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We study quasi-hyperbolicity of the delay semigroup associated with the equation 𝑢󸀠(𝑡) = 𝐵𝑢(𝑡) + Φ𝑢𝑡, where 𝑢𝑡 is the history
function and (𝐵,𝐷(𝐵)) is the generator of a quasi-hyperbolic semigroup. We give conditions under which the associated solution
semigroup of this equation generates a quasi-hyperbolic semigroup.

1. Introduction

We consider the abstract delay differential equation:

(DE)
{{{{{{{{{

𝑢󸀠 (𝑡) = 𝐵𝑢 (𝑡) + Φ𝑢𝑡, 𝑡 ⩾ 0,
𝑢 (0) = 𝑥0,
𝑢0 = 𝑓0,

(1)

where 𝑋 is a Banach space, 𝑢𝑡(𝜃) = 𝑢(𝑡 + 𝜃), −1 ≤ 𝜃 ≤0, 𝑥0 ∈ 𝑋, 𝑓 lies in an appropriate space, and we assume
that (𝐵, 𝐷(𝐵)) generates a 𝐶0-semigroup on 𝑋 and that Φ :𝑊1,𝑝([−1, 0], 𝑋) → 𝑋, the delay operator, is bounded and
linear. One approach to the study of the abstract theory of
such equations is via semigroups of operators, pioneered
by Hale [1], Webb [2], and Kraskovi, among others. This
involves associating a 𝐶0-semigroup (defined on an appro-
priate state space) with the above delay equation, and whose
orbits correspond to the mild solutions of (DE). Analysis of
qualitative and asymptotic behaviour of this semigroup then
yields detailed information about the solutions of the delay
equation (see [3–6] for more details).

In this paper we study the property of quasi-hyperbolicity
of the semigroup associated with the delay equation (DE).
Recently, Batty and Tomilov [5] have introduced and studied
quasi-hyperbolicity of 𝐶0-semigroups, motivated by ques-
tions arising in the context of quasi-Anosov diffeomorph-
isms. Precisely, a𝐶0-semigroup (𝑇(𝑡))𝑡⩾0 is quasi-hyperbolic if

there exists 𝑡 > 0 (independent of 𝑥) such that max(‖𝑇(2𝑡)𝑥‖,‖𝑥‖) ≥ 2‖𝑇(𝑡)𝑥‖ for all 𝑥 ∈ 𝑋. They show in particular that
quasi-hyperbolicity of a𝐶0-semigroup is closely connected to
the generator satisfying certain lower bounds. Quasi-hyper-
bolicity of a 𝐶0-semigroup generalises the property of hyper-
bolicity of 𝐶0-semigroup. Hyperbolicity of the delay semi-
group has been explained in detail in [3, 4], and we follow
their approach here. In particular we prove that if (𝐵, 𝐷(𝐵))
generates a quasi-hyperbolic semigroup, and the delay oper-
ator is small in some sense, then the associated delay semi-
group remains quasi-hyperbolic. This is the main result,
proved in Sections 3 and 4, for Hilbert spaces and Banach
spaces, respectively. Section 2 is of a preliminary nature
containing known fact about delay equation and delay semi-
groups.Throughout this paper, we follow the notations of [3].

2. Preliminaries

We collect here some basic results about delay differential
equations that will be required in the sequel and refer to
[3], for details. Throughout this paper, we shall consider the
equation (DE), where 𝑝 ∈ [1,∞) is fixed and

(1) 𝑥0 ∈ 𝑋 is a Banach space,
(2) 𝐵 : 𝐷(𝐵) ⊆ 𝑋 → 𝑋 is the generator of a 𝐶0-semi-

group,
(3) 𝑓0 ∈ 𝐿𝑝([−1, 0], 𝑋),
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(4) Φ : 𝑊1,𝑝([−1, 0], 𝑋) → 𝑋 is a linear, bounded oper-
ator,

(5) 𝑢 : [−1,∞) → 𝑋 and 𝑡 ⩾ 0, and 𝑢𝑡 : [−1, 0] → 𝑋 is
defined by 𝑢𝑡(𝜎) fl 𝑢(𝑡 + 𝜎), 𝜎 ∈ [−1, 0].

LetX = 𝑋×𝐿𝑝([−1, 0], 𝑋) and define the operatorA onX as
follows:

A fl (𝐵 Φ
0 𝐴0) , (2)

where

𝐷(A)
fl {(𝑥𝑓) ∈ 𝐷 (𝐵) ×𝑊1,𝑝 ([−1.0] , 𝑋) : 𝑓 (0) = 𝑥} ,

(3)

𝐴0 is the generator of the left shift semigroup (𝑇0(𝑡))𝑡⩾0 on𝐿𝑝([−1, 0], 𝑋). Thus,𝐷(𝐴0) = {𝑓 ∈ 𝑊1,𝑝([−1, 0], 𝑋) : 𝑓(0) =0}, 𝐴0𝑓 = 𝑓󸀠 and
(𝑇0 (𝑡) 𝑓) (𝑠) fl {{{

𝑓 (𝑡 + 𝑠) if 𝑠 ∈ [−1, 0] , 𝑡 + 𝑠 ≤ 0,
0 if 𝑠 ∈ [−1, 0] , 𝑡 + 𝑠 > 0. (4)

The following relations between the solutions of the abstract
Cauchy problem

(ACP){{{
V󸀠 (𝑡) = AV (𝑡) 𝑡 ⩾ 0,
V (0) = V0, (5)

associated with the operatormatrix (A, 𝐷(A)) on the Banach
spaceX with initial value V0 = ( 𝑥0𝑓0 ) and (DE) are well known
[3, Lemma 2.2]:

(i) If 𝑢 is a solution of (DE), then 𝑡 󳨃→ ( 𝑢(𝑡)𝑢𝑡 ) is a solution
of the equation (ACP).

