EXISTENCE OF POSITIVE RADIAL SOLUTIONS FOR A
WEAKLY COUPLED SYSTEM VIA BLOW UP

MARTA GARCIA-HUIDOBRO, IGNACIO GUERRA AND RAUL MANASEVICH

ABSTRACT. The existence of positive solutions to certain systems of ordi-
nary differential equations is studied. Particular forms of these systems are
satisfied by radial solutions of associated partial differential equations.

1. INTRODUCTION

In this paper we will study existence of positive solutions to a system of
the form

—(rN i (uj(r)) = N fi(uiga (r)),
(D) i=1,...,n
ut(0) =0 = u;(R),

(2

where it is understood that u,1+1 = uy. Here, for ¢ = 1,... ,n, the functions
¢; are odd increasing homeomorphisms from R onto R and the f; : R — R
are odd continuous functions such that sf;(s) > 0 for s # 0. Also’ = %.
System (D) is particularly important when the homeomorphisms ¢; take
the form ¢;(s) = sa;(|s|), s € R since it is satisfied by the radial solutions of

the system

div(ai(|Vui|)Vu;) + fi(uip1(J2])) =0, =€,
(P) i=1,...,n
ui(|z]) =0, =z €09,

where Q denotes the ball in RY centered at zero and with radius R > 0.
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Furthermore, concerning the functions ¢;, f;, i =1,... ,n, we will assume
that they belong to the class of asymptotically homogeneous functions (AH
for short). We say that A : R — R is AH at +o0o of exponent ¢ > 0 if for any
oc>0

h(os)

: R}
(1.1) Sgr_{loo h(s) =0’

By replacing 400 by 0 in (1.1) we obtain a similar equivalent definition
for a function A to be AH of exponent § at zero. AH functions have been
recently used in [GMU] and [GMS] in connection with quasilinear problems.
They form an important class of non homogeneous functions which without
being necessarily asymptotic to any power have the suitable homogeneous
asymptotic behavior given by (1.1). In a very different context they have
been used in applied probability and statistics where they are known as
regularly varying functions, see for example [R], [S].

By a solution to (D) we understand a vector function u = (uq,... ,uy)
such that u € C1([0,T],R") and ¢;(u}) € C([0,T],R), i = 1,... ,n, which
satisfies (D).

In [CMM], the existence of solutions with positive components for a system
of the form (D) with n = 2 and with the functions ¢; and f; having the
particular form ¢;(s) = |s|P2s, ¢;(0) = 0, p; > 1, fi(s) = |s|% s, f;(0) =0,
0; >0, 1=1,2, was done. In [GMU], within the scope of the AH functions,
the case of a single equation was considered. In both situations the central
idea to obtain a-priori bounds was the blow-up method of Gidas and Spruck,
see [GS]. As a consequence of our results in this paper, those in [CMM] and
[GMU] are greatly generalized.

Next we develop some preliminaries in order to state our main theorem.

Fori=1,...,n, let §;,0; be positive real numbers and p;, p; real numbers
greater than one, and assume that the functions ¢;, f;, ¢ =1,... ,n satisfy
(Hy) $i(05) =oPi7l lim fi(os) = 0%,
s—+oo ¢;(s) s—+oo fi(s)
for all o > 0,
(Hs) — > 1.
g (pi —1)

To the exponents p;, d;, let us associate the system

(AS) (pl_l)El_(szEZ-‘rl = —Pi, Zzlv , 1,

E..1=F1.
From (H2), it turns out that (AS) has a unique solution (Ej,... , Ex), such
that E; > 0 for each ¢ = 1,...,n. An explicit form for these solutions is

given in the Appendix at the end of the paper.
Now we can establish our main existence theorem.

Theorem 1.1. Fori=1,...,n, let ¢; be odd increasing homeomorphisms
from R onto R and f; : R +— R odd continuous functions with x f;(z) > 0 for
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x # 0, which satisfy (H1), (H2), and

(Hg) sl—I>I(1) ¢Z(s) ’ sl—I>I(1] fZ(S) -7
for any o > 0. Additionally, fori=1,... ,n, let us assume that
" _
0;
(H4) — > 1,
g (pi — 1)
(H5) pi<N,i:1,...,TL, ‘HllaX {E’L_H’L}ZO7
i=1,....,n

where 6; = 11\72_—]){ and the E;'s are the solutions to (AS). Then problem
(D) has a solution (uy,...,u,) such that u;(r) > 0, r € [0,R), for each
i=1,...,n.

The plan of this paper is as follows. We begin section 2 by discussing
some properties of the AH functions that will be used throughout the paper.
Then we provide an abstract functional analysis setting for problem (D)
so that finding solutions to that problem is equivalent to solving a fixed
point problem. Section 3 is first devoted to the study of a-priori bounds for
positive solutions to problem (D) and then to prove our main theorem by
using Leray Schauder degree arguments. To show the a-priori bounds we
argue by contradiction and thus by using some suitable rescaling functions
we find that there must exist a vector solution v = (v1,... ,v,) defined on
[0,4+00) (vector ground state) to a system of the form

(N ol ()P 20l(r))

= CirN o (7)|% o (), r € [0, +00),

D
(Dp) i=1,....,n,
vi(0) =0, wi(r)>0, rel0,+00),
where v,4+1 = v1 and C; are positive constants, ¢ = 1,...,n. We observe here

the interesting fact that in this asymptotic system only properties of ¢;, f;
at +oo appear. We reach then a contradiction, and hence the existence of
a-priori bounds, by using hypothesis (Hs) which prevents the existence of
such a vector ground state.

In all of our previous argument the existence of suitable rescaling func-
tions is crucial. The lemma for their existence (as well as some of their
key properties) is stated without proof at the beginning of section 3 and its
proof (which is delicate and rather lengthy and technical) is postponed to
section 4. In section 5 we give some applications that illustrate our exis-
tence result. In particular, in example 5.2 we apply our existence results to
a system that contains operators of the form (—A,)", (—=A,)™, where for
t > 1 Ay = div(|Vu|'2Vu). We end the paper with an Appendix which
contains some technical results.

We introduce now some notation. Throughout the paper vectors in R”
will be written in boldface. Cy will denote the closed linear subspace of
C|0, R] defined by Cy = {u € C[0, R] | u(R) = 0}. We have that Cy is a
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Banach space with respect to the norm || - || := || - ||co. Also we will denote
by C;;, the Banach space of the n—tuples of elements of C'y endowed with
the norm ||ul|, := Z |[us]|, where u = (u1,... ,u,) € C}.
=
Finally we adopt the following conventions. By R, and R™ we mean
[0, 4+00) and (0, +00) respectively. For a function H : R — R (with hH(l] H)

0) we define H(s) := —8), s#0, HO )—O, and we note that if H is AH

of exponent p (at 400 or zero) then H is AH of exponent p — 1. Also if
i, © = 1,...,n, are real numbers or functions, we define v,4+; = ~; for all
1=1,...,n

2. PRELIMINARIES AND ABSTRACT FORMULATION
We begin this section with a proposition.

Proposition 2.1. Let h : R — R be a continuous function with h(0) = 0,
th(t) > 0 fort # 0, and let H(t) := fg h(s)ds and H : R — R as defined in
the Introduction.

(i) If h is AH of exponent p > 0 at +oo, then there exists to > 0 and
positive constants dy and do with 1 < d; < do such that

th(t)
2.1 < ——=< >
(2.1) dy < ) < da, forall t>tg,

h(s) = 400 as s — +oo, H(t) is increasing for t >ty and

(2.2) dih(s) < dsh(t) for all s, t such that tg<s<t.

