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This paper investigates the two-sided first exit problem for a jump process having jumps with rational Laplace transform. The
corresponding boundary value problem is solved to obtain an explicit formula for the first passage functional. Also, we derive the
distribution of the first passage time to two-sided barriers and the value at the first passage time.

1. Introduction

One-sided and two-sided exit problems for the compound
Poisson processes and jump-diffusion processes with two-
sided jumps have been applied widely in a variety of fields.
For example, in actuarial mathematics, the problem of first
exit from a half-line is of fundamental interest with regard to
the classical ruin problem and the expected discount penalty
function or the Gerber-Shiu function as well as the expected
total; see, for example, Mordecki [1], Xing et al. [2], Zhang et
al. [3], Lewis and Mordecki [4], and Avram et al. [5]. In math-
ematical finance, the first passage time plays a crucial role for
the pricing of many path-dependent options and American
type options; see, for example, Geman and Yor [6], Bertoin
[7], Kyprianou [8], Rogers [9], Avram et al. [10], and Alili and
Kyprianou [11]. Recently, Cai [12] investigated the first pas-
sage time of hyperexponential jump-diffusion process. Cai
and Kou [13] proposed a mixed-exponential jump-diffusion
process to model the asset return and found an expression for
the joint distribution of the first exit problem for a jump and
overshoot for a mixed-exponential jump-diffusion process.
Chen et al. [14] and Yin et al. [15] discussed the first passage
functional for hyperexponential jump-diftusion process.
Motivated by works mentioned above, the main objective
of this paper is to study the first exit time of the two-
sided first exit problem for jump-diffusion process having
jump with rational Laplace transform proposed by Lewis and

Mordecki [4]; see also Kuznetsov [16]. This extends recent
results obtained in Chen et al. [14, Theorem 2.5] on the
hyperexponential jump-diffusion process.

The rest of the paper is organized as follows. In Section 2,
we introduce the jump-diffusion process having jumps with
rational Laplace transform. Section 3 concentrates on deriv-
ing the joint distribution of first exit time and a nonnegative
bounded measurable function of the process value at the first
exit time to two flat barriers. Section 4 presents the analytical
solution to the pricing problem of standard double-barrier
options.

2. The Model

A Lévy jump-diffusion process X = {X,, t > 0} is defined as

Nf
X, = Xo +ut +oW, - ) Y, )
i=1

where 4 € Rand o0 > 0 represent the drift and volatility of the
diffusion part, respectively, W = {W,, t > 0} is a (standard)
Brownian motion, N = {N,, t > 0} is a homogeneous
Poisson process with rate A, and {Y;, i = 1,2,...} are
independent and identically distributed random variables
supported in R \ {0}; moreover, {W,, t > 0}, {N,, t > 0} and
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{Y;, i = 1,2,...} are mutually independent; finally, the
probability density function (pdf) of Y, is given by
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where p;;, q;; > 0, such that Z;”l Z:n’l pij + Z;’ . Z:ljl 9,;=1
Re(n;) and Re(6;) > Oand that#; # 17;and 0; # 0, foralli # j.

Another 1mportant tool to estabhsh the key result of the
article is the infinitesimal generator of X,. Note that X, is a
Markovian process and its infinitesimal generator is given by

Zh(e) = i EL ) Ko =] =)
0,2
= uh' (x) + 711” (x) 3)

+A f: (h(x-y)-h(x) f (y)dy,

for any bounded and twice continuously differentiable func-
tion h.

Throughout the rest of the paper, the law of X such that
X, = x is denoted by P, and the corresponding expectation
by E,; we write P and E when x = 0. The Lévy exponent of
X is given by

InE [exp (¢X,)]

G = ;

_ o’ - _
—y(+2C+)L([E[e ] 1)
(4)

Accordingly, G is a rational function on C. The equation
G({)—a=0with> 0,0 > 0,and y € RyieldsS=M+ N +2
zeroswith M = Y7, m;and N = ¥, m;; see Kuznetsov [16].

Let us denote the zeros of G({) — « in the half-plane

Re(() > 0 {Re(() < 0} as p,py,-- -5 Parsr 1PM42> Prass - >
PN+ Also, we assume that all zeros of G({) —« are simple.

3. Distribution of the First Passage Time to
Two Flat Barriers

Define 7 to be the first passage time of X, to two flat barriers
h and H with h < H; that is,

T:=inf{t>0: X, >hor X, < H}. (5)
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And let

¢(x) =E, [e g (X)], (6)

where « > 0 and g is nonnegative bounded measurable
function.

