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We prove two results concerning the existence of solutions for functional differential inclusions that are governed by sweeping
processes, with noncompact valued perturbations in Banach spaces. Indeed, we have two goals. The first is to give a technique
that allows considering sweeping processes with noncompact valued perturbations and associated with a multivalued function
depending on time. The second is to give a technique to overcome the arising problem from the nonlinearity of the normalized
mappings, when we deal with sweeping processes with noncompact valued perturbations and associated with a multivalued

function depending on time and state.

1. Introduction

In his leading paper, Moreau [1] proposed and studied the
following differential inclusion governed by sweeping process
of first order:

~u' (t) € Ngg) (u(t)) ae onl=[0,T],
1)
u (0) = Up

where G is a multifunction from the interval I = [0,T] to
the family of nonempty closed convex subsets of a Hilbert
space H and Ng)(u(t)) is the normal cone of the subset
G(t) at the point u(t). Problem (1) corresponds to several
important mechanical problems. For more details concerning
the applications of (1), we refer to [1].

Since then, important improvements have been devel-
oped by several authors. For some existence results of solu-
tions for sweeping processes in Hilbert or Banach spaces, we
refer to [2-10].

Let E be a Banach space, v a positive real number,
C, = Cg([-r,0]) the Banach space of continuous functions
from [-7,0] to E endowed with the uniform norm |ul,, =
Sup{llu®)ll : t € [-r,0]}, C a multifunction from I to
the family of nonempty closed convex subsets of E, F a

multifunction defined on I x C, and with nonempty closed
values in the topological dual space, E*, of E, and T a
multifunction from I x E* to the family of nonempty closed
convex subsets of E. Let ] : E — E*and J* : E* — E
be the normalized duality mappings and for each t € I,
7(t) : Cg([-r,t]) — C,and (z(t)g)(s) = g(s+1), Vs € [-r,0].
Let ¥ € C, be given.

In this paper, we prove two existence results. In the first
result (Theorem 15), we prove, in p-uniformly convex and g-
uniformly smooth Banach space, the existence of solutions
for the following sweeping process with noncompact valued
perturbation and with delay:

u(t)=Y(t), fortel[-r0];

u(t) =¥ (0)+ Jtu’ (s)ds, fortel,
0

u(t) e C(t),

ut () =] (u@®),

(") (1) € ~Ngg @ (1) + F (6,7 (t) ),

fortel,
(2)
for t €I,

ae fort el
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In the second result (Theorem 16), we prove, in p-
uniformly convex and g-uniformly smooth Banach spaces,
the existence of solutions for the following sweeping process
with a noncompact valued perturbation and with delay:

u(t)=V¥Y({), fortel[-r0];

t
u(t) =% (0)+ L u' (s)ds, fortel,

u* (t)=J (u(t), fortel,

u(t) e (t,u"(t)), fortel,

(3)

W) (1) e ~Nr ey @ (0) + F (6T () u),

a.e fort el

We prove the existence of solutions for (3) without
imposing that the values of I' are contained in a fixed convex
compact subset; instead, we suppose that I satisfies a condi-
tion in terms of the Hausdorft measure of noncompactness.

It is important to note that when the sweeping process
is associated with a multifunction depending on time and
state, the nonlinearity of the normalized duality mappings
causes a difficulty when we deal with sweeping process with
a perturbation; see, for example, the remark which has been
given by Bounkhel and Castaing [6]. For this reason we define
the multifunction T on I x E*.

In order to explain the mathematical motivation for this
work, we mention some recent results in this domain.

Aitalioubrahim [2] considered (2) when X is a Hilbert
space and the value of C is nonempty compact and not
necessarily convex.

In Theorem (4.3) in [5], Bounkhel and Al-Yusof estab-
lished the existence of solutions for (2), in a separable, p-
uniformly convex (p > 1) and g-uniformly smooth (g > 1)
Banach space without delay and when J(C(¢)) € G, for any
t € I, for some convex compact set G € E*; F is upper
semicontinuous with convex compact values and F(¢, x) € Z,
Y(t, x) € I x E, for some convex compact subset Z ¢ E*.

In Theorem (4.5) in [6], Bounkhel and Castaing consid-
ered (3) in a separable, p-uniformly convex (p > 2) and g-
uniformly smooth Banach space, g € (1,2], and when F = 0
and T is defined from I x E to the family of nonempty closed
convex subsets of E and satisfies a condition in terms of the
Hausdorff measure of noncompactness.

Castaing et al. [10] considered a second-order sweeping
process without delay in a separable Hilbert space H in the
case when K is a Lipschitz multifunction defined on I x H and
taking closed p-proxy regular (p > 0) values in H; and F is a
convex weakly compact valued scalary upper semicontinuous
definedon I x H x H.

Ibrahim and AL-Adsani [7] considered a second order
sweeping process with delay in a separable p-uniformly con-
vex and g-uniformly smooth Banach space X and the values
of perturbation F are nonempty convex weakly compact.

Noel and Thibault [8] established the existence of solu-
tions for nonconvex sweeping processes with a moving set
depending on the state in Hilbert spaces.
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For other contributions on differential inclusions, see
Gomaa [11].

We note that if E is a Hilbert space, then ] is equal
to the identity mapping, E is 2-uniformly convex and 2-
uniformly smooth Banach space. Therefore, our technique
allows discussing some sweeping process problems with
noncompact perturbation in Hilbert spaces or in Banach
spaces, whether the moving set depends on time or on time
and state.

The paper is organized as follows. Section 2 is devoted to
some definitions and notations needed later. In Section 3, we
prove the existence of solutions for (2). In Section 4, we give
existence of solutions for (3).

