A PROXIMAL POINT METHOD FOR
NONSMOOTH CONVEX OPTIMIZATION PROBLEMS
IN BANACH SPACES

Y. I. ALBER", R. S. BURACHIK** AND A. N. IUSEM**

ABSTRACT. In this paper we show the weak convergence and stability of the
proximal point method when applied to the constrained convex optimiza-
tion problem in uniformly convex and uniformly smooth Banach spaces.
In addition, we establish a nonasymptotic estimate of convergence rate of
the sequence of functional values for the unconstrained case. This estimate
depends on a geometric characteristic of the dual Banach space, namely
its modulus of convexity. We apply a new technique which includes Banach
space geometry, estimates of duality mappings, nonstandard Lyapunov func-
tionals and generalized projection operators in Banach spaces.

1. INTRODUCTION

The proximal method, or more exactly, “the proximal point algorithm”,
is one of the most important successive approximation methods for finding
fixed points of nonexpansive mappings in Hilbert spaces. This method, which
is therefore not new, (see [12], [17], [18]), was earlier used for regularizing
linear equations ([12], [13]), and seems to have been applied the first time
to convex minimization by Martinet (see [15], [16]). The first important
results (like approximate versions, linear and finite convergence) in the more
general framework of maximal monotone operators in a Hilbert space are due
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to Rockafellar [20]. Nowadays it is still the object of intensive investigation
(see [14] for a survey on the method).

The proximal method can be seen as a regularization scheme in which the
regularization parameter needs not approach zero, thus avoiding a possible
ill behavior of the regularized problems.

We will state here some main properties of this algorithm and some ap-
plications to convex programming and maximal monotone inclusions.

Let H be a Hilbert space with inner product (-,-) and 2 a closed and
convex subset of H. Consider the problem

(1.1) min f(z),

where f :H — IR is a convex functional. It is a familiar fact that in direct
methods for solving (1.1), the tools for proving existence of solutions are the
convexity properties of the functional. Based on the fact that

2% € argmin, . f(z) iff 0 € Of (2°),
we can pose the problem

(1.2) Find 2° € H such that 0 € T(2?),

where T': H — P(H) is a maximal monotone operator.

In the particular case in which 7' = Jf, problem (1.2) is equivalent to (1.1).
In this way, the theory of subdifferentials can transform our original problem
(1.1) in the study of the range of the monotone operator 0f : H — P(H).
Namely, we want to determine if 0 € R(9f), where R(T) stands for the range
of an operator T

Replacing Of by an arbitrary monotone operator T, we transform an
optimization problem into a more general one, involving monotone operators.

The proximal method for (1.1) in a Hilbert space H generates a sequence
{zF} C H in the following way:

(1.3) 20 e H, "1 = argmin,c 7 (f(z) + A\gllz — a:k||2),
where
(1.4) Ak € (0,A], A >0.

Martinet showed in [15] that if {*} is bounded, then it converges weakly
to a minimizer of f. In [20] Rockafellar studied the convergence properties
of this algorithm, when applied to problem (1.2). In this case, the sequence
{z*} is defined by:

20 € H, 2" € H such that 0 € TzF 4+ X\ (2P — 2F).

From now on, unless explicit mention, the parameters \; will be taken
as in (1.4). As we can easily see, in the case of T = 0f, this procedure
reduces to (1.3). It is shown in [20] that {z*} converges weakly to a zero
of T, provided that the set of zeroes is nonempty. Rockafellar also proves
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linear convergence rate if either one of the following conditions is satisfied:
(a) T is strongly monotone.

(b) T~! is Lipschitz continuous at 0 and {z*} bounded.

Finally, he furnishes a criterion for convergence in a finite number of itera-
tions, which requires the nonemptiness of the interior of the set 7-1(0). As
a particular case of the latter result, we have finite convergence if H is finite
dimensional, 7' = 9f, and f is polyhedral convex (i.e., the epigraph of f is
a polyhedral convex set). In the optimization case, we observe directly from
(1.3) that the objective function for each subproblem is coercive (remember
that g : H — TR is coercive if and only if lim,| 1o g(2)/[|z] = +00). In
particular, this property implies boundedness of the level sets of g, which
ensures existence of solutions of each subproblem. The uniqueness, on the
other hand, is ensured by the strict convexity of the objective function given
n (1.3). So this algorithm is a true regularization and the sequence {z*} is
well defined.

The structure of the iteration in (1.3) suggests the possibility of adding
other kind distances to the function f. For instance, a Bregman distance Dy,
where g : H — IR is a strictly convex function, satisfying some additional
properties (see, e.g. [6]). Dy is defined as:

(1.5) Dy(z,y) == g(x) — g(y) — (Vg(y),z — y).

The proximal point method with Dg(z,z*) substituting for ||z — z*||? in
(1.3) has been analyzed in [7] for convex optimization in finite dimensional
spaces and in [6] for the variational inequality problem in a Hilbert space,
i.e., find z* € Q C H such that there exists y* € T'(z*) with

(1.6) (y*,x —a2") >0,

for all z € Q.
All previous results apply to a Hilbert space. In a Banach space, the
iteration (1.3) has as optimality conditions

(1.7) Of () 4+ MpJ (x — z¥) = 0,

where J is the duality mapping, defined in section 3. If the Banach space is
not hilbertian, J is not a linear operator, so that (1.7) is not equivalent to

(1.8) Of () + M J () = M\ J ().

(1.8) is more natural that (1.7) (e.g., with constant A, the left hand side of
(1.8) is the same in all iterations).