(ii) If 𝑡 󳨃→ ( 𝑢(𝑡)V(𝑡) ) is a solution of (ACP), then V(𝑡) = 𝑢𝑡 for
all 𝑡 ⩾ 0 and 𝑢 is a solution of (DE).

Further (DE) is well posed if and only if (ACP) is well posed
if and only if (A, 𝐷(A)) generates a strongly continuous
semigroup (T(𝑡))𝑡⩾0 on X = 𝑋 × 𝐿𝑝([−1, 0], 𝑋). In the case
that (DE) is well posed, the semigroup (T(𝑡))𝑡⩾0 is called the
delay semigroup corresponding to (DE). Then the solutions
(both mild and classical) of (DE) are determined by the
semigroup (T(𝑡))𝑡⩾0. We shall be exploring the properties of
the delay semigroup (T(𝑡))𝑡⩾0, associated with (DE).

We note here that since in this paper we shall be working
with𝑝 ∈ [1,∞), fixed, we write (DE) instead of (DE)𝑝, (ACP)
instead of (ACP)𝑝 and so on, the dependence on 𝑝 being
implicit.

3. Quasi Hyperbolic Semigroups and
Delay Equations

The delay operator Φ ∈ L(𝑊1,𝑝([−1, 0], 𝑋), 𝑋) is said to be
admissible (see [3]) if the operator (A, 𝐷(A)) is the generator

of a strongly continuous semigroup onX = 𝑋×𝐿𝑝([−1, 0], 𝑋)
for each generator (𝐵, 𝐷(𝐵)) on 𝑋 and the function 𝜆 󳨃→Φ𝑅(𝜆, 𝐴0) is a bounded analytic function on the half plane{𝜆 ∈ C : Re 𝜆 > 𝜔} for all 𝜔∈𝑅.

A𝐶0-semigroup (𝑇(𝑡))𝑡⩾0 is said to be quasi-hyperbolic [5,
Definition 3.1] if there exists 𝑡 > 0 (independent of 𝑥) such
that

max (‖𝑇 (2𝑡) 𝑥‖ , ‖𝑥‖) ≥ 2 ‖𝑇 (𝑡) 𝑥‖ ∀𝑥 ∈ 𝑋. (6)

For 𝐶0-semigroups defined on Hilbert spaces, the following
complete characterisation of such a semigroup is available in
terms of the generator.

Theorem 1 (see [5, Corollary 3.10]). Let 𝐵 be the generator of
a 𝐶0-semigroup (𝑇(𝑡))𝑡⩾0 on a Hilbert space H. Then (𝑇(𝑡))𝑡⩾0
is quasi-hyperbolic if and only if

‖(𝐵 − 𝑖𝑠) 𝑥‖ ≥ 𝑐 ‖𝑥‖ , ∀𝑥 ∈ 𝐷 (𝐵) (7)

for some 𝑐 > 0.
The following result gives conditions under which the

delay semigroup is quasi-hyperbolic.

Theorem 2. Let 𝐻 be a Hilbert space and consider the delay
equation (DE) with 𝑝 = 2. Assume that Φ is admissible,
and the semigroup (𝐵, 𝐷(𝐵)) generates a quasi-hyperbolic 𝐶0-
semigroup. If the strict inequality

sup
𝑠∈R

󵄩󵄩󵄩󵄩Φ𝑅 (𝑖𝑠, 𝐴0)󵄩󵄩󵄩󵄩 < 1 (8)

holds, then (A, 𝐷(A)) generates a quasi-hyperbolic 𝐶0-semi-
group.

Proof. Let (𝐵, 𝐷(𝐵)) generate a quasi-hyperbolic semigroup.
Therefore, there exists 𝑐 > 0 such that

‖(𝐵 − 𝑖𝑠) 𝑥‖ ≥ 𝑐 ‖𝑥‖ , 𝑥 ∈ 𝐷 (𝐵) . (9)

As Φ is admissible, (A, 𝐷(A)) generates a 𝐶0-semigroup on𝐻 × 𝐿2([−1, 0],𝐻). From (8), for every 𝑓 ∈ 𝐷(𝐴0), we have
󵄩󵄩󵄩󵄩Φ𝑓󵄩󵄩󵄩󵄩𝐻 ≤ 𝑚 󵄩󵄩󵄩󵄩(𝐴0 − 𝑖𝑠) 𝑓󵄩󵄩󵄩󵄩𝐿2([−1,0],𝐻) , (10)

where 𝑚 is a constant strictly less than 1. Moreover, the
semigroup generated by (𝐴0, 𝐷(𝐴0)) on the Hilbert space𝐿2([−1, 0],H) is hyperbolic, hence quasi hyperbolic. There-
fore, it follows that ‖(𝐴0 − 𝑖𝑠)𝑓‖ ≥ 𝑚2‖𝑓‖ for all 𝑓 ∈ 𝐷(𝐴0).
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Now for ( 𝑥𝑓 ) ∈ 𝐷(A), 𝑠 ∈ R, and above𝑚, we have, on using
(9) and (10),
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩(A − 𝑖𝑠) (𝑥𝑓)