2. Preliminaries and Notations

Let P.(E) = {A € E : Ais nonempty closed}, P..(E) = {A <
E : A is nonempty closed convex}, and P (E) ={ACE: A
is nonempty, convex and compact}. Let B = {x € E : ||x|| < 1}
and B, ={z € E" : |z|| < 1}.

Definition 1 (see Def. 2.4.1 [12]). The multivalued mappings
J:E— 2%,
J)={y € E": (o) = Il = o}
7B — 2E,
I () = {x e X: (nx) = Il = |y}
are called the normalized duality mappings.

In the following Lemma, we recall some properties of ]
and J*.

Lemma 2 (see [12], Prop. 2.4.5, 2.4.12, and 2.4.15). We have
the following:
(1) IfE is a Hilbert space, then J(x) = {x}, for all x € H.

(2) For each x € E, J(x) is nonempty closed convex and
bounded subset of E*.

(3) J(Ax) = AJ(x), forall x € E and all A € R.
(4) IfE” is strictly convex, ] is single-valued.

(5) If E is strictly convex, ] is one to one; that is, x + y =
J(x)NJ(y) = ¢.

(6) If E*is uniformly convex, then ] is uniformly continu-
ous on each bounded set in E; that is, Ve > 0 and o > 0
there is a 8 = 8(e, ) > 0 such that for x and y with
x|l < & and ||yl < & we have

[x=sl<6=

V-1l <e

(5)

(note that if E* is uniformly convex, then it is strictly
convex and hence ] is single-valued mapping).
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(7) If E is reflexive, then ] is a mapping from E onto E*,
that is

U{J(x):x € E}=E"; (6)

(8) IfE is reflexive strictly convex space with strictly convex
conjugate space E*, then ] and J* are one-to-one, onto
and single-valued mapping and

=T,
]I* :IX*> (7)
]*] = IX)

where Iy is the identity mapping on E and Ig.is the
identity mapping on E*.

For more properties of the duality mapping, we refer to
[12-14].

Definition 3 (see [12], Def. 2.8.1). The Banach space E is said
to be uniformly smooth if

pe (1) _

0, (8)
t

! T
ok (0) = lim
where py, is the modulus of smoothness of E.

Definition 4 (see [12-14]). Let g > 1 be a real number. A
Banach space E is said to be g-uniformly smooth if there
exists a constant ¢ > 0 such that py(t) < ct, Vt > 0.

Clearly, every g-uniformly smooth Banach space is uni-
formly smooth.

Lemma 5 (see [12-14]). The following properties are satisfied:
(1) E is uniformly smooth if and only if E* is uniformly
convex.

(2) E is uniformly convex if and only if E* is uniformly
smooth.

(3) I E is uniformly smooth, then E is reflexive.

Lemma 6 (see [12,13]). Let p > 1:
() If E is p-uniformly convex, then E* is p'-uniformly
smooth where p' = p/(p — 1).
(2) If E is p-uniformly smooth, then E* is p'-uniformly
convex where p' = p/(p — 1).

Remark 7. Tt is known that
(1) the Banach space LP(I,R) is min{2, p} uniformly
smooth;

(2) if 1 < p < 2, then LP(I, R) is 2-uniformly convex; if
2 < p, then LP(I, R) is p-uniformly convex.

Now, let

V:E"XE — R,

] (9)
V,:ExE* —R

be two functions defined by

V(. x) = [lo]* - 2 (p. x) + I,
V. (x,9) =V (o x).

Observe that V(J(x), x) = 0, Vx € E, and if E is a Hilbert
space, then V (¢, x) = |lp - x|

(10)

Definition 8 (see [12]). Let Z be a nonempty subset of E and
@ € E".If there exists a point z € Z satisfying V(¢p,z) =
dy(g), then z is called a generalized projection of ¢ onto Z,
where d;(cp) =inf, ., V(p,x).

The set of all such points is denoted by 7, (¢); that is,

no(@)=fzez:Vipa)=di@).

The following lemma summarizes some important prop-
erties of V and 7, (¢) (see [12]).

Lemma 9. Let X be a reflexive Banach space with dual space
X"and let Z be a nonempty closed convex subset of X. The
following properties hold:

(1) 74() # ¢, Vg € X°.
(2) If X is uniformly convex or uniformly smooth, then
V(p,x) =0
¢=7(x), (12)
VxeX, pe X"
(3) X is strictly convex if and only if w,(¢) is singleton for
allp € X*.
(4) If X is also smooth, then, for any given ¢ € X",

zem,(p) =

(p-J(2),x-z) <0, (13)
Vx € X.

Definition 10 (see [4,14]). Let Z be a nonempty closed convex
subset of E and z € Z. The convex normal cone of Z at z is
defined by

Ny(z)={p€eE" :{p,x-2) <0, Vx € E}. (14)

The following lemma gives a closedness property of the
subdifferential of the distance function associated with a set-
valued mapping with closed convex values.

Lemma 11 (see [14]). Let Z be a nonempty, closed, and convex
subset of a Banach space X and z € Z. Then,

() Ny(z)n{y € X" : Iyl <1} = 9d4(2), where 0d4(2)
is the subdifferential of the distance function;



(2) if X is reflexive and smooth, then

zem,(p) =
¢-J(z) € N;(2), (15)
Vo e X*, Vz € Z.

Let us recall the following lemmas that will be used in the
sequel.

Lemma 12 (see [5], Lemma 4.1 and Prop. 4.2). Let p, g > 1,
let X be a p-uniformly convex and g-uniformly smooth Banach
space, and let Z be a nonempty bounded subset of X; then, there
exist two constants a > 0 and b > 0 such that

alx=y|" <V, <blx-y", Vxyez

(16)
dy () <b(d, (" (9))?, VpeX".
Moreover, if Z, in addition, is closed and ¢ € X*, then
dy (¢) =0 =
(17)
I (g) e 2.

