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We show that the dual (Bi;(f) (Q))' of the variable exponent Hormander space B
(when the exponent p(-) satisfies the conditions 0 < p~ < p* < 1, the Hardy-Littlewood maximal operator M is bounded on L

loc

p(~)(Q) is isomorphic to the Hormander space B ()

P()/po

for some 0 < p, < p~ and Q is an open set in R") and that the Fréchet envelope of B",(Q) is the space B> (Q2). Our proofs rely

heavily on the properties of the Banach envelopes of the p,-Banach local spaces of B

401
loc

p(-)(Q) and on the inequalities established in

the extrapolation theorems in variable Lebesgue spaces of entire analytic functions obtained in a previous article. Other results
for p(-) = p,0 < p < 1, are also given (e.g., all quasi-Banach subspace of B*(Q) is isomorphic to a subspace of l,, or I, is not
isomorphic to a complemented subspace of the Shapiro space h,,-). Finally, some questions are proposed.

1. Introduction and Notation

The Lebesgue spaces L, with variable exponent and the
corresponding Sobolev spaces W, have been the subject of
considerable interest since the early 1990s. These spaces are of
interest in their own right and also have applications to PDEs
of nonstandard growth and to modelling electrorheological
fluids and to image restoration. For a thorough discussion of
these spaces and their history, see [1, 2]. Our paper lies in this
field of variable exponent function spaces and is a continua-
tion of [3] (see also [4, 5]). In [5] the (nonweighted) variable
exponent Hormander spaces B (., B;(,) (Q),and Bg’(c,) (Q) were

introduced (recall that the classical Hormander spaces B,

B;,k(Q), and Bg’}(Q) play a crucial role in the theory of
linear partial differential operators (see, e.g., [6-10])) and
there, extending a Hérmander result [6, Chapter XV] to our
context, the dual of B}, )(Q) (when 1 < p~ < P < 00) was
calculated (as a consequence some results on sequence space
representation of variable exponent Hérmander spaces were
obtained). In [3] the dual (B;(,)(Q))' was calculated when
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0 < p < p" < 1 (with techniques necessarily different
from those used in [5]) and a number of applications were
given. In the current article we show that the dual (Bg’(f)(Q))'
is isomorphic to BS_ (Q) (when 0 < p~ < p* < 1) and that
the Fréchet envelope of Bf:(c_) (Q)is BllOC (Q)). Applications to the
study of the structure of complemented subspaces of B;g’(f)(Q)
are also given. The techniques used in the article (also in [3])
are based on the inequalities of the extrapolation theorems
obtained by the authors in [4] and on the properties of the
Banach envelopes of the p,-Banach local spaces of Bg’(c,)(ﬂ).

Finally, three questions on duality and on sequence space
representation of variable exponent Hormander spaces are
proposed.

1.1. Notation

(1) Let E and F be Hausdorff topological linear spaces
over C. If E and F are isomorphic (i.e., there exists
a linear homeomorphism from E onto F) we put
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E = F. The (topological) dual of E is denoted by E’
and is given (unless otherwise stated) the topology of
uniform convergence on all the bounded subsets of
E (sometimes denoted by ﬁ(E',E)). The completion
of E is denoted by E. If E is metrizable and complete,
E is said to be an F-space. A locally convex F-space
is said to be a Fréchet space. We put E <— F if E
is a linear subspace of F and the canonical injection
is continuous. If E is a Banach space, EV (resp.,
EM™) is the topological product (resp., the locally
convex direct sum) of a countable number of copies
of E. CM (resp., C™) is denoted by w (resp., ). For
unexplained notation we refer to [11-14].

(2) If f € L,(R") the Fourier transform of f, f or F f, is

defined by j‘({) = -[R" f (x)e " dx. If f is a function

on R", then f(x) = f(—x) for x € R". B, is the closed
Euclidean ball {x : |x|] < r} in R". C;°(R"), C;°(Q),
and S(R") are the usual Schwartz spaces (in the last
space the norms maxi,,,Sup, .- (1 + %)™ |0%@(x)],
m = 0,1,2,..., are denoted by |¢l,,). D'(R"), D'(Q),
and S'(R™) are their corresponding duals. &' (K) (K
compact in R") is the set of distributions on R" with
support contained in K. The Fourier transform in
S'(R™) is also denoted by " (or F). If u € S'(R"),
@ is defined by (p,#) = (@, u) for all ¢ € S(R");
thus ™ coincides with the operator (2) " F*. When
we consider function spaces (or distribution spaces)
defined on the whole Euclidean space R", we shall
omit the “R™” of their notation. The letter C will
always denote a positive constant, not necessarily the
same at each occurrence.

