (0, 1), t >0,
(1.4) P2V — bUzy + k(ugy +v) — 70 + fot h(8)vgg(z,t —8)ds =0, x€(0,1), t>0,
p39t_60xz+'7(ux+v)t:()7 T E (07 1)7 t>0

with Dirichlet boundary conditions and proved a general stability result which depends
on the speeds of wave propagation. Apalara [3] studied with Neumann-Dirichlet-
Dirichlet boundary conditions and established a general stability result without imposing
any condition on the speed of propagation. The result in [3] shows that the boundary
conditions neutralized the effect of the speed. For more existence and stability results
related to system we refer the reader to [1}|4}|6L(7,(12}|14}|15,|18-21] and references
therein. Feng and Yang [|9] considered nonlinear Timoshenko beam with a time-delay term
and proved the existence of global attractors and exponential attractors. To the best of
our knowledge, there are very few results concerning long-time dynamics of thermoelastic
Timoshenko beam system in the literature. See for instance the work of Fatori et al. [§].
The main goal in this paper is to study the long-time dynamics of the thermoelastic
Timoshenko beam system f. Our expected outcomes are as follows:

(i) Under suitable assumptions on the relaxation function A and the nonlinear function
g, we shall establish the existence of global unique weak solution in appropriate

spaces.

(ii) By using the asymptotic smoothness and the stabilizability inequality, we prove the

existence of a finite dimensional global attractor.
(iii) The existence of an exponential attractor will be also established.

We should mention that, by imposing a Neumann-Dirichlet-Dirichlet boundary condi-
tions , we are able to establish our results without any additional condition on the
speed of wave propagation, this in itself is quite interesting. In addition, the results of this
paper were obtained using a method similar to those used in the study of viscoelastic prob-
lems with memory. The remaining part of this work is organized as follows: In Section
we recall some basic tools and assumptions on the relaxation and nonlinear functions g

and h respectively. In Section 3| we establish the well-posedness for system ([1.1)—(1.3). In
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Section |4} we show the existence of global attractor for system 7. In Section
we show that the global attractor has a finite fractal dimension. Finally, in Section [6] we
establish the existence of an exponential attractor for system f.

Throughout this work, we denote the inner product and norm in L2(0,1) by (-,-) and
|| - || respectively. Also, the letter C' or Cy, i = 1,2,3,..., are positive generic constants

that may change from one line to another, or perhaps within same line.

2. Problem setting and preliminaries

In this section, we recall some useful materials and conditions. For this, we assume that

the relaxation function h admits the assumptions:

(A1) The function h: [0,+00) — (0,+00) is an absolutely continuous function satisfying
h(0) > 0, b—/ h(s)ds = by > 0
0

and there exists a positive constant ¢ such that for almost every y € RT,

(2.1) W(y) +&h(y) <0
(A2) We assume g € C'(R) and the function G(s) = [ g(7) dr satisfies for some constants
Cl, 02 >0
G(s) sg(s) = C1G(s)

(2.2) lim inf >0, liminf

P) 2 Oa g/(S) Z *CZ
[s|>4o00 S |s|—4o00 S

2

It’s easy to deduce from ({2.2) that for any p > 0, there exist constants C,,, C’; >0

such that
(2.3 G(s) + ps* = —C,,
(2.4) sg(s) — C1G(s) + ps* C;), VseR.

For instance, the function g(s) = s|s|7, 0 < v < 400, satisfies ([2.2]).

Denote )
—/0 b(z)dr and §=o—m(g).

Integrating equation (1.1)); over (0,1) and making use of the boundary conditions (1.2)),

we obtain

d2 1
(2.5) al752/ u(z,t)dx =0, ie, m(uy)=0.
0
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We solve (2.5)), taking into consideration the initial data of u in (|1.2)), we get
m(ur) =m(u;) and m(u) = tm(uy) + m(ug).

Let
n'(z,s) = v(x,t) —v(z,t —s), t,s>0.

For simplicity of notations, we will sometimes suppress the superscript ¢ of n* and write n

instead of n*. Therefore, we have
(2.6) ne(x,s) +ns(z,s) —v(z,t) =0, ¢,5>0.

Therefore, using (2.6 and replacing v by @ in (|1.1), we have that (@, v, 0,n) satisfies

(plutt — k(ug +v)y + 60, =0, x € (0,1), t >0,
P2Vt — bV + k(uz +v) — 70

(2.7) - O+O° h($)Ngz(z,5)ds + g(v) = f(x), =€ (0,1), t>0,
p30s — BOrz + y(uz +v)r =0, r € (0,1), t >0,
[+ s — v =0, z € (0,1), t,s >0

with initial data

u(z,0) =up(z), v(z,0) =vo(z), O(x,0) = O(x), x€[0,1],
(2.8) u(z,0) = ui(x), ve(x,0) = v1(x), x € 10,1],
n(z,0) =0, n°(x,s) = vo(z) — v(z, —s), x € [0,1]

and boundary conditions

(0,8) =

0(0,t 0, t,s>0,
ul"(l?t) = U(lat) = Q(Lt) =

0, t,s>0.

(2.9)

1(0, s)
n(1,s)
We know that m(u) = 0, thus we have the Poincaré inequality
1911 < Xollg]|*  for any ¢ € H'(0,1).
In the rest of this work, A1 denotes the Poincaré constant, i.e.,

6]l < V/Mllgo]| for any ¢ € Hj(0,1).