(ii) If h is AH of exponent p > 0 at 0 then there exists to > 0 and positive
constants di and do, with 1 < dy < do such that
th(t)

dy < <dg, forall|t] <ty,
H(t)

H(t) is increasing in [—to,to], and
dy|h(s)] < dafh(t)]
for all s, t with |s| < |t] < to.

Proof. We only prove (i), since (i7) is similar. From Karamata’s theorem
(see [R], page 17, Theorem 0.6), it follows that for any o > 0

h(ot H(t 1
(2.3) lim (o) =0’ if and only if lim Al = —,
t—+oo h(t) t=+oo th(t) p+1
and thus, if h is AH of exponent p > 0, for £ > 0 (less than min{p, 1}) there
is a tg > 0, such that for all ¢t > tg,
p+1l—e¢ < h(t) < p—|—1+£.
t T H@) — ¢

(2.4)
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Setting dy := p+1—¢ > 1 and dy := p+ 1+ ¢ we have that (2.1) holds.
Now since h(t) = H'(t), from (2.4) we obtain that

(2.5) Cith =1 < h(t) < Cot®™™1 for all t > tg,

for some positive constants Cy, Co and thus h(t) — 400 as s + oco.

We observe now that the function H is a C! function for ¢ > 0, and that
H(t) = th(t)t%H(t) Then from (2.4) and since d; > 1, we find that H'(t) > 0
for ¢t > tg, i.e., H is ultimately increasing. Finally, and again from (2.4) for
to < s < t, we have that dih(s) < dldgﬁ(s) < dldgﬁ(t) < dah(t), ending
the proof of the proposition. =

As a consequence of this proposition we have the following result, which will
be used to prove our main result.

Proposition 2.2. Let h : R — R be continuous and asymptotically homo-
geneous at +oo (at 0) of exponent p > 0 satisfying th(t) > 0 for t # 0. Let
{wy} and {t,} C RT be sequences such that w, — w and t, — +oo (t, —0)
asn — oo. Then,

. h(tawn)
(26) W h(t)
Proof. We only prove the case when h is AH at +oo, the other case being
similar. Let H(s) := [; h(t)dt and assume first w # 0. Then t,w, — +00
and by writing

h(tpwn)  thwph(tyw,) H(tawy) H(ty)

2.7 = ~
27) h(ty,) H(tpwn)  H(t,) tah(tn)
we see from (2.3) that to obtain (2.6) it suffices to prove that
H{(tnw,
(2.8) lim TLntn)
n—oo H(tn)

Since by proposition 2.1, H is ultimately increasing, given ¢ > 0 sufficiently
small, there exists ng > 0 such that for all n > nyg

fI(tnA(w —9) ﬁgtnwn) - ﬁ(tnA(w +¢))

H(t,) ~ H(t.) ~—  H(ty)
and thus (2.8) follows by using the fact that H is AH of exponent p and
g > 0 is arbitrarily small. Assume now that w = 0. We claim then that
h(tnwy)
im —————
n—00 h(tn)

=0.

If not,
h(tn,wn,)
hltng) — "
for some subsequences {t,, }, {wp,}, which implies that ¢, w,, must tend
to +00. Let now £ > 0 be such that e < p'/?. Since w,, — 0, there exists
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ko > 0 such that w,, < € and as t,, w,, — +o0o, both ¢, w,, and t,. e
belong to the range where H is increasing for k > ky.. Hence,

H{(tn,,) H{(tn,,)

Using now that H is AH of exponent p, by letting £ — oo we find that

limsupw < &f and hence, by (2.7), pu < limsup% <ef < p,
k—so0 H(tny) k—so00 "k

a contradiction. =

Finally, regarding properties of AH (at oo or 0) that we will need later on, it
is simple to see that if y, ¥ : R +— R are AH functions of exponent p and ¢
respectively, then y o is AH of exponent » = pq. Also, if ¢ is an increasing
odd homeomorphism of R onto R which is AH of exponent p — 1, then its
inverse ¢! is AH of exponent p* — 1, where p* = ]%.

We now find a functional analysis setting for problem (D). A simple cal-
culation shows that finding non trivial solutions with positive components

to problem (D) is equivalent to finding non trivial solutions to the problem
=N i(uf(r)) = N filluia (r))),

(A) i=1,...,n,

Let (u1(r),...,un(r)) be a non trivial solution of (A). Then for each

i = 1,...,n, we have that u;(r) > 0 and is non increasing on [0, R]. By
integrating the equations in (A), it follows that u;(r) satisfies

wi = M;i(uit1)
where M; : Cy — Cy is given by

R s
Mi)r) = [ 67 oy [ € hilo@)delds,
r 0

for each i = 1,... ,n. Let us define Tj : C’%’E = Cl by

To(u) := (M (u2), ..., Mi(wiy1), ..., Mn(u1)),

where u = (uq,... ,u,). Clearly Tj is well defined and fixed points of Ty will
provide solutions of (A), and hence componentwise positive solutions of (D).
Define now the operator T}, : C x [0,1] — Cl by

Tu(w, A) = (M (uz, A), ooy Mi(wig), ooy Mo (1))

where M : Cy x [0,1] — Cy is the operator defined by

R s
N0+ [ o [ €7 @D + Abdelds

0
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with i > 0 a constant to be fixed later. Define also S': C x [0, 1] — C by
(29) S(u, )\) = (Nl (’U,Q, )\), ceey Ni(ui+1, )\), ceey Nn(ul, )\))
where N; : Cy x [0,1] = Cy is the operator defined by

(2.10) N / o7

(Jv(&)])dglds, i =1,...,n

It follows from Proposition 2.2 of [GMU] that all the operators M, M;, N,
1 =1,...,n, are completely continuous, hence the operators Ty, T}, and S
are also completely continuous. We note that 73 (-,0) = Ty = S(-, 1).

To prove existence of a fixed point of Tj we use suitable a-priori estimates
and degree theory. Indeed, we will show that there exists Ry > 0, such that
degrs(I — Ty, B(0, R1),0) = 0, and also that the index (7, 0,0) is defined
and it satisfies i(7p,0,0) = 1, from where the existence of a fixed point of Tj
follows by the excision property of the degree.

Finally in this section, in our next lemma we will select the constant h
that appears in the definition of the operator T}, and hence fix this operator
once for all.

Lemma 2.1. Fori=1,...,n let the homeomorphisms ¢;, and the functions
fi satisfy (H1) and (Hz). Then there exists hg > 0 such that the problem
(2.11) u =Ty (u,1)

has no solutions for h > hy.

Proof. We argue by contradiction and thus we assume that there exists a
sequence {hj}ren , with hy — +00 as k — oo, such that the problem

u="7Ty,(u,l)

has a solution u, = (u1k, ... ,uUnk), for each £ € N. Then wuy, satisfies

(2.12)  upi(r /¢1 sN - /SN HA (g k(©)]) + hi)d€]ds

(2.13) wi(r /¢ - l/gN (g s (E))delds, i =2,... ,n,

for each k& € N. Clearly u;x(r) > 0, » € [0,R), and is non increasing for
r €[0,R], forall k € N, and all i = 1,... ,n. From (2.12)

ur(r) = (R =)oy (- ’“>, for all r € [0, R]

and thus for r € [0, %], (we choose this interval for convenience, but any
other interval of the form [0,7] C [0 R) will work as well) we find that

(2.14) uy (1) > f<z>1 (Rik)
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where we have used that wuy () > uy(R/4) for all r € [0, R/4]. Then,
using that f;(x) — 400 as * — +o0, from (2.13) and (2.14), by iteration, we
conclude that for any A > 0, there exists k4 > 0 such that for all r € [0, 3£]

(2.15) ujp(r)>A forall k>ky andall i=1,...,n.