Lemma 13 (see [6], Prop. 4.3). Let p > 2, and let X be a p-
uniformly convex and q-uniformly smooth Banach space. The
normalized duality mapping ] is Lipschitz on bounded sets; that
is, for any R > 0, there is a positive constant dependent on
R, C(R), such that

x|l < R,
Iy|<R= (18)

T =T <Cc®|x-y.

Lemma 14 (see [15], Lemma 2.3). Let X be a separable Banach

space, let G : [a,b] — 2% be a measurable multifunction, and
let z : [a,b] — X be a measurable function. Then, for any
positive measurable function r : [a,b] — R, there exists a
measurable selection g of G such that for almost all t € [a, b]

lg®)-z@®)| <dz@®),G®)+r(t). (19)

3. Existence Results of Solutions for
Problem (2)

Theorem 15. Let p > 1, q € (1,2], E be a separable, p-
uniformly convex and q-uniformly smooth Banach space, C :
I - Py(E)and F : I x C, — P.(E"). Suppose that the
following conditions hold:

(H,) There is a convex compact subset K C E*, such that
J(C(H) C K, Vt € L.

(H,) There are two constants A, and A, such that for any t,,
t, € I and any x,, x, € E we have

/ /
H [dcul) (M)]W - [dcaz) (xz)]q/q

<At =] + A, % —x,

(20)

where g’ = q/(q - 1).
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(Hj) There is a continuous function m : I — R* such that,
foranyt,s € I andy,,y, € C,,

h(F(ty1),F(sy2)) < Im@®) —-m @) + |y - v . (21)

>0

(Hy) There is a continuous function P : I — R=" such that,

forany ¢ € C.and anyt € I,
sup{|y| : y e F(t,p)} <P @) (1 + ]9 (0)]), ae (22)

Then, for any fixed ¥ € C, with ¥(0) € C(0), there is a
continuous function u : [-r,T] — E such that u is Lipschitz
on I and satisfies (2).

Proof. Since E is uniformly convex, it is reflexive and strictly
convex. Moreover, because E is uniformly smooth, its topo-
logical conjugate E* is uniformly convex and hence E*
is strictly convex. Then, by property (8) in Lemma 2, the
normalized duality maps J and J " are one-to-one, onto,
single-valued maps and JJ* = Iy.,J"] = Iy, where I. and
I are the identity maps on E* and E, respectively. Moreover,
since E is reflexive and strictly convex, Lemma 9 ensures that
the generalized projection 7,(¢) is singleton for any closed
convex subset Z of E and for any ¢ € E*. Finally, from the
reflexivity and smoothness of E, Lemma 11 tells us that

yeny(p) =
p—-T(y) eNz(»).

Now, for any fixed natural number n > 2, we consider the
following partition for I: t = iT/2",i = 0,1,2,...,2". We
put Iy = [to,t]], I' = (t,t,],i = 0,1,2,...,2" — 1, and
p, = T/2". Also, let 8,8, : I — I be defined as 6,,(0) = 0,
0,t) =t t e @t th,],i=012..2"-16,t) =t}
telt]t,),i=0,12,...,2" - 1,and §,(T) = T. In order to
make the proof easy for the reader, we divide the rest of the

proof into steps.

(23)

Step 1. In this step, we show that if n > 2 is a fixed natural
number and z € Ll(I ,E") is a fixed function, then there are
u, € C([-r,T],E), u: € C([-r,T],E*),and g, € L'(I,E")
such that u, and u,, are absolutely continuous on I and the
following properties hold:

D u, () =T (¥ @), tel[-r0];

(i) u, (1) = J* (u, (1)), te[-rTl;

(iif) u, (6, (1) € C (6, (1), tel;

(iv) g, (1) e F(t,7(8, (1) u,), tel;

W) lg.® -z (@) (24)

<d(z(),F(t,7(5,0)u,)) + % tels

(Vi) = (1) () + g, () € N, o) (1, (6, (1)) 5

ae tel.
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Indeed, in view of Lemma 14, there is g; € Ll([tg, 11, E¥)
such that g (t) € F(t,7(0)¥), t € [t;,t] and

1
o O —z®)| <d(z@®),F(t7(0)¥)+ 5,
loj 0 -2 O 4O FerO L

for a.e. t € [ty,1]].
Put xj = y(0) and
X} = g (T (x0) + pads (1)) - (26)
Next, we define u; (t) = J(¥(t)) for t € [-r,0] and

n
t -

t th
J(xp) + . 07 (), telt,t]]. (27)

n n

u, (t) =

Observe that, according to Lemma 9, this construction is
well defined. Moreover, from the definition of the generalized
projection, relation (26) gives us

T () + g (£5) = T (x7)
b

€ Negn (x7) (28)

and this relation together with (27) implies
w1/
= (u,) () + gg (t5) € Negny (1)
(29)
ae. for t € [tg,1]].

Next, by induction, we can define fori =1,2,...,2" - 1

. tha—t . t—t
up (£) = “—J (') + ] (%)
Hn Hn (30)
te ],
where
X1 = e ) (J () + mag; (7))
g e L' ([}, ], E7),
gln (t) € F (t’T((Sn (t)) un) > te [t?’ t?Jrl] 4

u, () =] (u, (1)), tel-rT], (31)

lg! () - z(®)] < d (z(®), F (t,7 (5, (1) u,)) + %

ae te [t th].
Now, let g, : I — E” be such that g,(t) = g'(t),t €
[}, th,),i=0,1,2,...,2" = 1,and g,(T) = g5.(T). Note that
grt?) = gi(6,(t) = g,(8,1), for t € [t,t},,). Therefore,
the functions u;, g, and u,, satisfy properties (i)-(vi) in (24).