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩𝐻×𝐿2([−1,0],𝐻)
= 󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩(

(𝐵 − 𝑖𝑠) Φ
0 (𝐴0 − 𝑖𝑠) )(

𝑥
𝑓)

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩𝐻×𝐿2([−1,0],𝐻)
= 󵄩󵄩󵄩󵄩(𝐵 − 𝑖𝑠) 𝑥 + Φ𝑓󵄩󵄩󵄩󵄩𝐻 + 󵄩󵄩󵄩󵄩(𝐴0 − 𝑖𝑠) 𝑓󵄩󵄩󵄩󵄩𝐿2([−1,0],𝐻)
≥ ‖(𝐵 − 𝑖𝑠) 𝑥‖𝐻 − 󵄩󵄩󵄩󵄩Φ𝑓󵄩󵄩󵄩󵄩𝐻 + 󵄩󵄩󵄩󵄩(𝐴0 − 𝑖𝑠) 𝑓󵄩󵄩󵄩󵄩𝐿2([−1,0],𝐻)
≥ 𝑐 ‖𝑥‖𝐻 − 󵄩󵄩󵄩󵄩Φ𝑓󵄩󵄩󵄩󵄩𝐻 + 󵄩󵄩󵄩󵄩(𝐴0 − 𝑖𝑠) 𝑓󵄩󵄩󵄩󵄩𝐿2([−1,0],𝐻)
≥ 𝑐 ‖𝑥‖𝐻 − 𝑚 󵄩󵄩󵄩󵄩(𝐴0 − 𝑖𝑠) 𝑓󵄩󵄩󵄩󵄩𝐿2([−1,0],𝐻)
+ 󵄩󵄩󵄩󵄩(𝐴0 − 𝑖𝑠) 𝑓󵄩󵄩󵄩󵄩𝐿2([−1,0],𝐻)

≥ 𝑐󸀠 (‖𝑥‖𝐻 + 󵄩󵄩󵄩󵄩𝑓󵄩󵄩󵄩󵄩𝐿2([−1,0],𝐻)) .

(11)

Thus, for all 𝑠 ∈ R, and ( 𝑥𝑓 ) ∈ 𝐷(A),
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩(A − 𝑖𝑠) (𝑥𝑓)

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩𝐻×𝐿2([−1,0],𝐻) ≥ 𝑐
󸀠

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩(
𝑥
𝑓)

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩𝐻×𝐿2([−1,0],𝐻) . (12)

It follows from Theorem 1 that (A, 𝐷(A)) generates a quasi-
hyperbolic 𝐶0-semigroup.

Example 3. Let 𝜂 be a function of bounded variation on[−1, 0] such that |𝜂|([−1, 0]) ≤ 𝑘, for 𝑘 < 1, andΦ : 𝐶([−1, 0],𝑋) → 𝑋 be given by the Riemann-Stieltjes integral

Φ(𝑓) = ∫0
−1
𝑓𝑑𝜂 (13)

for all 𝑓 ∈ 𝐶([−1, 0], 𝑋). For 𝑝 = 2, Φ satisfies the conditions
of Theorem 2. It has been shown in [3] that Φ extends to a
bounded admissible delay operator from𝑊1,𝑝([−1, 0], 𝑋) to𝑋.

Since 𝐴0 generates a nilpotent semigroup, 𝜎(𝐴0) ∩ 𝑖R is
empty. Moreover, for 𝑓 ∈ 𝐿2([−1, 0], 𝑋)

󵄩󵄩󵄩󵄩Φ𝑅 (𝑖𝑠, 𝐴0) 𝑓󵄩󵄩󵄩󵄩 =
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩∫
0

−1
𝑑𝜂 (𝜎) (𝑅 (𝑖𝑠, 𝐴0) 𝑓) (𝜎)

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
= 󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩∫
0

−1
𝑑𝜂 (𝜎) ∫∞

0
𝑒−𝑖𝑠𝑡 (𝑇0 (𝑡) 𝑓) (𝜎) 𝑑𝑡

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
= 󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩∫
0

−1
𝑑𝜂 (𝜎) ∫0

𝜎
𝑒𝑖𝑠(𝜎−𝑟)𝑓 (𝑟) 𝑑𝑟󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

≤ ∫0
−1
∫0
𝜎

󵄩󵄩󵄩󵄩𝑓 (𝑟)󵄩󵄩󵄩󵄩 𝑑𝑟 𝑑 󵄨󵄨󵄨󵄨𝜂󵄨󵄨󵄨󵄨 (𝜎)
≤ ∫0
−1
∫0
−1

󵄩󵄩󵄩󵄩𝑓 (𝑟)󵄩󵄩󵄩󵄩 𝑑𝑟 𝑑 󵄨󵄨󵄨󵄨𝜂󵄨󵄨󵄨󵄨 (𝜎) ≤ 󵄩󵄩󵄩󵄩𝑓󵄩󵄩󵄩󵄩2 ∫0
−1
𝑑 󵄨󵄨󵄨󵄨𝜂󵄨󵄨󵄨󵄨 (𝜎)

= 󵄨󵄨󵄨󵄨𝜂󵄨󵄨󵄨󵄨 ([−1, 0]) 󵄩󵄩󵄩󵄩𝑓󵄩󵄩󵄩󵄩2 .