Set
U = (4, p,v,,0,m)".
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Then, system ([2.7] . ) transforms into the Cauchy problem
(2.10) U+ AU = F{U), U(z,0)="Uy(x),

where

1 1 T
UO = (Hoaala/l)Ov/UlvHOuno)T’ F(U) = <0707 07 _p;g(v) + pr( ) 0 0) P

and the linear operator A is given by
—¥
—pﬁl(ux +0)e + -0z
—1p
—p%vm + p%(um + U) - 20— i o7 h(8) 100 (, 5) ds
emz + (‘Pm + )
Ns — 1/1

AU =

We consider the following space
H0,1) = {w e H(0,1) | wz(0) = w,(1) = 0},

and set
H = H!0,1) x L*(0,1) x H}(0,1) x L*(0,1) x L*(0,1) x M,

where M = L?(R*, H}(0,1)) is defined by

Li(RT, H(0,1)) = {w RT — H}(0,1) ‘ // 8)|w, (0, 5)|* dsdx < —i—oo}

// S)wg(x, 8)z4(x, s) dsdzx.

D(M) = {n,ns € M,n(z,0) = 0}.

endowed with the inner product

As well, we defined the space

We define the inner product
<(u7 ¥, 71[}7 97 7’)7 (av {57 i)\’ wa 97 ﬁ)>'H
1

1 1 1
:pl/ ppdr + pa 1/J¢dx+p3/ 99dm+b0/ VU dT
0 0 0 0

1 1 p+oo
+ k/ (ug + v)(Uy + 0) dx + / / h(s)nz(z, $)N(x, s) dsdz,
0 0J0

1183
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which together with H form a Hilbert space. Moreover, the domain of the linear operator
A is defined by
DAY UeH|ueH*0,1),p€ H(0,1),v € H*0,1),¢ € Hy(0,1),
' 0 € H}(0,1),n € D(M),n, € H'(0,1) '

3. Wellposedness

The theorem below is the wellposedness result for problem ((1.2)—(1.3).

Theorem 3.1. Assume (A1) and (A2) hold and f € L?(0,1). If Uy € H, then the Cauchy
problem (2.10) has a unique weak solution

U e C([0,400); H).
Furthermore, if Uy € D(A), then
U € C([0,+00); D(A)) N C'((0, +00); H).

Proof. In other to prove Theorem[3.1] we will show that the linear operator A is monotone
and maximal, then further show that the function F' is globally Lipschitz. For the maxi-
mality and monotonicity of A, see [9]. We turn our attention to show that F' is Lipschitz.
Let R > 0 and consider

BR = {W = (w1, w2, w3, ws, ws,ws) € D(A) : [|[W]|p < R}.

Let W, Z € Bf, using the embedding of H}(0,1) in L>(0, 1) and the fact that g € C*(R),

we have

_ 2 L o da
(3.1) 1E0V) F(Z)”H—m/o lg(ws) — g(z3)|°d

1
< 5||9'(W)||Loo(o,1)||w3 — 23l720,1) < CR)IW — Z|f3,,

where w = aws + (1 — a)z3, a € (0,1). Hence F is locally Lipschitz. It follows from

Hille-Yosida Theorem, the existence of a local unique weak solution, i.e.,
UeC([0,T);H), Tmn>0.

We now prove that the solution is indeed global, to do this, we show that ||U(t)|% is
uniformly bounded independent of time.
Now, we multiply (2.7)); by @, then integrate by parts over (0,1) while taking into

account the boundary conditions, we obtain

1d

(3.2) 5 (prl[@e]|? + Kllus +v)|?) = k(ug +v,v;) — (02, ).
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Next, multiply (2.7)2 by v, integrate by parts over (0, 1), using the boundary conditions
and (2.7 4, we arrive at

1d
2dt

—k(ug +v,v) + (0, v¢) // B (8)|n.(x, 5)|? dsdz.

[p2llvell® + bollva|* + 2(G (v), 1) + [|n:34 — 2(v, )]
(3.3)

Finally, we multiply (2.7)3 by 6, integrate by parts over (0,1), and taking into account

the boundary conditions, we obtain

1d _
52 0361%) = = BIIOa I + (62, T1) — 76, )

Addition of (3.2)—(3.4) gives
(3.5) // §)\a(x, 5)[2 dsda — Bl|6]> <0, V>0,

(3.4)

where
E(t) = %[Plllﬂtll2 + palloell* + p3ll011* + bollval* + lIna 134 + kllus + v]|?]
+5[2(G(v), 1) = (20, f)].
We integrate over (0,¢) and obtain
(3.6) B0 +5 [ 106 ds < BO). ez

From ([2.3)), Holder, Poincaré and Young inequalities, we get

—_

E(t) = 5 [pllael® + p2llvell* + psl|0]* + l|na 3 + klluz + v]]

[\

bo
+ (2= 0- 200 ) al? - 26, — I
We choose ¢ and p small enough such that by/2 — § — 2pA\; > 0, hence
(37) E(t> > COH(ﬂa ﬂtavvvtvean)”% - C.

Using Hoélder, Poincaré, Young inequalities, embedding of H'(0,1) in L®°(0, 1), and ([2.4)

we have that
~2(v, f) < OAtllva|* + ¢l 1%,
1 1 1
2(G(v),1) < c/ v?|g'(aw)|dx 4+ ¢ [ |v]|g(0)| dx + c/ v’ dx + C)
0 0 0

< e (llg'(@v)ll o0,y + 1)llvall* + ¢,
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where a € (0,1). It follows that

e
E®) < S [orlw@ll + palloell® + ps 01 + el + Kllue + v]1%]

b
+ 50 + e (64 g (@)l Lo,y + 1) | loal® + el fI? +c.