In this paper we study the proximal point method in Banach spaces, where
zF*1 is the solution of (1.8). It is easy to check that this is equivalent to

. Ak
Zhtl = argmin, i {f(x) + ?Dg(fv, mk)},

where D, is as in (1.5) with g(z) = |lz[|>. We emphasize that this is not
the iteration given by (1.3), because, if the space is not a Hilbert one, then
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Dy(z,y) # ||z — y||>. When B is finite dimensional, but || - || is not an eu-
1

clidean norm, (e.g. [[zll, = (37— [2;P)?, p € (1,00), p # 2), the method
considered here is a particular case of the proximal point method with Breg-
man distances studied in [7]. We give a full convergence analysis in an ar-
bitrary uniformly convex and uniformly smooth Banach space. We present
also stability and convergence rate results.

2. PREVIOUS RESULTS IN A HILBERT SPACE

Let H be a Hilbert space and f: H — IR U {oc} be a proper, closed and
convex functional. We recall below known results due to Giiler (see [10])
about the convergence properties of the proximal method, applied to the
minimization of f. From now on we will write f* := f(«*), where z* is any
minimizer of f.

Theorem 2.1. [10] Consider the sequence defined by (1.3), where Ay is
taken as in (1.4). Define o == Y&, MY, by convention, o9 = 0. Sup-
pose that the set of minimizers of f, which we call X*, is not empty and
take x* € X*. Then {z*} converges weakly to a minimizer of f. In this
conditions, the following global convergence estimate holds:

|2° — 2]

f(z®) = f* < inf |

T 2eX* 20p
Consequently, if oy — oo, then the sequence f(z¥) | f* =:inf.cq f(2).

The next lemma shows that the proximal point method can be defined in
terms of the metric projection operator Py in a Hilbert space, and therefore
method (2.2) below shares all well known properties of the proximal point
method.

Lemma 2.2. Let f : H — IR be a closed and convex function, @ C H a
closed and convexr set and Pqo the orthogonal projection onto ). For fized
a € H and X\ positive, consider the following two problems:

Problem (1): Find x € Q such that

(2.1) @ = argmin,co(f(2) + (A/2)[2 = a|]?).

Problem (2): Find x € Q such that there exists y € H satisfying
2.2
22) LB

The sets of solutions of Problem (1) and Problem (2) coincide.

Proof. Let x be a solution of Problem (2). We claim that there exists
u € 0f(x) such that

(2.3) (u+ Az —a),z—2z) >0, for all z € .

Observe that (2.3) are precisely the Karush-Khun-Tucker conditions for
Problem (1) (see [4]). Since x is a solution of Problem (2), there exist
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y € H and u € 0f(x) such that z = Py(y) and 0 = u+ A\(y — a). Therefore,
(ut Az —a),z—2) =Nz —y),z—2) = MPa(y) —y,2 — Pa(y)) 20,

and (2.3) is established, therefore x is a solution of (2.1). Reciprocally, if
x solves Problem (1), then there exists w € Nq(z), the normality operator
associated to the set €2, such that

O=u+w+ ANz —a) and u e Idf(z),
which implies
(2.4) 0=u+ Az +\'w—a).
Take y = x + A 1w. Then
(2.5) Po(y) == and 9f(z) =0f(Pa(y)).

So u € df(Pa(y)). Hence, by (2.4), 0 € df(z) + My — a), which, together
with (2.5), implies that  solves Problem (2). m

The following theorem is a direct consequence of the lemma above and
Theorem 2.1.

Theorem 2.3. Consider the sequence {x*} given by

1) Take 2° € Q.
2) Given 2* € Q, findy € H and 21 € Q such that:
{ 0 € df(Pa(y)) + My — 2¥),
k1l — PQ(y)

Then if problem (1.1) has solutions, it holds that
(i) the sequence {x*} is well defined and bounded,
(i) lim supy A, (f (2% — ) =0,
(iii) if A, < X, then all weak accumulation points of {x*} are solutions,
(i) f(z*) | f* as k — oo,
(v) if \i, > X >0, then limg_,o |28 — 2F|| = 0,
(vi) if A\ > X > 0, then there exist a sequence {u* € 9f(z*)} for all k such
that limg (u¥, 2% — 2*) =0,
(vii) the whole sequence converges weakly to a solution, i.e., there exists a
unique weak accumulation point.

All these statements are easy consequences of Lemma 2.2 and the results
in [10] and [20]. We will show in Section 4, Theorem 4.1, that all these results
are also valid in a Banach space, and hence Theorem 2.3 is a particular case
of Theorem 4.1. We present an estimate of convergence rate in Section 4.3.
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3. THE BANACH SPACE CONCEPT

Let B be a uniformly convex and uniformly smooth Banach space, (see
[1] and [5]). The operator J : B — B* is the normalized duality mapping
associated to B, determined by the equalities

(Jz,2) = [ Jz|p-||z]| &z = [l]|?,

where (-, -) stands for the usual dual product in B, || - || is the norm in the
Banach space B and || - || g+ is the norm in the dual space B*. For later use,
we state the following lemma, whose proof can be found in [1].

Lemma 3.1. Let B be as above. Let dp(¢) : [0,2] — [0,1] denote the mod-
ulus of convezity and pp(7) : [0,00) — [0,00) the modulus of smoothness of
the Banach space B. If x, y € B are such that ||z| < C and ||y|| < C then

(3.1) (Jx — Ty, —y) > (2L)—10253(”“”2;y”),
(Jo — Jy,x—y) > (2L)_10263*(W),
and
(3:2) [ Ja = Jyllp < 8Chp(16L||z —y[|/C), hp(T) = pp(T)/T,

where L is the constant in Figiel’s inequalities (see [8], p. 128).

We recall next the analytical expressions of the duality mapping J(-) in the
uniformly smooth and uniformly convex Banach spaces [P, LP and Sobolev
spaces WP p e (1,00), (see [1]).