Now, from the second of (H;) and (i) of proposition 2.1 there exist ¢y > 0,
1 < dy < dsy such that

(2.16) di fi(T) < da fi(?)

forallt > 7 >tpand alli =1,... ,n. Hence, by (2.11), and by increasing A
if necessary,

(2.17) di fi(luwiv1k(r)]) < dafi(luit1k(E)])

for all £ € [0,r] with r € [0, 3R/4]. Since from (2.12) and (2.13) we also have
that
3R
4 T
2.18) ui(r) > | 67 [ N1 (Jug dg]ds, i =1
( . 8) uz,k(r) el ¢z [SN_l 5 f1(|ul+1,k(£)|) g] S, 1=1,...,1Nn,
0

T

then, for k > k4, from (2.17) and the monotonicity of gb;l we have that

3R
4
_ R 3R
winlr) > [ 67Md fiunr))delds, e (5.5
where d = ij;%. Thus for all r € [£, & we find that
R _

(2.19) wik(r) 2 &5 Hd fiuipap(r))),
for all k£ large enough and for all i = 1,... ,n. Next, setting

_ Ry '(d filuirip(r))
A g (filuigk(r)

(2.20) bi (1)
(2.19) becomes
R R

(2.21) ik (r) > bip(r)o;  (filuizie(r)), re€ [Z’ 5]-

Observing that by (2.15) and (Hy), bjx(r) — ¢ as kK — oo, uniformly in
(£, 8], where c¢; is a positive constant, we have that b;(r) > C for all
r € [%, g], for all i = 1,... ,n and for all k sufficiently large and where C
is a positive constant. Hence, by (2.5) in the proof of proposition 2.1, for

€ > 0 small there is a ky € N such that
é.

Lo —¢ R R
(2.22) u; (1) > Cuffrl,lk (r), re [Z’ 5]7
forall k> kgand alli =1,...,n, and where C is a positive constant. Now,

by iterating in (2.22), we find that

(2.23) u1 k(1) = C(ul,k(r))il:ll<pi11_5>a
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where C' is a new positive constant. Since by (H2) we may choose 0 < ¢ <
n
min{pfil, i=1,...,n} so that .Hl(pfil - 5) > 1, from (2.23), we have
1=
(<) R R
i=1 " < = -
(ul,k(r)) = 4 2]7

which by (2.15) gives a contradiction for large k. This ends the proof of the
lemma. =

for any fixed r € |

3. A-PRIORI BOUNDS AND PROOF OF THE MAIN RESULT

In this section we will use the blow up method to find a priori bounds
for the positive solutions of problem (D) and then prove Theorem 1.1. Let
oi, fi,i=1,...,n be as in Theorem 1.1 and set

(3.1) @i(s):/oscz)i(t)dt, Fi(s):/osfi(t)dt, i=1,...,n.

In extending the blow up method to our situation it turns out that a key

step is to find a solution (z1,...,z,) in terms of s (for s near +00) to the
system
(3.2) Fi(a:i“)xi = IL’Z'+1(I)Z'(JJZ‘S), 1= 1, e, n.

In this respect we can prove the following.

Lemma 3.1. Assume that the homeomorphisms ¢;, and the functions f;,
i=1,...,n satisfy (H1), (Hs), (Hs), and (H4). Then

(i) there exist positive numbers sg,x?, and increasing diffeomorphisms o
defined from [sg, +00) onto [29,+00), i =1,... ,n, which satisfy
(3.3) Fi(ig1(s))i(s) = aip1(s)Pi(ai(s)s),
for all s € [sg, +00).
(ii) The functions «; satisfy

filaira(s)) 6 +1

3.4 lim = , 1=1,...,n.
34 M a9~ m
(iii) The functions «; satisfy
lim M:aEi forall o€ (0,400) i=1,...,n,

s—+oo y(s)
where the E;’s are the solutions to (AS).

We call these «;’s functions rescaling variables for system (D).

The proof of this lemma is rather lengthy and delicate and thus in order
not to deviate the attention of the reader we postpone it until section 4.

We next find a-priori bounds for positive solutions. To this end let h
satisfy the conditions of Lemma 2.1 and consider the family of problems

(Dy) { PNty (uh)] + eV (fr(luz(r)]) + Mh) =0,
PN i (up)] + eV fi(Juia (r)]) =0, A€ 0,1], i=2,...,n,
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uw;(0) =0=w;(R) fori=1,...,n.

)

Clearly, a solution to (D)) is a fixed point of Tj (-, \).

Theorem 3.1. Under the conditions of Theorem 1.1, solutions to problem
(Dy) are a-priori bounded.

Proof. We argue by contradiction and thus we assume that there exists a

sequence {(ug,A\g)} € C% x [0,1], with up = (urg,...,unk), such that
n

(ug, Ag) satisfies (Dy,) and [jug|| = X ||uikl]] = o0 as k — oo. It is not
i=1

n
difficult to check by using the equations in (D), ) that Y [Ju; x| — 0o as k —
i=1

oo if and only if |u; x| = oo as k — oo for each i = 1,... ,n. Hence, by
redefining the sequence (uy, \i) if necessary, we can assume that |u; || > so
(so as in lemma 3.1) for all i = 1,... ,n and for all k£ > 0. Let us set

(35) " —za (luall) and £ = o).

Then, v, — 0o as k — o0, and ||u; k|| < i, for each ¢ = 1,... ,n. Also by
(3.4)

filtivin) 6 +1

3.6 lim : =

(3.6) k=00 Yk @i (ti k Vi) pi

Next we define the change of variables y = 7, w;(y) = %}5) and set
wi = (Wik,...,Wwp). Clearly we have |w;(y)] < 1 for all y € [0,7;R].

In terms of these new variables and since (ug, \;) satisfies (D), ), we obtain
that (wg, \;) satisfies

filtaglwak(y)]) | Aeh

(3.7) = ot 1 () = Yy +—
Yk Tk
(38~ ot yy)) = D Gy,
k
(3.9) wix(0) = 0 =wjp(wR) for i=1,...,n,

where now ' = di. Let now T > 0 be fixed and assume, by passing to a

subsequence if necessary, that v, R > T for all £ € N. We observe that by
the usual argument, w;k(y) <0 and w;x(y) >0 for all i =1,... ,n, for all
k € N, and for all y € [0, T7.
Claim. The sequences {w;’k}k, i =1,...,n, are bounded in C[0,T]. In-
deed, assume by contradiction that for some i =1,... ,n, {w;k} contains a
subsequence, renamed the same, with ||w; ;||cjo,r] — 00 as k — co. Then
there exists a sequence {yx}, yx € [0, 7], such that for any A > 0 there is ng
such that [w]; (y)| > A for all & > ng. Integrating (3.7) (vesp. (3.8) from 0
to Y, we obtain

(3.10) gﬁi(ti,k’yk\w S+

Vi Ny

. Yk SN_lfi tz LW L (s )\khyk
D =u! | (tirrwinia(s) |
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Now let tg, d1, da be as in Proposition 2.1 and set M = max  sup fi(x).
i€{L,...,n} z€[0,t0]

Since t;j11 — +00 as k — o0, by redefining the sequence if necessary, we
may assume that #ﬂk) < % foralli=1,... ,n and all £k € N. Also, since
wit1k(s) < 1, if ti 11 pwig1 k(s) > to, then by Proposition 2.1 we have that
filtit1 pwir1 k(s)) )

filtizi) ~dy
Since if ¢ 11 pwit1,k(s) < to (3.11) holds by the definition of M, we have that
indeed (3.11) holds for all i = 1,... ,n, all k € N and all s € [0,7]. Hence
from (3.10) and the monotonicity of ¢; we find that

®i(tixyRA) ) fi(tiv1x)T hT
Gi(tigve) — di i(tigve) N Neéi(ti xve) vk

Thus, by (H;p) and (3.6), and by letting & — oo in this last inequality we
find that

(3.11)

Api-l < d2(5 +1)T
~di piN ’
which is a contradiction since A can be taken arbitrarily large and hence the
claim follows.