Thus, we have
(38) E(t) < COH(H7ﬂt’U7vt79a 77)”’3—[ +c
where co = co([|g’' ()] Lo (0,1)). Combining (3.6), (3.7) and (3.8), we arrive at
t
U @®)117 + C/ 162(s)1* ds < c(IUoll3, +1) <C, Vt=>0.
0

Therefore, ||U(t)||%, is bounded uniformly independent of time. The above computations
were obtained for regular solutions. However, by density argument the result remains true

for weak solutions. This completes the proof. O

4. Global attractor

In this section, we turn our attention to proving the existence of the global attractor for
the system ([2.7). Keeping in mind Theorem there exists a solution semi-group

Sit)y:H—H

defined by
St)Uy=U(t), Vt=>0,
where U is the unique solution to system ([2.7)—(2.9)).

Lemma 4.1. The semigroup S(t) is strongly continuous in H.

Proof. Let UJ = (ﬂj,ﬂ{,vj,vg,Gj,nj)T, j = 1,2 be two solutions of system ([2.7)—(2.9).
Then U = U' — U? satisfies

prug — k(ug +v)z + 70z =0, z € (0,1), t >0,
P20 — boUsy + k(uy +v) — 0

(4.1) - 0+°° h(8)Nzz (2, 8) ds + g(vt) — g(v?) =0, € (0,1), t >0,
P30t — BOzz + y(ug +v)¢ = 0, z € (0,1), t >0,
|7+ s — v =0, z e (0,1), t,s >0

with initial data Uy = U} — UZ.
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We multiply 1 by u, (4.1)2 by v, and 3 by 6, making use of 4, then
perform integration by parts over (0,1). Addition of the results from these leads to
1d
2 |
+(9(0") = g(v*), 00

)
1 1 roo
=—5!0z!2+2/0/0 W (s)|€ (2, 5) |2 dsda.

Therefore

pullael? + p2llvel* + bollvall® + p3llON® + llns 134 + Kllue + l]

1d
§£[P1|
< —(g(v") = g(v?), v).
Performing same computations as in (3.1]), we deduce that
1d
(4.2) 2di!
< c[pll@l® + pallvel® + p3 11011 + [Ina |3 + Kllue +]1%],

@) + p2llvell* + bollvall® + psllON + llns |34 + Kllue + v]]

pullael* + p2llvell* + bollvell* + psl|ON* + lInalI3q + llue + v]]

where c¢ is positive constant depending on UO1 and Ug. Applying Gronwall’s lemma to

([4.2)), we obtain
U3 < e (|Uol3), Vit =0.

This completes the proof. O
At this point, we recall some standard definitions and theorems that will be used to
prove the existence of the global attractor.

Definition 4.2. Let X be a Banach space. A set 4 C X is an absorbing set for the
semigroup S(t): X — X if for any bounded set B C X there exists a time ¢o(B) such that
S(t)B C # for all t > to(B).

Definition 4.3. A compact subset A of H is the global attractor for a semigroup S(t)

acting on a Hilbert space H if the following conditions are satisfied.
(i) A is invariant for S(t); i.e.,
St A=A, Vt>0.
(ii) A attracts any bounded subset of H; i.e.,
tliglo dy(S(t)B,A) =0, VBCH
where dp is the Hausdorff semi-distance defined by

di(A, B) = sup inf ||a — b||g.
acAbEB

Theorem 4.4. [5| Let S(t) be a dissipative semigroup on a metric space H. Then, S(t)

has a compact global attractor in H if and only if it is asymptotically smooth in H.
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4.1. Absorbing set

We will now show that the semigroup generated by the system (2.7)—(2.9) possesses an

absorbing set. We prove some technical lemmas as follows.

Lemma 4.5. We define the functional I1(t) by

1 x
0= [ 0 [ m(w)dyds
0 0

I1(t) along the solution of system ([2.7)—(2.9), satisfies the estimate
_ 1
43 G0 <-Jl el ol b (142 ) 107+ clul?

for any 1 > 0.

Proof. We differentiate I;(t) with respect to t, then make use of (2.7)); and (2.7)3 and
recalling that m(u) = 0, we obtain

1 T 1 z
() = —P3/ 9/ i (y) dydw—m/ 9t/ u(y) dydz

k:pg/ Qum—i—v)dx—i—fypSHH\P—&—B/ 0, u; dx

—me+¢AmAamw@m.

Using Poincaré and Young inequalities, we get for any e,

C
I{(t) < eaf|uq +v]|* + gll%ll2 +cll6z ] + %Ilﬂtll2 —yll@?

1 T 2
ceul+ ] [ ([ ) an
0 0

Using Cauchy-Schwarz inequality, the last term in (4.4)) is estimated as

([ a5 [ ([ ([ 08)
< 1/01 (/01 dac) (/Oluf(x)da:> dm-Z/ w2 () dz.

(4.4)

Hence (4.4) gives

1
hU<—|mW+@MwHW+cQ+ )ww%wmw. =
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Lemma 4.6. We define the functional I5(t) by
1 T
L(t) = —pl/ (ug —I—v)/ u(y) dydx.
0 0
I5(t) along the solution of system ([2.7)—(2.9), satisfies the estimate

(4.5) L) < —*Hux +l? + ellall® + cllml|* + cflvel|*.