(3) Throughout this paper all vector spaces are assumed

complex. By definition, a quasi-normed space is a
vector space X with a quasi-norm x — ||x|| satisfying
@ lxll > 0, x # 0, (i) flax| = lalllxll, and (iii)
Ix + ¥l < CUxll + lIyl), x,y € X, for some C
independent of x, y. If X is complete, we say it is a
quasi-Banach space. The quasi-norm is p-subadditive
for some p > 0if [x + y|I? < |x[I? + Iyl?, x,y € X;
in this case, if X is complete, we say it is a p-Banach
space. Recall that if a quasi-normed space (X, || - ||) is
locally convex then it becomes a normed space: Let
By = {x: [x|l < 1} be and let U be a balanced convex
open neighborhood of 0 such that U ¢ By.Ife > 0
is such that eBy ¢ U then the Minkowski functional
of U, | - lly (I - iy = inf{A > 0 : x € AU}), is a norm
equivalent to | - || since

ellxlly < x|l < llxlly @

holds for all x € X. (See [12, Chapter 1] and [15,
Chapter 25].)

(4) P is the set of all measurable functions p() on R"

with range in (0, co) such that p~ = ess inf, s p(x) >
0and p* = ess sup,p:p(x) < co. L, denotes the
set of all complex-valued measurable functions on R"
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such that, for some A > 0, [, (| f(x)|/A)PPdx < co.
With the norm (quasi-norm if p~ < 1) defined by
£l = infA > 02 [ (FGOIADdx < 1, Ly,

becomes a Banach (quasi-Banach if p~ < 1) space.
If p~ < 1 we can also define L, as the set of all

measurable functions f such that |f|? € L q()» Where
0 < py < p and q(x) = p(x)/p,. In this case we have

1y = AP (See 1,2, 16].)

(5) If K is a compact subset of R” and 0 < p < oo, then

LI; ={f € s supijf cK, fe LP}. @, - ”P)
is a quasi-Banach (Banach if p > 1) space (see [17,
Chapters 1,2]). If p(-) € Z° then

LI;(,) = {f €S :supp f K, “f"P(') < OO} ()

(LI;(,), Il ) is @ quasi-normed space (normedif p~ >
1) linear space. From the Paley-Wiener-Schwartz
theorem it follows that the elements of LI;(,) are entire
analytic functions of exponential type. When p(-) =
p» a constant, then LI;(.) = LI; with equality of quasi-
norms (resp., norms). We shall denote by SK the
collection ofall f € Ssuch thatsupp f ¢ K; obviously
sk ¢ LI;(_). The spaces LI;(_) have been introduced and

studied in [4].

(6) Let p(-) € Z° be and let Q be an open set in R”. Then

BP() = {T/l € S’ : 17! € LP() <<:> Elg € LP()
3)
loc ~ 00
NL: {(p,u) = JR»« pgdx, Yo € C; )}

Ifu € By weput flullp = ldlly0). By Il - llg,,,) is
a quasi-normed space (a Banach space isomorphic to
L, if p~ > 1). Now consider the space

B;,(,) (Q) = U {Bp(,) N &' (K): K compact in Q} (4)

If every B,y N &'(K) is equipped with the topology
induced by By then B;(,)(Q) (endowed with the

corresponding inductive linear topology) becomes a
strict inductive limit

By () = ind [By, n &' (K)]. 5)

(Each step B,y N &'(K) is a quasi-Banach space
since it is isomorphic to L;Ié) via the Fourier trans-
form and this space is a quasi-Banach space by
[4, Theorem 3.5]. On the other hand, the bilinear
mapping Sx(B ng'(K)) — Bpn%’(K) (g, u) = Qu
is continuous (see [5])). Finally,

Bf(c.) (@) = {u e D' (Q): pu € By, Yo € C° (D} (6)
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The topology of this space is generated by the semi-
norms (p,-seminorms when p~ < 1; here p, €

(0, p) = lullyyp = gl > @ € C(Q).

The spaces B, B;(_)(Q), and BIOC)(Q) are called
variable exponent Hormander spaces and have been
introduced in [5]. If p(-) = pand p > 1, these spaces
coincide with the Hormander spaces B, Bloc (Q),
and Bg’fl(Q), respectively (see [6]). Throughout this

paper, B°(Q) will denote the Hérmander space
B (Q) (see again [6, Chapter X]).

(7) We conclude this section recalling some basic facts
about the Banach envelope of a quasi-normed space
and the Fréchet envelope of a metrizable topological
linear space.

Let (X, - llx) be a quasi-normed space whose dual
X' separates the points of X and let By be the unit
ball of X. Then X' is a Banach space under the norm
x| = sup{|{(x, XM ixe By}. The Banach envelope
Xof (X, |- | %) is the completion of X in the norm |-,
defined by

x|l = sup{'<x, x'>' : "x'" < 1}. (7)

| - Il coincides with the Minkowski functional of the
convex hull of By, || - I < || - llx and the inclusion
X < X is continuous with dense range (if X is a
Banach space then X = X). X has the property that
any bounded linear operator L : X — Y intoa Banach
space extends with preservation of norm to abounded
linear operator L:X - Y;thus (X) (and (X, | - ||C)’)
becomes linearly isometric to X ! (see, e.g., [12, pp. 27,
28] and [18, Section 2]; in the last paper the Banach
envelopes of some Besov and Triebel-Lizorkin spaces
are computed; in [19] the Banach envelope of Paley-
Wiener type spaces is also computed).