Now, by Feynman-Kac formula (see, e.g., Theorem 4.4.2,
Karatzas and Shreve [17]) we have that ¢(x) must satisty

(Z-a)¢(x) =
¢ (x)

in (h,H),
(7)

=g(x) on (-co,h]U[H,+00).
Our goal in this section is to solve the boundary problem
(7) and find explicit formulae for ¢(x). We first show that
¢ satisfies an integrodifferential equation and then derive an
ordinary differential equation for ¢. Based on the ODE, we
show that ¢ can be written as a linear combination of known
exponential functions. As a consequence, its explicit form is
obtained, for instance, choosing g(x) to be e'*; it is easy to
derive the joint distribution of the first passage time of X to
two flat barriers and the process value at the first passage time.

Now, let 2,(0) = [T [T (€ + 1) TI, T2, € - 6))'5
then P, ({) = P,({)(G({) - «) is a polynomial whose zero
coincides with those of G({) — a. Also, denote by D the
differential operator such that its characteristic polynomial is
P, (0).

The following lemma will be needed for our proof of
Proposition 2.

Lemmal. Let d% indicate the kth derivative with respect to x
of any differentiable function and define

F(i,r]j,x)
d M ex . (8)
(o) e s0) ) vy

with (d/dx + r]j)(i) being the generalized Leibniz operator such

that
(Lo (e o
ax )T a k) '
Then, for alli > 1,

F (i, x) = (i - 1)l (). (10)

Proof. We proceed by induction on i. For i = 1, we have
Flumpx) = (Jovm ) [ o0)evd
MpX) =\ 7)€ 7m¢ y)e dy
= [ e dy e

e [ g )y =4,
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Moreover,
dx Y —o
nx [F i-1 .
=-ne" Jﬁ ¢(y)(x—y) "dy
Hi-De [ 40 -y 1)
+re J ¢ () (x—y) " W dy

=(i-1)e " Jx ¢(y) (x - y) e dy.

It follows inductively that

d (i)
F(i,nj,x) = <£ +;7j>

e [ s -7 ey

d /g
(o) (o)

x O (13)
)y = -1
' (i + ’1‘>(1 e J $(y) (x—y) e dy
dx —o
=(i-1)F(i-1,n,x)=(>-1DF(Lny,x)
=({i- D¢ (x),
which is the desired result. O

We may now state the following.

Proposition 2. Suppose a bounded solution ¢ defined on R to
the boundary value problem (7) exists. Then on R\ {h, H}, ¢ is
infinitely differentiable and satisfies the ODE,

D¢ =0, on (hH). (14)

Hence, on (h, H), ¢(x) = 22:1 Q e’ for some constants Q.

Proof. Applying the infinitesimal generator Z to the function
¢, we obtain

P (x) = —¢>” (x) + g’ (x) + AZ qu

i=1 j=1
) (’71)1
(Y]

m Mj

+AY Yy

j=1i=1

e [ sx-nT ey

3
(6,) +o0
. J 9]x jyd
e 0 -0 ey
—A¢ (x)
(15)
Next, ¢ will be shown to satisfy an ODE. Using Lemma 1, we
get,forj=1,2,...,m,i=12,...,mj,
d (i) x -
—_— 7. e J- x—y)" e’d
(dx ﬂ,) = y) () dy e
= (- D¢ ().
The same computation will yield, for j = 1,2,...,n,i =
L2,...,nj
( d _9. >(i) eejx J+m( _ X)Fl ¢( )e—ejyd
dx i x 7 4 4 17)
=—(@{-Dlp(x).

Now, since ¢ > 0 and (£ — a)¢p = O then, thanks to
Proposition 3.3 in the work of Chen et al. [18], ¢ is infinitely
differentiable on (h, H) and

d @ n 1 d (@)
(a*’”) 111‘1[(5—@) (Z -0 ¢ ()
j=1i=

n ol d 0 /6* 3 d
T (5-9) (77*%‘* "‘)“x (18)

d (i) (,74)"
E + r]k) PU( 1)! (i- 1)'(/5 (x)

noo 0] (94)’
(E _6"> LI

Hence, (18) transforms the integrodifferential equation (& —
«)$p = 0 into an ODE : 13(/) = 0, where D is high order
differential operator.