Proof. We differentiate I5(t) with respect to ¢, then making use of (2.7); and noting that

m(w) = 0, we obtain
1 T 1 T
L) = —pi / (uz + ) / wely) dydz — 1 / (uz + V) / () dyde
0 0 0 0

1 1 x
= g+l / (g + 0)0dz + pr | — o1 / o / () dyda.
0 0 0

Using Poincaré, Young and Cauchy-Schwarz inequalities, we get

k 1 T 2
15(0) < gl -+ ol + B+l + clt? e [ ([“mdy) o
0 0

IN

k _
=5 lla + vl* + ellfs | + e[l + cfloe]* =

Lemma 4.7. We define the functional I3(t) by

+oo

I3(t) along the solution of system 1}1 , satisfies the estimate

0 p2(b—bo)

513( ) < 5

1 1
(1.6 FaallfI2 4 2lgOF + |1+ 2+ =04 19 @0l o) I

+oo
—c// $)|ne(x, 5)|? dsdx

for any 1,2 > 0, where a € (0,1).

loell® + e llval|* + e2llue + vl* + 2161

Proof. We differentiate I3(t) with respect to t, then making use of (2.7))4, we obtain

+oo +°O
—Ig = —pg/ vtt/ (z,s dsdaz—pg/ vt/ ($)ne(z, s) dsdx
+oo +oo
= —pg/ vtt/ (z,s dsdx—pg/ vt/ —ns(x,s)) dsdz

+oo
—pa(b— bo)||ve]|? —pg/ vtt/ n(z, s) dsdx
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o / L [h(s)n(x 8 - / T i syn(e, ) ds| da

+oo
= pa(b— bo)ur]]? — 2 / / (. ) dsdz

+oo
—pg/ vt/ n(z, s) dsdx.

Now, making use of (2.7 2 and integration by parts, we arrive at

0 +°°
513( ) = —pa(b—bo)]|ve||? —pg/ vt/ n(x,s) dsdx
+00 1 400
—|—b0/ vm/ h(s)nz(z,s) dsd:v+k:/ (ux—{-v)/ h(s)n(x,s) dsdz
0 0
Js
(4.7) = ” . ’ )
—fy/ / n(z, s dsda:—i—/ </ h(s)nz(x,s) ds> dx
0 \Jo
Js
1 +o00 1 +00
+/ g(v)/ h(s)n(:r,s)dsdx—/ f(ac)/ h(s)n(x,s)dsdx .
0 0 0 0
J@ J7
Using Poincaré, Young and Cauchy-Schwarz inequalities, we estimate Ji,Js,...,J7 as
follows:

b b +°°
2ty < 20 =%) e ongo) / / 9)lma (. 5)|? dsda,
b—b +oo
J2<t>s*\|vx||2+*“ / / h(s)ne (2, ) 2 dsda,
2 €1 0.Jo
b—bo)\y [ [T
Ty(0) < 21 g +of? 4 LN L[ memate ) s,
1 0J0
b—bo)\y [ [T
710) < 22l 0P + LR ), s,
2 0J0

1 p+o0
S/o ; Vh(s) [V h(s)nz(, s)] dsdx

< /01 </0+OO h(s) d5> </0+00 h(s)n3(z, s) ds> dx
1 /400
< (b —bo) /0 /0 h(s)|ns(z, s)\2 dsdz,

1 +oo 1 +o00
Jo(t) = /O (9(v) — 9(0) /0 h(s)n(a, s) dsda + /0 —g(0) /0 h(s)n(a, s) dsde
1 , “+o00 )
S/o g(ow)v/o h(s)n(x,s) dsdx + 2|g(0)]
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2

+< 01 </O+Ooh(s)77(:x,s)ds> do

- (b —bo) M (1 + || ()T (o 1) L[+
< S llvall + €1 - /0/0 h(s)lns (@, 5)I* dsda

+ealg(0) %,
c(b—bo)\ [L [T
Ji(t) < eallfI2 + (0)1/ / h(s)lna(z, )2 dsdz.
€2 0J0

Substituting Ji, Ja, ..., J7 in (4.7)), the expected estimate (4.6]) follows immediately.

Lemma 4.8. We define the functional I4(t) by

1

I(t) = pg/ vug dx.
0

I,(t) along the solution of system ([2.7)—(2.9), satisfies the estimate

1191

O

bo
(4.8) Ii(t) < —ZH%\P + p2llvel|® + ellug + ol* + ell0al* + ¢l 17 + (b — o)1l 3 + -

Proof. We differentiate I4(t) with respect to t, then make use of (2.7))2, we obtain

1 1
Ii(t):pg/ ’UthLU—’—pQ/ vy dx
0 0
1

1
:p2|’vt”2_b0uvx”2_k/ (Ux—{—v)v—i—’y/ vl
0 0
s

- /01 " /om bl () dsds — [ ug(o) do -+ / of () d.

Next, using Poincaré and Young inequalities, we obtain

bo
Ii(t) < —§||Ua:H2 + palloel? + cllug + vl* + cll6e 1> + ¢l £

_ /01 vg(v) dx + C/Ol </0+oo s d5>2 .