Now let X[7] be a metrizable topological linear space
such that its dual X'(= (X[F])") separates points
of X. The Mackey topology of X[T], m(X, X, is
the finest locally convex topology on X which has
X' as dual space. If {U,}°, is a base of balanced
neighborhoods of zero for 7 then {U, }oo > where U,
denotes the I -closed convex hull of U, is a base
of neighborhoods of zero for m(X, X') and thus this
topology is metrizable. The Fréchet envelope X of
X[T7] is the completion of X[m(X, XN (X = X[T]
when X[77] is a Fréchet space). X coincides with the
Banach envelope of X[J ] when this space is quasi-
normed. If j is the canonical injection of X[J ] into
X, then the transpose of j is an algebraic isomorphism
of (X) onto (X[J]). If X and Y are metrizable
topological linear spaces with separating duals and
T is a continuous linear mapping taking X into Y,
then T is also continuous from X[m(X,X")] into

Y[m(Y,Y')] and so there is a unique extension T of
T to a continuous linear mapping taking X into Y.

If in addition X and Y are F-spaces and T(X) = Y
then T(X) = Y. (See the proofs of these results in
[20, 21]; furthermore, in these papers and in [12], the
Fréchet envelopes of several F-spaces of holomorphic
and harmonic functions are computed.)

2. The Dual and the Fréchet Envelope of

By (@) (0< p < p"<1)
In [6], the isomorphism (Bg,k(Q)) = Blzof/k(ﬂ) is shown
(being Q) an open convex set in R" and k a weight satisfying
the estimate k(x + y) < (1 + CIxI)Nk(y), x,y€R",Cand N
positive constants). In Theorem 4.3 of [5] this isomorphism
is extended to variable exponent Hormander spaces with 1 <
P < pt <00 (B (Q) = BE%)(Q). In [3] it is shown
that (B;(,)(Q))' =~ BL";(Q) when the exponent p(-) satisfies
0 < p~ < p" < 1 (the techniques used are different from
those used in [5] since if p* < 1 the dual of L p() 18 trivial
and the steps B,y N &'(K) are quasi-Banach spaces instead
of Banach spaces) and several applications of this result were
given.

As a consequence [5, Theorem 4.3] and the reflexivity
of Ly ) (see [1, Corollary 2.81]) one gets the isomorphism

(3105)(9)) B;%(Q) when 1 < p~ < p* < oo and the
Hardy-Littlewood maximal operator is bounded on L ) and

L—
p()”
this result: the dual (Bloc)(Q)) (equipped with the topology

< of the uniform convergence on m(Bl"C (Q), (Bloc)(Q)) )-
bounded subsets of BIOC)(Q)) is isomorphic to B () (and

therefore to lo§)) when 0 < p~ < p* < 1 and the Hardy-
Littlewood maximal operator M is bounded on L, .
Our proof is based on the inequalities obtained in the
extrapolation theorem [4, Theorem 3.5], on the properties
of the Banach envelopes of the p,-Banach local spaces of
Bloc )(Q), and on the identification of the Fréchet envelope

loc
Of By

convex complemented subspaces of B};(C,)(Q) and we show
that I, is not isomorphic to a complemented subspace of the
Shapiro space hpf (see Remark 8(1) to Theorem 7). Note that
Theorem 7 can have independent interest to calculate Fréchet
envelopes of F-spaces.

Throughout the entire article, p(-) denotes a variable
exponent in &’ such that 0 < p~ < p* < 1 and the Hardy-
Littlewood maximal operator M is bounded on L, for

In this section we show the p* < 1 counterpart of

(Q). We also give a characterization of the locally

some 0 < p, < p~, Q denotes an open set in R”, {Kj}‘ji1 isa
fundamental sequence of compact subsets of Q2 such that, for
all j, K; = kj and kj has the segment property, and {Gj};?i’l is
a Cg°(Q)-partition of unity on Q such that supp 6; ¢ K; for
every j. Finally, { X]}
that x; = 1 on K and supp x; C K

denotes a sequence in COO(Q) such

j+1 for each j.



Recall (see Section 1and [5]) that B};’(C,)(Q), with the topol-
ogy defined by the collection of p,-seminorms {| - | PO =
1,2,...}, becomes an F-space (actually, a locally p,-convex
space) and that | - "p(-))x] < Cjll- ||p(,),xj+1 holds for all j. The

: j €N, & > 0}, where Vie = {u € Bg’(c)(ﬂ) :

"u”P(')»Xj < &}, is a base of neighborhoods of 0 in Bl°°)(Q)

family {V,

Lemmal. X := (B(Q)/ker |-,y » Iy ) is an infinite
dimensional py-normed space whose dual separates points of X
(here || - II;(,)’X is the corresponding quotient p,-norm). If p(-) =
p» 0 < p < 1, then X becomes an infinite dimensional p-

normed space with separating dual.