To complete the proof, D must be shown to coincide with
D. To show that the characteristic polynomials of D and D
will suffice, write Z() as the characteristic polynomial of D.
Then, by (18), 2 is given by

J . n

7@ =T111C+n) I -0 >l“(*%<2

j=1i=1 j=1i=1

+A<J§:m Py (1 A) +2Z(Z”( o) ) 19)

i=1 6

~ 1) (x).

m; n;

—a]=@o(o<c(c>—a).



This equation reveals that the characteristic polynomial

P,({) of D equals that, (), of D, which completes the
proof. O

Proposition 3. Suppose that ¢ is a bounded solution to
the boundary value problem (7) and, on (h,H),¢(x) =
Zi:l Q™ for some constants Q. Then the constant vector
Q satisfies the equation

AQ=V, (20)

V4
()
ZZ

Zl
M eplh m epsh
Lt Ps 1
( M > eplh ( m > epsh
Pt Pst M
(22)
Mm eplh Hm epsh
P1+ Um Ps M
< fm > eplh ( Mm > epsh
P1+ T Ps + T
ePih ePsh
ZZ
0 e 0, ePs
pr— 6, ps — 6,
( o )nl e H < 0, >"1 ePsH
pr—6, ps — 6,
: : (23)
O, e ePsH
pr =6, ps =0,
<9_> Al (9_> oPsH
P1— en Ps — en
e, H ... ePsH
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andVg = (Vg,l(j,i), j=L1L2...,m i = 1,2...,mj,g(h),
Voa(hi)y j= 1200, i = 1,2...,n, g(H)),
L () (=) e
Vai (J’l)=J7 g(y+h) J(l._—l)!d% (24)

+00 9. iyi_le_ejy
Voo (Joi) = JO g(y+H) (])(i——l)!dy' (25)

Proof. Since (& — )¢ = 0 and ¢(x) = 22:1 Qie™* on (h, H),
which entails

=(Z-a)¢p(x)

= 70" )+ g () + 2 Jﬁ: ¢ (x=y) f(y)dy

-(A+a)¢(x) (26)

S 2
= Zlepkx (%pﬁ +up— A+ oc))

A gm0 )y

furthermore

[Tot-nsoa=([ [T o s

(27)

- 6 ’yd)/+ZZPUZlePk
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Now, since (a + y)H = Z;;

|y tedy = pr iap)
Zﬁi(i—l)!< _ faﬁz( ﬁ) )

(28)
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with I'(7, x) being the incomplete gamma function (see
Gradshteyn and Ryzhik [19, page 342]).
Consequently, by combining (26) and (27) and taking into

account the fact that G(p,) —« = O forallk = 1,2,...,S, we
obtain
m M 0
_ -, (x=h) (’71)
O—jzzlizzlpijen Jﬁ - ,9()’ h)
(i 1 ! i-1-l y.
(x=h)y (-y) eWdy
=\ !
n Mj +oo (0. i
6;(x~H) ( J)
..e _— H
+;;qge L TETAARY
= 1 i-1-1
( )(H—x)( ) e Pdy
=\ !
(29)

+ ZQ epkhzz pe e

j=li=1

(nj+ p) 0 g
+ ZlePkHZ 3 ql] 8/0=HD)
j=li=1
(6)) ZKerx m]

(pk - 1)1

Comparing e ™ and %~ yields (20), which entails the
desired result. O

Lemma 4. For a given value of « > 0 the matrix A given by
(21) is invertible.

Proof. Assume that AC = 0 for some vector C = (C,,C,, ...,
CS)T. Consider the function V(x) = Zi:l Cre’™ for x €
(h,H) and V(x) = 0, otherwise, with p,,..., ps to be the
distinct zeros of the equation G(x) — « = 0. Since AC = 0
and V(x) is a solution to the boundary value problem,

~)$(x) =0,
$(x) =0,

From the uniqueness of solutions to the boundary value prob-
lem (30), V(x) = 0in (h, H). Now, since {e”*, 1 < k < S} are
linearly independent then C = 0 and A is invertible. O

in (h,H),
(30)
on (—oco,h] U [H,+00).

In the following, y-z is written for the usual inner product
of the vectors y and z in C°® and for every real value x, e’ (x) =
[eM™, e, ..., ef*], where p;, p,,..., psarethe S = N+ M+2
roots of the equation G({) = «. Our main result is the
following.