For IP, Jx = Ha:HlQp_py €19, where x = {x1,292,...}, p 1+ ¢! =1 and
y = {@1|21 P72, 2o|2o P72, ...}

For LP, Jr = Hx“%;p‘w‘p72x € L9, where p~ ' +¢ 1 =1.

For W2, Jx = ||z||%? S (= 1)U Dt (| Dtz P2 Dtz) € W1

—m>?
m

1, and D! is the weak derivative operator of order ¢.

where p~14¢71 =

For a convex and closed set 0 C B, we define the normality operator
Nq : B — P(B*), in the following way:
[ {peB*|{(¢p,z—x)<O0forany z € Q} ifzxe,
NQ(””)_{@ ifodQ.

It is easy to check that Ngq(-) is the subdifferential of the indicator function
xa(z) associated to the set €2, i.e.

@[O0 HreQ,
X =1 400 ifx ¢ Q.

The function xq is convex and closed, hence Nq(-) is a maximal monotone
operator.
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We follow in the sequel the theory developed in [1], where a generalized
projection operator IIg(-) in a Banach space B is introduced.
Take the Lyapunov functional W : B x B — IR, given by

(3-3) W(z,z) = [l2|* = 2(Jz, 2) + |||
It follows from the definition of J that VW (x,z) = 2(Jz — Jz). It also

holds that W(z,z) > 0. In the sequel we will need a property of W(z, )
established in [1], namely

(3-4) (lzll = llz)* < Wz, 2) < (2l + 12l
The generalized projection operator

[lg:B — QCB
r — lg(x) = argmingeqW (z, 2),

has also been introduced in [1], where the following lemma is proved.

Lemma 3.2. (i) The operator Ilg(+) is well defined in any uniformly con-
vex and uniformly smooth Banach space.

(ii) In the conditions of the definitions above, the following inequality holds
for any fized x € B and any z € Q)

(Jx — J(Ilg(x)),Hq(z) — 2) > 0.

Remark 3.3. We emphasize that in a Hilbert space W(z,z) = |z — z|?,
IIo(+) coincides with the classical metric projection Po(-), and the inequality
(ii) in Lemma 3.2 reduces to the Kolmogorov criterion which characterizes
the metric projection Po(x):

(x — Po(z), Po(z) — 2z) >0,
for all z € Q.

Consider now the following two algorithms:
1) Take 2° € Q.

2) Given z*, define zF*! by the inclusion
(3.5) 0 € (Of + ANq + M)zt — AJzF,

with A\ positive, and
1) Take 20 € Q.

2) Given z*, define z¥*1 by the system

_ Zk
(3.6) {gkglai(gggg?muy 2,

with A\ positive.
In a similar way as we established the equivalence of the algorithms in

Lemma 2.2, we will show next that the sequences defined by (3.5) and (3.6)
coincide when they start from the same point. Observe that the solution
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of (3.5) exists and is unique by coerciveness and strict monotonicity of J
and monotonicity of Nq (see [21], Corollary 32.35). We point out also that
existence of the iterates in (3.6) is not obvious at all. Nevertheless, as a
by-product of the following lemma, we will show the existence of solution of
all the subproblems (3.6).

Lemma 3.4. In the algorithms (3.5) and (3.6), if 2° = 20, then 2* is well
defined and 2F = 2% for any k > 0.

Proof. By Lemma 3.2 and the definition of normality operator, for any
y € B,

(3.7) Jy — J(Ia(y)) € Na(lla(y)).

We proceed by induction. The result holds for ¥ = 0 by hypothesis.
Suppose that z* is well defined and z* = z*; we must show that z*+1 exists
and zF+1 = ph+1

By definition of z*+1,

3.8 0 € (8f + ANg + A"t — ATz
(3.8) (

We remark that 2**! is uniquely determined by the previous inclusion be-
cause of strict monotonicity of J. By (3.8) there exist u**! € df(z*+1) and
whtl € Ngo(2**1) such that

(3.9) 0= " AW TP — 2k,
Since J is onto, there exists y € B such that

(3.10) Jy = whtt 4 gkt

We claim that

a) I (y) = 2™,

b) 0 € af(la(y)) + A(Jy — J=¥).

k+1 ¢ Q, for proving (a) it will be enough to show that

Since z
(Jy — Jak 1, 2 — gk 1y <o,
for any z € Q. In fact, by (3.10) and the properties of w**1,
(Jy — Jakt1, 2 — gh 1y = b+l 5 gh+ly <

which implies (a).
Now we proceed to prove (b): by (3.9), (3.10) and the induction hypoth-
esis,

(3.11) 0 = w4 A(Jy — Jo¥) = o+ ATy — T2,
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which implies (b). Now, using (a) and (3.11) we conclude that the system
(3.6) has a solution zF*1, and this solution coincides with z**1. The lemma
is complete. m

4. CONVEX FUNCTIONALS IN A BANACH SPACE

The following results deal with convergence of the sequence given by (3.6)
in a uniformly convex and uniformly smooth Banach space B. Under such
conditions, we get boundedness of the sequence and optimality of any weak
accumulation point. Weak convergence of the whole sequence is established
for a special kind of Banach spaces, namely those in which there exists a
weak-to-weak continuous duality operator J.

4.1. Constrained minimization problem: convergence analysis. Let
Q be a closed and convex subset of B. Consider the problem

(4.1) min f(z),

where f :B — IR is a convex functional. Define the sequence {z*} as:
1) Take 2° € Q.

2) Given z¥, define z¥*! by the system

_ mk
(4.2) {gkilai(gi((zg?+)\k(<]y Jzb),

with A positive.