Proof. If u € Bg’(c_)(Q), [u]; denotes the coset of u. Then
{[(p] 9 € CO(K j)} is an infinite dimensional subspace

of Bloc)(Q)/ker [ - "P('))Xj (see also [5, Theorem 3.7/2]). Now,

for each ¢ € S, put ([u]j, Up) = (o, Xj”>- Let us see that
Up € X'. Naturally, Up is well defined (if v € [u] j then

_Kjﬂ

]+1 [N Ll

X;v = xju). Furthermore, of the embedding L

(see [4, Theorem 3.5/5]) and the fact that for u € Bg’(c)(ﬂ) one

)N &'(K j+1), that is, ()(]u)A € L9 it follows

has x;u € B, o0

that
(1)}, Up) = {9, xjue) = )" (7 (xu)")

=Q2m)™" JR" ? (Xj”)/\ dx,

)] s om [ [oa) t

< )" 7)o | ()| Q

1

< Cl9ll “(XJ’”)A“pc)

= C gl Il
= Clal) Ju ],

which proves that Up € X'. Hence the required conclusion
follows easily.

The second part of lemma is obvious taking into account
that || - |7, isa p-norm and that [5, Theorem 3.7/2] and [4,

I,
Theorem 3?5/5] are also valid when p(-) = p because the
Hardy-Littlewood maximal operator is bounded in L, for

all0 < py < p.

Remark 2. Naturally in the second part of the previous
lemma we could apply [17, Proposition 1.3.2, p. 17] instead of
[4, Theorem 3.5/5].

Lemma 3. Let E[Z] be a locally p-convex space (0 < p < 1)
and metrizable whose topology is defined by a family of p-
seminorms {|| - ||, : n > 1} such that, for everym < n, | - ||,,, <

Conll - I, (C,,.,, constants > 0). Let Q be a (complemented)
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quasi-normed subspace of E. Then there exists k such that, for
each r > k, Q is isomorphic to a (complemented) subspace
of the local p-normed space E, = (E/ker| - |.I - II7). If
furthermore Q is complete, that is, a quasi-Banach space, then
Q is isomorphic to a (complemented) subspace of the local p-

Banach space E,.

Proof. Let | - [l be the quasi-norm on Q which generates the
topology of Q. Then the identity idg : (Q,| - [lg) — Q[Z]
is an isomorphism. Thus, for every n, there exists an M,, > 0
such that ||x[|,, < M, |x[ for all x € Q, and there exist also
an integer m and C > 0 so that ||x[lo < C|x[l,, for all x € Q.
Next, fix n > m. Then, for every x € Q, we have

Ixll, < M, lIxllq < M,Clixll,,, < M, CC,,, . x]l,..  (9)
which shows that on Q| - [|,, is a p-norm equivalent to || - [l
Furthermore, these inequalities prove immediately that the
restriction to Q of the canonical mapping 7z, : E — E,
[x],, is an isomorphism onto 7,,(Q).

If Q is complemented in E and P is a continuous
projection in E such that ImnP = Q, there exist an integer
k > m and a constant B > 0 such that |Px|,, < Blx|| for
every x € E. Then it is easy to check that, for every r > k,
the mapping P, : E, — E, defined by P.([x],) = [Px], isa
continuous projection such that Im P, = 71,(Q).

Finally, if Q is complete then the extension of P, to E,, PT,

is a continuous projection in E, such that Im P, = ,(Q). O

X =

Remark 4. This lemma is well known in the locally convex
case (see, e.g., [22]).

Proposition 5. Let p(-) = p, 0 < p < 1, and X =
(Bg’C(Q)/ ker || - ||p)X]_, Il - ||;,Xj). Then, consider the following:

(1) The completion of X is a p-Banach space (co-di-
mensional and with separating dual) isomorphic to a
subspace of 1, and contains a subspace isomorphic to

L
(2) BE’C(Q) is not locally convex.
(3) If0 < p < q < 1, then B*“(Q) & BY(Q).

(4) All quasi-Banach subspace of Bg’c(Q) is isomorphic to
a subspace of 1,,.

Proof. (1) Since the operator X — {Xju T u € Bg)(c_)(Q)}(C

n&'(K i 1)+ [ul j ™ Xju is an isometry, the completion
otP X is a p-Banach space isometric to a closed subspace of
B,n %'(Kjﬂ). Leta,b > 0 be such that b < mand K,; C

[—a, a]” and consider the following diagram:

Bp n gI (KjH) L} L;KJ L[ a,al" L[pbb]n
(10)
D
2z =1,

where A is the Fourier transform, j is the canonical injection,
s is the isomorphism defined by s(f) = f((b/a)-), and D is
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the isomorphic embedding defined by D(f) = (f(k))iezn
(this property of D is well known; see, e.g., [23, pp. 101, 197]
for n = 1 and [24, Lemma 1.8, p. 17] for n > 1). The
proof concludes composing these operators with the former
isometric isomorphism. The second claim is a consequence
of a result of Stiles (see, e.g., [12, Theorem 2.5]).