Theorem 5. For any « > 0 and a nonnegative bounded
measurable function g on (h, H)", the following assertions are
equivalent:

(a) ¢p(x) = E,[e " g(X,)], where T := inf{t >0 : X, >
hor X, < H}.

(b) The function ¢(x) solves the boundary problem (7).
(c) The function ¢(x) is given by the formula

Q(g)- € (x), if xe(hH),
¢ (x) = , (31)
g(x), if x¢ (hH),
with Q(g) = AilVg and A and V,, are given by formu-
las (21) and (24), respectively.

Proof. The fact that (b) implies (c) is straightforward conse-
quence of Proposition 3. Conversely, consider the function
V(ix) = Zizl Qe for x € (h,H) and V(x) = g(x) other-
wise, where g is a bounded function on (h, H)" and Qs are
given constants. Then the same reasoning as in Proposition 3
shows that

(Z-a)V(x)
R (n,)
2; j( h)J (Jl)'g(y )
(x—h-y) " eWdy

e [ (8)
+121;q” e Jo (i—]l)!g(y+H)
(32)

(y+H-x)

“dy + Z Zp,,Zle” -

j=li=1 k=1

(’h)i

G-1)

530,30 oL

j=li=1 k=

x-h
J yr—l e itpy dy
0

Y le¥mPIy gy,

Thanks to (20), we conclude that (c) implies (b).

Let us finally assume that (a) holds. Then by Feynman-
Kac formula, the function ¢(x) solves the boundary problem
(7); hence (b) holds. Conversely, thanks to Proposition 4.1 in
the work of Chen et al. [18], the boundary problem (7) has
a unique solution; consequently (b) implies (a). The proof is
complete. O

As an illustration of the main result of Theorem 5, we
can obtain closed-form expressions for the expectations of a
variety of functions with respect to 7 and X,. For instance,
choosing g(x) = " in the above theorem, we can derive the
joint Laplace transform of (7, X,), which is presented in the
following corollary.



Corollary 6. Forany o >0,y > 0,

E [ —at+pX ] Q ' CZ (X) > lf X € (h: H) > (33)
e T =
) %, if xg (nH),

where Q = (Q,Q,, ...,QS)T = A_IV(y), A is given by for-
mula (21), and V (y) is given by

e’ ) '
V(y)= ﬁ, j=L2...,m, i

y+1;)
vyH
=12..my e S =12 n 0 (3
(v-6))
=1,2...,n,e"

7

As another consequence of Theorem 5 and Lebesgue’s
dominated convergence theorem, we get the following for the
asymptotic case when i — —oo and H — +00, respectively.

Corollary 7. For two flat barriers h and H (h < H), define
the first downwards passage time under h and the first upwards
passage time over H by

7, =inf{t >0: X, > h},

(35)
T;I::inf{tzozxtSH}.
Then for e > 0, one has the following:
o Q,-ef(x), if x>h,
[Ex [ hg (XT;)] = .
g(x), if x<h,
(36)
. Q, e’ (x), if x<H,
IEx [e aTHg (XT;!)] = “« ]
g(x), if x>H,
with
Q = (Q1>Q2s--->QM+1)T = A11V+’
Q = (Qutrzr Quarnr - Qs) = ATV,
ef (x) = [eM7, €™, ..., e 7],
622 (X) — [epM+2x,ePM+3x, . ,ePsx] ,
Vo =(Vy, (i), j=12..,m i=1,2...,m;,g(h),

Vo= (V,_(ji), j=12...
(Wj)i (~y) e
(i-1)!

(0) e
(i-1)!

M, 1= 1,2...,nj,g(H)).

Vi) =[_alrem

y,

Vo G = [ g m)
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A,
LY R
PLtm Pm+1 T
( m >M1 eplh ( M >m1 e"M“h
PLTMm Pm+1 T
) T ok ’
P11+ M Pyv+1 t
(n—m)mm ePlh .. <rl—m>mm ePMHh
P11t M Pyv+1 T Hm
ePlh ... ePM+1h
A_
6, ePmnH 6, ePsH
Pur2 — 61 ps + 0,
(I P W
Pumiz — 61 ps— 6,
6" ePM+2H 6” ePsH
Pm+2 ~ en Ps — Gn
nﬂ nn
( L ) ePmntl ( i ) ePsH
Pm+2 ~ en Ps — en
ePM+2H e ePsH

(37)

4. Pricing Double-Barrier Options

We now show how our theoretical results can be easily applied
to derive pricing formulae for standard double-barrier
options. We assume the asset price process {S, : t > 0} under
the risk-neutral probability measure P is defined as S, = ™.
The log-return process {X, : t > 0} is given by (1) where X, =
log(Sy) and p = r—0*/2 = AE[e" — 1] (i.e., E[e " 7S] = ),
where r > 0 is the risk-free rate. More recently, Cai et al. [20]
presented the following.