(14)

So if we choose |𝜂|([−1, 0]) ≤ 𝑘, then such a Φ would satisfy

sup
𝑠∈R

󵄩󵄩󵄩󵄩Φ𝑅 (𝑖𝑠, 𝐴0)󵄩󵄩󵄩󵄩 < 1. (15)

Hence, by Theorem 2, (A, 𝐷(A)) generates quasi-hyperbolic𝐶0-semigroup.

The following example adapted from [5, Example 3.14]
illustrates Theorem 2.

Example 4. Define 𝑤 : R→ R, as

𝑤 (𝑠) = {{{
𝑒−𝑠, 𝑠 ≤ 0,
𝑒𝑠, otherwise. (16)

Then 𝑤 is a strictly positive, continuous function, satisfying

(i) 𝑤 (𝑠)𝑤 (𝑠 − 𝑡) ≤ 𝑐𝑒𝜔𝑡,
(ii) lim
𝑛→+∞

𝑤 (𝑛)𝑤 (𝑛 − 1) = 𝑒,
(iii) lim

𝑛→−∞

𝑤 (𝑛)𝑤 (𝑛 − 1) = 1𝑒

(17)

for some 𝑐, 𝜔 ∈ R. Then

lim
𝑛→±∞

𝑤 (𝑛)𝑤 (𝑛 − 1) = 𝑤±, 𝑤− < 1 < 𝑤+. (18)

Let weighted right shift 𝐶0-semigroup (𝑇(𝑡))𝑡⩾0 on 𝐿2(R) be
given by

(𝑇 (𝑡) 𝑓) (𝑠) = 𝑤 (𝑠)𝑤 (𝑠 − 𝑡)𝑓 (𝑠 − 𝑡) . (19)

Then (𝑇(𝑡))𝑡⩾0 is a𝐶0-semigroupon𝐿2(R)with generator say,𝐵. By [5, Example 3.14], (𝐵,𝐷(𝐵)) generates a quasi-hyper-
bolic 𝐶0-semigroup, which is not hyperbolic. Let Φ be as in
Example 3. Now, by our Theorem 2 it follows that the delay
semigroup (T(𝑡))𝑡⩾0, associated with (DE)

𝑢󸀠 (𝑡) = 𝐵𝑢 (𝑡) + Φ𝑢𝑡, 𝑡 ⩾ 0,
𝑢 (0) = 𝑥0,
𝑢0 = 𝑓0

(20)

is quasi-hyperbolic.

Remark 5. It follows from proof of Theorem 2 that lower
bounds for 𝐵 imply lower bounds for the delay semigroup
generatorA, even on general Banach spaces, provided condi-
tion (8) holds. Precisely if ‖(𝐵−𝑖𝑠)𝑥‖ ≥ 𝑐‖𝑥‖, 𝑐 > 0 ∀𝑥 ∈ 𝐷(𝐵)
and (8) holds, then
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩(A − 𝑖𝑠) (𝑥𝑓)

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩 ≥ 𝑐
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩(
𝑥
𝑓)

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩 , 𝑐 > 0, (𝑥𝑓) ∈ 𝐷 (A) . (21)
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4. Banach Space Case

In this sectionwe obtain conditions for quasi-hyperbolicity of
the delay semigroup associated with (DE) when the under-
lying space is a general Banach space. Consider (DE) with𝑝 ∈ [1,∞) fixed. Let 𝐵 be a densely defined, closed linear
operator on a Banach space 𝑋, and 𝑆(R, 𝑋) denote the space
of𝑋-valued Schwartz function. For 𝜑 ∈ S(R) and 𝑥 ∈ 𝐷(𝐵),
we write (𝜑 ⊗ 𝑥)(𝑡) = 𝜑(𝑡)𝑥, (𝑡 ∈ R). Let 𝑆𝐵(R, 𝑋) = lin{𝜑 ⊗𝑥 : 𝑥 ∈ 𝐷(𝐵), 𝜑 ∈ S(R)} andF be the Fourier transform on𝑆(R, 𝑋). Note that 𝑆𝐵(R, 𝑋) is dense in𝐿𝑝(R, 𝑋) for every𝑝 ∈[1, +∞). Further, since 𝐴0 generates a hyperbolic semigroup
[7, Theorem 2.7], it follows from [4] that 𝑅(𝑖⋅, 𝐴0) is an 𝐿1
Fourier multiplier from 𝐿1(R, 𝐿1([−1, 0], 𝑋)) into itself; that
is, for 𝑌 = 𝐿𝑝([−1, 0], 𝑋) the operator M0 : 𝑆(R, 𝑌) →𝑆(R, 𝑌), given by

M0 (𝑓) = F
−1 (𝑅 (𝑖⋅, 𝐴0)F𝑓) , (22)

extends to a bounded linear operator on 𝐿𝑝(R, 𝑌). We recall
from [5] the definition of a lower 𝐿𝑝 Fourier multiplier.