Now, taking into account Cauchy-Schwarz inequality and condition ([2.4)), we deduce

(4.9)

2

/01 (/0+°° h(s)n.(z,s) ds> dr < (b— bO)llmllﬁw

1
—/ vg(v) de < (C1 + 1)Aipllve]|* + C;,+C, for any p > 0.
0

Hence the estimate (4.9)) yields

bo
I(t) < — (2 — CP> vz l|* + p2llvel|* + cllug + v]|* + cl|62]* + || £]I?

+ (b= bo)nal34 + €, + Cp.

We choose p small enough such that by/2 — ¢p > by/4 and (4.8) follows immediately.
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Let the functional .Z be defined as
ZL(t) = NE(t) + N1I;(t) + Nala(t) + N3Is(t) + La(t),
where N, N1, Ny and N3 are suitable positive constants to be determined later.

Lemma 4.9. There exist positive constants 01, 02, 03 and o4, such that the functional

Z(t) along the solution of system (2.7)—(2.9), satisfies
(4‘10) Ql”(ﬂ, Ut, v, v, 9777)(75)”31 —02 < g(t) < Q3||(ﬂ7ﬂt7v’vt’ 9777)(75)”%-[ + 04, VE2>0,
where 03 = 03(|lg' ()| < (0,1))-

Proof. On the one hand, using Hélder, Poincaré, Young and Cauchy-Schwarz inequalities,

we have
L) < NE(t) + Ni|I1(t)| + No|Ix(t)| + N3|I3(t)| + | 1a(t)]
N Nps 1 x 2
Pl (g S ) o+ e+ ) [ [Cma) as
0 0
Nk Np
(4.11) <N2p1+> |z + v||* + <c+N3p2+22) || ve||?

1 Nby 2, )
+N [ G)dz+ ( p3h+ —— 5 || *anHM
0

oo 2 1
+CN3/01 (/0+ h(s)n(m,s)ds) dx—l—/o lvf| dz.

Using assumption (2.4), we have

/

c,
/G dx</ vg(v) + pv?) dz + =L
Cl

1
(4.12) / jof? dz + / vl(st0) = 9@ e+ [ I0llg0) o

< X (@) o) + 1)uvx|| +C. e (1),

Also,
1
(4.13) / ofldz < M lug]? + e £
0

Hence, from (4.12)) and (4.13)), the estimate (4.11]) yields

(4.14)  2(t) < c(prlal® + pallvell® + bollvz|* + psl|6l* + Inall 34 + Ellus + vl*) +C
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where ¢ = c(||g'(av)|| < (0,1))- On the other hand, we have

L) > —

N ol + pallon 2+ bolloa |2 + 12 + s+ Kl + 0]?)
N 2pafluall? = 2C, — 5100 — Cs, IF12) = Naps (211012 + L2
2 (—20M = 26, — 8101 = o I12) = Nops (21012 + S
| 1. | (b — bo) A
- Napn (s + ol + Glm I ) = N (Gl + C= g,

2
1 A
~ (ol + G l?)

Hence, we deduce

N  Nips Ny N N3 1 N N 2
> | = - =28 2w+ = - =2 = — L pslle
202 |5 - 52 - 2 ol + |5 - 5= g sl + [ 5 - 5 sl
1 20\ 01\ P11 9 pg(b — bo) A1 9
N|(=- — - b — — Ng—/——————
N  Nipx 2 N 2
|5 = 28 b+ ol - (G enlr? + 56, ).
Now, we choose p and §; small such that
1 2
1 2pM 0N 0.
2 bo bo
then we choose N large enough so that
N N N. N N3 1 N N
& e 2 0, — 8 50, S -l
2 2p1 2 2 2 2 2 2
1 2pA\1 01\ P11 N p2(b — bo)A1 N Nip:
N{=-— - — >0, ——N3—————>0 d —— > 0.
(2 by bo % ~ 2 2 W YT T
It follows that
(4.15) . 2(t) = &(prllael® + p2lloel® + bollval* + psllON + Ina 134 + klluz + ) —
Therefore, the inequality (4.10) immediately follows from (4.14)) and ( - O

Lemma 4.10. There exist two positive constants oy and o, such that the functional £ (t)

along the solution of system (2.7)—(2.9)), satisfies
d
(4.16) ZLW () Sy, V20,

where o = al(”Q/(CW)HLOO(O,l))'
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Proof. Keeping in mind (3.5)), (4.3)), (4.5), (4.6)) and (4.8), we have

d [N b—b
520 <= |57 |l - | 2O N - ey = oy g P

[ 1 b
— |NB—c¢ <1 + £2> N1 — cNy — e9N3 + C:| HQQCHQ — [zf — €1N3:| va”2

[k
= | V25 —e2y —€1N3—C} [z + 0|2
: 11
# e (14 24 L@t I @) ) + 6] el
N bt 2
+ 5 = cNs R (s)|nz(z, s)|* dsdx + C.
i 0Jo
We take €1 = by/(8N3) and €2 = kN3 /(4N1), then using (2.1)), we obtain

d N b—b
do)< - [2” - N2C} 2 [”2% Ny Ny pz} o

AN, kN )
b kb
- l? - [k = % = o] o o2

48
¢ AN;  8N;
— [N2 —cNg [14+&+ W, T W(l + g (@) Z01y) ) = (0= o) | Inall3s

+C.