Step 2. In this step, we show that there are three sequences
(un)n22 - C([_r) T]) E)> (M: )HZZ < C([—T, T]: E* )) and

(G)ns2 S L'I,E*) such that u, and u are absolutely
continuous on [0, 7] and for any n > 2 we have

@) u, () =J (¥ (@), te[-r0];
(it) u, 0) = J" (u, (1)), te[-rTl;
(iii) u, (0, (t)) € C(6, (1)), tel;

(iv)g,®) e F(t,t(8,(®)u,), tel

(v) ”gnﬂ ) - In (t)" (32)
1

<d (gn (t) »F (t’T(8n+l (t)) un+1)) + (Yl-l-—l)z,

ae tel;

i) — (u) (1) + g, () € Negg, oy (4 (6, (1)),

ae tel.

Indeed, let z be any fixed element in L'(I,E*); in view of
Step 1, there are u, € C([-r,T],E), u; € C([-r,T],E*), and
g> € L'(I,E*) such that u,, u are absolutely continuous on
[0, T] and properties (i)-(vi) in (24) are satisfied for n = 2.
Now, since g, € L'(I, E*), then in view of Step 1, there are
uy € C([-r,T),E), uj € C([-r,T],E*), and g5 € L'(I,E")
such that u3, u; are absolutely continuous on [0, T] and (32)
is satisfied at n = 3. So, we can define inductively three
sequences (1,),5, € C([-7,TL, E), )5, < C([-r,T],E"),
and (g,),5, < LY(I, E*) such that properties (i)—(vi) in (32)
are satisfied.

Step 3. In this step, we show that there is a positive number #
such that for any n > 2

“(u;)’ (t)" <y, ae fortel (33)

Let n > 2 be a fixed natural number. According to (H,)
and (H,), forany t € I,

lg. ®f < P@) |1+ ( (5, ) u,) 0)]
=PO[1+u,(8, M) =POA+R) (34
< rrtlEaIxP(t) (1+R)=p,

where R = max{||x||
0,1,2,...,2" -1,

x € Kj}. Then, for every i =

(CAHI
(35)
17G) + g ()] < R+ Tp.

LetB={x € E:|lx| <R+Tpland Z ={z € E* : |z|| <
R+ Tp}. Note that E* is g’ -uniformly convex (¢' = g/(1 - q))
and p/ -uniformly smooth (p/ = p/(p—1)). Therefore, in view
of Lemma 12 and (35), there exists a positive constant a such
that

allz, —zz||q/ <V, (2),2,), Vz,z,€2.  (36)



Then, for everyi =0,1,2,...,2" - 1,

all7 (<) = U () + gl €T
<V, (7 ()T (60) + gl ().

Further, since E is p-uniformly convex and g-uniformly
smooth, then, again, by Lemma 12, there is a positive constant
b such that

(37)

gy <blds (" (9))]", Ve eE. (38)
So, foreveryi =0,1,2,...,2" - 1,
d}/(t?H) (J (x) + pagi’ (7))
(39)

< b [deg) U7 () + gl ()]

This relation together with (37) yields

all7 (<) = ( (<) + gl ()]
<V, (7 (6h0) T () + pagi (£7))
=V (J(x) +pagi (), %) (40)

= dg(t;gl) (J () + png? ()

< bldeqe, U7 U (=) + g (ED)]"-

According to (H,), the last inequality implies

17 () = U () + g (£))] < ( )”‘4/

) 1/4
[dots 07 06D+ mar @] =(2)

a
(41)

([degy U 0 )+ gy )"

L " 0P = (8) D

+ A 770 () + gl (6)) =7 T DI

Moreover, from the assumption q € (1, 2], we infer that
g’ > 2. Then, E*is ¢ -uniformly convex (¢/ > 2) and p/-
uniformly smooth. Hence, from Lemma 13, there is a constant
B, depending on (2R + Tp), such that, for all z;, z; € E*,
llzyl < 2R + T¢, and |Iz|| < 2R + Tp, we have

177 (z1) = J* (z2)]| < Bllzs - 2 (42)
Consequently,
77U () + gl () =77 (0 (<)
< Bl () + gl (&) = T Gl = Busa g (£ (43)
= Bttnp-
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This inequality and (41) yield

17 Cfn) = O () + gl (£)))]
b l/q/ (44)
S(;) (At + BAypp] -
Thus,
A
DD -TeDN= () D Blael

P = (A +13),

where A, = (b/a)l/q/)t1 and A, = p+ (b/a)l/q/ﬁp)tz.
Therefore, forn > 2,i = 0,1,2,...,2" — 1, and t €
(t, 7)), we get

"(u:l)l (t)“ < (A_l + A_z) =1. (46)

This proves that (33) is true.

Step 4. Our claim in this step is to show that the sequence
(u,),>, has a convergent subsequence, still denoted by
(u;,) 55> converging uniformly to a Lipschitz function u*

I — E*, (u;:);22 converges weakly to (u*)', and (u,)
converges uniformly to u = J*(u™).