(2) First we observe that, for each compact K ¢ Q, the
restriction mapping @ : B, N &' (K) — Bg’C(Q) U -
o jo jg (here jis the natural injection from C;” into S and j
is the natural extension from C;°(Q) into C;°) is continuous:
Ifu, — 0in B,n &' (K) then

[ ()], = b ()5, = el

(11)
< Clgl, Il — 0

for every ¢ € C;°(Q) (we have used the continuity of the
bilinear mapping S x (BP Nn&'(K)) — B,n &' (K): (p,u) —
@u; see (6) in Section 1.1). Next we show that the space Bg’c(Q)
is not locally convex. Suppose otherwise and recall that the
family {Vie s j € Nbe > 0} is a local base of B};C(Q). Then,
given V;  there exist an absolutely convex neighborhood U of
0and V) s with k > jsuchthatV;, > U >V} 5 and so we have
that s_lllullp,xj < pulu) < 6_1””"1%)@ holds for all u € BE’C(Q)
(py is the Minkowski functional of U). We consider now the
following commutative diagram

B, Al B,
% /Uj
By

where By (resp., B;) is the completion of the p-normed

space (B(Q)/ker | - .11 - 1% ) (resp., (Bo(Q)/ ker ]| -

I Pty |- ||;,Xj)), By, is the completion of the normed space

(Bg’c(Q)/ ker py, piy)s Ay (resp., Ay, Ay;) denotes the
extension of the natural operator [u], — [u] j (resp., [ul; —
[uly, [uly — [u])), and 0; is an isomorphism from B;
onto Im Oj (see (1)). By a result of Stiles (see, e.g., [12,
Proposition 2.9]), the operator 6; o Ay; is compact but then,
by the properties of 0;, Ay; is also compact. From this and of
Ayj = Ay;j o Ay, it follows that A; is compact.

In order to complete the proof we consider a seq-
uence {(pe’<"”>}$21 with ¢ € Cgo(Kj)\{O} and y, — oo0.
Obviously, this sequence lies in B, n &'(K j) and it is
bounded here ([|pe’*” ls, = I9ll, for v = 1,2,...). Thus
{CIDKJ_((p.e"("J’v))}321 = {(pe“"”)}izl is bounded in Bg’c(Q) and
so {[pe?)], 1%, is bounded in By and since Ay, is a compact
operator we can find v; < v, < --- such that the subsequence
{[(pe’<'.’3’w>] 4 converges in B;. By applying (1), we see that
Xj((pel<"%1>) = M) = yin B,N %I(Kﬁl) but ge'“¥1) — 0
ind' (because Yy = 00). Hence it follows that v = 0, that is,

0

P

that ||(pei<"y ») [ B, ™ 0. This contradiction concludes the proof
of (2).

3) If BE’C(Q) = BZ’C(Q), then these spaces should be
isomorphic by the open mapping theorem and so there exist
positive integers j < r < [ and a constant C > 0 such that
C_IIIuIIP,Xj < IIMII,MY < CIIuIIP,XI holds for all u € B;’C(Q).
Hence and from the fact that ; = 1 on K; for every i > j,
it follows that C™@l,(= C ' l(x;9) M, = Cllgl,y) <
||(7)||q < CII(?)IIP holds for all ¢ € Cgo(Kj) and therefore
that C_1||1//||p < llyll, < Clyll, is also valid for all y €

S7Xi. Then, by using the density of S in L;,Kj (see [25,
Proposition 1.4.4]) and the embedding L;,Kj — L;Kj [17,
Proposition 1.3.2, p. 17], we get C_lllfllp < ||f||q < CIIfIIP
forall f € L;,Kj. This and the density of S in L;Kj imply
that L;,Kj = L;Kj (coinciding algebraically and topologically).
But then, reasoning as in the proof of (1), it is found that
1, contains a subspace isomorphic to I, which contradicts a
result of Stiles (see, e.g., [12, Corollary 2.8]).

(4) Let Q be a quasi-Banach subspace of Bg’c(Q). By
using Lemma 3, Q becomes isomorphic to a complemented
subspace of the local p-Banach space (B};C(Q)/ker I - ”p'Xj’
I ||;’Xj) for all large enough j. But we know by (1) that each of
these spaces is isomorphic to a subspace of /.. This concludes
the proof of (4). O

Theorem 6. (Bg’(f)(Q))' is algebraically isomorphic to B, (Q)
when0 < p~ < p* < 1 (inparticular (B}:C(Q))' is algebraically
isomorphic to By (Q) forall0 < p < 1).

Proof. For each jlet X f be the normed space (Bi‘;(c_)(ﬂ) / ker |-
lpey,x,o I - 11;), where ||+ [l is the Minkowski functional of
the convex hull of the unit ball of the p,-normed space