From this claim and Arzela Ascoli Theorem, by passing to a subsequence
if necessary, we have that wy, — w = (wq,... ,wy,) in C"[0,T]. Also, by
(3.5),

)

2ot pwi g (0 L szk(o))
; z:zl i (tz k)

and hence, by letting k& — oo and using (i77) of lemma 3.1, we obtain
1

(0),

n

E;

1= w;
=1

.

which implies that w is not identically zero.
Now by integrating (3.7) (respectively (3.8)) from 0 to y € [0, 7] and using
(3.9), we obtain

7 filtis1k

312 - dutna ) = fis() 2L
fori=1,...,n and all £ € N, where

Y n_qSi(topwak(s)) Achy
3.13 1N/3N1 mS o ds + ,
(313)  faly) = 0 fitar) N fi(tar)
and

Y i(ti i .

(3.14) fzk( ) = Yt~ N/ sN_lf( +1EY +1’k(5))ds, 1=2,...,n.

0 filtivik)
Using now Proposition 2.2, we have that %&M — (wiy1(s))%

for each s € [0,7] and @ = 1,...,n, and thus by (3.11) we may use the
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Lebesgue’s dominated convergence theorem to conclude that
(3.15) lim f;}k(y) = yl_N/ N- lwfﬂ(s)ds = ﬁ(y)
k—ro0 0

for each y € (0,T]. From (3.12),

o1 (Gik (y)ik)
3.16 - $ Gk Pk
(3.16) wip(y) = oL (ue)
where ~
_ fir(y) fileip1 ()
i = = d = ¢i(itik)-
Gik(y) b (o)) AR e bi(vwtik)
Then p, — +00 as k — oo and by (3.15) and (4¢) of lemma 3.1,
(3.17)  Gik(y) — ditlg i(y) as k — oo foreachye[0,T].

Integrating (3.16) over [O,y], we obtain

1/~

(3.15) wisl0) —wiply) = [ OO
()
Then, since by (3.15) there exists A > 0 such that |f;(y)| < A for all i =
1,...,n and all y € [0,7T], using (3.17) and the monotonicity of ¢~!, by
another application of the Lebesgue’s dominated convergence theorem, we
find that
1

U T = L N—1, & FYEs)
wi(0) ~wily) = (%) (s /0 Pl (0d) T ds,
and hence that w; satisfies

(Dp)T {_(yN1|wg(y)p¢2wz{(y))/ = (%)yNﬁlw?_il(y)’ y € (0,7,

wi(0) =0, w;(y) >0 forall ye[0,T].

We observe next that each component w;(y) is decreasing on [0, T"]. Thus
if for some 4, w;(0) = 0, then necessarily w;(y) = 0 for all y € [0, 7. But from
(Dp)r it follows that w;t1(y) = 0 for all y € [0,7] and hence by iterating,
that w =0 on [0,7], which cannot be. Now, for the purpose of our next
argument let us call {wi} the final subsequence, solution to (3.7), (3.8)
and (3.9), which by the limiting process provided us with the non trivial
solution w to (D,)r defined in [0,7]. We also set w! = w. Let us choose
next 77 > T. By repeating the limiting process following (3.9), this time
starting from the sequence {w} }, we will find a subsequence {ng}, which
as k — oo will provide us with a non trivial solution w’! to (D )T1 Clearly

wl is an extension of w’ to the interval [0, 7}], which satisfies wy (y) > 0,
1 =1,...,n. It is then clear that by this argument we can obtaln a non
trivial solution (called again w) to (Dp), i.e. w satisfies

(ORGP ) =By e ), v e 0450)
" wj(0) =0, wi(y) > 0 for all y € [0, +00).
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We claim now that under the hypotheses of Theorem 1.1 such a non trivial
solution cannot exist. The proof of this claim is entirely similar to lemma
2.1 in [CMM] so we just sketch it. An integration of the equations of (D))
over [0,7], r € (0,+00), shows that w,(r) <0, for all » > 0, and that
M) pilfl ﬂwf_ﬁ_
i N

Also it must be that w;(r) > 0 for all » > 0 and all ¢ = 1,... ,n. Now by
Proposition 2.1 and Lemma 2.1 in [CMM], see also [MI] for related results,
we have that for all i = 1,... ,n, w; € C?(0,+0c0) and that

(3.19) =Nl (r) P2 wl(r) > ( 1(r), for all r >0,

(3.20) rw;(r) + O;w;(r) > 0, for all » > 0.
Hence, from (3.19)
92wz(r) 1 2

> —wj(r) > Crritw/iy' (r)  forall 7 >0,
r

where C'is a positive constant. (In the rest of this argument C' will denote a
positive constant that may change from one step to the other). Multiplying
this inequality by r#+1 using (3.20) and system (AS), we obtain

d;

(3.21)  rPiaw;(r)>C (Pt (r)pi—T, forallr >0andi=1,...,n.
Iterating this expression n — 1 times, we find first that
noog
(3.22) rPiw;(r) > C(rFiw(r))7=1 e for each i=1,...,n,
and thus by hypothesis (Hs),
(3.23) wi(r) < Cr~% foreach i=1,...,n.
By (3.20), 7%w;(r) is non decreasing, and thus combining with (3.22),
(3.24) C; = wi(rg)rg" < wi('r)rei < Cr~Fipli = op=(Ei=0:),
for all » > rg > 0, for all ¢« = 1,... ,n and where the C;’s are positive

constants. If the strict inequality holds in hypothesis (Hs), we obtain a
contradiction by letting » — 400 in (3.24) and the claim follows in this case.

Next, let us assume that for some j € {1,... ,n} we have that E; = 6;.
Integrating the j-th equation of (D)) on (rg,7), ro > 0, using (3.21) and
iterating n — 2 times, we obtain

I8
PN )t 2 O [ SN (s ) P ds
To

n
where P} := ] ﬁ. Hence, since w;(r)r% is non decreasing, and using
i=1#j

that Ej = Gj,

,
TN_l\w;(r)|pj_1 > C/s_lds for all r > o,
7o
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where C is a positive constant. Hence by (3.20), we find
1

(3.25) rw;(r) > C’(log(;))pa‘7*1 for all r > ro,
0

which combined with (3.23) (i = j) and using that E; = 6, yields again a
contradiction and thus the claim follows.

In this form we have concluded the proof that solutions to (D)) are a
priori bounded. =

To prove Theorem 1.1 we need a last lemma. Let S be as defined by (2.9)
and B(0, p) denote the open ball centered at 0 and having radius p in C’gé.