Indeed, according to the definition of u, and (33), the
sequence (1,,),,5, is equicontinuous. Moreover, lett € I. Then,
therearen > 2,i=0,1,2,...,2" — 1, such that ¢t € [¢],t],].
Hence, in view of (30) and (H,), u,,(t) € K. This shows that
the set {u),(t) : n > 2} is relatively compact in E*. Therefore,
Theorem 4. Ch.l. in [16] implies that there is a Lipschitz
function u* : I — E, such that the sequence (u)),s,
has a subsequence, still denoted by (u,,),5,, which converges
uniformly to u*, and (u, );zz converges weakly to (u*). We
extend the definition of 4™ on [-r,T] by putting u*(¢) =
J(¥(t)), t € [-r,0]. Thus, (u,,),s, converges uniformly to u*
on [-r,T]. Since J* is uniformly continuous on the compact
set K, then the sequence (u,,),,-, is uniformly convergent to
u: [-r,T] > E withu = J*(u™). This proves our claim in
this step.

Step 5. Let us show that u(t) € C(t), t € I.
Lett € I. According to (H,), we have

[deq s (£)]77

/
[dci, 0 (1 (6, (t)))]q/q (47)

a (6, )]

Sincelim,,_, A,10,(t)—t|+A, lu(t)—u, O,
u(t) € C(t),Vt € J.

= |[dcg (u (t))]q/q/ -

<A 0, () =t + Ay Jut) —u

L) = 0, therefore,

Step 6. In this step, we show that lim
T(®)ullc,((—rop = 0, for every t € I.

I7(8,(®)u,, -

n—00
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Lett € I. We have
Iz (8, )t = 7O ull 1.0
< | (8, ®) u, = 7O thull e, (1 op)

+{r @) u, -7t ””cE([—r,OD

< sup |lu, (8, () +5) —u, (t + )|
—r<s<0
+r@®)u, -7@) u”cE([—r,Ol)
< sup ”Mn (51) —u, (52)”
—1<s;<5,<1
Isi=s,|<1/n
+r@®u, -7 @) ””cE([—r,O])
< sup ”un (51) — Uy (52)“
—1<5,<5,<0
Isi=s,|<1/n
+ sup "Lln (51) — Uy (52)”
—7r<5;<0<s,<1
[sy=s,|<1/n
+ sup |lu, (sy) —u, (s5)]
0<s;<s,<1
|s;=s,|<1/n
(48)
+{r ) u, -7 (t) u”CE([—r,O])
< sup [¥(sy) - ¥ (sy)|
—1<5,<5,<0
s1—s,1<1/n

+ sup |u, (s,) —u, 0]
—r<5,<0
[s;|<1/n

+ sup [, (0) =u, (s,)]
0<s,<1
Is2l<1/n

+sup o (1) = ()]
0<s;<s,<1
[sy=s,1<1/n

+{r ) u, -7 () ””cE([—r,O])

<2 sup ¥(s)) =¥ (s)]
—1<$5)<85,<
[s;=s,I<1/n

+2 sup u, (1) - u, (s)]
0<s;<s5,<1
[sy=s,1<1/n

+lt @) u, -t @)ul.

By the continuity of ¥, the uniform convergence
of u, towards u, and the preceding estimate, we get
lim,_,  lI7(8,(t)u, — t(t)ul = 0.

Step 7. In this step, we show that the sequence (f,,),,,, defined
by f,t) = g,(35,(t)), converges almost everywhere to a
function f € LY(I,E*) and f(t) € F(t,t(t)u),a.e. t € I.

To prove this, let n > 2 and let ¢ € I be a fixed point such
that (32)(iv) and (v) are satisfied. In view of (H,), we have

|lfn+1 (t) - fn (t)“ = "gn+1 (6n+1 (t)) ~9n (8n (t))"

=d(g,(3,(®),
1
(n+1)?

=d (gn (6n (t)) > F (8n+1 (t) > T (6n+1 (t)) un+1))

F (6n+1 (t) ’T(5n+l (8n+1 (t))) un+1)) +

1
Rl GOICRICHCAONENE

1

F (81 (0,7 (81 (8pay () thyyr)) + T
= h(F(8,(t),7(8,(®)u,),

1
(n+1)> (49)

< |m (6n+1 (t)) -m (671 (t))l + “T (6n+1 (t)) Uil

F (8n+l (t) > T (8n+1 (t)) un+l)) +

—7(8, () u,|| +

(n + 1)2 < |m (8n+1 (t))

—-m (8n (t))l + ”T (8n+1 (t)) Upp1 — T (811 (t)) un”

1
Yol < |m (8,4, (1) =m (5, (1))]

1
+ "T (6n+1 (t)) Uy — T (an (t)) un" + (n+ 1)2

< |m (6n+1 (t)) -m ((Sn (t))| + “T (6n+1 (t)) un+1

1
_ T(6n (t)) un" + m

Thus, for any two natural numbers n and q (2 < n < g), we
infer that

TAGESAG!
= £ ® = fuis O + [ a1 @) = fraa @] +---
+|fr - £,0)
< [m (8,11 (1) = m (8, (1))
+1m (802 (6) =1 (801 ()] + -+
+lm (81 (1) = m (8, )

7 (B () thyr = 7 (3, () |



+ "T (6n+2 (t)) Upn — T ((‘)\nJrl (t)) un+1|| 4o
1

+ "T (Sq (t)) Ug =T (5q—1 (t)) uq—1|| + (n+1)2

1 1

A
<|m (8, (1) = m (8, )]

+ m (8,45 (1)) = (80 (B))] + -+

+ |m (‘Sq—l (t)) -m (‘Sq (t))|

17 (Bt ) i = 7 (8, () |

7 Bz (1)) thyz = T (Sia () || + -

7 (8, (0) g = 7 (8ga ) g +

r—mn
n+1)>*
(50)

Since lim,_, 6, (t) = t, m is continuous, and
lim,_,  I7(5,(t)u,, — T(t)“"cE([fr,o]) = 0, then the right-hand
side of the last inequality tends to zero when n,q — oo.
Hence, the sequence (f, (t)),s, is a Cauchy sequence in E*.
Thus, there is a function f: I — E"such that

r}Lngofn (t)=f(@), aetel (51)