(Bg’(c,)(Q)/ker I - ”P(')’Xj’ I - ";('),Xj)' It is easily seen that the

mapping Z : B

loc
()
continuous (for each j one has |[|[u] jII j <

Q) — H?ZIX j is linear, injective, and
el .
"””P('),Xj forall u € Bg’(c,)(ﬂ), and so prje Z is continuous).
Let L be a continuous linear functional on Bg’(c_)(Q) and
let  and C be such that [{u,L)| < CIIullp(,),X, holds for all
u € Bg’(c,)(ﬂ). The linear functional L; : X; — C defined
by ([u];, L;) = (u, L) is continuous also since it is in the dual
(Bg’(c,)(Q)/ker I Moy g0 I IIZ(,)’XZ), and this space and Xl’ are
linearly isometric (Lemma 1 and (7), Section 1); therefore we
get [{[ul;, L) < Cll{u];ll;- Hence it follows that the linear
functional L o Z~' is continuous on Im Z: the family of
seminorms {||(xj)||(N) = 27:1 ||xj||j : N =1,2,...} generates

the product topology on H;’ZIX jand

[(Zu, Lo Z7")| = 1w, L)) = |{[ualy, L,)] < C [l
(12)
=C "([u]j)"(l) =Clz (“)"(1)



holds for all u ¢ BIOC)(Q) By the Hahn-Banach theorem,

Lo Z7! can be extended to a continuous linear functional on
H?ZIX j- Then, by using the isomorphism

A:éx;—» (ﬁ)g) : (13)
j=1 j=1

defined by ((xj),A((x;))) = Z(]ﬁl(xj,x;) (see, e.g., [13, p.
284]), we find (§;) € EB;?ZIX; such that A((§;)) = (Lo zh
and we obtain the following representation of L:

L) =) ([ul;§;),
j=1

1
ue B;(C.) (Q). (14)

Now we shall prove that the mapping
loc ! C
(DP(') : (BP(') (Q)) — Boo (Q), 15)

defined by dDP(,)(L) = Z;’:l (& j], is an algebraic isomorphism
(here (¢ j) is the sequence which represents to L and, for every
7 [5 ] is the tempered distribution defined by (¢, [5 Iy =
([(p] 5 ) for all ¢ € S). Let us see that O, is well deﬁned
(i) Flrst we show that each [§;] € B (Q) If ¢, > 0in$
then (y;¢,)" — 0in Sand so in L
19,0 1500, = Il = 10 ) — O, thatiis, g, —
0in X;. As a consequence, (9, [€j]) = ([gov]j, Ej) — 0 and
(& j] becomes a tempered distribution. Furthermore, for each

(s therefore [[[g,]]l; <

¢ € C°(R"\ K},,), we have
(o [&:])] = |<[<p1j,ej>| < e e,
=feltonl,, , = Tl ol 00
= [&l ||Xj¢||3m -

(since supp x; C kj+1) and so supp[§;] € K,;. Thus (see,
e.g., [26, p. 165]) [Ej]/\ coincides with the Fourier-Laplace
transform of [& j] defined by

(] 0 = (e &) = (L™ j’5j>’

x e R".

Taking here absolute values and using [2, Lemma 3.2.5], we
get

(61" 6] < Jol | Dxsee

o] <[

Jriae™ s, = il e, = 18
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1/po
pC)/ po

Po

= eIk ¢+ )

—i(- )x
.“(%e 20
1/p”
< max {(JR” |)‘(j (x+ y)'P(y) dy) ;
<J' |X, (x + y)|P(;v) dy)l/f} < Ql/p -1
R”

_ . e
mac{lg ], w5

x e R".
(18)
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Therefore [ j]/\

from another extension (L o Z™'), then ijl (& il=
since

o and [Ej] € B, (). (ii) If (n;) comes
2?21[’7]]

<q,, Sl )5 l5D - 5 41,6)

= (1) =3 (lo]on,) 19

S ol - <¢, ) m>
holds for all ¢ € S.

We have proved that @ ., is well defined, and it is obvious
that it is linear. If ®@,y(L) = 0 then (p,L) = 0 forallg € S,

but S is dense in B};’(C_)(Q) [5, Theorem 3.7/2]; thus L = 0 and
@, is injective. Let us see that @, is surjective: Let » be an
element of B _(2). We now define the functional

(o)

(u, L) = 2n)™" Z JR»« ()(ju)A~ (ij)/\ dx,

j=t (20)
loc
ue BP(,) (Q),

and we show that it is continuous. These integrals converge

) N €'(K,,,) that is ( X]u)/\ L
;v € By, ﬂ%(K)thatls(G )" ELOO ,andL ’” LIK“I
[4 Theorem 3.5]. Moreover, by the properties of the C;°(Q)-
partition of unity (6;), there exists a positive integer m such
that ij =0forall j >mandvy = Z;.il(@jv). Then we have
that

because y;u € By

[ L>|<czj )| [(62)ax

j=1

< c}i [CZN N (CZ0A !
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m N
< lorl,. J0o ],
m
= CZ; "9]-7/"800 ||”||p(-),x]

m
(S ol ),

holds for all u € By(Q) and so L € (Bg(Q))". Finally
we check that ®,\(L) = »: Assume that (§;) € @;’SIX'

(21)

represents to L and recall that X]@j = Gj (j = 1,2,...) and
)" = 2n)"y (for all y € S); then
(v0,00)- (#5151 -5 o l5)
j= j=
=Y (lgl;.&;) = (p. 1)
j=1
ey [ (ye)” (0) ax
j=1°R
" A (22)
= em Y (o) (69))
=

=3 (up) = 2. (x0)

Stomi-(ofor)

i 19"’ 1’>

holds for all ¢ € S.
Finally, if p(-) = pand 0 < p < 1 then the Hardy-
Littlewood maximal operator M isboundedon L, for each

Do €10, p[ and so we also have that (Bg’c(Q))' is algebraically
isomorphic to B;_(Q). O

Now we prove a result we use to calculate the Fréchet
envelope of Bg’(c,)(()).