Theorem 4.1. Consider the sequence {x*} given by (4.2). Suppose that
the set of minimizers of f, which we call X*, is not empty and fix x* € X*.
Then it holds that

(i) The sequence {x*} is well defined and bounded,

(ii) limsupy, A (f (@5 71) = ) = 0,

(iii) if \i, < A, then all weak accumulation points are solutions,

(i) if A, < N, then f(z*) | f* as k — oo,

(v) if \p > X > 0, then limg_,o [|J2*H — 2F|| = 0,

(vi) if \p > X > 0, then there exist a sequence {u*}, with each u* € df(z*),
such that

lim (u®, 2F — 2*) =0,

k—o00
(vii) if B is such that there exists a weak-to-weak continuous duality map-
ping, then the whole sequence converges weakly to a solution, i.e., there exists
a unique weak accumulation point.
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Proof. (i) As we mentioned before, in order to prove welldefinedness of
the iterates of algorithm (4.2), it is enough to observe that by Lemma 3.4
they coincide with the iterates of algorithm (3.5), which is well defined, as
discussed before. In order to prove boundedness, we will show that the
sequence W(a;k,x*) is decreasing, in which case the result will follow from
boundedness of the level sets of the function W(-,z*). Recall that W is
given by (3.3) and z* is any solution of problem (4.1). By the definition of
W(z,£), (4.2) and the projection properties, we get

W($k+1, JI*) < W($k,$*) o W($k7$k+l)

2
Yk<uk+1’ xk-ﬁ-l _ IL‘*>,
where uF*t! € 9f (xF*1). As W (z¥, 2¥T1) > 0, the previous equation yields
2
(4.3) W(a:k+1,x*) < W(xk,x*) o Tk<uk+17xk+l - {L‘*>

At this point we use the fact that x* € X* and the gradient inequality to
obtain

(44) W e < Wika) - S (F) = 1) < Wk, a).

Hence we proved that W (z*, 2*) is a decreasing sequence, which is also
bounded below, and therefore it converges. Using (3.4), we get

(2% = 2N < W (2", 2*) < W(a®, %) < (2] + [l«*])?,
which implies
Iz < Co,

where Cp is any real number larger than ||z°|| 4 2||z*||. This establishes the
first statement.
(74) This result is a consequence of (4.4) and the fact that

lim (W (21 2*) — W (2, 2*)) = 0.

k—o0

(4ii) Take a sequence {z*} which converges weakly to &. We will show
that Z is a minimizer of f. By (ii) and the assumption on Ay we obtain that

lim f(a"*) = f.

k—o00
By weak lower semicontinuity of f,
f(2) < lim inf f(2%) = f*.
i

Therefore z is also a minimizer of f.
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(iv) By (#i4), it is enough to prove that f(z¥) is decreasing. In order to
prove this we use the gradient inequality and (4.2)

Fa*) = @) 4 N (et = Ty 2t — 2t
(4.5) = f(@*) + X (T2 = Ty, 2P — M)
+ (Jab — JahT gk — gk,
Observe that the last two terms in the rightmost side of (4.5) are nonnegative;
the first one because of the properties of the generalized projection and the
fact that z* € Q, and the second one because of the monotonicity of J.

Hence we get f(z¥) > f(aF*1).
(v) By (iv) we obtain that

lim \g(JzF — Jy, % — 1) = 0.
k—o0

Therefore the assumption on A\ yields
klin;o<Jxk — Jy,z¥ — 2"y = 0.
On the other hand,
(Jz* — Jy,a% — b1y = (Jak — JahHl gk — gkl

(TP — gy, b — 2P,
The second term on the right hand side of the previous equation is nonnega-
tive by the projection properties. For the first one, we use (3.1) with z = zF
and y = 2k t1:
B ka _ :Ek+1||
(Jak — Jak+t ok — oMY > 20712 sp(———1),
2Cy

where we are using the fact that {z*} is bounded by Cy. Now the properties
of dp(+), namely the fact that it is an increasing and continuous function
such that d5(0) = 0, imply that

lim ||z% — 2" = 0.
k—o0

(vi) From (3.2)
| Jz* Tt — JaP|| g < 8Cohp(16LCH || — ),
By virtue of the fact that hp(7) tends to 0 as 7 tends to 0, which holds for

any uniformly smooth Banach space, we have

(4.6) lim || Jz* — Ja*TY | g« = 0.
k—o0

Let now u”* := Jz¥ — Jy, where 2* and y are taken as in (4.2). We know,
by the definition of the algorithm, that u* € df(xz**!). In order to prove
(vi) it is enough to show that

lim <'U,k,.’L'* o .'L'k+1> — lim <J.’L’k _ Jij* o xk+1> =0.
k—oo k—o0
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As x* € X,
0< (Uk,ltk—H _ $*> _ (Jy _ J.%'k,l‘* o $k+1> _ (Jy _ J:L"H—l,l'* o ZL’k+1>
+ (JaP L — gkt — gy < gkt — gk ar — 2kt
< Hx* _xk+1” Hj$k+1 _ JkaB*y

where we have used the gradient inequality, the definition of the algorithm,
the projection properties and Cauchy-Schwarz.

Now, using in the previous chain of inequalities (4.6) and the boundedness
of {z*¥}, we obtain the desired result.

(vit) Consider the duality mapping J in (4.2), which is weak-to-weak con-
tinuous. We will show that there exists only one weak accumulation point.
Suppose there are two points z1, z2, which are weak limits of subsequences of
{z*}. By part (i) and (4ii), we know that there exist nonnegative numbers
{1 and [9 such that

lim W(z* 21) =1; and lim W(z", z) = lo.

k—o0 k—o0

Then

lim W (z®, 2) — W(zF, z0) =11 — o
k—o00
(4.7) , , _ .
= llall” = llz2l” +2 lim (J2%, 25 — 21).