Definition 6. The linear operator

𝑀𝐵−𝑖⋅ : 𝑆𝐵 (R, 𝑋) 󳨃󳨀→ 𝑆 (R, 𝑋) ,
(𝑀𝐵−𝑖⋅𝑓) (𝑠) = (𝐵 − 𝑖𝑠) 𝑓 (𝑠) , (23)

is said to be a lower𝐿𝑝(R, 𝑋)-Fouriermultiplier if there exists𝑐 > 0 such that
󵄩󵄩󵄩󵄩󵄩F−1𝑀𝐵−𝑖⋅F𝑓󵄩󵄩󵄩󵄩󵄩𝐿𝑝 ≥ 𝑐 󵄩󵄩󵄩󵄩𝑓󵄩󵄩󵄩󵄩𝐿𝑝 , (24)

for every 𝑓 ∈ 𝑆𝐵(R, 𝑋).
Note that

(F−1𝑀𝐵−𝑖⋅F𝑓) (𝑠) = 𝐵𝑓 (𝑠) − 𝑓󸀠 (𝑠) . (25)

Batty and Tomilov [5] have given the following characterisa-
tion for quasi-hyperbolic in terms of lower Fourier multipli-
ers.

Theorem 7 (see [5, Theorem 3.9]). Let (𝑇(𝑡))𝑡⩾0 be a 𝐶0-
semigroup on a Banach space X with generator 𝐵. Then(𝑇(𝑡))𝑡⩾0 is quasi-hyperbolic if and only if 𝑀𝐵−𝑖⋅ is a lower𝐿𝑝(R, 𝑋)-Fourier multiplier for all/some p ∈ [1, +∞).

We are now able to deduce quasi-hyperbolicity of the
delay semigroup on𝑋×𝐿𝑝([−1, 0], 𝑋) under the assumption
of quasi-hyperbolicity of the semigroup generated by 𝐵,
under certain conditions.

Theorem 8. Let X be a Banach space and consider the delay
equation (DE), with 𝑝 ∈ [1,∞) fixed. Assume that the delayΦ
and the operator 𝐵 satisfy the following conditions:

(1) (A, 𝐷(A)) is a generator of a 𝐶0-semigroup on 𝑍 =𝑋 × 𝐿𝑝([−1, 0], 𝑋) whenever (𝐵, 𝐷(𝐵) generates a 𝐶0-
semigroup on𝑋.

(2) Φ𝑅(𝑖⋅, 𝐴0) is a 𝐿𝑝 Fourier multiplier for some/all 𝑝 ∈[1,∞) from 𝐿𝑝(R, 𝑌) to 𝐿𝑝(R, 𝑋); that is, the map𝑀̃𝑝 : 𝑆(R, 𝑌) → 𝑆(R, 𝑋), given by

𝑀̃𝑝𝑓 fl F
−1 (Φ𝑅 (𝑖⋅, 𝐴0)F𝑓) , (26)

extends to a bounded linear operator from 𝐿𝑝(R, 𝑌) to𝐿𝑝(R, 𝑋),
(3) ‖𝑀̃1‖L(𝐿1(R,𝑌),𝐿1(R,𝑋)) < 1.
(4) the semigroup generated by (𝐵, 𝐷(𝐵)) is quasi-

hyperbolic.

Then (A, 𝐷(A)) generates a quasi-hyperbolic 𝐶0-semigroup.

Proof. Let (𝐵, 𝐷(𝐵)) generate a quasi-hyperbolic semigroup.
Then, by Theorem 7, for 𝑝 = 1, there exists 𝑐 > 0 such that,
forΦ ∈L(𝑊1,𝑝([−1, 0], 𝑋), 𝑋),
󵄩󵄩󵄩󵄩󵄩F−1𝑀𝐵−𝑖⋅F (𝜑 ⊗ 𝑥)󵄩󵄩󵄩󵄩󵄩𝐿1(R,𝑋)
= 󵄩󵄩󵄩󵄩󵄩𝐵 (𝜑 ⊗ 𝑥) − 𝜑󸀠 ⊗ 𝑥󵄩󵄩󵄩󵄩󵄩𝐿1(R,𝑋) ≥ 𝑐 󵄩󵄩󵄩󵄩𝜑 ⊗ 𝑥󵄩󵄩󵄩󵄩𝐿1(R,𝑋) .

(27)

We show that 𝑀A−𝑖⋅ is a lower 𝐿1(R, 𝑍)-Fourier multiplier.
Observe that since 𝑀𝐵−𝑖⋅ maps 𝑆𝐵(R, 𝑋) 󳨃→ 𝑆(R, 𝑋), 𝑀A−𝑖⋅

maps 𝑆A(R, 𝑍) 󳨃→ 𝑆(R, 𝑍). Recall that (𝐴0, 𝐷(𝐴0)) is the
generator of the nilpotent left shift semigroup (𝑇0(𝑡))𝑡⩾0 in𝐿𝑝(R, 𝐿𝑝([−1, 0], 𝑋)).