Lemma 3.2. Under the assumptions of Theorem 1.1, there exists pg > 0
such that the equation

(3.26) u=S(u,\)

has no solutions (u,\) € (B(O,p) \ {0}) x [0,1] for all 0 < p < po. In
particular, the index i(S(-,1),0,0) = i(To,0,0) is defined and i(Tp,0,0) = 1.
Proof. We argue by contradiction and thus we assume that there exist se-
quences {ui} in C%, {px}, px > 0 such that |[ug|| = pr — 0, and a sequence
{A\t}, Ak €10, 1], such that

(3.27) up = S(uk, )\k)

Let up = (U1 4. ,Ung). Since u;i(s) < [lugl| for all s € [0, R], by (i)
of Proposition 2.1 we find that there exist kg > 0, di > 1, dy > dy, such
that fi(u;k(s)) < %fi(HukH), for all s € [0, R], for all k& > ko, and for all

1=1,...,n.
Then, from (3.27) we obtain that ug, k > ko, satisfies

MRz fi([Jwig1 k)

-1
luikll < ;' Nd, IR, 1=1,...,n,
and hence
luiklly _ Rds
(3.28) d)Z(T) < mﬁ(”’%—f—l,k“»
Using the fact that the functions ¢; and f;, i = 1,... ,n, are AH near zero,

we have that given € > 0 small, there are sy > 0 and positive constants C,

C, such that

(3.29) Csdite < fi(s) < Cs% for all 0 < 5 < 39,

and

(3.30) CsPi™1Te < () < CsPi™17¢ for all 0 < s < sp.

Hence by combining (3.28), (3.29), and (3.30), we obtain that ||u; || <
CHuZHkH% for all i = 1,...,n and k € N sufficiently large. Then by

n =
6]-—5

1*H Pi—1+

=5
iteration, there is a positive constant C' such that |[u; x| =' "~

E§Cfor
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each ¢ = 1,...,n. But this is not possible for ¢ > 0 small since ||u; || — 0

n
as k — oo, and since by (Hy) 1 — 'H 2 1+E < 0 for € > 0 small enough.

That the index i(S(-,1),0,0) = i(Tg,0,0) is defined and that i(7p,0,0) =1
is elementary. m

Proof of Theorem 1.1. It follows from Theorem 3.1 that if (u, ) is a solution
to the equation

u="T,(u,N), Ae]l0,1],
= (uq,...,up), then there is a positive constant R; such that Z lus|| < Ry

for all A € [0,1] and where we may assume Ry > po. Thus if B (0 Rl) denotes
the ball centered at 0 in C%; with radius Ry > C, we have that the Leray-
Schauder degree of the operator

I =Ty(-;A) : B(0, Ry) = CL
is well defined and constant with A € [0, 1]. Then, by Lemma 2.1

degLS(I - T07B(07R1)70) = degLS(I - Th('70)>B(07R1)70)
(331) = d@gLS(I_Th(',l),B(O,Rl),O)
=0.

Thus by Lemma 3.2, the excision property of the Leray Schauder degree,
and (3.31), we conclude that there must be a solution of the equation

u = Tp(u)
with u € B(0, Ry) \ B(0,¢y), for g > 0 small enough. =

Remark 3.1. We point out that condition (Hs) in our main Theorem 1.1
is only used to conclude that problem (D)) has no non trivial solutions on
[0, 4+00). Thus it can be replaced by any other condition which ensures this
property and enlarges the set of parameters {d;,p;} i = 1,... ,n, for which
the conclusion of Theorem 1.1 remains true. This remark will be illustrated
in Example 5.3.

4. PROOF OF LEMMA 3.1

Throughout this section we will use freely the definition H for a function
H that we gave in the Introduction.

To prove Lemma 3.1 we need some preliminary propositions. We begin
by noting that the functions ®;, £}, i = 1,--- ,n defined in (3.1) are C*
functions from Rt onto R*. Also ®; is AH of exponent p; — 1 > 0 at 400
and of exponent p;, —1 > 0 at zero and F; is AH of exponent §; > 0 at
+00 and of exponent 8; > 0 at zero. Furthermore Fj is strictly increasing in
some interval of the form (—t1,¢1), t; > 0, and in some interval of the form
(ta, +00), to > ty.
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For ¢ = (z1,... ,7,) € (RT)", we have that solving (3.2) is equivalent to
solving
(4.1) Ey(2ip1) — ®i(zis)s =0, i=1,...,n.

Proposition 4.1. For each fized s > 0 there exists a solution © € (RT)" of
the system (4.1).

Proof. Let us fix s > 0 and suppose that z € (R*)" is a solution to (4.1).
We have that (4.1) is in turn equivalent to the system

(42) T, = \I’i(,IiJrl) 1= 1 ey, N,

where U;(t) := 1<I> L ()) for t > 0, and i« = 1,... ,n. Here and in what
follows, for simphc1ty of the notation we will not show the dependence on s.
Hence the component x; of the solution satisfies [(x1) = 0, where

(4.3) I(t)=t— (¥ 0Wgy0---0W,)(t),

Conversely, if z; satisfies [(x1) = 0,, then by recursively defining z; =
V(xiy1),1=2,...,n, we find that x = (z1, ... ,z,) satisfies (4.1). Thus we
are led to study the zeros of the function /. Since the function ¥; is AH of

exponent i at +oo and of exponent = i at zero, t = 1,... ,n, we obtain

that the function ¥ o ¥y ... 0¥, is AH at +oo of exponent H 1 and at

zero of exponent H . Thus for a given € > 0 there are to > t; > 0 and
i=1""

two positive constants Cl C1(s) and Cy = Cy(s) such that

n

H( % _g)—1
(4.4) l(tt) <1 — Cyti=t nt for all t > to,
and
1(t ﬁ(—;i —e)-1
(4.5) Q >1— Cqti=1 it for all 0 < t < 3.

t
Since by (Hz) and (H4) we may choose € > 0 such that
i

ﬁ(pz )~ 1>0and H(Z

we have by (4.4) that [(t) < 0 for all large ¢ and by (4.5) that I(¢) > 0 for all
small positive ¢. Thus the equation /() = 0 has at least one solution, which
is what we wanted to prove. m

0 1—5)—1>0,

We note that for each s > 0 the set of solutions of [(t) = 0 is bounded (the
bound depending on s) but may not be a singleton. For s > 0 let us define
B1(s) :=min{t | I(t) = 0} and 1 (s) := max{t | {(t) = 0} (these max and min
are reached), and define recursively (2(s) to 5,(s) by Gi(s) = U;(Bi+1(s)),
72(s) to Yn(s) by 7i(s) = Wi(yi41(s)). Then, B := (B1,...,0n) : RT
(RO v = (y1,...,7) : RT — (RT)™ and B(s), v(s) are solutions to (4.1)
for each s > 0.
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Proposition 4.2. We have that

(i) Bi(s) = 400 as s — 400 for eachi=1,... ,n.
(ii) For each m > 0 there is a constant M = M(m) such that for all
0 < s <m, it follows that ||y(s)|| < M.