Now, we choose Ns large enough such that

k by
N21—§—6>0,

then choose N7 large enough such that

N
Ny Noc > 0.
2
We can then choose N3 large enough such that
p2(b —bo)

5 N3 —cNy —cNa — pa > 0,

finally we choose N large enough such that
4Ny kN3
NB—c|14+— | N1 — — | Ny —
I3 c(+kN2> 1 <C+4N1) 9o—c>0

and
& 4N;  8Ns , 9
N§ —cN3 (1+&+ N, + K(l + llg' (@v)l[1000,1y) | — (b= bo) > 0.
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We deduce that

d
(417) %g(t) < 7ﬂ1||(a,ﬂt,v,’0t,9, 77)“3—[ + 52’

for some positive constants 31 and (2, where 81 = B1(||g’(aw)]| Lo (0,1)). Due to (4.10) and
(4.17), we obtain (4.16)). O

Theorem 4.11. Let the assumptions of Theorem hold, then the semigroup S(t) of
system (2.7)—(2.9), possesses a bounded absorbing set B in (H,S(t)).

Proof. We integrate (&16) over (0,t) and we obtain
L) <L) +az(1 - ™) < Z(0)e™ ™ + .

Using (4.10)), we get
S 2 1 —at 1
| (@, g, v, 01,0, ) |3 < E.,S’(O)e + E(OQ + 02)

1
< C(R)||(w@o, @1, v0,v1, 00, E) I3, + a(az + 02 + 04).

Therefore, for R > \/i(og + 02 + 04), the ball #(0, R) is a bounded absorbing set in
(H,S(t)). This completes the proof. O

4.2. Asymptotic smoothness of the semigroup S(t)

We will now establish the asymptotic smoothness of the semigroup S(¢) generated by
system ([2.7)—(2.9) in H. The following lemma will be used in the sequel.

Lemma 4.12. [5| Let H be a Banach space. Assume that for any B C H bounded and
positively invariant and for any € > 0, there exists T = T (e, B) such that

1S(T)yr — S(T)y2llg < €+ Vr(y1,vy2), Yyi,y2 € B,
where ¥p: H x H — R satisfies, for any sequence {y,} C B,

lim lm W7 (yn,, Yn,) = 0.

j—o0 k—oo

Then S(t) is asymptotically smooth.

Let U7 = (ﬂj,ﬂz,vj,vf,ﬁj,nj)T, j = 1,2 be two solutions of system (2.7)—(2.9)), with
corresponding initial data Uj = (u),u), v}, v1,05,n%)T € B, j = 1,2, where B C H is
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a bounded and positive invariant set for the semigroup S(t). Let U = U! — U? and
Up = U}l — UZ. Thus, U satisfies

(

pruee — k(ug +v)z +0, =0, € (0,1), t >0,
P20t — boVzy + k(uy +v) — 0

= Jo % M es(w, 8) ds + g(v") = g(*) =0, € (0,1), t >0,
p30; — B0z + y(uz +v)¢ =0, z € (0,1), t >0,
\Ut+775—11t:07 xz € (0,1), t,s >0

with same boundary conditions as in (2.9). Next, we multiply (4.1); by @, (4.1)2 by
ve, and (4.1)3 by €, making use of (4.1))4, then perform integration by parts over (0, 1).
Addition of the results from these leads to

419 SR =007~ 0N ~ g0+ [ [ W6t ds

where

1 _
(419) Eit) = i(mHUtHQ + palloell® + bollval® + psll 0N + lInal3a + Kllua + v[|?).
We have

1
—@@w—gw%wagpxh—mmmW+c/“mww—gw%Qw
0

4.20 !
(4.20) gpxh—mmmW+cmmm&mmnA|w%u

< pa(b—bo)llvel® + Cllv]|*.

Hence from (4.18)) and (4.20)), we conclude that

d b—bo)
(4.21) %El(t) < —B|6.]1> + palb = bo) 5 0) Jvell? + // 8|1 (x, 5)|? dsdx + Cglv||?.
Let the functional .#(t) be defined as

ﬁ(t) =nk; (t) +n1lq (t) + nolo (t) + TL3L3(t) + L4(t),

where n, ni, ne and n3 are positive constants to be chosen later, while

1 T 1 x
w:—m/e/ﬁmw@m, L)) = =1 [ (s =) [ wuly) dydz,
0 0
+oo 1
= —,02/ vt/ n(xz,s)dsdx, L4(t) :pg/ vy dx.
0
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We have that
(422) lel (t) S 3?(75) S w2E1 (t), Vi Z 0

for some positive constants w; and wsy. Indeed, making use of Young, Poincaré and
Cauchy-Schwarz inequalities, we have
| Z(t) — nEr(1)]
< na| Ly ()] + na|La(t)] 4 na|Ls(t)| + [La(t)]
< 1 p3)|0]| + e(na + na)l[we]l + n2pt||us + ol
+nzp3||ve|? + ens(b — bo)MInal g + P3N va ]l + clfve |
< c(prllall? + p2llvell? + bollval® + p3101% + lIna I3 + klluw +v]1?)
< cEi(t).

Thus for n large, we deduce (4.22)).