Observe that, by (34), || f,,(H)| < p, Vt € I.So, f € LY(I,E").
It remains to show that f(¢t) € F(¢, 7(t)u), a.e. t € I. Indeed,
for every n > 2 and almost everywhere ¢ € I, we have

d(f @), F(tT(t)u)
<|f @&~ fu @ +d(f, @), Ft,7(t)u))
<|f®- £, O] +d(9,(8,®).Ft.x®)w)) (52)
<|fo-f0|
+h(F(8,t),7(5,(®)u,), Ft,T(t)u).
This relation and (H,) imply
d(f t),F(t,7(t)u))
<|f®O- £ @) +m (S, ®)-m@®] (53
+ |7 (8, ) u, -7 (B ]

Because f, converges to f almost everywhere, m is
continuous, and lim,_,  17(6,,())u,, — T(t)uIICE([,,’O]) =0, for
everyt € I, we conclude that f(t) € F(t,7(t)u), a.e. t € I.

Step 8. We proceed to show that
—(Jw) )+ f(t) € Ngpu(t), aetel  (54)

We follow the arguments used in [10]. In view of (32)(vi), (37),
and Lemma 11, for every natural number # > 2 one obtains

~(Ju,) () + £, (t) € Nodcg ) (14, (0,1)), ae,  (55)
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where A = 17+ p. (H,). Observe that the uppersemicontinuity
of the subdifferential of Lipschtz function ([17], Prop. 1.7)
imply the multivalued function (¢, y) — 9ddg(y) is scalary
uppersemicontinuous with convex and weak”compact val-
ues. That is, lett, — t,in1, y, — y,in E, y, € C(t,), and
y € C(t). Then, for any v € E,

limsup o (V’ 9dcy ) (J’n)) <o (vodey (y)). (56)

n—o00

So, for any v € E,

hm sup o (V, adc(gn(t)) (un (Qnt)))

<0 (v, 0dc (u (1)),

where o is the support function.

Now, let (e,) be a sequence in E which separates the
points. Hence, from the weak convergence of the sequence
((]un)' + [ tO Ju') + fin LY(I, E*), for any Lebesgue
measurable subset A € ], we have

[ (e (0w ©+ £ ©))ar

- lim L (ew (- Jun) (O + £, (®))) dt.

This relation with (55) and (57) yields
L (e (0w ®) + £ (1)) dt

< hm Sup JA o (ek, Aadc(gn(t)) (un (Gnt))) dt

n—00

(59)
< J llm Sup o (ek, Aadc(g ) (un (Gnt))) dt
A n

n—o00

< L 0 (e Ay (1t (1)) di.
Therefore,

(e (=W () + £ (1)) < 0 (e Xy (u (1)),
Vk > 1.

(60)

Again, since the multivalued function t — 9dd(u(t)) is
measurable with convex and weak”compact, then by ([18],
I11.35) it follows that

—(Jw' () + f () € Aodgy (1), aetel — (61)
Asu(t) € C(t), Vt € I, we get
—(Ju)' () + f (t) € N (1), a.e. (62)

This completes the proof. O
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4. Existence Result for (3)

In the following theorem, we present an existence theorem of
solutions for (3). We do not assume that the values of T are
contained in a convex compact fixed subset.

Theorem 16. Let p > 2, let q € (1,2], let E be a separable,
p-uniformly convex and g-uniformly smooth Banach space, let
T>0letl : IXE* — P.(E), andlet F: I xC, — P..(E").
Suppose that (H;), (H,) and the following conditions hold:

N

(Hs) There is a positive constant R such that I(t,x)
RB(0,1), V(t,x) € I x E™.

(Hg) There are three positive constants y,,7,,y; with 0 <

P, < (a/b)l/q/ such that for any t,t, € I, any x,,x, €
E, and any y,, y, € E*we have

H[dr(tl’yl) (xl)]q/q - [dr(tz’)’z) (xZ)]q/q

=N |t1 - t2| +72 "J’l - )’2” +%s "xl - x2|| >

(63)

where q' = q/(1 — q) and the coefficients a, b are given
in Lemma 12.

(H,) For any t € I and any bounded subset A in E* with
Xg+(A) > 0and anyr > 0, one has

x ((T(t,A) NrB(0,1)) < xg (A"), (64)

where A" = {J"(x) : x € A}.

Then, for any fixed ¥ € C, satisfying W(0) ¢
T'(0, J(\¥(0))), there is a continuous function u : [-r,T] — E
such that u is absolutely continuous on [0, T'] and

u(t)=%Y(t), forte[-r0];

u(t) =¥ (0)+ ru’ (s)ds, fortel,
0

u() eT(t,] (), fortel, (65)

~(J )" (1)) € Ny @ @) + F (6T (0 1), ae.

fort eI

Proof. We divide the proof into the following steps.

Step 1. For any fixed natural number n > 2, let t/,I;, I'', i =
0,1,2,...,2" - 1, u,0,, and §, be as in the proof of
Theorem 15.

By following the same lines in Steps 1 and 2 in the proof
of Theorem 15, with the following modifications: x{ = ¥(0),

n —_—
Xiy1 = 1_Il"(t"

i+1”

jeey U (7)) + w9 ()
(66)
i=12,...,2" - 1;

9
g e ([t B (©7)
g (©) € F(6,7(8, () u,), te[th,]; (68)
* t? -t n t- t? n

uy (t) = H—J (x) + J(x)

Uy Un (69)
te 2]

u, () =J" (u, (1)), tel-nTl, (70)
we can show that there are u, € C([-r,T]E), u, €

C([-r,T],E*), and g, € L'(I,E*) such that u, and u’ are

absolutely continuous on I and the following properties hold:

() u, ) =¥ (), te[-r0];

() u, (1) =T (u, (), te[-rT];

(iii) u, (6, () € T (6, (t),uy, (8,(1))), tel;
(iv) g, ) € F(t,T(8,(t)u,), tel;

) | gusr @) = g, O (71)

1

<d (gn (t) ,F (t’T(8n+1 (t)) un+1)) + m>

ae. tel;

i) = (u) (£) + g, (1) € Nr, 2 6,04 (0 (1),

ae tel.