Let [ := limy,_so0(J2*, 20— 21). Let {z%} and {z!} be subsequences converg-
ing weakly to z; and 2, respectively. Then, taking k = k; in (4.7) and using
the weak-to-weak continuity of J, we get that [ = (Jz1, 22 — z1). Repeating
the same argument with k = [; in (4.7), we get | = (Jz2, 22 — 21). Hence,
(Jzg — Jz1,29 — z1) = 0. According to Lemma 3.1 and the properties of the
duality mapping, we conclude that z; = 23, which establishes the uniqueness
of the weak accumulation point. The proof of item (vii) and of the theorem
is now complete. m

We have proved that existence of solutions of Problem 4.1 is sufficient to
guarantee convergence of the sequence generated by Method (4.2). The next
lemma shows that it is also a necessary condition. More precisely, we will
prove that the sequence {z*} is unbounded when X* is empty.

Theorem 4.2. Under the hypotheses of Theorem 4.1, X* is nonempty if
and only if the sequence {x¥} is bounded.

Proof. Theorem 4.1 provides the proof of the “only if” part. We proceed
to prove the “if” part. Suppose that {z*} is bounded. Then its weak closure

{z*} is bounded and there exists a closed, convex and bounded set D such
that

(4.8) {z*} Cc D°,

where D? is the interior of D. It follows that any weak accumulation point of
{x*} belongs to D°. Now we apply method (4.2) to the function f = f+xp,
where, as before, xp denotes the indicator function of the set D. If {#*}
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is the sequence generated by the algorithm for f, then #**1 is uniquely

determined by the following system in unknowns **!, § (see Lemma 3.4).

(4.9) { 0 € (0 + Np)(Un (7)) + Ae( 5 = J3*),
T = To(7).

We will first prove by induction that the sequence {:ik } coincides with the

sequence {z*¥}, resulting from applying method (4.2) to f rather than f,

when 2% = #°. Suppose that #* = zF. zF*! is uniquely determined by the

following system in unknowns z**1, y:

— Jzk
(4.10) {gkilai(lglg((z))).—k)\k(Jy Jab),

Since z¥*! belongs to D° by (4.8), we have that Np(Ilg(y)) = Np(zF+!) =
0, which, together with (4.10) and the induction hypothesis, gives

0 € (0f + Np)(TMa(y)) + Me(Jy — J&F).

Therefore, IIg(y) is the unique solution of (4.9), and, as a consequence,
#F1 = Tg(y) = 2FT1. The induction step is complete.
Consider now the problem

(4.11) min(f + xp)(z)

s.t. xz e

Since D is closed, convex and bounded, and so the operator 0f + Np has
bounded domain, this problem is known to have solutions (see, e.g. [21],
Corollary 32.35), and we can apply Theorem 4.1 to conclude that the se-
quence {7} is weakly convergent to a solution of (4.11). Since {z*} and
{#*} coincide, as proved above, we conclude that {z*} is weakly convergent
to a solution & of (4.11). We prove next that & belongs to X*, i.e. it is a
solution of min f(z) subject to x € Q. & belongs to the weak closure of {z*},
and therefore to D°, so that Np(Z) = 0. In view of this fact and (4.11), we
have

(4.12) 0 € (8f + Np + No)(&) = 8f (&) + Na(#).

Inclusion (4.12) implies that & belongs to X*, which is therefore nonempty. =

4.2. Constrained minimization problem: stability analysis. We study
in this section the convergence of the following inexact version of algorithm
(4.2):

1) Take 7° € Q.

2) Given #*, define #*! by the system

(4.13) { Oiki?ifl‘([g(gy()y’)) + Me(Jy — JiF),
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where
O-f(x) :={ue B"| f(z) > f(z) + (u,z —x) — € ,YVz € B}

is the e-subdifferential of f at the point x (see, for instance, [11]). The
parameters {e;} and {\;} are chosen in the following way:
Ap) 0 < Mg < A,
As) e >0 and 20\, ter < 00.

We will show next that for this choice of the parameters the method (4.2)
is stable. We point out that the system given by (4.13) has always a solution
as a straightforward consequence of the solvability of (4.2).

Theorem 4.3. Take {Z*} as in (4.18). In the conditions of Theorem 4.1,
the algorithm given by (4.2) is stable, i.e.,
()
lim f(3%) = f*,
k—o0
and

(it)
w— lim #* = 2%,
k—o00

where w — lim stands for weak limit.

Proof. Take 2* € X*. We consider as always the sequence {W (z*, z*)}.
Let Wy, := W (&", z*). Then, by definition of W(-,-), we get

Wit < Wy + 2038 — gz gh 1 — g%
< Wy 4 2(J3F Y — Jy, a1 — 2%y 4 2(Jy — Ji* L — 1)
< W — 2)\];1<Uk+1,i'k+l o l'*>,

where we use the projection properties, and that u**1 € O f (:ﬁk“) satis-
fies the inclusion (4.13). Applying the definition of e-subdifferential in the
previous inequality, we obtain
(4.14) W1 < Wi = 20 (F@E) = 1) + 22X, e

(4.14) and our assumption on the parameters {ex} and {\;} imply that the
sequence {W}} is convergent and that limy_,o, f(Z¥) = f*, and then, with
the same argument as in Theorem 4.1, we obtain weak convergence of {Z*}
to a minimizer. The theorem is proved. =

Remark 4.4. In the particular case in which 2 = B, we get stability results
for the unconstrained problem.