Since Φ𝑅(𝑖⋅, 𝐴0) is an 𝐿1(R, 𝑌) Fourier multiplier, there-
fore, there exists 0 < 𝑚1 < 1 such that, for all 𝑔 ∈ 𝐿1(R, 𝑌),

󵄩󵄩󵄩󵄩󵄩𝑀̃1 (𝑔)󵄩󵄩󵄩󵄩󵄩𝐿1(R,𝑋) ≤ 𝑚1 󵄩󵄩󵄩󵄩𝑔󵄩󵄩󵄩󵄩𝐿1(R,𝑌) . (28)

In particular, for 𝑓 ∈ 𝐷(𝐴0) and 𝜑 ∈ 𝑆(R), letting 𝑔 =(F−1𝑀𝐴0−𝑖⋅F)(𝜑 ⊗ 𝑓) = 𝜑 ⊗ (𝐴0𝑓) − 𝜑󸀠 ⊗ 𝑓 ∈ 𝐿1(R, 𝑌),
it follows from (28) that for all 𝜑 ∈ 𝑆(R), 𝑓 ∈ 𝐷(𝐴0)

󵄩󵄩󵄩󵄩Φ (𝜑 ⊗ 𝑓)󵄩󵄩󵄩󵄩𝐿1(R,𝑋)
≤ 𝑚1 󵄩󵄩󵄩󵄩󵄩(F−1𝑀𝐴0−𝑖⋅F) (𝜑 ⊗ 𝑓)󵄩󵄩󵄩󵄩󵄩𝐿1(R,𝑌)
≤ 𝑚1 󵄩󵄩󵄩󵄩󵄩𝐴0 (𝜑 ⊗ 𝑓) − (𝜑󸀠 ⊗ 𝑓)󵄩󵄩󵄩󵄩󵄩𝐿1(R,𝑌) .

(29)

Now, for 𝑍 = 𝑋 × 𝐿1([−1, 0], 𝑋), we have, on using (27) and
(29), that

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩F
−1𝑀A−𝑖⋅F(𝜑 ⊗ ( 𝑥

𝑓 ))
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩𝐿1(R,𝑍)

= 󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩(
𝐵 Φ
0 𝐴0)(

𝜑 ⊗ 𝑥
𝜑 ⊗ 𝑓 ) − (

𝜑󸀠 ⊗ 𝑥
𝜑󸀠 ⊗ 𝑓)

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩𝐿1(R,𝑍)
= 󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩(

𝐵 (𝜑 ⊗ 𝑥) + Φ (𝜑 ⊗ 𝑓) − 𝜑󸀠 ⊗ 𝑥
𝐴0 (𝜑 ⊗ 𝑓) − 𝜑󸀠 ⊗ 𝑓 )󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩𝐿1(R,𝑋)×𝐿1(R,𝐿1([−1,0],𝑋))
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= 󵄩󵄩󵄩󵄩󵄩𝐵 (𝜑 ⊗ 𝑥) + Φ (𝜑 ⊗ 𝑓) − 𝜑󸀠 ⊗ 𝑥󵄩󵄩󵄩󵄩󵄩𝐿1(R,𝑋)
+ 󵄩󵄩󵄩󵄩󵄩𝐴0 (𝜑 ⊗ 𝑓) − 𝜑󸀠 ⊗ 𝑓󵄩󵄩󵄩󵄩󵄩𝐿1(R,𝐿1([−1,0],𝑋))

≥ 󵄩󵄩󵄩󵄩󵄩𝐵 (𝜑 ⊗ 𝑥) − 𝜑󸀠 ⊗ 𝑥󵄩󵄩󵄩󵄩󵄩𝐿1(R,𝑋) − 󵄩󵄩󵄩󵄩Φ (𝜑 ⊗ 𝑓)󵄩󵄩󵄩󵄩𝐿1(R,𝑋)
+ 󵄩󵄩󵄩󵄩󵄩𝐴0 (𝜑 ⊗ 𝑓) − 𝜑󸀠 ⊗ 𝑓󵄩󵄩󵄩󵄩󵄩𝐿1(R,𝐿1([−1,0],𝑋))

≥ 𝑐 󵄩󵄩󵄩󵄩𝜑 ⊗ 𝑥󵄩󵄩󵄩󵄩𝐿1(R,𝑋)
+ (1 − 𝑚1) 󵄩󵄩󵄩󵄩󵄩𝐴0 (𝜑 ⊗ 𝑓) − 𝜑󸀠 ⊗ 𝑓󵄩󵄩󵄩󵄩󵄩𝐿1(R,𝐿1([−1,0],𝑋))

= 𝑐 󵄩󵄩󵄩󵄩𝜑 ⊗ 𝑥󵄩󵄩󵄩󵄩𝐿1(R,𝑋) + 𝑐󸀠 󵄩󵄩󵄩󵄩𝜑 ⊗ 𝑓󵄩󵄩󵄩󵄩𝐿1(R,𝐿1([−1,0],𝑋)) ,
(30)

where we have used the fact that 𝐴0 is the generator of a
hyperbolic semigroup and therefore also generator of quasi
hyperbolic semigroup so that 𝐴0 − 𝑖⋅ is a lower 𝐿1 Fourier
multiplier. Thus,

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩F
−1𝑀A−𝑖⋅F(𝜑 ⊗ (𝑥𝑓))

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩𝐿1(R,𝑍)
≥ 𝑐1 (󵄩󵄩󵄩󵄩𝜑 ⊗ 𝑥󵄩󵄩󵄩󵄩𝐿1(R,𝑋) + 󵄩󵄩󵄩󵄩𝜑 ⊗ 𝑓󵄩󵄩󵄩󵄩𝐿1(R,𝐿1([−1,0],𝑋))) ,󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩F
−1𝑀A−𝑖⋅F(𝜑 ⊗ (𝑥𝑓))

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩𝐿1(R,𝑍)
≥ 𝑐1

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩𝜑 ⊗ (
𝑥
𝑓)

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩𝐿1(R,𝑍) .