Theorem 7. Let X[J] be an F-space such that its dual
X' = X9 separates points of X. Assume that X is
a dense linear subspace of a Fréchet space Y[S], that the
inclusion map 1 X[T] — Y[S] is continuous, and
that Y = X' (Y = (Y[S))), that is, the transpose of 1,
't is an algebraic isomorphism. Assume finally that Z is a
complemented subspace of X. Then, we have the following:

(1) Y[S] = X; that is, Y[S] is the Fréchet envelope of
X[T], AR Z, and Z is also a complemented

subspace of Y[S']

(2) If furthermore Y[S] is separable then 'y becomes an
isomorphism on’ [ﬁ(Y',Y)] onto X'[Z] being T the
topology of the uniform convergence on the m(X, X')-
bounded subsets of X.

Proof. (1) To see that 2),[&] = Z it suffices to show that the
induced topology by & on Z, &', coincides with the Mackey
topology m(Z, Z') (Z is also an F-space with separating dual
since it is a complemented subspace of X). To do so first
we observe that (Z[(S’Z])' = 7Z'(= (Z[?]Z])') (obviously
(Z[oS’Z])’ c 7' and, on the other hand, ifz’ € Z' and x’ € X’
is an extension of z' then this x" has the form x' = y’ o
with y' €Y' thusz' € (Z[oS’Z])') and then recall that every
metrizable locally convex space has the Mackey topology (see,
e.g., [13, pp. 379, 380]). In particular, we have also shown that
Y[$S] =X

It remains to prove the last claim. Let P be a continuous
projection in X[J] such that Im P = Z and let P:Y[S] —
Y[S] be the unique extension linear and continuous of P
(recall that Y[S] is X). Since Z = EY[J]
continuous mapping from Y[&] into EY[J]
y € 7" and (z,) is a sequence in Z convergent to y in
Y[S] then 13()/) = limnls(zn) = lim,P(z,) = lim,z, = y.
Therefore, InP = ZY[S]. To conclude we check that P is a
projection: If ¥ € Y and (x,,) is a sequence in X such that
lim,x, = yin Y[S] then f’(y) = lim,P(x,) in Y[$] and
so P’(y) = B(lim,P(x,)) = lim,P(P(x,)) = lim,P*(x,) =
lim, P(x,) = P(y).

(2) The continuity of the mapping ‘i follows from the
fact that every m(X, X ")-bounded subset of X is §-bounded
subset of Y (by (1), §x = m(X, X"). f Y[S] is separable,
every bounded subset of the Fréchet space Y[&] is contained

in the closure of a bounded subset of X[ x] (apply [13, (1) p.
403]), and since §'y = m(X, X"), it follows that the mapping

-1, .
(1) is also continuous. O

, Pisalso alinear and

. Furthermore, if

Remark 8. (1) In [21] Shapiro constructs subspaces of the
F-space (of harmonic functions) h,- isomorphic to [, and
also proves that the Fréchet envelope of k- is the separable
Fréchet space b,- (see notations in [21]). From Theorem 7
it follows that these subspaces are not complemented in
hy-.

(2) If in Theorem 7 X[J] = (X, || - k) is a quasi-Banach
space and Y[S'] = (Y, || - lly) is a Banach space not necessarily
separable, then Y[&] is the Banach envelope of X[7] and ‘1
is an isomorphism of Y’ onto X' (these spaces equipped with
the norms ||y’ || = supy ;. 1{y, ¥ 1%l = supyy < 1x, %),
resp.): It suffices to take into account that if E is a Banach
space and F a dense linear subspace; then every bounded
subset of E is contained in the closure of a bounded subset
of F.

Thus Theorem 7 recovers known results (see, e.g., [18
Theorem 5]).

In Proposition 9 and Theorem 10 we will use the same
notation as in the proof of Theorem 6.



Proposition 9. Let T, be the topology on (B}&%(Q))' of the
uniform convergence on the bounded subsets of Bg’(c,)(ﬂ). Then
the mapping @, : (Bg’(c.)(ﬂ))'[‘i’,l] — B (Q) is open. If

p(:) = 1 then ©, becomes an isomorphism.