Step 2. In this step, we show that there is a positive number %
such that, for any n > 2,

“(uZ)’ (t)" <#n, ae fortel (72)

Let n > 2 be a fixed natural number. According to (Hy)
and (Hy), for any t € I, we have

lg. @®] < P@&)[1+7(8, ) u,) O
=P ()|t +u,(5,®)] =Pt 1A +R) (73)

< n;IGaIXP(t) (1+R)={¢.

Then, fori € {i=0,1,2,...,2" -1},

Pl <R
(74)

17 () + pog! (£ < R+ T,
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Note that E* is q/-uniformly convex and p/-uniformly
smooth. Therefore, in view of (73), (74), and Lemma 12, there
exists a positive constant a such that

a7 ()~ U () + gl EN]T
SV 0" ()T () + gl (£))

In addition, since E is p-uniformly convex and g-
uniformly smooth, then, again, by Lemmal2, there is a
positive constant b such that

W o U () + ! (1)

< b[dri ooy U 0 () + g ()]
Then,

allF (<) - U () + gl (EI
SV, 7 () T () + gl ()
SV () + gl () 50) 77)
= d}/(t?“,](x}“)) (J (=) + pag; ()
< b [drg

* n n(.n q
n J() (T U (=) + g (t;)))] .
This inequality with (66), (73), and (Hy), give us

(75)

(76)

/g
I/ G) = 0 ) + g G0 < (2)

* n n n / /
Ndrgn o U0 () + gy G|

b\
2

(g 07 06 + g @]

(78)

e 0 OGN ) < (2)” b

+12 17 () = T ()
770 () + gl () =77 T O -

Moreover, from the assumption q € (1,2], we infer that
g’ > 2. Then, E* is ¢/ -uniformly convex (¢’ > 2) and p/-
uniformly smooth. Hence, from Lemma 13, there is a constant

B, depending on (2R + T{), such that, for all z;, z; € E*,
lz;|l < 2R + T, and ||z, | < 2R + T, we have

117 (z1) = T" ()] < Bllz1 = 2| - (79)
Consequently,
177 (O (<) + g (6)) =77 U ()]
< B () + gl (6) =T (D) = Bua g7 ()] (80)
= BuG.
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This inequality and (78) yield

I (xq) = (T () + gl (£)]]
b\ (81)
<(O)" e 1l )+ Bl
Thus,

17 G = 7 (<)

b\
: (‘) [at + 2 17 () =T ()N + Brassa] - 82
- ]('x?—l)" >

_ o / .
where y; = (b/a)V1 Y Y, = (bja)V4 yypand y; = § +

(b/a)l/q/ Bys. By repeating the same procedure as (82), (i—1)-
times, we infer that

17 () =7 ()]

ST 1+ 7+ +
(1) =T (=) -
Note that ¥(0) € (0, J(¥(0))) and x!" = ¥(0). Then, x" €

I'(0, J(xy)). Hence, by arguing as in (78) and using (79), one
obtains

+ tal =ty 01+ 75) + 72 T ()

+7 ] (83)

+75 |7

/ 1/
17 )= 0 55) + s DI < (2)

: <[d (e, ] (x)) (] (J (x5) + tago (£5)) ]q/q/

ey _ (B)7 (84)
[ 0" 0™ ) = (2) ™

T (J (x0) + g (86)) =" (U (x5)])

+ys |/

< (Z)l/q/ (Y1t + BystinC) -

Thus,
b\
17 () =7 (o)l < <;> (Y1t + BYstal) + ptal -
=ty (V1 +73)-
Relations (83) and (85) and the fact that 0 < 1y, <
(a/b)"4 yield
17 () = 7 ()]

S AR [+ R+ 47+ 4B+ (g

S 1
Sﬂn()’lﬂé)l——
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Therefore, for n > 2, fori = 0,1,2,...,2" — 1, and for
te(tth), we get

i+1

) Ol <@ m Z==n ®)

This shows that (72) is true.

Step 3. We show that there is a Lipschitz function u”
I — E*, such that the sequence (u,),-, has a convergent
uniform subsequence, still denoted by (u,),s,, to u* and
(u, );22 converges weakly to (1*)'.

Indeed, by (72), for any s;, s, € I(s; < s,), we have

e, (s1) = () < mlsy =], Vnz2. (88)

Then, the sequence (u,),,., is equicontinuous on I. We
want to show that, for any ¢ € I, the subset {u,(t) : n > 2} is
relatively compact in E”.

As above, by Lemma 12, there is a constant §, depending
on (J'¥(0) + Txl), such that

177 (e (1)) = T (y ()] < &l (1) = 1, (52))]

89)
<Onls; —s,|, Vn=2.
So,forn>2andt €I,
”un (en (t)) — Uy (t)” = "]*u; (en (t)) - ]*u; (t)“
(90)
< o116, (t) - t| = dnu,,
But, by (66),
u, (0, (1) € T (6, (1), u, (8,(1)))- (1)
Then, (90) yields
u, (t) €T(6,1),u, (8,(t))
+ ||, (6, (t)) — u, ()| B(0,1)
(92)

cT(6,),u, (5, ()))+6nu,B(0,1),
vVt el

On the other hand, in view of (88) and (H,), for any ¢ € I and
any z € I'(0,,(t), u, (5,(t))), we have

/
[ o (Z)]q/q

ald

ald
= l[drwn(r),u:(an(tm @] = [z 2] (93)

<9116, (O = t| + 12 [uy (8, (1)) =, (1)
< Vit + V211 [0, (1) = t] < yipay + yariph-
This means that
L (6, (t),u, (8, (1)) €T (tu, (1)

+ (Yot + Voript,) B(0, 1), (94)
Vt el.