Lemma 4.13. There exists w > 0 such that

(4.23) F(t) +wZ(t) < Csllv@)]?, Vt>0.

dt

Proof. Performing similar computations as those of Lemmas 4.8, we obtain
1
L4(0) < -1l + el + o1 + ¢ (14 2 ) 10012+l
k _
Ly(t) < =5 lluz + 0l + cll6ul|* + el + cllve|?,

b—b
@M)%wg—”ﬂz”wm+aWM+@mﬁwW+MWW+%mw

+oo
o142 )mmwg// (e, 9|2 dsd,

bo
Li(t) < —5||vx\|2 + p2lloel® + clluz + olf* + ¢llfa|® + Callvl* + (b — bo) 1z |34

It follows from (4.21]) and (4.24]) that

— —nacC

d b—1b
ﬁ( ) [m17y } ”ﬂt||2 _ |:P2(0)n3 —Cnp —cng — P2:| HthQ

dt L 2 4
[ 1 2 bo 2
—|nf—c 1+5 ni — cng — g9z + ¢| [|0z]]° — 5 T E1ns l|v]]
= |25 —e2m —z-:m;;—c} |z + v|)?

I 1 1
i mm(1++) @b@hmmi1

+oo
+135 —cn3 // $)|nz(z, 5)|* dsdz.
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Now, with appropriate choices of €1, €9, n, n1, no, ng done in a manner similar to that of

Lemma [4.16, we obtain

d
(4.25) 7 ) < CE(t) + Calv(t)|?.
Therefore, (4.23)) follows from (4.22)) and (4.25)). O

Theorem 4.14. Under the assumptions of Theorem the semigroup S(t) of sys-
tem (2.7)—(2.9) is asymptotically smooth in H.

Proof. We integrate (4.23) over (0,t), then on account of (4.22)), we deduce

t

w

Eq(t) < —2E1(0)6_Wt + CB/ ||v(s)\|2ds.
(7o) 0

Using (4.19)), we obtain

t
(4.26) (@, @, v, 01, 0,m) 3, < Cll(@o, @, vo, v, 00, 7°) |3, + CB/O lo(s)]* ds.

Thus .
U1, < IVl + Cs [ (o) P s
Let € > 0 and select T" large enough in (4.26)), we deduce that
IS(T)Us = S(TUg 13, < € + ¥ (Ug, Ug)

for every U}, U2 € B, where the function W7: H x H — R is defined by

(UL, U2) %m/w 2(s)]2 ds.

0<t<T

Let {(@on, Win, Von; Vin, Oon, Mon) tn>1 C B, since B C H is bounded and positively invariant,

then the corresponding solutions

{(@n (@), (@)n (), vn (1), (V1) (1), O (), N () }nz1

is uniformly bounded in H. Hence

{(@n(8), (@)n(t), va (1), (V)n (1), On(t), N (s)) 1

is a bounded sequence in

C([0,T],H).

It follows that {v,(t)} is bounded in

C([0,T], H}(0,1)).
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Using the compact embedding of C([0, 71, H(0,1)) N C*([0, 71, L*(0,1)) into C([0,T7,

L?(0,1)), we can extract a subsequence {vy, (t)} which converges strongly in
C([0,T],L*(0,1)), VT > 0.

Therefore .
lim lim sup / [[vn; (8) — vy, (8)[|Pds = 0
0

Jj—00 l—00 0<t<T
and so

lim lim Wr(Uop,, Uon,) = 0.

j—o0l—o00
By applying Lemma we obtain the asymptotic smoothness of the semigroup S(¢) in
H. O

Theorem 4.15. Under the assumptions of Theorem the semigroup S(t) of sys-
tem (2.7)—(2.9) possesses the compact global attractor A in H.

Proof. InT heorem we showed that the semigroup S(t) of system f possesses
a bounded absorbing set £ in H, and furthermore showed in Theorem that the
semigroup S(t) of system — is asymptotically smooth in H. The result follows
by the application of Theorem [£.4] O

5. Finite-fractal dimension

We devote this section, to showing that the global attractor A obtained in Section
possesses a finite-fractal dimension. We first present some needed basic concepts and
results. The reader is referred to [5] and references therein for more details.

Let X be a metric space and K C X be a compact set, then the fractal dimension of
K is given by

) ) In(n(K,e€))
dim¥ K = lim sup ————2~,
! e—0 P In(1/¢)

where n(K, €) is the minimal number of closed balls with radius e that cover K.

Suppose nx(-) is a seminorm on a Banach space X, it is known that nx is compact
whenever for any sequence z; — 0 weakly in X we have that nx(z;) — 0.

Let X, V, Z be three reflexive Banach spaces with X compactly embedded in V', we
set H =X xV x Z. We consider the dynamical system (H,S(t)) where

(5.1) S(#) (o, y1, 20) = (y(t), we(t), (), (yo,91,20) € H,

is the solution of an evolution problem, and y, z satisfies the regularity
(5.2) y € C([0,400), X) NCLH([0, +00),V), =z € C([0,4+),Z).

We state the following important definition and theorem.
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Definition 5.1. The dynamical system (H, S(¢)) is said to be quasi-stable on aset Y C H
if there exists a compact seminorm nx on X and nonnegative scalar functions «(t) and
#(t) which are locally bounded in [0, +00), and 8(¢) € L'((0, +00)) with lim;_, o 3(t) = 0,
such that

(5.3) 1S() (o, y1-20) — SO W, vi> 2 H < a1 (wov1-20) — (Wg» vi> 20) |1
and

1S (o, y1»20) — SE WS, i 20) | H < BE (w6, i-20) — (W5 vis 20) | H

+o(t) Oiilit[")‘(yl(s) —y7(s))]”

(5.4)

for any (v, 91, 28), (¥3,v%,23) € U. The inequality (5.4) is known as a stabilizability

inequality.