Proof. (i) We will show first that
(4.6) léglﬁ&fﬁl(s) >C forall i=1,...,n,

where C' is a positive constant. Suppose by contradiction that for some
Jj € {1,...,n} there is a sequence {sy} — 400 such that 3;(sx) — 0. By
(4.1),

(4.7) O (Fy(Biv1(sk) > Bilsk) i=1,....n,

for s > 1 and thus by an iteration process starting with ¢ = j — 1 we
conclude that §;(s;) — 0 for all ¢ = 1,...,n. Using now that the function
o loF 8 (4.7) that given ¢ > 0
small enough, there is a positive constant C such that

(ﬁm(sk))“&ils > CBisy) i=1,...,m,

and hence

5,
5 Lo —¢e)-1

H’:]:

(8(sx) )= > C

for some other positive constant C. Since by (H4) we may choose € > 0

no -
so that [] (ﬁ‘sjl —¢) > 1, this is a contradiction and thus (4.6) holds. We
=1 "

conclude then that there are a positive constant Cy Aand so > 0 sugh that
Bi(s) > Cy for all s > sg and all i = 1,...,n. Hence, F;(Bi+1(s)) > s®;(sCh)
for all s > sg, which implies that EIJP Bi+1(s) = +o0 and (i) is proved.

S oo

To show (ii) we assume there is an m; > 0 and a sequence {s;} C [0, m]
such that ~;(sy) — 400 as k — oo for some component ~; of vy(s) =

(71(8)y -+ ,n(8)). Since by (4.1)

@8 b (o (B (s0)) S wls) i=1.om,

mi mi
by iteration (starting with i = j —1) we find that v;(sx) — +oo for all

i = 1,...,n. Using now that <I> U and F; are AH at 400 of exponents
ﬁ and (5 respectively, for ¢ > 0 small enough we obtain from (4.8)
5j 5

that (’yj+1(sk))”j*17€ < C9j(sk), and thus by iterating, we conclude that

[T (o)1 )
(’yj+1(sk))j:1 " < C for k large, where C' and C are positive con-

) > 1,

n .
stants. Since by (Hz) we may choose £ > 0 such that [] (pfsj_l
=1

we have reached a contradiction. Hence (ii) is proved and the proposition
follows. m
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We begin now the proof of Lemma 3.1.

Proof of (i) of Lemma 3.1. Suppose first that there is a function a =

(a1,...,a,) : RT — (RT)" such that a(s) is a solution of class C! to
(4.1) for s in some subinterval I of RT. Then, for s € I, a(s) satisfies
(4.9) Fy(aip1(s)) — ®i(ci(s)s)s =0, i=1,...,n.

By differentiating with respect to s, we find that « is a solution to the system
of differential equations

(4.10)  ai(s,a(s))a(s)—bi(s, a(s))ai(s) = —ci(s,e(s)), i =1,... ,n,

where ' = %, and
(4.11)  ai(s, 0) = $2l(sq), bi(s, )= F/ (1) and ¢;(s, ) = ¢(s0y).
Conversely if a = (aq,. .. , ) is a solution to (4.10) in I, then «(s) satisfies

(4.12) Ej(ciy1(s)) — Pi(u(s)s)s =Cy, i=1,... ,n. forall s € I.

Hence if for some sy € I (so,a(sp)) satisfies (4.1), then (s, a(s)) satisfies
(4.1) for all s € I. At this point the proof of (i) of Lemma 3.1 consists in
showing that indeed the initial value problem

(V) {

ai(s,a:)xg(s) - bi(sa m)m'/i—&-l = _Ci(sa w)7 i = 17 cee s Ty
(s0) = o,
has a solution defined for all s > s, for some initial condition (sg, o) which
satisfies (4.1). Thanks to Proposition 4.1 we know that we can choose a pair
(s0,x0) satisfying (4.1) for any sg > 0.

Observing that the system in (IV') has the form (6.1) in the Appendix,
with 2(s) in the place of X;, we have that we can solve for the z}(s) in any

subset of Rt x (RT)" where [] % # 1 is satisfied. We will find next a
=17

point (sg,xg) and hence by continuity a neighborhood of this point where

‘H bi(s.2) # 1 holds. To this end, let us define the lower and upper envelopes

=1 a;(s,x)
of F, by
E-(z) = inf Fi(s), FE(z)= sup Fi(s).
s€[0,2] s€[0,2]
Then, v, Fi*, and ﬁ';r are nondecreasing and since Fis ultimately increasing,
there exists 7 > 0 such that F, (z) = F;" () = F;(z) for all z > ™y and
alli=1,...,n.
After computing the derivatives in (4.11), we find that
n n

bi(s, z) Fi(zit1)
4.13 =D A et VA
(4.13) H (S’w)g ®;(sz;)

i=1

a;(s,x)

n
where D(s,z) = [] (%ﬁgl)—l)(%—l)*l. Now, since the functions

fi, @i are respecti;ely AH at +o0o of exponent §; and p; — 1, from (2.3) in the
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proof of Proposition 2.1, we have that for € > 0 small there is an m; > 7y

such that for all ® = (x1,... ,x,) with 2; > m; and s > 1 it holds that
Fi(zit1)
and
0<p¢—1—8§ 78$Z¢Z(S$Z) -1 Spi—l-i-E,
(I)Z(Sl‘l)
n
foralli=1,... ,n. Thus D(s,x) > [] p‘sizie for all (s, ) in the set
i=1
S:={(s,x) |s>1,x; >my, i=1,... ,n}.

Since by (H2) we may choose £ small enough so that H > 1, we have

1+5
that D(s,x) > 1 for all (s,x) € S. Then from (4. 13) we ﬁnd that
Thi(s®) 1 Fiwi) 1 Biwe)
11 > 11 =11

ai(s, ) ®i(szi) % sD(sw;)

i=1
for all (s,x) € S.
By using (1) of Proposition 4.2 we choose now sy > 1 such that 3;(s) > my

i=1

foralli=1,...,n and all s > sy and set Ty = B(so). Then (sg, xg) satisfies
(4.1) and (30,:1:0) € IntS, implying that H Z(‘Zg fsg)) > 1. By continuity the

same is true for (s,x) € Qo := (so — o, so + o) X B(xg,ep) for some small
o > 0 and g9 > 0 and where B(xg,e0) is the ball in R™ centered at xg
and with radius 9. By using (6.1) in the Appendix we can solve for the
derivatives a} in (IV) in terms of (s, x) € Qo to obtain the equivalent initial
value problem

(IV,) i ﬁ bi(s,x)

:13(50) = Xy .

Since the right hand in the system in (/V) is continuous in €, by the
theory of ordinary differential equation problem (IV;) has a solution o =
(1(8),...,an(s)) defined in an interval (sg—~0, So+70), with v < po which
can be extended to the right as a solution of (IV;) (this extension is also
denoted by ) to a maximal interval of existence of the form [sg, w).

We claim that w = 4+o00. We argue by contradiction and so we assume
w < 4o00. Indeed, since a(s) satisfies (4.1), by the definition of the vector
function B we have that

Fit(aa(s)) > Fiaa(s)) = sPi(sai(s))
> sby(s6(s))
= Fi(Ba(s) = F (Ba(s)),
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and thus as(s) > fa(s) > my for all s € [sp,w). By iteration we conclude
that a;(s) > Bi(s) > mq for all i = 1,...,n and all s € [sp,w). Hence,
(s,a(s)) € IntS for all s € [sg, w). On the other hand by the choice of m;
the function ﬁ}(y) is strictly increasing for y € [my,+0o0), and thus it holds
that Fi’ (y) > 0 for all y > m;. Then from the definition of a;, b;, and ¢; in
(4.11) and the fact that @)(z) > 0 for all > 0, we see that the numerator
on the right hand side of the equations in (IV}) is positive for all (s,z) € S
and thus of(s) > 0 for all s € [sp,w). Also, it can be easily verified that
a;(s) < ~i(s) for all s € [sg,w) and all i = 1,...,n. Indeed, by the definition
of F,~,

F{ (0aa(s)) < Fi(aa(s)) = sPi(sai(s))
< s®yi(sm(s))
= Fi(72(s)) = F{ (92(s)),

and therefore by the monotonicity of F;~, we have that ag(s) < 72(s) for all

s € [sp,w), and thus iterating, we find that «;(s) < ~;(s) for all s € [sg, w)

and all i = 1,...,n. Hence, by (ii) of Proposition 4.2, we obtain that a;(s)

is bounded in [sp,w) and then lim «(s) =d = (di,...,d,) and (w,d) € S.
o

S—w
But from the continuity of the a;’s, and the fact that a(s) satisfies (4.1),
. L Fi(di+1) o : : s a! bi(wvd)
we obtain that Z1;[1 wbi(wd) 1 which implies z‘l;ll wwd) > 1. Hence we
conclude that a(s) can be extended to the right of w, a contradiction and
our claim is proved.