The payoft of a standard double-barrier option is activated
(knocked in) or extinguished (knocked out) when the price of
the underlying asset crosses barriers. For example, a knock-
out call option will not give the holder the payoff of a Euro-
pean call option unless the underlying price remains within a
prespecified range before the option matures. More precisely,
consider an interval (L, U) and the initial asset price S is in it.
The holder will receive (S — K)"1;,.7, at maturity T, where

T=inf{t>0:S,<UorS, >L}. (38)
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Under the risk-neutral probability measure, the price of such
option with maturity T and strike K is given by

e TE[(Sr = K) Lary | S,] - (39)

Make a change variable ¥ := —log K. Then, the expectation
can be represented as

ClT) = TE, [(867 ™) Npupy | (40)

Define C(a, y) and Ao, y) as the double Laplace transforms
of the price C(x,T) in (40) and the delta A(a,y) =
0C(x,T)/0S, with respect to T and , respectively; that is,

C(ay) = L j e " C (1, T) dic dT,

(41)
> [¢] o0
A, y) = J J e " TA (o, y) dicdT.
0 -0
Theorem 8. For any y > 0 and « > max(G(y + 1) —r,0)

y+1
S()

G DGEr D@ Q)

(1)
e, (0) = ") Logrss,ogzsy) ()

Clay) =

14
5 (Q-¢., )

Ala,y) =
(@7) Y(Gy+1)—(a+1)) (43)

(y+D)x
= ") L ogrss,t0swrs) (%)

where Q = A_IV()/ +1) and A associated with r + a is defined
as in Theorem 5 and V is given by formula (34).

Proof. Equation (43) is an easy consequence of (42). To prove
(43), using an idea of Kou et al. [21] (see also Cai et al. [20])
along with a change of the order of integration and the inte-
gral with respect to x, we obtain

Cla,y) = J de e " C (16, T) dic

0 —

=E, [J ef(“”)TdT‘[ e’ (SOeXT - efk) d;c] (44)

0 —(logSy+X7)

SYH T
__ S ¢ [ j o~ @THy+DX; dT] '
y(y+1) “Llh

Now, we suppose that G(y + 1) < « + r and applying Ito’s
formula to the process {e" @0+ DX: ¢ > 0} we obtain

Mt — e—(oc+r)(t/\r)+(y+1)XW

tAT
J 0

_ e—(ot+r)(t/\r)+(y+1)XMT

_ e(V+1)Xo

e @t (— (a+7) eV D% 4 ge(”“)XT) dT

(45)
_ e(V+1)X0

tAT
-(G(y+1)—(a+71)) J e o)X g
0

is a local martingale starting from M, = 0. Since G(y + 1) <
« + r, it follows from Fubini’s theorem that

E [ J ‘ @ TH+ )Xy dT]
0

t
:J' @ TE [e(y+1)XT] AT
0

t
_ 46
_ J (NG T g (46)
0

1 (~(a+r)+Gy+1))t
= -1
(—@+r)+G(y+1) ¢ ]

vt > 0.

It follows from the dominated convergence theorem that
{M,; t > 0} is actually a martingale. In particular

[Ex [e—(oc+r)‘r+(y+1)X, _ e(y+1)x]

T (47)

=(G(y+1)-(a+1))E, “ e @ THytDXr gy |
0

Combining (44) and (47) and applying Corollary 6 we can
therefore conclude that

C(ay)

Sg+l (
yy+1)(Gy+1)—(a+r)

[e—(a+r)r+(y+1)X,]

(48)

_ e(y+1)x) _ S?)’*l
y(y+1)(G(y+1) - (a+1))

(y+1)
“eh, (%) = V) Loy, ogwrs) ()

(Q

where Q = A_IV(y +1) and A associated with r + « is defined
as in Theorem 5 and V is given by formula (34), which ends
the proof. O
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