Proof. First we show that ®‘;g,)
open). For this it suffices to check, since B;_(Q) = ind j [By, N
%'(Kj)], that, for every j, (D;(l,) is continuous from B, N
%'(Kj) into (B;f’(c,)(Q))'[Sl]. Fix j and let m be a positive
integer such that, forall v € B,,N %’(Kj), 0,y =0foralll >m
and v = )" (6). Let M be a bounded subset of BIOC)(Q)

then supueMllullp(,),Xm < 00. Now we argue as in the proof of
Theorem 6 and we obtain that

is continuous (& O, is

m
sup (i yty )] = CL80)" ] sup s,
- Cl; [6: 3], sup (23)

m P
< (C; [61], sop Ilullpo,x,n) Il

holds for all v € B, N &'(K ), which shows the continuity
of CD;(I_). If p() = 1, then , is the strong topology
B(B ()", B(Q)). By a result of Vogt [10] B = (1,)",
and thus (BY(Q))'[Z,] = (.,)™ (apply, e.g., [13, p. 287]).
Hence it follows that (BIIOC(Q))'[SI] is an (LB)-space. Since
B; () is also an (LB)-space, we can apply [14, (4) b p. 43] to
@Il and conclude that @, is an isomorphism. O

The next theorem improves the first part of the previous
result considering the topology of the uniform convergence

on the m(BII;}C_)(Q) (Bt (€2))')-bounded subsets of 31“ ()
instead of the topology <. Our method requires the calcula-
tion of the Fréchet envelope of B{;}%(Q).

= BY(Q); that is, B°(Q) is the
= B(Q)

Theorem 10. (1) B};’(C,)(Q)

Fréchet envelope of Bf;(c_)(Q) (in particular, BF(E)
forall0 < p <1).

(2) If T is the topology of the uniform convergence on
the m(By¢(Q), (B¢ (Q))")-bounded subsets of By, (Q2), then
the spaces (BIOC)(Q))[ | and B, (Q) are isomorphic (in
particular, (B;’C(Q)) (Z] and B (Q) are isomorphic for all
0<p<l)

Proof. (1) BIOC)(Q) is an F-space on which (Bloc)(Q)) sepa-
rates points (see Theorem 6). Furthermore, Bg’ “ (Q) isa dense
linear subspace of the Fréchet space BIIOC(Q) [5, Theorem 3.7]
and the inclusion map ¢ Bl°°)(Q) — Bl°°(Q) is continuous
(for each jand eachu € Bl°°)(Q) we have "””1)( = "(X]”) I

< CII(Xju)/\"p(_) = Cllull,,, " in virtue of the embedding
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L;I:;” — L;Kj” [4, Theorem 3.5]). Now we shall see that the

following diagram

(Br@)’ : (B, @)
@ © @
Bey

is commutative. Let L € (BII°C(Q))'. Then @, (L) € B, () and
we can find a positive integer k such that 6,0, (L) = 0 for all

j > kand ®,(L) = ZI;:I(do)l(L)) and so (reasoning as in
Theorem 6) we have that

(9, @, (@, (1))

()

—en"y jw (x0)" (6,0, (1))" dx

j=1

9 D, (L)) > (24)

= (2n)” Z {(x9)"

k
Y (x;9.0,®, (L)) = (¢, ®, (L)) = (9, L)
=

= (@, 1(L)),

for all ¢ € C;°(Q). Since C;°(Q) is dense in Bi‘,’(c_)(ﬂ), it
follows that the previous diagram is commutative and that
/isan algebraic isomorphism. Then, using Theorem 7(1), we
conclude that Bg’g)(o) = BP“(Q) and that (B;;’(C_)(Q))’ [Z] and

(Bll°°(Q))’ are isomorphic via the map ‘1.
(2) It is an immediate consequence of (1) and of Proposi-
tion 9. O

Corollary 11. Let X be a complemented subspace of Bg’(c,)(ﬂ).

Then X is finite-dimensional or isomorphic to one of the spaces
1, 1Y, w, wxl,. If furthermore X is locally convex (resp., a quasi-
Banach space) then X is finite-dimensional or isomorphic to
one of the spaces 1, I, w, w x I, (resp., X is finite-dimensional
or isomorphic to ;).

Proof. By Theorem 10(1) and Theorem 7(1), X is also a
complemented subspace of Bll°°(Q). Then, since Bll°°(Q) =
llN (see [10]), X becomes isomorphic to a complemented

subspace of ZIN. The proof of the first claim concludes by
applying Theorem 1.2 of [27]. If X is locally convex then X is

a Fréchet or Banach space (see (3), Section 1) and so X = X.
Finally, if X is a quasi-Banach space, its Banach envelope must
necessarily be finite-dimensional or isomorphic to [;. O

Corollary12. Let X be an infinite dimensional complemented
subspace of(B};(C,)(Q))'[S]. Then X is isomorphic to one of the
spaces 1, (I.)™, @, or o x 1.
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Proof. By Theorem 10(2) X is isomorphic to a complemented
subspace of Bf_(€2) and since

B, (@) = (B (@) = (1,)™, (25)

(see the proof of Proposition 9) X is also isomorphic to a
complemented subspace of (I,,)™. The proof concludes by
applying [27, Theorem 2.1]. O

Questions

(1) To obtain the dual of the space B};’(C,)(Q) when the

variable exponent p(-) € P, p~ < 1 < p*, and the
Hardy-Littlewood maximal operator M isbounded in
L y(y/p, forsome 0 < py < p.

(2) To obtain a sequence space representation of the space
By, (Q) (p() € 7°).

(3) To prove that Bg’c(Q) = l? forall0 < p < 1L
(In a forthcoming paper the authors have shown this
isomorphism for Q = R".)
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