Thus the domain of the solution « to (IV), is [sg, +00). Now for i =

L,...,n, ai(s) >0, and a;(s) > Bi(s), for all s > so. Hence by (i) of propo-
sition 4.2 a;(s) = +00 as s — +00. Then «; : [sg, +00) — [Bi(s0), +00), is a
diffeomorphism onto [3;(sg), +00), for each i = 1,... ,n. Also (s, a(s)) sat-

isfies (4.1) for each s € [sg,4+00). This concludes the proof of (i) of Lemma
3.1. =

Proof of (ii) of Lemma 3.1. By (4.1), for each i = 1,... ,n , we have that
Fi(aiga(s))ai(s)
ait1(s)Pi(ai(s)s)

Since we can write

filaiga(s)) _ filoipi(s))eipa(s) Fi(aipi(s))ou(s) — Pi(ai(s)s)
si(ci(s)s) Fi(ait1(s))  Piai(s)s)airi(s) spi(ai(s)s)ai(s)’

and

=1, for all s > sg.

N O dels)s) 1
=utl. e s a(s)s

lim filaig1(s))air1(s)
s=oo Fiy(aiq1(s))

we have that (3.4) follows immediately. m

Proof of (iii) of Lemma 3.1. We begin the proof by observing that if h :
RT — RT is continuously differentiable then by an obvious modification in
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Karamata’s theorem, (see [R], page 17, Theorem 0.6), we have that
(4.14)

. sh/(s) . e 1. N(os) E_1
sggloo hs) = F > 0, if and only if Sginoo 7 (s) =077,
for all ¢ > 0. Then, by L’Hopital’s rule, we find that

h(os)

(4.15) s—lI—Poo h(s)

=o¥, forall 0 > 0.

From this observation the rest of the proof consists in showing that
504(s)
ai(s)
Since a satisfies (4.10) and (4.11) for s large, by computing the derivatives
of the coefficient functions in (4.10), we find that a satisfies

(4.16) — E;, as s —» +oo, foreachi=1,... ,n.

'SSO[;(S)— 'SMZ— or i = n
(I7) Ais) 5 = Bils) s = - 1,...,n,
where
() =[1— Di(sai(s)) (s _ filaina(s) 1. Fiaisa(s))
A6 =1 o atea®) PO siane) L e e @)

fori=1,...,n. We note that for each fixed s this system has the form (6.2)

sal;(s)

and thus it can be solved for — ) if ﬁ 5?8 # 1. Furthermore using the
T 1 7

AH properties of the ¢;’s and f;’s functions it can be seen that there exists

n
sg > 0 such that ] ﬁ’:gg # 1, for all s > sg (we leave these calculations to the
1 1

. . . . . pzfl . . . i
interested reader). Then, since sgrfoo Ai(s) = Fo—= and SETOO Bi(s) =, by

letting s — 400 in (4.17), it follows that (4.16) holds true, concluding the
proof of (iii) of Lemma 3.1. This in turn ends the proof of Lemma 3.1. =

5. APPLICATIONS

In this section we wish to show by means of simple examples the applica-
bility of our main theorem. We will denote by €2 the open ball, centered at
0 with radius R > 0 in RY.

Theorem 5.1. Let ¢, ¥ : R+— R be defined by
B(s) = |s[P27%s 4 s01(s) + als|P* 725, py > p1 > 1,

U(s) = |s|272s + s03(s) + b|s|" %5, g2 >q > 1,
where a,b are positive constants, and for i = 1,2, 8; : R — R, are even
continuous functions with 0 < 0;(s), s0;(s) non decreasing for all s > 0,
lin% s0;(s) = 0, and such that
s5—

0 0
im s0(s) =0 and lim s01(s)
s—+oo |s|P272s s—0 |s|P1—25

=0,
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0 0
m 502(s) =0 and lim 50a(s) =
s—+oo |s]9272s s—0 |s|11 725

Let also f,g: R — R by odd continuous functions defined by

f(s) = |s[%27 s + &i(s) + cls]'ls, 6y > 6, >0,

g(s) = |s|** s+ &a(s) +dls|™ 7 ts,  pa > >0,
where c¢,d are positive constants and for i = 1,2, & : R — R, are odd

continuous (not necessarily increasing) functions such that 0 < &;(s), for all
s >0, and

lim 5(13(5) =0 and lim §1(s) =0,
s—+oo |s|027 1 s—0 [s]01—1s
m $a(s) =0 and lim $a(s) =0.
s—+oo |s|H2—1g s—0 |s|mi—1g
Then, if max{ps2, q2} < N, (p2_512)’(‘§2_1) >1, (pl_éll)’&_l) > 1, and
{ p2(q2 — 1) + 22 N —po
max — ,
dopi2 — (P2 —1)(@2 = 1) p2—1
1 N —
(5.1) g2(p2 — 1) + pap2 Q2} >0,
dapi2 — (p2 — 1)(g2 — 1) @ —1

the problem
—div(|VuP2=2Vu) — div(62(|Vu|) Vu) — adiv(|Vu[Pr —2Vu)
= o) 2 () + E(0(@)) + 0@ o(x), @ in O
(P) < —div(|Vv|©272V0v) — div(82(]Vv|) Vo) — bdiv(|Vu|?~2V0)
= [u(@)|* " u(@) + &(u(®)) + du(@) "~ u(z), = in Q,
u(z) =v(x) =0, z € 09,

has a componentwise positive radial solution (u,v) of class C*.

Proof. It can be easily shown that the function ¢ is AH of exponent py — 1
at +o0o and of exponent p; — 1 at zero, while ¢ is AH of exponent ¢go — 1 at
400 and of exponent g; — 1 at zero. Also, the function f is AH of exponent
09 at +o0 and of exponent d; at zero, while g is AH of exponent ps at +oo
and of exponent p; at zero. It only remains to show that condition (Hs) is
fulfilled. Indeed, in this case system (AS) is given by

(p2 —1)E1 —02E2 = —po
—woE1 4+ (g2 —1)Ey = —qo,
and thus
-1 ) -1
B = p2(q2 — 1) + 6242 and By — q@2(p2 — 1) + pap2 .
doptr — (p2 — 1)(q2 — 1) dopz — (p2 — 1)(g2 — 1)
Also,
N — N —
0, = D2 and QQ,
p2 —1 go — 1

and thus (Hs) is given by (5.1) and the result follows directly from Theorem
1.1. =
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Remark 5.1. A particular but illustrative case for the functions 6; is given
by

mi m2
01(s) = D bjls|®72, Oa(s) =D ¢yls|P 2,
j=1 j=1

where b; > 0, oj € (p1,p2), j=1,...,miand ¢; >0, B € (q1,q2), j =
1,...,mo. Thus

mi
O(s) =[5> ™s + 3 _bjls|™ s +als " s
j=1
and
m2
D(s) = |s|®72s + ) cjl s s + bls| 72
j=1
In the next example we show that our method allows us to find existence of
positive solutions to some A, A, systems.
For p, ¢ > 1, n, m € N and pu, § positive real numbers such that pd #
(p—1)"(¢ = 1)™, define
_ 64Qm +p(g—1)"Py BE:MM%+q@—1WQm
o — (p—1)n(g — )™’ pé = (p—1)n(q — )™’
k ) k .
where for any k € N, P = Y (p— 1)t and Qr = > (¢ — 1)"~!. We have

i=1 i=1
the following existence result.