We recall now the definition of Hausdorfl distance H between sets Ay and
Ay, defined as

H(A1, A2) = max{ sup inf |lz; — 22|, sup infl |21 — 22| }-
2

29€Ag #1€41 z29€A1 #1
Note that if A; and Ay are singletons, then H reduces to the usual distance.

Theorem 4.5. Consider the sequence {Z*} given by the following algorithm.:
1) Take 3% € Q.
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2) Given ©*, define T+ by the system

{ 0 € T+ (o(y)) + Ae(Jy — Ji*),

where €}, and N\, are taken as in (4.13). Suppose that the operator T¢ : B —
P(B*) is such that

(4.16) H(T"(x), 0 (x)) < 0(||z[))e,

for all x € Q and for some finite nondecreasing positive function 6(-).

If problem (4.15) is solvable and if the sequence {Z*} is bounded by Cy,
then the whole sequence {Z*} converges weakly to a minimizer, and the func-
tional values converge to f*.

Proof. Indeed, in analogy with Theorem 4.3, it follows from (4.15) that
Wk+1 < ij + 2)\I;1<’Uk+1,l’* o jk+l>’

where v¥*1 € Tex (7F+1) satisfies inequality (4.16). The previous inequality
can be rewritten in the form

(4.17) Wigr < Wi+ 200 (@ o = 280 42X P = o = ahh,
where uFT! € 9f(z%+1). By the gradient inequality, we have
f* o f(:i,k—H) > <uk+l’x* - ffk+l>,
which, together with (4.17), leads to
Wit € Wi = 20 (FEFY) = )+ 20 WM = oF T ar — 34,

Using now the Cauchy-Schwartz inequality, (4.16) and the boundedness of
the sequences {#"} and {)\}, the last expression becomes

Wit1 < Wi, — 2071 (f(@F) — £) + 0(Co) O e,

where C' is a bound for 2|jz* — #*||. Now the assertion is obtained by the
same argument as in Theorem 4.3. =
We remark that when the set Q is bounded, then the sequence {Z*} is

ensured to be also bounded.

4.3. Unconstrained minimization problem: convergence rate esti-
mate. We study now the problem

min f(x),

zeB

where f: B — IR is a convex functional. We propose the following method
for this problem:
Consider the sequence {z*} given by

1) Take 2° € B.
2) Given z¥, find 2+ € B, such that:

(4.18) 0 € Of (a*1) + Ny (JzFH — Jab),
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where the parameters A\, are chosen such that 0 < A\ < .

The method (4.18) is the classical proximal method in a Banach space and
also a particular case of (4.2) for Q = B. We will provide in this section a
convergence rate estimate for the proximal point method in a Banach space.
The lemmas we prove next are essential in the proof of Theorems 4.9 and 5.1
below.

Lemma 4.6. Assume that {ay} is a sequence of nonnegative real numbers
satisfying the implicit recursive inequality

(4.19) apr1 < ap — p(ager), E=0,1,....,

where ¥ : IRy — IRy is a continuous and increasing function such that
¥(0) = 0 and p is a positive constant. Then ap — 0 as k — oo. Also, if
1 € R(v), then there exists k € [0, Cq] such that

(4.20) ay, < ¢‘1(%)
for all k > k, where

Cr=exp(p ' 1 (1) +1), C2=exp(u 'ag +1)
and ~Y(+) is the inverse function of 1.

Proof. It follows directly from (4.19) that ax — 0 as k — oo.
Consider now two alternatives for any fixed k € N:

(H1): ¢(aggr) < (k+1)7L
(Hy) : Y(apgr) > (k+1)71

Denote by Ny :={k € N |{(apy1) < (k+1)711.

The proof of (4.20) will be performed in three steps.
1) We claim that the set Nj is unbounded. Indeed, if this is not true, there
exists IV such that for all £ > N, hypothesis H, is satisfied. By (4.19)

k
ap < ap_1 — pp(ag) < apey —pk Tt <ay—p Y i
i=N+1

If N1 were bounded, then taking limits as £ — oo in the previous chain

of inequalities, we obtain a contradiction. Indeed, the rightmost term goes
to —oo, while the leftmost one is nonnegative. Thus N7 must be unbounded.

2) Let {k;} denote all the ordered elements of Ni. In the second step we
will prove that

kiiq
4.21 Sl o

where C1 is as in the lemma. If k;;1 = k;j+1 then (4.21) is trivially satisfied.
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Otherwise, take k € [k; + 1,kj41 + 1]. We emphasize that for k of the
form k; + 1 we have that

==

(o) <
and, for k not of this form, it holds that

Yow) > 7.
Then, for all £ such that k; +2 < k < kj1 we have:
;42 < 01 — (g, 42) < o1 — plky +2)7
kg3 < o — (ks +2)70 4 (k +3)7h),
etc. Applying iteratively (4.19), we obtain

]+1

QAjpr < Qi1 — [ Z
1=k;+2

Therefore, denoting by S, := 3F_; i1, we get

(4.22) p1(Skypr = Sky+1) < Qhy1 — iy < Qg1 < Qbil(k' T 1) < 7/171(1)7
J

where the second inequality holds because {a4} is a nonnegative sequence,
the third one by definition of Ny, and the last one because 1 is an increasing
function, and, consequently, ©»~! is also increasing. In order to estimate the
leftmost expression in (4.22), we use a result from [9]:

Sp =Inp+n(p) + E,

where n(p) € (0, 2) and E ~ 0,577 is the Euler constant. Applying the
previous equality in (4.22) we obtain,

k - -_— J—
lnk/fl < p TN + (ks + 1) — k)] < p 7T (1) + L
It may thus be concluded that
kj+1 1,,—1
T 1 1 1
k_+1_emﬂu (1) + 1),
and (4.21) is valid.