1

In view of (92) and (94), one obtains

u, (t) €T (t,u,, (1)) + (81, + V14, + y21114,) B (0, 1)
=T (t,u, (t)) +u,B(0,1), Vtel,

(95)

where gi,; = p,(Or1pty + 14y + V217).
Now, assume by contradiction that there is t, € I such

that B*(t,) = {u,(t,) : n > 2} is not relatively compact in
E*. Since J* is continuous on bounded sets, the set B(t,) =
{u,(ty) : n > 2} is not relatively compact in E. Then,
x(B(t,)) > 0. Observe that, by (90), forn > 2,

ot (20| = 4 (£6) = 1 (O] + [l ()]
(96)
<onT + |y (0)| = 7.

Therefore, in view of (Hy),

xe (B(ty)) = xe (T (to, B” (t,)) N%B(0,1)) > 0. (97)

Then, we can find & > 0 such that

Xz (B(to)) = xe (T (tg, B (ty)) N%B(0,1)) > 28 (98)

Let n, be a natural number such that n, > 2 and g, < &£/2,
Vn = ny. So, by using (95) and (96),

. _ ¢
u, (t,) < (T (t, uy, (t)) N7B) + 2B 0,1). (99
Then, from the properties of , (99), and (Hg), we infer that

X (B(t0)) = x {un (t0) : 1 2 1o}
< x (T (1o, B" () 7B (0, 1)) + &
< x(B(ty)) =28 +& = x (B(to)) - &,

which is a contradiction.

Therefore, Theorem 4. Ch.1. in [16] implies that there is
a Lipschitz function u* : I — E*, such that the sequence
(u},),>, has a convergent uniform subsequence, still denoted
by (4,,),5,> to u” and (u;):l22 converges weakly to (u*). We
extend the definition of 4™ on [-r,T] by putting u*(¢) =
J(¥(t), t € [-r,0]. Thus, (u)),s, converges uniformly to
u* on [-r,T]. Since J* is uniformly continuous on bounded
sets, then the sequence (u,),, (4, = Ju,) is uniformly
convergenttou : [-r,T] — Ewithu = J*(u").

(100)

Step 4. Let us show that u(t) € T(t,u”(t)), t € I.
Lett € I. According to (H,), we have

[y @ O] = ][dm,u*(m 10 il

/ /
- [dr(en(t)’u*(én(t))) (un (en (t)))]q ! < Y1 |9n (t) (101)

—t] 4y [ () = u (8, )] +ys Ju )
- U, (6n (t))" .
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Note that lim,,_, y,10,(t)
Pallu(t) — u,(6,0)]

=t + pllu’ (1) = uy (5, +
= 0. Then, u(t) € T(t,u”(t)), t € L.

Step 5. Following the same lines in Steps 5 and 6 in the
proof of Theorem 15, we can show that lim,,_, ||7(5,,(t))u,, —
T(®)ullc,((—rop = 0, for every t € I. Moreover, the sequence
(f)ys, defined by f,(t) = g,05,@1)),t € I, converges
almost everywhere to a function f € L'(1,E*) and ft) €
F(t,t(t)u),a.e. t € I.

Step 6. We proceed to show that
102)

- (]u)l (t) + f (t) € NF(t,u*(t))u (t), ae tel

In view of (72) and (73) and Lemma 11, for every natural
number #n > 2, one obtains

— (Ju,) () + £, ()

€ (n+6) 0dr (1,0 (

(103)
ae tel

y (0))

By (H,) and ([19], Prop. 1.7), the multivalued function
(t,y) — Odry)(y) is scalary uppersemicontinuous with
convex and weak “compact values. Then, for any v € E,

lim sup o (v, 0drg (1u° s, 1) (U (Gnt)))
noee (104)

< 0 (v:0drg ) (1 (1)),
where o is the support function.
Now, let (e,) be a sequence in E which separates the
points. Hence, from the weak convergence of the sequence

((]un)' + fu)sa tO J') + fin LY(I, E*), for any Lebesgue
measurable subset A C I, we have

L (e (0w )+ £ (1)) at
:JLmJ <ek,( (]u

This relation with (103) and (104) yields

(105)
t)+ £, (1)) dt.

L <ek, (— Ju) (t) + f (t))> dt < lilntlsolip L o (ek,

(1 +6) 0drg (1yu 5.ty (Un (Ont))) dt

< L liglsolsp o (ek, (106)
w6, (tn (Qnt))) dt

< L o (v, 0dr(y e ) (u (1)) dt

(n+5) 9drg 1)

So, for almost ¢ € I,

(e (W' )+ £(5)) <0 (10dr(y ) W (1)),

vk > 1.

(107)

Abstract and Applied Analysis

Again, since the multivalued function t — 9dr,(u(t))
is measurable with convex and weak” compact, then by ([18],
111.35) it follows that

—(Jw)' () + £ (£) € (n+6) ey () (1), ae. (108)
Asu(t) € T(t,u”(t)),Vt € I, we get

—(Jw) (t) + f (£) € Ny (1), ae. (109)

This completes the proof. O
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