Theorem 5.2. Let f, g : R — R be odd continuous functions such that f
is AH at 4+o00 of exponent 6 > 0 and AH at 0 of exponent § > 0, g is AH at
400 of exponent u > 0 and AH at 0 of exponent t > 0. Assume also that
min{ud, @0} > (p—1)"(¢ — 1)™. Then, if N > max{p, q} and

N — N —
max {A— P (p— )" tA+pP,_1— P
p p—=

-1’ 1’
(5.2)
N — B N —
- q7 (q - 1)m lB + Qmel - q} 2 07
q—1 qg—1

the problem

(—Ap?”u = f(v); ('—Aq)mv =g(u), inQ,
(5) ((Ap)'u)(z) = ((Ag) v)(x) =0, i=0,1,...,n—1,

j=0,1,...,m—1, x € 9Q,

has a nontrivial radially symmetric solution (u(z),v(x)) such that u(x) >0
and v(x) > 0 for all z € Q.
Proof. We apply the result in Theorem 1.1 to the problem
—Apu; = uiq1, i=1,... ,n—1; —Apuy, = f(upt1), inQ
(S5) —AgUptj =Unyjt1, j=1,... ,m—1, inQ
_Aqun-i-m = g<u1)7 in (2
ui(x)=0,i=1,... ,n+m, x €.
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By a solution to (SS) we mean a vector function (u1(),... ,Untm(z)), T €
2, that satisfies (S59). Indeed, in this case the functions ¢;, f; defined by

bi(t) = [tP=2t fori=1,...,n,
S92t fori=n41,... ,n4m,

t fori=1....,n—1n+1,... ,n+m—1,
fi(t) =4 f(t) fori=n,

g(t) fori=n-+m,
satisfy the hypotheses of the theorem with §; =1 for i =1,... ,n—1,n+
L...,ntm—1,0p, =0, 0p4m=p, 0;=1fori=1,... ,n—1,n+1,... ,nt+
m—1,0,=0,0ptm =0, p;,=p;=pfori=1,... ,nand g, = ¢; = q for
i=n-+1,... ,n+m. Furthermore, system (AS) for this problem is given by

(p—1E;—FEix1=—p,i=1,...,n—1, (p—1)E, —6E,11=—D

(q - 1)ETL+Z - En+i+1:_Q7 t=1,...,m—1, (q - 1)En+m_ MElz_q
which has the unique solution (E1, ... , Ey4+p) given by Ej = A, En1 = B,

Ei= (-1 A+pP 1, i=2...,n Eni = (¢—1)""'B+qQi,
i = 2,...,m. Also, 0, = % for i = 1,...,n and 0; = % for i =
n+1,...,n+ m. Since, as it can be checked, either F4 < ... < E,, or

Fi>...>FE, and E,; 1 < ... < Epypor B,y > ... > Eprym, we
see that hypothesis (5.2) corresponds to hypothesis (Hs) in Theorem 1.1.
Hence, according to that theorem, for N > max{p,q}, (SS) will have a
radial solution which is positive componentwise in §2. The result follows now
by setting u(x) = uq(x) and v(z) = up41(z). =

Remark 5.2. It is interesting to note that if

N — N —
pPn_1 — f >0 or qQum-1— 759
p_

g—1 7~

then (5.2) is automatically satisfied. Thus for instance, if p = ¢ =2, n, m >
1, then P,_1 =n—1and @,,_1 = m — 1, and we have that the problem

(~Ayu=f@); (-A)"w=g(u), inQ
u(z) = ((A)'u)(z) = v(z) = (A)v)(x) =0, =€,
1=1,....n—=1, jg=1,....,m—1,
has a non trivial radial positive componentwise solution (u,v) whenever
max{2n, 2m} > N > 2
for any choice of y,7i,d, 6 satisfying ué > 1 and 110 > 1.

Our last application illustrates the Remark 3.1 following the proof of Theo-
rem 1.1. It is known from [SZ], Theorem 1.1, that the problem

{—Au = v~ lv; —Av=|u[*"lu, in RN,

(DD) u(z) >0, wv(x)>0 xRN
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where § > 0, ;1 > 0 does not possess non trivial positive radially symmetric
solution if

and thus we have the following existence result.

Theorem 5.3. Let f, g : R — R be odd continuous functions such that f
is AH at +o00 of exponent § > 0 and AH at 0 of exponent § > 0, g is AH
at +oo of exponent pu > 0 and AH at 0 of exponent @ > 0 with pud > 1. Let
also , ¢ > —1 be such that om > (p+ 1)(q+1). Then, if

N N
5.3 —+—— >N -2,
(5:3) 0+1 + p+1

the problem

—div((log(1 + [Vu]))"Vu) = f(v), z €9,
(DL) —div((log(1 + \Vu|))qu) =g(u), x € Q,
u(z) =v(x) = x € 08,

has a non trivial radially symmetric solution (u,v) such that u(x) > 0 and

v(x) >0 for all z € Q.

Proof. For this problem we have that ¢1(s) = (log(1 + |s|))Ps and ¢o(s) =
(log(1+|s]))7s are AH at +oo of exponent 1 and AH at 0 of exponents p+ 1
and g + 1 respectively. Moreover, the limiting problem at infinity is (DD)
and thus the result follows. =

Remark 5.3. We observe that for (DL) condition (Hs) of Theorem 1.1
becomes

0+1 p+1
]
Spu—1"0p—1
Thus condition (5.3) above improves the set of d, yu values for which existence
of positive solutions is guaranteed by Theorem 1.1.

f>nN-2

Finally, for related existence results of positive solutions for the case p =
g=0,in (DL), see [PvV] and [vV].
6. APPENDIX

Here we briefly consider the solutions to the system (AS), which for con-
venience of the reader we repeat here.

(AS) (pi—1VE; —0i1Fix1=—pi for i=1,... n.
This system is a particular case of the system
(6.1) a;X; — b; X411 = —¢;, for

where a;, b;, ¢; are constants and which has played an important role in this
paper.
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It can be easily verified that if a; # 0, i = 1,... ,n and ﬁ % # 1, then
i=1 "
(6.1) has the unique solution X= (X1,...,X,)

i i+ i+
Sy (Gt T o]
U k=1 PR p=p U

I

j=1 a;

(6.2) X; =

-1

with the usual convention that a,+r = ag, bprr = by and ¢, = ¢ for
k=1,... ,n. Clearly if a; > 0,b; > 0,¢; > 0,4i=1,... ,n, then X; > 0 for

n n

alli =1,... ,n. Hence, if p; > 1, §; > 0 and [[ §; > [[(p; — 1) then (AS)
i=1 i=1

has the unique solution E = (Fy,... , E,)

Di nz:l[ Ditk kl:f dite }

_|_
6.3) B =2 k=L p”; =P Ty
H J

o b1

such that F; >0,i=1,... ,n.
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