3) We will show now that

ag <P (Cl;l)

forall kj +1 <k < kjy1 + 1. Indeed, for £ = k; + 1 we have that
Plap41) < (b + 1)~
and consequently
_ C
) ST ),
i+ 1 kj+ 1
because C7 > 1. The same estimate is valid for k = k;;1 + 1.

ap1 <P
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If k is such that k; +2 < k < kj41, then kj11/k > 1 and

1
kj + 1)
-1 kj+1 -1 Gy
<o Gy <)
where we use that the sequence {«ay} is decreasing in the first inequality,
definition of N7 in the second one, the assumption on k and the properties
of ¢ in the third one, and step (2) in the last one.
We show next that the estimate (4.20) holds at least beginning from some
k, where 0 < k < exp (u o +1). If k; = 0 then (4.20) is satisfied by any
k > 1. Otherwise, take 0 < k < k;. We know that hypothesis (Hs) holds for
0 < k < k7. This means that

ap < o1 < VT

k k
0< o, <o —,uZi_l < ao—,uZi_l.
i=2 i=2

Therefore, using again [9], we obtain
Ink+nk)+E<ptag+1,
which implies that
Ink < ptag+ 1.
This yields
(4.23) k <exp(ptag+1).

Then all the results above are valid for k1 < C5. The proof of the lemma
is now complete. m

Remark 4.7. If 1 ¢ R(v), then there exists 0 < 5 < 1 such that 8 € R(¢).
In this case the lemma remains valid, but the constants Ch and Cy should be
changed.

Next we consider the particular case of inequality (4.19) with ¥(t) = 2,
which allows us to improve upon our previous estimate.

Lemma 4.8. If {o*}, (k=1,2,...) is a sequence of nonnegative real num-
bers satisfying the implicit recursive inequality opr1 < oy — ,u()ziJrl then it
holds that oy, < C1/k for all k, where C1 = max{2/u, a1}.

Proof. We proceed by induction. The result holds for £ = 1 by definition
of C7. Assume that it holds for k. Then, the recursive inequality and the
induction hypothesis imply that

V1+4 -1 14+4pCi/k -1
21 2
and it suffices to prove that the rightmost expression in (4.24) is less than

or equal to C1/(k + 1), which is equivalent, after some algebra, to

1, 1
: —(1+45)<Ch.
(4.25) LA sa

)
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(4.25) holds because k > 1 and Cy > 2/ =
As we mentioned before, the convergence rate estimate that we present
next is an application of Lemma, 4.6.

Theorem 4.9. Let {x*} be the sequence given by (4.18) with 0 < X\ < \; <
A. Suppose that the set of minimizers of f, which we call X*, is nonempty
and take x* € X*. Then results (i)-(vii) of Theorem 4.1 hold. Moreover,
defining u®* := f(z*) — f*, there exists k € [0, exp(Ry "u® 4 1)] such that

&

+)

for allk > k. If Cy is a bound for {x*} as in Theorem 4.1, then the constants
above are given by the relations

o —exp(ﬁ(S L1) 4+ 1),

Ry = (2L)7'AC3, Ry = (2XCo(Co + [l*]))

(4.26) ub < Ry'oni(

Proof. Statements (i) — (vi) hold because of our choice of A; and the fact
that this algorithm is a particular case of (4.2) for Q = B.
For establishing (4.26) we show first that

(4.27) ukH - uk S —Rl(SB* (Rg’u,kJrl),

which will allow us to apply Lemma 4.6 to the sequence oy = u*, with
p= Ry and (t) = dp=(Rat).

By the definition of the method and the gradient inequality, there exists
whtl € 9f(x**1) such that

(4.28)  wFtt —uF < (T R Ry = (Rt — gk g - gk,

Using Lemma 3.1 and the fact that the sequence is bounded by Cj, the
previous inequality becomes

(4.29)
_ MG (
T P

On the other hand,
F@) = < @M —at) < P — 2| e
< (Co + [|l=* ) |w™* | 5=

The previous chain of inequalities implies that
k+1

[w* | e
22:.Co

/\Co (Hw )
oL "BV oG,

Wk < )\kco(s <||J$k+1 Jﬂ?k”B*)
< -

)

4.30 W ge > —
(4.80 o e >
which, together with (4.29) and the fact that p-(+) is an increasing function,
gives (4.27).
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Now all the assertions of the theorem follow from Lemma 4.6 and the fact
that ¢~ '(2) = Ry 95+ (2), and the proof is complete.

We recall that spaces /P, LP and the Sobolev spaces WP are uniformly
convex and uniformly smooth for all p € (1,00) and, denoting any of these
spaces by B, we have

6p(e) > 8 1(p—1)eP, pp(r) <p 72
for p € [2,00), and
op(e) > p~127Pe? pp(r) <p '7P
for p € (1,2].
In the examples above, as well as in other spaces considered by Pisier in

[19], it holds that dp(e) > Ce7, where v > 2 and C is a constant. Under
such assumption, we get from (4.29) and (4.30)

k1 _ b _)\kCgCHwkHH};*
=TT Lot
Cllw** [ ¢ ()
LA TICyTE T 2L -1ey T (Co + [l )

Therefore, it follows from Lemma 4.6 that there exists k € [0, exp(Rzu®+1)]
such that

U

Faty - 1< (G,

for all k > k, where
C1 = exp(R3), Rz = CT1 2P LALCI 2 (Cy + ||l2*]))7.
For such spaces, we do not need a positive lower bound for \.

Remark 4.10. Recalling that u® = f(z%)—f*, (4.23) gives a precise relation
between ki, the first element of Ny, and the initial data. As a corollary,
we conclude that if the functional value at the initial point is close to the
minimum value f* of f, then ki cannot be too large.