Theorem 5.2. [5] Let the dynamical system (H,S(t)) be given by (5.1) and satisfy (5.2)).
If (H,S(t)) possesses a compact global attractor A and is quasi-stable on A, then the global

attractor A has finite fractal dimension.
Here is the main result of this section.

Theorem 5.3. The global attractor obtained in Theorem possesses a finite-fractal

dimension.

Proof. Let X = H}(0,1) x H}(0,1), V = L?(0,1) x L?*(0,1) and Y = L?(0,1) x M. Also,
set y(t) = (w,v), ye(t) = (U, ve), 2(t) = (6,n). Therefore, the dynamical system (H, S(t))
emanating from the solution of system ([2.7)—(2.9) satisfies (5.1) and (5.2). Let B C H,

be a bounded positively invariant set with respect to S(t). Let
Ug = (@, s, v, vt 05,m%), i=1,2.

We can see that U = U' — U? satisfies (4.1)). Hence, with similar computations as in

Lemma 4.1} we simply obtain
1S®Us — SUG I3 < e”l|Us — Ugllz, ¥t >0

for any Ug, U2 € B, where ¥ = 9(B) > 0. Hence, we set a(t) = e’ in (5.3)) and clearly,
a(t) is locally bounded in [0, +00). We now show that (5.4) is satisfied. Let’s define the

seminorm nx(-) by

nx (u,v) = [lul + o]
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We know that H{(0,1) is compactly embedded in L?(0,1). Hence, the seminorm nx (-) is
compact on H}(0,1). We integrate (4.23)) over (0,t), then on account of (4.22), we obtain

t
IS()Us — S5 |13, < Ce™= Up — Ug' I3 + C%/ e ™ot —o?|P ds
0

t
< Ce UL — U2, + O / e =) ds sup [nx(y)]?
0

0<s<t

= B(t)|Us — Ul + (1) sup [nx(y)],
0<s<t

where
t
y = (ut —u? ol =P, Bt) =Ce ™™, ¢(t) = C%/ e =) ds, t>0.
0
We easily see that
B(t) € LY(RT) and lim B(t) = 0.
—
The boundedness of B implies that ¢(t) is locally bounded in [0,00). Hence, the con-
dition (5.4) is satisfied. Therefore, the dynamical system (H,S(t)) is quasi-stable on A.
Application of Theorem [5.2] gives that the global attractor A has a finite-fractal dimen-

sion. O

6. Exponential attractor
This section is devoted to show that the system (2.7)—(2.9) possesses an exponential at-
tractor.

Definition 6.1 (Exponential attractor). Let X be a compact subset of . A compact set
€ C X is called an exponential attractor for the semigroup S(¢) for the topology of H if

(i) & is positively invariant under S(t), that is, S(¢)€ C &, Vit > 0;
(ii) the fractal dimension of £ is finite;

(iii) there exists a constant ¢p > 0 such that, for every bounded subset B C X, there
exists a constant ¢1(B) > 0 such that

disty (S(t)B,E) < cre™ ', Yt >0.
Furthermore, we introduce the concept of generalized exponential attractors, in which
case the exponential attractor is said to have fractal dimension in a weaker phase space

H D H, sece [5,6] for more details.
We denote by H~1(0,1) the dual of H}(0,1), and set

H = L*(0,1) x H1(0,1) x L*(0,1) x H~'(0,1) x H*(0,1) x M’,

where M’ = L2(R*, L2(0,1)). We state the following result of Chueshov and Lasiecka [6].
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Theorem 6.2. Let (H,S(t)) be a dynamical system satisfying (5.1) and (5.2]). Assume
(H,S(t)) is quasi-stable on a bounded absorbing set B, and there exists an extended space
HD H, such that for any T* > 0,

(6.1) 1S(t)Uo — S )Usllg < C*t—t'|7,  t,t" €[0,T*], Uy € A,

where the constants C* = C*(#B,T*) > 0 and 0 < 0 < 1. Then (H,S(t)) possesses a

generalized exponential attractor £ C H with finite fractal dimension in H.
The next theorem is the main result of this section.

Theorem 6.3. Under the assumptions of Theorem the semigroup S(t) of system (2.7)—
(2.9) possesses a generalized exponential attractor € in H, with finite fractal dimension in
the extended space H.

Proof. Let 8 C H, be a bounded positively invariant set with respect to S(¢). Similar to
the proof in Theorem the dynamical system (#,S(t)) is quasi-stable on 2.
Let Uy € A, then differentiating the system (2.7)—(2.9), we deduce that the solution

(@, uy, v, v, 6,m) satisfies
(6.2)  prllual®y + pallvel>1 + p3ll0cl21 + bollvatl|2q + Elluee + vel|2q + Imellay < O

We have that
1S(#)Us — S(t")Uoll 5
< prllue(t) = ue(t)| -1 + p2llve(t) — ve(t)]|-1 + p3]|0(t) — O(')[| -1
+ bollva(t) = va ()| -1 + Kllua(t) — ua(') + v(t) — v(E)|[-1 + [n(t) — n() | mr

(6.3) .
< /t (luee ()| -1 + lose ()] -1 + 10e(s)[| -1 + l|vae(s)]] 1) ds

tl
4 [ aars) + o)l + o)) .
t
It follows from (/6.2]) and (6.3) that
ISt U0 — S(E)Uollg < C*(B, Tt — ', ¢ €[0,T7).

Therefore (6.1) holds, and we conclude that (#,S(¢)) has a generalized exponential at-

tractor with finite fractal dimension in H. O
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