(31)

It follows similarly that
󵄩󵄩󵄩󵄩󵄩F−1𝑀A−𝑖⋅F𝑔󵄩󵄩󵄩󵄩󵄩𝐿1(R,𝑍) ≥ 𝑐1 󵄩󵄩󵄩󵄩𝑔󵄩󵄩󵄩󵄩𝐿1(R,𝑍) (32)

for every 𝑔 ∈ 𝑆A(R, 𝑍) = lin{𝜑 ⊗ ( 𝑥𝑓 ) : ( 𝑥𝑓 ) ∈ 𝐷(A), 𝜑 ∈
S(R)}. It now follows from Theorem 7 that (A, 𝐷(A))
generates a quasi-hyperbolic 𝐶0-semigroup.

We next turn to 𝐿𝑝(T , 𝑋)multipliers. Following Batty and
Tomilov [5], we set

𝑃 (T , 𝑋) fl { 𝑛∑
𝑘=−𝑛

𝜉𝑘𝑥𝑘 : 𝜉 ∈ T , 𝑥𝑘 ∈ 𝑋, 𝑛 ∈ N} ,

𝑃𝐵 (T , 𝑋) fl { 𝑛∑
𝑘=−𝑛

𝜉𝑘𝑥𝑘 : 𝜉 ∈ T , 𝑥𝑘 ∈ 𝐷 (𝐵) , 𝑛 ∈ N} ,
(33)

and say that the linear operator𝑀𝐵−𝑖⋅ : 𝑃𝐵(T , 𝑋) 󳨃→ 𝑃(T , 𝑋),
defined by

𝑀𝐵−𝑖⋅( 𝑛∑
𝑘=−𝑛

𝜉𝑘𝑥𝑘) fl
𝑛∑
𝑘=−𝑛

𝜉𝑘 (𝐵 − 𝑖𝑘) 𝑥𝑘, (34)

is a lower 𝐿𝑝(T , 𝑋)-Fouriermultiplier if there exists 𝑐 > 0 such
that 󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

𝑛∑
𝑘=−𝑛

𝜉𝑘 (𝐵 − 𝑖𝑘) 𝑥𝑘
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩𝐿𝑝(T ,𝑋) ≥ 𝑐

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝑛∑
𝑘=−𝑛

𝜉𝑘𝑥𝑘
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩𝐿𝑝(T ,𝑋) (35)

for every 𝑛 ∈ N, 𝑥𝑘 ∈ 𝐷(𝐵). Recall from [5] that𝑅(𝑖⋅, 𝐴0) is an𝐿𝑝(T , 𝐿𝑝([−1, 0], 𝑋)) Fourier multiplier for 𝑝 ∈ [1,∞). The
following theorem relates the approximate spectrum of an
operator from the delay semigroup to that of the semigroup
generated by (𝐵,𝐷(𝐵)).
Theorem 9. Let 𝑋 be a Banach space and consider the delay
equation (DE). Assume that Φ satisfies the following condi-
tions:

(1) (A, 𝐷(A)) is a generator of a 𝐶0-semigroup on 𝑍 =𝑋×𝐿𝑝([−1, 0], 𝑋) whenever (𝐵, 𝐷(𝐵)) generates a 𝐶0-
semigroup on𝑋.

(2) Φ𝑅(𝑖⋅, 𝐴0) is a 𝐿𝑝 Fourier multiplier for some/all 𝑝 ∈[1,∞) from𝐿𝑝(T , 𝑌) to𝐿𝑝(T , 𝑋), that is, themap𝑀𝑝 :𝑃(T , 𝑌) → 𝑃(T , 𝑋) given by

𝑀𝑝( 𝑛∑
𝑘=−𝑛

𝜉𝑘𝑥𝑘) fl
𝑛∑
𝑘=−𝑛

𝜉𝑘Φ𝑅 (𝑖𝑘, 𝐴0) 𝑥𝑘 (36)

extends to a bounded linear operator from 𝐿𝑝(T , 𝑌) to𝐿𝑝(T , 𝑋),
(3) ‖𝑀1‖L(𝐿1(T ,𝑌),𝐿1(T ,𝑋)) < 1.

Let (𝑇(𝑡))𝑡⩾0 be 𝐶0-semigroup generated by the operator 𝐵 and(T(𝑡))𝑡⩾0 be the delay semigroup generated by (A, 𝐷(A)) on𝑋 × 𝐿𝑝([−1, 0], 𝑋), 𝑝 ∈ [1,∞) fixed. Then 1 ∉ 𝜎𝑎𝑝(𝑇(2𝜋))
implies 1 ∉ 𝜎𝑎𝑝(T(2𝜋)).
Proof. Suppose 1 ∉ 𝜎𝑎𝑝(𝑇(2𝜋)). Then by [5, Theorem 3.12],𝑀𝐵−𝑖⋅ is a lower 𝐿𝑝(T , 𝑋) Fourier multiplier for 𝑝 = 1, and
there exists 𝑐 > 0 such that