In Theorem 4.9 we obtained estimate (4.26) for an arbitrary uniformly
convex and uniformly smooth Banach space B. Using Lemma 4.8 we can
improve the mentioned estimate for a very wide family of Banach spaces,
namely the ones which satisfy that dp«(¢) > Ce?, C = const. This family
includes the Hilbert spaces, because

2 2
€ €
— < < =
g SomE) <7
Theorem 4.11. Suppose that all conditions of Theorem 4.9 hold with 0 <
M < A\. Moreover, assume that dp+(g) > Ce?, C = const. Then
C

(4.31)  f(=*) = " < 5=, Cv=max{16CT LA(Co + )%, f (=) — 7}

forall k > 1.
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Proof. Since dp-(g) > Ce?, we have from (4.29)

C
Rl _ ko k12
VA P IEAC

Now (4.31) follows from Lemma 4.8 and the fact that u! < u°. =

Corollary 4.12. Consider the spaces £P, LP and WP . Suppose that 2 < p <
o0o. If 0 < Ag < A, then, under the hypotheses of Theorem 4.9, we have
C
f@®) = 7 < 55, C1 = max{162'AL(Co + 7|, £(°) — 7}

for all k > 1, where ¢ =p/(p —1).

The proof follows directly from the fact that when 2 < p < oo, the
corresponding dual space B* = ¢4, L1, W1 satisfies

dpe(e) > ¢ 127%% q=p/(p—1), 1 <g<2

An estimate similar to (4.31) was obtained in [10] for the particular case
of a Hilbert space. Lemma 4.8 allows us to obtain a much simpler proof
for this case. In Hilbert spaces, J is the identity operator, and the method
(4.18) takes the form

0 € f (1) + \p(2F Tt — 2F).
Using (4.30), we have

Wk < <wk+1,xk+1 _ xk> _
”wk—HHQ (uk+1)2
T % MGoA D
Now Lemma 4.8 immediately gives the following estimate:
Cl * *
flah) - fr < = O1=max{2A(Co + ||z 2, f(a®) = f*}

for all £ > 1.

5. CONVERGENCE ANALYSIS FOR UNIFORMLY CONVEX FUNCTIONALS

We will establish now strong convergence in the case of uniformly convex
functionals. In this section, a uniformly convex functional will be understood
as a functional f such that there exists a continuous and increasing function
U : [0, 00] — [0, 00] satisfying ¥(0) = 0, limy_oo U(¢) = 0o and

(5.1) (uyx — ) > U(||lz — z|)).
for all x € B, and all u € df(x), where x* is the minimizer of f on Q.

Theorem 5.1. Suppose that f is a uniformly convex functional and take
U(-) as in (5.1). Then, the sequence generated by (4.2) with 0 < A\ < A
converges strongly to x* and there exists k € [0,exp(27'ADg + 1)] such that

* - Cl
(5.2) 2% — 2*|| < 4Co65'( 02‘1’ Y ),
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for all k > k, where Cy is a bound for {zF}, W(t) = V(4Copg'(t/4C3)),
Do = (||l2°]] + [|l*[))* and

C1 =exp (%\iﬁl(l) +1).

Proof. By (4.3), the gradient inequality and definition of U(-), we get

(5.3) W (M a%) < W(ak,a") — 2/A) B (je" — 2.

Then the sequence {W (z*, 2*)} is nonnegative and decreasing, hence conver-
gent. We show next that the properties of ¥(-) and the previous inequality
imply the strong convergence of {z*}. Indeed, the following property of
W (-,-) can be found in [1], Theorem 7.5:

(5.4) 4Cp5' W (2,y)/(4C%)] < ||z — y|| < 405! [W (2, y)/(8C?)],

for any x,y € B, such that [|z|| < C, ||ly|| < C. Applying the leftmost
inequality in (5.4) to (5.3), and using the assumption on Cp, we have

W (bt o) < W (ak, 2*) — 2\, U (4Cop5" (W (2", 2*)/(4C3)).
Let W}, := W (2*, 2*). Then the previous inequality can be rewritten as
Wis1 < Wi — 20, " U (Wii1) < Wy — 20710 (Wyq).

Observe that W is continuous and ¥(0) = 0, because p5'(0) = 0. Then we
are in conditions of Lemma 4.6 with aj = Wy, ¥(t) = U(¢) and p = 2/\.

This lemma implies that
C
Wi < U1,
for all k > k, where k < exp (27'AWj + 1). Combining now (5.4) with the
previous inequality, we get

k *
which gives
. 1, 1 = Ch
2% — 2*|| < 4Cob5"( CQ‘I’ W)
The constant Dy is obtained applying the formula (3.4) in the bound for k
and thus this establishes (5.2). =

Remark 5.2. In the same way as in Section 4, the estimate (5.2) can be
improved for the special case in which U (t) = t. It is also obvious that if
U(t) =t, then Wy converges to 0 with a linear convergence rate.

Remark 5.3. In [2], explicit versions of gmdz’ent type methods were con-
sidered for {\r} and {er} such that limy_, )\ =0 and 0 <ep < CA L,
for some constant C. The authors proved in thzs reference all the results of
Theorem 4.1 in the case of a Banach space in which §g() > Ce?. The same
assumption on the parameter {\y} is still necessary for uniformly convex
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functionals in an arbitrary uniformly convex and uniformly smooth Banach
space (see [3]).

Remark 5.4. It is not difficult to show that the proximal point algorithm
(4.2) can be written as

(5.5) 2" = o (J2b — NpuF Y,

where u**1 € f(x**t1), and nq : B* — Q C B is generalized projection
operator introduced in [1].
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