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝑛∑
𝑘=−𝑛

𝜉𝑘 (𝐵 − 𝑖𝑘) 𝑥𝑘
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩𝐿1(T ,𝑋) ≥ 𝑐

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝑛∑
𝑘=−𝑛

𝜉𝑘𝑥𝑘
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩𝐿1(T ,𝑋) (37)

for every 𝑛 ∈ N, 𝑥𝑘 ∈ 𝐷(𝐵). We show that 𝑀A−𝑖⋅ is lower𝐿𝑝(T , 𝑍)-Fourier multiplier. Note that 𝑀A−𝑖⋅ : 𝑃A(T , 𝑍) 󳨃→𝑃(T , 𝑍). Since Φ𝑅(𝑖⋅, 𝐴0) is an 𝐿1(T , 𝐿1([−1, 0], 𝑋)) Fourier
multiplier, therefore, there exists 0 < 𝑚1 < 1 and for all 𝑛 ∈ N,𝑔𝑘 ∈ 𝐿1(T , 𝐿1([−1, 0], 𝑋))

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩𝑀1(
𝑛∑
𝑘=−𝑛

𝜉𝑘𝑔𝑘)
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩𝐿1(T ,𝑋)

≤ 𝑚1
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝑛∑
𝑘=−𝑛

𝜉𝑘𝑔𝑘
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩𝐿1(T ,𝐿1([−1,0],𝑋)) .

(38)

Choosing𝑔𝑘 = (𝑖𝑘−𝐴0)𝑓𝑘,𝑓𝑘 ∈ 𝐷(𝐴0), in the above inequal-
ity, we get

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩Φ(
𝑛∑
𝑘=−𝑛

𝜉𝑘𝑓𝑘)
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩𝐿1(T ,𝑋)

≤ 𝑚1
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝑛∑
𝑘=−𝑛

𝜉𝑘 (𝐴0 − 𝑖𝑘) 𝑓𝑘
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩𝐿1(T ,𝐿1([−1,0],𝑋)) .

(39)
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Now, for 𝑍 = 𝑋 × 𝐿1([−1, 0], 𝑋), we have, for 𝑥𝑘 ∈ 𝐷(𝐵),𝑓𝑘 ∈ 𝐷(𝐴0), on using (37) and (39), that
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝑛∑
𝑘=−𝑛

𝜉𝑘 (A − 𝑖𝑘) (𝑥𝑘𝑓𝑘)
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩𝐿1(T ,𝑍)

= 󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝑛∑
𝑘=−𝑛

(𝜉𝑘 (𝐵 − 𝑖𝑘) 𝑥𝑘 + 𝜉𝑘Φ𝑓𝑘𝜉𝑘 (𝐴0 − 𝑖𝑘) 𝑓𝑘 )󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩𝐿1(T ,𝑍)
= 󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝑛∑
𝑘=−𝑛

𝜉𝑘 (𝐵 − 𝑖𝑘) 𝑥𝑘 + 𝑛∑
𝑘=−𝑛

𝜉𝑘Φ𝑓𝑘
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩𝐿1(T ,𝑋)

+ 󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝑛∑
𝑘=−𝑛

𝜉𝑘 (𝐴0 − 𝑖𝑘) 𝑓𝑘
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩𝐿1(T ,𝐿1([−1,0],𝑋))

≥ 󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝑛∑
𝑘=−𝑛

𝜉𝑘 (𝐵 − 𝑖𝑘) 𝑥𝑘
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩𝐿1(T ,𝑋) −

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝑛∑
𝑘=−𝑛

𝜉𝑘Φ𝑓𝑘
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩𝐿1(T ,𝑋)

+ 󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝑛∑
𝑘=−𝑛

𝜉𝑘 (𝐴0 − 𝑖𝑘) 𝑓𝑘
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩𝐿1(T ,𝐿1([−1,0],𝑋))

≥ 𝑐 󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝑛∑
𝑘=−𝑛

𝜉𝑘𝑥𝑘
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩𝐿1(T ,𝑋)

+ (1 − 𝑚1)
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝑛∑
𝑘=−𝑛

𝜉𝑘 (𝐴0 − 𝑖𝑘) 𝑓𝑘
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩𝐿1(T ,𝐿1([−1,0],𝑋))

= 𝑐 󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝑛∑
𝑘=−𝑛

𝜉𝑘𝑥𝑘
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩𝐿1(T ,𝑋)

+ 𝑐󸀠 󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝑛∑
𝑘=−𝑛

𝜉𝑘𝑓𝑘
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩𝐿1(T ,𝐿1([−1,0],𝑋)) ,

(40)

where we have used the fact that 𝐴0 − 𝑖⋅ is a lower 𝐿1 Fourier
multiplier. Thus,󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

𝑛∑
𝑘=−𝑛

𝜉𝑘 (A − 𝑖𝑘) (𝑥𝑘𝑓𝑘)
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩𝐿1(T ,𝑍)

≥ 𝑐 󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝑛∑
𝑘=−𝑛

𝜉𝑘 (𝑥𝑘𝑓𝑘)
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩𝐿1(T ,𝑍)

(41)

for some 𝑐 > 0 and ( 𝑥𝑘𝑓𝑘 ) ∈ 𝐷(A). It follows from [5,
Theorem 3.12] that 1 ∉ 𝜎𝑎𝑝(T(2𝜋)).
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